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Abstract

This dissertation addresses the challenges posed by the increasing complexity of multi-

robot systems by proposing a formal methods framework that ensures scalable, robust, and

customizable mission planning. The primary contribution is the integration of high-level

temporal logic specifications, specifically Signal Temporal Logic (STL) and its weighted

extension (wSTL +) withh Mixed-Integer Linear Programming (MILP) formulations. This

integration enables the automatic synthesis of controllers that meet various mission ob-

jectives. Novel MILP encodings have been developed to enhance the expressivity and

computational efficiency of STL and wSTL, allowing their application in large-scale sce-

narios. The framework is also extended to model complex multiagent dynamics, including

swarm behaviors, modular robot reconfigurations, heterogeneous team coordination, and

resource-constrained logistics. Furthermore, this work introduces a systematic approach to

handling infeasible specifications through partial satisfaction, ensuring that mission-critical

objectives are prioritized even when some constraints cannot be fully met. Overall, this

dissertation advances the state of the art in multi-robot planning by combining formal tem-

poral logic reasoning with optimization-based control synthesis, providing a principled and

practical solution for real-world uncertainties and specification infeasibility.
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Chapter 1

Introduction and General Overview

1.1 Introduction

Multi-robot systems have become increasingly important in tackling complex real-world

challenges[131, 61]. They can perform tasks that exceed the capacity of individual robots

and can operate reliably in dynamic and uncertain environments. These systems are reliable

when considering decision-making and actuation, enhancing efficiency, fault tolerance, and

scalability across various applications [172, 43]. Some examples include disaster response,

search and rescue operations, precision agriculture, warehouse automation, and urban lo-

gistics [45, 117, 23, 28]. Multi-robot systems can significantly reduce response times and

improve coverage by enabling the parallel execution of tasks and facilitating coordinated

actions [40]. This capability is especially crucial in time-sensitive scenarios involving the

coordination of tasks that may happen sequentially or simultaneously. Additionally, inte-

grating multi-robot systems allows for robust performance in hazardous or hard-to-reach

areas, minimizing risks to human operators and enabling continuous operation under chal-

lenging conditions [156, 125].

When planning for multirobot systems, two main problems are pathfinding for individ-

ual agents and task allocation [70, 140]. In recent decades, multi-robot planning has shifted

2



from traditional algorithms to addressing the complexities of real-world applications. Ini-

tially, approaches relied on well-established pathfinding methods such as A* and Dijkstra’s

algorithm [153, 148], task allocation techniques like the Hungarian algorithm, and auction-

based strategies [39, 83]. These methods have been effective in more straightforward or

structured environments where the scale of problems and constraints is more manageable.

However, two significant challenges have arisen as multi-robot systems are deployed

in increasingly complex dynamics, richer expressivity of requirements, and uncertain en-

vironments. First, the joint state space of multiple interacting robots grows exponentially,

making centralized solutions computationally impractical. Second, many traditional meth-

ods do not naturally incorporate the temporal and dynamic constraints critical for ensuring

safety and mission success in real-world scenarios. Recent research has focused on for-

mal methods to address these challenges [56, 55, 58, 142]. By utilizing temporal logic

to specify complex mission requirements and safety constraints, researchers are develop-

ing integrated frameworks that not only create efficient paths and allocate tasks but also

rigorously verify that these plans meet high-level specifications. This combination of al-

gorithmic efficiency with formal verification represents a significant advancement toward

more reliable and scalable multi-robot systems, paving the way for advanced applications

in dynamic and uncertain environments [126, 100].

Temporal logics, including Linear Temporal Logic (LTL) and Signal Temporal Logic

(STL), provide powerful languages for capturing time-dependent behaviors and constraints

critical for robotic systems [134, 112]. STL, in particular, has gained prominence due to

its ability to manage continuous signals, use the explicit definition of time, and quantify

robustness amid uncertainties [108, 109]. Early research on automata-based synthesis for

temporal logic specifications demonstrated how high-level tasks could be translated into

automata to facilitate controller synthesis [38, 149]. Guaranteeing correct by construction

controllers generating inputs that satisfy specification requirements. However, these meth-

ods frequently encounter the state explosion problem, which limits their practicality for

3



large-scale or multi-robot systems. More recent approaches have turned to optimization-

based methods as a solution. Mixed Integer Linear Programming (MILP) formulations

present an attractive alternative, as they can seamlessly encode temporal logic constraints

and leverage efficient solvers. For instance, studies by [133, 90, 150] have illustrated the

effectiveness of MILP-based approaches in handling STL specifications. Given the com-

putational challenges in MILP formulations for temporal logic, a significant research effort

has been directed toward improving encoding efficiency. Traditional formulations often

suffer from an explosion in the number of binary variables, leading to increased compu-

tational times and reduced scalability. Chapter 2 of this thesis introduces a novel MILP

encoding that exploits structural properties of temporal logic specifications to reduce the

number of required binary variables. This makes it more suitable for large-scale multi-robot

planning.

Planning for multi-robot systems involves a complex set of challenges that extend well

beyond traditional static task allocation and pathfinding [105]. The inherent complexi-

ties of these systems require mission descriptions that address more than just goal loca-

tions; they must also incorporate time-varying constraints, evolving task requirements, and

the intricate interactions among individual robots. For instance, planning for a swarm of

robots, where emergent collective behaviors take precedence, is fundamentally different

from coordinating modular robots that can be reconfigured to exhibit varied emerging ca-

pabilities or performance, managing heterogeneous fleets with differing abilities, or orches-

trating operations within the structured yet complex environment of a logistics warehouse.

Each scenario presents unique demands on the planning process: mission specifications

must adapt to evolving constraints and ensure successful task completion, while motion

requirements—such as collision avoidance, energy limitations, and strict temporal dead-

lines—must be meticulously upheld. Additionally, the interaction constraints governing

how robots communicate, collaborate, or allocate resources introduce another layer of com-

plexity that challenges conventional planning algorithms. In Chapter 3 of this thesis, we ad-
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dress the critical issue of capturing these multifaceted operational intricacies efficiently and

comprehensively. By developing models that effectively integrate mission specifications,

motion constraints, and interaction protocols, our approach provides a unified framework

capable of managing the diverse and demanding scenarios typical of modern multi-robot

systems.

When considering real-world multi-robot mission planning, it is common for specifi-

cations to be either infeasible or internally conflicting. Uncertainties in the environment,

dynamic changes during operations, user errors, and competing priorities among different

tasks can create situations where strict adherence to all constraints is impractical. Attempt-

ing to satisfy these constraints fully often results in overly conservative plans that may

either fail to execute or underutilize the system’s potential. It is essential to allow for relax-

ation or partial satisfaction of the given specifications to address these challenges. Planners

can develop more adaptable and efficient strategies by prioritizing certain constraints over

others or accepting a degree of deviation from ideal outcomes. This approach recognizes

that achieving a "good enough" solution that satisfies as many constraints as possible or

aligns with user-defined preferences can be far more valuable than striving for a perfect yet

unattainable plan. In Chapter 4, we introduce a framework for the partial satisfaction of

temporal logic languages. This framework is designed to systematically handle conflicting

or infeasible mission specifications by maximizing the fulfillment of the most critical re-

quirements. Our method incorporates user preferences into the planning process, allowing

for a more flexible and robust response to the inherent uncertainties of real-world environ-

ments. This ultimately leads to more practical and effective deployments of multi-robot

systems.
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1.2 General Overview

This thesis presents a comprehensive framework for synthesizing controllers coordinat-

ing complex multi-robot systems dynamics while subject to temporal logic specifications.

Central to this work is an optimization-based approach—specifically, Mixed Integer Linear

Programming (MILP)—transforming high-level temporal logic specifications into concrete

control strategies. Recent advancements in commercial solvers, such as Gurobi, incorpo-

rating relaxation techniques and specialized algorithms, have made it possible to address

these complex MILP formulations. Thus, they enable real-time tracking and resolution of

intricate planning challenges. A diagram capturing the general overview of this thesis and

organization is shown in Fig. 1.2.1

This thesis explores various temporal logic languages, including Metric Temporal Logic

(MTL), Signal Temporal Logic (STL), and a weighted extension known as wSTL. In Chap-

ter 2, I formulate an MILP encoding that captures the semantics of wSTL[24], including

the modulation of robustness imposed by weights that map user preferences and impor-

tance over choices. Additionally, I introduce a novel, disjunction-centric Mixed-Integer

Linear Programming (MILP) [25] encoding that significantly reduces the number of vari-

ables needed to represent the semantics of these specifications. This encoding creates a

more efficient formulation by leveraging the inherent structural properties of the temporal

logic formulas.

This approach is implemented in our modular and versatile Python tool called PyTeLo [26],

which automates the translation of temporal logic specifications into MILP formulations.

PyTeLo abstracts the semantics by accepting a string representation of the temporal logic

specification, along with optional system dynamics. It utilizes an ANTLR-generated parser

to construct an Abstract Syntax Tree (AST). This AST is then recursively encoded into a

MILP that can be solved using commercial solvers like Gurobi. This process streamlines

the synthesis of controllers derived from high-level mission descriptions.
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Figure 1.2.1: Thesis diagram.

Chapter 3 builds on this approach by exploring the modeling of complex multi-robot

systems. In this chapter, I present scenarios involving swarms of robots [27], modular

robots [29], and heterogeneous robots that are tasked with resource transportation [31] and

coordinated logistics in a warehouse setting. These challenges can be framed as network

flow problems. Many of the planning issues—such as pathfinding and task allocation—can

initially be represented as Integer Linear Programs (ILPs) and then relaxed to Linear Pro-

grams (LPs) due to their unimodularity properties. This relaxation maintains optimal so-

lutions while reducing computational complexity. Building upon this, we incorporate ad-

ditional factors, such as inter-robot interactions, motion constraints, and task satisfaction

requirements within the network flow framework. This approach offers a scalable method

for managing the intricate dynamics of modern multi-robot systems.

Chapter Four addresses the critical issue of partial satisfaction in mission planning. It

acknowledges that strict adherence to complete specification satisfaction can be impracti-

cal, especially when faced with conflicting or unachievable mission constraints. To tackle

this, I developed a framework that maximizes satisfaction based on user-defined prefer-

ences. This approach enables the system to fulfill as many aspects of the mission as possi-
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ble, ensuring robust performance even under challenging conditions.

Together, these contributions advance the state-of-the-art in multi-robot planning by in-

tegrating formal temporal logic specifications with efficient Mixed Integer Linear Program-

ming (MILP) formulations and scalable modeling techniques. The resulting framework not

only connects high-level mission planning with low-level control synthesis but also opens

up opportunities for practical applications in areas such as autonomous logistics, coordi-

nated swarm robotics, and beyond.

1.3 Summary of Contributions

The contributions of this thesis are listed bellow by chapter as follows:

Ch2: We propose an MILP formulation that captures the qualitative and quantitative se-

mantics of wSTL developed in [111]. The proposed MILP encoding captures weighted

traditional robustness to quantify satisfaction.

Ch2: We propose an efficient disjunction-centric MILP formulation for STL and wSTL

specifications that results in fewer binary decision variables and constraints in the

encoding.

Ch2: We extend the definition of wSTL [111] to include Until and Release operators.

Ch2: We provide the correctness proofs for all proposed encodings.

Ch2: We demonstrate the versatility of wSTL formulae and the functionality of weights

to modify the solution of an equivalent STL formula. Additionally, we present case

studies for control synthesis using the proposed wSTL MILP formulation and com-

pare it against equivalent STL formulae. We perform sensitivity analysis to charac-

terize the effect of weight modulation on the nature of synthesized trajectories.
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Ch2: Finally, we present the time performance comparison between the proposed disjunction-

centric MILP formulation and the standard STL encodings.

Ch3: We propose an efficient MILP approach to solve the planning problem, consider-

ing swarm splitting and merging behaviors for satisfying tasks while constraining

the maximum number of simultaneous existing swarms and minimizing unnecessary

splitting or traveling. Additionally, standard flow dynamics equations are modified

to flow inequalities considering that node and edge equations could not be balanced

due to the merging and splitting actions.

Ch3: We develop a randomized distributed method to split large swarms when communi-

cation between agents is impossible.

Ch3: We develop a method to assign splitting fractions such that the sub-swarms are bal-

anced, given a motion plan from the MILP.

Ch3: We propose and formalize a planning problem for modular aerial robots with hetero-

geneous capabilities and configurations tasked with performing timed temporal logic

missions. The missions involve tasks that can be performed only by a subset of robot

configurations and may require robots to reconfigure during the mission.

Ch3: We propose an efficient MILP approach that minimizes the total energy consumption

while satisfying the MTL mission specification, robot motion, and reconfiguration

constraints.

Ch3: Extending CaTL [75] to include tasks that require both agents and resources. Defin-

ing and modeling resource transportation that can accommodate various types of

resources (divisible, indivisible, packets, etc.) and considers different storage types

(uniform, compartmental) and agent capacities.

Ch3: Defining Multi-Class Temporal Logic (mcSTL), an extension of STL that considers

9



predicates from multiple semantic classes. We also define a multi-robustness score

that enables the quantification of satisfaction for each predicate class.

Ch3: Applying the multi-robustness mcSTL in the context of CaTL to independently com-

pute the robustness of robots and resources.

Ch3: Proposing an efficient MILP-based planning approach that captures the CaTL spec-

ification, robots and resources dynamics, and transportation constraints. The MILP

aims to maximize disjoint robots’ and resources’ robustness while minimizing spu-

rious motion.

Ch4: An extension to wSTL [10], referred to as wSTL+, including exclusive operators

such as exclusive conjunction, exclusive disjunction, exclusive always, and exclusive

eventually.

Ch4: A definition of the weights, Boolean, and temporal operators in wSTL+ in the con-

text of partial satisfaction as tie-breaking rules for conflicting subformulae, inclusive

(soft), and exclusive (hard) preference constraints.

Ch4: A MILP approach that captures the semantics of wSTL+ specifications as fractions

of preferred satisfaction.
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Chapter 2

Expressive Mission Specification and

Efficient Encoding for Planning.

2.1 Preliminaries

2.1.1 Notation

Let Z, R, and B denote integer, real, and binary numbers sets. The set of integers greater

than a is Z≥a. A vector of ones of size n is denoted by 1n. For a set S, 2S and ∣S∣ represent

its power set and cardinality. For S ⊆ R and α ∈ R, we have α + S = {α + x ∣ x ∈ S}. The

integer interval (range) from a to b is [a..b]. For a range I = [a..b], we use I = a and Ī = b.

Let x ∈ Rd be a d-dimensional vector. The i-th component of x is given by xi, i ∈ [1..d].

2.1.2 Metric Temporal Logic (MTL)

Metric Temporal Logic (MTL), as introduced in [18], is a specification language expressing

real-time properties. The syntax of MTL is

ϕ ∶∶= ⊺ ∣ ¬ϕ ∣ π ∣ ϕ1 ∧ ϕ2 ∣ ϕ1 ∨ ϕ2 ∣ ◻Iϕ ∣ ◊I ∣ ϕ1 U I ϕ2,
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where ϕ, ϕ1, and ϕ2 are MTL formulae, ⊺ is the logical True value, π ∈ Π is an atomic

proposition. over the i-th component of signal s, ¬, ∨, and ∧ are the Boolean negation,

disjunction, and conjunction operators, respectively. ◻I , ◊I U I are the timed always, even-

tually, and until operator with I = [t1 .. t2] a discrete-time interval, 0 ≤ t1 ≤ t2. The

semantics of MTL formulae ϕ at time t is recursively defined over timed state sequence

w = (s, t) where s = s0, s1 . . . sp is a sequence of atomic prepositions by [81] as

w ⊧ π ≡ so ⊧ π,

w ⊧ ¬ϕ ≡ w /⊧ ϕ,
w ⊧ ϕ1 ∧ ϕ2 ≡ w ⊧ ϕ1 ∧w ⊧ ϕ2,

w ⊧ ϕ1 ∨ ϕ2 ≡ w ⊧ ϕ1 ∨w ⊧ ϕ2,

w ⊧ ◊Iϕ ≡ ∃t ∈ I, (s, t) ⊧ ϕ,
w ⊧ ◻Iϕ ≡ ∀t ∈ I, (s, t) ⊧ ϕ,

w ⊧ ϕ1 U I ϕ2 ≡ ∃t
′ ∈ t + I s.t. (s, t′) ⊧ ϕ2 ∧ ∀t

′′ ∈ [t .. t′] (s, t′′) ⊧ ϕ1,

(2.1)

where ⊧ and /⊧ denote satisfaction and violation, respectively. A timed state sequence

w = (s, t) that satisfies ϕ is denoted by w ⊧ ϕ, and it is true if (s,0) ⊧ ϕ.

2.1.3 Signal Temporal Logic (STL)

This section discusses the definition of Signal Temporal Logic (STL) introduced in [108]

and some properties such as the STL formula’s qualitative and quantitative semantics,

soundness, and time-bound. STL is a tool used to monitor temporal properties of real-

valued signals. A signal s is a function s ∶ Z≥0 → Rn that maps each time point k ∈ Z≥0 to

an n-dimensional vector of real values s(k). The i-th component of the vector s is si.

Definition 2.1.1 (STL syntax). The syntax of STL in Backus-Naur form over linear predi-

12



cates is

ϕ ∶∶=⊺ ∣ � ∣ µ ∣ ¬ϕ ∣ ϕ1 ∧ ϕ2 ∣ ϕ1 ∨ ϕ2 ∣ ♢Iϕ ∣ ◻Iϕ ∣ ϕ1UIϕ2 ∣ ϕ1RIϕ2 (2.2)

where ⊺ and � are the logical True and False; µ is a linear predicate that takes the form

si ≥ π, where π is the threshold over the i-th component of signal s; ¬, ∧, and ∨ are the

Boolean negation, conjunction, and disjunction operators, respectively. ♢ (eventually), ◻

(always), U (until), and R (release) are temporal operators with time bound in the range I .

♢Iϕ is satisfied if “the formula ϕ is true at least once during the time range I", while ◻Iϕ

requires ϕ to be true for the entire duration of I . The satisfaction of ϕ1UIϕ2 requires that

“ϕ1 must hold at least until ϕ2 becomes true within time range I”. Lastly, ϕ1RIϕ2 captures

that “ϕ1 releases ϕ2, satisfied if ϕ2 holds within time range I up until and including a time

instance in I at which ϕ1 is true”. Note that if ϕ1 does not become true, ϕ2 must hold for

the entire duration I .

The (qualitative) semantics of STL formula describes whether a signal s satisfies ϕ, and

it is defined recursively for every Boolean and temporal operator as follows.

Definition 2.1.2 (Qualitative semantics). Given an STL formula ϕ and a signal s, the sat-
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isfaction of the formula at time k by signal s is defined as in [108]

(s, k) ⊧ (si ≥ µ) ≡ si(k) ≥ µ,
(s, k) ⊧ ¬ϕ ≡ (s, k) /⊧ ϕ,

(s, k) ⊧ ϕ1 ∧ ϕ2 ≡ ((s, k) ⊧ ϕ1) ∧ ((s, k) ⊧ ϕ2),
(s, k) ⊧ ϕ1 ∨ ϕ2 ≡ ((s, k) ⊧ ϕ1) ∨ ((s, k) ⊧ ϕ2),
(s, k) ⊧ ♢Iϕ ≡ ∃k′ ∈ k + I s.t. (s, k′) ⊧ ϕ,
(s, k) ⊧ ◻Iϕ ≡ ∀k′ ∈ k + I s.t. (s, k′) ⊧ ϕ,

(s, k) ⊧ ϕ1UIϕ2 ≡ ∃k
′ ∈ k + I s.t. ((s, k′) ⊧ ϕ2 ∧ ∀k

′′ ∈ [k..k′] s.t. (s, k′′) ⊧ ϕ1),
(s, k) ⊧ ϕ1RIϕ2 ≡ ∀k

′ ∈ k + I s.t. ((s, k′) ⊧ ϕ2 ∨ ∃k
′′ ∈ [k..k′] s.t. (s, k′′) ⊧ ϕ1),

(2.3)

where ⊧ and /⊧ denote satisfaction and violation, respectively. A signal s satisfying ϕ,

denoted as s ⊧ ϕ, is true if (s,0) ⊧ ϕ.

In addition to Boolean semantics, the STL also includes quantitative semantics known

as robustness that indicates the degree of satisfaction or violation of an STL formula ϕ at a

given time k.

Definition 2.1.3 (Traditional STL Robustness). Given a formula ϕ and a bounded signal
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s, the robustness score ρ(ϕ, s, k) at time k is recursively defined as [57, 51]:

ρ(⊺, s, k) ∶= ρ⊺,
ρ(µ, s, k) ∶= si(k) − π,
ρ(¬ϕ, s, k) ∶= −ρ(ϕ, s, k),

ρ(ϕ1 ∧ ϕ2, s, k) ∶=min{ρ(ϕ1, s, k), ρ(ϕ2, s, k)} ,
ρ(ϕ1 ∨ ϕ2, s, k) ∶=max{ρ(ϕ1, s, k), ρ(ϕ2, s, k)} ,
ρ (♢Iϕ, s, k) ∶= max

k′∈k+I
ρ(ϕ, s, k′),

ρ (◻Iϕ, s, k) ∶= min
k′∈k+I

ρ(ϕ, s, k′),
ρ (ϕ1UIϕ2, s, k) ∶= max

k′∈k+I
{min{ρ(ϕ2, s, k

′), min
k′′∈I′

ρ(ϕ1, s, k
′′)}},

ρ (ϕ1RIϕ2, s, k) ∶= min
k′∈k+I

{max{ρ(ϕ2, s, k
′), max

k′′∈I′
ρ(ϕ1, s, k

′′)}},

(2.4)

where ρ⊺ = sups,µ{si − µ} is the maximum robustness and I ′ = [k..k′].
Theorem 2.1.1 (Soundness of STL). The robustness score for an STL formula is sound,

meaning that ρ (ϕ, s, k) > 0 implies s ⊧ ϕ, capturing that signal s satisfies ϕ at time k. On

the other hand, ρ (ϕ, s, k) < 0 implies s /⊧ ϕ, therefore, s violates ϕ at time k.

We refer to the traditional STL robustness score, denoted by ρ(ϕ, s), which quantifies

the extent to which a signal s satisfies the formula ϕ at time k = 0.

The time horizon of an STL formula determines the minimum time required to verify

if a signal s satisfies or violates a given specification ϕ. Recursively, computed as in [50]

as follows
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∥ϕ∥ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0, if ϕ = si ≥ π,

∥ϕ1∥, if ϕ = ¬ϕ1,

max{∥ϕ1∥, ∥ϕ2∥}, if ϕ ∈ {ϕ1 ∧ ϕ2, ϕ1 ∨ ϕ2},
Ī +max{∥ϕ1∥, ∥ϕ2∥}, if ϕ ∈ {ϕ1UIϕ2, ϕ1RIϕ2},
Ī + ∥ϕ1∥, if ϕ ∈ {♢Iϕ1, ◻Iϕ1}.

(2.5)

2.1.4 Weighted Signal Temporal Logic (wSTL)

This section describes an extension of STL called Weighted STL (wSTL) that allows spec-

ifications to capture user preferences, priorities, and importance associated with Boolean

and temporal operators, which syntax and semantics were introduced in [111].

Definition 2.1.4 (Weighted Signal Temporal Logic (wSTL) [111]). The syntax of wSTL1

in [24] which includes the definitions of until and release temporal operators is denoted as

follows:

φ ∶∶= ⊺ ∣ � ∣ µ ∣ ¬φ ∣ ⋀
i∈[1..N]

p
φi ∣ ⋁

i∈[1..N]

p
φi ∣ ♢wI φ ∣ ◻wI φ ∣ φ1UwI φ2 ∣ φ1RwI φ2 (2.6)

In this framework, the Boolean, temporal operators, true ⊺, false �, and predicate µ re-

tain the definitions for STL. Weight functions p ∶ [1..N] → R>0 are used to assign positive

weights to conjunction and disjunction formulae. Here, N represents the number of sub-

formulae under the respective operator. For conjunctions, denoted as (∧p(φ1, . . . , φN)),
these weights indicate the relative significance of concurrent tasks. On the other hand, for

disjunctions, denoted as (∨p(φ1, . . . , φN)), they represent priority levels among alterna-

tives. Similarly, positive weight functions w ∶ I → R>0 are used to express user preferences

concerning satisfaction times in the case of the eventually operator. They also underscore

the importance of satisfaction times for the always operator. Weight functions associated

1From now on, we denote an STL specification as φ and a wSTL specification as ϕ.
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with until and release operators articulate preferences regarding the timing of transitions

between satisfying one subformula or the other.

The qualitative (Boolean) semantics of a wSTL formula φ is the same as the associated

STL formula ϕ without the attached weight functions. Additionally, notice that when a

wSTL formula φ has all unit weights, which means p = 1 and w = 1 for every sub-formula,

it does not impose any preference, priorities, or importance over the Boolean or tempo-

ral operators. Therefore, STL formulae are wSTL formulae with unit weights. The time

horizon of a wSTL formula ∥φ∥ is the same as for STL ϕ and computed using (2.5) since

weights do not affect the time duration of temporal or Boolean operators.

Example 2.1.1. For the first 60 minutes, survey regions A, B, and C with higher impor-

tance to regions A and B. Within the next 30 minutes, report the data at either upload

center U or preferably at center W as early as possible. Always avoid obstacles. Thus,

this can now be expressed as φ = ∧p(φ1, φ2, φ3) where φ1 = ♢
w1

[0,60]
(∧p1(A, B, C)) , φ2 =

♢w2

[60,90]
(∨p2(U, W)) , φ3 = ◻w3

[0,90]
¬obstacles. p1, p2, w1, w2, w3 are weight vectors of

appropriate lengths. p1 = [p11, p12, p13], where p11 > p13, p12 > p13 captures higher impor-

tance for A and B. Similarly, p2 = [p21, p22], where p21 < p22 for expressing the preference

for W . For the temporal operator in φ2, we have w2 = [w21, . . . , w2n], n is the number

of timesteps considered between [60..90] and w2i ≥ w2i+1, ∀i ∈ [1..(n − 1)] indicating the

preference for satisfying the subtask φ2 earlier during the interval. Since all three sub-tasks

are equally important, p1 is a vector of all ones, p1 = [1,1,1]. Since there are no temporal

preferences for φ1 and φ3, w1 and w2 are vectors of all ones of appropriate lengths.

wSTL has quantitative semantics, which is recursively defined, similar to the STL ro-

bustness. However, in this case, the semantics are modulated by the weights assigned to

the Boolean and temporal operators, which reflect the user’s satisfaction preferences. In

simple terms, it is a weighted version of the traditional robustness defined in (2.4).
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Definition 2.1.5 (Weighted Traditional Robustness [24]). Given a wSTL formula φ and a

bounded signal s, the weighted robustness score ρ̃(φ, s, k)2 at time k is recursively defined

as follows

ρ̃(µ, s, k) ∶= si(k) − π,
ρ̃ (¬φ, s, k) ∶= −ρ̃(φ, s, k),

ρ̃(⋀
i

p
φi, s, k) ∶=min

i
{p∧i ⋅ ρ̃(φi, s, k)} ,

ρ̃(⋁
i

p
φi, s, k) ∶=max

i
{p∨i ⋅ ρ̃(φi, s, k)} ,

ρ̃ (◻wI φ, s, k) ∶= min
k′∈k+I

{w◻(k′ − k) ⋅ ρ̃(φ, s, k′)} ,
ρ̃ (♢wI φ, s, k) ∶= max

k′∈k+I
{w♢(k′ − k) ⋅ ρ̃(φ, s, k′)} ,

ρ̃ (φ1UwI φ2, s, k) ∶= max
k′∈k+I

{min{wU(k′ − k) ⋅ ρ̃(φ2, s, k
′), min

k′′∈I′
{ρ̃(φ1, s, k

′′)}}} ,
ρ̃ (φ1RwI φ2, s, k) ∶= min

k′∈k+I
{max{wR(k′ − k) ⋅ ρ̃(φ2, s, k

′), max
k′′∈I′
{ρ̃(φ1, s, k

′′)}}} ,

(2.7)

where I ′ = [k..k′], for Boolean operators, we have

p∧i (ri) = (1
2
− p̄i) sign(ri) + 1

2
, p∨i (ri) = 1 − p∧i (ri),

where ri = ρ̃(φi, s, k) is the weighted robustness of the subformula φi, and p̄i =
pi
1T p

is its

normalized weight. Similarly, for the unary temporal operators, we have

w◻(rk′) = (1
2
− w̄(k − k′)) sign(rk′) + 1

2
, w♢(rk′) = 1 −w◻(rk′),

where rk′ = ρ̃(φ, s, k′), w̄(t) = w(t)
W

andW = ∑k
′−k

t=0 w(t). For the binary temporal operators

2From now on, we refer to the robustness of an STL formula φ with signal s at time k as ρ(φ, s, k) and
for the robustness of a wSTL formula ϕ as ρ̃(ϕ, s, k).
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until and release, we define

wU(rk′) = w♢(rk′), wR(rk′) = w◻(rk′),

where rk′ = ρ̃(φ2, s, k′). The weights p∧, p∨, w◻, and w♢ are defined as DeMorgan aggre-

gation functions [111].

The wSTL weighted robustness is sound iff weights are positive.

Theorem 2.1.2 (wSTL soundness [111]). Let STL formula ϕ be the wSTL formula φ with

all weights equal one then

ρ̃(φ, s, k) > 0 ⇐⇒ ρ(ϕ, s, k) > 0→ s ⊧ φ,

ρ̃(φ, s, k) < 0 ⇐⇒ ρ(ϕ, s, k) < 0→ s /⊧ φ. (2.8)

The soundness proof outline is provided in [111].

If all the weights defined in the wSTL formula are positive, the resulting robustness

score will be a scaled value of the equivalent STL robustness. This score indicates the

reliability and accuracy of the wSTL satisfaction biased with the user’s preferences and

importance, which is directly related to the magnitude of the weights assigned to the various

components of the formula.

Remark 2.1.1. We consider weights to be positive because having even one of the weights

equal to zero creates interpretability issues by masking desired or undesired behaviors.

For instance, consider the following wSTL formulae φconj = ∧p(µ1, µ2, µ3) and φdisj =

∨p(µ1, µ2, µ3), with p = [0.5,0,0.5], over a signal s. When computing their robustness

ρ̃(φconj, s,0) = min{0.5 ⋅ ρ̃(µ1, s,0), 0 ⋅ ρ̃(µ2, s,0), 0.5 ⋅ ρ̃(µ3, s,0)} and ρ̃(φdisj, s,0) =
max{0.5 ⋅ ρ̃(µ1, s,0), 0 ⋅ ρ̃(µ2, s,0), 0.5 ⋅ ρ̃(µ3, s,0)}. Now consider the following cases for

the sign of the robustness values of subformulae regardless of the signal:
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Table 2.1: Conjunction robustness computation cases.

ρ̃ 0.5 ⋅ ρ̃(µ1, s,0) 0 ⋅ ρ̃(µ2, s,0) 0.5 ⋅ ρ̃(µ3, s,0)
0 + 0 +
- - 0 +
- + 0 -
- - 0 -

Table 2.2: Disjunction robustness computation cases.

ρ̃ 0.5 ⋅ ρ̃(µ1, s,0) 0 ⋅ ρ̃(µ2, s,0) 0.5 ⋅ ρ̃(µ3, s,0)
+ + 0 +
+ - 0 +
+ + 0 -
0 - 0 -

When given weights p, the predicate µ2 becomes masked. As a result, regardless of

whether the predicate is satisfied or violated, its computed robustness is zero. When consid-

ering conjunctive operators (e.g., conjunction and always operators), even if all predicates

are satisfied, we cannot guarantee overall satisfaction based on soundness properties, since

the total robustness is equal to zero. Similarly, for disjunctive operators (e.g., disjunction

and eventually operators), if all subformulas violate the formula, we cannot conclude from

the overall robustness that the formula has been violated. Thus, in conclusion, zero weights

do not lead to the corresponding subformulae being ignored.

Example 2.1.2 (Weighted Traditional Robustness). Consider wSTL formula

φA = ♢
wA

[1,4]
(∧p((s ≥ 4), (s ≤ 8))),

and φB = ◻wB

[1,4]
(∧p((s ≥ 4), (s ≤ 8))), where wA = [1,3,1,1] indicating that it is thrice

as important to satisfy the formulae at the second time instance as compared to remaining

time instances, wB = [1,1,1,1] indicating that satisfaction at all time instances is equally

important and p = [1,1] for both formulae, denoting that the concurrent requirements are

equally important.
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(a) Signals sA1
and sA2

that satisfy and vi-
olate, respectively, the wSTL formula ϕA =

♢wA

[1,4]
(∧p((s ≥ 4), (s ≤ 8)))

(b) Signals sB1
and sB2

that satisfy and vi-
olate, respectively, the wSTL formula ϕB =

◻wB

[1,4]
(∧p((s ≥ 4), (s ≤ 8)))

Figure 2.1.1: Example signals for demonstrating the computation of weighted traditional robustness.

Let us consider the signals in Fig. 2.1.1 (a) and (b) as the satisfying (signals sA1
, sB1

)

and violating (signals sA2
, sB2

) instances of φA and φB. From def. 2.1.5, the robustness of

the satisfying signal sA1
at the second time instance is given by ρ̃(φA, sA1

,2) = min{(1 −
(1
2
− 3

6
+ 1

2
))×2, (1−(1

2
− 3

6
+ 1

2
))×2} =min{3

6
×2, 3

6
×2} = 1. The robustness of the violating

signal sA2
is ρ̃(φA, sA2

,2) =min{(1− (1
2
− 3

6
)× (−1)+ 1

2
)× (−1), (1− (1

2
− 3

6
)× (−1)+ 1

2
)×

(−1)} = min{1
2
× (−1), 1

2
× (−1)} = −0.5. The overall robustness for both signals is given

by ρ̃(φA, sAi
) =maxk∈[1..4]{ρ̃(φA, sAi

, k)} where i ∈ {1,2}. Similarly, the robustness of the

signal sB1
at time 2 is ρ̃(φB, sB1

,2) =min{(1
2
− 1

4
+ 1

2
)×3, (1

2
− 1

4
+ 1

2
)×1} = 3

4
. And for signal

sB2
, ρ̃(φB, sB2

,2) =min{((1
2
− 1

4
)× (−1)+ 1

2
)× (−1), ((1

2
− 1

4
)× (−1)+ 1

2
)× (−5)} = −2.5.

Thus, the overall robustness for both signals with respect to φB is given by ρ̃(φB, sBi
) =

mink∈[1..4]{ρ̃(φB, sBi
, k)} where i ∈ {1,2}.

Example 2.1.3. Consider a fully actuated robot with a scalar state in the interval [-10..10]

with state saturation and no control bounds for simplicity. The robot is required to 1)

always between 0 to 3 minutes, be at least 5 units away from the origin, especially towards

the end of the interval (importance for satisfaction times), and 2) between 4 to 6 minutes,

especially towards the beginning of the interval, it should be between 2 to 4 units away

from the origin (priority for satisfaction times). Additionally, it is thrice as important to
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satisfy the second requirement (importance for subformulae).

The formula expressed using wSTL is φ = ∧p1(◻w1

[0,3]
(s ≥ 5)),♢w2

[4,6]
(∧p2((s ≥ 2), (s ≤

4))). To capture the given preferences, one possible set of weight vectors is p1 = [1,3],
w1 = [1,1,1,2], p2 = [0.1,0.1], w2 = [0.9,0.3,0.2]. Note that the weights can be any

positive values as long as they capture the relative importance and priorities.

Let φ1 = ◻w1

[0,3]
(s ≥ 5) and φ2 = ♢w2

[4,6]
(∧p2((s ≥ 2), (s ≤ 4))). The time horizon of

the formula φ is ∥φ∥ = max(∥φ1∥, ∥φ2∥) = max(3,6) = 6. The resulting trajectory is

[10, 10, 10, 10, 3, -10, -10]. It can be observed that the robot starts at 10 at t = 0 and

continues to be there until t = 3 satisfying φ1. Next, it satisfies φ2 at the beginning of

the interval [4..6] considering the priority for satisfaction time. The overall robustness

is 0.27, which can be computed as follows: ρ̃(φ, s) = min{1 ⋅ ρ̃(φ1, s),3 ⋅ ρ̃(φ2, s)} =
min{min{10,10,10,20},3 ⋅max{0.9,0.1}}. Note that the solution may not be unique.

2.2 STL and wSTL Control Synthesis: a Disjunction-Centric

Mixed-Integer Linear Programming Approach

This section introduces an efficient optimization-based control synthesis methodology tai-

lored for Signal Temporal Logic (STL) and its extension, weighted Signal Temporal Logic

(wSTL). While STL captures Boolean and temporal operators, wSTL further allows users

to express preferences and priorities over concurrent and sequential tasks denoted by weights

over logical and temporal operators, along with satisfaction times. The proposed approach

utilizes Mixed Integer Linear Programming (MILP) for synthesis with both STL and wSTL

formulae. We introduce efficient disjunction-centric encodings for STL and wSTL that cap-

ture both qualitative and quantitative semantics. This encoding minimizes the number of

variables and constraints necessary to represent STL and wSTL formulae by efficiently

handling conjunction operations (e.g., conjunction, always operators) and only introduc-

ing variables when disjunction operations are used (e.g., disjunction, eventually). Multiple
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case studies are conducted to demonstrate the proposed methodology’s operation and com-

putational efficiency for the control synthesis with STL and wSTL specifications. While

non-linear dynamics and predicates can be considered using piecewise linear functions, this

section focuses on linear predicates and dynamics. We show how cost functions involving

potentially conflicting objectives expressed in terms of states, controls, and satisfaction

robustness impact the solutions to the control synthesis problem for STL and wSTL. We

conduct a sensitivity analysis of weights used in wSTL formulae, offering detailed insights

into how these weights modulate solutions for given formulae. Finally, the time perfor-

mance of the disjunction-centric encodings for both STL and wSTL is compared against

state-of-the-art frameworks, comprehensively evaluating their efficiency and practical ap-

plicability.

2.2.1 Introduction

Owing to their rich expressivity, temporal logic formalisms have been increasingly use-

ful in formally capturing high-level, complex specifications with logical and temporal

modalities. Temporal logics such as Linear Temporal Logic (LTL) [6], Signal Tempo-

ral Logic (STL) [108], Metric Temporal Logic (MTL) [86], Time-window Temporal Logic

(TWTL) [161], Bounded Linear Temporal Logic (BLTL) [154] succinctly capture the com-

plex requirements, inter alia, sequentiality, liveliness, stability, guarantee, obligation, re-

sponse. Here, we focus on the problem of formal control synthesis, which refers to syn-

thesizing a control signal for a given specification that enables the system to achieve the

desired behavior subject to correctness constraints.

Although LTL and its fragments have been widely used for control synthesis of dynam-

ical systems [15, 163, 77, 141, 98, 137] given their closeness to natural language and rich

expressivity, timing constraints cannot be explicitly captured using LTL. On the contrary,

STL is defined over real-valued signals, has finite time bounds, and has been widely studied

for verification [3], continuous monitoring [46], temporal logic inference [16, 97] as well
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as multi-agent control synthesis [150, 30]. Note that STL implicitly assumes equal im-

portance over all sub-parts of the specification. Consider the following example, wherein

the importance of concurrent sub-tasks and priorities over disjunctive sub-tasks need to be

expressed.

Example 2.2.1. For the first 60 minutes, survey regions A, B, and C with higher importance

to regions A and B. Within the next 30 minutes, report the data at either upload center U or

preferably at center W as early as possible. Always avoid obstacles.

Even though the subtasks ”1) surveying regions A, B and C within 60 minutes; 2)

Uploading data at one of the upload centers within next 30 minutes; and 3) avoiding ob-

stacles" - can be readily captured using STL, the importance for regions A, B as well as

the preference for upload center W cannot be readily expressed. This has motivated the

research towards satisfying STL specifications robustly while accounting for user prefer-

ences. The existing methods employ various techniques for representing user preferences

as temporal logic formulae [7, 82], regular expressions, or soft constraints [2, 127, 128].

Weighted Signal Temporal Logic (wSTL) [111] is an extension of STL that incorporates

importance and priorities over sub-formulae, further enhancing STL’s expressivity by in-

corporating preferences for satisfaction without affecting its qualitative satisfaction.

In this section, we consider the control synthesis problem for STL and wSTL formulae.

STL and wSTL offer quantitative semantics referred to as robustness of satisfaction, which

indicates the margin of satisfaction (or violation) of a specification. Owing to this quantita-

tive semantics, the control synthesis problem can be cast as an optimization problem with

the objective of maximizing the robustness of satisfaction. In literature, this optimization

problem has been solved using heuristics, mixed-integer linear programming, or gradient-

based methods [133, 129, 51, 173, 99]. Among these, the heuristic and gradient-based

methods are scalable, sound (a solution returned by the solver satisfies the specification)

but not complete (the solver may not return a solution even if the specification is feasible).
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Conversely, MILP-based approaches are sound and complete and offer a globally opti-

mal solution. Although MILPs are, in general, NP-hard, efficient off-the-shelf tools as [66]

facilitate time-efficient solving. The time complexity of an MILP increases with a grow-

ing number of binary decision variables in the formulation. Most existing mixed-integer

formulations for STL synthesis introduce a binary decision variable for each predicate at

each time-step, thereby limiting the scalability of the approach. To alleviate this, some

recent works [91, 174, 165] have introduced efficient encodings for disjunctive operators.

