% LEHIGH | e

UNIVERSITY Services

The Preserve: Lehigh Library Digital Collections

The Thermal Conductivity of Metals
at High Temperature.

Citation

Hogan, Clarence Lester. The Thermal Conductivity of Metals at High Temperature. 1950,
https://preserve.lehigh.edu/lehigh-scholarship/graduate-publications-the
ses-dissertations/theses-dissertations/thermal-21.

Find more at https://preserve.lehigh.edu/

This document is brought to you for free and open access by Lehigh Preserve. It has been accepted for
inclusion by an authorized administrator of Lehigh Preserve. For more information, please contact
preserve@lehigh.edu.


https://preserve.lehigh.edu/lehigh-scholarship/graduate-publications-theses-dissertations/theses-dissertations/thermal-21
https://preserve.lehigh.edu/lehigh-scholarship/graduate-publications-theses-dissertations/theses-dissertations/thermal-21
https://preserve.lehigh.edu/
mailto:preserve@lehigh.edu

THE THeRMAL
CRHINICTIVIYY OF METALIS AT
HIGH TREPCFATHRE

by
Glarance Iesgter Hogan

A TISSYRTATION
Presanted to the draduate Faculty
of Ishigh University
in Candidacy for the Degree of
Doctoyr of Fhilosophy

Lehigh iniveraity
1850



‘\'n(

RS R

(W

Apmroved and recomended for acceptance as a dissertation
in partial felfuillment of the requirements for the dsgree of Noctor
of Philcsoohy.

24W /950 @,ﬁw//@;

Professor in Charge

Accepbed, /gh/Ld/% /950

Soepial eogitm directing the doectornl
work of ¥r. Clarence lester

6@@%/%
Lk

IQ«DSF’TV.I“




Tns auther wisher to cxwess his appreclation to the 3sll Adre
eraft Corporation and o the Aliminum Company of fmerica who furnished
all the specimens which are rewried en in this dissertations The
anthor is slse indobted bu these comsanies for thelr genercvus grant of
funde which has greatly lacilitated this resesrch over the pericd of

the psaay four years.

The author also wishes to express hlg gratitade o Drte Ce Co
Bidwell, and Dre tie Be Smuyer for their help and guldance.



TAELE OF GONTLNTS

Introductlion ¢« o o o e ¢ o o o o e 8 ®
Experimental Procedur€e o ¢ o s o s ¢ s e
yathomatical Analyals of Lxpoeriment « o o o o
jyethod of Data Analysle o« o« o ¢ o o s o o
Ae3Uul¥8e e o ¢ o o 8 © o &+ o & & & »
tYherwal Conductlvity of Aluuinua in the Solid and

Liguld States + o+ o o o o o ¢ » o
Concludloli8 e« o o o » ¢ o 2 & 5 s o &

FADLIOEYaplY ¢ » o o 5 o« o o s & « s &



The Thermal Conductivity of Mstals

Abstract

The Forbes bar method has heen considerably medified and adapted
to the problem of measuring the thermsl conduetivity of metals and
alleys in the temperature range from 0° C to 1000° C, A comvlete
mathematicel analysis of the heat flow problem existing in the furnace
is oresentod, which substantiates the aporoximations which have been
made by several authors in the past employing this busic technigue.
The slectrical snd thuermal conductivities of alckel, inconel, geveral
stainless steel alloys, and 99.59%8 pwre aluminum are reported.

Since seidemann and Frans first noticed in 1653 that the ratio
of thermal tc eleatrical conductivity of mosh metals was nearly con-
stant at & given temperaturey it hes been the attempt of several theorice
of conductivity to expldn this phenomsenone. Because much of the data
which has been published on the thermal conductivity of metals ab high
temporature hag a parently been quiie erronecus, there existz today
some confusion as to the applicabidlity of the Fledemann-Frane-Lorentx
law. (k/~T = L)e It is well to review the present state of the
theorys

Sinee insulators can conduct heaty it is evident that the lattice
vibrations in metals must play sume part in she thermal conductivity
even though the contribution to the thersal conductivity Ly the so
called i'ree electrons is vsually the mure important factor.



Since the total heat conducisd per unit time is the swm of the
heat transported by the electrons and by the latbice we siould designate
the total thermal eonductivity k as the sus of two terms.

k®kyg 4 kg
However, as pointed out by Makineon, {1) we canmot simply add a
lattice conductivity similar to that of an insulating crystal to the
alectronic ocvnductivity, because in a metal the interacition of the
lattice waves with the condiction electrons reduces the lattice cone
ductivity. |

Experiments have been perforped which atiemted to determine k.
and kg separately.

Gruneisen and Heddessrn (2) assumed that the total therml con-
duotivity could be reprasentsd by

knle 0~ T4 kg
where Iy has the constant "“1“”15?. ‘%2 o hctuslly, modern theory
indicates that Iy w In = ? &;‘\2 only at temperatures above the
Debye characteristic temperature O , snd that Ig can vary considerably
from this value for 74K &

Eucken and Hewmarm (3) scsumed that grain size affected kg much
more than kg and that

kg ow
holds at constant temperatire, where n is the average mmber of grain
boundaries per unit length in the metsl in the direction of flow, amd
8 and b are conptanis.

From these aseun tichs k; can be dstersined from the measured
values of k for varicus samples which differ cnly in prain size. Obvicusly



the assun ticas in this method are at best rather arude spproximaticns
and sc the results canwt be relisd on for accuracy.
m (1) uped a novel method which is applicsble to metals

such as bismuth whose electirical conductivity is grestly reduced in a
strong magnetic field (magneto-rosistance effect). If one assumes that
ke and g are reduced by mmmﬁnmm&tkghumlw, then
by messuring the change in k and ;- due to the magnetic field, kg is
eanily determined. This method offers the rwst straightforward method
of determining k.. However, as was stated above, eince kg is deter-
mined largely by the scattering of the littice waves by the conducting
electrons it is not evident that the magnetic field does nut also
afiset ks,

Conduetion of hsat by the elactyuns in s metal is & second order
affect and it is quite diffioult to obtain an expression which gives the
thermal conduetivity over & wide range of tempereture. Yo date, the
most succeasful attempt hes been made by Wileon (5). ve shald give
only the major resulis of ¥ileon’s paper and also those of Hakinsun .

