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INTRODUCTTCIY

.ecent exseriencas of the :riericrn frs rnd 3lectriec Com-
peny (AGZ) end taie chio kleetric Corporetion ((ViIC) indicate
tnat the lightnins nerfornence of their 345-kv transnission
line systems has been :uch worse thon hed been predicted by
current theory. ..ccording to the prediction their lines should
be practicelly lightning proof, but their experience shows
thet during the 1955 end 1956 lightning season, they suffersd
an averge of 10.4 flashovers per 100 line-niles per yeii:a)
The reason for this has not been exnlained, but investigati-
ons were started irmmedirtely ond hrve been roing on ever
since.

A najor object of investigation is to determine the ef-
fect of the transnission line tower itself on the tower top
volteges, Jow the flashover voltrges rre nroduced on the tow-
er during a lightning stroke 1s not clerrly understood. In
sarticular, the surge impedrnce concent requires a renewed
serutiny.

sor soue time in over voltape calculrtlions the trans-
aission line tower has been consldered as heving a sinrle

surge impedence, Its cnlculation is brsed on the assumntion

*The numbers between narantheses raf~r to the bibdlioeranhy,



that the tower ray be represented by a single eaulvalent cy-
linder having & uniform cherge distribution on its surfece.
This assumntion apnears to be justified for towers less than
100' high.

l'owever, recent fileld tests on transmission line towers
higher than 100' show that their surge impedances are taper-
ed. Ffrom a test on a 168' tower of a 345-kv line, the surge
impedance was found to vary from 135 ohms &t the ton to 6C
ohms at the bottégz I'rom & test(4)on 8 108*' tower of 8’138-
kv line, the value of the surge lmpedence veried from 165
ohme to 108 ohms for the tower isolated and from 165 ohms to
50 ohms with the tower grounded. It is believed that this ta-
pered surge impedance is due to two fectors:

1. The verticel position 2nd the helght of the tower

above the ground.
2. The difference in the dimensions of the verious perts
of the tower.

The various parts of the tower that may have different
surge impedances nre:

the bottom part (from the tower footing up to the bot-
tom crossarms),

the upner nart (from the bottom crossarms to the tower
top but excluding the crosserms) and

the crosserms.



Zach of thase surge irmmednnces will influence the volteges
on the tower.

The =ffects of the crossarms have not been investigrted
heretofore. But they may play en importrnt part in the over-
all lightning pefforxnnce of the transnission tower. It 1is
therefore the purpose of this dissertation to investipgrte the
effects of t.ie crosserias on the surge voltages due to direct
lightning strokes on the tower. The work will be divided into
two parts:

1. The calculetion of the surge impedances of the veri-

ous parts of the transmission line tower.

o, The investigation of the effects of the crossarms on

the surge volteges due to lightning strokes.
The nroblem is essentially to determine the surge voltame due
to a lightning stroke end to analyze the effects of the cross-
arms on that voltage. The calculetion of the surge voltege
will be based upon the standard method, that is by renresent-
ing the tower by a surge impedance or surge impedsnces. In the
investigation two tynes of lightning strokes will be consider-
ed:

1. An ebrupt unit wave.

2, Unit wave with &#n oblique front.



PART I

Calculation of the surge impedance of the verious parts of
the transmlsslon lline tower,

l.1l Procedure.

A typicel 345-kv double-circuilt suspension tower, such
es used on the AGE and OViC transmission lines will be inves-

tigated.(l'z)A

sketch is shown in Fig.l. ¥Yor the purpose of
surge voltage calculation the tower will be divided into three
parts:
1. The tower leg (froua footing to bottom crosserns).
2. The tower top (from bottom crossarns to tower top ex-
cluding crossarms),
3., The crossarns (each @assumed to have the same dinmen-
sions).
To determine the surge impedence each part will be represen-
ted by an equivalent cylinder with the redii celculated foccor-
ding to Fortesque's nethodfs)(See ™Me.2). Then by Howe's method
(6)1ts capacitance "C" per unit length 1s determined and final-
1y the surge impedance is found from the following equation:

Z = 1 ohms, where C is in f/m, (1)
3 x 108 ¢




1.2 The surge iupedencé of tlie tower leg (2,).

The botton part of the tower from the footing to the bot-
tom crossarms, here called the "tower leg", is represented by
en equivalent cylinder with & height of ggt{(26.68n) and a redi-
us of 7.4'(P.26m). Fig.2 shows a sketch (not to scale) of the
tower leg with its equivnlen%siylinder. The symbols used f£re

the same nas in the reference. Referring to the fisure the ra-

dius is found from the following formula:
4 .
r -'\/R:n (V2 c®) = 7.4 or 2.26m. (2)

where R, (the equivelent radius of each of the four legs
composing the "tower leg")

= \4/ Rrﬁ Rr'x'l a2

Yy = .2235 (a+ b)) a° = x°+ y2
Rp = .22.5 b x = p_é_g
a = ,75" (assumed) y = %

b = ,80"' (assumed)

c = .5 ( 33" + 7.25') = 20°
In order to be able to determine the capacitrnce by 'lo-
we's method, it is first assumed that the charge distributi-
on on the surface of the cylinder is uniform, although such
an assumption is known to be incorrect, 1n particulér for a
vertical cylinder. Fig.3 shows the cylinder with length "h"

and height "a” from the ground. The 1lmage is shown in broken

5=



lines, Assumning 2 uniform charge diptribution on its surface
equal to q coulombs per unit length, that 1s per neter in the
XS system, then the charge density is q/2mr coulombs per
square meter. The charge on each elenent of area and its in-
age contribute to the potential at noint P on the surface,
and the total potentiel &t thet noint can be determined by
adding up all these contributions over the entlre surface
(and the image) of the cylinder.

To simplify the problem the charged cylinder may be re-

placed by a line charge situated along the axis of the cylin-

der and having the same charge per unit length es the surfrce.
Then, referring to Flg.3, the contribution to the potential

at point P(r,zp) on the surfrce due to the axis charge of en
element of length Az located at point (0,z) with 1ts imege et

point (0,+a3) willl be

.

AV = 94z - afz (3)
41rsﬁzp-z)2 +1? 4'rre\/(zp+z)2 +1?
where q 1s the charge per unit length and € is the dlelectrioc
constant for air having & value of 1 .
3ér x 109

The total potential at P(r,zp) due to the assumed charge

distribution nlong the axis is

v a hea

(R S—
P 4mE /g V(zp-z)z + P2

] az

1
V (zp*2)% + 1%

-6-



- z+ a+h
2 |rstnn-l 222 - sinn-l L

41re T r a
a"'h- o]
-3 [sinh'l zp - sinh‘l ZP
4me T
+h+ a+z
- sinn-1 ari*Zp  , ginn-! ___P_] (4)
T T

The average potentinl along the cvlinder may be found by in-
tegrating :2q.4 with respect to z over the length of the cy-
linder and dividing by h, thus

-1 Z?FE/ Vp(z)az (5)

The capacitance per unit length is then

c =3 (8)
Vav

and Z, #s found from Eq.l 1is
v
Z’. - 1 = av =
3 x 108 3 x 103 qQ
=11 2 (Ve
h 3y 108 47e’a

- Q% ‘['(a+h—z)sinh'l arh-z +V«a+h-z)2 +r2
r

-(a+h+z)sinh~1 21%13 +VQ;;h+z)2 +72

+(a-z)sinh'1 a=z -\[a--z)2 +12
r
a+h
+(a+z)sinh * &2 (a+z)® +r2]\a
" .

-



- Eg{zr +ohsinh-1 B - 2Yner2
by

-2(a+h)sinh’l 31%13) +V4(a+h)2+r2

+2(2u+h)sinh'1 QE%E - 2vzéa+h;§;r2

-zasinh’l 28 4a2+r2 ] (7)
T

2 -
‘faking the substitutions in nggzé for sinh 1 %, etc. and

'7
simplifylng, Eq.7 reduces to Jordan's formulé:)

z, = 39 [Vaa2+r® -2(h+a-r) +2hln h(2a+h)
h r(a+h

+2aln (2a+h)2_ ] (8)
(h+a)(2a+\/2a2+r2

Substituting numericel values and taking a (height above
true ground) to be zero, the surge impedance of the tower

leg Zy is found to be 95 ohms,

1.3 The surge impedence of the tower top (Zg).

The upper part of the tower from the bottom crossarms
to the top, excluding the crossarms is called the"tower top"
and is represented by an equivalent cylinder with a height
of 18.3m and a radius of 1.1m. The latter is found from Zq.2
by substituting for ¢ = n.25' or 2.2m and keeping the other
values unchanged. The surge impedence is found from Zq. 7 or

8. for a = 26,8m and h = 45,1m, Z, = 145 ohms.