These approaches typically employ allocating and bookkeeping binary codes for subfor-

mulae under the disjunction. However, a drawback of such approaches is their tendency

to focus solely on satisfying one subformula, neglecting the requirement that -at least one

subformula must be satisfied, and potentially one or more subformulae could be satisfied

- a crucial aspect of disjunction semantics. In contrast to these methodologies, here we

propose a disjunction-centric encoding that offers a novel solution by efficiently managing

conjunctive operations and introducing binary decision variables only for disjunctive oper-

ations. The key idea behind this formulation is that considering the nature of conjunctive

operations that impose satisfaction of all subformulae under the operator, we can ignore

constraints and directly impose their satisfaction on the binary decision variables for dis-

junctions. Careful bookkeeping of these decision variables avoids introducing unnecessary

variables and constraints and, thus, leads to smaller optimization problems and streamlines

the solving process.

Here, we consider the control synthesis problem of a linear discrete-time dynamical

system for STL and wSTL formulae defined over linear predicates. The main contributions

of this section are as follows.

1. We propose an MILP formulation that captures the qualitative and quantitative se-

mantics of wSTL developed in [111]. The proposed MILP encoding captures weighted

traditional robustness to quantify satisfaction.
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2. We propose an efficient disjunction-centric MILP formulation for STL and wSTL

specifications that results in fewer binary decision variables and constraints in the

encoding.

3. We extend the definition of wSTL [111] to include Until and Release operators.

4. We provide the correctness proofs for all proposed encodings.

5. We demonstrate the versatility of wSTL formulae and the functionality of weights

to modify the solution of an equivalent STL formula. Additionally, we present case

studies for control synthesis using the proposed wSTL MILP formulation and com-

pare it against equivalent STL formulae. We perform sensitivity analysis to charac-

terize the effect of weight modulation on the nature of synthesized trajectories.

6. Finally, we present the time performance comparison between the proposed disjunction-

centric MILP formulation and the standard STL encodings.

2.2.2 General overview of the approach

This section outlines our methodology for tackling the control synthesis problem, where

we aim to generate signals that satisfy Boolean and temporal constraints within the con-

text of linear dynamical systems. Our approach handles specifications expressed in both

Signal Temporal Logic (STL) [109], and its extension, weighted Signal Temporal Logic

(wSTL) [111]. STL enables users to articulate Boolean and temporal constraints with ex-

plicit time definitions. On the other hand, wSTL extends STL by incorporating user prefer-

ences regarding Boolean conditions and temporal aspects through weights. These weights

modulate the quantitative semantics of the formula, providing a flexible framework for

expressing nuanced constraints. We translate the specifications and the linear dynamical

systems into a Mixed Integer Linear Programming (MILP) formulation, thereby establish-

ing an optimization-based framework capable of addressing the control synthesis problem
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Figure 2.2.1: Schematic overview of the STL and wSTL control synthesis.

while considering both the system dynamics and temporal logic constraints.

Fig. 2.2.1, provides a schematic of our approach to the problem. Initially, the user pro-

vides an STL or wSTL specification and a linear dynamical system. The formula undergoes

parsing using an Abstract Syntax Tree (AST)3 where intermediate nodes represent logical

and temporal operators, and leaves correspond to predicates [71]. The AST [71] capturing

the STL or wSTL formula is constructed using an LL(*) parser [124]. We employ PyTeLo,

to recursively translate the AST of the STL or wSTL formula into a MILP, effectively cap-

turing the quantitative semantics of the formula (MILP formulation for STL and wSTL

are described in Sec. 2.2.4 and Sec. 2.2.4, respectively). Our disjunction-centric encodings

for STL and wSTL reduce the number of variables and constraints required to capture the

formula semantics in comparison to previous encodings in [133] and [24], respectively.

Subsequently, the linear dynamics are automatically formulated as a MILP, establishing

connections between formula variables and dynamic variables. Finally, we employ an

MILP solver, such as Gurobi [66], to solve the equivalent MILP, effectively synthesizing

controllers that satisfy both the given specification and the dynamics constraints.

2.2.3 Problem Statement

This section introduces the control synthesis problem subject to temporal and logical con-

straints captured as wSTL formulae. Let us consider a discrete-time dynamical system

3A formula can have many equivalent ASTs [71] determined by the parsing methods used.
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modeled as

s(k + 1) = A s(k) +B u(k), s(0) = s○, (2.9)

where s(k) ∈ S ⊆ Rn represents the state of the system at time step k, while u(k) ∈U ⊆ Rm

denotes the control input at the k-th time instance, with k ∈ Z≥0. The initial state is denoted

by s○ ∈ S, and the system’s dynamics are characterized by appropriately sized matrices A

and B, representing the state transition and input gain matrices, respectively. Consider a

trajectory of the system, denoted by s = s(0)s(1) . . ., which is generated by applying a

control sequence u = u(0)u(1) . . . starting from the initial state s○. Let J(s, u) represent

a cost function associated with generating control signal u while the system is in state s.

Some of the more typically formulated cost functions consider sums comprising weighted

terms such as 1-norm,∞-norm, and linear terms.

The problem of control synthesis requires finding an input control sequence u∗ ∶ [0..K−
1]→U that balances minimizing the cost J with maximizing the robustness of φwithin the

framework of wSTL (STL). This must be achieved while adhering to logical and temporal

constraints to satisfy wSTL φ (STL ϕ). The formal definition of the control synthesis

problem subject to logical and temporal constraints is as follows.

Problem 2.2.1. Given a discrete linear dynamical system of the form (2.9), the initial state

s○, a wSTL φ specification capturing user preferences as in (2.6) synthesize a sequence of

control inputs u∗ such that,

u∗ = argmin
u

J(s, u) − λ ρ̃(φ, s)
s.t. (2.9) (linear discrete dynamics),

s ⊧ φ (mission specification satisfaction),

u ≤ u ≤ ū (control signal saturation),

(2.10)

where u and ū are lower and upper control bounds, and λ ≥ 0 is a regularization param-
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eter that allows tuning the trade-off between the cost function J and formula satisfaction

captured via maximization of the robustness.

The planning time horizon is denoted by K such that K ≥ ∥φ∥.
Remark 2.2.1. In the absence of a defined cost function J(s, u) in (2.10), Pb. 2.2.1 can be

reduced to maximizing the robustness ρ̃(φ, s). This approach ensures the satisfaction of φ

while considering the user’s preferences for satisfaction and the significance of subformu-

lae.

Note that if the wSTL formula has all weights equal to one, then (2.10) is equivalent to

solving the STL control synthesis problem.

2.2.4 Control Synthesis

In this section, we present an optimization problem formulation for Pb. 2.2.1 and introduce

a Mixed Integer Linear Program (MILP) for a disjunction-centric encoding for STL and

wSTL. Additionally, we compare the disjunction-centric encoding with the wSTL encoding

used in our previous work [24].

Assumption 2.2.1. wSTL specifications are over linear predicates.

While wSTL formulae have the flexibility to be defined using general, non-linear pred-

icates of the form lµ(s(k)) ≥ π, where l ∶ Rn
→ R, we opt to constrain them to more

straightforward linear functions, specifically si(k) ≥ π (or si(k) ≤ π, as specified below).

Despite this restriction, our MILP encoding methodology remains viable. This is achieved

by introducing output variables yµ = lµ(s(k)) for all non-linear predicates µ and employing

piecewise-linear approximations to represent the output functions lµ.

STL was initially designed to articulate the desired behavior of systems operating in

the continuous-time domain. However, when using MILPs to solve synthesis problems

with STL constraints, there is a need to transition to a discrete-time framework. For clarity
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and brevity, we consider uniform time discretization. However, the MILP encoding can

also be adapted to non-uniform discretization as long as the system dynamics are either

inherently linear or can be linearized. However, in both scenarios, the resulting discrete-

time control policy may not ensure the satisfaction of the STL or wSTL specification for

continuous-time signals as guaranteed. To ensure continuous-time satisfaction, such as

ensuring collision avoidance for robots, additional measures may need to be employed,

such as employing state constraints like funnels or tubes or imposing robustness lower

bound.

Assumption 2.2.2. wSTL specifications are in positive normal form [133, 57].

The assumption is not restrictive, as any STL formula, including its weighted exten-

sion wSTL, can be converted into a positive normal form, with negation operators only

appearing in front of predicates. The transformation process entails eliminating negations

completely and defining predicates using comparison operators such as ≥ and ≤ [133].

Disjunction-centric MILP encoding for STL

In this section, we formulate an MILP capturing a disjunction-centric encoding for STL

formulae. This MILP encoding is designed to reduce the number of variables needed to

capture the qualitative (2.3) and quantitative (2.4) semantics of an STL formula, compared

to the encoding in [133].

Let us define an augmented-AST, a data structure we recursively use to create the

disjunction-centric encoding for STL, defined as follows.

Definition 2.2.1 (Augmented-AST for STL). An augmented-AST for STL is represented as

a directed tree denoted by G = (N ,E , ξ), where N stands for the set of nodes. Each node

is characterized by a tuple n = (ϕ′, k), where ϕ′ represents a subformula, which could be

a predicate, Boolean, or temporal operator, and k is the time step at which the node is

considered. We associate with each node a binary decision variable ξ(n) ∈ B used for the
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MILP encoding. Nodes may be associated with the same decision variable. The edges E ⊆

N ×N depict the relationships between nodes. We define the sets pa(n) = {n′ ∣ (n′, n) ∈ E}
and ch(n) = {n′ ∣ (n,n′) ∈ E} to represent the parent and children nodes of a given node

n, respectively. Additionally, a partial order ≼ is established over N such that n ≼ n′ if

there exists a path from node n to node n′, indicating n being an ancestor of n′. The set of

ancestors of a node n is denoted by A(n) = {n′ ∣ n′ ≼ n}.
The time step k associated with a node in N is necessary for temporal operators. For

example, the augmented-AST ϕ = ♢[0,2]x ≥ 2 will have a root node associated with the

eventually operator and three children associated with the predicate x ≥ 2 at times k ∈

[0..2].
Note that predicates are leaf nodes n with no children, ch(n) = ∅. Similarly, if node n

is the root node, then pa(n) = ∅.

In Alg. 1, the propagation of MILP variables from root to leaves is computed. Initially,

the method traverses the nodes in topological order. If n is the root node (pa(n) = ∅),

then we create MILP variable ξ(n) ∈ B with is defined to capture the satisfaction of the

overall formula, lines 4-6. For the disjunction, eventually, until, and release operator, binary

variables are created for each child nch of node n, and stored in ξ(nch),∀nch ∈ ch(n), lines

7-9. Conversely, if the node n corresponds to conjunction and always operators, then each

child inherits the MILP variable of node n, lines 10-12. Note that for a predicate µ where

pa(µ) ≠ ∅, we have ξ(µ, k) = ξ(pa(µ, k)) which follows from lines 7-9 or lines 10-12

depending on the operation of its parent.

The MILP encoding operates recursively across the augmented-AST nodes correspond-

ing to the STL formula ϕ, starting from the leaves representing the predicates. Let µ denote

a predicate and k be a time step such that (µ, k) ∈ N . The variable ξ(µ, k) takes a value

of one if the predicate µ contributes to the satisfaction of formula ϕ at time k ∈ [0..K], and

zero otherwise. Note that if ξ(µ, k) takes value one that implies that ξ(A(µ, k)) = {1},
indicating that the MILP variables of all of the ancestors of µ at k must be satisfied. We in-
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Algorithm 1 Propagation of MILP variables over augmented-AST for STL.

1: input: AST (ϕ) ▷ AST of the formula ϕ.
2: output: G = (N ,E , ξ) ▷ Augmented-AST.
3: for n = (ϕ′, k) ∈ N do ▷ In topological order.
4: if pa(n) = ∅ then

5: ξ(n)← create_decision_var(B) ▷ Creates binary variable for root node
6: end if

7: if ϕ′ ∈ {∨, ♢, U ,R} then

8: ξ(nch)← create_decision_var(B), ∀nch ∈ ch(n) ▷ Create new binary
variables for each child of n.

9: end if

10: if ϕ′ ∈ {∧, ◻} then

11: ξ(nch)← ξ(n), ∀nch ∈ ch(n) ▷ Inherit variables from parent to children of n.
12: end if

13: end for

troduce a sufficiently large number M (e.g., surpassing the highest upper bound of signals

in the STL formula ϕ) and the variable ρ, capturing the robustness of the predicate. The

following constraints capture the satisfaction of predicates of the form s(k) ≥ π.

ϕ = µ⇒

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
s(k) +M(1 − ξ(µ, k)) ≥ π + ρ
s(k) −M ⋅ ξ(µ, k) ≤ π + ρ

, (2.11)

Note that the predicate constraints primarily assess whether the predicate contributes

to the overall satisfaction without imposing constraints on the values that variables s(k)
and ρ can take. Thus, in case the predicate is not taken into account for satisfaction, the

constraints do not make the overall problem infeasible. However, since the objective is to

maximize robustness, s(k) is compelled to take the value that optimizes ρ, ensuring it is as

far from the threshold value π as feasible. In the scenario involving predicates of the form

s(k) ≤ π, we adjust the constraints as follows.

ϕ = µ⇒

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
s(k) −M(1 − ξ(µ, k)) ≤ π − ρ
s(k) +M ⋅ ξ(µ, k) ≥ π − ρ

. (2.12)
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For the conjunction operator, there is no need to impose constraints in the model. This

is due to the nature of conjunction, which mandates that all children must hold for the

operator to be satisfied. Therefore, the conjunction operator inherits its MILP variable to

all its children in the augmented-AST, capturing the STL formula.

ϕ =⋀
i

ϕi⇒ no constraints. (2.13)

In case of the disjunction operator, we have ξ(ϕi, k) ∈ B, ∀ϕi ∈ ch(ϕ) as the variable

taking value one if subformula ϕi is satisfied at time k ∈ [0..K] and zero otherwise. The

following set of constraints captures the “max” nature of the disjunction operator

ϕ =⋁
i

ϕi⇒

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
ξ(ϕ, k) ≤ ∑i ξ(ϕi, k)
ξ(ϕ, k) ≥ ξ(ϕi, k)

, (2.14)

where ξ(ϕ, k) is the MILP variable of ϕ which takes value one if at least one child variable

ξ(ϕi, k) is satisfied.

For the eventually operator, the set of constraints follows the logic for the disjunction

operator but over time intervals as follows

ϕ = ♢Iϕ1⇒

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
ξ(ϕ, k) ≤ ∑k′ ξ(ϕi, k′)
ξ(ϕi, k) ≥ ξ(ϕi, k′)

, ∀k′ ∈ k + I, (2.15)

where ξ(ϕ, k) is the MILP variable of ϕ, which takes value one if at least on variable

ξ(ϕi, k′) is satisfied in the interval k′ ∈ k + I

The Always operator behaves the same as the conjunction operator. There is no need

to define constraints. The children inherit the node’s variable according to the augmented-
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AST, capturing the STL formula.

φ = ◻Iϕ1⇒ no constraints. (2.16)

For the Until operator, we use variables ξ(ϕ1, k′′) and ξ(ϕ2, k′) in which we want

ξ(ϕ1, k′′) to take value one until ξ(ϕ2, k′) gets satisfied at some time step k′ ∈ k + I . The

following set of constraints captures the until operator

ϕ = ϕ1UIϕ2⇒

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ξ(ϕ, k) ≤ ∑k′∈k+I ξ(ϕ2, k′)
ξ(ϕ, k) ≥ ξ(ϕ2, k′) ∀k′ ∈ k + I,

ξ(ϕ1, k′′) ≥ ξ(ϕ2, k′) ∀k′ ∈ k + I, ∀k′′ ∈ [I..k′],
(2.17)

where the first two constraints require that the MILP variable ξ(ϕ, k) takes value one if at

some point during the interval I , ϕ2 is satisfied. The third constraint requires that there

exists a time k′ ∈ k + I where ϕ2 is satisfied and ϕ1 holds at all times k′′ ∈ [I..k′].
Lastly, for the release operator, we have ξ(ϕ2, k′) and ξ(ϕ1, k′′). We want ξ(ϕ2, k′) to

take value one at some time instant k′ ∈ k + I, satisfying ϕ2 such that ϕ1 is satisfied at all

times k′′ ∈ [k..k′ − 1]. Additionally, if ϕ2 is never satisfied, then ϕ1 must hold for the entire

time interval k+ I . The following set of constraints captures the release operator semantics

ϕ = ϕ1RIϕ2⇒

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ξ(ϕ, k) ≤ ξ(ϕ2, k′) + ξ(ϕ1, k′′) ∀k′ ∈ k + I, ∀k′′ ∈ [k..k′ − 1],
ξ(ϕ, k) ≥ 1 − ∣I ∣ +∑k′∈k+I ξ(ϕ2, k′) + ξ(ϕ1, k′′) ∀k′′ ∈ [k..k′ − 1],
ξ(ϕ, k) ≤ ∑k′∈k+[0..Ī] ξ(ϕ1, k′) +∑k′∈k+I ξ(ϕ2, k′)

(2.18)

Finally, the satisfaction of the specification is enforced via the following constraints

ξ(ϕ,0) = 1 and ρ ≥ 0. (2.19)
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Let us describe the following example that clarifies how the disjunction-centric encod-

ing for an STL specification is captured using previous constraints over the augmented-

AST, capturing the semantics of the STL specification in comparison to encoding in [133].

Example 2.2.2. Consider the following STL formula

ϕ = ((s3 ≤ 0) ∧ ((s1 ≥ 0) ∧ (s2 ≥ 0))) ∨ ((s2 > 1) ∧ ((s1 ≥ 3) ∨ (s2 ≥ 0))). (2.20)

The augmented-AST shown in Fig. 2.2.2a is the equivalent version of the augmented-AST

for the STL encoding used in [133]. The set of constraints that captures the semantics of ϕ

by using the encoding in [133], are as follows

z
ϕ
0 ≥ z

1
0 ; z

ϕ
0 ≥ z

2
0 ; z

ϕ
0 ≤ z

1
0 + z

2
0 ; z

1
0 ≤ z

µ3
0 ; z10 ≤ z

4
0 ; z

1
0 ≥ 1 − 2 + z40 + z

µ3
0 ; z40 ≤ z

µ7
0 ;

z40 ≤ z
µ8
0 ; z40 ≥ 1 − 2 + z

µ7
0 + z

µ8
0 ; z20 ≤ z

µ5
0 ; z20 ≥ z

6
0 ; z

2
0 ≥ 1 − 2 + z60 + z

µ5
0 ; z60 ≤ z

µ9
0 ;

z60 ≤ z
µ10
0 ; z60 ≥ z

µ10
0 + z

µ9
0

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
s3(k) −M(1 − zµ30 ) ≤ π − ρ
s3(k) +Mz

µ3
0 ≥ π − ρ

,

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
s1(k) +M(1 − zµ70 ) ≥ π + ρ
s1(k) −Mz

µ7
0 ≤ π + ρ

,

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
s2(k) +M(1 − zµ80 ) ≥ π + ρ
s2(k) −Mz

µ8
0 ≤ π + ρ

,

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
s1(k) +M(1 − zµ90 ) ≥ π + ρ
s1(k) −Mz

µ9
0 ≤ π + ρ

,

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
s2(k) +M(1 − zµ100 ) ≥ π + ρ
s2(k) −Mz

µ10
0 ≤ π + ρ

,

Instead, by using our disjunction-centric encoding, not only the number of variables re-

quired are fewer than the previous encoding, going from 11 variables (5 continuous, 6

binary) to 5 binary variables, but also the number of constraints is reduced from 20 to 11.

The set of constraints capturing the disjunction-centric encoding described in (2.11)-(2.19)
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and the augmented-AST in Fig. 2.2.2b are the following

ξ
ϕ
0 ≥ ξ

1
0 ; ξ

ϕ
0 ≥ ξ

2
0 ; ξ

2
0 ≥ ξ

3
0 ; ξ

2
0 ≥ ξ

4
0 ; ξ

ϕ
0 ≤ ξ

1
0 + ξ

2
0 ; ξ

2
0 ≤ ξ

3
0 + ξ

4
0 ;

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
s3(k) −M(1 − ξ10) ≤ π − ρ
s3(k) +Mξ10 ≥ π − ρ

,

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
s1(k) +M(1 − ξ10) ≥ π + ρ
s1(k) −Mξ10 ≤ π + ρ

,

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
s2(k) +M(1 − ξ10) ≥ π + ρ
s2(k) −Mξ10 ≤ π + ρ

,

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
s1(k) +M(1 − ξ30) ≥ π + ρ
s1(k) −Mξ30 ≤ π + ρ

,

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
s3(k) +M(1 − ξ40) ≥ π + ρ
s3(k) −Mξ40 ≤ π + ρ

.

It is important to note that the conjunction operator associated with the MILP vari-

able z40 becomes redundant because its two children nodes can collectively form a single

conjunction operator with the variable z10 . However, the encoding presented in [133] uses

independent variables for each conjunction, as the formula treats them as distinct conjunc-

tions. In contrast, our disjunction-centric encoding approach resolves this redundancy by

consolidating these into a single variable ξ10 , which effectively captures the conjunction of

the three predicates µ3, µ7, and µ8.

Proposition 2.2.1 (Disjunction-centric STL encoding Correctness). Given an STL specifi-

cation ϕ and signal trajectory s, the constraints (2.11)-(2.19) satisfy the following proper-

ties:

1. s ⊧ ϕ if constraints are feasible;

2. s /⊧ ϕ if constraints are infeasible;

3. the maximum value of variable ρmax corresponds to the formula robustness ρ(ϕ, s,0).
Proof. 1. s ⊧ ϕ if constraints are feasible. Note that we have imposed formula’s satis-

faction by making ξ(ϕ,0) = 1 and ρ ≥ 0. As the constraints are defined recursively
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(a) creation of MILP variables for STL encoding
in [133].

(b) creation of MILP variables for disjunction-
centric encoding described in Sec. 2.2.4.

Figure 2.2.2: Augmented-AST used to encode (2.20).

over the augmented-AST G of the STL formula ϕ, we prove that the constraints cap-

ture correctly the STL formula using structural induction starting from the base case,

a predicate of the form µ = s ≥ 0. For predicates, we have ξ(µ, k) = 1 then con-

straints in (2.11) are equivalent to s(0) ≥ ρ and s(0) −M ≤ ρ, since π = 0. As we

impose ρ ≥ 0, note that the only solution for variable s(0) is to be positive and has a

feasible upper bound of s(0) ≤ ρ +M , capturing satisfaction of ϕ = s ≥ 0. The case

of the predicate of the form µ = s ≤ 0 follows similarly.

For disjunction operator consider a STL formula ϕ, and a subformula ϕ′ = ⋁i ϕ′i.

Note that ξ(ϕ′, k) ∈ B, which modulates whether ϕ′ is considered for satisfaction of

ϕ. If ξ(ϕ′, k) = 0 the values that the children of ϕ′ take do not affect satisfaction of

ϕ. In contrast if ξ(ϕ′, k) = 1 then constraints (2.14) corresponds to 1 ≤ ∑i ξ(ϕ′i, k)
and 1 ≥ ξ(ϕ′i, k)∀ϕ′i ∈ ch(ϕ′, k), which effectively capture that at least one child of ϕ′

must be satisfied.

For conjunction operator, consider an STL formula ϕ, and a subformula ϕ′ = ⋀i ϕ′i.

We have two possible cases, for both conjunction operators bypass the variables from

parents to children. Thus, ξ(ch(ϕ′, k)) = {ξ(ϕ′, k)}, therefore if ξ(ϕ′, k) = 1 implies

ξ(ϕ′i, k) = 1, ∀(ϕ′i, k) ∈ ch(ϕ′, k). Note that all children’s nodes under a conjunc-
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tion operator are obliged to take the same value since they share the same decision

variable, thereby correctly capturing the semantics of conjunction.

The temporal operators follow the same procedure, considering they can be translated

into a recursive definition of conjunction and disjunctions.

2. In this case, we can track variables back in the recursion and have some of the vari-

ables taking the value of zero or even one, but the problem will indicate there is a

violation of ξ(ϕ,0) = 1, making the problem infeasible.

3. Let us consider the predicate µ = s ≥ 0, since it is the base case on the recursive

encoding for general STL specifications. Then, (2.11) is equivalent to s(0) ≥ ρ and

s(0)−M ≤ ρ in case ξ(µ,0) = 1 such that ρ > 0 if s(0) > 0. Otherwise, s(0)−M ≥ ρ

and s(0) ≤ ρ, in which ρ < 0 in case s(0) < 0. Note that this set of constraints

captures the robustness semantics for predicates.

In the case, pa(µi, k) is a disjunction operator such that ϕ = ⋁i µi, we can consider

ξ(µi, k) = (si(k) ≥ ρ), ∀(µi, k) ∈ ch(ϕ, k), capturing that predicate node takes value

one if constraint (si(k) ≥ ρ) holds, then we can translate to the following equivalent

optimization problem

ρmax = argmaxρ, s.t. ∃ (µi, k) ∈ ch(ϕ, k), (si(k) ≥ ρ),

where the solution is max(µi,k)∈ch(ϕ,k) si(k)which captures the quantitative semantics

of the disjunction operator.

In the case, pa(µi, k) is a conjunction such that ϕ′ = ⋀i µi and ϕ′ ⊆ ϕ with ϕ and STL

formula. If ξ(ϕ′, k) = 1, then we can imply that ξ(ϕ′, k) = (si(k) ≥ ρ), ∀(µi, k) ∈
ch(ϕ′, k) capturing that the MILP variable of the conjunction node takes value one

if constraint (si(k) ≥ ρ) holds for every child of ϕ′. Then, we can translate to the
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following equivalent optimization problem

ρmax = argmaxρ, s.t. (si(k) ≥ ρ), ∀(µi, k) ∈ ch(ϕ′, k),

where the solution is min(µi,k)∈ch(ϕ′,k) si(k)which captures the quantitative semantics

of the conjunction operator.

MILP encodings for wSTL

In this section, we defined the disjunction-centric encoding for wSTL specifications and

compared it with our previous encoding defined in [24], which, from now on, we refer to as

wSTL-MILP. Pb. 2.2.1 requires satisfying a wSTL specification (2.10) while synthesizing

controllers for a linear dynamical system. As per Assump. 2.2.2, wSTL specifications do

not include negation operators, making the definition of the weighted traditional robust-

ness (2.7) simpler. In Def. 2.1.5, the gain functions for Boolean operators are represented

by constants of the form p∧i = 1 − p̄i and p∨i = p̄i. Similarly, for temporal operators, the gain

functions are w◻(k′) = 1 − w̄(k − k′) and w♢(k′) = w̄(k − k′). For ease of notation, we as-

sume that the weights are normalized and adjusted to correspond with the gains mentioned

above, such as pi = p∧i .

In a similar way as for STL encoding in Sec. 2.2.4, the MILP is constructed through a

recursion over an augmented-AST over the wSTL formula defined as follows

Definition 2.2.2 (Augmented-AST for wSTL). An augmented-AST for wSTL is represented

as a directed tree denoted by Gw = (Nw,Ew,W , ξ, η̃), whereNw stands for the set of nodes.

Each node is characterized by a tuple n = (φ′, k), where φ′ represents a subformula, which

could be a predicate, Boolean, or temporal operator and k is the time step at which the node

is considered. We associate with each node two decision variables ξ ∈ B and η̃ ∈ R used for

the MILP encoding. Nodes may be associated with the same decision variables. The edges
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Ew ⊆ Nw × Nw capture the relationships between nodes. Lastly, W is the set of weights

coming from the wSTL formula such that W ∶ E → R>0. Definitions of children ch(n),
parent pa(n), partial order over Gw, and ancestors remains the same as for augmented-

AST for STL in Def. 2.2.1.

The weight function W(e) with e ∈ Ew capturing wSTL weights is necessary for every

edge from a Boolean or temporal operator to its children. For example, considerφ = ∧w(x >
0, x < 2) with w = [w1, w2]. The weight w1 of child predicate µ1 = x > 0 of conjunction φ

is captured on the edge (nroot, (µ1,0)) of the augmented-AST, i.e., W(nroot, (µ1,0)) = w1,

where nroot = (φ,0).
The algorithm for propagating MILP variables through the augmented-AST from the

root to the leaves of a wSTL formula is described in Alg. 2. The method starts by traversing

the nodes in topological order, line 3. If node n is the root (pa(n) = ∅) then we create MILP

variable ξ(n) ∈ B which captures the satisfaction of the overall formula and η̃(n) ∈ R for

storing the modulated robustness score, lines 4-7. For operators such as disjunction, even-

tually, until, and release, robustness and binary satisfaction variables are created for each

child of node n, and stored in variables ξ(nch),∀nch ∈ ch(n) and η̃(nch),∀nch ∈ ch(n),
respectively, lines 8-11. On the other hand, if the node n corresponds to conjunction and

always operators, then each child nch inherits the MILP variables of their parent ξ(n) and

η̃(n)⋅W(n,nch), lines 12-15. where the robustness of nch = (ϕch, k′) is scaled by the weight

W(n,nch) of ϕch, For a predicate µ where pa(µ) ≠ ∅, we have ξ(µ, k) = ξ(pa(µ, k)) and

η̃(µ, k) = η̃(pa(µ, k)) which follows from lines 8-11 or lines 12-15 depending of the oper-

ation of the parent.

The MILP encoding for wSTL operates similarly as for the STL in Sec. 2.2.4, starting

from the leaves representing the predicates. For the wSTL-MILP encoding, we introduce

variables zµk ∈ B, which assume a value of one if the predicate µ ∈ R contributes to the

satisfaction of the formula φ at time k ∈ [0..k], and zero otherwise. Additionally, we

define ϱ̃µk ∈ R as the robustness score associated with predicate µ at time k ∈ [0..K], where
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Algorithm 2 Propagation of MILP variables over augmented-AST for wSTL.

1: input: AST (φ) ▷ AST of the formula φ.
2: output: Gw = (Nw,Ew,W , ξ, η̃) ▷ Augmented-AST.
3: for n ∈ N do ▷ In topological order.
4: if pa(n) = ∅ then

5: ξ(n)← create_decision_var(B)
6: η̃(n)← create_decision_var(R) ▷ Creates variables for root node
7: end if

8: if φ′ ∈ {∨, ♢, U ,R} then

9: ξ(nch)← create_decision_var(B), ∀nch ∈ ch(n) ▷ Create new MILP binary
variables for each child of n.

10: η̃(nch)← create_decision_var(R), ∀nch ∈ ch(n) ▷ Create new η̃ variables
for each child of n.

11: end if

12: if φ′ ∈ {∧, ◻} then

13: ξ(nch)← ξ(n), ∀nch ∈ ch(n) ▷ Inherit variables from parent to children of n.
14: η̃(nch)← η̃(n) ⋅ W(n,nch), ∀nch ∈ ch(n) ▷ Inherit modulated η̃ from parent

to children of n.
15: end if

16: end for

K ≥ ∥φ∥. Here, M represents a sufficiently large number (e.g., exceeding the largest upper

bound of signals utilized in the wSTL formula φ). In the case of the disjunction-centric

encoding, we use the predicate variable ξ(µ, k) and η̃(µ, k). Constraints for predicates of

the form µ = s(k) ≥ 0 are as follows

φ = µ⇒

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
s(k) +M(1 − zµk ) ≥ π + ϱ̃µk
s(k) −Mz

µ
k ≤ π + ϱ̃

µ
k´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

wSTL−MILP

, ∣
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
s(k) +M(1 − ξ(µ, k)) ≥ π + η̃(µ, k)
s(k) −Mξ(µ, k) ≤ π + η̃(µ, k)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Disjunction−centric

.

(2.21)

Again, the predicate constraints primarily assess whether the predicate contributes to the

overall satisfaction without imposing constraints on the values that variables s(k) and the

robustness can take. Note that ξ(µ, k) = 1 implies ξ(A(µ, k)) = {1} and ϱ̃(µ, k) > 0

implies ϱ̃(A(µ, k)) ⊂ R>0.
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For predicates of the form µ = s(k) ≤ 0, the set of constraints uses the same variables

as before with the following set of constraints

φ = µ⇒

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
s(k) −M(1 − zµk ) ≤ π − ϱ̃µk
s(k) +Mz

µ
k ≥ π − ϱ̃

µ
k´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

wSTL−MILP

, ∣
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
s(k) −M(1 − ξ(µ, k)) ≤ π − η̃(µ, k)
s(k) +Mξ(µ, k) ≥ π − η̃(µ, k)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Disjunction−centric

.

(2.22)

For the conjunction operator, for the disjunction-centric encoding similar to the dis-

junction centric encoding for STL, there are no constraints needed. In the case of the

wSTL-MILP, let zφk ∈ [0,1] define a variable that takes the value of one if all subformulas

φi hold at time k, zero otherwise. Let zφi

k ∈ [0, 1], ϱ̃φi

k ∈ R, and pi ∈ R≥0 be variables defin-

ing satisfaction or violation, robustness score, and subformula weights at time k ∈ [0..k].
Therefore, we have the following set of constraints

φ =⋀
i

p
φi⇒

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ϱ̃
φ
k ≤ pi ⋅ ϱ̃

φi

k ,∀i

z
φ
k ≤ z

φi

k ,∀i

z
φ
k ≥ 1 −N +∑i z

φi

k´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
wSTL−MILP

, ∣ no constraints´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Disjunction−centric

, (2.23)

The objective here is to ensure the satisfaction of zφk if all subformulas φi are satisfied. The

first equation sets an upper bound on the overall robustness score, ensuring it is not higher

than the minimum weighted robustness of the component subformulas ϱ̃φi

k . The second

equation requires the conjunction operator variable zφk to be zero if any of the subformula

satisfaction variables zφi

k are zero. Lastly, zφk takes a value of one only if all subformulas

are satisfied.

In handling the disjunction operator in wSTL-MILP, we adopt a similar variable type as
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that used for conjunction. Additionally, we introduce auxiliary variables ẑφk,i ∈ B, serving

the purpose of linearly formulating the “max" operator. We also introduce M ∈ R≥0, repre-

senting a suitably large value, as detailed in the predicate descriptions. For the disjunction-

centric encoding, we have a similar formulation that uses auxiliary variables ξ̂φk,i ∈ B. The

following constraints remain the same for both the wSTL-MILP and disjunction-centric

encoding methodologies.

φ =⋁
i

p
φi⇒

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ϱ̃
φ
k ≤ pi ⋅ ϱ̃

φi

k +M ⋅ (1 − ẑφk,i),∀i
ẑ
φ
k,i ≤ z

φi

k ,∀i

∑i ẑ
φ
k,i ≥ z

φ
k

z
φ
k ≥ z

φi

k ,∀i

z
φ
k ≤ ∑i z

φi

k

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
wSTL−MILP

, ∣ (2.24)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

η̃(φ, k) ≤ pi ⋅ η̃(φi, k) +M ⋅ (1 − ξ̂φk,i),∀i
ξ̂
φ
k,i ≤ ξ(φi, k),∀i
∑i ξ̂

φ
k,i ≥ ξ(φ, k)

ξ(φ, k) ≥ ξ(φi, k),∀i
ξ(φ, k) ≤ ∑i ξ(φi, k)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Disjunction−centric

, (2.25)

The initial equation captures the maximum robustness attained among all subformulas φi

taken into consideration with zφi

k = 1. The variables ẑφk,i function to identify the maximum

robustness, while the subsequent equation guarantees the inclusion of the subformula. Fur-

thermore, the third equation imposes the selection of at least one subformula if φ holds.

Finally, the last two equations ascertain that zφk is assigned a value of one only if at least
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one subformula is satisfied.

The behavior of the always operator mirrors that of the conjunction operator but with

weights and variables spanning across time rather than subformulae in the wSTL-MILP

approach. Again, for the disjunction-centric encoding, there are no constraints involving

this operator. Therefore, we have the following set of constraints

φ = ◻wI φ1⇒

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ϱ̃
φ
k ≤ w(t) ⋅ ϱ̃φ1

k+t,∀t ∈ I

z
φ
k ≤ z

φ1

k+t,∀t ∈ I

z
φ
k ≥ 1 − ∣I ∣ +∑t∈I z

φ1

k+t,´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
wSTL−MILP

∣ no constraints´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Disjunction−centric

, (2.26)

where ∣I ∣ denotes the length of the interval and w(t) ∈ R≥0 with t ∈ I , the temporal weights.

The set of constraints for the eventually operator are similar to the ones for disjunc-

tion. The following constraints remain the same for both the wSTL-MILP and disjunction-

centric encoding methodologies.
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φ = ♢wI φ1⇒

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ϱ̃
φ
k ≤ w(t) ⋅ ϱ̃φ1

k+t +M ⋅ (1 − ẑφk,t),∀t ∈ I
ẑ
φ
k,t ≤ z

φ1

k+t,∀t ∈ I

∑t∈I ẑ
φ
k,t ≥ z

φ
k

z
φ
k ≥ z

φ1

k+t,∀t ∈ I

z
φ
k ≤ ∑t∈I z

φ1

k+t

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
wSTL−MILP

∣ (2.27)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

η̃(φ, k) ≤ w(t) ⋅ η̃(φ1, k + t)+
M ⋅ (1 − ξ̂φk,t),∀t ∈ I

ξ̂
φ
k,t ≤ ξ(φ1, k + t),∀t ∈ I
∑t∈I ξ̂

φ
k,t ≥ ξ(φ, k)

ξ(φ, k) ≥ ξ(φ1, k + t),∀t ∈ I
ξ(φ, k) ≤ ∑t∈I ξ(φ1, k + t)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Disjunction−centric

. (2.28)

Like before, the initial three equations prioritize selecting the maximum robustness of φ1

across the time interval I when φ is satisfied. Subsequently, the last two equations are in

place to ensure that zφk assumes a value of one only if φ1 is satisfied at least once within I .

In the case, of the disjunction-centric encoding, it follows a similar logic.

The weights associated with the temporal operator until indicate a preference for the

time step at which φ2 transitions to a true value. It is a requirement that φ1 remains true

from time 0 until the start of I . Thus, for t ∈ [0..I − 1], the robustness is bounded above

by the robustness of φ1. Conversely, for t ∈ I , the constraints imposed on ϱ̃φk ensure that

the robustness remains upper-bounded by the minimum value between the robustness of
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φ1 and φ2. Additionally, the constraint governing the auxiliary variable ẑφk,t guarantees that

φ2 holds at some time step t, while the constraint on zφk accurately encodes violation. The

following constraints remain the same for both the wSTL-MILP and disjunction-centric

46



encoding methodologies.

φ = φ1UIφ2⇒

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ϱ̃
φ
k ≤ ϱ̃

φ1

k+t, t ∈ [0..I − 1]
ϱ̃
φ
k ≤ w(t)ϱ̃φ2

k+t +M ⋅ (1 − ẑφk,t),∀t ∈ I
ϱ̃
φ
k ≤ ϱ̃

φ1

k+t +M ⋅∑t
ℓ=0 ẑ

φ
k,ℓ,∀t ∈ I

z
φ
k ≤ z

φ1

k+t, t ∈ [0..I − 1]
ẑ
φ
k,t ≤ z

φ2

k+t,∀t ∈ I

∑t∈I ẑ
φ
k,t ≥ z

φ
k

z
φ
k ≤ ∑t∈I z

φ2

k+t

z
φ
k ≤ z

φ1

k+t +∑
t
ℓ=0 z

φ2

k+ℓ,∀t ∈ I´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
wSTL−MILP

∣ (2.29)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

η̃(φ, k) ≤ η̃(φ1, k + t), t ∈ [0..I − 1]
η̃(φ, k) ≤M ⋅ (1 − ξ̂φk,t)+

w(t)η̃(φ2, k + t),∀t ∈ I
η̃(φ, k) ≤ η̃(φ1, k + t) +M ⋅∑t

ℓ=0 ξ̂
φ
k,ℓ,∀t ∈ I

ξ(φ, k) ≤ ξ(φ1, k + t), t ∈ [0..I − 1]
ξ̂
φ
k,t ≤ ξ(φ2, k + t),∀t ∈ I
∑t∈I ξ̂

φ
k,t ≥ ξ(φ, k)

ξ(φ, k) ≤ ∑t∈I ξ(φ2, k + t)
ξ(φ, k) ≤ ξ(φ1, k + t)+

∑t
ℓ=0 ξ(φ2, k + ℓ),∀t ∈ I

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Disjunction−centric

(2.30)

To simplify the constraint set, we take advantage of the cumulative nature of the until
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operator with respect to the fulfillment of φ1. The last set of equations limits the variables

associated with φ only until the moment when φ2 is satisfied.