The original concapt of electrons moving in an elsctrostatic field
with the period of the lattice was introduced by Bloch (6), He has
shown that electrons can move unimpeded through a perfectly periodie
lattice. Elsctricsl resictance is causod by the departure of the
lattice from perfect regularity. This irregularity can arise from the
imperfections causwl Ly cracks, strains, and the presence of foreign
atoms or from the thermal motion of the iatt&cm Imperfections act
as seattering centers which scatber the free electrens and thus create
resistance. The problem of commiting the electrical conductivity (or
resistivity) of a crystal conaists of computing the probacility of an
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electron being seattered. Since the total probability of an electron
being scatiered is the sum of the probabilitiss of its being scattered
5 above {i.e. imperfections and thermal vibrations)

by the t90 &8
1% is possible to write

1.2 4L
wheres @ s o
L is the "impurity® resistivity
0y
I_L_ 15 the ideal resistivity due to thermal rotion of the lattice
a-
&

This squation essentially expresses ¥atthiesson's rule which was
deduced empirically by him in 3864.(7)

The free path for collisions of electrons with the imperfecticns
is of the order of the averuge distance between the Imperfections and
is therefore independent of the temperature of the crystal. The cor-
responding resistance is also indepondent of the temperature and varies
from specimen to specimen. The ideal resistunce on the oiher hand in-
ergases with increasing temperciure and tends to zero as the temperature
tendds to sero. Thus the ietal rasistance at Jow tesperatures tends to
a limiting wlue which 1s entirely dus to the oresence of impurities and
imperfect’ ma, For this reancn the “Smpurity resistance® is called the
residual resistance.

Since the electronic hoat conductivity depends upon the total
probability of an electren being scattered, it also can be written as the

su of two teroe.

wheres
%;_ hmwmmawmw-mwmtwm,
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1 is the ideal thermal resistance due to scabtering by the lattice
EI wibrationg.

Now the Wiedesmnnw-Ffrang--lorents law should hold for the part
of the thermal resistance eawsed by "impurity® scattering and hence:

1 - ) § +~ 1
L) To o of 1Y

whare:
b P2 &f‘z
If the fedemenn-~Frans~—Iorents law alse held for the idesl
thermel resistance it would cbvicusly hold for the totsl elestronic
thersnl rasistance for thens
1 - 3 +

, 1 = I |1+ _1\= 1
e o0 of AN | L E’{' 'o“a oo 1
Howover,; the WiedemanneFrans=-Iorents law does not hold in all temperature
regions for the ideal thermal resistance. Wilson shomsthaty

& ° xiesAe(_é)z{_ +n‘)<£?-as~1 :.'>}

where?

%
_A_ :‘g ﬂv"; zgake

¥ = mass of an aton

a & Jatitiecs constant

¢ ® (onstant which gives the interactlion between
the slectrons and the lattice.

=728
Jn!_:/ 8 dau
. (a8 =1) (1-e%)

- n+ |
2— o "B B,
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:(;119 (,@) n-1 * T/G —> &, and

=m = :"‘E as T/@' — 0

r= 1
D= {ﬁﬂ%!%g
s
3
E,," »° : ?& ;]a/a FPersi energy of clectronse.
\ o9

In general

P, o=z 1 4 = ?ﬁ%

’a‘#’ oumber of conduction electrons per atom.

Hence the curve of ky versus { T/&) depends upon the value of
D/Eo o For the monovalent metals there is approximetely one conduction
electron per ateme Hickel has spproximately 0.6, iron has 0.2, and
bisuth hes 1.8 x 1072, The corresponding velues od D/E , ares

Hornovalent netals » 0.79%

i = 3,11
i 2 11.6
¥a ®” 2.33

The total electronic thermal conductivity con now be writtem

v 2 L 7e
&+ X(% %)

wheret 4A
A= gEEhﬂ
ESA
erif T/g 2 0.4

© (%)
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'ﬂntablebelnwatnu?(f&ramnlm&umlmhumm}w,
for nickel, fyon, and bismuth. From these values are comoubed vulues

%
of Lake which apear in the next table for ‘Do=0.
G o
Yo Gopper Eiockel Iron Bismuth
.L WEo =09k D/Eg e ldd D/Eg =233 D/E, = 106
0,0625 0,567 x 1072 0,10 x 20~2 Ceifly x 2072 0,275 x 10~2
Q.1 2,14 Le56 0e675
0,125 3.63 1.05 (13519
0,167 6e35
025 10,35 5.12 2.1s2
0,50 15.0 223
0667 19,9 18,0 15.5 Yh.0
1.0 27.7 27.2 21.0 23,2
2.0 50.0 50,0 50,0 49.0
b2 kg/ig® B = 0)
o
i Copger Wiokel Iron Bismuth
036625 11-{) 15‘6 3&09 m
0.1 L7 Geli2 1.8
0,125 3.0
0,167 2.63
0.25 2;&2 m‘3
GCe50 3402 Sehi2
0.667 3.35 3.70 430 Le76
1.0 3,61 3.68 bel? Le31
2,0 4.0 LO .05 L8

*

o ¥ 0 mesnp 2 rare mebtal with ro lattice defects.

~7~



Fioures (1), (2), and (3) show the trend of walues for three of
the metala under consideration. Figure (2) shows the effect of adiing
impurity to couper amd Tigure (3) shows the same effect for bismuth,

wWilscn also shows in the same paper thats

i1 = 37Thb » - £ o2
i - L B S

Thus we can compute the so called lorents comstant for the electronic
eontribution so the thermal conducTivily.
K I, = ol ¢ (75 w7 1
T “ha + X (%, %)

Figures {4), (5), and (6) show thiz function for the varicus

1t

metals which we are interested in heres, The curve indicates very
clesrly the dependence of L, upon K, for low walues of T/5e (iee.
/o <o

The experimentsl dats which has been taken for copper checks the
atove resulis extremely well, Howewver, for bismuth the experimental data
which exists gives k and I wvalues which are much higher than nradicted.
This might be scccunted fop by crystal lattice conductione

Crystal lattice Heat Conduction
Thermal resigtance of the lattlee 1ls created by the seatiaring of
the lattice waves. The principel) factors which scutter the latiice
waves aret
(1) interacticn with conduction electrons
{2) 1lattice defects

{(3) seattering of the waves Ly each other
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Pelerls (B) and lukinson (9) have derived general relations for
kg,- the latiice hoat conduetliviiy, bul the relationg inwwlve functions
which are not known and hence are mot very useful for general application.
However, they indicate that the lsttice heat comductivity should vary
arproximately as figure (7) indicetese The meximm of Lhis curve occurs
at suproximtely /g = 0.6

Hakinsen almso shows thats

Vo

at the point where kg has ite maximom, Although this relation is of
litile wvalue in actually eomputing the lattirs conduetivity, it shows
that the latiice beat conductivily is wery dependent om the number of
free or conduction electrons which a metal haa.