-8-



1.4 The surge iapedance of the crossarns (Za).

Zach of the three peirs of crossarms will be assumed to
have the same surge impedance. Referring to Fig.4, the surge
impedance may be found by applying Lqs 3 and 4 to a horizon-
tal cylinder having a height "H" above true ground. After mo-

dification Eq.4 becomes
L

Vp - ( qdx - adx )

0 N (xz Pex?  ame\ix-xg) Bearl?
where "L" is the length of the crossarm and "r" the radius of
the equivalent cylinder. The value of L is the averege value
of the lengths of the three pairs of crossarms and is téken
to be equal to 5.5m. The radius is found to be 0.2m by substi-
tuting for a = .75" (essumed), b = .40 '(essumed) and ¢ = 7,25’
in Eq.2.

As in Eq.5, the average potential V., at the surface of
the cylinder is found by integrating Vb with respect to x be-
tween the 1limits O(zero) and L end dividing by L. Then by sub-
stituting V., in Eqs 6 and 1 and integrating, the result is

the equation for the surge inmpedance of the crossarm:

Zq = 80 (r-zﬂ-ﬁ2+r2 +\/L2+4H2 +Lginh-1 L - Lsinh-1 .l‘.)
L r 2H (9)

Since 2H»L, Eq.9 can be simplified into

Zg = &2 (rNL*+r® o Lotny' L)

O



which is independent of the height 1 above true ground, For

L=5.,5mand r = .2m, Z, = 180 ohms,

1.5 Other surge impedances involved in the investipetion.

The ground wire 1s a eingle steel wire with a diameter
of 0.576"53)Taking the sverrge heipght of the ground wire
above true ground to be equal to 140', then the surge irme-
dance of the wire is found from the following equation:

Zg = 60ln g% (10)
For H = 140' sand r = .288", Zg = 560 ohms.

The lightning stroke will be assumed to be such as to
transnit to the tower a unlt voltage wave of infinite length
with an ebrupt front. Also, the effects of the crossarms on
unit voltage waves with oblique fronts of 0.2, 0.4, 0.8 and
1.0 microsecond willl be colculated. Throughout the calcula-
tions the surge impedance of the lightning stroke is essumed

to be equal to 300 ohms.

~10-



PART II

Investipation of the effects of the crosserms on the surge Vvol-
Trres due to lishtning strokes.

2.1 Procedure.

The problem is to find the surge voltape &t & selected
point on the tower duc to a lightninge stroke and to analyze
the effects of the crossarms on that volterse.

One point will be at the tip of the upper crossarms, for
jt is there where the transnission line insulation appears to
be most vulnerable to failures due to lightning. In case it is
found necessary to onit the upper crossermns from the celculeatl-
ons in some parts of the analysis the voltages will be crlcula-
ted at the position of the upper crossarmns,

The calculation of the surge voltege v1ll be based on the
assumption that a tower may be represented by & surge ilrpedance.
Use will be made of reflection lattice dlagrems, "wave trains”
and "retrrder operators™ &s described elsewhere£8)

If all three palrs of crossarns be considered simultene-
ously in the calculation of the surge voltoge, it 1s found that
because of the relatively large number of junctions end the
short distances between therm, the work becomes prohibdltive,

(In the Appendix is shown tle epnroximste result when all tre

crossarris are trken into considerstion.)

-1] -



Hence the effects of each palr of crossarns on the surge vol-
tage will be studied separately, and based on these findings
an approximate method will be used to determine the sursae

voltage.

2.2 Defining the wave trains and overators.

.fhen a voltage wave e = f(t), coning down the tower,

reaches a junction between the tower body and a pair of
crossarms, part of the initial wave e,= a,f(t) is reflected

back and another part e,= byf(t) is transnitted downward, a,

and b, being the reflection and refraction coefficients at
thet junction. The trensnitted wave proceeds down the tower
as well as horizontally to the tips of the crossarms. (See
Fig. 5) Assuming no attenuation, the wave e,= b, r(t) will
reach the tips of the orossarms where 1t will undergo a re-
flection. Assuning the crossarms to be open at the end, the
reflected wave from the tip has the same magnitude as the
incident wave. After reaching the tower body, the wave under-
goes another refleaction, with the result that a wave e;*™
byA.f(t) Teturns to the tip, while waves e,= byB,f(t) are
trananitted both up and down the tower. A, and 3, are the
reflection and refraction coefficients at the Jjunction, look-
ing from the crossarms. MNote that in rig. 5 the pair of cross-

erms is renresented by an equivalent single crossarm.