For the release operator, the weights denote the preference for the time step when φ2

could be released, corresponding to the period when φ1 holds. The robustness ϱ̃φk is con-

strained by the robustness of φ2 multiplied by its weight until φ1 becomes true (as described

in first equation of (2.31)). Additionally, if φ1 holds before I , the maximum robustness of

φ1 serves as a bound (as indicated in the second equation of (2.31)). The variables ẑφk,t en-

sure the accurate selection of the maximum robustness among all instances when φ1 holds

(addressed in the third and fourth equations of (2.31)). The following constraints remain

the same for both the wSTL-MILP and disjunction-centric encoding methodologies.

φ = φ1RIφ2⇒

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ϱ̃
φ
k ≤ w(t) ⋅ ϱ̃φ2

k+t +M ⋅∑k+tℓ=0 ẑ
φ
k,ℓ,∀t ∈ I

ϱ̃
φ
k ≤ ϱ̃

φ1

k+t +M ⋅ (1 − ẑφk,t), t ∈ [0..Ī]
ẑ
φ
k,t ≤ z

φ1

k+t,∀t ∈ [0..Ī]
∑Īt=0 ẑ

φ
k,t ≤ 1

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
wSTL−MILP

∣ (2.31)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

η̃(φ, k) ≤ w(t) ⋅ η̃(φ2, k + t)+
M ⋅∑k+tℓ=0 ξ̂

φ
k,ℓ,∀t ∈ I

η̃(φ, k) ≤ η̃(φ1, k + t)+
M ⋅ (1 − ξ̂φk,t), t ∈ [0..Ī]

ξ̂
φ
k,t ≤ ξ(φ1, k + t),∀t ∈ [0..Ī]
∑Īt=0 ξ̂

φ
k,t ≤ 1

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Disjunction−centric

(2.32)

Lastly, to ensure the satisfaction of the overall wSTL formula, we impose that the top-
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level formula is taken into account and its robustness is positive. For the disjunction-centric

encoding, we have

ξ(φ,0) = 1 and η̃(φ,0) ≥ 0. (2.33)

In the case of wSTL-MILP the equivalent constraints are zφ0 = 1 and ϱ̃φ0 ≥ 0.

The following example clarifies how the disjunction-centric encoding for an STL spec-

ification is captured using previous constraints over the augmented-AST, capturing the se-

mantics of the wSTL formula, compared to wSTL-MILP.

Example 2.2.3. Consider the following wSTL formula

φ = ∨p1(∧p2(s3 ≤ 0, s1 ≥ 0), s1 ≥ 3), with p1 = [p11, p12], and p2 = [p21, p22]. (2.34)

The augmented-AST shown in Fig. 2.2.3a is the equivalent version of the augmented-AST

for the wSTL encoding used in wSTL-MILP. The wSTL-MILP set of constraints that cap-

tures φ are the following

ϱ̃
φ
0 ≤ p11 ⋅ ϱ̃

1
0 +M ⋅ (1 − ẑφ0,1); ẑφ0,1 ≤ z10 ; ϱ̃φ0 ≤ p12 ⋅ ϱ̃20 +M ⋅ (1 − ẑφ0,2); ẑφ0,2 ≤ z20 ;

ẑ
φ
0,2 + ẑ

φ
0,2 ≥ z

φ
0 ; z

φ
0 ≥ z

1
0 ; z

φ
0 ≥ z

2
0 ; z

φ
0 ≤ z

1
0 + z

2
0 ; ϱ̃

1
0 ≤ p21 ⋅ ϱ̃

µ3
0 ;

ϱ̃10 ≤ p22 ⋅ ϱ̃
µ4
0 ; z10 ≤ z

µ3
0 ; z10 ≤ z

µ4
0 ; z10 ≥ 1 −N + z

µ3
0 + z

µ4
0

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
s1(k) +M(1 − zµ20 ) ≥ 3 + ϱ̃

µ2
0

s1(k) −Mz
µ2
0 ≤ 3 + ϱ̃

µ2
0

;

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
s3(k) −M(1 − zµ30 ) ≤ −ϱ̃µ30
s3(k) +Mz

µ3
0 ≥ −ϱ̃µ30

;

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
s1(k) +M(1 − zµ40 ) ≥ ϱ̃µ40
s1(k) −Mz

µ4
0 ≤ ϱ̃µ40

,

Instead, by using our disjunction-centric encoding, not only is the number of variables

required fewer than the previous encoding, going from 10 variables to 6 variables, but
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(a) creation of MILP variables for wSTL-MILP
encoding..

(b) creation of MILP variables for disjunction-
centric encoding described in Sec. 2.2.4.

Figure 2.2.3: Augmented-AST used to encode (2.34).

also the number of constraints is reduced from 16 to 11. The set of constraints captur-

ing the disjunction-centric encoding described in (2.21)-(2.33) and the augmented-AST in

Fig. 2.2.3b are the following

η̃
φ
0 ≤ p11 ⋅ η̃

1
0 +M ⋅ (1 − ξ̂φ0,1); ξ̂φ0,1 ≤ ξ10 ; η̃φ0 ≤ p12 ⋅ η̃20 +M ⋅ (1 − ξ̂φ0,2); ξ̂φ0,2 ≤ z20 ;

ξ̂
φ
0,2 + ξ̂

φ
0,2 ≥ ξ

φ
0 ; ξ

φ
0 ≥ ξ

1
0 ; ξ

φ
0 ≥ ξ

2
0 ; ξ

φ
0 ≤ ξ

1
0 + ξ

2
0 ;

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
s1(k) +M(1 − ξµ20 ) ≥ 3 + η̃

µ2
0

s1(k) −Mξ
µ2
0 ≤ 3 + η̃

µ2
0

;

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
s3(k) −M(1 − ξ10) ≤ −p21 ⋅ η̃10
s3(k) +Mξ10 ≥ −η̃

1
0

;

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
s1(k) +M(1 − ξ10) ≥ p22 ⋅ η̃10 ⋅
s1(k) −Mξ10 ≤ η̃

1
0

.

Proposition 2.2.2 (Correctness). Given an wSTL specification φ and signal trajectory s,

the constraints (2.21)-(2.33) satisfy the following properties:

1. s ⊧ φ if constraints are feasible;

2. s /⊧ φ if constraints are infeasible;

3. the maximum values of variables ϱ̃
φ
0 and η̃(φ,0) such that the set of constraints is
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feasible are given by the weighted robustness ρ̃(φ, s,0), i.e., ϱ̃
φ
0 = ρ̃(φ, s,0) and

η̃(φ,0) = ρ̃(φ, s,0).
Proof. 1. s ⊧ φ if constraints are feasible. The satisfaction of the specification is im-

posed by the constraints ξ(φ,0) = 1 and η̃(φ,0) ≥ 0 as defined by (2.21). As the

constraints are defined recursively over the augmented-AST Gw of the wSTL for-

mula φ, we prove that constraints correctly capture the wSTL formula starting from

the base case, a predicate of the form µ = s ≥ 0. For predicates, we have ξ(µ,0) = 1

then constraints in (2.21) are equivalent to s(0) ≥ η̃(µ,0) and s(0) −M ≤ η̃(µ,0),
since π = 0. As we impose η̃(φ,0) ≥ 0, it follows that s(0) takes positive values and

has a feasible upper bound s(0) ≤M + η̃(µ,0), thus correctly capturing the satisfac-

tion of φ = s ≥ 0.

For a disjunction operator, consider a wSTL formula φ and a subformula φ′ = ⋁iφ′i

such that Note that ξ(φ′, k) ∈ B, which modulates whether or not φ′ is considered

for satisfaction of ϕ. If ξ(φ′, k) = 0 the value children nodes of φ′ do not affect the

satisfaction of φ. In contrast if ξ(φ′, k) = 1 then constraints (2.24) corresponds to

1 ≤ ∑i ξ(ϕ′i, k) and 1 ≥ ξ(ϕ′i, k), ∀(ϕ′i, k) ∈ ch(ϕ′, k), which effectively capture that

at least one child of ϕ′ must be satisfied.

For conjunction operator, consider a wSTL formula φ, and a subformula φ′ = ⋀iφ′i

we have two possible cases, for both conjunction operators bypass the variables from

parents to children. Thus, ξ(ch(φ′, k)) = {ξ(φ′, k)}, therefore if ξ(φ′, k) = 1 implies

ξ(φ′i, k) = 1∀(φ′i, k) ∈ ch(φ′, k). Note that all children nodes under a conjunction

operator are obliged to take the same value since they share the same decision vari-

able thereby correctly capturing the semantics of conjunction.

The temporal operators follow the same procedure, considering they can be translated

into a recursive definition of conjunction and disjunctions.

2. In this case, we can track variables back in the recursion and have some of the vari-
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ables taking the value of zero or even one, but the problem will indicate there is a

violation of ξ(φ,0) = 1, making the problem infeasible.

3. Let us consider the predicate µ = s ≥ 0, since it is the base case with the help of which

general wSTL formulae can be recursively encoded. Then, (2.21) is equivalent to

s(0) ≥ η̃(µ,0) and s(0) −M ≤ η̃(µ,0) in case ξ(µ,0) = 1 such that η̃(µ,0) > 0 if

s(0) > 0. Otherwise, s(0) −M ≥ η̃(µ,0) and s(0) ≤ η̃(µ,0), in which η̃(µ,0) < 0 in

case s(0) < 0. Note that this set of constraints captures the robustness semantics for

predicates.

In the case, pa(µi, k) is a disjunction operator such that φ = ⋁i µi, we can consider

ξ(µi, k) = (si(k) ≥ η̃(µi, k)), ∀(µi, k) ∈ ch(φ, k), capturing that predicate node

takes value one if constraint (si(k) ≥ η̃(µi, k)) holds in which case ξ(µi, k) and

in turn, ξ̂µik,i are true. Thus we can translate to the following equivalent optimization

problem

η̃(φ,0) = argmaxpi ⋅ η̃(µi, k), s.t. ∃ (µi, k) ∈ ch(φ, k)s.t. (si(k) ≥ η̃(µi, k)),

where the solution is max(µi,k)∈ch(φ,k) si(k)which captures the quantitative semantics

of the disjunction operator.

In the case, pa(µi, k) is a conjunction such that φ′ = ⋀i µi and with φ an wSTL

formula. If ξ(φ′, k) = 1, then we can imply that ξ(φ′, k) = (si(k) ≥ η̃(µi, k)),
∀(µi, k) ∈ ch(φ′, k) capturing that the MILP variable of the conjunction node takes

value one if constraint si(k) ≥ η̃(µi, k) holds for every children of ϕ′. Then, we can

translate to the following equivalent optimization problem

η̃(φ,0) = argmaxpi ⋅ η̃(µi, k), s.t. ∃ (µi, k) ∈ ch(φ, k)s.t. (si(k) ≥ η̃(µi, k)),

where the solution is min(µi,k)∈ch(φ′,k) si(k)which captures the quantitative semantics
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of the conjunction operator.

2.2.5 Case Studies

In this section, we examine multiple case studies that showcase the functionality and perfor-

mance of the framework. First, we have a case study considering control synthesis subject

to a cost function and STL and wSTL formulae. Second, we perform a sensitivity analysis

of how changes in the weights of wSTL formulae modulate the outcome of control synthe-

sis. Finally, we perform a comprehensive time performance comparison of the encodings

under multiple considerations.

All computations for the case studies were conducted on a computer featuring 20 cores

at 3.7 GHz, with 64 GB of RAM. To solve the MILP, we utilized Gurobi [66]. For the

MILP encoding of STL and wSTL specifications, we used PyTeLo [26] which employs

ANTLRv4 [124] for parsing.

Control synthesis

In this section, we present a case study illustrating the control synthesis of STL and wSTL

specifications, where the cost function aims to minimize deviation from the origin and

control signal usage. For both case studies, we utilize the disjunction-centric encodings

for STL and wSTL. This choice is motivated by the absence of discernible solution dif-

ferences compared to solutions of encodings in [133] and [24], respectively. Let us con-

sider a linear dynamics system described by (2.9), with state variables denoted as s(k) =
[sx(k), sy(k)]⊺ ∈ R2. The state variables are bounded within −9 ≤ sx ≤ 9 and −9 ≤ sy ≤ 9.

The control input is represented as u(k) = [ux(k), uy(k)]⊺ ∈ R2, with control bounds of

−5 ≤ ux ≤ 5 and −5 ≤ uy ≤ 5. The linear dynamical system considered in this case study,
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along with the initial state variables, are as follows

s(k + 1) =
⎡⎢⎢⎢⎢⎢⎢⎣
1 1

0 1

⎤⎥⎥⎥⎥⎥⎥⎦
⋅ s(k) +

⎡⎢⎢⎢⎢⎢⎢⎣
1 0

0 1

⎤⎥⎥⎥⎥⎥⎥⎦
⋅ u(k) +D, (2.35)

s(0) =[0,0]⊺, (2.36)

For simplicity and clarity in interpreting the results, we set D = [0,0]⊺.

The control synthesis for either an STL or wSTL specification for dynamical systems

necessitates resolving Pb. 2.2.1. Here, the cost function J(s, u) is formulated to prioritize

norm-one objectives for signals and control inputs aimed at minimizing deviation from

zero. Consequently, the resulting formulation for a wSTL formula is as follows

u∗ = argmin
u

α⊺∥s∥1 + β⊺∥u∥1 − λ ρ̃(φ, s)
s.t. (2.35) − (2.36) (linear discrete dynamics),

s ⊧ φ (mission specification satisfaction).

(2.37)

Note that the problem is identical for an STL specification, with the only difference being

the replacement of the wSTL specification φ with the STL specification ϕ. The variable

ρ̃(φ, s) represents the robustness of the formulae, where s denotes the dynamics variables

coupled to the predicate variables. Additionally, we introduce regularization weights λ ≥ 0,

α ≥ 0, and β ≥ 0. When minimizing the cost function and setting λ = 0, α = 0, and β = 0,

we address the feasibility case, where the primary focus lies in achieving satisfaction with

the formula while adhering to the dynamics. On the other hand, if λ > 0 and α = β = 0, the

objective shifts towards maximizing robustness. However, if λ > 0, α > 0, and β > 0, the

objective becomes three-fold: ensuring the satisfaction of the formula while maximizing

robustness, minimizing signal deviation from zero, and conserving control signal usage.

The regularization scheme is defined by the disparity between the values of λ, α, and β,
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highlighting the user’s priorities.

STL control synthesis:

Let us first consider the case of control synthesis with the following STL formula

ϕ = ◻[3,5](sx >= 3) ∧ ((◻[9,10]sy >= 2) ∨ (◻[9,10]sy <= −4)).

In Fig. 2.2.4, we present two examples demonstrating different regularization parameter

settings in (2.37). The first example focuses solely on maximizing robustness, indicated

by the red lines with λ = 1, β = 0, and α = 0. The other example aims to simultaneously

maximize robustness, minimize control signal usage, and reduce the deviation of variables

sx and sy from zero if possible, illustrated by the blue lines with parameters λ = 1, β = 0.1,

and α = 0.1. Notably, when incorporating the minimization of control signal usage for ux

and uy, along with the reduction of deviation from zero for signals sx and sy, the solution

and process of control signal generation changes compared to when prioritizing robustness

alone. The first subformula ϕ1 = ◻[3,5](sx ≥ 3) is fulfilled by both trajectories. However,

considering the cost function, the blue trajectory satisfies this subformula with a narrower

satisfaction margin due to its emphasis on minimizing deviation from zero. In the second

subformula ϕ2 = ((◻[9,10]sy >= 2) ∨ (◻[9,10]sy <= −4)), a disjunction of two predicates

with identical time bounds is posed. The predicate (sy ≥ 2) is chosen because it offers the

maximum satisfaction margin. It is important to highlight that despite the differences in the

generated trajectories, both solutions successfully fulfill the required specifications.

wSTL control synthesis:

Here, we consider the same parameters as in the previous case study and the optimiza-

tion problem (2.37) but for the following wSTL formula

φ = ∧p1(◻w1

[3,5]
sx >= 3, (∨p2(◻w2[9,10]sy >= 2, ◻w3

[9,10]
sy <= −4))),
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(a) sx with respect to time. (b) ux with respect to time.

(c) sy with respect to time. (d) uy with respect to time.

Figure 2.2.4: Control synthesis for satisfaction of φ coupled with dynamic constraints and control
saturation. Red lines maximize only robustness, while blue lines maximize robustness and mini-
mizing control signal generation and signal deviation.

with p1 = [1,1], w1 = [2,2,2], w2 = w3 = [2,2], and p2 = [0.2, 4].
In Fig. 2.2.5, we can see the solution for wSTL control synthesis with the same pa-

rameters as the previous case study. Note that for the first subformula φ1 = ◻
w1

[3,5]
sx ≥ 3,

the trajectory that maximizes robustness while minimizing deviation of signal sx and us-

age of control inputs (blue trajectory) closely resembles the trajectory that just maximizes

robustness (red trajectory, with α = β = 0). This similarity arises because the weights

prioritize maximizing robustness, given that the scaled robustness is larger than the cost

function with relatively small parameters (α = 0.1 and β = 0.1). On the other hand,

in the second subformula φ2 = (∨p2(◻w2
[9,10]

sy ≥ 2, ◻w3

[9,10]
sy ≤ −4)), the blue trajectory

exhibits a distinct solution compared to the equivalent STL trajectory. This divergence

stems from assigning considerably higher priority to the second option in the disjunction.

Additionally, notice that the satisfaction margin is not as large as in the other predicate

(ρ̃(sy ≥ 2, sy) = (9 − 2) > (9 − 4) = ρ̃(sy ≤ −4, sy)), leading to the trajectory not reaching
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(a) sx with respect to time. (b) ux with respect to time.

(c) sy with respect to time. (d) uy with respect to time.

Figure 2.2.5: Control synthesis for satisfaction of ϕ coupled with dynamics constraints and control
saturation. Red lines maximize only robustness, while blue lines maximize robustness while mini-
mizing control signal generation and signal deviation.

its maximum value possible and being influenced by the cost function parameters α and β

to stay closer to zero while satisfying the predicate.

Weights sensitivity analysis

In this section, we provide a detailed empirical analysis of the change in the system’s

behavior as induced by the specified weights. In [24], we demonstrated a simple example

wherein modulating the weights over a wSTL formula resulted in different trajectories

passing through either side of the obstacle in the environment. We now present a detailed

study wherein the weight modulation results in a diverse set of solutions in an environment

with more obstacles as compared to [24]. Note that trajectory synthesis is influenced by

the formula, the weights over logical and temporal operators as well as the structure of the

environment.

Consider the specification of reaching a goal region G between 10 to 20 time units
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while avoiding the obstacles O1,O2,O3 expressed as follows

φ = ∧p ((◻w1

[0,20]
Oc

1), (◻w2

[0,20]
Oc

2), (◻w3

[0,20]
Oc

3), (◻wG

[10,20]
G)) . (2.38)

where p = [p1, p2, p3, pG] and pG = 0.5. For each obstacle subformula, we vary the associ-

ated weight pj while keeping the other weight fixed at 0.5, j ∈ [1..3]. The set of values for

parameter pj is Pj = {pj,ℓ}Nℓ=1. For this example, we choose N = 20 steps, and Pj contains

evenly spaced values between 0 and 1.

For a fixed weight on the temporal operators wj(k) = 1, j ∈ {1,2,3,G}, k ∈ [0..20], we

gradually vary the importance for each subformula while maintaining the same importance

over the rest of the subformulae to inspect the effect of weights on the resulting trajectories

as shown in Fig. 2.2.6, Fig. 2.2.7, and Fig. 2.2.8. Specifically, let us consider the case

of changing the importance for avoiding obstacle O1 by modulating the importance of

◻w
[0,20]

Oc
1 using P1. For 0 ≤ p1 ≤ 0.5, (2.38) suggests higher importance to the rest of the

subformulae. Consequently, the trajectories in Fig. 2.2.6(a), (b) indicate more importance

for avoiding O2 and O3. However, as the importance for avoiding O1 increases p1 ≥ 0.5,

the trajectories move closer to O2 and O3 and away from O1. Similar observations can be

made for the rest of the subformulae as shown in Fig. 2.2.7 and Fig. 2.2.8.

To further characterize how the neighboring trajectories are getting closer to or further

from each other as the corresponding weights gradually change, we define the maximum

deviation between neighboring trajectories as follows:

∆⊕ = ∥s⊕,ℓ+1 − s⊕,ℓ
pℓ+1 − pℓ

∥
∞

,

where ⊕ ∈ {x, y} denotes the x and y-components of signals, ∆⊕ denotes the maximum

deviation for the respective component of the synthesized signals. For this case, the control
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bounds are −2 ≤ ux ≤ 2 and −2 ≤ uy ≤ 2. The maximum deviation is crucial as it quantifies

the magnitude of deviation along each component of the synthesized signal for an increase

in importance.

The results, depicted in Fig. 2.2.10, indicate that the maximum deviation along x−

component of the signal occurs at p = 0.5. This is evident from Fig. 2.2.9 since the tra-

jectories for values closer to 0.5 lie on either side of O2 causing a high deviation in their

x−coordinates. Similarly, the maximum deviation varies significantly throughout weight

modulations. The deviations are higher for weight values wherein the trajectories shift from

traversing from one side of the obstacles to the other.

Fig. 2.2.11 depicts the numerical forward difference of the objective with respect to

varying weight values pℓ ∈ [0,1]. Note that since the computation of the robustness ρ̃(φ, s)
involves taking maximum and/or minimum over the robustness values of sub-formulae, the

effect of weights on the resulting trajectory is non-trivial.

(a) p1 = 0 (b) p1 = 0.3 (c) p1 = 0.7 (d) p1 = 0.9

Figure 2.2.6: Sensibility analysis avoiding region E while varying p1

(a) p2 = 0 (b) p2 = 0.5 (c) p2 = 0.8 (d) p2 = 0.9

Figure 2.2.7: Sensibility analysis avoiding region E while varying p2
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(a) p3 = 0 (b) p3 = 0.2 (c) p3 = 0.5 (d) p3 = 0.9

Figure 2.2.8: Sensibility analysis avoiding region E while varying p3

Time performance analysis

This section presents a comprehensive runtime performance comparison of the various STL

and wSTL encodings discussed in this study. Firstly, we analyze the time required to solve

the specification as the size of the STL or wSTL formula grows. Next, we investigated a

fixed formula with the time bounds of the temporal operators increasing. Finally, the time

performance when all Boolean and temporal operators have unit weights was compared

against cases where weights are randomly assigned.

In all the case studies, we conducted 15 iterations for each scenario and computed the

average to derive the time per variable variation across these iterations.

Time performance for growing formula:

Here, we present a runtime performance comparison between STL and wSTL encod-

ings with fixed weights, gradually increasing the size of the mission specification. Consider

six variables x, y, z, u, v, and w, each ranging from −9 to 9. The STL formula ϕ and wSTL

formula φ for the performance comparison are as follows

ϕ =
n

⋀
i=1

TI ((s1 ⊗1 Ξ1)L (s2 ⊗2 Ξ2)) , (2.39)

φ =
n

⋀
i=1

p

T w
I (Lp ((s1 ⊗1 Ξ1), (s2 ⊗2 Ξ2))) , (2.40)

where T ∈ {◻,♢}, L ∈ {∧,∨}, s1 and s2 ∈ {x, y, z, u, v,w}, ⊗ ∈ {<,≤,>,≥}, Ξ1 and Ξ2 =

rand(−8,8) are randomly chosen variables, n is an iterator increasing from 1 to 200, and the
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Figure 2.2.9: Changes in weight result in trajectories that are topologically similar or different. The
figure shows the ranges of weights for which similar trajectories are obtained.

time interval of the temporal operator is randomly defined as I = [n+4..(n+4+rand(1,5))].
The weights p for Boolean andw for temporal operators are all set to one such that there are

no specified priorities or preferences. In Fig. 2.2.12, we compare the runtime performance

for increasing STL and wSTL with random weights for the four encodings, disjunction-

centric STL and wSTL-MILP, [133], and [24]. The performance of STL grows linearly

and is generally faster than wSTL encodings. However, a slight discrepancy between STL

and wSTL is expected due to the additional constraints required in wSTL to capture the

formula’s preferences and importance. Note that the disjunction-centric encodings exhibit

individually improved time performance compared to the traditional encodings for both

disjunction-centric STL with respect to STL [133] and disjunction-centric wSTL with re-

spect to wSTL-MILP [24].

Time performance for growing time horizon:
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(a) Maximum deviation ∆x with respect to
weights.

(b) Maximum deviation ∆x with respect to
weights.

Figure 2.2.10: Maximum deviation ∆x and ∆y with respect to weights.

Figure 2.2.11: The objective and its numerical partial derivative with respect to weights.

Here, we present a runtime performance comparison of STL and wSTL encodings for

a fixed STL and corresponding wSTL formula with fixed weights. We consider STL and

wSTL formulae with only conjunction and always operators since these are the more sen-

sible for the complexity of disjunction-centric encodings as they have no additional con-

straints for capturing their semantics. We consider the same variables and bounds as the

previous case study. The formulae are outlined as follows

ϕ = ◻[1,τ] (x ≤ 9 ∧ x ≥ 3) ∧ ◻[1,τ](y ≤ 9 ∧ y ≥ 2) ∧ ◻[1,τ](z ≤ 9 ∧ z ≥ 3)∧
◻[1,τ] (u ≤ 9 ∧ u ≥ 3) ∧ ◻[1,τ](v ≤ 9 ∧ v ≥ 3) ∧ ◻[1,τ](w ≤ 9 ∧w ≥ 3) (2.41)
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Figure 2.2.12: Time performance of growing random STL (2.39) and wSTL (2.40) formulae. STL
label corresponds to encoding in [133], d-stl label corresponds to disjunction-centric encoding in
Sec. 2.2.4, wstl corresponds to MILP-wSTL and d-wstl to disjunction-centric wSTL Sec.2.2.4.

φ = ∧w3 (◻w1

[1,τ]
(∧w2(x ≤ 9, x ≥ 3)),◻w1

[1,τ]
(∧w2(y ≤ 9, y ≥ 3)),

◻w1

[1,τ]
(∧w2(z ≤ 9, z ≥ 3)),◻w1

[1,τ]
(∧w2(u ≤ 9, u ≥ 3)),

◻w1

[1,τ]
(∧w2(v ≤ 9, v ≥ 3)),◻w1

[1,τ]
(∧w2(w ≤ 9, w ≥ 3)))

(2.42)

where Ī = τ ∈ Z≥0 represents the time limit for all always operators within the formula, and

it is set as a growing constant ranging from five to four hundred, spanning across discrete

time steps.

In Fig. 2.2.13, the runtime performance of both STL and wSTL encodings, as per equa-

tions (2.41) and (2.42) are shown, respectively. As anticipated, the disjunction-centric

encodings for both STL and wSTL demonstrate a better performance than their standard

counterparts, owing to the significant reduction in the number of variables required to cap-

ture the formula. Notably, in the disjunction-centric encodings, only one binary variable is

needed for the root, which is then propagated through all conjunctions and always operators

until it reaches the predicate nodes. In contrast, the STL encoding [133] and wSTL-MILP

encoding [24] necessitate at least one for STL and two for wSTL new MILP variables per
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child in every conjunction, always, and predicate operator.

Figure 2.2.13: Time performance of STL (2.41) and wSTL (2.42) formulae with growing time
horizon. STL label corresponds to encoding in [133], d-stl label corresponds to disjunction-centric
encoding in Sec. 2.2.4, wstl corresponds to wSTL-MILP and d-wstl to disjunction-centric for wSTL
Sec.2.2.4.

Time performance for varying weights for wSTL formulae:

Here, we compare the runtime performance between the wSTL-MILP approach and

the disjunction-centric encoding for wSTL, employing fixed and random weights for both

Boolean and temporal operators. We focus on the wSTL formula outlined in equation

(2.40), maintaining consistent variable definitions while introducing random weights for

Boolean predicates and temporal operators. Unlike the previous case study, where unit

weights were exclusively used, here, we explore a broader range of possibilities. Specif-

ically, we randomly select weights p for Boolean operators and weights w for temporal

operators from the interval (0,1]. In Fig. 2.2.14, we analyze how the performance of

both encoding strategies wSTL-MILP and disjunction-centric encoding for wSTL are af-

fected by varying weights. Notably, the best performance is observed when employing

the disjunction-centric encoding with unit weights assigned to both Boolean and temporal

operators. Furthermore, irrespective of whether the weights are held constant or randomly
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Figure 2.2.14: Time performance of wSTL formulae with growing time horizon. wstl-fixed and
d-wstl-fixed labels correspond to wSTL-MILP and disjunction-centric encoding for (2.40) formula
with all weights equal one. In contrast, wstl-random and d-wstl-random consider random weights.

assigned, the disjunction-centric encodings consistently outperform the wSTL-MILP en-

coding. Moreover, as previously demonstrated in [24], there is a minimal disparity between

using the unit or random weights for the wSTL-MILP encoding.

Complexity comparison

The performance of a MILP encoding typically hinges on the quantity of binary and integer

variables; nonetheless, minimizing the number of continuous variables can also influence

performance. In the case of the STL encoding in [133], the number of binary variables

ΓB

STL(ϕ) for a given STL formula ϕ, corresponds to the number of leaves in the augmented-

AST bounded by Γpred(ϕ) ≤ ΓB

STL(ϕ) ≤ Γpred(ϕ) ⋅ (∥ϕ∥ + 1), where Γpred(ϕ) = ∣{n ∣ n ∈

N ∧ ch(n) = ∅}∣ represents the total number of predicates in the specification. For the

disjunction-centric STL encoding in Sec. 2.2.4, the number of binary variables ΓB

d−STL,

scales with the number of disjunctive operators as follows ΓB

d−STL = ∑ϕ′∈Γ∨(ϕ) ∣ch(ϕ′)∣ +
∑ϕ′∈Γ♢(ϕ) ∣I ∣ ≤ ∣ϕ∣ + (∥ϕ∥ + 1) ⋅ Γ♢(ϕ), where Iϕ′ is the time interval associated with ϕ′,

Γ∨(ϕ) = ∣{n = (ϕ′, k) ∣ n ∈ N ∧ ϕ′ = ∨}∣ and Γ♢(ϕ) = ∣{n = (ϕ′, k) ∣ n ∈ N ∧ ϕ′ = ♢I}∣

65



are the number of disjunctions and eventually operators in the formula. Note that in most

cases ΓB

d−STL < ΓB

STL, specially for a formula with conjunctive operators. However, this is

not always true. Consider the counter-example ϕ = ♢[0,1]µ1 ∨ ♢[0,1]µ2 with ΓB

d−STL = 6 and

ΓB

STL = 4.

In contrast, the number of continuous variables for encoding an STL formula ϕ with

the encoding in [133] is equivalent to the number of nodes in the augmented-AST, ΓR

STL =

∣N ∣. For the disjunction-centric encoding in Sec. 2.2.4 it is equivalent to the number of

predicates ΓR

d−STL = Γpred(ϕ). Note that in general, ΓR

d−STL < ΓR

STL except for the trivial

case of having a single predicate in which the number of continuous variables is equal.

For wSTL-MILP and disjunction-centric wSTL encodings, the complexity comparison is

equivalent to the STL and disjunction-centric STL since the additional variables to track

the robustness and auxiliary variables are created for both encodings. Therefore, for wSTL,

the disjunction-centric approach generally has fewer binary variables and always fewer

continuous variables.

2.2.6 Conclusions and Future Work

We introduce an efficient disjunction-centric Mixed Integer Linear Programming (MILP)

formulation for control synthesis with Signal Temporal Logic (STL) and its extension,

Weighted Signal Temporal Logic (wSTL), considering linear predicates and dynamics.

Our approach demonstrates superior efficiency by requiring fewer variables than standard

frameworks in the literature for capturing the semantics of STL and wSTL formulae. Ad-

ditionally, we have proven the correctness of our disjunction-centric encodings. Moreover,

we have highlighted the unique capabilities of wSTL formulae in capturing preferences and

importance over Boolean and temporal operators, which are critical for scenarios involv-

ing prioritized tasks and temporal precedence. By conducting a sensitivity analysis, we

have elucidated how changes in the weights assigned to wSTL formulae can alter the out-

come of control synthesis, providing valuable insights into solution modification. Finally,
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we have comprehensively assessed the MILP encodings’ time performance across various

scenarios, including growing formulae, increasing time horizons, and considering random

and fixed weights for wSTL formulae. Our results demonstrate that the disjunction-centric

encoding consistently outperforms standard encodings in the literature, affirming its ef-

fectiveness and efficiency in control synthesis applications. In future work, we aim to

delve deeper into analytical sensitivity analyses of weights. This exploration will provide

a deeper understanding of how subtle modifications in weights can yield complex modula-

tions in solutions. We intend to investigate the applicability of such analyses to switching

systems, thereby broadening the scope of our research and uncovering potential applica-

tions in diverse domains.
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Chapter 3

Modeling and Planning for Complex

Dynamics in Multirobot Systems.

Building on the formal synthesis and temporal logic framework established in the previ-

ous chapter, Chapter 3 focuses on practically modeling complex multi-robot dynamics in

real-world scenarios. This chapter addresses the inherent challenges of deploying multi-

robot systems in environments characterized by intricate interactions, diverse capabilities,

and dynamic constraints. The chapter begins by exploring swarm control strategies, where

groups of robots operate collectively, exhibiting behaviors such as splitting and merging to

navigate constrained environments. This section demonstrates how temporal logic can be

leveraged to manage emergent swarm behaviors, ensuring coordinated motion despite not

controlling individual agent decision-making. Next, we delve into the domain of modular

robotics. Here, robots are designed with reconfigurable capabilities that enable them to

adapt their structure and function to meet specific task requirements. We present models

that capture the nuances of modular reconfiguration, allowing for effective tool manipu-

lation and cooperative task execution. The chapter further expands the discussion to het-

erogeneous teams of robots tasked with complex operations such as warehouse logistics

and resource transportation. These scenarios introduce additional layers of complexity,
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including coordination among robots with different capabilities, resource allocation chal-

lenges, and energy constraints. We introduce network flow formulations and other model-

ing techniques that capture these dynamics, demonstrating how high-level temporal logic

specifications can be translated into practical, scalable control strategies.

This chapter comprehensively explores the methods used to model the complex dynam-

ics inherent in multi-robot systems. By integrating rigorous formal methods with practical

modeling techniques, we bridge the gap between high-level mission planning and the real-

world execution of multi-robot operations, paving the way for more adaptive, resilient, and

scalable robotic systems.

3.1 Temporal Logic Swarm Control with Splitting and Merg-

ing

Here, we present an agent-agnostic framework to control swarms of robots tasked with

temporal and logical missions expressed as Metric Temporal Logic (MTL) formulas. We

consider agents that can receive global commands from a high-level planner, but no inter-

agent communication. Moreover, agents are grouped into sub-swarms whose number can

vary over the mission time horizon due to splitting and merging. However, a strict upper

bound on the maximum number of sub-swarms is imposed to ensure their safe operation

in the environment. We propose a two-phase approach. In the first phase, we compute the

trajectories of the sub-swarms, splitting and merging actions using a Mixed Integer Linear

Programming approach that ensures the satisfaction of the MTL specification with minimal

swarm division over the mission time horizon. Moreover, it enforces the upper bound on the

number of sub-swarms. In the second phase, splitting fractions for sub-swarms resulting

from splitting actions are computed. A distributed randomized protocol with no interagent

communication ensures agent assignments matching the splitting fractions. Finally, we

show the operation and performance of the approach in simulations with multiple tasks
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that require swarm splitting or merging.

3.1.1 Introduction

In recent years, there has been intense interest in studying robot swarms [53, 1, 107, 152,

121]. Due to their great capacity to handle multiple tasks and offer robustness and resiliency

over agent failures. The emerging collective behavior from the interaction of multiple

agents gives swarm robotic systems many potential applications ranging from exploration,

mapping, and surveillance to search and rescue [23, 52]. Despite these advantages, control-

ling many agents and commanding their decisions is still challenging in both low-level and

high-level control. For complex missions, temporal logics (TL) are a useful specification

language for extending swarm behavior to time-varying, task-oriented goals [68, 49, 116].

Several works have considered high-level objectives for swarms given as temporal logic

goals [171, 170, 36, 84, 135]. However, these usually consider specifications for swarms

as a whole and are not concerned with agent constraints either in the control or communi-

cation [35, 115, 169] (e.g., if agents in a swarm are unable to communicate, methods that

rely on the dissemination of information will not work). In contrast, we propose a high-

level control framework for swarms of aerial robots aware of low-level control and agent

communication constraints. Global plans are broadcast to all agents since it is impractical

and cumbersome to specify the precise plans for each agent. Plans satisfy complex tem-

poral logic tasks with timing constraints expressed in Metric Temporal Logic (MTL) [18].

Agents are grouped into sub-swarms, and we allow them to split and merge as needed to

fulfill mission tasks, e.g., when agents must be at multiple locations simultaneously.

To solve the high-level swarm planning problem, we propose a Mixed Integer Linear

Programming (MILP) approach that considers the satisfaction of the MTL specification by

finding a motion plan for swarms able to split and merge them as required. For the motion

plan in the MILP formulation, we take inspiration from flow equality balance equations as

used in [95, 76, 69, 175]. However, swarms may split into multiple sub-swarms to satisfy
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Figure 3.1.1: Example environment. Agents begin in the region H and must visit the labeled blue
regions while navigating the narrower gray and orange passages.

simultaneous tasks or merge if splitting is no longer necessary and equality constraints can-

not capture these flow dynamics. Instead, we propose inequality constraints that control the

flow of swarms while allowing the creation and destruction of swarms, modeling splitting

and merging actions.

Here, agents cannot communicate with each other. Thus, only global commands can

be used to distribute agents to sub-swarms resulting from splitting and merging actions.

Therefore, we propose a distributed randomized method to split large swarms. We build

a Directed Acyclic Graph (DAG) from the MILP solution that captures the division of

the swarm over time. We use the DAG to compute splitting fractions of sub-swarms that

balance their sizes over the mission. Agents use the randomized protocol that samples

assignments based on the splitting fractions without inter-agent communication.

The paper’s contributions include: 1) We propose an efficient MILP approach to solve

the planning problem, considering swarm splitting and merging behaviors for satisfying

tasks while constraining the maximum number of simultaneous existing swarms and mini-

mizing unnecessary splitting or traveling. Additionally, standard flow dynamics equations

are modified to flow inequalities considering that due to the merging and splitting actions,

node and edge equations could not be balanced. 2) We develop a randomized distributed

method to split large swarms when communication between agents is impossible. 3) We
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develop a method to assign splitting fractions such that the sub-swarms are balanced, given

a motion plan from the MILP. 4) We show the performance of the proposed MILP method

and the balanced splitting and merging algorithm.

3.1.2 Problem Formulation

In this section, we formulate the planning problem for swarms of aerial robots tasked with

rich temporal logic specifications to visit places of interest in an environment. The initial

swarm can be split into sub-swarms during the mission horizon to satisfy tasks that require

multiple swarms at different locations in the specification. Also, multiple sub-swarms can

merge to form a single swarm if splitting is no longer required. Thus, the number of

sub-swarms active in the environment may be time-varying. We assume there is an upper

bound in the number of swarms we can have simultaneously in the mission. The swarm is

not infinitely divisible, and the Unmanned Aerial Vehicles (UAVs) can only fly at a limited

number of altitudes for safety reasons. Moreover, splitting the swarm as few times as

possible is desirable and just when the mission specification requires it. Here, we introduce

the models for the environment, agents, swarms, splitting and merging behaviors, and tasks

that define the planning problem for the swarm of robots. First, we define the environment

capturing the motion of swarms between locations of interest.

Definition 3.1.1 (Environment). The environment is abstracted as a labeled transition sys-

tem, Env = (Q,E ,W ,Π,L), where Q is the set of regions in the environment, E ⊆ Q ×Q

is the set of edges defining adjacent regions that swarms can travel between, W ∶ E → Z≥1

maps each transition in E to its travel duration, a stationary swarm is modeled as an unit-

weight self-transition, Π is a set of atomic propositions1, and L ∶ Q → 2Π is a labeling

function.

In Fig. 3.1.1, we show a scenario with multiple regions of interest and the corridors that

1Atomic propositions are defined in Sec. 3.1.2
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connect the regions, which generates the abstracted environment Env in orange.

Agents’ dynamics and sensing

We consider a set of agents A = {x1, . . . ,xi, . . . ,xN} where ∣A∣ = N is the total number

of agents available in the environment. Each agent’s state is given by the location in the

environment, either a state q ∈ Q or an edge e ∈ E that xi is traversing, and an altitude

hi ∈ {1, . . . ,Ns}, where Ns is the number of altitude levels that agents are allowed to fly

at. The state of a single agent is given by the tuple xi = (q/e, hi). Altitudes hi capture the

level number and not quantity which is not required for planning. We assume that there

are a bounded number Ns of altitude levels h that agents can occupy. This requirement

captures division or airspace for safe navigation, e.g., quadrotors need at least one-meter

vertical separation to avoid downwash effects. A sub-swarm is defined by the agents xi that

share altitude hi = h. Thus, we differentiate between sub-swarms based on their altitudes.