Apart fiom the practical importance which thermal conductivity
data has, then, it is of extrems impertance in the theory of the sclid
states Hence the puwrpese of this dissertation is two fold, The first
purpose, and probubly the moed important purpose was to devize an
experinental methed by means of which accurate zad reliable data could be
obtaineds The sccond purpose was to use these data to check the above
theories of metallic conduction.

Heasurement of thermal conductivity by means of heat flowx data
introduces many difficulties in instrmmentation and controls Tha main
difficulty arises {rom the lack of a perfect insulator and consequent
inability to prevent heat flow in all directions. It is beyound the
soope of this disgertasion to discues the wurivus methods which have
been trieds 4 complete picture will be obtained by referring to the
bibliography. (10) (11) (12) {13) (A (a5) (26) (17) (18) (20)

-9 -
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In general the data obtalned sre conflicting. O0f all methods
discuzeed in the references abowves the Forbes bar methnd ip one of the
most reliable. Thers are few inherent sourcus of error in thie method.
Contrary to most mebthode which atitempt to eanfine heoat flow Lo one
dimensi on, the Forbes bar methiod allows heat o flaw in all three
dimensicns. Hence the basic weakness of most other heat flow methods
is irmedistely ramoveds



Bxperisontal Procedire

The sample whose thermal conductiwvity is to be measured is prejsred
as » eylindrical sample 0,375 em in radius and 30 cme longe Chromel~
alumel thermoccuples of A« ¥e Ge Noo 2 wire sre tightly peened into
small holes st 2 om intervals along the sanple. 4 small heater (about
2 cm axial length) is would on the top end of the specimen using Ae
e lie Boe 26 astestos covered Nichrome wire and No. 12 cupper wires are
bresed to each ond of the sanple. Figure () inclestes the position
of these various wires. Before placing the sample im the furnace, the
thermocounle wires are plaved in fine quartdr tudes and the entire
esnple 1s then covered with & thin layer of Abundus cements ‘The
sample iz then centeored in a cylindrical furnace as shomm in fizure
(9:)e The thermoccuple wires sre lead out of the Lottom of the furnace
aniu the Hichrome heater sires oub the tope A reference thermocounle is
placed in the furnace, below the sample sand ususlly in contact with the
heavy walled covper tube which forms the inside lining of the furnace.
The furnsce tube ie then packed with screened Sil=OwCels

A1l Thermoeouples are connested to a switch board so that each
thermocounle on the sammle csn be comected in 2wn differentially with
the reference and the resuliing emf commected scross a lseds ond Northrup
type K galvancmeter.

The deflection of the galwancmeter is thus a mpeasurs of the
diffsrence in temperature bstweon the reference thersocouple and the
particular locetion on Lhe sanple wiwre the second thersocouple is attacheds.

The furnace construction is elearly indicated in figure. (9 ..

The furnsee is brought to any desired temperature by means of the
Carcmsl fuwrnacce windinge The furmace woltage is controlled by meuns of

- il -
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two Sola constant woltage transformerse When a stesdy state condition
is reached, & current of 5-10 asmperes D« C. is passed through the
specimen by means of the copper wires Lrated tu esch end. The potential
drop per centlimeter 1s measured hy comnecting the chromel~-p wires of
each pair of thermeeouples in turn o a potentiometer. %hen the specimen
comes to eguilibrium with the furnace the thermocouple in the center of
the 30 cm long specimen is conmected in differential with the referance
and the gslwanometer is cornectiid in series with theme The galvenocmetsr
deflection is then proporticnal to the temperature difference between
the specimen and the furnace lining. The specimen is raised to &
tesperature of abeut I° € above the furnacs tompersivre in this part
of the mxperinont.

The power input per cenbtimeter along the samnle is given by

a - 2 T ke AT
Jk N re

-

where:
¥ = potential drop {wolts) along rod between points L cm apart.
I = current in rod (smperes)
J = Jowles constant
kg = thermml eonductivity of fwrnace packing
AT 2 tesperature difference between specimen
Aod copper furnace lining when specimen is in aquilibrium carrying
a current of I smperes. (° C)
Fg_-.- radiue of cgopper tube lining furnace
[1 = radius of speeimen



It i2 not necessury that all theue censbandte Lo measureds IT
we lets

by =M
w5

Then I will have the dimensions (aa&nrias mm;nrmz)me
the zignificance of a heat transfer coufficient, and the equation be-
COmes

w =aTGHAT

Parther 1f we lat:

R= 2H
r1
then:
E = _Y_;_.—-——-
LIm*AT

Since both X and AT are nessured by means of galvancmeter
defleotions, it is not necessary te Imow the palvanometer constant. If
the deflecticiis are seoaibly the ssme in esch casge it would not oven be
necessary fer the galwvanomsier Lo be linear.

After the sbove data (VX L AT) are taken, the currest through
the cylindricel sauple iz twrned off and the sawple again returns %o
furnace temperature. A% this time a current of approximetely 0,5 amperes
is passed through the Nichrome heater at the top of the szaple. When
the steady state is attained, the tempsrature gradient existing along
the smmple iz messuvred by the method Indicated abowe, ‘e top of the
samnle is never ralsed to a temperature of move than 5°C above the hotion
daring this pert of the experimante

The temperature (recorded ae cms. of gulwanomoter daflection) of

-33 =



eagh tharmocouple is then »lostted apsinst distence down the samples
on semi=log paper this plot 1s z straight lines II we dencte the slepe
ef this line 28 my them the Lheranl donductiviity of ihe ssmple ls:

k = R
)



WATHIMATICAL  AMAINEIR OF PEIIDOET

The roblan iz ezsentially ithat of delermining the steady state
temperature in a semi~Infinite red if one end of the rod is maintained
at temserature T and the rod loses heat through its surface according
to Nawbon's law of coolings Sinece in the experimenial method the
tzreraturs of the rod rarely wxceeds furnace {environment) tamperature
by move than 400, Hewton®s law of cooling would bDe expected to hold
axtrer=ly well, snd this expectution has been substantiated by experimental
data. Mathemsbiclly our problen is:

NIRRT L
22 u(re) ® T
3¢ MHmu(r,2) = 0

£ ~> o0
¢
b 2 d:')'“'( 2 _ e
¢ Oug) it {2
L S
ort
¢ O u (e = ~hu (6,5)

(4

r - %

wheres Cw= radius of ruod
k= thermsl conductivity
H 2 heat tranafer coaffliclent
u {r,Z) = temperature functicna
To = temperature at Z = 0

-15 -



This probles can bhe easily solved.(2)  one solution iss
o

E -n3Z
u(r,2) = 2
=3

Ay do (agr)

wheret

by = 2y0% %1 (asc) -
(ag?aﬂ R hg) [Ju {aéc)] 2
and aj ave the positive roots of
Gay d (a0) = a4, (ag0) )
To swaluato the roots of equation (5), h sust be determined.
For a cylinder initially sbove envirommental temperat:re, Newlon's
law ¢f cooling can be writien asy

P e ezg_%= 2 & 8 w

o € u =

“le

where: @ = specific hest

€= demsity

u = temperature of zgection under sonsideration

€ = radus of cylinder
How tie quantity OC %%a_ has been detemined for the furnace
useds Obvicusly this :mtity muld decend vpon tho thermal conductivity
of the material packing the fwnace (3ii-o=-cel) and would be the seme for
all materials in the furnsee 1f they are machined to the seme shape and
gizes It has besn Fouwl that this quentity har & alne of approximately:

R = 0008 cal
sos

-m-,



Howe h

1
3
e}

ands H < CE
%
So1 h o= % = 3.02x307h

Thus equation (5) becomes

0.3175 a4 31 (a4C) = 3,024 x 1074
3 98 (a3 _2_°§!A__..._.. s (a0

Bubr 3 (X) =~ (D

S0t 03175 a5 Jy (0.3175 ay) ‘Ma (03175 l3)
o 3

This equstion can be solved exnoltly for any given valus of k. If the

therme) copductivity is beken a8 |

aus om OC

of this eguation are found to bas
ay = Q&hﬁ? ay = 22;3.1
“& s 12407 l& = 32,08

There ure an infinite numbar of roots.
Sow at » 2 o {outside surfece of cylinder) ihe temperature funchion
ius

u (G2} = f .%,Mm.&.__.
i taffc® 412 [5 (ag0)]

But from (5) sboves

cay = R (a40)
i {njﬁ)

Honow:
o°

. Z
w {C,7) :2 23;1&2*’
j=! (ajzea 4 )

- 1T -




IfZT ® 0,03 then b = 1,01X107° and the series bacumest -2

u (0a3275,2) B 0.997 %, 9:4‘;45?1 4 Z -——-——J,, T 2.

This serdos converges extremely rapidlye. In fact if only the first tam
of tha serise im used the maximam srror involved in the determinaticn
of temparsture would be st 50 where the error iz obvicuslys

Thee *ithin the agourscy of the experimental method employed the tem~
psrature &t the outside {8t r & ¢) of a sesi~infinite cylinder can be
written ass
B (0.3175,2) 7= T  ~ebli6TE = Tap=NZ (6)
where K, h, ¢ bave the values indicated above.
At: 2= 30
«13.4
u{oi) = L & 0,0000015 T,

Thus 17 the ton of the rod is heated to 8 ter-erature equivelent to
100 cm on the galvanomster { LOC) the bottom of the rod (Z = 30 cm)
would changs by 0,005 nz in the steady state condition. Thus within
the ascuracyal the exoorimant the vod ls senl-infinite and doss not
roquire a hutt sinke

Sinpe the above series converges sc rapidly that only the firgt
term 18 nocessary, {1.e. only the first root of equstion (5) s ree
quired) it is possible to find aun approximate expression for this root
in temms of the thermal ecnductivity. Rewriting equation (5) in the

Final form we had aboves
00175 a5 dy (C3MSay) ® .1»2&!1_9:‘: %o (0.3175 ay)

Iets 00,3175 53 s 17



Thus wvo musd Mind the rools of
Yy 1 (x3) = -h%m I (%)

Buts 3, (X;) = 2 -jé—z-' "E&h— . v
Since from the exact solutiam abowe wme kncw the first root of the above
aguation is approxisataly:
& = Q.7 or X3 = 0.2h18
we e¢an obvicusly neglect the third term in the above alterncting series.
Even for X = 0.2 the series ias
dy (0e2) =|7001 + ,0000E5 = + oacoe
Likouwises
5 @) ,g, - g 4 coance
Substituting these series into equation (5) and resrranging we gets
®[3eb2]an
mmmmdmmgizwg,ngm

ﬁzzh = &
- S A

Hence: x.a\]—g-
and al-_-_-\ﬁ"

Thus from equation (&) abover

w (0.317hs2) = %o n
which is the exact solution of aitthin wire redfating to its swround-
ings with one end st tempersture T, and whoce isotherms are planes
parpendicular to the axis of the wires.

It is the approximate formula for the temperaturs of a rod
043175 cm in radiue and whose thermal conductivity is between 0,01 and
1.04



Tt has besn shown in the previsus analysls that whem a gradient
is applied %0 2 long rod under the MNunsce copditions with which we
worlk, the stesdy state iewperature of the rod can be sxpressed ags:z

- [®
T(2) = e \[;3 (2)

wheres
2 {2) = temparature at any cross section I centimeters
from top
Ty ¥ temparatire at pectlon 2= O
K = theread conductivity

on oaloriss
ﬁ*y imvﬁim, ,

# = hest transfer cverficient between rod and
surrowdings (IE gs"'m" ")"'

¢ 2 radius of rod {cm)

Yaking the logaritim of loth sides of the above equations

lav{i} = 1 — 1R
a 7T (2) a%\]‘;z (2)

which is the sguation of & straight line ocn semi-log paper.
The slope (m) of the straight line is:

Thuss

Henoe, in order to deterwine tha thermel conductivity of a sample
we meed only plot the tempereture of the rod as funetion of {distance
down the rod) sad.ddtermine the slope (m) of the straight line. If R,
wiioh is a function of the rute of hest loss, is known then K is
ismediately determined,



Dhvlonsly T oshould De a funct?on of the noperent eondnctivity
of the s119e} wwdar wrich packe the furnace. HMaxwell hae calevlatad
the appsrent conduetivity of a substanes somceed of spherez of one

mediam dispersed in ancilher modinm and has arrived 2t the
egration, {22), (23), (2k)

. x (g » 5 ¢ fa (%K)
? for, » %, =285 (%5 - %)

whores

= comdoetivity of aggregste
condustivity of mitrix

= copdustivity of dispersed material

& & & B
n

- m volume fraction of the dispersed phase in the nixture
The %ilseel powder amed In racking the serple in the furnace
oonsists of golid marticles of dlatamscecuns silics dispersed in alr.