-12-



If the wave thet 1s reflected to and fro on the crossarm
be traced until it dies out, one will find that £#=s it under-
goes raflections at the junction, it generates a series of
transaitted waves that go up as well rs dovm the towér. In
other words, the first reflected wave e,= a,f(t) is soon ac-
companied by a series of waves thet follow one another at
equal intervals of 8 microsecond, which is the tine requlred
by the waves to travel to and fro on the crossarm. Calling

that group of waves a "wave train", this may be expressed

mathematically in the following form:

er = a,r(t-08) + byB,f(t=-8) + b,BA,f(t-28)
2 wet
+ byBaAL(t=38) + ... DyBA,T(t-ms)

o m
= a,[1 + g:B‘ T Ay $(-ms) 11 ()

= az&sf(t) (11)
In general e, = a&nanf(t), where

an = 1+ ;ﬁan % Aﬁd<¢(-ma).‘

an may be called "reflection operator® while<#(-ms)

is defined as "retarder operator" to be interpreted as fol-

lows:

@(-ms)f(t) = f(t-ms) (12) -

13-



Similarly the first transnitted weve down the tower 1s
accompenied by a series of waves to form another weve train,

which may be expressed in the following forn:
m m-
ety = ball + By ? A, (b(-ms)]f(t)

= bsﬁ_:.f(t), (13)

f. being the "refrection onerator”.
The reflection and refrection operators are called such, be-
cause they are always preceded by reflection and refrection

coefficients.

To deternmine the surge voltage at the tip of the cross-
arm it is necessary to define another refraction operator,
which when multiplied by the refraction coefficient b, will
give the expression_for the wave train that proceeds to the
tip of the crossarm. Calling thet wave train

of; = bayaf(t), (14)

theny . is the refraction operator and is defined as
m nm
Yr =1 Z‘ZA,‘?(-ms). (15)

The application of wave trains and operators 1s a greet
help in the construction of the lattice diagrams. As will be
shown later on, & group of waves may be represented on the
diagrems by a single line and junotion points mey be re-

placed by,transition points.

-14-



To simplify the lettice diegron still further, other
wave trains will be introduced, which may be celled second
order weve trrins. They are particulerly useful when the lat-
tice diagram has two or nore transition points. Referring to
Figz.8, let points P,, Py, P, £nd P, be the positions of the
crossarmns on the tower end the tower footing resvectively.

A voltege wave passing through P, and going downward 1is
partly transmitted end partly reflected on reaching P,. The
transmitted wave e, = b,f(t) proceeds to P, where it under-
goes another refrection and reflection. The reflected wave
e, Dpa,f(t), which returns to P, starts a serles of refleo-
tions between P, &nd P, until it dies out. Each time 1t
reaches a transition point (P, or P,) its magnitude 1s re-
duced as part of it is refrocted beyond that point.

The transnitted waves through P, due to the reflections
between P, and P, will form a wave train which may be ex-
pressed in the following equation:

95 Dab,f(t,-08,) + b,b,8la,f(t,-8,) +

+ beba(aja,) f(ty-28;) + .. Ell).a(_a.;ﬁ.s)mf(t:'mss)

= byb,[1 + n#(g_;g.)mcb(-ms,nf(t.), (16)
in which s, is the time required by the weve 1o travel back
and forth between the two points, The reflection and re-

fraction operators at the trensition noints are defined as

follows: ai= ajaj, 8, 83u;, D= Dylly 8Nd Dy= Dafls.

-15-



Similarly the trensnitted waves through P, toward the
direction of P, will form another wave train, which mey be ex-
pressed in an equation elnost similar to Eq.l6, thus
8,® b,8,bif(t,-08,) + bya,blala,f(t,-8;5) + ....