Moreover, the maximum number of sub-swarms at any given time during the mission is

bounded by Ns.

Although we are particularly interested in the high-level planning for swarms under

temporal and logic-constrained specifications, we consider some assumptions in the lower-

level control that drive modeling and solution design. Note that implementation with real

robots requires low-level controllers to execute high-level plans. This can be implemented

using standard formation control [54, 113] and attitude control [96, 139] methods.

Assumption 3.1.1. We assume agents cannot communicate with each other, avoiding di-

rect interaction between agents. Instead, we consider agents perform transitions between

regions in Q using controllers that require only local information, e.g., formation control

using the relative pose of neighbors by sensing them [147, 73].

Assumption 3.1.1 is crucial for defining and modeling the splitting and merging swarm

actions described in the following sub-section.
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Swarms’ state and actions

In this section, we are interested in commanding the entire swarm (or swarms) instead of

individual agents. Multiple sub-swarms may exist due to swarms’ splitting or merging

as demanded by the specification. For instance, to fulfill tasks that need to be satisfied

in overlapping time intervals, we require multiple sub-swarms to be present in disjoint

regions simultaneously. We take inspiration from recent work on controlling swarms as

abstract objects in the environment that allow us to send global commands to the swarm,

not individual agents. As is shown in Fig. 3.1.1, we abstract the swarm [9, 114, 145, 178,

19] as ellipses, where the mean and covariance of the agents’ position represent the center

and shape of the swarm, respectively.

The center of the swarm µ and shape Σ are required for the low-level control of the

swarms’ position, heading, and size using communication-free formation control tech-

niques [120, 42, 59]. However, since we abstract the environment as a transition system

Env, µ, and Σ are unnecessary for high-level planning. Instead, we use the location in the

environment described by a state q ∈ Q or an edge e ∈ E to capture the sub-swarms’ states

and motion.

Definition 3.1.2 (Swarm). A swarm is a tuple s = (As, hs, q/e) with As ⊆ A being the set

of agents that belong to the swarm s and that share common altitude hs, and q/e represents

that the swarm is either at state q ∈ Q or traversing edge e ∈ E .

The set of active sub-swarms at time k is denoted by S(k) = {s0, . . . , si, . . .} which is

time-varying. However, we assume there is an a priori known upper-boundNs ≥ ∣S(k)∣, for

all k ∈ Z≥0, which is the maximum number of swarms that can exist simultaneously in the

environment. The number of sub-swarms changes with time depending on the mission’s

requirements. Sub-swarms are created and deleted according to splitting or merging actions

defined as follows.

Definition 3.1.3 (Splitting action). Splitting is the action of taking a swarm si → {si1 , . . . ,
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sin} and transforming it into n sub-swarms such that Asi = ⋃
n
ℓ=1Asiℓ

and Asℓ ∩ Asℓ′
= ∅,

∀ℓ ≠ ℓ′ ∈ {i1, . . . , in}. Additionally, all of the resulting sub-swarms have different altitudes,

hsℓ ≠ hsℓ′ , ∀ℓ ≠ ℓ
′ ∈ {i1, . . . , in}.

Splitting action will occur when time-overlapping tasks require multiple swarms at dif-

ferent states q ∈ Q in the environment Env.

Definition 3.1.4 (Merging action). Merging is the action of taking a set of n sub-swarms

{si1 , . . . , sin} → si and transforming them into a single swarm such that Asi = ⋃
n
ℓ=1Asiℓ

.

Additionally, all of the agents converge to the same altitude hj = hs1 , ∀j ∈ Asi , of the first

sub-swarm by convention.

Merging sub-swarms is desirable when multiple sub-swarms are not required for mis-

sion satisfaction since it may reduce the computational cost of tracking and controlling

them. To simplify the problem, we assume that merging and splitting actions can only

occur at states q ∈ Q and not while traversing the edges e ∈ E .

Mission Specification Using Metric Temporal Logic

We define the semantics of MTL with respect to the swarms’ trajectories (plan) α.

Definition 3.1.5 (Plan). A plan is the joint state trajectory generated by the sequence

of swarms navigating in the environment α = α0α1α2 . . .α∥ϕ∥, where αk = S(k) and

each sub-swarm si = (Asi , hsi , qi) ∈ S(k) at time k either (1) moves in the environment

using edge e = (qi, q′), i.e., (Asi , hsi , q
′) ∈ S(k + W(e)), (2) performs a split action

si → {si1 , . . . , sin}, i.e., (Asℓ , hsℓ , q) ∈ S(k+1), ∀ℓ ∈ {i1, . . . in}, or (3) performs a merging

action {si1 , . . . , sin}→ sj , i.e., (⋃inℓ=i1 Asℓ , hs1 , q) ∈ S(k + 1) and i ∈ {i1, . . . , in}.
For proposition π ∈ Π,

αk = (si = (As, hs, qi), k) ⊧ π ⇐⇒ π ∈ L(qi) , (3.1)
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meaning that an atomic proposition is satisfied if at least one swarm is in a region qi labeled

with that atomic proposition π. The semantics of the remaining operators is defined as

usual [87, 81].

Figure 3.1.2: Block diagram of proposed control framework.

Problem

For simplicity, below, we define two problems that describe (1) how swarms split, merge,

and move in the environment and (2) what fraction of agents each sub-swarm has. Note that

in a plan α, swarms are created as required by the specification while merging is enforced

via cost function J = ∑∥ϕ∥k=0 ∣S(k)∣.
Problem 3.1.1. Given a team ofN agents, an abstracted environmentEnv, swarm splitting

upper-bound Ns, and an MTL specification ϕ, find plan α for the creation of swarms and

their trajectories si(k) such that ϕ is satisfied and cost J is minimized.

The sequence of actions in α involves not only the sequence of how to traverse the

environment to satisfy the mission but also the sequence of splitting and merging actions

performed by the swarm. If the number of sub-swarms at any time during the mission is

close to the upper-bound Ns, it is necessary to ensure an appropriate number of agents

for all of them. Note that we do not assign roles to agents or pre-allocate them to any

swarm since we assume there will be no communication between agents as described in

Assumption 3.1.1. In contrast, agents must find a way to decide which of the swarms to

join. Formally, we define this problem as follows.
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Problem 3.1.2. Given a symbolic plan α which provides the information about the number

of swarms S(k) at all times, find the appropriate splitting fractions for all of the agents

such that any swarm at any time during the mission has a predefined minimum number of

agents. Additionally, find a protocol without communication between agents that enforces

the splitting fractions.

3.1.3 Control Synthesis Solution

This section discusses the components required to solve Problem 3.1.1 and Problem 3.1.2.

We first solve the problem of finding a plan α, the sequence of actions for visiting the

regions and splittings or merging actions of the swarm that satisfies ϕ. Then, given such

a sequence of splitting or merging actions from the initial swarm throughout the mission

horizon ∥ϕ∥, we propose an algorithm for assigning splitting fractions such that the sub-

swarms are balanced given a motion plan.

MILP Encoding for Swarm Planning

Here, we formulate a MILP encoding for capturing satisfaction of the MTL specification,

which not only indicates the times when a region needs to be visited but also a sequence

of splittings and merging actions of the swarm in the environment. First, we define integer

variables zq,k and ze,k ∈ Z to indicate the number of sub-swarms at state q ∈ Q or edge

e ∈ E at time k ∈ {0, . . . , ∥ϕ∥}, respectively. We set the initial condition at k = 0 by setting

zq0,0 = 1, zq,0 = 0 for all q ≠ q0 which states that the entire swarm starts at q0. The number

of sub-swarms we have in the environment at any time is not larger than Ns, which induces

the constraints zq,k, ze,k ∈ [0,Ns], for all q ∈ Q, e ∈ E and k ≤ ∥ϕ∥. Taking into account the
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swarm variables, we capture the flow dynamic constraints in the environment as follows

zq,k ≥ ze,k−W (e), ∀e = (q′, q) ∈ E , k ≤ ∥ϕ∥, (3.2)

ze,k−W (e) ≤ zq,k−W (e), ∀e = (q, q′) ∈ E , k ≤ ∥ϕ∥, (3.3)

Notice that (3.2) and (3.3) ensure that swarms will go to required regions. However, to

make sure the swarms can only travel to neighboring nodes, the creation (splitting) of

swarms will occur only at states, and merging swarms are all present at the same state, we

impose the following constraints

zq,k ≤ ∑
e=(q′,q)∈E

ze,k−W (e),∀q ∈ Q, k ≤ ∥ϕ∥, (3.4)

∑
e=(q,q′)∈E

ze,k ≥ zq,k, ∀q ∈ Q, k ≤ ∥ϕ∥. (3.5)

The flow constraints capture how a swarm (swarms) travel through the environment Env.

However, they do not constrain the number of sub-swarms we have at any time. For this

purpose, we introduce the following split-bound constraint

∑
e∈E

∑
k′∈H(e,k′)

ze,k′

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Number of sub-swarms at time k

≤ Ns, (3.6)

where H(e, k) = {{k −W (e) + 1, ...,K} ∩Z≥0} which is the history of departures for edge

e at time k.
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Then, we formulate Problem 3.1.1 as the following MILP optimization problem

min
∥ϕ∥

∑
k=0

(∑
q∈Q

zq,k +∑
e∈E

ze,k) ,
subject to

Swarm flow dynamics (3.2) − (3.5),

Split bound (3.6),

Mission satisfaction: {zq,k} ⊧ ϕ.

(3.7)

Note that (3.7) discourages the unnecessary swarm splitting and traveling in the envi-

ronment over time horizon ∥ϕ∥. Mission satisfaction {zq,k} ⊧ ϕ is encoded similarly to [95,

29, 30], and we omit it for brevity.

Swarm Splitting and Merging Actions Weights From the swarm planning stage, we obtain

sequences of swarm splitting and merging actions of sub-swarms necessary to satisfy the

mission specification. The sequences are captured as a Directed Acyclic Graph (DAG)

G = (V,E,w), where V is the set of nodes, and each node is defined by a tuple u = (q, k)
meaning that there is a swarm at location q in the environment at time k. Edges E ⊆ V ×V

capture splitting (i.e., multiple outgoing edges from a state u) and merging (i.e., multiple

incoming edges to a state u). Let N +
u = {v ∣ (u, v) ∈ E} and N −

u = {v ∣ (v, u) ∈ E} be the

sets of outgoing and incoming edges of state u. A leaf node u has no outgoing neighbors,

N +
u = ∅. The weights w ∶ E → R>0 represent splitting fractions such that the unit-sum

constraint ∑v∈N+u w((u, v)) = 1 holds for all non-leaf u ∈ V including the starting node

u0 = (q0,0). Thus, w(u) ∈ (0,1] for all u ∈ V .

We compute splitting fractions proportional to the requirements on parallel paths in the

DAG G to balance swarm sizes over locations and time. Formally, we capture this using

a partial order [44]. We define the partial order ≼ over U such that u ≼ v if a path exists
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from u to v, i.e., if u is an ancestor of v or v is a descendent of u. The sets of ancestors and

descendants are Hu = {v ∣ v ≼ u} and Fu = {v ∣ u ≼ v}, respectively. Let p ∶ V → (0,1]
function such that p(u) is the fraction of the swarm agents at node u ∈ V .

Algorithm 3 computes proportions p backward from leaf nodes inG, and then computes

the splitting fraction weights w. First, the method computes the number of ancestors and

descendants of nodes for all nodes u ∈ V , lines 3-8. Moreover, we compute the total

number of ancestors of all leaf nodes Hmax at line 6. For all leaf nodes u with N +
u = ∅,

the proportion p(u) = ∣Hu∣
Hmax

, line 9. For all other nodes, we proceed in inverse topological

order (i.e., from leaves towards u0) and compute p(u) = ∑v∈N+u p(v)
∣N−u ∣

, line 10. Finally, the

weights are computed as w((v, u)) = p(u)
p(v) for all edges (v, u) ∈ E, line 11. It follows from

Algorithm 3 that the returned weights w satisfy the unit-sum constraints.

Algorithm 3 Splitting and Merging Weights over DAG

1: input: G = (V,E) ▷ DAG from MILP solution.
2: output: G = (V,E,w) ▷ DAG with splitting fraction weights.
3: for u ∈ V do

4: ∣Hu∣ = ancestors(G, u)
5: ∣Fu∣ = descendants(G, u)
6: if ∣Fu∣ = ∅ then Hmax =Hmax + ∣Hu∣
7: end if

8: end for

9: For all u ∈ leaves, pu = ∣Hi∣/Hmax

10: For all u ∈ V ∖ leaves, compute p(u) = ∑v∈N+u p(v)
∣N−u ∣

in inverse topological order.
11: For all (u, v) ∈ E compute weights w((v, u)) = pu

pv
, ∀(v, u) ∈ E in a topological order.

Protocol: Finally, we define the communication-free protocol that agents implement to

determine what sub-swarms they belong to when receiving split and merge actions. Com-

munication is restricted between agents, but they receive global commands from the MTL-

Planner, see Fig. 3.1.2. For splitting, all agents receive the command si → {si1 , . . . , sin}
containing the altitude hsi of the sub-swarm si to be split, heights hℓ for all resulting sub-

swarms sℓ, ℓ ∈ {i1, . . . , in} and the splitting fraction weights w((u, v)), v ∈ N +
u , where node

u in DAGG corresponds to the splitting action. Note that n = ∣N +
u ∣. If an agent is at altitude
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Figure 3.1.3: Edges variable solution from case study 1.

hsi , i.e., belongs to si, then it samples the set of sub-swarms {si1 , . . . , sin} with probabili-

ties w((u, v)) and moves to the altitude hs̄, where each neighbor node v corresponds to a

sub-swarm sℓ, ℓ ∈ {i1, . . . , in}, and s̄ is the randomly sampled sub-swarm. For merging, all

agents receive the command {si1 , . . . , sin} → si containing the altitudes hsℓ of sub-swarms

sℓ to be merged, ℓ ∈ {i1, . . . , in}. In this case, all agents with altitudes hsℓ move to alti-

tude hsi1 of resulting sub-swarm si. Note that the protocol guarantees the provided swarm

splitting fractions only in expectation. However, it does not require any communication

between agents.

3.1.4 Case Studies

This section describes three case studies showing how swarm planning and control work

and their performance. First, we consider a small mission specification to showcase the

functionality of the high-level planner and then the low-level control. Second, we specify

a more complex specification that requires the swarm to split and merge multiple times to

show the correctness of the merging and splitting algorithm described in Sec. 3.1.3. Finally,

we test scalability and run-time performance by increasing the mission specification size
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Figure 3.1.4: Split and merge generated DAG for case study 1.

gradually. All computation was performed on a PC with 20 cores at 3.7GHz with 64 GB of

RAM. We used Gurobi [66] as MILP solver and CoppeliaSim [132] as simulator.

Case Study 1: (functionality showcase)

Here, we consider the Env in Fig. 3.1.1, the number of robots in the swarm N = 80. The

swarm is tasked to satisfy the following mission specification ϕ = (◻[1,4]q1 ∧ ◻[2,4]q3) ∧
◻[6,7](q3 ∧ q5 ∧ q6) ∧ ◻[8,9]q4, with initial location of the swarm q0, and maximum simulta-

neously existing swarms Ns = 3. Under these conditions, we get the solution plan shown

in Fig. 3.1.3. Initially, the entire swarm is in q0 at time k = 0. Next, it splits in two, repre-

sented here as red and blue lines traversing to states q1 and q2 at k = 1. Both swarms satisfy

the first part of the specification, and then the blue swarm splits again at k = 4, where the

green line represents the formation of a new swarm to satisfy the specification requesting

sub-swarms in three different locations simultaneously. Lastly, the three swarms merge in

q4. The MILP solution computed a solution with an objective cost value of 39, and it took

0.01 seconds to compute, and 228 and 17 integer and binary variables, respectively.

From the MILP solution, we can compute the DAG G = (V,E,w) that describes the

swarm splitting and merging actions in Sec. 3.1.3 and shown in Fig. 3.1.4. Note that the

nodes follow the same color code as in Fig. 3.1.3. The agents in the initial swarm (blue)

split into sub-swarm u1 (blue) and u2 (red). Then u1 splits into two more sub-swarms u3
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Figure 3.1.5: Solution performed in CoppeliaSim with actions by the swarms when traversing cor-
ridors connecting two states.

(blue) and u4 (green). Lastly, all of them merge in u5, the same as in Fig. 3.1.3. We show

the splitting fraction (probabilities) of the agents going into the different swarms on the

edges. The weights are computed to balance the number of agents in each sub-swarm by

taking into account the subsequent merging and splitting actions. An extended example is

shown in Case study 2.

Finally, we compute the abstract state commands, as shown in Fig. 3.1.5, where two

swarms are traveling from q0 to q1 and q2 respectively, representing the first command from

the solution of the MILP. Note that one of the corridors is curved, requiring the swarm to

rotate and scale along it. For the second swarm, it is asked to rotate once it reaches the state

to be able to traverse towards q3. Simulation is performed in CoppeliaSim.

Case Study 2

In this case study, we consider an extended example that showcases the functioning of

the swarm splitting and merging algorithm. Consider the following mission specification

ϕ = ◻[1,2](q1∧q2)∧◻[2,3](q1∧q3∧q4∧q6)∧◻[3,4](q5∧q3)∧◻[4,5](q5∧q0∧q2), with maximum

number of swarmsNs = 4 and initial state q0. After computing the MILP solution, we build
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Figure 3.1.6: Split and merge generated DAG for case study 2.

the merging and splitting actions DAG shown in Fig. 3.1.6. Following Algorithm 1. the

number of ancestors ∣Hi∣ for every node is computed. We sum the number of the ancestor

overall leaf nodes Hmax = ∑ui ∣Hi∣ = 5 + 3 + 3 = 11, and then the expected proportion

of the leaves is obtained pu = Hi/Hmax as 5/11, 3/11, 3/11, respectively. Next, from the

leaves, we sum the proportions backward from the leaves to the root (shown as red values

in the nodes). Finally, we compute each edge’s splitting fractions (probabilities) from the

root by considering the expected proportions in every node (green values on the edges). In

Fig. 3.1.7, we show the agent distribution among the states. The horizontal axis represents

the state and the vertical axis the number of agents in the swarm. We ran the same DAG

1000 times and considered two different initial number of agents ∣As∣ = 50 (blue) and

∣As∣ = 150 (red). Note that the smaller the swarm, the more difficult it becomes to split it

in balanced proportions. Moreover, in both cases, node u2 has the most significant fraction

of agents, which makes sense since this node requires the swarm to split again into three

new sub-swarms, and one of them will be split into the other two. In contrast, u1 does not

require a higher fraction since later, it will only merge with other sub-swarms.
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Figure 3.1.7: Agents distribution statistics through the states when run 1000 times for an initial
number of agents of 150 and 50.

Case Study 3: (scalability and time performance)

Here, we gradually increase the size of the mission specification to show the run time

performance. The mission specification we use is ϕ = ⋀n1 TI(X ⊗ X ), where T ∈ {◻,◊},
⊗ ∈ {∧,∨}, X ∈ Q are variables randomly chosen, n is an iterator that grows from 1 to 200,

and the time interval of the temporal operator is defined randomly as I = [n + 4, . . . , n +

rand(1,5)]. The initial state is q0, and the split bound Ns = 10. The results are shown

in Fig. 3.1.8, where we can see that time grows linearly for a small value of n and then

exponentially as n becomes larger. Note that our MILP implementation is agent agnostic,

and the only variables that affect the performance are the size of the transition system and

the mission specification.

3.1.5 Conclusions

We present a framework for controlling swarms subject to Metric Temporal Logic (MTL)

constraints. We propose a MILP approach for computing the trajectories of sub-swarms

in the environment, the splitting and merging actions if required, such that the MTL mis-
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Figure 3.1.8: Time performance by increasing mission φ gradually.

sion is satisfied with minimal division of the swarm over the mission horizon. We modify

standard flow dynamics constraints using inequalities to capture the swarm motion in the

environment. The solution of the MILP is used to build a DAG that captures the splitting

and merging actions and is used to compute splitting fractions for resulting sub-swarms.

A distributed randomized protocol ensures that the agents choose sub-swarms close to the

computed splitting fraction with no inter-agent communication.
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3.2 Planning for Modular Aerial Robotic Tools with Tem-

poral Logic Constraints

Modular robots are highly versatile because they can reconfigure and change their mechan-

ical properties. This ability makes them optimal for scenarios that require different types

of tasks. However, task allocation and cooperation become a combinatorial problem when

the number of modules increases. To tackle this problem, we propose a high-level plan-

ner for reconfigurable robots with heterogeneous capabilities, e.g., aerial motion and tool

operation. Modules can attach and detach to create configurations that manipulate tools,

satisfying temporal and logic-constrained tasks. The mission is specified using Metric Tem-

poral Logic (MTL), which offers the capacity to not only account for where and who needs

to satisfy a task but also when and for how long. We model the problem using a Mixed

Integer Linear Problem (MILP) approach, capturing cost for reconfiguration, satisfying a

task, and motion in the environment in a specific configuration. Additionally, we consider

that not all configurations can satisfy every task. We find trajectories for modular robots

that guarantee mission satisfaction. Finally, we show the performance in simulations with

multiple tasks and requirements in an environment.

3.2.1 Introduction

In recent years, the development of technology and the increase in computational capac-

ity have implemented multi-robot systems possible. Multi-robot systems have been widely

studied for their capacity to handle multiple tasks simultaneously, robustness, and resiliency

in overcoming failures while guaranteeing task satisfaction. This type of system is a suit-

able platform for tasks ranging from perimeter surveillance, search and rescue missions,

cargo delivery, and planetary exploration [48, 157, 23]. Nevertheless, for tasks requiring

more capabilities, such as versatile locomotion and manipulation, modular robots can re-

configure and change both force capacity in the environment and control constraints [144].
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Modular reconfigurable robots that change from one configuration to another offer flexi-

bility to address a broader set of tasks than multiple single robots. Here, configuration is un-

derstood not only as the pose of the robot but also the module connectivity and shape [144].

Changing their capacities and the possible redundancy in the degree of freedom make mod-

ular robots versatile and robust [4]. However, there is an increase in the computational cost

when coordinating the robots in both low-level and high-level control. Low-level control

is required to guarantee the collision-free rearrangement of modular robots to reach the

desired configuration (lattices or chains) and act [138, 102, 123, 101]. On the other hand,

the high-level control takes a set of real-world tasks and generates or matches existing

configurations to satisfy the mission specification [166].

Here, we focus on high-level planning, coordinating modular robots to satisfy different

types of tasks in an environment. Multiple works have tackled this problem of coordi-

nating and allocating a set of robots to satisfy tasks from a deterministic and stochastic

approach [43, 12]. However, they consider agents homogeneous and do not consider tem-

poral logic constraints in the specifications. Several other works have used Temporal logic

for heterogeneous multi-robot systems working with Linear Temporal Logic (LTL) with

automata theory [143, 88] or Signal Temporal Logic [95, 150]. Nevertheless, these papers

do not consider physical connections or modularity, which adds to the problem of not only

allocating some robots but also finding proper configurations that satisfy a particular task.

Our work focuses on generating an automatic controller for synthesizing module tra-

jectories, allowing modular robots to find configurations that satisfy task specifications us-

ing formal languages, specifically Metric Temporal Logic (MTL). Few works have tackled

modular robots using Temporal Logic approaches [74], [34]. Nonetheless, authors consider

LTL and encode the system into an automaton, which might be computationally expensive

when dealing with scalability. Instead, we consider MTL a rich temporal logic formalism.

We propose a MILP approach to efficiently solve the problem while accounting for the cost

of reconfiguration, motion, and satisfying a task in a specific configuration.
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Figure 3.2.1: Planning for multiple modular robots that can reach configurations to manipulate tools
such as a gripper to grasp wood and screwdrivers to build a wooden fence.

Figure 3.2.2: Example of a tessellated agriculture environment (left) that can be abstracted into a
transition system (right).

The contributions of the paper are threefold. 1) We propose and formalize a plan-

ning problem for modular aerial robots with heterogeneous capabilities and configurations

tasked with performing timed temporal logic missions. The missions involve tasks that can

be performed only by a subset of robot configurations and may require robots to reconfig-

ure during the mission. 2) We propose an efficient MILP approach that minimizes the total

energy consumption while satisfying the MTL mission specification, robot motion, and re-

configuration constraints. 3) We show the performance of the proposed MILP method in

two case studies.
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Figure 3.2.3: Example of module capabilities, form left to right gfly, gscrewdriver, ggrasping, gsawing.

3.2.2 Problem Formulation

In this section, we introduce the planning problem for teams of heterogeneous modular

robots tasked with rich temporal logic tasks that require the use of specialized tools, e.g., a

driller, screwdriver, and grasping. Robots can reconfigure during the mission to perform the

various specification tasks. Thus, the number and configurations of modular robots active

in the mission space may be time-varying during the mission. We introduce the models

for the environment, modules, configurations, robots, and tasks that define the planning

problem for modular robots. We are motivated by construction problems for agriculture.

For instance, consider the construction of a wooden fence, as shown in Fig. 3.2.1. The task

is described in the following Example 3.2.1.

Example 3.2.1. Fence construction on crop q1:

1. Always from deployment to the end of the mission, region q1 must be video-monitored;

2. Within 10 minutes after deployment, the wood must be transported in q1;

3. Within 11 to 60 minutes after deployment, the wood must be cut into smaller pieces

at q1;

4. Always within 60 to 90 minutes, the fence needs to be assembled at q1.

First, we define the environment that captures the motion of robots between locations

of interest.

90



Definition 3.2.1 (Environment). The environment is a weighted transition system defined

by the tuple Env = (Q,E ,W ,Π,L), where Q is a finite set of locations of interest (states);

E ⊆ Q×Q is the set capturing the transitions of robots between locations inQ; W ∶ E → Z≥1

maps each transition in E to its travel duration; Π is a set of atomic propositions that label

the states Q, and L ∶ Q → 2Π is the state-labeling function. A robot stationary at q ∈ Q is

modeled as a unit-weight self-transition, i.e., (q, q) ∈ E for all q ∈ Q, and W((q, q)) = 1.

In Fig. 3.2.2, we illustrate a tessellated agricultural environment, which generates the

abstracted environmentEnv describing the states Q and edges E . Extending from Example

3.2.1, we consider modular robots with a flying capability and able to carry and manipulate

modular tools.

Definition 3.2.2 (Module). A module is a cuboid with a capability g interacting in the

environment.

The set of all capabilities is G = {g0, g1, g2, g3, . . . gm}. At least one capability is the

ability to fly. The capability of a module also defines the module’s class. Some examples

of these modules are shown in Fig. 3.2.3. Note that we do not differentiate between modules

of the same class. Additionally, modules from the same or different classes can attach and

detach each other to form modular robots. Configurations describe the types, numbers, and

interconnections of modules that robots compose.

Formally, we have the following definition.

Definition 3.2.3 (Configuration). A robot configuration c = (Mc,→c, Capc) is a labeled

graph, where the nodes Mc are modules, the →c⊆Mc ×Mc represent the physical connec-

tions between modules, and Capc ∶Mc → G denotes the capability of each module.

The number of modules with capability g in configuration c is denoted by Λ(c, g). For-

mally, we have Λ(c, g) = ∣{m ∈ Mc ∣ capc(m) = g}∣. A configuration is defined not only

by the number of modules and the class of modules but also by the arrangement. We show
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Figure 3.2.4: Examples of configurations of modules in different arrangements.

examples of different configurations in Fig. 3.2.4. Configurations c3 and c4 and configura-

tions c5 and c6 have the same number of modules. However, the arrangement of modules

is different. Lastly, a single module is a configuration with ∣Mc∣ = 1. Different configura-

tions are advantageous for changing the robot’s capabilities and performing different tasks.

However, considering all possible configurations given a heterogeneous group of modules

with capabilities g ∈ G leads to an intractable combinatorial problem, even for a few mod-

ules. The number of all possible configurations is in the order O(∣G∣2λ), where λ is the

number of modules available. Instead, we consider the following assumption.

Assumption 3.2.1. The set of feasible robot configuration C = {c1, . . . , cn} is given before-

hand, and n is small.

We are now ready to define modular robot, which are the actual agents moving and

interacting with the environment to accomplish specified tasks.

Definition 3.2.4 (Modular Robot). A modular robot Rk at time k ∈ Z≥0 is defined by a

configuration cRk
∈ C and a robot state sRk

∈ Q ∪ E , where sRk
∈ Q denotes that Rk is at

location sRk
at time k, and sRk

∈ E denotes that Rk is moving along edge sRk
at time k.

Examples of modular robots are shown in Fig. 3.2.5. Robots R1 and R2 ∈ R use the

same tool ggrasping ∈ G, but differ in the number of quadrotors gfly ∈ G. The arrange-

ment and, therefore, the configurations are different. Additionally, a robot with a saw tool
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Figure 3.2.5: Examples of modular robots are composed of a set of modules with configurations
that can manipulate tools such as grippers and saws.

gsawing ∈ G and four quadrotors gfly is shown. Note that robots are defined as depending

on time. This is due to their fundamental ability to self-reconfigure, i.e., change their con-

figurations cRk
∈ C. Moreover, the number of robots each time k may differ. Modules from

multiple robots may transform into a lesser number of robots, and vice versa. Thus, modu-

lar robots do not have a persistent identity and are considered a unit only while maintaining

their configuration cRk
∈ C. For simplicity, we allow robots to reconfigure only at states

q ∈ Q. We model the reconfiguration process as special self-loops er = (q, q)r, for all q ∈ Q.

We abuse notation and consider er ∈ E in addition to normal self-loops (q, q) that capture

stationarity2. Since we focus on high-level planning, we consider that low-level controllers

for determining reconfiguration sequences of attaching and detaching of modules and their

motion during the process are available [138, 101]. Thus, we consider reconfigurations at

location q ∈ Q at time k ∈ Z≥0 feasible if the number of modules of each class g ∈ G in

all robots involved remains unchanged. We assume that the upper bounds for the duration

of any reconfiguration process at a state q ∈ Q are known and denoted by W (er), where

er = (q, q)r. We denote the set of modular robots at time k ∈ Z≥0 by Rk. We assume that

the maximum number of robots is p ∈ Z≥1 known a priori at any moment.

Each robot Rk ∈ Rk with state sRk
= q ∈ Q must take a control action uRk

∈ E . Specif-

ically, it either a) flies along a transition (q, q′) ∈ E , q ≠ q′, b) remains stationary at q via

2Formally, Env takes the structure of a multi-graph with parallel self-loops in our case. For brevity, we
define Env as a directed graph and denote reconfiguration self-loops with the superscript ()r when needed.
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self-loop transition (q, q) ∈ E , or c) takes part in a reconfiguration process at q via self-loop

transition er = (q, q)r ∈ E . We consider uRk
= ∅ when the robots is in transition between

locations, i.e., sRk
∈ E .

Specification

The primitive units of our specifications are tasks that capture the required locations, dura-

tion, and robot capabilities.

Definition 3.2.5 (Task). A task is a tuple T = (d, π,CT ), where d ∈ Z≥0 is the duration of the

task, π ∈ Π is the label of all locations where the task needs to be performed, and CT ⊆ C is

the subset of configurations that can perform the desired action, e.g., transporting, sawing,

drilling.

We define the configuration-task matrix Γ(c, T ) ∈ B such that Γ(c, T ) = 1 if c ∈ CT ,

and Γ(c, T ) = 0 otherwise. We assume that configurations are characterized for tasks in

the mission specification, and thus, Γ is available for planning. A robot must generate the

desired wrench (forces and torques) to perform a task’s action. The physical parameters,

such as volume and weight, and robot configuration impact its performance in the tasks. In

this section, we assume that all configurations CT can perform task T within its duration

d. We will address performance differences between configurations in future work. The

duration of tasks may be expressed via the always operators in MTL. Formally, we have

T = ◻[0,d]⋀q∈L−1(π)ϖq,T , where ϖq,T denotes that there exists a robot at location q ∈ Q

and configuration c ∈ CT that can perform T . To capture the satisfaction of robot missions,

we define the joint output word generated by the teams of robots as o = o0o1o2 . . ., where

ok = {T = (d, π,CT ) ∣ ∀q ∈ L−1(π),∃Rk ∈ Rk s.t. sRk
= q, cRk

∈ CT} captures the tasks per-

formed at time k, disregarding their durations. Lastly, mission specifications are expressed

as MTL formulas, with tasks taking the role of atomic propositions. As noted above, tasks

are MTL formulas with additional semantics regarding their satisfaction by robots with
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specific configurations.

Objective function

The motion, actions, and reconfiguration of robots’ energy required to perform. Let Sm =

{(e,Rk) ∣ uRk
= e = (q, q′) ∈ E , q ≠ q′} be the set of all robot motions, Sr = {(e,Rk) ∣ uRk

=

er} be the set of all robot reconfigurations, and Sa = {(e,Rk, T ) ∣ uRk
= e = (q, q) ∈ R, q ∈

L−1(π), cRk
∈ CT} be the set of all robot actions. We define the cost function as

J = Jr + Jm + Ja, Jr = ∑
((q,q),Rk)∈Sr

∑
g∈G

Yq,g Λ(cRk
, g),

Jm = ∑
(e,Rk)∈Sm

Ye,cRk
, Ja = ∑

((q,q)r,Rk)∈Sa

Yq,T,cRk
,

(3.8)

where Ye,c ∈ R>0 is the energy required to traverse edge e with configuration c, Yq,g ∈ R>0

is the per module energy cost for module class g at location q for reconfiguration, and

Yq,T,c ∈ R>0 is the energy required by a robot with configuration c to perform actions to

satisfy task T at location q. Again, we assume that our configurations are characterized

with respect to motion, reconfiguration, and tasks, and the energy costs Ye,c, Yq,g, and Yq,T,c

are available for planning.

Now that we have defined all the framework components, we formally describe our

problem as follows.

Problem 3.2.1. Given an MTL mission specification ϕ and a set of modules with capa-

bilities G deployed in Env that can assemble in a maximum number p of robots at each

time k ∈ Z≥0 with configurations C, find the set Rk and control actions uRk
for all robots

Rk ∈Rk at each time k ∈ [0 .. ∥ϕ∥] such that o ⊧ ϕ and the cost J in (3.8) is minimized.
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3.2.3 Mixed Integer Linear Programming Approach

In this section, we formulate Problem 3.2.1 as a Mixed Integer Linear Program (MILP). In

the following, we introduce the set of virtual robots R = {R1, . . . ,Rp}. Instead of keeping

track of the set of robots Rk at each time k ∈ Z≥0, we consider the fixed set of virtual

robots R, where some of the robots are active, and some robots are inactive (e.g., do not

exist physically). We want to emphasize that tracking each robot’s identity from when it

is first assembled until it is reconfigured is not required. The same virtual robot might be

created, disappear, and then assembled again, potentially in a different configuration. The

time horizon for the robots R solving specification mission ϕ is denoted as K = ∥ϕ∥.

Robot and module dynamics

For tracking modular robots navigating in Env, let us define the following binary variables

zq,R,c,k, ue,R,c,k ∈ B, which take value one if there is a modular robot R with configuration

c, at time k, at state q or edge e, respectively. The initial position of modular robots and at

an initial configuration can be encoded as the following equality constraint

zq,R,c,0 = I(q = q0,R, c), ∀q ∈ Q,R ∈R, c ∈ C (3.9)

where I(⋅) is an indicator function.

Then, we need to constraint that every robot has to be in a specific configuration or it

does not exist as follows

∑
c∈C

zq,R,c,k ≤ 1, ∀q ∈ Q, R ∈R, k ∈ [0 .. K], (3.10)

and is at single location if it exists,

∑
q∈Q

zq,R,c,k ≤ 1, ∀c ∈ C, R ∈R, k ∈ [0 .. K] (3.11)
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Remark 3.2.1. Note that the number of modular robots is not conserved in the environment

since they can reconfigure (merge or split into a configuration with a different number of

robots). Nevertheless, the number of modules is conserved in the entire mission. Therefore,

we can track individual modules g from every robot R in the environment Env.

Let us define zq,g,k and ue,g,k ∈ Z≥1 as the number of modules with capability g at time k

at state q or edge e, respectively. We can recover the number of modules from the modular

robot variables as

zq,g,k = ∑
R∈R

∑
c∈C

Λ(c, g) zq,R,c,k, (3.12)

ue,g,k = ∑
R∈R

∑
c∈C

Λ(c, g)ue,R,c,k, (3.13)

for all q ∈ Q, e ∈ E , g ∈ G, where Λ(c, g) is the number of modules with capability g used

in configuration c. Using these module capabilities variables, we can define flow dynamic

constraints in the environment as follows

zq,g,k = ∑
(q′,q)∈E

ue,g,k, (3.14)

∑
(q′,q)∈E

ue,g,k = ∑
(q,q′)∈E

ue,g,k+W (e). (3.15)

The flow constraints enforce the conservation of modules of each type while robots fly,

perform tasks, and reconfigure in the environment. Note that the sums in (3.14) and (3.15)

also include the reconfiguration self-loops er = (q, q)r.
Next, we constrain the robots not to change configurations unless a reconfiguration

self-loop is used

zq,R,c,k + zq′,R,c,k+W (e) ≥ 2u(q,q′),R,c,k, (3.16)

for all e = (q, q′) ∈ E ∖ {er = (q, q)r ∣ q ∈ Q}, R ∈ R, c ∈ C, k ∈ [0 .. K −W (e)]. We

do not enforce the constraint for reconfiguration self-loops er, and let the variables free to
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change robots’ configurations as required by tasks’ satisfaction.

Task Satisfaction

For encoding task satisfaction, let us consider the following binary variables zTk ∈ B, which

takes value one if task T is satisfied. Thus, we have

zTk ≤ ∑
R∈R

∑
c∈C

zq,R,c,k Γ(c, T ), (3.17)

for all T = (d, π,CT ) with π ∈ AP , q ∈ L−1(π), k ∈ [0 .. K], which ensures that modular

robot R with configuration c can perform task T at state q, and at time k. Then, the satis-

faction of an MTL specification is captured via a recursive encoding using binary variables

as zφk ∈ B for a subformula φ at k. The variable zφk takes value one if subformula φ holds at

time k and is zero otherwise. The complete encoding is similar to the one in [133, 95], and

we omit it for brevity.

Objective Function

Finally, the objective functions to capture the desired optimal behavior of the modular

robots.

Reconfiguration cost function We define a cost to penalize the reconfiguration of the

modular robots into new configurations. The cost becomes

Jr = ∑
k∈[0..K]

∑
q∈Q

∑
g∈G

Yq,g ⋅ uer,g,k,

where Yq,g is the energy for reconfiguration per module of type g at state q, er = (q, q)r.
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Action cost function We define a cost for satisfying a task T at state q using a modular

robot in a configuration c as

Ja = ∑
k∈[0,..K]

∑
q∈Q

∑
c∈C

∑
R∈R

Yq,T,c ⋅ zaux ⋅ Γ(c, T ),

where zaux = zTk ⋅ zq,R,c,k, and Yq,T,c is the per time unit cost of using configuration c at state

q to satisfy task T . Note that since both variables are binary, the product can be reduced to

zaux =min{zTk , zq,R,c,k}, which can be encoded as mixed integer linear constraints.

Motion cost function We capture the cost for traversing the edges e with configuration c

Jm = ∑
k∈[0,..K]

∑
e∈E ′
∑
c∈C

∑
R∈R

Ye,c ⋅ ue,R,c,k, (3.18)

where E ′ = E ∖ {(q, q), (q, q)r ∣ q ∈ Q}, and Ye,c is the per time unit cost of using configu-

ration c while traversing edge e.

Optimization problem Then, we can formulate Problem 3.2.1 as the following MILP

optimization problem

min
ue,R,c,k

Jr + Ja + Jm, s.t. (3.9) − (3.16), (3.17), zϕ0 = 1.

3.2.4 Case Studies

In this section, we perform multiple simulations to demonstrate the performance of the

MILP formulation in terms of scalability and correctness. We are mainly motivated by

case studies where we need to specify time and logically constrained tasks that describe a

construction mission in agriculture environments. All computations of the following case

studies were performed on a PC with four cores at 2.7 GHz with 32 GB of RAM. We used
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Figure 3.2.6: Case study 1

Figure 3.2.7: Case study 2
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Gurobi [66] as the solver.