Sinee the conductivity of the zir 1= nepligibly mmell compared to the
conduekivity of the 2nlid particles, ¥axwell's equation ¢an be reduced

tor
By (% -3
wharet
K, = conductivity of powdered Silocel
K, = conductivily of air
Py = frecticon of ‘ofal wolme cecupled by air

{It ahwuld be notéd that there is sonfusion in all three of the
sbove refersences when they abieapt % spply “axwellts eguation o the
apparent eonduchblivity of & powdar. This confosion saens to stem from
Incken's originel epplisation in 1I5u0. Apperently, the other two
authorts are following Ruoken. ucken makas no distinetion botwoen a
substance composed of s0lid particles dispersod in air, such 2z powdered
Silocel, and air dispevsed im a solid, such az Styrofoam. He treats
a powder ap if it conaisted of alr particles dispersed in a sclid; amd
hence arrives at s different Forvmla than we do heres)

= 21 -



23
Bz & = L]
m™c*aT
Sinces
. I
aTAT Cc
wheras

ro = radivs of cepper tube used as furnace lining,
AT = temrersture differencs between sawmple and furrace
lining in sleady atate nhen panple is losing §
calories /eoc/ om lengthe

Ye can writes
;e/k%

Sime:
3.8/
;e "= 3Ben
L By = 793K
The Sileo=Cel 2s packed in the farnace is about 827 ale by
volure. Honger

- i 330
G -x e k)
but a2t room temperatural

t‘ =z 000057
8oz » .Wé 62
, 0,000 ‘
Asd: Rz gggxp = bz oalories
' o O¢ gec

Tids theoretically cumpated valus of R compares faworsbly with the
wperinaatally scaswred values of about GOOL. We should expect scme-
shet higher wlues experimentally sinos X is really an apparent con-
ductivity itself end includes the influence of radistion from one sclid

- 2P -



partiele to tho nexh scroas ths air gape (Convection in the air pockets
will srebably be nepligible sinee ther are go small.) Honce in come
pubing 7 above we phonld not have used the true value of the conductivity
of air, but something slightly hichers. GSinge P, varies only from 89%
tc 82% for loosely packed or tightly oacked 5il~o~Cel, cur computed
value of H conld only wry from ,0031 $0.00%. ictually sueh extrems
racking conditions are impossible in the furnace and it is doubtful if
B ould vary more than 7% from one fmrnace o anothers FHRence K walues
should be consistent from one furnace to anothore Exverimeatally, this
faeot has been upbeld altbnn@ in sur original work extremely erruatic
yalues of B were oblained sinee it is very sengitive to 4ho measurament
af the Lesnerature differsnce betweon the peannle and the Turnace and
grest care must be taken in order to obixin eonsistent waluss.
How, for any particvlsr furnsce packing 7y e a constant and hence
from abovet
€ =
or:
B w L5.7AK;
whare e csaét&n% A is glven Ly ¢
Aw (!;; - %)
Hence, the temperature cesfficient of R should be the same as
the tesperature cosfficvient of K&. Sirce, howavar, x,, is an apparent
conductivity of alr it is difficult to compare the experimentally
measurad value, with the sctual temperature cuelfficient for K.
Newarthaless, 1t huw been experimentally deternined that:
E 2R, (1a J0009%)
R, = (extrapnlated) value of ® at 0° C
t = temverature of furnacs °C,

‘aq



Meree frow cur Yogle enrefl on Tor compeding condurtivity, lees
R .
™= 9
ke o2

we cen arile

By » (1« ,0009t) m?
X ‘il!s! ‘

Thes relative valucs of eonductivity c=n be obtaimed for a perticular
furnace without sctually messwing I abeslately. These walues will be
imown as accurately as the tamperature ecefficient (.0009) is known.

Tt i folt thet this hee beem doternined o ut loash - 5%

It should be pofnted out that the greatest errer is introduced imto
the experinent thyoush the measurswment of H. I scourate weines of R
were mown, the thormel condustivity condd rarobably be deteruined with
an error of sbout 1%, whish ie introdvced in the determiraticm of V).
This author, however, in carly mrk)mwed R walues which later work
shenadmﬁzmhyshast 100%, Tt is necessary that the fuwrnsoe be
in = exirvemely stesdy stsle hefore an stiem:t 1s made it~ determine R,
Zhatever woltege contyol ie resuired for the furnace nmat thus be
usade The auther found Sola traneformers adequates

In addition o adeguate wltage control, ancother precsuticn is to
make eertain that the reference thermocouple sotually messuraes the
tempersture of the soprer tubs furndee liring, The bast location for
the refersnce is indisated in figure(d)e

The authoy believes thut the R walues sompuied fyom the above
simple theory #ill lead to more accwrate resuiks than experimentally
msasured vwslues of R uniess very gresi care is taken and unless adequote
voltsge contrel is supplied and ample time is allowed for the fHunace

to como to the stesdy stsies It Lis impossible v meke more than one



deSerinatTom po= Phoheuare eith 2 firmace 8f the ohewo fesign slamdy
beesuse 1t is go Twnortamt o walt il the furrace is steady at

tre nev tomerature hefors dots 12 takens



PETIED OF TATS  ANALYSIS

In ordar to illusirate the present msihod of dats smalysis; a
data sheet for ths determmination of the thermal ceuductivity of stainless
steel type LL6 is rosented ond the calceulations are made in deteil,
Furnace tempersiure for this run was 250c,
Thermo e Tele Tele Tole Tefla Tels Galve

#1 £2 £3 wh #9 f&  Zere
Tist. from ‘
Therme (4 1 Oom 2ex bhow Sem Oem 20 cm
Zerots 9*189 95l° 5’5-2 95.2 9‘;.3 ?Sog 96'8
Eesistancs ﬁll‘!a 3}0253 %113 2ﬂ.l;,3 2&1&3 ?3.21‘3 20-'&3

Heater om at 7120500 at 0.6 smps
The following "gredient® was vrecorded at $:20:00.
27.8 6.0 72,5 Bl.8  8T.6 95.5  96.8

Por R determination

Carrent passed ¢thru wod at 5312353060
Bod in steady state at 6#35:00

IR drop in rodribetwaen Ts Co # 1 ond T G # H)
Cor 20007 lel0ny 6.8mw 3,)9my 20.0mv
T bstween Ta o # § and copper tohe o 1k.l oms {38lve defl.)
{ale. daflecdion when placed noress 0,001 shmt esrrying swrent
which iz heating mewple = 59.8 om.
HBow it was shown previcusly in this report thase

1LAJA%

T = K‘ds

Buts



wheres:

C = thermoelectric power of thmmocouple {wits/ °C)

(o ® presistance of pgalvanomeber and thermoscuple eircuits (ohxs)
dy = galvenometer deflection {om)

¥ ® galvancmeter constant (amns/em.)

Thus:
E= vie
ad K 4y

wheras

are T (wlia/em.)
Buts:

0,001 I = Ky FK
wheret

= resistance of galvapomeior rlns gy resisvanse in sorles
with 4t {olms)

dg = deflection of galvanumeter when nlaced acrose 00001 ohm shunte
(em)

v dg f)s ¢ x 10°
AIP0a

For a rod i dfa. A = 0317 on
Alao:

L=

€5 = 62942
snd at &° ¢

o= 0,040k X 31073 wite/oC
L O.0192 dp vx 10 3
R = e él
Now, from the data cheet
dy = 1kl cm.e
d; = 59.0 ome




v . 1,02 x 103 wolta/ o (average)
(’ = 20,13 ohrg {daba sheet includes resistonce of galvanometer)

Sos
R x eom @ﬁlﬁrﬁés

cn 3 sec 9C
How if we subizact ihe galwnometer readings when & gradiami existed
dosn the rod Drus those which cesured when o gradient existed we get

e temperature” of she roc ab the wuricug pelnie whets thermocouplos

=

are attached.

Thuss
99 950 95.2 F5e2 953 95.5
67el PV RY 2247 3.4 i1 0

These medkers are plobled in ity e {10}, ine slape of this
straight line is the quantity MA

In this case:x

®’ T J.272
!g L O.ngﬁ
{.
<000 Guli0 il —E——a
ks P 5 P L4 ﬁ" = 0-‘1;‘321 om. S‘C.oa
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TRerTen
R e

Thore are rererted herowith, the values of the theruzal sene
deetivity end electrical conduetivity of Inconel, Commergial "A® Kiekel,
Stuinless Steel slloys tyoo 303, itype 310, ty.e 347, and tyse LbS.

The analyses of these speclmens cre as fcllows:

c ® s W o P S M ¥ A G Te
Treonel 0.03 OukT 039 73,19 11y38 mmm 0,007 0,03 =om 0483 = 6.99
Fickel 0,06 0,22 0u02 9518 weem  we 0,005 0,05 —me == == Oulh
Type D3 W0,17 0461 0,51 Bo97 18.h? wme  cwmm  wms e e = Hal,
TypeFA0 0,10 La63 0,81 Z0,E0 25,5h 0,025 0u005 = eme’ em  —mm 50,98
Tyoe RTAROES 1,80 0,70 21,70 10,10 G.02] Cu00] e o= o= 0,77 inl.
Tyoaldif 013 0.56 0,50 0,20 26,00 0,012 0,007 =w= Oulli == == Bal.

The weluss of the thermsl conductivity of these alloys are
tabulaied Halow,



{calories )
THERHAL CORDUCTIVITY lcm. sec.

Temperature Inconsl Rickel 363 310 L7 Lkhé
o5 o _
0 2,032 0.17h  0.02% 0,031 D.0LE .05k
100 0.038 0.356 0.036 0,03k O0.0k9 0.087
200 0,043 0138 G.038 0.039 0.053 0.081
e RO Qel20 OsChe Q.OhE 0,056 0,065
500 04054 0.13h G 0h7 O0.0L8 0,061 0,068
$03 0.060 Ceill C.U81 0.055 0.066 0.072
600 0068 0,128 Q085 0,060 0.070 0,076
200 G073 D.136 0059 (0,066 0,075  0.080
400 D.081 Ga143 0.06h 0,072 0,081 0,084
900 9,089 0150 0.068 0.078 0.067 0.087

The values of the slsatrical conductivity of these alloys are

1istad below.
RLECTRICAL GOMDUCTIVITY (mho/ome) x 104
Temperature fnconel — Mickel 30 310 7 L6
°g
G 11.3 1.38 1.7 1.7
3160 0.814 706 1a25  Ge999 1,18  1.4h
360 0.79h 3.87 1.056 0.908 1,07 112
100 570k 2.87 0.988 ©.870 1.03  1.02
500 Oa7h 2.62 0,90 0.843 1.00  0.940
600 D76k 2.40 0.900 0.818 0.98Lk 0.880
700 0,770 2,97 C.B70  0.800 0.967 0.840
800 G702 2.30 0.846 0,785 0.950 0,820
. 900 0.795 2.02 0.82 0.771 0.933 0.610
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% (cal /sec-cm-°75)

| | |
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THERMAL CONDUCTIVITY

STAINLESS STELL

TVYrEse 3/0
Fe 50.98
cr 26,84
N 2068
M /.83
8¢ 0.84
C 0./10
P 0.025
S 0.005

200 400 600 800

TEMPERANTURE (°C)
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fore of the wlues In the tove two !,siﬁlaz. are .reserbed sraphically
in !‘?,gm‘a!fkl?, 12 Mg, :if?::(éﬁ, 2=ty

Snfth ond Teirer (257, nfter buwing investizeted Lie electrieal
snd thermpd conductititins of a nurbar of copper alloys, found thet
the thermel conduetivity could be remresented by e stroight line
relationghic of the foram

x=z [T+

vhere L end 2 word eanstante for a partionlar sct of alloye which bed
similap phyeteal wropertizse This rlation hes besn found o hold for
all the meteles reported om In thiy paper. ?&zwsaxiﬁ, mi:dm,m show
grashically the resuli ohteined by plotiing k versus the product 0%
for ineonel, nicksl, and iype 20 snd iype LM stalnlesa slexlas In
all cazes, the polnts il wory nearly on & straight lines. The e
perizentally deternined valueg fror L and & ean he obtained feom the
slope and intereept of thz straight Iine,