Case Study 1

Here, we describe a small construction mission for showcasing how the MILP planning

algorithm encoded in Sec. 3.2.3 works. We consider and agricultural environment shown

in Fig. 3.2.6 with four different states Q = {q1, q2, q3, q4} and atomic proposition set Π =

{π1, π2, π3, π4}. The mission considers that at some time between deployment, wood must

be cut at state q4, and then the wood needs to be used to assemble a fence. The MTL mission

specification is ϕ = ◊[0,3]T (1, πpurple, g3) ∧ ◊[4,6](T (1, πpurple, g2) ∧ T (1, πpurple, g1)). We

consider the following initial conditions, module capabilities set G = {g0, g1, g2, g3} whose

meaning is shown in Fig. 3.2.3. We have ∣C∣ = 10 predefined configurations Λ(c, g) = {c0 ∶
{g0 = 4, g1 = 1, g2 = 1}, c1 ∶ {g0 = 8, g1 = 1, g2 = 1}, c2 ∶ {g0 = 3, g2 = 1}, c3 ∶ {g0 =
9, g2 = 1}, c4 ∶ {g0 = 4, g1 = 1}, c5 ∶ {g0 = 7, g2 = 1, g3 = 1}, c6 ∶ {g2 = 1}, c7 ∶ {g1 =
1}, c8 ∶ {g3 = 1}, c9 ∶ {g0 = 1}}. We consider twelve g0 modules with flying capability and

two of each g1, g2, g3 at headquarters q1. We constraint the maximum number of robots we

can generate to be ∣R∣ = 13. The binary matrix indicating whether or not a configuration

can manipulate a tool Γ(c, T ) has value one if c contains gτ (capability needed in the task

T) and at least three g0 and is zero otherwise. Motion, reconfiguration, and task energy

consumption for using a specific configuration are generated so that Yq,g, Yqtc, and Ye,c ∈

[1 .. 10]. Finally, the reconfiguration time W (er) for going from any configuration to

another feasible configuration is first considered as one. We use these initial parameters for

four different cases.

Feasible Case The generated solution shows that there are six initial robots at time

k = 0 at state q1, robots are in the following initial configurations R0 ∶ c8, R1 ∶ c4, R2 ∶

c8, R3 ∶ c1, R4 ∶ c6. Note that the rest of the robots do not appear since not all the

robots must exist at every time; they may reconfigure, merge, and split as required. Sat-
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Table 3.1: Case Study 2: Runtime and complexity performance, integer and binary variables while
increasing the number of modules and module capabilities.

n Modules ∣C∣ time Int. Vars Binary Vars

1 30 5 46.26s 23799 18088
2 45 10 69.93s 25234 19391
3 60 15 168.52s 29321 20892
4 80 20 255.63s 32321 21865
5 100 25 451.31s 33321 25324

isfaction of the subformula φ1 = ◊[0,3]T (1, πpurple, g3) is achieved at time k = 2 where

the robots have reconfigured and traveled as follows at state q1. We have robots with

the following configurations R5 ∶ c9, R6 ∶ c6, R9 ∶ c9, R10 ∶ c7, R11 ∶ c8, R12 ∶ c9, at

state q4 time k = 2. There is one robot with configuration R4 ∶ c5. The type of mod-

ules in configuration c5 shows that the subformula φ1 has been satisfied. Satisfaction of

subformula φ2 = ◊[4,6](T (1, πpurple, g2) ∧ T (1, πpurple, g1)) is achieved at time k = 6.

The robots at state q1 are the following R0 ∶ c4, R7 ∶ c8, R11 ∶ c6, at state q4 robots

R0 ∶ c9, R1 ∶ c2, R5 ∶ c8, R12 ∶ c4. Here we can see that robots R1 ∶ c2 and R12 ∶ c4

satisfy the subformula. The computation time for solving this case study is 1.30s. The

objective values are reconfiguration cost Jr = 4, action cost Ja = 6, motion cost Jm = 45.

Infeasible Case Here, we change the reconfiguration time W (er) = 3, and the model

becomes infeasible since robots need to enter into reconfiguration to satisfy tasks. Still, it

causes a violation of the deadlines of the specification.

Feasible case with additional modules, configuration, and possible robots Here, we

add twelve additional quadrotors and increase the set of configurations ∣C∣ = 20, and robots

to ∣R∣ = 23. Initially, there are so many robots and configurations that reconfigurations are

not necessary, and the chosen robots are the ones that reduce the motion and task cost. All

changes are at the expense of increasing the computation since every time we increase the

set of possible configurations, C, and the set of possible robots R, we include additional
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binary variables. The solution took 5.86 seconds, and specification satisfaction zϕ0 = 1 is

achieved while the other objective values are reconfiguration cost Jr = 0, action cost Ja = 4,

and motion cost Jm = 29.

Feasible with an increase in the number of states and edges Lastly, we augment the

environment by adding six states Q and generating edges E according to proximity. The

transition system is shown in Fig. 3.2.7. Here, the computation time increases to 27.06

seconds The specification is satisfied, zϕ0 = 1, with reconfiguration cost Jr = 0, action cost

Ja = 4, and motion cost Jm = 33. Additionally, there is a drastic increase in the number of

generated variables, which shows that the algorithm is susceptible to the number of states

and edges in terms of time and number of variables. This is not surprising since for every

state and edge in Env, all the variables for modules and robots have to be created.

Case Study 2

We consider the environment shown in Fig. 3.2.7. The predefined configurations and num-

ber of robots are ∣C∣ = 20 and ∣R∣ = 20, and the mission specification ϕn = ∧ni=1( ∧3
j=1

◊[0,20]T (2, πj, gτ,j)), where πj is a randomly picked state in the environment and gτ,j the

first three capabilities added every time that n increases. Table 3.1 summarizes the infor-

mation at every iteration on how the runtime and number of variables increase when adding

more modules and module capabilities.

Finally, we keep all other parameters constant and gradually increase the number of

possible robots and configurations. All initial parameters are the same as the one considered

for 3.2.4. In Fig. 3.2.8, we can see that, at first, increasing the number of variables does not

affect the time performance dramatically. However, after fifteen configurations and fifteen

possible robots, the combinatorial problem makes the runtime grow almost exponentially.
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Figure 3.2.8: Runtime performance while increasing the number of possible configurations and
robots.

3.2.5 Conclusions

This section proposes a MILP formulation for planning for heterogeneous modular robots

that can form configurations to manipulate tools and satisfy tasks in an environment. We

consider that not all configurations can satisfy every task, which creates the necessity for

modular robots to reconfigure. We formulate tasks to account for logical and timing con-

straints using Metric Temporal Logic, where atomic propositions capture the location and

the tool the task requires. We formulate costs for motion, reconfiguration, and actions for

satisfaction in a specific configuration. We conclude that the time performance depends

directly on the number of binary variables, which depend on all the possible configurations

and robots that the system can generate, the size of the environment, and the specification

size.

104



3.3 Planning for Heterogeneous Teams of Robots with Tem-

poral Logic, Capability, and Resource Constraints

This section presents a comprehensive approach for planning for teams of heterogeneous

robots with different capabilities and the transportation of resources. We use Capability

Temporal Logic (CaTL), a formal language that helps express tasks involving robots with

multiple capabilities with spatial, temporal, and logical constraints. We extend CaTL to

also capture resource constraints, where resources can be divisible and indivisible, for in-

stance, sand and bricks, respectively. Robots transport resources using various storage

types, such as uniform (shared storage among resources) and compartmental (individual

storage per resource). Robots’ resource transportation capacity is defined based on re-

source type and robot class. Robot and resource dynamics and the CaTL mission are

jointly encoded in a Mixed Integer Linear Programming (MILP), which maximizes disjoint

robot and resource robustness while minimizing spurious movement of both. We propose a

multi-robustness approach for Multi-Class Signal Temporal Logic (mcSTL), allowing for

generalized quantitative semantics across multiple predicate classes. Thus, we compute

availability robustness scores for robots and resources separately. Finally, we conduct mul-

tiple experiments demonstrating functionality and time performance by varying resources

and storage types.

3.3.1 Introduction

Advancements in multi-robot platforms have enabled new applications that use multiple

robots with different capabilities. Such applications include aerial surveillance, disaster

response, and planetary exploration, which could involve aerial and ground robots working

together [48, 157, 17, 23, 28]. Having a team of heterogeneous robots can be very useful

when it comes to satisfying tasks. By using their capabilities, they can explore different

solutions and make the mission more resilient and robust. However, finding the best so-
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lution becomes difficult when the number of robots or classes increases. This is because

considering all the different combinations and possibilities can be very complex and time-

consuming. In fact, many existing planning algorithms become impractical or less effective

when dealing with many robots and complex mission specifications.

Figure 3.3.1: Schematic of a construction motion coordination problem. Connected circles cor-
respond to construction areas (light blue) or warehouse storage (light brown). There are four re-
sources, two indivisible (bricks and wooden beams) and two divisible (construction sand and water).
The circle color on the robots indicates the agent class (set of capabilities each robot has). Uniform
storage type is shown in the robots; however, a robot with compartmental storage capacities can be
seen in the top-left corner.

Temporal logic has become increasingly popular for specifying tasks when synthesiz-

ing plans for large homogeneous and heterogeneous teams [63, 62, 79, 47, 122, 29, 27].

This tool is especially useful for expressing spatial and temporal requirements for complex

missions, such as the type of robots needed in a particular area at a specific time. While

Linear Temporal Logic (LTL) [13, 160, 80] is a commonly used temporal logic formalism

in robotics, it only reasons over untimed sequences (e.g., "Visit region A before going to

region B"), which may not be suitable for time-sensitive missions. To accommodate ex-

plicit timing constraints, various other temporal logics have been proposed, such as Signal

Temporal Logic (STL) [108], weighted-STL (wSTL) [111, 24], Time Window Temporal

Logic (TWTL) [162], Bounded Linear Temporal Logic (BLTL) [155], and Metric Tempo-

106



Figure 3.3.2: Schematic overview of CaTL with resource constraints.

ral Logic (MTL) [18].

Among the formalisms that capture explicit time, STL specifications have additional

advantages by considering predicates that allow reasoning about signals with relation oper-

ators instead of atomic propositions. For instance, it can express whether a car’s speed limit

should remain within 70 miles per hour by expressing the predicate "speed ≤ 70". It also

can be applied to discrete-valued signals, such as indicating the number of robots per class

required for heterogeneous multi-robot frameworks. Additionally, unlike LTL or MTL,

which only provide feedback on task satisfaction, STL offers a margin of satisfaction, also

known as robustness [57, 51], which indicates the extent to which the mission is satisfied or

violated. For example, if a car maintains a speed of 65 miles per hour when the speed limit

is 70 miles per hour, the mission is considered satisfied with a robustness of 5. Neverthe-

less, even when considering a complex STL specification or a multi-agent approach [150,

110, 29], robustness will be a single value computed by a recursive definition over the

STL operators. The single robustness value lacks interpretability when considering an STL

specification using different predicate classes, i.e., semantically different variables, e.g.,

reasoning about agents and resources. Instead, we propose a multi-robustness for Multi-

Class Signal Temporal Logic (mcSTL), which generalizes the quantitative semantics for

STL specifications with different predicate classes to compute disjoint robustness scores.

This section builds upon [75, 95], which introduces Capability Temporal Logic (CaTL),

an STL fragment allowing a team of robots with varying sets of capabilities, to satisfy

different requests. We extend CaTL to also account for resources required to perform
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tasks. Tasks specify the type of robot capabilities and resources, the robot and resource

quantities, the specific location in an environment, and the time robots need to be there. In

the case of resources, they disappear once the satisfaction of the task starts. Satisfaction of

a task is robot agnostic, i.e., there is no explicit allocation of a specific agent to the task;

instead, any robot or team of robots with the required capabilities can complete the task.

The resources are transported by robots with different storage types and capacities, such

as uniform (i.e., regardless of the resource, all share the same space and robot’s storage

capacity) and compartmental (i.e., each resource has its own dedicated space and storage

capacity). Agent and resource assignments and trajectories are created after computing

a solution for agents’ and resource flows. Additionally, multiple types of resources are

considered, such as indivisible (e.g., bricks) or divisible (e.g., sand).

General Overview of the Approach

Here, we provide an overview of our approach to addressing route planning challenges

in heterogeneous robots and resource transportation teams. Our method involves utilizing

Capability Temporal Logic (CaTL [75, 95]), a fragment of STL, to specify mission objec-

tives. We have extended the semantics of CaTL3 to capture multiple resource transportation

modes and capacities.

Our model incorporates the dynamics of agents and resources and formulates an opti-

mal route planning problem under CaTL specification using a Mixed Integer Linear Pro-

gramming (MILP) approach. Fig. 3.3.2 provides a schematic overview of the problem,

where only the CaTL formula and the scene description are needed as input. The CaTL

formula describes the desired tasks, including their duration, the number of agent capa-

bilities required, and the amount of resources needed to complete the task. Logical and

temporal constraints can also be included. For the scene description, the user specifies the

3We decided to retain the name CaTL name of the specification language that now considers resources
required for tasks and not just agent capabilities as in [95]
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environment as a transition system, indicating the states, transitions, durations, and initial

distribution of agents and resources.

The CaTL formula is parsed, and its associated Abstract Syntax Tree (AST) [71] is con-

structed using an LL(*) parser [124]. We then translate the CaTL formula into an equivalent

STL formula in the AST representation (refer to PyTeLo Cardona et al. (2023b) for more

details). Using PyTeLo, we recursively translate the STL specification AST into a MILP,

capturing the quantitative semantics of the specification. The environment, robot, and re-

source dynamics encoding are automatically generated as a MILP using the formulation

in Sec. 3.3.7. Then, we utilize a MILP solver such as Gurobi [66] to solve the equivalent

MILP, capturing the specification and dynamics and generating the solution as trajectories

for agents and resources in the environment. The solution to the MILP provides trajectories

for the flows of agents and resources in the environment. However, these trajectories do

not assign specific robots to tasks or resources to be transported, as they are agent-agnostic.

Instead, they rely on the number of agents per class and the amount of resources needed

for satisfaction. Therefore, the final step is allocating agents and resources to flows (i.e.,

trips) according to the solution provided by the MILP. The overall result consists of trajec-

tories for all agents and resources that they need to pick-up, transport, and drop-off over

the mission horizon.

The main contributions of this section are

1. Extending CaTL Leahy et al. (2021) to include tasks that require both agents and

resources.

2. Defining and modeling resource transportation that can accommodate various types

of resources (divisible, indivisible, packets, etc.) and considers different storage

types (uniform, compartmental) and capacities for agents.

3. Defining Multi-Class Temporal Logic (mcSTL), an extension of STL that considers

predicates from multiple semantic classes. We also define a multi-robustness score
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that enables quantification of satisfaction for each predicate class.

4. Applying the multi-robustness mcSTL in the context of CaTL to independently com-

pute the robustness of robots and resources.

5. Proposing an efficient MILP-based planning approach that captures the CaTL spec-

ification, robots and resources dynamics, and transportation constraints. The MILP

aims to maximize disjoint robots’ and resources’ robustness while minimizing spu-

rious motion.

6. Evaluating the performance of the planning approach on construction scenarios to

gain insights into the problem’s characteristics and practical application.

3.3.2 Literature Review

Temporal logics have witnessed success in the domain of high-level planning for robotics,

from single-agent systems [6, 10] and, increasingly, in multi-agent systems [62, 64, 47,

122], including scenarios involving heterogeneous teams [142]. One of the most predom-

inant temporal logic formalisms is Linear Temporal Logic which traditionally embraced

automata theory as the primary paradigm [37, 93, 6, 10, 58, 78, 5, 159, 118]. However, ap-

plying automata-based methodologies in multi-robot scenarios introduces substantial chal-

lenges related to scalability and computational complexity, primarily owing to the requisite

computation of automata products. Other works have considered a decomposition of tasks

to allocate to single agents so that, by the composition of all agents, the satisfaction of the

mission is guaranteed [158, 176]. Also, there is promising work on avoiding the need for

automata products by incorporating fixed Petri nets approaches [72, 92, 85, 105]. Nonethe-

less, handling large numbers of agents is still a challenge since the problem and its variants

are NP-hard.

To alleviate these challenges, recent approaches have shifted their focus towards Mixed-

Integer Linear Programs (MILP), benefitting from advancements in solution techniques and
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leveraging optimized off-the-shelf tools like Gurobi [66]. This transition has proven effec-

tive, enabling MILP to handle a significantly larger number of variables and constraints

with reasonable computational resources. Existing works adopting MILP strategies for

multi-robot systems planning, particularly when subject to Signal Temporal Logic (STL)

specifications, are evident in the literature [150, 30, 21, 104, 20, 177, 146, 32], one of their

main advantage is that they are complete, i.e., if there exists a solution it will be found.

Compared to Linear Temporal Logic (LTL), Signal Temporal Logic (STL) allows for the

explicit definition of time, which enhances the expressiveness of the mission by enabling

the inclusion of timing constraints. However, existing STL methods focus on computing

a solution by maximizing a single robustness score, even when predicates may belong to

semantically different classes. In contrast, our research proposes a new approach by using

a multi-robustness strategy for multi-class Signal Temporal Logic (mcSTL). This unique

method allows us to formulate a multi-predicate class within the CaTL language, where the

robustness of both resources and robots is maximized simultaneously but independently.

In high-level planning for multi-robot systems, besides the mission specification, the

abstraction of the environment is crucial for handling the complexity of the problem. Al-

locating heterogeneous agents and resources to tasks with temporal logic constraints is a

difficult problem known to be NP-hard. Previous works have explored the use of Petri nets

and graph-based models to tackle this problem [72, 92, 85, 105]. Other works have consid-

ered occupancy grids [151, 14], cell decomposition maps [11, 41], or Voronoi tessellation

approaches [119, 60]. However, our approach incorporates dynamics efficiently by impos-

ing flow dynamic constraints over a transition system and strategically abstracting agents

and resources. We define the joint state of the team as the count of agents with each capa-

bility and resource in each region at a given time. This abstraction model, combined with

the use of the robot and resource routing flows problem approach, enhances the efficiency

and scalability of our approach.

Some of the works closely related to our approach are [136, 135], which have incor-
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porated censusSTL [168] into (cLTL+) to enable agent or capability counting in abstracted

time specifications. However, these works have not accounted for tasks involving robots

and resource constraints. Related works considering capabilities and resource constraints

in heterogeneous multi-robot systems are [142, 65]. More specifically, in [65], authors

consider agents capable of gathering data, receiving, and uploading via buffers, defining in

this way a resource transportation. Still, both use LTL language to express mission speci-

fications, lacking the expressivity to account for time explicitly. The concept of resources

is presented dually in the paper [142]. Firstly, it involves incorporating a proposition in

LTL format, which is expressed as (ς > µ), where ς denotes a specific resource, such as the

battery power of a robot, while µ sets the threshold. Secondly, regions in the environment

are labeled as either true or false, and their state is updated based on the actions taken in

an automaton that captures resource constraints. In contrast, we expand on the notion of

resource planning by considering divisible and indivisible types. Also, robots might have

different storage types (compartmental and uniform) and adjustable storage capacity. Our

proposed planning model does not include unnecessary binary variables for routing the

resources while robots move in the environment.

3.3.3 Problem Formulation

Here, we define the route planning problem for heterogeneous teams of robots performing

missions specified as Capability Temporal Logic formulae (CaTL) [75, 95]. We extend

CaTL to account for the capabilities and resources required to fulfill tasks. Additionally,

we extend the agent model with various resource transportation modalities and capacities.

Finally, we conclude the section with the optimal route planning problem under capability

temporal logic task and resource constraints.

The following example motivates the problem class we consider in this section, where

resources are required at locations of interest in the environment to perform tasks by agents

with heterogeneous task and transportation capabilities.
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Example 3.3.1. Consider an environment with areas q1, q3, q5, q6, q9 under construction

and warehouses at q2, q4, q7, q8. A fleet of ground-based robots with different capabilities,

such as bricklaying, digging, sample extraction, video surveillance, and structure inspec-

tion, is deployed to assist in the construction areas. Each robot has a combination of task

capabilities defining a robot class (e.g., a robot can have the capabilities of bricklaying and

digging) and transportation. Each robot class has a storage capacity to transport resources

such as sand, water, bricks, and wooden beams from warehouses to construction areas. As

usual in a construction area, not all capabilities or resources are needed simultaneously

and change daily depending on the progress of construction. An example of a list of tasks

the robots need to perform during a workday is given in List 1.

LIST 1 Example list of construction tasks requiring capabilities and resources.

1. From deployment to the end of the day, one video surveillance is required at every
construction area.

2. Within 1 to 6 hours after deployment, digging is required for 2 hours and 2 wooden
beams in every construction area.

3. Within 4 and 12 hours after deployment, structure inspection is required in every
construction area for 1 hour. Afterward, 10 kg of sand and 10 liters of water are
required for foundation-laying tasks.

4. Within 12 hours after deployment to the end of the day, 2 bricklaying and 200 bricks
are required for 6 hours at every construction area.

Based on this example, we introduce the environment, capabilities, resources, and robot

models.

Environment, Agent, and Resource Models

Consider a team of heterogeneous agents deployed in a bounded environment Env =

(Q,E ,W), where Q is a finite set of locations of interest (states), E ⊆ Q × Q is the set

capturing the possible transitions between locations, and W ∶ E → Z≥1 maps each transition
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to its travel duration. We assume that time is discretized, and all weights W(E) are integer

multiples of a discretization time ∆t > 0. States are labeled with atomic propositions from

a set AP . The labeling function is denoted by L ∶ Q → 2AP . An agent stationary at q ∈ Q

is modeled as a unit-weight self-transition, i.e., (q, q) ∈ E for all q ∈ Q, andW((q, q)) = 1.

We consider heterogeneous agents with varying capabilities for performing tasks and

transporting resources. The finite set of agents is denoted by J with tasks capabilities

from the finite set C. Continuing Example 3.3.1, the capabilities of a robot may include

bricklaying, digging, sample extraction, video surveillance, and structure inspection using

ultrasound sensors. The capability set of agent j ∈ J is cj ⊆ C, and defines the agent’s class

g = cj . The set of all agent classes is G ⊆ 2C .

We also consider that each agent is capable of transporting resources. Consider the

finite set of resources H. Resources can be divisible (e.g., sand, water, fuel) or indivisible

(e.g., bricks, wooden beams, solar panels). We consider multiple resource storage modes

for transportation, uniform storage and compartmental storage. In the uniform storage

case, agents’ storage can hold all resource types and is characterized by a maximum trans-

portation capacity Ωg > 0 for each agent class g ∈ G. For example, the trunk of a car can

hold various resources such as bags, tools, and construction materials. In the compartmen-

tal storage case, each resource h ∈ H has its own compartment with a given maximum

transportation capacity Ωh,g ≥ 0 in the agents’ storage, g ∈ G. In this case, we denote the set

of agent classes that can transport resource h ∈ H by Gh = {g ∈ G ∣ Ωh,g > 0}. For example,

the reservoir of a car can only hold fuel; Robots for science missions have limited unique

storage slots for samples collected from the environment.

Remark 3.3.1. The proposed modeling framework and solution can accommodate a mix-

ture of storage modes. For simplicity, we only consider the extreme cases of uniform (sin-

gle storage for all resources), and compartmental (specialized storage for each resource)

storage in the problem formulation and solution description. In Sec. 3.3.8, we show how

to generalize and adapt the algorithms for custom storage configurations. Moreover, we
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consider storage defined by agent classes for performance reasons. However, we can ac-

commodate cases of agents with the same capability sets but distinct storage, as discussed

in Sec. 3.3.8.

Each agent, j ∈ J , is characterized by its initial state q0,j ∈ Q, and capability set cj gives

its class. The trajectory of an agent j in environment Env is defined as sj ∶ Z≥0 → Q ∪ E

such that sj(t) is the state occupied or transition traversed by agent j at time t ∈ Z≥0, and

every agent starts at the initial state sj(0) = q0,j . The synchronous trajectory of a set of

agents J is sJ ∶ Z≥0 → (Q ∪ E)∣J ∣. The number of agents at state q ∈ Q with capability

c ∈ C at time t ∈ Z≥0 is

nq,c(t) = ∣{j ∈ J ∣ q = sj(t), c = cj}∣.
Similarly, the trajectory (distribution) of resource h ∈ H over the environment is bh ∶

Z≥0 × (Q ∪ E) → R≥0. Note that for indivisible resources bh ∈ Z≥0. The initial distribution

of resources, bh(0,Q) for all h ∈H, is given, and we assume that all resources are at states,

i.e., bh(0, e) = 0 for all e ∈ E . The trajectory of all resources is denoted by bH.

For simplicity, we enforce that agents pick up, drop off, and transfer resources between

themselves only at states q ∈ Q. A transportation plan for agents J with respect to their

trajectory sJ is a set of assignmentsmj ∶ Z≥0×H → R≥0 that define the quantity of resource

h ∈ H associated with agent j ∈ J at time t ∈ Z≥0. We impose mj(t, h) = 0 for all h ∈ H

whenever sj(t) ∈ Q which captures pick-up, drop-off, and transfer of resources in a unified

way, and may not correspond to physical operations (e.g., a robot that passes through a state

q ∈ Q does not need to drop off and pick up the resources it is carrying). A transportation

plan is feasible if the transportation capacity of agent j is satisfied at all times,

mj(t, h) ≤ Ωh,g,∀h ∈H, ∀t ≥ 0 (compartmental),

∑
h∈H

mj(t, h) ≤ Ωg, ∀t ≥ 0 (uniform).
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Now that we have introduced the environment, agents, capabilities, and resources mod-

els, we are ready to introduce CaTL with task and resource constraints.

Capability Temporal Logic with Resource Constraints

We extend the Capability Temporal Logic (CaTL) 4 Specification language from [75] to

account for resource constraints when performing tasks. The core units of CaTL are tasks

that capture the required number of agents with each capability required in a location of

interest. We extend the task definition to specify required resource quantities as follows

Definition 3.3.1. A task is a tuple T = (d, π, cp, rs), where d ∈ Z≥1 is a discrete duration

of time (i.e., multiple time steps ∆t), π ∈ AP is an atomic proposition, cp ∶ C → Z≥0 and

rs ∶H → R≥0 are counting maps specifying how many agents with each capability and how

many resources of each type should be in each region labeled π, respectively. Note that for

divisible resources rs(h) ∈ R≥0, while for indivisible ones rs(h) ∈ Z≥0.

A capability c not required to perform task T is defined by cp(c) = 0. Similarly, rs(h) =
0 indicates that h is not required to perform T . We denote the set of capabilities and

resources necessary for a task T by cpT = {c ∈ Cap ∣ cp(c) > 0}, and rsT = {h ∈ H ∣
rs(h) > 0}, respectively.

Definition 3.3.2. The syntax of CaTL [75] is a fragment of STL described in (2.2). The

CaTL syntax in Backus-Naur form is

ϕ ∶∶= T ∣ ϕ1 ∧ ϕ2 ∣ ϕ1 ∨ ϕ2 ∣ ϕ1UIϕ2 ∣ ♢Iϕ ∣ ◻Iϕ

where ϕ is a CaTL formula, T is a task containing capability and resource constraints,

∧ and ∨ are the Boolean conjunction and disjunction operators, UI , ♢I , and ◻I are the

time-bounded until, eventually, and always operators, respectively.

4We have decided not to introduce a new name for the extension of CaTL with resources. Instead, through-
out the paper, when we refer to CaTL, we mean the version defined in this section.
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Example 3.3.2 ((Continuation of Example 3.3.1)). Thus, the mission described in List 1

can now be expressed as

ϕ = ◻[0,24]T1 ∧ ♢[1,6]T2 ∧ ♢[4,12]T3 ∧ ♢[12,24]T4,

with the set of tasks defined as follows

T1 =(1, πcons,{(Struct.Insp.,1)},∅),
T2 =(2, πcons,{(Digging,1)},{(woodbeams,2)}),
T3 =(1, πcons,{(Struct.Insp.,1)},{(sand,10), (water,10)}),
T4 =(6, πcons,{(bricklaying,2)},{(bricks,200)}),

where πcons ∈ AP , captures all regions under construction L−1(πcons) = q1, q3, q5, q6, q9.
Remark 3.3.2. As in [75], CaTL does not include negation since the negation of tasks does

not have a well-defined meaning. This is feasible because any STL formula can be put in

its positive normal form [133], and CaTL is a fragment of STL.

Definition 3.3.3. The Boolean (qualitative) semantics of CaTL are defined over trajectories

sJ of agents and bH of resources. At time t, satisfaction of a task T is defined by

(sJ , bH, t) ⊧ T ⇔ ∀τ ∈ [t .. t + d],∀q ∈ L−1(π),∀c ∈ cpT ,∀h ∈ rsT ,
nq,c(τ) ≥ cp(c) ∧ bh(t, q) ≥ rs(h) .

The Boolean and temporal operators’ semantics are the same as for STL, (2.3). A pair

of team and resource trajectories satisfy a CaTL formula ϕ, denoted (sJ , bH, t) ⊧ ϕ if

(sJ , bH,0) ⊧ ϕ.

Tasks require resources only at the time of satisfaction, unlike agents required through-

out their duration. Resources associated with a task T are consumed when T is satisfied
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and disappear from the environment in the next time step in the amount rs(h) required by

T , for all h ∈ rsT . However, we must ensure that concurrent tasks using the same resource

type at overlapping locations do not exceed the total resources available at these locations.

In such a case, not all tasks requiring the same resource can be satisfied simultaneously.

We refer to this property as the cross-consumption constraint.

Next, we review the agent availability robustness from [75], and propose a counterpart

for resources.

Definition 3.3.4 (Agent Availability Robustness [75]). The agent availability robustness of

a task is defined as

ρa(sJ , T, t) = min
c∈cpT

min
t′∈[t..t+d]

min
q∈L−1(π)

nq,c(t′) − cp(c). (3.19)

For Boolean and temporal operators, robustness is defined recursively as for STL, (2.4).

The agent availability robustness of a task captures the deviation from the number of

agents needed to perform the task over its duration, capabilities involved, and locations

spanned. Positive values indicate the maximum number of arbitrary agents whose failure

leads to failing the task. We compute ρa based only on the agents’ trajectory sJ .

We propose resource availability defined similarly.

Definition 3.3.5 (Resource Availability Robustness). The resource availability robustness

of a task is defined as

ρh(bH, T, t) = min
h∈rsT

min
q∈L−1(π)

bh(t, q) − rs(h). (3.20)

Again, for Boolean and temporal operators, robustness is defined recursively as for STL,

(2.4).

Resource robustness captures the surplus and shortage of resources required to satisfy

a task and is computed only from the resource trajectory bH.
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Problem Statement

Before we state the problem, let us explain how the agents’ trajectories with resource trajec-

tories are linked. We say that a resource trajectory bH is consistent with agents’ trajectory

sJ if a feasible transportation plan exists for all agents j ∈ J with respect to sJ that in-

duces bH. Specifically, resource quantities at states and transition at each time step result

from agents carrying them via some transportation plan. We can now formally introduce

the problem as follows.

Problem 3.3.1. Given a set of agents J with initial states q0,j , capabilities cj ⊆ C deployed

in environment Env with initial resources distribution bH(0,Q), and CaTL specification ϕ,

find trajectories sj and bh for agents and resources such that (sJ , bH) ⊧ ϕ, bH is consistent

with sJ , bH satisfies the cross-consumption constraint at all times, and the robustness score

F = ρa(sJ , ϕ,0) + γ ⋅ ρh(bH, ϕ,0), (3.21)

is maximized, where γ ∈ R>0 is a positive constant value.

Pb. 3.3.1 captures the goal of using a fleet of heterogeneous robots (agent classes de-

fined by the set of capabilities) to satisfy CaTL tasks considering capabilities, resources,

and logical and temporal constraints. Note that instead of routing resources and enforcing

correspondence between agents and resources, we want to exploit the constraint that the

transportation plan (flows of resources) has to follow agents’ trajectory (flows of agents).

Thus, we avoid introducing complex agent-resource assignment constraints. The robust-

ness score F corresponds to finding a plan that maximizes the number of robots with spe-

cific capabilities and the number of resources available at locations asked in a specification.

Pb. 3.3.1 is solved by encoding the models as a Mixed Integer Linear Program (MILP).

This allows us to use off-the-shelf solvers that are orders of magnitude faster than standard

automata-based approaches. We show the encodings in Sec. 3.3.7.
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Note that for STL specifications, a positive robustness guarantees Boolean satisfaction

(Soundness, Thm. 2.1.1). However, here we work with multiple robustness variables, such

as agent and resource availability, which means that a positive result to the weighted ad-

dition of ρa and ρh in (3.21) does not guarantee the satisfaction of a CaTL specification

formula (an example and formal results are presented in Sec. 3.3.9). Furthermore, in the

syntax of STL presented in Sec. 2.1, there is no distinction when computing the robust-

ness of the STL specification formula that uses multiple predicate classes. To address this

issue, in the next section, we introduce a semantic extension of STL called Multi-class

STL (mcSTL). mcSTL can handle multiple predicate classes and compute their respective

robustness scores.

3.3.4 Multi-robustness for STL Specifications with Disjoint Predicate

Classes

The standard robustness score (2.4) for STL specifications considers that all predicates (ς =

si ∼ µ) are the same, belong to the same class [133, 91, 110, 130]. Thus, even when signal

components have different meanings, the robustness score (2.4) treats them all the same and

combines them into a single number. However, application settings may consider multiple

robustness scores from the same specification, e.g., in Pb. 3.3.1, we consider capability

and resource predicates stemming from semantically disjoint variables. To capture this, we

introduce the multi-robustness semantics of an STL specification, which generalizes the

standard quantitative semantics to multiple predicate classes. The definition follows for

CaTL since it is a fragment of STL. Throughout the paper, we assume that STL formulas

are in PNF form.

Definition 3.3.6 (Multi-robustness for Multi-Class STL). A Multi-Class STL (mcSTL) for-

mula is a tuple ψ = (ϕ,Σ,L), where ϕ is an STL formula, Σ is a set of predicate classes,

L ∶P(ϕ)→ Σ is a function that maps each predicate ς ∈P(ϕ) to its predicate class σ ∈ Σ,
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Figure 3.3.3: Ex. 3.3.3: Four different solution trajectories for φex1 , φex3 , φex3 , and φex4 .

Figure 3.3.4: Ex. 3.3.3: AST for φex1 , φex2 , φex3 , and φex4 .

and P(ϕ) is the set of predicates of ϕ. The multi-robustness score ρσ with respect to class

σ of a predicate ς = si ≥ 0 is

ρσ(s, ϕ, t) ∶∶=
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

ς(si(t)), ϕ = ς, L(ς) = σ,
∅, ϕ = ς, L(ς) ≠ σ, (3.22)

where s is a signal. The robustness of temporal and logical operators 5 are computed in the

same manner as in (2.4). When ∅ is encountered in a computation, the operand is ignored,

i.e., a⊗∅ = a, ∅⊗∅ = ∅, and −∅ = ∅ where a ∈ R and ⊗ ∈ {min,max}.
Note that ρσ(s, ϕ,0) = ∅ if and only if predicates from the class σ do not appear in ϕ,

i.e., L−1(σ) = ∅.

In the following, we show that the classes’ robustness are novel scores ρσ, σ ∈ Σ, that

capture different aspects of satisfaction and violation than the overall robustness.

5For brevity, we identify the mcSTL formula ψ with its STL formula φ when the classes and labeling
functions are clear from context.

121



Example 3.3.3. Consider the following STL specifications ϕex1 = ◻[1,2](ς1 ∧ ς2), ϕex2 =

♢[1,2](ς1 ∨ ς2), ϕex3 = ♢[0,1](ς1 ∧ ς2), and ϕex4 = ◻[0,1](ς1 ∨ ς2). with ς1 = sx > 0, ς2 = sy > 0,

ς1 ∈ σ1, ς2 ∈ σ2 and Σ = {σ1, σ2}. The three specifications’ abstract syntax trees (AST)

are shown in Fig. 3.3.4. The following formulas give the robustness scores for the three

specifications and a signal s:

ρ(s, ϕex1 ,0) =min{min{sx(1), sy(1)},min{sx(2), sy(2)}},
ρ(s, ϕex2 ,0) =max{max{sx(1), sy(1)},max{sx(2), sy(2)}},
ρ(s, ϕex3 ,0) =max{min{sx(0), sy(0)},min{sx(1), sy(1)}},
ρ(s, ϕex4 ,0) =min{max{sx(0), sy(0)},max{sx(1), sy(1)}}.

We obtain the robustness scores for σ1 and σ2 by replacing sx(t) and sy(t) for t ∈ 1,2

with ∅, respectively. For example, ρσ1(s, ϕex1 ,0) = min{min{sx(1),∅},min{sx(2),∅}} =
min{sx(1), sx(2)}.

Consider the blue, green, and orange trajectories in Fig. 3.3.3. The overall and class

robustness scores computed using (2.4) and (3.22), respectively, are given in Table 3.2.

Table 3.2: STL robustness scores for the overall formula and for classes σ1 and σ2.

Signal ϕ ρ ρσ1 ρσ2
sblue ϕex1 1 1 1
sgreen ϕex1 -0.5 0.5 -0.5
sorange ϕex1 -1 -1 -1
sblue ϕex2 1 1 1
sgreen ϕex2 0.5 0.5 -0.5
sorange ϕex2 -1 -1 -1
spurple ϕex3 -0.5 1 0.5
−spurple ϕex4 0.5 -1 -0.5

Positive overall robustness does not imply that any class robustness score needs to be

positive. The counter-examples at lines 5 and 8 of Table 3.2 illustrate cases with 1 and

2 negative class robustness scores and positive overall robustness, respectively. Similarly,

negative overall robustness provides no information on the class scores. Counter-examples
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at lines 2, 3, and 7 of Table 3.2 have negative overall robustness, but 1, 2, and 0 have

negative class robustness scores, respectively.

As shown in Ex. 3.3.3, there is no relation between the signs of the multi-robustness

values for mcSTL and the sign of the overall robustness. Thus, there is no direct soundness

property stemming from multi-robustness. The combination of min and max operators

from Boolean and temporal operators hinders the consistency when predicate classes are

modulated. To address this inconsistency, we introduce a fragment of STL called class-

complete mcSTL (mcSTL∗), defined as follows.

Definition 3.3.7 (Class-complete mcSTL). A class-complete mcSTL (mcSTL∗) is an mcSTL

formula ψ = (ϕ,Σ,L) that has the following properties. For all ς ∈P(ϕ)

(1)paϕ(ς) = ∧,
(2)∀σ′ ∈ Σ ∖ {L(ς)}, ∃ς ′ such that, L(ς ′) = σ′, and ς ′ ∈ chϕ(paϕ(ς)),

where paϕ(ϕ′) and chϕ(ϕ′) return the parent and children formulas of ϕ′ based on the AST

of ϕ, respectively.

The two properties of mcSTL∗ mean that every predicate ς ∈ P(ϕ) has a conjunction

operator as its parent, and has sibling predicates from all predicate classes. When comput-

ing (3.22) over an mcSTL∗ specification ψ, a consistency property exists that relates class

robustness to the overall specification robustness.

Theorem 3.3.1 (mcSTL∗ Multi-robustness consistency). Let s be a signal andψ = (ϕ,Σ,L)
an mcSTL∗ formula with predicate set P(ϕ) ≠ ∅ from classes Σ. The following property

holds for all t ≥ 0 and σ ∈ Σ

ρσ(s, ϕ, t) ≥ ρ(s, ϕ, t).
The proof of Thm. 3.3.1 is in Appendix 3.3.6.
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Corollary 3.3.1. Under the same setting as in Thm. 3.3.1 and ρ(s, ϕ, t) > 0, it follows that

ρσ(s, ϕ, t) > 0 for all σ ∈ Σ.

Cor. 3.3.1 implies the necessary condition that all robustness class values ρσ(s, ϕ,0)
are positive for the overall robustness ρ(s, ϕ,0) to be positive. However, it is not sufficient.

3.3.5 mcSTL and mcSTL∗ Discussion about Limitations and Connec-

tions

Here, we discuss the connections and limitations of all temporal logic formalisms intro-

duced in this section: STL, CaTL, mcSTL, and mcSTL∗. STL is a powerful language that

enables users to reason about continuous signals while abiding by logical and temporal

constraints. It allows for incorporating multiple signal components and the computation of

both qualitative and quantitative semantics. The qualitative semantics defined in (2.3) deter-

mine whether operators are satisfied or violated, while the quantitative semantics determine

the degree of satisfaction as defined in (2.4). Furthermore, STL has been shown to possess

soundness properties about its quantitative semantics, as demonstrated in Thm. 2.1.1. This

theorem establishes a connection between an STL formula’s satisfaction and its robustness

score being greater than zero. However, when considering semantically unrelated predi-

cates on a single specification, it amalgamates all predicate categories to calculate a single

robustness score, which may not be ideal. For instance, consider predicates that pertain

to the position and velocity of a vehicle and establish a specification that encompasses the

car’s safety regulations. It becomes imperative to determine if the vehicle’s position is

in proximity to violating safety standards and colliding with other vehicles, regardless of

whether it abides by speed rules. If the velocity margin satisfaction is significantly larger,

it could mask the potential danger of violating position rules when calculating the overall

robustness score.