The valuss o-tiTned are as fTollowsr {Iorentz constant =

0,585 x I.O"’E}

L e Kk atT0’C
Inconel 0,010 x 108 0,012 0,032
Tyve 303 Go71 x 3078 o 0,034
Type 310 0.8F x 1078 0 04031
Type 347  —— i 0.0l6
Type hk6 C.73 x W 0,018 0405k
icksl 056 x 1070 o GelTh
Alamcinm 0,502 x 108 C.03 0.570

Tt should be poinited cat tet consideranis expsrimental error

exlisiz in determining eithor of viese constanis. This is so becsuse

-3l e
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the relative chanpe in thermal conductivity over the range from 0PC
to 10009%¢ {s small for some of ths alloys reported and an error of 5§
in the thermul conductlivities ean introduce errors of 20% or more in
the gione »F Lhe so-~called "lorentz® plot, Hence the sctual wlue of
the aveve constants are in eonsiderable doubl. Nevertheless, z rather
Icteresting & ailgnificant trend ig evicest ir Lhe abvve listed wlues.

It is evideni thet Lhe metels wvhich sre good cerduntors sueh
2s aluminum {cr copper) give & wilue of L waich is leses than the
elzssical lorents constant {114/3 (k/s)2 }u Wetals vhich are
intermedints conductors such 8& nickel giw a wlue of L which s
very nearly ecual to the Lurents coastent and poor eonduchors glve
incressingly large wlues for L. Thus type L6 stalnless which has a
thermal sonductivity ef 04051 at 80 zives & taluc of T agpal to
Ce73 x 108 wiile incnonel whisch 1s & wnoh poorer conductor gives a
velue of L squal ta 0,810 x 2075, Tis Lrend is apparent in much of
the wark which apnears in the literature.

In the pasi, the relation

k= LY 4 =a

has baeen utermreted to abow that the tharmal conduetivity of metals

is oqual to the zum of %m0 terms; the Zirst term, LT 18 susposed to

’
represent the vonbrivutlcm of the orluction elecirons, ad the second
ters, which is the Intwercepl of the straight line,is supposed te re=-

present tho sountribution of the 1laitsice. (here are many objecticns teo
thie interpretation, ine oblection i that the Jatiice contribution

would have % b: a4 constent at all Lemporatures. Another objection ix
that even with this interpretation, the constant L turns ocut to be too

highe 4&s we have siown in the intyoduction, the constant Iy w ke
T



2
2 Ik
for froz 8ieddd be lass than 3.3 = % & ab Gl beaptratures

and shwald aoproach this wlue for 1/ 7). rovever the Loveniz plot
for ireu givee 4 valus of 1w Uet25 & 1U™0 witich is higher than Iy «
e ong runs wnto trouble 17 he wies to idencify L as ige

Aonther very sericus chjection srises with the siiempt to identify
ihe invercept 2, of the Ioxrents plot with the lattice conductivity.
be poivted out in the irtroduction, it is expected that the contribution
of the dattive v the thermal eonductivity of eopper, aluminum or other
good conductur showdd Le nedligibly ssail zikce the free slsctrons in
these metals scatter the lattlce saves. Un the other hand, metals such
88 iron, imconel, etee which have wnly s fractlion of a eonduction
slectron pey stos should have curresponaingly lorger latilce eohe
tributionss Dxperimetally, it iz found that alupdinum gives an inter—-
gopt of 9.03 un Lhe Lorents plet uhich fe higher than twt of eny metal
or allny moasiurede Thus the asove interpratsticr lsads 6o a grave
diseropaney .40 regard o the order of magnitvde of the lattdoe
contribubion.

The suthor balfevay thet Jhe fzed that the therzal and elesctrical
sonduetivity of alwmost 21l melals and slicvs eom be vepresented by &
straighs Iins n the Iorenty ot iz a coingidence as for as the
wevssl day bieory is coacerped. This orizes from the faet thel for
2]l the alleys tested & graph of €7 worens T i also a giraight line.
ARy this sheuld Te so in nob Mrowne Howeiexy, it i3 o be expeeted Tor
pore mnebtale thel the predust ¢~ ir practicslly constant at adl
vemoeratures when /g P |

Thos for alominmuee 4¢ hos been found sxoerimentally that

k= 0502 x 10678 0T+ 0.03



and we ex ect (see introduction) & relatien such as follows to be
valide
k2 kg ¢ ¥ = Ig @7+ Xk

It vas alm shown i3 the Introducti-n twt for T /@ 20,1 we

wuld exvect for alimimws thats _
fe 2 0L T 0.9 (57 x 10°Y) = 056X /0

Hence for towperatires neir the Debye temperature (395°K for
Admminem) we shonld expect the following relation to be 'rue for
aluninus,

k= 05623070 6T v 4 K,
Bnd empiricslly wa finds
kS 0526 x108 01002 x108 o0 4 0.03
Bt for aluminmm (99.996%) the roduct@ ie preetiecslly constant and
equal sprroximately to 1 x 109, Thus we awn write the empiricsl relstica
atove in the form.
== 0,526 x 3078 O0UT - 0,02k < 0.03
k%  0.526 x 1078 T 4 0.006

where the firsi term reprssenies the contribulion ¢f the ronduction
eleciruns snd the second ters renresents the latiies contribution.
This relation is, of sourse, only valid in the vegion where 1/ 2C |
since for weluws of the temperaturs wuch lower tham shis Ig cammmt be
expected to be consiant.

For ¥ickel it was found sxpariwewtally that

ke 56x1268 0 1

This would lndicate from wevicus Iinterpretations thst the lattice
contributicn 1s sarc. Howewmar, {from caiculations identicel with
those in the introdusiion it can be shown that for nickel,

-3l -



Yo = O.0°%%, "n 0.51 = 1070
Ter (179 =Y (6 z hrrex)
Alse, *he pradues 0 Zor ateles! 43 approximelely 0.2 x :zc“a‘ and while
it 45 not o8 comsbont g Sur slindnum we can newortinless sriter
Fe CSIx1r® 47 &+ .02
vhere the sepnd term (001} which rupreserntc the lsttice somtyibuticn
ie ot reslly constani, cince the product T is not ennstent bub
nuvertteless will be of the ocrder of magnituda shown.

Io the tw exsrnsdes abowe, we have writlon the tots)l thesmal
eonduetivity of the mebals as th: sum of Lwp terms, one & lzbtdice
eortribution and the other 2 Prae sleckron oonleibolicn. Both fyse
electrom terss wore comubed by menns of ¥ilaen's equatione (see
introdaction}e The rexuiting lattioe contributicons are net completely
mmmwm indesendant, thear are of tho corrsct erder of magnidude fer .
Iatties mndimﬁvit@) and the nickel ampmle sheon a larper lattice

ctivity then aluminum, which, according to the introduction, is

Stnea for the steiniess stevl alloys it is fmmossible to compute
the value of Iy from theoretical eonaidorstions we can only inspect
the data obtal rmed fyem these allops wors or less qualitatively. Howe
overy 82 ahown in ths Indreduction, the presence of impuritics in s
metal tends %o meke the wilune of kg unmroach 1, wore rapidly. Thus
it seems reoluble thet the wvalne of lg for the tairless stesl &lloys
will be very close to L.

If »e average the walues of L and a which are found espirically
apd listed above for inconel and the tiwse steinlese stesl 3lloys we
gat e following aversgce wluske

a-v‘,sn



L = 0,775 x 10~8

8 = 0.007
hus we can write

k= 0,775 x 102 3 + 0,007
ors

k = 0,685 x 1068 ¢~ + 0,190 x 10°% ¢~T + 007
Pt the product 1 ean be represented eapirically by the
eguation

T =A"T+ B
which is velid from 0°C to 10009%

The constants A and B vary somewhat from one alloy
to the next but since we are here only interested in uualie
tative results we eoan represent all alloys by the average
equationt

o = 1.2 x 20° « 0,66 x 104 ¢
Futting this into the above equatlon for tiermal cone
ductivity leads to the sxpression:

k= 0,685 x 2078 ¢ + 0,93 x 1072 4+ 0,13 x 1074 ¢
where:

kg = 0.585 z 10”21

k, = 0,008 + 0,13 x 104 ¢
at €00° K this glves for kg

kg = 0,016

This glves a value of kg which is larger than the
value obtalned for nickel, which Iis as we exuegts In
addltion e lettice conductivity is obtained which is not

teuperature independent. «36e
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In order b0 debtormine the thermal eonductivity of alumimm in the
liquid state, the simple was srepaved In theo Tolléwing rarmer. An
aluz;;cinm tube 12 inches long and with & bore of 3* menufactured of Norton's
BA 98 material was useds This zertleilar materiszd was chosen because it
drills qeite sagily. iloles were ariiled in the Alundum tube, into which
the chromel-zlumel thermccounles couldd be nlaced. Tharmocouples wers
insorbed inte the tube (prejecting inside) at twe centimeter intervals
down the tubse The thermocouples were then cemented ints the holes with
Alundum cement ond the whole tube was covered with a thin coat of
Alundun cement whleh covered the thermocourle wires completely., This
evlindrieal crueible was then dried and baked at 1100°C to set the cement.
Thin alumintm rods were melted in the crucible until the crucible was full
and then the alrmimmn w2z allowed to freeze from the bottom up so that
no voids would oeceur, The gampie wae then resdy to be nlaced into the
furnace.

The thermal conductivity of the aluminum wes measured in exactly the
same mwanner as the thermal conduchivity of the metals which have been
previcusly discusesed with the ene excention that the R wvalues required
for the determination of thermal conduetivity in the liquid state were
extrapolated from the F values which were seasured in the solid state. All
these E wvalues were in apreement with the values of E calculated from the

thermal conductivity of air as discussed abova.
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The vaTves oblairad for the themal conduetirity of aluminum

(99.9967) are as fcllcws:(melting point 65800)

oon 0570 calories/ o, en ¢
1000 0,550
200° Cu5lily
300° 0.528
Looe 0u513
5052 0eh97
éoP 01480
700° a7
790° 0.230

These values wie consistent with the foliowing equatiocn.

¥ 0,502 x 1078 g~ o+ 0,03



CONCLUS TONS

The need for dependable data on the thermal sonduetivity of
metels over a wide tonperature range cannct be cveremphasiged., The
range over whioh this data 1s required for engineering application
is being enlarged rapldly today due to the inereased interest in
power plants of all types waich operate at high teaperatures. In
addition to tihis practiocal ap.licetion, knowledge of tihermal and
electrieal conductivitles l1s of fundamentrl importange in the
medern thecry of tihe metallic state, There ls pocii prospect even,
that reslisble data on the tuermal conductivity of molten unetals
would glve some insight into the structure of the liguld state.

fjach data ccours in the literature which 1a cbwlously in
error. Even more mialeading, however, is the data which exists in
which the errors are auecih larger tian 1s clalmed by the author,
and whish are not éompletelw obvlous to the reader. For this resason,
the complate mathematical analysis of the Forbes bar teginlyue was
wades This alone, indicates that the basioc assumptlions usually mads
in this weti:od lead %o an error of about 1% in the determination of
thermal conduetivity. It is belleved that experimcntal errors, mostly
in the determination of R, the rate of heat losa, lead to & total
error of & 5% in the determination of the therual condustlvity. In
crder to reduce theae errors to & minimum, & completely new method of
treating the data 1s Introduced here. The major laprovemnents conslst
of eliminating the need for knowledge of the specific heat and the
elicination of the usual graphical analysis which required the measure=-
ment of the slopes of arbitrary curves. It 12 hoped tat these ime
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provements will give to the physicist another dependable tool
withh whioci: he can check tie present day theory of metals.

In most reapects then ths basle theosry of Uilsen and
wakinscn whileh 1s presented in the introduction of this
disgertation 1s feound to be valld. Essentially this states
that the total thermal conductivity of & metal can be represent-
ed by the sum of two termes. 7The first term, that due to electron
conductlion can be computed tnqﬂgatically. ine second term, or
that due to crystel lattlee conductlon, should be less ti:an the
conductivity of & similar eorystal which is an elsotrieal insulater
and i1t should be less for wetals with a large nusber of free
electrons than for those with & small number, bhecause the free
electrons scatter the lattice waves and thus reduce the lattice

conductivity.
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