Motivated by computing robustness scores over a single specification that contains
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Figure 3.3.5: Set of expressivity definition of STL, CaTL, mcSTL, and mcSTL∗.

multiple classes of predicates that are semantically disjoint between them, we have de-

fined a semantic extension called multi-class Signal Temporal Logic (mcSTL), therefore,

STL ⊆ mcSTL. Nevertheless, even though we can now define multiple types of predi-

cates σ ∈ Σ over the same specification, their individual robustness class ρσ(s, ϕ, t) and

overall robustness scores ρ(s, ϕ, t) have not an evident correlation in their signs as shown

in Table 3.2. The combination of min and max operators hinders the consistency of the

signs when signals are modulated, making it difficult to determine the overall satisfaction

of the specification. This poses a considerable limitation of this semantic extension on

determining satisfaction without extensive bookkeeping of variables.

We define class-complete multi-class Signal Temporal Logic (mcSTL∗) to address this

inconsistency with mcSTL∗ ⊆mcSTL. mcSTL∗ requires that every predicate in the spec-

ification has as parent node a conjunction operator and all other classes existing as siblings.

Consider, as an example, specifications ϕex1 = ◻[1,2](ς1 ∧ ς2) and ϕex3 = ♢[0,1](ς1 ∧ ς2) in

Ex. 3.3.3, where Σ = {σ1, σ2} with σ1 = {ς1} and σ2 = {ς2}. For this type of specifica-

tion, we have that all robustness classes have to be positive for the overall robustness to

be positive, implying that the specification will be satisfied only if all individual classes

are satisfied, as shown in Th. 3.3.1 and Cor. 3.3.1. Nonetheless, mcSTL∗’s most signif-
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icant limitation is its definition, requiring applications involving all predicate classes in

conjunction whenever we want to define predicate properties in the specification.

In contrast to all other temporal logic formalisms discussed, CaTL allows us to give

meaning to predicates for the number of agents and amount of resources. Note that the

resource and agent availability problem studied in this section is just a particular case of

the multi-robustness for mcSTL∗. The definition of a CaTL task in Def. 3.3.3 includes

the predicate classes in conjunction, in accordance with the mcSTL∗ properties. We have

Σ = {σa, σh}, where σa defines the agents’ class of predicates and σh the resources class

of predicates. Allowing the linear combination computation of the robustness of differ-

ent predicate classes such as agents’ availability ρa(sJ , ϕ,0) and resources availability

ρh(bH, ϕ,0) shown in (3.21).

Therefore, some of the relations and properties of CaTL, STL, mcSTL∗, and mcSTL

are shown in Fig. 3.3.5 and Table 3.3.

Table 3.3: Properties hold for every semantic extension or fragment of STL discussed in this section.

CaTL STL mcSTL∗ mcSTL
Logical operators ✓ ✓ ✓ ✓

Temporal operators ✓ ✓ ✓ ✓

Robustness ✓ ✓ ✓ ✓

Multi-class ✓ ✗ ✓ ✓

Tasks ✓ ✗ ✗ ✗

Multi-robustness
consistency

✓ NA ✓ ✗

We have defined a framework that allows us to handle specifications with multiple

predicate classes and have mission satisfaction guarantees on their individual robustness

computation being greater than zero. In the next section, we translate the problem formu-

lation described in Sec. 3.3.3 into its corresponding MILP encoding. This enables us to

compute agent and resource trajectories that satisfy the CaTL specification and dynamics

constraints.
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3.3.6 Proof of Theorem 3.3.1

Before we start the main argument of the proof, we show a general lemma on the mono-

tonicity of evaluating mcSTL∗ formulas. For this, we define an evaluation tree based on

the AST. Formally, an evaluation tree (ET) is a tuple T = (op,Ch = {Tch}ch), where

op ∈ {min,max,nop}, nop denotes no operation, and Ch is a list of children’s evaluation

trees. A leaf node is one where Ch = ∅ and op = nop, while an intermediate node has

children ETs (Ch ≠ ∅) and op ∈ {min,max}. Let S(T ) denote the list of leafs of T .

Given an AST of a mcSTL∗ formula ψ, we construct the ET T as follows: (a) a terminal

conjunction node, which has only predicates as operands, is translated to a leaf node, (b)

non-terminal conjunction and disjunction nodes are translated to intermediate nodes with

children ETs corresponding to its operands and op = min and op = max, respectively,

(c) always and eventually, nodes are translated to nodes with children for each time point

in their associated time window and op = min and op = max, respectively, and (d) until

operators are translated as a combination of the previous two rules. Essentially, ETs capture

the recursive evaluation process of the robustness scores in (2.4) and Def. 3.3.6.

Let ν ∶ S(T ) → R be an valuation for the leafs of ET T . We define the tree evaluation

η(T , ν) by

η(T , ν) =
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
op(T1, . . . ,T∣Ch∣), Tℓ ∈ Ch ≠ ∅,
ν(T ), otherwise.

(3.23)

Lemma 3.3.1. Let T be an ET and ν and ν′ two leaf valuations. If ν′(ς) ≥ ν(ς) for all

ς ∈ S(T ), then η(T , ν′) ≥ η(T , ν).
Proof. The proof follows by structural induction over ET T .

Base case: Let T = (nop,∅) be a leaf node. We have η(T , ν′) = ν′(T ) ≥ ν(T ) = η(T , ν).
Induction step: Let T = (op,Ch) be a tree with children, i.e., Ch ≠ ∅. In case op = min,

we have that η(T , ν) = minTch∈Ch{η(Tch, ν)}. By the induction hypothesis, it follows that

η(Tch, ν′) ≥ η(Tch, ν) for all Tch ∈ Ch. Finally, we have η(T , ν′) =minTch∈Ch{η(Tch, ν′)} ≥
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minTch∈Ch{η(Tch, ν)} = η(T , ν). The case op =max follows similarly.

Proof of Theorem 3.3.1.

Proof. Let Tϕ be the ET of mcSTL∗ formula ϕ, and s be a signal such that ρ(s, ϕ, t) > 0.

We define ET valuation νϕ ∶ S(Tϕ) → R such that νϕ(T ) = minς∈chϕ(ϕT ) ρ(s, ς, tT ),
where (tT , ϕT ) is the time-formula pair associated with ET leaf node T . By construction,

each T ∈ S(ϕ) corresponds to a terminal conjunction whose operands are predicates cov-

ering all predicate classes Σ. Thus, the tree evaluation captures the robustness computation

for signal s with respect to ϕ at time t. Formally η(Tϕ, ν) = ρ(s, ϕ, t). Similarly, we de-

fine ET valuation νϕ,σ ∶ S(Tϕ) → R such that νϕ(T ) = minς∈chϕ(ϕT ) ρσ(s, ς, tT ). The tree

evaluation using νϕ,σ captures the robustness score with respect to predicate class σ ∈ Σ.

Formally, η(Tϕ, νϕ,σ) = ρσ(s, ϕ, t),∀σ ∈ Σ.

Since all terminal conjunctions have predicates from all classes as operands, their ro-

bustness with respect to any class is defined, i.e., not equal to ∅. It follows that νϕ,σ(T ) =
minς∈chσ

ϕ
(ϕT ) ρ(s, ς, tT ) ≥ minς∈chϕ(ϕT ) ρ(s, ς, tT ) = νϕ(T ) since chσϕ(T ) ⊂ chϕ(T ) for all

T ∈ S(Tϕ) and σ ∈ Σ, where chσϕ(T ) = {ς ∈ chϕ(T ) ∣ L(ς) = σ}. Thus, by Lemma 3.3.1

we have ρσ(s, ϕ, t) = η(Tϕ, νϕ,σ) ≥ η(Tϕ, νϕ) = ρ(s, ϕ, t) which concludes the proof.

3.3.7 Mixed Integer Linear Programming Encoding

This section describes the encoding of agents’ and resource dynamics, CaTL specifications

defined in Sec. 3.3.3 as a MILP. We formulate Pb. 3.3.1 using these variables and define

an objective function that captures the desired behavior of the robot fleet, maximizing the

robot availability and resource availability robustness while minimizing the total travel time

of robots and resources.

128



Agents’ Dynamics Encoding

We introduce agent class decision variables for all states and edges in the environmentEnv

over the planning time horizon K = ∥ϕ∥ as in (2.5) to encode agent dynamics.

Let zq,g,k ∈ Z≥0 represent the number of agents of class g ∈ G at time k = ∆t at state

q ∈ Q, and ue,g,k ∈ Z≥0 the number of agents of class g ∈ G entering edge e ∈ E at time k, for

all k ∈ [0..K]. Then the agents’ dynamics [75] for all q ∈ Q, g ∈ G, k ∈ [0..K] is captured

as follows

zq,g,0 = ∣{j ∈ J ∣ q0,j = q, cj = g}∣, (3.24)

zq,g,k = ∑
(q′,q)∈E

u(q′,q),g,k−W((q′,q)), (3.25)

∑
(q,q′)∈E

u(q,q′),g,k = ∑
(q′,q)∈E

u(q′,q),g,k−W((q′,q)), (3.26)

where (3.24) captures the initial agent distribution over the environment; specifically, the

number of agents j ∈ J with a capability set cj related to class g at k = 0 present at region

q ∈ Q. Note that the same agent cannot be at two places simultaneously and that no agent

is allowed to be initially at edges E . On the other hand, (3.25) and (3.26) capture the agent

distribution at every time k such that the flow of agents is conserved over the environment

Env at all times. Thus, the number of agents entering a node (q′, q) ∈ E must equal the

number of agents going out (q, q′) ∈ E . This covers the case of agents staying at state q

modeled as taking the self-loop (q, q) ∈ E for a one-time unit.

Resource Dynamics Encoding

Similarly, as for agents’ dynamics, we encode resource dynamics by imposing flow con-

straints using the following variables. Let yq,h,k ∈ H represents the quantity of resource

h ∈ H at time k ∈ [0..K] at state q ∈ Q, and ve,h,k ∈ H represents the quantity of resource

h ∈H entering edge e ∈ E at time k ∈ [0..K]. Note that resources can be divisible H = R≥0,
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indivisible H = Z≥0, or binary H = B. Lastly, let Cq,h,k be the cross-consumption constraint,

which ensures that the same resource is not used more than once in case different tasks ask

for the same resource simultaneously and at the same location. Then resource dynamics

for all q ∈ Q, h ∈H, and k ∈ [0..K], is encoded as follows

yq,h,0 = bH(0, q), (3.27)

yq,h,k = ∑
(q′,q)∈E

v(q′,q),h,k−W((q′,q)), (3.28)

Cq,h,k + ∑
(q,q′)∈E

v(q,q′),h,k = ∑
(q′,q)∈E

v(q′,q),h,k−W((q′,q)), (3.29)

where (3.27) captures how the resources h ∈ H are distributed over the environment Env

at time k = 0. Similarly, (3.28) and (3.29) represent the resource distribution at every time

step k ∈ [0..K], and impose the conservation of resource flows while considering cross-

consumption constraint (3.38) defined below.

We can now impose the transportation constraints that resources must be carried by

agents using the agent and resource flow variables. These constraints depend on the trans-

portation type, either uniform or compartmental, as described in Sec. 3.3.3. The motion for

all of the resources h ∈H, over every edge e = (q, q′) ∈ E for all k ∈ [0..K], is

ve,h,k ≤ ∑
g∈Gh

Ωh,gue,g,k, (compartmental), (3.30)

∑
h∈H

ve,h,k ≤∑
g∈G

Ωgue,g,k, (uniform), (3.31)

where ue,g,k is the number of agents of class g ∈ G entering edge e ∈ E at time k defined in

Sec. 3.3.7 and Ωh,g, Ωg are the transportation capacities for the compartmental and uniform

cases, respectively. Thus, (3.30) and (3.31) guarantee the total amount of resource h ∈ H

transported by agents do not exceed the maximum capacity that agents can transport based
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on storage capacity and type. Variable ve,h,k is bounded by

ve,h,k =min{∣J ∣ ⋅max
g∈G

Ωg,h,∑
q∈Q

bh(0, q)},

for compartmental transportation, for all h ∈H, and

ve,h,k =min{∣J ∣ ⋅max
g∈G

Ωg,∑
q∈Q

∑
h∈H

bh(0, q)},

for uniform transportation. In the case of package transportation (binary resource), we set

yq,h,k and ve,h,k as binary variables.

Remark 3.3.3. The main insight of the encoding is that we do not need to assign resources

to agents explicitly. We only need to ensure that agents can transport resources along their

routes. Thus, we extract the resource trajectories from resource flows similar to the agent

case, see Sec. 3.3.7 for details. Moreover, no binary and integer auxiliary variables are

required to enforce a satisfiable solution.

CaTL Specification Encoding

We translate the CaTL specification ϕ to be captured into the MILP in three steps.

First, we introduce the variables zπ,q,c,k ∈ R≥0, yπ,q,h,k ∈ R≥0 that capture the amount

of agents with capability c ∈ C and resources h ∈ H at time step k ∈ [0..K] at every state

q ∈ Q using label π ∈ AP . We couple them with the system variables for agents and

resources, zq,g,k and yq,h,k, respectively. The following constraints ensure that capabilities

and resources are not counted more than once in all regions with atomic proposition π
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labeled with L(q)

∑
π∈L(q)

zπ,q,c,k = ∑
g∶c∈G

zq,g,k, (3.32)

∑
π∈L(q)

yπ,q,h,k = yq,h,k. (3.33)

Second, we introduce variables zς(π,c),k ∈ R for agents and yς(π,h),k ∈ R for resources,

coupled with the counting proposition variables (see (3.36) and (3.37) for definitions, re-

spectively). We use these variables to guarantee that the number of agent capabilities and

resources in the regions is at least the amount requested in the counting propositions. We

have

zς(π,c),k ≤ zπ,q,c,k, (3.34)

yς(π,h),k ≤ yπ,q,h,k, (3.35)

for all q ∈ L−1(π), c ∈ C, h ∈H, π ∈ AP , and k ∈ [0..K].
Lastly, we encode the CaTL specification for the satisfaction of tasks by translating

it into an STL specification. This is possible since CaTL is a fragment of STL. CaTL

allows intuitive, compact encodings of tasks, and like STL, it can be efficiently encoded as

a MILP [95, 22, 103, 30] by recursively encoding the specification based on the robustness

definition (2.4). A task T = (d, π, cp, rs) defined as in Def. 3.3.1 is semantically equivalent

to the following STL specification formula

ϕT = ⋀
h∈H

ς(π,h) ∧ ◻[0,d]⋀
c∈C

ς(π, c),
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where ς(π, c) and ς(π,h) are

ς(π, c) = min
q∈L−1(π)

{nq,c} ≥ cp(c), (3.36)

ς(π,h) = min
q∈L−1(π)

{bh(⋅, q)} ≥ rs(h). (3.37)

Therefore, CaTL specification can be fully translated into an STL specification and further

added into the MILP by encoding the operators using (3.22). Satisfaction can be guaranteed

via the binary variable associated with the satisfaction of the overall STL specification [130,

133, 106].

Resources Cross-consumption Encoding

Before introducing the objective function, we define the cross-consumption constraint which

ensures that a resource is used once and immediately consumed in the required amount at

the start of a task’s satisfaction. Let Λ(q) = {T = (d, π, cp, rs) ∣ π ∈ L(q)} be the set

that captures all the tasks that are going to be satisfied at the same location. Resource

cross-consumption is given by

Cq,h,k = ∑
T ∈Λ(q)

rs(h) ⋅ xϕT ,k, (3.38)

where xϕT ,k ∈ B, capture whether or not the task T in the set Λ(q) is satisfied. Thus, the

cross-consumption constraint is

Cq,h,k ≤ yq,h,k, (3.39)

for all q ∈ Q, h ∈ H, k ∈ [0..K]. In other words, (3.39) ensures that the total amount

of resources needed to satisfy multiple tasks in overlapping regions is less or equal to the

number of resources at that location.
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Objective Definition

Here, we formulate Pb. 3.3.1 as an optimization problem (MILP), which can be solved

using any off-the-shelf software tool. In addition to the objective in Pb. 3.3.1, we want

to account for agents’ and resources’ travel time and eliminate inefficient behavior, i.e.,

spurious motion. For instance, agents taking longer paths or transporting resources even

when they are not required to satisfy tasks wastes time and energy. We use regularization

terms based on the weighted total travel times for agents and resources

τu =
K

∑
k=0

∑
g∈G

∑
e=(q,q′)∈E,q≠q′

ue,g,k, (3.40)

γu =
αu

K ⋅ ∣J ∣ , (3.41)

τv =
K

∑
k=0

∑
h∈H

∑
e=(q,q′)∈E,q≠q′

ve,h,k, (3.42)

γv =
αv

K ⋅maxh∑q∈Q bh(0, q) , (3.43)

where αv, αu ∈ [0,1] and τu, τv are the total travel times of the agents and resources moving

along edges in the environment. The weights γu, γv scale the regularization terms to ensure

that agents and resources robustness have higher priority; agent and resource regularization

does not come at the expense of maximizing either agents or resources robustness.

Finally, the overall optimization problem of maximizing agents and resources’ robust-
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ness while minimizing agent and resource traveling time is

max
z,u,y,v

ρa + γρh − γuτu − γvτv,

s.t. (sJ , bH) ⊧ ϕ,
(3.24), (3.25), (3.26), (Agent dynamics),

(3.27), (3.28), (3.29), (Resource dynamics),

(3.30) or (3.31), (Agent resource capacity),

(3.32) − (3.35), (Task satisfaction),

(3.38) and (3.39), (Resources cross-consumption).

(3.44)

Note that the solution to the problem provides us with the counts of agents and amounts

of resources required to meet the mission specification and dynamics constraints. However,

it does not explicitly assign agents for transporting and fulfilling the tasks. To solve this

issue, the next section introduces an algorithm that can be used for agent and resource

assignments.

Agent and Resource Assignments

The outcome of solving (3.44) are zq,g,k, yq,h,k, u(q,q′),g,k, and v(q,q′),h,k capturing the number

of robots of each class g ∈ G and the amount of resource h ∈ H at time k ∈ [0..K] at either

state q ∈ Q or traversing edge (q, q′) ∈ E , respectively. However, these values do not

provide explicit information about the trajectories of individual robots or the assignment

of resources to robots. Therefore, we extend the approach presented in [95] for extracting

individual robot trajectories and assigning resource transportation to robots. The method is

described in the Alg. 4.

The sets UE,G,K = {ue,g,k ∣ e ∈ E , g ∈ G, k ∈ [0..K]}, and VE,H,K = {ve,h,k ∣ e ∈ E , h ∈

H, k ∈ [0..K]} representing the MILP solution are the inputs of the method. Alg. 4 is

executed for each time step, generating a trajectory for each agent and assigning resources
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to agents that fulfill the mission specification ϕ. The trajectory of a robot j is represented

as a sequence of states and edges sj(k) = q0,j . . . (q, q′) . . . qK,j , where k ∈ [0..k] starting

at the initial position sj(0) = q0,j of agent j ∈ J , see Sec. 3.3.3. Let Jq,g,k be the set of

agents of class g ∈ G, at state q ∈ Q, at time k ∈ [0..K]. The transportation assignment of

resource h to agent j at time k is denoted by BH(j, h, k). The procedure initializes each

agent j’s trajectory with its initial state q0,j , and the sets of agents at each state q of class

g at time 0, lines 1-2. For each time step, the algorithm propagates agents from states

onto outgoing transitions (line 4), iteratively computes the agents trajectories (lines 5-7),

recomputes agents at states (line 9), and allocates resources to agents for transportation

(line 10-11). In the first step of the loop, the set of agents at each state q from each class g is

partitioned over the outgoing transitions E+(q) = {(q, q′) ∈ E} using function Part() based

on the agent numbers from the solution UE+(q),g,k, line 4. The trajectories of agents Je,g,k

departing on each outgoing transition e = (q, q′) are extended over the transition’s duration

W(e), lines 5-7. The third step, computes the agents Jq,g,k+1 from each class g arriving

at each state q at time k + 1 as the union over incoming transitions E−(q) = {(q′, q) ∈ E},
line 9.

Finally, we use theAlloc(⋃g∈G Je,g,k, (ve,h,k)h∈H) function to assign resources that must

be transported by agents traveling along edges e ∈ E according to their corresponding

storage type and capacity, lines 10-11, described in Alg. 5.

It formulates a Linear Programming (LP) problem to allocate amount ξj,h ∈ R≥0 of

resources h to be transported by agent j ∈ J according to its storage type and capacity. The

LP’s variables are ξj,h and are created for all agents in the input set J , line 2. Next, we

create the constraints set CS for resource allocation. The first constraint requires the exact

allocation of the amount v(h) for each resource h ∈ H among agents in j, line 3. If the

storage type is uniform, we add the total transportation capacity bound Ωcj for each agent

j, lines 4-5. Conversely, if the storage type is compartmental, we add the capacity bounds

Ωh,cj for each resource h and each agent j, lines 6-7. Finally, we solve the LP and allocate
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Algorithm 4 Robot trajectories and resource transportation assignments.

Require: UE,G,K , VE,H,K
Ensure: SJ , BH

1: sj(0)← q0,j, ∀j ∈ J
2: Jq,g,0 ← { j ∈ J ∣ q = q0,j, g = cj }
3: for k ← 0 to K − 1 do

4: JE+(q),g,k ← Part(Jq,g,k,UE+(q),g,k), ∀q ∈ Q, ∀g ∈ G

5: for each j ∈ Je,g,k, for all q ∈ Q and g ∈ G, where e = (q, q′) do

6: sj((k + 1) . . . (k +W(e) − 1))← e

7: sj(k +W(e))← q′

8: end for

9: Jq,g,k+1 ← ⋃e∈E−(q)Je,g,k+1−W(e), ∀q ∈ Q, ∀g ∈ G
10: for each e ∈ E , and each k′ ∈ {k, k + 1, . . . , k +W (e)} do

11: BH(⋅, ⋅, k′)← Alloc(⋃g∈G Je,g,k, (ve,h,k)h∈H)
12: end for

13: end for

14: return SJ , BH

the amounts of resource ξ∗j,h to agent j, line 9.

Algorithm 5 Resource Assignments – Alloc()
Require: J ⊆ J , V ∶H → R≥0

1: Param: Ωg or Ωh,g, ∀g ∈ G, h ∈H, type
Ensure: (ξ∗j,h)j∈J,h∈H ▷ Amount of h transported by agent j

2: Create ξj,h ∈ R≥0, ∀j ∈ J, h ∈H
3: CS ← {∑j∈J ξj,h = V (h) ∣ h ∈H}
4: if type = ’uniform’ then

5: CS ← CS ∪ {∑h∈H ξj,h ≤ Ωcj ∣ ∀j ∈ J}
6: else if type = ’compartmental’ then

7: CS ← CS ∪ {ξj,h ≤ Ωh,cj ∣ ∀j ∈ J, h ∈H}
8: end if

9: Solve LP: ξ∗j,h = argminξj,h 1 s.t. CS
10: return (ξ∗j,h)j∈J,h∈H

3.3.8 Encoding Generalization

In this section, we show extensions to the solution presented in Sec. 3.3.7, that handle

generalized storage configurations and external resource dynamics, i.e., resource creation
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and destruction during deployment. Moreover, we present an encoding for gradual resource

creation during a task’s satisfaction.

Generalized storage configurations

In Sec. 3.3.7, we showed uniform and compartmental storage setups encodings. How-

ever, robots may have a complex combination of these storage types. See the example in

Fig. 3.3.6.

Let Ha ⊆ H define the storage compartment a ∈ A as the set of resources that it can

store. All resources must be handled, i.e., H = ⋃a∈AHa. Compartmental storage requires

∣Ha∣ = 1 for all a ∈ A, while uniform storage corresponds to ∣A∣ = 1. Let Ωa,g be the total

transportation capacity of compartment a on an agent from class g ∈ G for all resourcesHa.

Next, we consider first the case where resources are stored only in one compartment and

then generalize it to the case of multiple compartments.

Case 1 (Mutually Exclusive): In this case, each resource can be stored only in a sin-

gle compartment. Thus, the compartments are mutually exclusive and partition the set of

resources. Formally, Ha ∩Ha′ = ∅ for all a ≠ a′.

The resource transportation capacity constraints become

∑
h∈Ha

ve,h,k ≤ ∑
g∈Ga

Ωa,gue,g,k, (3.45)

for all e ∈ E , k ∈ [0..K], a ∈ A, where Ga = {g ∣ Ωa,g > 0} is the set of agent classes that

have compartment a ∈ A. The constraints in (3.30) and (3.31) are special cases of (3.45).

Case 2 (Overlapping): When resources can be stored in multiple compartments, we must

track the amount of each resource in each compartment. Let A(h) = {a ∈ A ∣ h ∈ Ha} ≠ ∅
be the set of compartments that can store resource h ∈H.
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Figure 3.3.6: Example of generalization of storage type: a combination of compartmental and
uniform storage.

We introduce variables ve,h′a,k that indicate the amount of resource h in compartment a,

and the constraints

ve,h,k = ∑
a∈A(h)

ve,h′a,k (3.46)

∑
h∈Ha

ve,h′a,k ≤ ∑
g∈Ga

Ωa,gue,g,k (3.47)

for all e ∈ E , k ∈ [0..K], a ∈ A. When ∣A(h)∣ = 1, we have the previous case. Specifi-

cally, (3.46) and (3.47) become ve,h,k = ve,h′a,k and (3.45), respectively.

Generalized creation, destruction, and gradual consumption of resources

The encoding discussed in Sec. 3.3.7 assumes predetermined total amounts for each re-

source. However, resources may be added or removed from the environment by external

processes (e.g., delivery and material loss) or by agents’ actions (e.g., mining). Addition-

ally, when the resources are used to satisfy a task, we consider these to disappear from the

environment at the beginning of a task and are no longer available. However, commonly

resources are consumed gradually by tasks.
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Figure 3.3.7: Solution computed for basic example in Sec. 3.3.9.

Creation and destruction of resources: We consider two cases of creation and destruc-

tion of resources: (a) robot independent that captures external processes, and (b) robot

dependent that requires agent action.

Robot independent: Let us introduce the rates C+
q,h ≥ 0 and C−

q,h ≥ 0 of creation and

destruction for all resources h ∈ H at each state q ∈ Q, respectively. These constants define

external, independent processes that govern resources in the environment. We adjust the

resource flow dynamics in (3.28) to account for the net resource change C+
q,h−C

−
q,h per time

step

yq,h,k =max{ ∑
(q′,q)∈E

v(q′,q),h,k−W((q′,q)) +C
+
q,h −C

−
q,h,0},

where the max ensures resource amounts remain non-negative. The bound on variables

ve,h,k becomes ve,h,k
∗ = ve,h,k + k ⋅∑q∈QC+

q,h. Lastly, the RHS of (3.29) is set to the new

yq,g,k.

Robot dependent: Each robot class g has a rate of creation C+
h,g > 0 and destruction

C−
h,g > 0 of resources h ∈ H. We denote the sets of classes that can create and destroy

resource h by G+h and G−h , respectively. We modify the resource flow constraints (3.28) to
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account for agents’ resource creation and destruction work while stationary at states q

yq,h,k =max{ ∑
(q′,q)∈E

v(q′,q),h,k−W + ∑
g∈G+

h

C+
h,gu(q,q),g,k − ∑

g∈G−
h

C−
h,gu(q,q),g,k,0},

where, again, we use the max operator to disallow negative resource amounts. The bound

of ve,h,k becomes ve,h,k
∗ = ve,h,k + k ⋅ ∣J ∣ ⋅∑g∈G+

h
C+
h,g. As before, the RHS of (3.29) is set to

the new expression of yq,g,k.

Creation of resources on demand: Previously, we have explored situations where re-

sources were either produced or depleted based on the environment or robot. However,

resources may be generated only when and as much as needed for specific tasks. Con-

sider ι+q,k ∈ H+ as a resource creation on demand variable at state q ∈ Q and at time

k ∈ [0..K], where H+ = B if the resource is binary, H+ = [0..C+
q,h,k] if it is indivisible,

and H+ = [0, C+
q,h,k] if it is divisible. The updated resource flow constraint is

yq,h,k = ∑
(q′,q)∈E

v(q′,q),h,k−W + ι+(q,q),h,k,

To avoid the unrestricted creation of resources that may lead to trivial solutions and nu-

merical issues, we incorporate a penalty for creating on-demand resources in the objective

function. The modified optimization function is

J = ρa + γρh − γuτu − γvτv − γc∑
q

∑
k

Pq,k ⋅ ι
+
q,k,

where Pq,k > 0 is the cost for creating a resource at state q ∈ Q at time k ∈ [0..K], and

γc > 0 is a scaling weight.

Gradual consumption of resources: In Sec. 3.3.7, we assumed that resources are con-

sumed when the task starts. However, in some applications, this assumption may not hold.
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For example, resources may be consumed as they are created, which can not be accom-

modated with advanced reservation of resources at the beginning of tasks’ satisfaction. To

address this, we modify the cross-consumption constraint to enable gradual resource con-

sumption during tasks

Cq,h,k = ∑
T ∈Λ(q)

dT

∑
κ=0

xϕT ,(k−κ)
rs(h)
dT

,

dT

∑
κ=0

xϕT ,(k−κ) ≤ 1, ∀k ∈ [0,K − dT ],
where dT is the task’s duration, and κ is an iterator index going from the beginning of the

task to its end.

3.3.9 Analysis and Results

In this section, we examine several case studies that showcase the functionality and perfor-

mance of the framework. First, a simple example illustrates the fundamental functionality

of the MILP encoding for CaTL planning with resources. Following this, we explore four

case studies highlighting performance differences between various resource types (divis-

ible and indivisible) and transportation storage types (compartmental and uniform) under

the same specification. Additionally, we provide examples that underscore how positive

values of the objective function do not guarantee specification satisfaction and showcase

some robustness properties for CaTL. Finally, we analyze runtime performance for an in-

creasing number of agents and growing specification size.

All computations for the case studies were conducted on a computer featuring 20 cores

at 3.7 GHz, with 64 GB of RAM. To solve the MILP, we utilized Gurobi [66]. For

the MILP encoding of CaTL specifications we used PyTeLo [26] and ANTLRv4 [124],

LOMAP [164] and networkx [67] for transition system models of environments.
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Figure 3.3.8: Abstracted labeled transition system from environment used for case studies.

Basic Example

Consider the small case study in Fig. 3.3.7. The environment has four regions with transi-

tions between them of duration one. Two robots from each of the classes c1 = drilling and

c2 = arm start at the state q1. The scenario also includes two resources, r1 = bricks and

r2 = wooden beams, which are indivisible and initially distributed as bH(0,Q) = {r1 ∶ {q2 ∶
4}, r2 ∶ {q3 ∶ 4}}. The storage type is uniform, and the storage capacity Ωg = 2, ∀g ∈ G.

The mission specification is

ϕ =♢[3,4](T (1, πred, (arm,1), (brick,3)) ∧ T (1, πred, (drill,1), (wooden beam,3))).

In the given scenario, four robots travel to pick up resources from states q2 and q3 and then

move towards q4 to satisfy the specification. The trajectories of these robots are computed

and displayed in Fig. 3.3.7. The resources are consumed upon the start of the tasks k = 4,

and the task is fully satisfied after a one-time unit at k = 5. Both agents and resources have

a robustness of one in this solution, as there is one additional agent and resource for each

agent and resource class, respectively.
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Figure 3.3.9: Resource types: divisible (water, paint, cement, sand) and indivisible (bricks, wooden
beams, steel nails, solar panels). Colored circles on the right indicate a robot class with its corre-
sponding set of capabilities.

Resource storage and types

In this section, we show the functionality and performance of various resources and storage

types described in Sec. 3.3.3. In all cases, we consider a construction environment Env =

(Q,E ,W) illustrated in Fig. 3.3.1. The environment is abstracted as the transition system

shown in Fig. 3.3.8. The setH contains divisible resources such as water, paint, cement, and

sand and indivisible resources such as bricks, wooden beams, steel nails, and solar panels.

Fig. 3.3.9 shows agent classes with their corresponding set of capabilities, such as drilling,

hammering, bricklaying, sawing, monitoring, and cement mixing. Lastly, transportation

storage types (i.e., compartmental and uniform) are shown in Fig. 3.3.10. We design the

construction mission to be feasible and given as a CaTL specification

ϕ = ♢I1T1 ∧ ◻I2T2 ∧ ♢I3T3 ∧ ♢I4T4 ∧ ◻I5T5 ∧ ◻I6T6, (3.48)

where I1 = [0,5], I2 = [10,12], I3 = [10,14], I4 = [10,14], I5 = [20,22], I6 = [20,22],
tasks Ti with i ∈ [1..5] are described in Table 3.4. The counting resource rs(h) column and

its amount are not explicitly defined since they vary depending on whether the resource is

divisible or indivisible, so they are described later in each case study. We consider ∣J ∣ = 18
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Table 3.4: List of tasks considered for case studies comparing resources and storage types.

Name Duration (d) Region (π ∈ AP) Counting proposition (cp(c)) Counting resource (rs(h))
T1 1 πCyan {(drill, 2), (hammer, 2)} {(r1, x), (r2, x)}
T2 1 πY ellow {(mixer, 2), (sawing, 1)} {(r3, y), (r2, x)}
T3 1 πPurple {(drill, 2), (sawing, 1)} {(r2, x), (r3, x)}
T4 1 πOrange {(monitor, 3), (hammer, 2)} {(r4, y), (r3, x)}
T5 1 πGray {(bricklaying, 1), (monitor, 2)} {(r1, y), (r3, y)}
T6 1 πPink {(mixer, 2), (sawing, 1)} {(r1, y), (r2, y)}

for the mission, with agent classes shown in Fig. 3.3.9 and the following quantities per

class = 2, = 4, = 2, = 2, = 3, = 5, all with initial location q1. With all this

information, we define the initial agent distribution sJ (0,Q).

Case study 1 – compartmental storage with divisible resources We consider the ab-

stractedEnv shown in Fig. 3.3.8, mission specification (3.48), and initial agent distribution

sJ (0,Q) described before. The initial resource distribution is

bH(0,Q) = {r1 ∶ {q1 ∶ 10, q5 ∶ 10}, r2 ∶ {q2 ∶ 10, q6 ∶ 10},
r3 ∶ {q3 ∶ 10, q7 ∶ 10}, r4 ∶ {q4 ∶ 10, q8 ∶ 10}},

(3.49)

where r1, r2, r3, and r4 correspond to water, paint, cement, and sand, respectively. The

amount of resources required are x = 1.4 and y = 0.7 as indicated in Table 3.4. The storage

capacities of each resource per agent class are

Ωh,g = { ∶ {r1 ∶ 4.2, r2 ∶ 4.3, r3 ∶ 4.1, r4 ∶ 3.2},
∶ {r1 ∶ 2.1, r2 ∶ 2.2, r3 ∶ 2.3, r4 ∶ 2.4},
∶ {r1 ∶ 2.2, r2 ∶ 2.3, r3 ∶ 2.4, r4 ∶ 2.1},
∶ {r1 ∶ 2.1, r2 ∶ 2.2, r3 ∶ 2.3, r4 ∶ 2.2},
∶ {r1 ∶ 2.2, r2 ∶ 2.1, r3 ∶ 2.1, r4 ∶ 2.2},
∶ {r1 ∶ 2.3, r2 ∶ 2.2, r3 ∶ 2.1, r4 ∶ 2.3}}.

The weights in (3.41), (3.43), and (3.44) are αu = 0.2, αv = 0.2, and γ = 0.7, respec-
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Figure 3.3.10: The transportation type examined in case studies can be compartmental (left) or
uniform (right). In the former, each resource has its own compartment, while in the latter, all
resources share the same storage capacity.

tively. With these weights, the objective prioritizes agent robustness, followed by resource

robustness. Although the normalized travel time for agents and resources are also objec-

tives, they have less priority. The time horizon of the given specification is ∥ϕ∥ =K = 22(s).

The mission specification is feasible; see Sec. 3.3.9 for an infeasible case. Upon com-

puting the solution to the planning problem, the availability robustness for agents and re-

sources are ρa = 3 and ρh = 5.89. The normalized travel time for agents and resources of

τu = 0.18, and τv = 0.25, indicating there was more flow of resources in the environment

than agents. Note that both agent and resource robustness classes are positive. Thus, the

satisfaction of the mission is guaranteed by Thm. 3.3.1. Moreover, the overall optimization

value is ρa + γρh − γuτu − γvτv = 3 + 0.7 ⋅ 5.89 − 0.2 ⋅ 0.18 − 0.2 ⋅ 0.25 = 7.03.

Case study 2 – compartmental storage with indivisible resources Since we consider

indivisible resources, see Fig. 3.3.9, resource decision variables are integer, rather than real

as in the previous case. The mission specification is defined by equation (3.48), where

r1 = bricks, r2 = wooden beams, r3 = nails, and r4 = solar panels. For tasks in Table 3.4,

we set x = 1 and y = 2. The initial resource distribution bH(0,Q) is the same (3.49). The

resource capacities per agent class are
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Ωh,g = { ∶ {r1 ∶ 4, r2 ∶ 4, r3 ∶ 4, r4 ∶ 3}, ∶ {r1 ∶ 2, r2 ∶ 2, r3 ∶ 2, r4 ∶ 2},
∶ {r1 ∶ 2, r2 ∶ 2, r3 ∶ 2, r4 ∶ 2}, ∶ {r1 ∶ 2, r2 ∶ 2, r3 ∶ 2, r4 ∶ 2},
∶ {r1 ∶ 2, r2 ∶ 2, r3 ∶ 2, r4 ∶ 2}, ∶ {r1 ∶ 2, r2 ∶ 2, r3 ∶ 2, r4 ∶ 2}}.

As both robustness classes consider integer predicates, we have integer scores of availabil-

ity for agents ρa = 3 and resources ρh = 5. Thm. 3.3.1 guarantees the mission’s satisfaction,

as both robustness classes are positive. Thus, the overall robustness is positive. The nor-

malized travel time for agents and resources are τu = 0.18 and τv = 0.26, respectively,

indicating a greater resource flow in the environment. Interestingly, the values for both

cases are close, which suggests that the trajectories taken by agents to satisfy the speci-

fication are similar or identical. The overall objective value is ρa + γρh − γuτu − γvτv =

3 + 0.7 ⋅ 5 − 0.2 ⋅ 0.18 − 0.2 ⋅ 0.26 = 6.41.

Case study 3 – uniform resource storage with divisible resource type For this case

study, we consider sJ (0,Q), bH(0,Q), resources (r1, r2, r3, and r4), environment Env,

and mission specification ϕ as in case study 1. However, the storage type for agents is

uniform. The storage capacity for each agent class is

Ωg = { ∶ 8.2, ∶ 6.1, ∶ 6.3, ∶ 5.4, ∶ 4.5, ∶ 5.6}.

The robustness values for agents’ and resource availability are ρa = 3 and ρh = 5.89,

respectively. The latter value is not an integer, as resources are considered divisible. Since

both are positive, the mission is satisfied via Thm. 3.3.1 The normalized agent and resource

total travel times are τu = 0.17 and τv = 0.24, respectively. The overall objective value is

ρa + γρh − γuτu − γvτv = 3 + 0.7 ⋅ 5.89 − 0.2 ⋅ 0.17 − 0.2 ⋅ 0.24 = 7.04.
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Case study 4 – uniform resource storage with indivisible resource type Let us con-

sider sJ (0,Q), bH(0,Q), resources (r1, r2, r3, and r4), environment Env, and mission

specification ϕ identical to case study 2. The transportation storage type is uniform (right

side of Fig. 3.3.10). The storage class capacity per agent class is

Ωg = { ∶ 8, ∶ 6, ∶ 6, ∶ 5, ∶ 4, ∶ 5}.

The robustness values for the availability of agents and resources are ρa = 3 and ρh = 5.

The normalized travel time of agents and resources are τu = 0.14 and τv = 0.25. Note that

the travel of agents score is slightly lower than in the previous case since using a uniform

storage type provides a higher capacity to transport a specific resource, requiring fewer

agents to move in the environment. The overall objective value is ρa + γρh − γuτu − γvτv =

1+0.7 ⋅8+0.3 ⋅0.918+0.3 ⋅3.301 = 7.8657 Similar to previous cases, both robustness class

scores are positive, ensuring the satisfaction of the mission specification.

Time performance comparison: Table 3.5 contains the information on the time perfor-

mance, objective value, and continuous, integer, and binary variables of the four case stud-

ies. All of the objective values are similar. However, their time performance differs due

to the varying number of variables required to capture the problem in a MILP. Although

continuous variables can affect the time performance, it is usually mainly influenced by the

integer and binary variables. Notably, solving the fourth case study with more integer and

binary variables takes the longest. As four cases work with the same specification, number

of agents, and resources, it is plausible to conclude that a problem with the compartmental

storage type is faster than the uniform storage type and that divisible resources yield better

runtimes than indivisible resources. However, the quantity of integer and binary variables

depends on the specifications, environment size, number of agent classes, number of re-

source types, and storage type. For further examples of increasing specification complexity
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and the number of agents, see Sec. 3.3.9.

Table 3.5: Number of continuous, integer, and binary variables, runtime, and objective values for
the four case studies.

Case study Time Objective Values Continuous Vars. Integer Vars. Binary Vars.

1 12.05(s) 7.03 2859 5281 115
2 26.39(s) 6.41 64 8083 119
3 28.86(s) 7.04 2859 5274 115
4 45.18(s) 7.86 68 8375 248

Robustness and satisfaction comparison for CaTL

Here, we delve into a discussion on how robustness scores of both the agents and resources

impact the fulfillment of the mission specification as a whole. To this end, we use the

setup from case study 1, wherein we modify task T6 so that instead of requesting two

mixers, we now require six units. The solution for this case study differs slightly from

the one in case study 1. The main difference is that in this case, the agent availability

robustness score is ρa = −1, indicating that we do not have enough agents with the necessary

capabilities to complete the mission. However, the overall objective function takes a value

of ρa + γρh − γuτu − γvτv = 3.037, which does not guarantee the satisfaction of the mission

even though it is positive. Instead, to guarantee satisfaction, we make use of Cor. 3.3.1,

which implies that if ρa(sJ , ϕ,0) > 0 ∧ ρh(bH, ϕ,0) > 0 ⇒ ρ((sJ , bH), ϕ,0) > 0. Hence,

using Thm. 2.1.1, we can infer that mission satisfaction is guaranteed only if both the

availability robustness of agents and resources are positive.

Although we may encounter situations where the specifications suggest an absence of

agents, our MILP encoding still produces a solution that violates the specification to a

minimum extent. In the case of the resources, this is impossible since, by definition, the

resource variables in Sec. 3.3.7 are defined as positive variables. The rationale behind

this approach is to simplify the establishment of cross-consumption and resource dynamics

constraints. In situations with a shortage of resources, the problem becomes infeasible by
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definition, which could be addressed by introducing a slack variable. However, this would

necessitate more complex bookkeeping. All things considered, satisfaction with the CaTL

mission relies on the availability of agents to fulfill specifications and feasible trajectories

for agents to pick and drop resources.

Runtime performance comparison

This section presents a runtime performance comparison of four different types of prob-

lems, namely, compartmental storage with divisible and indivisible resources, uniform stor-

age with divisible and indivisible resources, and the CaTL baseline [95]. The evaluation

consists of two experiments: one increases the number of agents, and the other grows the

specification size. For the first case, we consider the Env shown in Fig. 3.3.1. We use the

same number of robot classes and divisible resource types shown in Fig. 3.3.9, compart-

mental resource storage type, and storage capacities defined for case study 1. The mission

specification considered is ϕ = ♢[0,4]T1 ∧ ◻[18,22](T3 ∧ T4), where T1, T3 and T4 are given

in Table 3.4. Resource distribution is changed such that we have 2 units of each resource

in q2 and q4. Five agents are added per iteration with random robot classes, and all start at

state q1. The results are presented in Table 3.6. Note that increasing the number of agents

reduces the time for the four types of problems. Most of them compute a solution in around

0.7 seconds, which is still slightly longer than the CaTL baseline, which is expected since

the latter does not plan for resources.

In the second scenario, we use the same initial conditions. However, rather than increas-

ing the number of agents, we spawn 18 agents that are randomly generated and proceed to

augment the specification in the following manner

ϕ =
N

⋀
n=1

XInT,

where N is increased by two in every step. The temporal operators X ∈ {◻,♢} are chosen
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Table 3.6: Runtime performance comparison for an incrementing number of agents.

Agents
Compartmental Uniform CaTL Baseline [75]

(Resources not considered)Divisible Indivisible Divisible Indivisible

10 1.32 (s) 2.73 (s) 0.96 (s) 1.12 (s) 0.22 (s)
15 2.18 (s) 2.01 (s) 1.90 (s) 3.09 (s) 0.35 (s)
20 0.96 (s) 2.26 (s) 1.18 (s) 0.68 (s) 0.33 (s)
25 0.76 (s) 1.87 (s) 0.71 (s) 0.76 (s) 0.33 (s)
30 0.79 (s) 0.84 (s) 0.73 (s) 0.70 (s) 0.32 (s)

Table 3.7: Runtime performance comparison for an incrementing specification φ.

ϕ
Compartmental Uniform CaTL Baseline [75]

(Resources not considered)Divisible Indivisible Divisible Indivisible

2 0.90 (s) 0.79 (s) 1.02 (s) 0.70 (s) 0.26 (s)
4 1.87 (s) 1.75 (s) 3.79 (s) 1.50 (s) 0.35 (s)
6 3.13 (s) 7.06 (s) 2.47 (s) 8.35 (s) 0.63 (s)
8 4.12 (s) 9.23 (s) 17.50 (s) 12.38 (s) 0.68 (s)

10 12.32 (s) 9.39 (s) 17.96 (s) 61.11 (s) 1.17 (s)

randomly with time intervals In = [5(n − 1),5(n − 1) + rand(1,5)]. Tasks are randomly

taken from Table 3.4 such that T ∈ {T1, . . . , T6}. Table 3.7 shows the computation time

for a solution when growing the specification size for the four cases. Note that the case of

uniform storage and indivisible resources type takes the longest. This is mainly because

finding the optimal combination of resources that each robot should carry to maximize

the robustness scores becomes a combinatorial problem when considering integer values

of resources. In general, computing a solution for compartmental is faster than uniform

storage types, and divisible resources are faster than indivisible.

3.3.10 Conclusions and Future Work

This section presents an extension of CaTL that considers agent capabilities and resource

constraints. The extension is achieved by enhancing the MILP encoding to capture different

types of resources, including divisible and indivisible, and accommodating different agent

storage types for resources, such as compartmental and uniform. Moreover, an encoding is
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developed to extend STL to accept multiple predicate classes and compute robustness sep-

arately. The paper demonstrates the effectiveness of computing the multi-robustness score

for an STL specification with multiple predicate classes and explores how satisfaction is

related to the robustness scores. The proposed framework is applied to CaTL to capture

agent and resource robustness scores. When these scores are positive, they guarantee satis-

faction with the mission specification. Furthermore, the paper comprehensively evaluates

the framework’s runtime performance when considering uniform or compartmental storage

types with divisible or indivisible resources. In future work, we will consider performing

mission specifications on real robots and explore uncertainty in the availability of resources

and agents in the environment.
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Chapter 4

Handling Infeasibility in Temporal

Logic: Partial Satisfaction of

Specifications

4.1 Partial Satisfaction in Control Synthesis from Tempo-

ral Logic Specifications

4.1.1 Introduction

In recent years, mission specifications for describing system behaviors have increasingly

been expressed using formal languages such as Signal Temporal Logic (STL) [108, 133].

These formalisms enable a precise representation of complex temporal, spatial, and logi-

cal constraints, which aids in synthesizing controllers and planners that ensure the correct

operation of systems [8, 89]. Existing approaches for satisfying these specifications typ-

ically fall into two categories: automata-based methods and optimization-based methods.

Automata-based approaches construct product automata to capture all possible task execu-

tions and identify optimal solutions [6, 15]. However, their applicability is often limited
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due to the exponential growth of the state space, making them computationally infeasible

for large-scale systems. In contrast, optimization-based methods, particularly those that

utilize Mixed-Integer Linear Programming (MILP), offer better scalability [150, 133, 130].

The development of advanced off-the-shelf solvers has significantly enhanced the ability to

handle large numbers of variables, making MILP-based approaches increasingly viable for

complex mission planning and control tasks [66].

Traditional Signal Temporal Logic (STL) provides a robust quantitative measure for

assessing how well a signal meets or violates a specification [108]. However, in its stan-

dard form, STL treats all subformulas with equal importance and lacks a mechanism for

prioritizing certain tasks over others. Extensions like Weighted Signal Temporal Logic

(wSTL) have been developed to address this limitation, where weights reflect user-defined

preferences and priorities [111]. Building on this concept, we introduce an extended for-

malism called wSTL+ that includes both inclusive (soft) and exclusive (hard) operators[32].

This enhancement allows for a clearer expression of scenarios in which some aspects of a

mission must be fully enforced or completely disregarded. For instance, in cases where

multiple objectives conflict, exclusive conjunction and exclusive always ensure that all rel-

evant subformulas are either entirely satisfied or ignored, preventing partial compromises.

Similarly, exclusive disjunction and exclusive eventually enforce that only one subformula

holds at a specific point in time, making them well-suited for scenarios involving mutu-

ally exclusive choices. For instance, when a quadrotor is required to monitor two regions

simultaneously. Standard STL or even wSTL could lead to a compromise solution that

does not adequately differentiate which region is more critical. In contrast, wSTL+ enables

designers to enforce that one region must be fully monitored (exclusive satisfaction) while

the other can be addressed with a softer preference (inclusive satisfaction). This approach

guides the system in prioritizing the more important objective.

While achieving satisfaction of all mission requirements is ideal, real-world constraints

often make this infeasible. Factors such as conflicting sub-tasks, resource limitations, con-
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strained configuration spaces, and control saturation can force the system to compromise,

rendering a simple binary notion of satisfaction insufficient. Although STL and wSTL

provide robustness measures that identify minimally violated solutions in the presence of

conflicting or infeasible specifications, they cannot intentionally allocate partial satisfaction

across competing subformulae. This limitation has driven the development of partial sat-

isfaction (PS) frameworks [30, 32], which allow a system to fulfill as much of the mission

as possible while prioritizing critical objectives. For example, consider a team of robots

assigned to monitor multiple regions for surveillance while avoiding obstacles. If resource

limitations prevent full coverage of all areas, a PS framework ensures that the most crucial

locations, such as those with higher security risks, are fully monitored, while lower-priority

areas receive only partial attention. By explicitly reasoning about trade-offs in mission sat-

isfaction, PS frameworks provide a structured and interpretable way to handle infeasible

or conflicting specifications, ensuring that essential tasks are met while optimizing overall

mission success.

Our work enhances the traditional satisfaction metrics of STL (Signal Temporal Logic)

and wSTL (Weighted STL) by quantifying the satisfaction of a subformula as a fraction

rather than a simple binary decision. This nuanced metric is especially useful when spec-

ifications are inherently conflicting, such as when a mission requires mutually exclusive

behaviors to occur within the same time interval. We propose two different approaches

to define priorities within a specification. The first approach involves assigning weights

that adjust the importance of Boolean and temporal operators. The second approach incor-

porates a preference structure that reflects the depth of subformulae in the specification’s

Abstract Syntax Tree (AST). Consequently, we formulate the control synthesis problem as

a bilevel optimization problem: the inner Mixed Integer Linear Program (MILP) aims to

maximize the number of satisfied subformulae (weighted according to their priority), while

the outer Linear Program (LP) focuses on maximizing the robustness of these subformulae.

[33] [32]
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4.1.2 Weighted Signal Temporal Logic (wSTL+)

Here, we describe the semantics of Weighted Signal Temporal Logic (wSTL+ [32]), an

extension of wSTL [111] that allows specifications to capture preferences, priorities, and

importance inclusively and exclusively through the Boolean and temporal operators.

Definition 4.1.1 (Weighted Signal Temporal Logic (wSTL+)). The syntax of wSTL+ in

Backus-Naur form over linear predicates is

φ ∶∶=⊺ ∣ � ∣ µ ∣ ¬φ ∣ ⋀
i∈[1..N]

p
φi ∣ ⋁

i∈[1..N]

p
φi ∣ ◊wI φ ∣ ◻wI φ ∣◊⋅ wI φ ∣

�
i∈[1..N]

p
φi ∣ 	

i∈[1..N]

p
φi ∣ ⊡wI φ ∣ φ1U

w
I φ2 ∣ φ1U̇

w
I φ2,

(4.1)

where ⊺ and � are the logical True and False; µ is a linear predicate of the form si ≥ π with

threshold π over the i-th component of a discrete-time signal with values in the compact set

M ⊆ RN such that s ∶ Z≥0 →M; ¬, ∧, and ∨ are the Boolean negation, inclusive conjunction

and inclusive disjunction operators, respectively. ◊ (inclusive eventually) and ◻ (inclusive

always) are temporal operators with time bound in the range I with the same definitions

and semantics as in STL [108]. Weight functions assign the positive weights over inclu-

sive Boolean operators’ conjunction and disjunction formulae p ∶ [1..N] → R>0, where N

is the number of sub-formulae under the operator. For sub-formulae in inclusive conjunc-

tion, denoted as (∧p(φ1, φ2, . . . , φN)), the weights capture the importance of parallel tasks,

whereas for the sub-formulae in inclusive disjunction, denoted as (∨p(φ1, φ2, . . . , φN)),
the weights indicate priorities for alternatives. The positive weight functions w ∶ I → R>0

capture user preferences for satisfaction times for the inclusive eventually operator, the im-

portance of satisfaction times in the case of the inclusive always operator, and highlight

the most preferred times at which φ2 is satisfied for the inclusive until operator. For ex-

clusive operators, consider a signal s at time k as s(k). To simplify, let p and w be equal

to one for all operators. Then .piφi with i ∈ [1..N] is the exclusive conjunction, implying

that a signal s(k) has to satisfy every subformula φi or not at all. Formally, s(k) ⊧ φ ≡
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(s(k) ⊧ φi,∀i ∈ [1..N])∨ (s(k) ⊭ φi, ∀i ∈ [1..N]). /pi with i ∈ [1..N] is the exclusive dis-

junction, capturing that a signal s(k) has to satisfy one subformula φi and not any other

subformulae (mutually exclusive satisfaction). Formally, s(k) ⊧ φ ≡ s(k) ⊧ φi∧s(k) ⊭ φj,
such that ∃i ∈ [1..N] ∧ ∀j ∈ [1..N], i ≠ j. ◊⋅ wI φ is the exclusive eventually that captures

that a formula φ has to be satisfied at only one-time step and not anymore during the time

interval I , formally, s(k) ⊧ φ ≡ s(k′) ⊧ φ ∧ s(k′′) ⊭ φ, k′ ≠ k′′, ∀k′, k′′ ∈ I . ⊡wI φ is

the exclusive always capturing that formula φ has to be satisfied during the whole interval

or not at all. Formally s(k) ⊧ φ ≡ (s(k′) ⊧ φ,∀k′ ∈ I) ∨ (s(k′) ⊭ φ, ∀k′ ∈ I). Finally,

φ1U̇
w
I φ2 is the exclusive until operator captures that Capturing that φ2 becomes ⊺ at exactly

a one-time point within interval k + I and φ1 holds continuously until that time. Formally,

s(k) ⊧ φ ≡ s(k∗) ⊧ φ2 ∧ s(k′′) ⊧ φ1 ∧ s(k′) ⊭ φ2, ∃k∗ ∈ k + I, ∀k′ ∈ k + I, k′ ≠ k∗, k′′ ∈

[k..k′].
Remark 4.1.1. A wSTL+ specification φ with only inclusive operators is equivalent to a

wSTL specification. And if, in addition, all weights p andw are equal to one, φ is equivalent

to an STL specification ϕ1.

Definition 4.1.2 (Weighted Traditional Robustness [111, 24]). Given a wSTL+ specifica-

tion φ and a signal s, the weighted robustness score ρ̃(φ, s, k) at time k is recursively

1From now on, we will refer to an STL specification as φ and a wSTL+ specification as ϕ
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defined as follows

ρ̃(µ, s, k) ∶= si(k) − π,
ρ̃ (¬φ, s, k) ∶= − ρ̃(φ, s, k),

ρ̃(⋀
i

p
φi, s, k) ∶=min

i
{p∧i ⋅ ρ̃(φi, s, k)} ,

ρ̃(	
i

p
φi, s, k) ∶=max{min

i
{p∧i ⋅ ρ̃(φi, s, k)} ,

min
i
{p∧i ⋅ ρ̃(¬φi, s, k)}} ,

ρ̃(⋁
i

p
φi, s, k) ∶=max

i
{p∨i ⋅ ρ̃(φi, s, k)} ,

ρ̃(�
i

p
φi, s, k) ∶=min{max

i
{p∨i ⋅ ρ̃(φi, s, k)} ,

max
i
{p∨i ⋅ ρ̃(¬φi, s, k)}} ,

ρ̃ (◊wI φ, s, k) ∶= max
k′∈k+I

{w◊(k′ − k) ⋅ ρ̃(φ, s, k′)} ,
ρ̃ (◊⋅ wI φ, s, k) ∶=min{ max

k′∈k+I
{w◊(k′ − k) ⋅ ρ̃(φ, s, k′)} ,

max
k′∈k+I

{w◊(k′ − k) ⋅ ρ̃(¬φ, s, k′)}} ,
ρ̃ (◻wI φ, s, k) ∶= min

k′∈k+I
{w◻(k′ − k) ⋅ ρ̃(φ, s, k′)} ,

ρ̃ (⊡wI φ, s, k) ∶=max{min
k′∈k+I

{w◻(k′ − k) ⋅ ρ̃(φ, s, k′)} ,
min
k′∈k+I

{w◻(k′ − k) ⋅ ρ̃(φ, s, k′)}} ,
ρ̃ (φ1U

w
I φ2, s, k) ∶= max

k′∈k+I
{min{wU(k′ − k) ⋅ ρ̃(φ2, s, k

′),
min
k′′∈I′
{ρ̃(φ1, s, k

′′)}}} ,
ρ̃ (φ1U̇

w
I φ2, s, k) ∶= max

k′∈k+I
{min{wU(k′ − k) ⋅ ρ̃(◊⋅ wI φ2, s, k

′),
min
k′′∈I′
{ρ̃(φ1, s, k

′′)}}} ,

(4.2)
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where I ′ = [k..k′] and for Boolean operators, we have

p∧i (ri) = (1
2
− p̄i) sign(ri) + 1

2
, p∨i (ri) = 1 − p∧i (ri),

where ri = ρ̃(φi, s, k) is the weighted robustness of the subformula φi, and p̄i =
pi
1T p

is its

normalized weight. Similarly, for the unary temporal operators, we have

w◻(rk′) = (1
2
− w̄(k − k′)) sign(rk′) + 1

2
, w◊(rk′) = 1 −w◻(rk′),

where rk′ = ρ̃(φ, s, k′), w̄(t) = w(t)
W

and W = ∑k
′−k

t=0 w(t). For the binary temporal operator,

until we define

wU(rk′) = w◊(rk′),
where rk′ = ρ̃(φ2, s, k′). The weights p∧, p∨, w◻, and w◊ are defined as DeMorgan aggre-

gation functions [111].

The robustness (quantitative semantics) of a wSTL+ specification φ captures the margin

of satisfaction or violation of a signal s over φ modulated by the specified weights for all

inclusive operators. In the case of exclusive (consensus) operators, robustness indicates

how far the signal is from disrupting consensus among the sub-formulae and, therefore,

violating or satisfying the exclusive operator.

Another important property of STL is soundness, which is also inherited by wSTL+

and is defined as follows.

Theorem 4.1.1 (wSTL+ Soundness [111]). The robustness score of wSTL+ ρ̃(φ, s, k) is

sound iff

ρ̃(φ, s, k) > 0 ⇐⇒ ρ(ϕ, s, k) > 0→ s ⊧ φ,

ρ̃(φ, s, k) < 0 ⇐⇒ ρ(ϕ, s, k) < 0→ s ⊭ φ,
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where ρ(ϕ, s, k)2 is the robustness of the equivalent STL specification.

Note that the robustness score of a wSTL+ specification φ is positive if and only if the

equivalent STL specification ϕ is also positive. Therefore, the signal s satisfies both speci-

fications.

A wSTL+ or STL formula is said to be in positive normal form (PNF) [133] if it satisfies

two conditions. First, all its predicates are of the si ≥ µ form. Second, it does not contain

the negation operator.

Any STL or wSTL+ formula can be represented as an Abstract Syntax Tree, where in-

ternal nodes capture the logical and temporal operators, and leaves represent atomic predi-

cates, defined as follows.

Definition 4.1.3 (Abstract Syntax Tree (AST) [71]). An abstract syntax tree for a STL

formula ϕ is a tuple Aφ = (V ,E , ℓ) where i) V is a finite set of nodes; ii) E ⊆ V × V is a

set of directed edges, so that if (v, v′) ∈ E , then v′ is considered a child of v; iii) ℓ ∶ V → Σ

is a labeling function, with Σ defined as Σ ∶= P ∪ L ∪ T , where P is the set of atomic

predicates,L is the set of Boolean operators, T is the set of temporal operators. In the case

of a wSTL+ formula, each edge e ∈ E is further annotated with a positive weight.

We say φ′ is a proper subformula of φ if for a node v ∈ V representing φ′ we write φ′ ⊏

φ if and only if v lies on the unique path from the root r ∈ V (which represents φ) to v and

v ≠ r. We further define the reflexive closure of ⊏ by writing φ′ ⊑ φ⇐⇒ (v = r)∨(φ′ ⊏ φ).
Definition 4.1.4 (Depth of a Subformula). Given an ASTAφ = (V ,E , ℓ) abstracting wSTL+

formula φ with root node r ∈ V , the depth of a node v ∈ V , denoted depthφ(v), is defined as

the length of the unique path from r to v. If φ′ captured by node v′ is not a subformula of

φ then depthφ(v′) =∞.

Definition 4.1.5 (Partial Order over Signals with Respect to φ). Let s and s′ be two sig-

nals and let us define the set of satisfied subformulae-time pairs as Φ
φ
d (s) = {(φ′, k) ∣

2Through the paper we use ρ̄ and ρ to refer to wSTL+ and STL robustness, respectively.
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depthφ(φ′) = d, (s, k) ⊧ φ′}, We say that s is less than s′ with respect to φ, denoted s ≺φ s′,

if there exists a depth d ≥ 0 such that:

1. ∣Φφ
d (s)∣ < ∣Φφ

d (s′)∣, and

2. for all depths d′ < d, it holds that ∣Φϕ
d′(s)∣ = ∣Φϕ

d′(s′)∣.
This partial order is used in our partial satisfaction framework to compare signals based

on the number of lower-depth subformulae that they satisfy.

Similarities and limitations of STL, wSTL, and wSTL+.

Here, we discuss the connections and limitations of STL, wSTL, and wSTL+. STL (Signal

Temporal Logic) introduced in [108] is a powerful language that allows users to reason

about continuous signals while adhering to logical and temporal constraints. It enables

the incorporation of multiple signal components and the computation of both qualitative

and quantitative semantics. Qualitative semantics assess whether operators are satisfied

or violated, while quantitative semantics computes a margin of satisfaction. STL also has

soundness properties regarding its quantitative semantics, establishing a link between an

STL formula’s satisfaction and its robustness score greater than zero. It is important to note

that all options available for satisfying an STL formula hold the same significance for both

Boolean and temporal operators. Even though operators like disjunction and eventually

explicitly offer choices, a unique solution is typically found by identifying the choice that

maximizes robustness. However, this approach may not be ideal when users have feasible

preferred choices. To address this, the authors in [111] proposed wSTL, which incorporates

weights on Boolean and temporal operators to adjust robustness and reflect user preferences

and time importance. When all considered weights are positive, the soundness property

remains intact.

In [32], we introduced wSTL+, a syntactic sugar extension of wSTL that includes exclu-

sive operators. For conjunctive operators (such as conjunction and always), these exclusive
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operators allow for either full satisfaction or none at all. In the case of disjunctive operators

(like disjunction and eventually), they impose a mutually exclusive constraint.

Robustness Degree and Perturbation The robustness degree [57] of an STL formula

ρ(ϕ, s, k) represents the maximal perturbation that s can endure without altering the Boolean

truth value of ϕ. However, this property does not hold in the same way for wSTL+, which

scales the robustness of STL. To clarify this, we will first define the robustness degree for

STL and show how wSTL+ handles the robustness degree.

Definition 4.1.6 (STL Robustness Degree). Let ϕ be an STL formula and s be a signal.

The robustness degree ρ(ϕ, s, k) of ϕ at time k ∈ ∥ϕ∥ is defined recursively and has the

following property: ∀ s, s′, if 0 ≤ ∥s − s′∥∞ ≤ ∣ρ(ϕ, s, k)∣, then, s ⊧ ϕ Ô⇒ s′ ⊧ ϕ, and

s ⊭ ϕ Ô⇒ s′ ⊭ ϕ, and sign(ρ(ϕ, s, k)) = sign(ρ(ϕ, s′, k)).
Note that s′ captures the maximal perturbation that the signal s can have without chang-

ing its Boolean truth value.

Let us define a function that considers the maximal scaling factor that the wSTL+ for-

mula can perform to its equivalent STL formula.

Definition 4.1.7 (Maximal Scaling Factor in wSTL+). Let φ be a wSTL+ formula, we

define the maximal scaling factor W̄φ recursively by:

W̄φ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

max
i∈[1..N]

{pi ⋅ W̄φi
}, if φ ∈ {∧pφi,.pφi,∨pφi,/pφi},

max
k∈I
{w(k) ⋅ W̄φ′}, if φ ∈ {◊Iφ′,◻Iφ′,◊⋅ I φ′,⊡Iφ′},

max
k∈I
{w(k) ⋅ W̄φ2

}, if φ ∈ {ϕ1U
w
I ϕ2, ϕ1U̇

w
I ϕ2},

1, if φ is an atomic predicate µ.

(4.3)

Intuitively, W̄φ represents the maximum factor by which the original STL robustness is

scaled in the corresponding wSTL+ formula.
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Note that as every Boolean weight p ∈ R>0 or temporal weight w ∈ R>0 are positive

therefore the recursion of W̄ϕ ∈ R>0 is also positive.

Proposition 4.1.1 (Scaling of wSTL+ Robustness). Let φ be a wSTL+ formula and con-

sider its corresponding STL formula ϕ. Then, for every time k ∈ ∥φ∥ and every signal

s,

ρ̄(φ, s, k) ≤ W̄φ ⋅ ρ(ϕ, s, k).
In particular, if W̄φ > 1, then the wSTL+ robustness does not represent the maximal per-

turbation that s can bear without changing the Boolean truth value of φ.

Proof scketch. We prove the claim by structural induction on φ. Base Case: For an atomic

predicate µ, we have ρ(µ, s, k) = si(k) − µ and, by definition, W̄µ = 1. Thus, ρ̄(µ, s, k) =
ρ(µ, s, k) and the claim holds. Inductive Step: Assume the claim holds for all subformulae

of φ. For Boolean Operators: For example, if φ = ∧p
i∈[1..N]

φi, then the wSTL+ semantics

yield ρ̄(φ, s, k) = mini=1,...,N{pi ⋅ ρ̄(φi, s, k)}. By the inductive hypothesis, for each i ∈

[1..N], we have ρ̄(φi, s, k) ≤ W̄φi
⋅ ρ(ϕi, s, k). Thus, ρ̄(φ, s, k) ≤ mini=1,...,N{pi ⋅ W̄φi

⋅

ρ(ϕi, s, k)}. Since, by definition, W̄ϕ = maxi∈{1,...,N}{pi ⋅ W̄φi
}, and the STL robustness

for conjunction is given by ρ(ϕ, s, k) = mini=1,...,N{ρ(ϕi, s, k)}, we obtain ρ̄(φ, s, k) ≤
W̄φ ⋅ ρ(ϕ, s, k). A similar logic applies to the remaining Boolean and temporal operators.

Thus, the inequality holds for all φ′ ⊑ φ by induction.

The robustness degree of STL, denoted as ρ(ϕ, s, k), effectively quantifies the maxi-

mum permissible perturbation of the signal s without altering the Boolean truth value of

ϕ. However, when weights are incorporated, as seen in wSTL+, the resulting robustness

measure ρ̄(φ, s, k) can be scaled by the maximum factor W̄φ. If W̄φ > 1, it implies that

while a signal s may withstand a perturbation of up to ρ(ϕ, s, k) in the context of STL, the

associated wSTL+ robustness is greater. This indicates that the wSTL+ robustness does not

accurately represent the maximum allowable disturbance required to maintain the Boolean

value. Let us clarify this in the following example:
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Example 4.1.1. Consider the STL formula ϕ = µ1 ∧ µ2, with µ1 ∶ s ≥ 0 and µ2 ∶ s ≤ 5, then

for a signal s(0) = 1, the STL robustness of the atomic predicates ρ(µ1, s,0) = s(0)− 0 = 1

and ρ(µ2, s,0) = 5 − s(0) = 4.Thus, the STL robustness of ϕ is ρ(ϕ, s,0) = min{1,4} = 1.

This robustness indicates that any perturbation s′ such that ∥s − s′∥∞ ≤ 1 will not change

the Boolean truth of ϕ, while a perturbation of size s′ > 1 may change it. Now, consider the

corresponding wSTL+ formula φ = ∧p(µ1, µ2) with weight assignments p1 = 2 for µ1 and

p2 = 1 for µ2. The wSTL+ robustness is ρ̄(φ, s,0) = min{p1 ⋅ ρ(µ1, s,0), p2 ⋅ ρ(µ2, s,0)} =
min{2,4} = 2. Compute the maximal scaling factor for φ as W̄φ = max{p1, p2} = 2.

Notice that although ρ̄(φ, s,0) = 2, the STL robustness still indicates that the signal can

only tolerate a perturbation of up to 1 without changing its Boolean value. In other words,

ρ̄(φ, s,0) = 2 = W̄φ ⋅ ρ(ϕ, s,0), so the wSTL+ robustness is scaled by W̄φ, but the true

perturbation threshold remains ρ(ϕ, s,0) = 1.

Robustness and soundness for wSTL+ Let us clarify how the robustness and soundness

work for inclusive and exclusive operators for wSTL+ in the following example.

Example 4.1.2. Let φex = X p(φ1, φ2) be a wSTL+ specification, with X ∈ {∧,∨,.,/} a

inclusive or exclusive boolean operator, p = 12, and φ1 and φ2 two wSTL+ subformulae. To

ease the notation, we drop the signal s and time k = 0 from all robustness definitions in this

example. we evaluate the robustness of subformulae φ1 and φ2 over signal s as ρ̃(φ1) and

ρ̃(φ2), respectively. We denote the robustness of the formula φex with inclusive conjunction

(X = ∧) as ρ̃(φ∧), for inclusive disjunction (X = ∨) as ρ̃(φ∨), for exclusive conjunction

(X = .) as ρ̃(φ.), and for exclusive disjunction (X = /) as ρ̃(φ/). In Table. 4.1 we show

four different cases of robustness values for subformulae φ1 and φ2 and their correspond-

ing robustness scores for the formula φex depending on the operator considered by using

definition in (4.2). Note that for the case of inclusive operators, the robustness score cap-

tures precisely the degree of robustness of the formula, e.g., in the first case ρ̃(φ∧) = 1 which

is the value of the subformulae closer to be violated and ρ̃(φ∨) = 2 indicates the value of
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the subformulae farther to be violated and therefore violate the parent operator. On the

other hand, for exclusive operators, it indicates the margin for disrupting the consensus of

the subformulae. For ρ̃(φ.), the operator is satisfied in the first and last case where both

subformulae either satisfy or violate and violated in the second and third case where one

of the subformulae violates, and the other satisfies, with values 1 and -1, respectively. Note

that in all cases, the values for subformulae are at 1 unit to change the consensus to either

satisfying or violating in the first and last cases and to both satisfying or violating in the

second and third cases. For ρ̃(φ/), it is satisfied for the second and third cases since only

one subformulae is satisfied and violated for the first and last cases since both subformulae

are satisfied or violated with values 1 and -1, respectively. Again, there is a distance of 1

for making a subformula to change the consensus of the subformulae.

Table 4.1: Robustness comparison for inclusive and exclusive Boolean operators. We drop the
signal and time on all robustness for the sake of space.

ρ̃(φ1) ρ̃(φ2) ρ̃(φ∧, ) ρ̃(φ∨) ρ̃(φ.) ρ̃(φ/)
1 2 1 2 1 -1
-1 2 -1 2 -1 1
1 -2 -2 1 -1 1
-1 -2 -2 -1 1 -1

Some of the properties of STL, wSTL, and wSTL+ are summarized in the accompany-

ing Table 4.2.

Table 4.2: Properties hold for STL, wSTL, and wSTL+.

STL wSTL wSTL+
Robustness ✓ ✓ ✓

Soundness ✓ ✓ ✓

Robustness Degree ✓ ✗ ✗

Preferences ✗ ✓ ✓

Exclusive Operators ✗ ✗ ✓
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4.1.3 Problem Formulation

In various practical applications, mission specifications are often expressed in STL and its

weighted extension wSTL+ to modulate the control synthesis. However, due to limitations

in control inputs or conflicting requirements, it is frequently impossible to fully satisfy

every subformula of a specification. In such cases, achieving a level of partial satisfaction

becomes desirable.

Here, we investigate two formulations of the partial satisfaction control synthesis prob-

lem: i) In [33], we addressed the partial satisfaction problem related to STL specifications

by introducing a partial order over the specification’s AST. This partial order, defined by the

depth of the AST subformulas, prioritizes subformulas closer to the root, ensuring maximal

partial satisfaction. However, this approach does not explicitly allow designers to indicate

which constraints are more critical than others. ii) Motivated by this in [32], we consid-

ered the partial satisfaction related to wSTL+, in addition to maximizing the satisfaction of

lower-depth subformulas, user-defined weights p and w are incorporated to reflect prefer-

ences among the subformulas. These weights help modulate the tie-breaking rules in the

event of conflicting requirements.

System dynamics

The system dynamics are captured using linear difference equations as follows.

s(k + 1) = As(k) +Bu(k) +D, s(0) = s○, (4.4)

where s(k) ∈ S ⊆ Rn is the state variable at time k ∈ Z≥0, S is the state space of the signals,

u(k) ∈ U ⊆ Rm is the control input, A and B are the state transition and input matrices of

appropriate sizes, and D is the exogenous inputs or additive disturbances.
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Control Synthesis with Partial Satisfaction Problem

We define the partial satisfaction robustness [33],

ϱ(s,φ) = min
(φi,k)∈Fφ(s)

ρ̃(φi, s, k), (4.5)

where Fφ(s) = {(φi, k) ∣ ∄(φ′i, k′) s.t. φi ⊏ φ′i, (s, k) ⊧ φi, (s, k′) ⊧ φ′i} is the set of lowest-

depth subformulae satisfied by s. Note that the partial satisfaction robustness holds for the

equivalent STL formula ϕ.

Problem 4.1.1 (Partial Satisfaction). Given a discrete linear system dynamics (4.4), and

either an STL ϕ or wSTL+ φ specification, find input signal u(k) such that the generated

state trajectory s(k) satisfies φ as much as possible while considering the user preferences

and maximizing the partial satisfaction robustness (4.5) over all time-horizon ∥φ∥ (2.5).

Formally, we have a bi-level optimization problem

max
u

ϱ(s,φ)
s. t. u induces s

s ∈max
u′

φ{s′} s. t. u′ induces s′

(4.6)

where maxφ{s′} denotes the trajectory s′ that maximizes the satisfaction of φ (i.e., formula

with minimal depth that can be satisfied while capturing user preferences).

Note that the exact problem definition holds for the equivalent STL formula ϕ, but

in this case, maxϕ denotes maximization with respect to partial order ≺ϕ defined above,

meaning it finds the maximal elements in the induce lattice [44].

4.1.4 Control Synthesis with Partial Satisfaction Encoding

In this section, we formulate Problem 4.1.1 as an optimization problem and introduce a

Mixed Integer Linear Program (MILP) encoding for STL and wSTL+. We consider the
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following assumptions throughout the rest of the paper.

Assumption 4.1.1. STL and wSTL+ specifications are over linear predicates.

While STL and wSTL+ formulae can be defined over general, non-linear predicates

lµ(s(k)) ≥ π for some function l ∶ Rn
→ R, we limit them to simple linear functions

si(k) ≥ π ( or si(k) ≤ π). Our MILP encoding can still be employed by introducing

output variables yµ = lµ(s(k)) for all non-linear predicates µ, and using piecewise-linear

approximations of the output functions lµ.

Assumption 4.1.2. STL and wSTL+ specifications are in positive normal form [133].

The assumption is not limiting because any STL, and by extension, the wSTL+ for-

mula, can be put in positive normal form, where the negation operators are only in front

of predicates. In the following, we eliminate negations by considering predicates defined

with either ≥ or ≤ comparison operators.

The foundation of our encoding of STL and wSTL+ formulae is based on the fraction of

subformulae-time pairs that signals satisfy. Instead of encoding margins that are propagated

towards a formula’s root to compute robustness [133, 130].

Let φ be a wSTL+ formula specification. Let us consider that every weight p and w are

normalized such that

pi =
p′i

maxNj=1 p
′
j

, wi =
w′
i

max
∣Ī ∣
j=1w

′
j

.

The MILP encoding is defined recursively over the nodes of the AST of wSTL+ formula

φ starting from the leaves, the predicates.

Let µ ∶= s(k) ≥ π be a predicate. We define the variable zµk ∈ B that take value one

if predicate µ is considered in the satisfaction of formula φ at time k ∈ [0..∥φ∥], where

∥φ∥ is the time horizon of φ computed based on (2.5). Let M be a large enough number

(e.g., larger than the largest upper bound of signals used in wSTL+ specification φ). The

following constraints capture the satisfaction of predicates for STL and wSTL+.
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φ = µ⇒

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
s(k) − π +M(1 − zµk ) ≥ 0

s(k) − π −Mz
µ
k ≤ 0

. (4.7)

Inclusive preferences constraints

For all-inclusive operators in wSTL+, let us define zφk = [0,1] and zϕk = [0,1], capturing the

fraction of satisfaction for wSTL+ and STL, respectively.

For inclusive conjunction operator zφk (zϕk ) takes value one if all subformulae φi (ϕi)

with i ∈ [1..N] are satisfied. Let us define zφi

k ∈ [0,1] (zϕk ∈ [0,1]) capturing the fraction

of satisfaction of subformula φi (ϕi). The constraint capturing the inclusive conjunction

semantics for WSTL+ (STL) is

φ =⋀
i

p
φi⇒ z

φ
k =
∑Ni=1 pi ⋅ z

φi

k

∑Ni=1 pi´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
wSTL+

∣ z
ϕ
k =
∑Ni=1 z

ϕi
k

N´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
STL

. (4.8)

Note that as weights are normalized, the constraint of the inclusive conjunction takes the

form of a weighted arithmetic mean (arithmetic mean). Taking value one only if all zφi

k

(zϕik ) are one, in case of conflicting subformulae, the ones with the highest weight p are

prioritized.

For inclusive disjunction z
φ
k (zϕk ) takes value one if at least one subformula φi (ϕi) is

satisfied and the weight pi equals one. Which captures the preference of choosing the

subformula with the highest weight. The fraction of satisfaction of each subformula φi

(ϕi) captured by zφi

k ∈ [0,1] (zϕik ∈ [0,1]). The following constraint captures the inclusive
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disjunction semantics for wSTL+ (STL)

φ =⋁
i

p
φi⇒ z

φ
k =max

i=1∶N
{zφi

k ⋅ pi}
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

wSTL+

∣ z
ϕ
k =max

i=1∶N
{zϕik }´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

STL

. (4.9)

Note that zφk = 1 implies that at least one subformula φi ⊏ φ is satisfied. In contrast,

z
φ
k = 1 implies that the most preferred subformula is satisfied. Thus, zφk < 1 does not imply

violation. Instead, the most preferred option was not the one chosen for satisfaction.

For the inclusive always operator, we consider the same logic as for inclusive conjunc-

tion but with weight and variables over time rather than over subformulae zψk′ ∈ [0,1]. Then

we have

φ = ◻wI ψ⇒ z
φ
k =
∑k′∈k+I z

ψ
k′ ⋅wk′

∑k′∈k+I wk′´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
wSTL+

∣ z
ϕ
k =
∑k′∈k+I z

ψ
k′∣I ∣´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

STL

. (4.10)

The inclusive eventually operator follows the same as the inclusive disjunction operator

but again considers time instead of subformulae for the weights and variables zψk′ ∈ [0,1].
Encoded as follows

φ = ◊wI ψ⇒ z
φ
k = max

k′∈k+I
{zψk′ ⋅wk′}´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

wSTL+

∣ z
ϕ
k = max

k′∈k+I
{zψk′}´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

STL

. (4.11)

For the inclusive until operator zφk = [0,1] (zϕk = [0,1]) takes value one if at least at one

time k′ ∈ k+I zφ2

k′ (zϕ2k′ ) is satisfied. Additionally, at all times in the interval k′′ ∈ [k..k′] zφ1

k′′

(zϕ1k′′ ) is satisfied. In wSTL+ the temporal weights indicate the most preferred time instance

within the interval where the transition from φ1 to φ2 occurs, captured by the following
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constraint

φ = φ1U
w
I φ2⇒ z

φ
k = max

k′∈k+I

⎧⎪⎪⎨⎪⎪⎩
wk′

2
⋅ z
φ2

k′ +
1

2Ī
∑

k′′∈[k..k′]

z
φ1

k′′

⎫⎪⎪⎬⎪⎪⎭´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
wSTL+

(4.12)

∣ z
ϕ
k = max

k′∈k+I

⎧⎪⎪⎨⎪⎪⎩
1

2
⋅ z
ϕ2
k′ +

1

2Ī
∑

k′′∈[k..k′]

z
ϕ1
k′′

⎫⎪⎪⎬⎪⎪⎭´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
STL

. (4.13)

Exclusive preferences constraints

For the exclusive conjunction is the same constraint as for inclusive disjunction z
φi

k ∈ [0,1],
but instead of zφk ∈ [0,1] we consider zφk ∈ B notice that this capture that either all subfor-

mulae φi are satisfied, or not at all.

φ =	
i

p
φi⇒ z

φ
k =
∑Ni pi ⋅ z

φi

k

∑Ni pi
(4.14)

For exclusive disjunction, we use the same constraint used for the inclusive conjunction,

also considering zφk = [0,1] and zφi

k ∈ [0,1]. Let us define an auxiliary variable bi ∈ B taking

value one if zφi

k is greater than zero. The following set of constraints captures the semantics

of exclusive disjunction

φ =�
i

p
φi⇒

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

z
φ
k =maxi=1∶N{zφi

k ⋅ pi}
z
φi

k ≤ bi

∑Ni=1 bi ≤ 1

. (4.15)

Note that the first constraint captures that at least one subformula has to be satisfied, prefer-

ably the one with the maximum weight. Furthermore, the last two capture that only one

subformula has to be satisfied and not the rest, generating the desired mutual exclusivity

between subformulae.
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The exclusive always is captured similarly to exclusive conjunction but considering time

weights and variables instead as subformulae zψk′ ∈ [0,1]. Also, with zφk ∈ B capturing that

subformula ψ ⊑ φ is either fully satisfied or not considered at all in the satisfaction.

φ = ⊡wI ψ⇒ z
φ
k =
∑k′∈k+I z

ψ
k′ ⋅wk′

∑k′∈k+I wk′
. (4.16)

The exclusive eventually, is captured similarly as exclusive disjunction but considering

time weights and variables zψk′ ∈ [0,1] and zφk ∈ [0,1], we also consider an auxiliary variable

bi ∈ B with i ∈ [I..Ī]

φ =◊⋅ wI ψ⇒

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

z
φ
k =maxk′∈k+I{zψk′ ⋅wk′}
z
φ
k′ ≤ bi

∑Īi=1 bi ≤ 1

. (4.17)

Capturing that subformula, ψ ⊏ φ is satisfied at only one-time step and not at any other

time step within the time interval. Making a mutual exclusivity at every time step within

the time interval.

The exclusive until operator zφk = [0,1] takes value one if only at a one-time unit in

k′ ∈ k + I zφ2

k′ is satisfied, and this is the most preferred time to transition from ϕ1 to ϕ2.

Additionally, at all times in the interval k′′ ∈ [k..k′] zφ1

k′′ (zϕ1k′′ ) is satisfied.

φ = φ1U
w
I φ2⇒

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

z
φ
k =maxk′∈k+I {wk′

2
⋅ z
φ2

k′ +

1
2Ī ∑k′′∈[k..k′] z

φ1

k′′
} ,

∑Īk=1 z
φ2

k = 1.

(4.18)
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Partial satisfaction satisfiability problem

Finally, the inner level of the optimization problem is formulated as follows

max
s,u,z

z
φ
0

s.t. (4.4) (linear dynamics)

(4.7) − (4.18) (mission satisfaction)

(4.19)

where zφ0 is the root node in the AST of the wSTL+ specification φ. Similarly, for zϕo if the

formula is in STL form.

Lowest-depth encoding

Next, we capture the satisfaction of subformulae time pairs (φ, k) using the set Fφ(s) =
{(φi, k) ∣ ∄(φ′i, k′) s.t. φi ⊏ φ′i, (s, k) ⊧ φi, (s, k′) ⊧ φ′i} which contains those subformulae

that are satisfied by the signal s and are not superseded by any proper subformula that is

also satisfied. This definition applies to both STL and wSTL+; in the latter, user-defined

weights further influence the trade-off between satisfying lower-depth (i.e., higher-priority)

subformulae and those preferred by the user.

To encode Fφ(s) within a Mixed Integer Linear Programming (MILP) framework, we

introduce binary variables ηφk ∈ {0,1}, which indicate that the subformula φ is satisfied at

time k and qualifies as a lowest-depth subformula. We enforce this using the following

constraints:

η
φ
k ≤ z

φ
k , (4.20)

η
φ′

k ≤ 1 − η
φ′′

k′ ,∀φ
′ ⊏ φ′′ ⊑ φ, k′ ∈ K′, (4.21)

where K′ = {k′ ∈ [0 .. ∥φ∥] ∣ (s, k′) ⊧ φ′′ ⇒ (s, k) ⊧ φ′,∀s} is the finite set of all

times where φ′′ supersedes φ′ at k (see Def. 4.1.5). Since the time horizon ∣φ∣ and the
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number of subformulae in φ are finite, the set K′ can be constructed in polynomial time,

making this lowest-depth encoding computationally tractable for both STL and wSTL+

formulations. Note that ηφ
′

k can take value one only when φ′ is fully satisfy i.e., zφ
′

k = 1,

due to constraint (4.20). All ancestors must not be fully satisfied, i.e., ηφ
′′

k′ = 0, for φ′ to be

lowest depth as captured in (4.21).

In the case of wSTL+, where satisfaction levels are scaled by weights (e.g., via p for

Boolean operators and w for temporal operators), this encoding provides a natural trade-

off: it not only prioritizes lower-depth subformulae—thus ensuring that the most critical

parts of the specification are satisfied—but also allows user preferences to influence the

decision-making when conflicting subformulae exist.

Objectives functions for partial satisfaction

In this section, we formulate three MILP-based objective functions that solve the inner

level of the partial satisfaction problem (4.6). These formulations apply to both STL and

wSTL+ specifications. The first two are exact solutions, while the third is a relaxation.

Let γφ,d = ∑(φ′,k)∈Υd(φ) z
φ′

k , for all d ∈ [0 .. dmax], where dmax is the maximum depth of

φ, and Υd
φ = {(φ′, k) ∣ depthφ(φ′) = d, (s,0) ⊧ φ⇒ (s, k) ⊧ φ′,∀s} is the set of all pairs

of subformulae φ′ of depth d and time points k required for satisfaction of formula φ.

Hierarchical Optimization (HO)

In this approach, we define the multi-objective function

RHO = (γφ,0, γφ,1, . . . , γφ,dmax
),

where each term γφ,d represents the number of subformulae satisfied at depth d. These

objectives are optimized sequentially in lexicographical order [167], ensuring that lower-

depth subformulae are maximized before considering higher-depth ones. This lead to the
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hierarchical MILP problem

max
s,u,z,η

RHO, (optimized in order)

s.t. (4.4), (4.7) − (4.18), (4.20), (4.21)

. (4.22)

Lowest Depth First (LDF)

We transform the multi-objective function RHO into a single scalar function RLDF by

weighting lower-depth subformulae more heavily using a method similar to the big-M trick.

The objective is

RLDF = ∑
(φ′,k)

η
φ′

k P
−depthφ(φ

′) =
dmax

∑
d=0

γφ,dP
−d,

that leads to the MILP problem

max
s,u,z,η

RLDF ,

s.t. (4.4), (4.7) − (4.18), (4.20), (4.21),

(4.23)

where P is a large constant, greater than ∥φ∥ ⋅ ∣φ∣, and ∣φ∣ is the length of φ, i.e., the number

of Boolean and temporal operators and predicates.

Weighted Largest Number (WLN)

In this approach, we relax the strict requirement of prioritization of lowest depth subformu-

lae and instead maximize the total number of satisfied subformulae, focusing on the root

of the formula, which translates to solve directly (4.19). Taking RWLN = zφ0 is a sensible

choice, because subformulae are still weighted according to their depth due to the recursive

constraints (4.7)-(4.18). Consequently, we obtain the MILP

max
s,u,z

RWLN ,

s.t. (4.4), (4.7) − (4.18)

(4.24)
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that does not require the additional binary variables ηφk and associated constraints.

Comparison of objectives functions

For STL, Hierarchical Optimization (HO) guarantees the best satisfaction of high-priority

subformulae, providing precise control when prioritization by depth is essential. On the

other hand, the Weighted Largest Number (WLN) approach offers a faster solution but

without the same structural depth consideration, making it less targeted toward critical sub-

formulae. The Lowest Depth First (LDF) function balances by favoring lower-depth sub-

formulae through exponential weighting. However, the weight parameter P must be care-

fully adjusted to avoid numerical issues. For wSTL+, the WLN approach is often preferred

due to its natural alignment with weight-based preferences, allowing user-defined priorities

to be incorporated seamlessly. LDF remains flexible, offering a trade-off between depth-

driven priorities and user-defined preferences. This makes it suitable for various scenarios

where both factors are essential. However, while valid for wSTL+, HO does not account for

these preferences directly, making it less effective when balancing the importance between

structural depth and preferences embedded within the weights. Ultimately, selecting the

objective function depends on the specific use case: HO is ideal for strict depth-based pri-

oritization, LDF offers a balanced approach between depth and efficiency, and WLN excels

when user-defined preferences are paramount. It is important to note that the HO approach

can be solved directly using MILP solvers like Gurobi [66], though iterative methods can

also be applied using any MILP solver [167].

Partial Satisfaction Robustness LP

In this section, we propose an LP formulation to approximate the robust solution of Prob-

lem 4.1.1 using the solutions from one of the MILP formulations described in Sec. 4.1.4.

This approach applies to both STL and wSTL+ specifications.

Let {zφk }φ′⊑φ,k∈[0..∥φ∥ denote the set of decision variables representing the satisfaction
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fractions for subformulae (obtained from solving either (4.22), (4.23), or (4.24)). The

following LP formulation approximates the outer-level optimization by maximizing the

overall robustness of satisfying predicates:

max
s,u

ρ

s.t. (4.4), ρ ≤ si(k) − µ,∀µ with zµk = 1

(4.25)

computes the signal s and control u that maximize the robustness of all predicates µ at all

times k that are satisfied in the reference solution encoded by zφ
′

k .

Encoding analysis and comparisons

Rate of satisfaction for STL and wSTL+

For STL, the MILP encoding naturally captures the fraction of satisfaction of a formula,

meaning that the variable zφ0 directly represents how fully the formula is satisfied. However,

in wSTL+, this property no longer holds because the value of zφ0 instead indicates how close

the induced trajectory is to capture all the user preferences specified in the formula.

In particular, for disjunctions, eventually, and until operators, if the subformula φi con-

tributing to satisfaction is not the one (or not the one with the maximum weight p or w),

then the resulting variable zkφ becomes less than 1. This reduction propagates to the root so

that zφ0 < 1. Importantly, this does not imply a specification violation—it merely reflects

that the chosen trajectory is not the most preferred one according to the weight assignments.

Nonetheless, once the MILP computes a solution, it is possible to recover the actual

fraction of satisfaction by recursively traversing the MILP variables zφk (denoted equiv-

alently as ξφk to avoid confusion) using the following recursive definition. This allows

ξ
φ
0 to correctly capture the fraction of satisfaction for wSTL+, which may differ from z

φ
0

especially when φ contains disjunctions, eventually, and until operators. The recursive
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definition is given by:

ξ
φ
0 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

‘ξ
µ
k , if φ = si ≥ π,

∑
N
i ξ

φi
k

N
, if φ = ⋀i∈[1..N]pφi,

max{minNi=1{ξφi

k }, minNi=1{ξ¬φi

k }}, if φ = �i∈[1..N]pφi,

maxi{ξφi

k }, if φ = ⋁i∈[1..N]pφi,

min{maxNi=1{ξφi

k }, maxNi=1{ξ¬φi

k }}, if φ = 
i∈[1..N]pφi,

maxk′∈I{ξφk′}, if φ = ◊wI φ,

min{maxk′∈I{ξφk′}, maxk′∈I{ξ¬φk′ }}, if φ =◊⋅ wI φ,

∑k′∈I ξ
φ

k′

∣I ∣ , if φ = ◻wI φ,

max{mink′∈I{ξφk′}, mink′∈I{ξ¬φk′ }}, if φ = ⊡wI φ,

(4.26)

STL encoding correctness

Proposition 4.1.2 (STL fraction of satisfaction correctness). Let ϕ be an STL formula in

positive normal form, and let s be a signal generated by dynamics in (4.4). Then, for every

subformula ψ ⊑ ϕ at every time k ∈ [0..∥ϕ∥]. Suppose the MILP formulation in Sec. 4.1.4,

computes a satisfaction fraction z
ψ
k ∈ [0,1] according to constraints (4.7) to (4.12). Then

the following properties hold

1. Soundness: if z
ϕ
k = 1 then the Boolean semantics of STL guarantee that (s, k) ⊧ ψ

2. Completeness: Conversely, if (s, k) ⊧ ψ (i.e., ψ is fully satisfied at time k), then

z
ψ
k = 1

3. When ψ is not fully satisfied according to the Boolean semantics, the value z
ψ
k exactly

captures the fraction of satisfaction as defined by the MILP formulation.

Proof. The proof follows by structural induction ψ ⊑ ϕ.
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Base case: Let ψ = µ = (s ≥ π) = (s − π ≥ 0), and consider constraint in (4.7). Here

z
µ
k ∈ B, suppose by contradiction that zµk = 0, then the first constraint becomes s(k) −
π +M ≥ 0, which is true, but the second constraint becomes s(k) − π ≤ 0, which is a

contradiction. Hence, the only feasible assignment is if zµk = 1. Now consider the case

where ψ = µ = (s < π) = (s − π < 0) and consider zµk = 1, the first constraint will

require s(k) − π ≥ 0, which is a contradiction. Thus, zµk is forced to be zero. Thus,

we have zψk = 1 for atomic predicates if and only if (s, k) ⊧ ψ. This establishes both

soundness and completeness at the atomic level. Inductive step: For conjunctive operators

(i.e., Inclusive conjunction and always operators) by the STL constraints in (4.8) and (4.10).

Let ψ = ⋀i∈[1..N]ψi If (s, k) ⊧ ψ then each (s, k) ⊧ ψi for all i ∈ [1..N]. By the induction

hypothesis, zψi

k = 1 for all i ∈ [1..N]. Hence, zψk = N
N

, so zψk = 1. Conversely, if at least

one ψi is not fully satisfied (i.e., zψi

k < 1), then the sum is less than N and consequently

z
ψ
k < 1. Thus, zψk = 1 if and only if all subformulae are fully satisfied, which matches the

Boolean semantics of conjunction. When not all subformulae are satisfied, zψk is exactly

the satisfaction fractions’ average (scaled by N ). Note that the operator always follows the

same logic but over time instances instead of Boolean choices. For Disjunctive operators

(i.e., Inclusive disjunction and eventually operators) by the STL constraints in (4.9) and

(4.11). Let ψ = ⋁i∈[1..N]ψi, if (s, k) ⊧ ψ then at least one of the disjuncts is fully satisfied;

by induction, for some i ∈ [1..N], zψi

k = 1, hence zψk = 1. If none of the ψi is fully

satisfied, then zψk equals the maximum satisfaction fraction among them, which is exactly

the intended “partial” measure for disjunction. Similar logic follows for the eventually

operator. For until operator by the STL constraint in (4.12). If zψk = 1, then there exists

some k′ ∈ k + I such that zψ2

k′ = 1 and z
ψ1

k′′ = 1 for every k′′ ∈ [k, k′]. Hence, by the

inductive hypothesis, ψ2 holds at k′ and ψ1 holds continuously on [k, k′], so (s, k) ⊧ ψ.
Conversely, if (s, k) ⊧ ψ, then there exists some k′ ∈ k + I with (s, k′) ⊧ ψ2 and (s, k′′) ⊧
ψ1 for all k′′ ∈ [k, k′]. Therefore, by induction, zψ2

k′ = 1 and z
ψ1

k′′ = 1 for every k′′ ∈

[k, k′]. Inserting these into the constraint gives 1
2
⋅ 1 + 1

2 I
(k′ − k + 1), which can reach one
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when k′ − k + 1 = I . Moreover, if only partial satisfaction occurs (i.e. some zψ1

k′′ < 1 or

z
ψ2

k′ < 1), the constraint produces a value strictly less than one, accurately quantifying the

fraction of satisfaction. By induction, for every subformula ψ the MILP encoding produces

a satisfaction fraction zψk such that: Soundness: If zψk = 1, by the recursive construction,

every atomic and composite component is fully satisfied, so (s, k) ⊧ ψ. Completeness: If

(s, k) ⊧ ψ (i.e., ψ is fully satisfied in the Boolean sense), then the induction hypothesis

applied to the components of ψ forces zψk = 1. Moreover, when ψ is not fully satisfied, the

value zψk is exactly the fraction determined by the MILP constraints.

Proposition 4.1.3 (Lowest-depth marking correctness). Let ϕ be an STL formula in pos-

itive normal form, and let s be a signal generated by dynamics in (4.4). Then, for every

subformula ψ ⊑ ϕ at every time k ∈ [0..∥ϕ∥] ηψk = 1 if and only if (1) z
ψ
k = 1 and (2) for

every proper superformula ψ′ (with ψ ⊏ ψ′ ⊑ ϕ) and every corresponding time k′ ∈ K′ we

have η
ψ′

k′ = 0. That is, the MILP “marks” (ψ, k) as a lowest-depth satisfaction if and only

if no higher-level (i.e. lower-depth) subformula covering ψ is satisfied.

Proof. The proof follows by structural induction on the depth d of STL formula ϕ. Base

case: If ψ is atomic (a leaf in the AST), then it has no proper superformula. Constraint (9)

enforces ηψk ≤ z
ψ
k , and since the optimization maximizes the number of marked subformu-

lae, we set ηψk = 1 exactly when zψk = 1. This is equivalent to ψ being satisfied. Inductive

step: Assume the claim holds for all subformulae of depth less than d. Let ψ be a subfor-

mula of depth d. (Forward Direction): Suppose ηψk = 1. Then by Constraint (9), zψk = 1.

Moreover, Constraint (10) enforces ηψk ≤ 1 − η
ψ′

k′ , for every proper superformula ψ′ and

corresponding time k′. Since ηψk = 1, it follows that for each such ψ′, we must have ηψ
′

k′ = 0.

Thus, ψ is marked only when it is satisfied, and no higher-priority (lower-depth) formula

supersedes it. (Reverse Direction): Conversely, suppose zψk = 1 and for every proper su-

performula ψ′ (with ψ ⊏ ψ′) the marking is 0 (i.e. ηψ
′

k′ = 0). Then Constraint (10) does

not force ηψk to be 0, and by the optimization objective—which favors marking as many
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lowest-depth satisfactions as possible—we set ηψk = 1. Thus, ηψ
′

k′ = 1 if and only if ψ is fully

satisfied at time k (zψk = 1) and no proper superformula is marked, which precisely captures

the lowest-depth requirement.

Theorem 4.1.2 (Correctness of partial satisfaction MILP encoding for STL). Let ϕ be

an STL formula in positive normal form, and let s be a signal generated by dynamics in

(4.4), and let z
ϕ
k be the decision variable assigned by the MILP encoding for ϕ at time

k ∈ [0..∥ϕ∥]. The MILP encoding in Sec.4.1.4 for STL is correct if the following two

conditions hold

1. There exists a control input u generating a signal s satisfying ϕ (i.e., (s,0) ⊧ ϕ) if

and only if z
ϕ
0 = 1.

2. The MILP encoding prioritizes the satisfaction of the lowest-depth subformulae.

Proof. The first property follows by recursively using Proposition 4.1.2, such that zϕ0 = 1⇔

(s,0) ⊧ ϕ. The second property follows by Proposition 4.1.3, such that ηψk = 1⇔ (zψk = 1)
with ψ ⊑ ϕ and no proper superformula ψ′ such that ψ ⊏ ψ′ ⊑ ϕ is not selected.

Theorem 4.1.3 (Correctness of partial satisfaction MILP encoding for wSTL+). Let φ be

a wSTL+ formula in positive normal form, and let s be a signal generated by dynamics

in (4.4), and let z
φ
k be the decision variable assigned by the MILP encoding for φ at time

k ∈ [0..∥φ∥]. The MILP encoding in Sec.4.1.4 for wSTL+ is correct if the following three

conditions hold

1. z
φ
k = 1 if φ is fully satisfied according to the user preferences.

Proof. (Sketch) The proof proceeds by structural induction on the abstract syntax tree

(AST) of φ. The base case for atomic predicates is established via the MILP constraints

that force the binary decision variables to match the Boolean predicate evaluation. For
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the inductive step, assume correctness for all subformulae of φ, similarly as it was per-

formed for Proposition 4.1.2. This completes the inductive argument, and hence the theo-

rem holds.

4.1.5 Case studies: Partial Satisfaction for STL

We describe two study cases showing how PS works and its performance over the three

encodings. First, we consider a multi-robot motion planning problem in a planar, contin-

uous environment. Second, we show routing for heterogeneous teams of robots with sets

of capabilities over graphs that represent discrete finite abstractions. More details can be

found in [76]. All computation was performed on a PC with 20 cores at 3.7GHz and 64 GB

of RAM. We used Gurobi [66] as MILP solver, which ensures that as long as the encoding

is correctly defined, corner cases such as fully satisfiable and non-satisfiable specifications

are cover

Continuous Space Multi-robot Planning Let us consider first a single robot navigating

in a planar environment M ⊂ R2. Thus, s(k) = [sx, sy]⊺ ∈ R2. We define regions of

interest A = [−9.5,−5.5]2, B = [5.5,9.5] × [−9.5,−5.5], C = [5.5,9.5]2, D = [−9.5,−5.5] ×
[5.5,9.5] in M, and region E = [−2.5,2.5]2 ⊆ M that robot s(k) needs to avoid. We

arbitrarily choose A = B = I2×2, and D = 02×2 in (2.9). All three methods, HO, LDF, and

WLN, are able to find trajectories that satisfy the given specification when they exist. For

example, consider the following STL formula ϕFS = ((◻[0,3]A)∧(◊[7,14]B)∧(◻[15,20]D)∧
(∼ ◻[0,20]E)). In English, it required that “within time interval [0,3] stay at region A,

eventually within [0,14] visit B, stay at D within [15,20] and always avoid region E”. In

Fig. 4.1.1, red lines show the solution for this specification using the three methods. All

of three solution trajectories start at the blue star in A, and then they visit B and end at D,

where squares denote the final position of the robot.

Next, consider the STL formula ϕPS = (◻[0,3]A)∧(◻[10,21]B)∧(◻[10,21]D)∧(∼ ◻[0,20]E)
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that can not be fully satisfied due to the competing subformulae that require staying at B and

D in the same time interval [10,21]. The solutions trajectories are shown in Fig. 4.1.1 with

blue lines. Methods HO and LDF partially satisfy the specification by choosing to visit

region D, and, thus, satisfying the lowest-depth subformulae of ϕPS . In contrast, WLN

splits the satisfaction between the predicates defining the two regions B and D. In other

words, the specification requires either (sx ≥ 5.5) ∧ (sx ≤ 9.5) ∧ (sy ≥ −9.5) ∧ (sy ≤ −5.5)
or (sx ≥ −9.5) ∧ (sx ≤ −5.5) ∧ (sy ≥ 5.5) ∧ (sy ≤ 9.5) to hold, and WLN is satisfying half

from the former, (sx ≥ −9.5)∧(sx ≤ −5.5), and half of the latter, (sy ≥ −9.5)∧(sy ≤ −5.5),
in the time window [10,21]. The WLN trajectory satisfies the same maximum satisfaction

fraction as HO and LDF, but does not fully satisfy any of the two tasks. However, the

case was hand-crafted to show that WLN does not always return the optimal solution. In

particular, we made the tasks symmetric. If the time intervals for visiting B and D are

different, then the weight of their associated predicates differs and leads to a preference for

one of the two regions.

Figure 4.1.1: State space and timeline in x-position and y-position of φFS in red and φPS in blue
using HO, LDF, and WLN encoding methods.

In a multi-robot setting, unsatisfiability can result due to robot dropout as opposed

to competing tasks. For instance, in Fig. 4.1.2 we consider two scenarios satisfying the

following specification ϕmr = ((◻[15,30]s1 ∈ C) ∧ (◻[15,30]s2 ∈ D) ∧ (◻[15,30]s3 ∈ C) ∧
(◻[15,30]s4 ∈ B) ∧ (◻[15,30]s5 ∈ C) ∧ (◻[15,30]s6 ∈ C)) with six robots. First, we solve the
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problem with the HO approach shown in Fig. 4.1.2 with dashed lines. Then, we consider

the exact specification, but we make robot s1 remain stuck in region E . Even though it is

just one agent specification, ϕmr is only partially satisfied. The PS solution computed using

LDF is shown in solid lines.

Figure 4.1.2: State space and timeline in x-position and y-position of φmr fully satisfied with HO
approach in dashed lines. Then, the solution using LDF for robot one getting stuck in a solid.

Finally, we compare the runtime performance between methods HO, LDF, and WLN

by increasing the number of robots from one to six. In Fig. 4.1.3, we see that when

there are one or two robots, LDF and WLN are faster than HO. Nevertheless, when the

number of robots increases, so does the depth in the specification, and LDF becomes

the worst-performing method. The specification we used for this comparison is ϕn =

⋀nj=1(⋀3
ℓ=1(◻Iℓ,j(sn ∈ Xℓ,j))), with n ∈ [1 .. 6] the number of robots, Xℓ,j any arbitrary

region in {A,B,C,D,E}, and Iℓ,j arbitrary time interval, respectively. It is also relevant to

highlight that even when WLN is the fastest, it can drive to undesired PS if the specification

contains symmetric competing subformulae.

Route Planning with Capability Temporal Logic (CaTL) We consider the precision

agriculture application shown in Fig. 4.1.4. The environment is abstracted as a set of

states Q = {q1, q2, ..., q9} corresponding to regions of interest. Edges E , shown as black

lines, between states represent feasibility of transition between regions with positive in-
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Figure 4.1.3: Runtime performance comparison between HO, LDF, and WLN varying the number
of robots from one to six, satisfying specification φn.

teger durations W . Self-loops (not shown) capture staying at states and have duration

1. States are labeled with atomic propositions from a set AP . Agents have capabil-

ities Cap = {V is, IR,UV,Mo}. The capability set of an agent determines its class.

Fig. 4.1.4 shows the initial states of each agent and their class. We use CaTL, a frag-

Figure 4.1.4: Schematic of the precision agriculture problem. Regions correspond to crop types.
Symbols represent robots with their associated capabilities. Capabilities include ultraviolet sensing
(UV), moisture sensing (Mo), infrared sensing (IR), and vision (Vis). Black lines denote the transi-
tion system between regions.

ment of STL, to specify the mission for the multi-robot team. The core units of CaTL

are tasks T = (d, π, cp) defined by a duration d, a label π of regions where it takes place,

and the required capabilities cp. The map cp ∶ Cap → Z≥0 indicates the minimum number

of agents with each capability; zero means that capability is not needed. Tasks are com-
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bined using Boolean and temporal operators in the same way as STL (excluding negation).

We use the encoding of team dynamics in [76], where robots are bundled together based

on class. Thus, the team state is the number of robots of each class at each state of the

environment. The team dynamics are encoded as flows on the environment graph, which

gives rise to a time-delayed linear system. The MILP constraints and further details can be

found in [76]. Consider tasks T1 = (3, q2, (c2,3)), T2 = (3, q4, (c1,4)), T3 = (6, q9, (c3,3)),
T4 = (5, q1, (c4,4)), T5 = (3, q6, (c2,1), (c4,1)), and T6 = (2, q8, (c4,4)), and three CaTL

specifications ϕ1, ϕ2 = ⋀i◻[0,20]Ti, with i ∈ {1,3,5} and i ∈ {2,4,6} respectively, and

ϕ3 = ⋀6
i=1◊[0,20]Ti. Partial satisfaction of ϕℓ can arise due to the lack of robots with the

required capabilities, transition system constraints, and competing subformulae. The fol-

lowing table shows the performance of the three methods for the three specifications.

Table 4.3: Comparison on time performance and satisfaction percentage of specifications φ1, φ2,
and φ3 by methods HO, LDF, WLN, and baseline CaTL [94].

spec
HO LDF WLN CaTL

Satisfaction t(s) Satisfaction t(s) Satisfaction t(s) ρ t(s)
ϕ1 0.929 1.884 0.943 1.732 0.972 1.498 -6 2.075
ϕ2 0.982 1.617 0.990 1.859 0.991 1.635 -4 2.341
ϕ3 1 1.773 1 2.009 1 1.940 1 2.32

For the baseline CaTL encoding [94], negative robustness indicates that ϕ1 and ϕ2 are

violated. However, it does not indicate the specification violation percentage, i.e., which

subformulae are satisfied and how many.

Table 4.3 shows that all of the partial satisfaction approaches outperform the baseline

encoding for CaTL [94]. Due to partial satisfaction, transform the specification’s robustness

as a linear problem approach of all predicates and time instances known to be satisfiable.

We avoid adding binary variables for disjunctions and, eventually, operators since the inner

optimization level indicates what needs to be satisfied. Furthermore, for small problems,

WLN is faster than the other two. However, as the number of problem variables increases,

the HO method using Gurobi becomes faster and more suitable to use.
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4.1.6 Case Studies: Partial Satisfaction for wSTL

In this section, we showcase and test the functionality of the wSTL+ MILP encoding under

partial satisfaction conditions (PS-wSTL+). First, we show the versatility of the exclusive

operators added to the wSTL+ language specification. Then, we show the control synthesis

for an agent satisfying a specification of navigating in a planar environment with tempo-

ral and logic constraints, modulating the partial satisfaction solution through the weights.

Lastly, we show the time performance and complexity comparison between STL, PS-STL,

and PS-wSTL+ under partial satisfaction MILP solutions.

Exclusive operators functionality

Let us consider a single robot navigating in a planar environmentM ⊂ R2 shown in Fig.

4.1.5. Regions of interestR = {A,B,C,D}, withA = [−4,−9]×[−9,9], B = [−9,4]×[9,9],
C = [4,−9] × [9,9], and , D = [−9,−4] × [9,−9]. Note that some regions are not disjoint,

e.g., A ∩ B ≠ ∅, or disjoint e.g., A ∩ C = ∅. We arbitrarily choose A = B = I2×2, for the

robot dynamics as in (4.4). Thus, s(k) = [sx(k), sy(k)]⊺ ∈ R2. We consider initial position

as s(0) = (sx(0), sy(0)) = (0,0). We consider the following wSTL+ specifications

φ1 = .
p1 (⊡wI1(.p1(A,B)),⊡wI2(.p1(B,C)),⊡wI3(.p1(C,D))) ,

φ2 = .
w (⊡wI1(/p(A,B,D)),⊡wI2(/p(B,C,A)),⊡wI2(/p(C,D,A))) ,

where I1 = [5..9], I2 = [14..18], I3 = [24..26], p1 = [1,1] all weights w are defined to be

one of appropriate size, and p = [1,0.5,0.5]. For simplicity, with a slight abuse of notation,

we define the formulae directly over the regions instead of defining predicates over all four

boundaries of each region.

In Fig. 4.1.5. we show the solution of both specifications. Note that φ1 (red trajectory)

uses exclusive conjunctions for specifying the regions that must be visited within the inter-
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vals. As this operator impose that all subformulae have to be satisfied or not at all, the only

solution possible is given when the robot visits the overlapping regions between areas of

interest requested. On the other hand, φ2 (blue trajectory) uses exclusive disjunction, and

the weight p assigns a larger preference to the first region specified when the robot visits

that region without crossing the other regions. Since exclusive disjunction imposes one

subformula and not any other subformulae. Lastly, we show the importance of declaring

exclusive operators correctly. We modify φ1, defining exclusive conjunctions between dis-

joints regions, and therefore, the solution is set to not visit any region (green start) since

visiting both regions simultaneously is physically impossible.

Figure 4.1.5: Exclusive operators functionality.
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Control synthesis

Let us consider the same robot defined in the previous section, with the initial position as

s(0) = (sx(0), sy(0)) = (−9,−9). We define disjoint regions of interest A = [−9.5,−5.5]2,
B = [5.5,9.5]× [−9.5,−5.5], C = [5.5,9.5]2, D = [−9.5,−5.5]× [5.5,9.5] inM, and region

E = [−2.5,2.5]2 ⊆M that robot s(k) needs to avoid. We consider the STL ϕ and wSTL φ

specifications

ϕ = (◻[0,1]A) ∧ (◻[10,15]C) ∧ (◻[25,30]D) ∧ (◻[0,30]Ec), (4.27)

φ = ∧p ((◻w[0,1]A), (◻w[10,15]C), (◻w[25,30]D), (◻w[0,30]Ec)) , (4.28)

Going to regions of interest can be specified in STL and wSTL+ form by constraining sx

and sy inside the region boundaries. Note that we use Ec, indicating that the robot can move

in any location out of this area.

In Fig. 4.1.6(a), we set all weights w and p to one. It can be seen that the wSTL+ (green

dashed line) and PS-STL [33] (blue dashed line) have similar trajectories for satisfying the

specification, and all three encodings including STL [133] (solid red line) can satisfy the

mission.

In Fig.4.1.6(b), we show how the solution for the wSTL+ (green dashed line) can

change by using exclusive temporal and logical operators instead of standard operators

specifically for avoiding region E the trajectory is carefully synthesized never to cross it.

In Fig.4.1.6(c), we show a case where there is a conflict between subformulae to visit

two regions simultaneously which are physically impossible, specified in STL and wSTL+

as ϕ = ◻[5,6](B ∧ D), φ = ◻w
[5,6]
(∧p(B,D)), where w = [1,1] and p = [0.5,1]. As ex-

pected, standard STL encoding [133] minimally violates both subformulae. By using the

hierarchical method in PS-STL [33] the solution computed is going to region B. However,

this solution is obtained because it is the first specified. It might not be the most preferred

option. In contrast, we specify a preference to visit region D by defining a larger weight,
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and the solution captures the user preference, and the robot visits the desired region.

(a) Feasible symmetric specification for PS-STL
and PS-wSTL+ (unit weights and inclusive oper-
ators).

(b) Feasible symmetric specification for PS-STL
and PS-wSTL+ (unit weights and exclusive oper-
ators).

(c) Partial satisfaction choosing the most pre-
ferred subformula.

(d) Trajectories around an obstacle changing the
weights in the wSTL specification

Figure 4.1.6: Trajectories for wSTL ϕ and STL φ specifications in a two-dimensional environment.

Lastly, let us consider the initial position of the agent as sx(0) = −5, sy(0) = −1, and

the following wSTL specification

φ = ∧pi ((◻w[0,7]Ec), (◻w[8,18]C)) ,

see Fig. 4.1.6(d). We generate different trajectories, and the first four are constrained
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by control inputs bounds of two units. Some of them are getting closer or farther to E

according to the weights. However, for the last case, the control bounds are three units,

and the solution is to go around the bottom boundary of E , keep distance to the obstacle,

and reach maximum robustness. Thus, varying weights may produce topologically similar

trajectories or different from the STL one.

Time performance and complexity comparison

We show the run time performance comparison between STL [133], partial satisfaction for

STL (PS-STL) [33], and our partial satisfaction with wSTL (PS-wSTL) encodings with

random weights by gradually increasing the size of the mission specification. Let us con-

sider six variables x, y, z, u, v, and w, all with a lower-bound of −9 and upper-bound of 9.

The STL ϕ and wSTL φ specification are the following

ϕ =
n

⋀
1

TI ((s1 ⊗1 Ξ1)L (s2 ⊗2 Ξ2)) , φ =
n

⋀
1

p

T̃ wI (L̃p ((s1 ⊗1 Ξ1), (s2 ⊗2 Ξ2))) ,

where T ∈ {◻,◊}, T̃ ∈ {◻,◊,⊡,◊⋅ }, L ∈ {∧,∨}, L ∈ {∧,∨,/,.}, s1 and s2 ∈ {x, y, z, u, v,w},
⊗ ∈ {<,≤,>,≥}, Ξ1 and Ξ2 = rand(−8,8) are variables randomly chosen, n is an iterator

that grows from 1 to 200, and the time interval of the temporal operator is defined ran-

domly as I = [n + 4, . . . , n + 4 + rand(1,5)], and the weights for Boolean p and temporal

w operators are randomly chosen in an interval (0,1]. In Fig. 4.1.7, we compare time per-

formance for STL, PS-STL, and PS-wSTL+ growing formulae with random weights. Note

that the STL performance grows linearly and is faster than the other two. However, there is

a slight difference between STL and PS-wSTL+, which is expected since more constraints

are required in the encoding to capture the importance or preferences in the specification.

Moreover, no partial satisfaction is imposed by the STL solution. The performance of

PS-wSTL+ is better than PS-STL. Both capture partial satisfiability, but only PS-wSTL+

captures preferences and importance. We hypothesize that weights act as tie-breakers, al-
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Figure 4.1.7: Time performance between random generated specification in STL [133], PS-
STL [33], PS-wSTL+.

lowing the MILP solver to prune sub-optimal infeasible solutions.

4.1.7 Conclusions

This chapter presents a formal framework for achieving partial satisfaction (PS) of Sig-

nal Temporal Logic (STL) specifications to address conflicting, infeasible, or resource-

constrained multi-robot missions. We extend traditional STL and Weighted STL (wSTL)

to a new specification language, wSTL+, which is capable of capturing both inclusive (soft)

and exclusive (hard) preferences over sub-formulae. This extension allows for more nu-

anced mission descriptions, where certain tasks must be strictly enforced while others can

be relaxed or partially satisfied based on their assigned importance. We addressed a signif-

icant limitation of classical STL robustness metrics, which treat all sub-formulae equally

and do not explicitly prioritize tasks in cases of conflict. By introducing fractional satisfac-

tion metrics and defining preferences through both weight modulation and the depth of the

abstract syntax tree (AST), our framework enables planners to assess the extent to which

each task is satisfied rather than simply determining binary feasibility. This approach of-
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fers a systematic way to guide system behavior toward fulfilling the most critical aspects

of a mission, even when complete satisfaction is unachievable. Additionally, the chapter

formalizes the PS problem as a bilevel optimization framework. The inner Mixed-Integer

Linear Program (MILP) selects the optimal combination of satisfiable sub-formulae while

adhering to user-defined preferences and exclusivity constraints. Meanwhile, the outer Lin-

ear Program (LP) maximizes the robustness of the chosen sub-formulae, ensuring that the

system’s behavior aligns as closely as possible with the preferred specifications. Through

examples and motivating scenarios, we demonstrated the framework’s capability to manage

situations where traditional STL or wSTL might fail or compute hard-to-interpret solutions.
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Chapter 5

Conclusions and Future Work

This section summarizes the key contributions of this dissertation, discusses the broader

implications of the work, and outlines directions for future research.

5.1 Conclusions

This dissertation introduces a novel formal methods framework for multi-robot mission

planning that combines high-level temporal logic specifications with optimization-based

control synthesis. The primary contributions are as follows:

5.1.1 Novel MILP Encodings

A disjunction-centric Mixed-Integer Linear Programming (MILP) encoding has been de-

veloped to address the computational challenges inherent in traditional formulations. By in-

troducing binary decision variables specifically for disjunctive operators and leveraging the

natural structure of conjunctive constraints, this framework achieves significant improve-

ments in scalability and efficiency, which are critical for real-time operations in large-scale

multi-robot systems.
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5.1.2 Modeling Complex Dynamics in Multi-Robot Systems

In addition to the formal synthesis contributions, this dissertation advances the modeling

of complex multi-robot dynamics. The framework has been applied to scenarios that in-

volve swarm behavior, modular robot reconfiguration, heterogeneous team coordination,

and resource transportation. Novel models, including network flow formulations, capture

the intricate interplay among agents, enabling effective planning for collective behaviors

and resource-constrained logistics in diverse and challenging operational environments.

5.1.3 Handling Infeasible Specifications through Partial Satisfaction

Recognizing that real-world mission constraints may be conflicting or unattainable, a sys-

tematic approach to partial satisfaction has been introduced. This strategy allows the frame-

work to relax non-critical constraints while ensuring the fulfillment of essential objectives,

thereby enhancing multi-robot operations’ overall robustness and adaptability according to

user preferences.

5.2 Implications and Future Work

The contributions presented in this work advance the state-of-the-art in multi-robot co-

ordination by introducing a unified framework that is both scalable and robust. The op-

timized Mixed Integer Linear Programming (MILP) formulations facilitate the efficient

resolution of high-dimensional planning problems while incorporating weighted temporal

logic, which provides a more expressive method for capturing complex mission require-

ments.

Future research directions include:

1. Extension to Nonlinear Dynamics: Adapting the current MILP-based approach to

handle nonlinear system dynamics, potentially through hybrid or iterative optimiza-
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tion methods, to expand the framework’s applicability.

2. Integration with Learning-Based Approaches: Utilizing machine learning techniques

to develop adaptive control strategies that can learn from operational experiences and

dynamically adjust to new environments and task requirements.

3. Development of Distributed Solutions: Exploring decentralized or distributed control

architectures to overcome the limitations of centralized planning, especially as the

scale and complexity of multi-robot systems continue to increase.

4. Extensive Experimental Validation: Conducting real-world experiments to validate

the proposed framework under practical constraints and uncertainties, which will

help assess its performance in operational settings.
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