+ p_.g,g.'(g,'g,)mf(t,-ms,)

- bya.bill + L(ajes)® (-ms,)1f(t,). (17)
Calling the terms between the brackets second order opera-
tors, because of the presence of the reflection operators in
it, it may be noted that they are common to both Eqs 16 and
17. Representing them by e single symbol, say C, then g,=
b.83biCr(t,) end g,;= bebsCL(t,). Now they may be represented
by single lines on the lattice dlegram. (see Fig.6). lote
that e, is essentially & train of trensnitted waves through
P, but because of the reflection coefflcient a, in operator
a,,1t 1s more convenient to show it as a reflected wave from
P,. However in doing so there 1s a possibility of making en
error in allowing it to undergo a reflectior et P,. ToO avold
this, the wave train e, 1s indicated by broken lines between

P, and P,.

2.3 Outline of the complete lattice dlagrem.

The tower under investigation is represented in Flg.7

by the surge impadances of its narts: 24295, . Z,=145, Zg=

Zp=Zo=180 ohns, together with Zg-560 for the ground wire,

~16-



Zo=300 (assumed) for the stroke and R=l0 ohms for the footing
resistence.

The distrnces between the junctions and the lenesths of
the narts are indiceted by the time intervals the wave renuires

to travel throurh them. i velocity of propagation of 2.85 x

108m/s or 940'/us is assumed, which is somewhat less than the

3,4
velocity of light.( '4)

Consequently there will be a change in
the values of the surge impedances previously calculated., !ow-
ever the change is found so small that it practically does not
make any difference in the final result.

In Fig.8 is shown the plan for the complete lattice dila-
gran. Pgy, Pa1, Psy Py and P, ere the positions of the tower top,
the upper, iddle, bottom crossarns and the tower footing res-
pectively. P,, P, and P, are reduced fron junction points to
mere transition points with the understending thet the reflec-
tion and refrection coefficients assoclated with those points
will always be accompenied by the reflection and refraction
operators as defined in ser .ion 2.2 (Eqs 11 and 13). The con-
struction of the complete lattice diagran is further simpll-
fied by the application of the second order wave trains,

In Table 1 are compiled the reflection and refrection

coefficients end the first and second order operators associ-

ated with the transition points. They are

-17-



ZgZo -Z,Zg—EZ.Zo b - 2&6?.

az= o
2o%g +Zg7%a*2Z4Z0 ZoZgt “pZlat2Zlsd0
. 222
aymajs -—— 28 bd= g2
Za+z! ZoZg"’Zgz."‘zz.Zo
a'-a‘- - .—Z‘-L b;.b{- Za
Zptl, ZatZ,
- - Z
o, 2021-%0%4-22,7, pyebie —20
ZeZa*ZgZa*2Z4Zs Zyp*+Zs
ar ZoZ.-ZoZ;-zzgz. b EZcZ*
= ’.
Y ZpZ3+Z0Ze*2217, ZoZa*ZoZe*t 221 Zs
a,= R-2a bi= 2202y
R+ 4y Zgla+ZoZle*+22474
Z.-Za 2Z
AymAj» —— since =7 By=By=
* ' Z."’Za Zﬂ b * y Z-*Za
A:‘ 2&;2.‘2021-60Z. le' 4212!
ZcZ,,+ZcZ.+BZgZ. ZcZ,_*ZcZ."’BZxZ.
b M=t
gn - l+;an§An ¢(-ms)
m=i
ay = l+£§3n§An ¢(-ms)
M=
Bo = B4 = 1 +Bofiin l-me)
m m Q m
A = 1+2(a.a,89) ¢(-ms‘) B = 1+:(aza,8i0d) ¢(-ms.)
m m
c= l*’f(aaﬁ"_za‘l‘ m¢(-ms,) D= 1+2(a4a;g_;)m¢>(-ms )

Note that the value of m i1s different in each operator.
Vhenever two or more operstors appear 1in the same equation
the m 48 replaced by another symbol., For example
K k-t ¢ Q.
Grge= (1218247 §(-ke) IIL4R2B 2R, (L) 1.
By tracing all the wave trains on the complete lattice

diagram, the number of the waves thet arrive at P, within a

-18-



certain time intervel can be computed, To determine the surge
voltage at the tin of the upper crossarms each wave should be
multiplied by £ = 2%,, in which the 2 accounts for the fact

that the tip 1s an open end.
Table 2 conteins the important wave trains that arrive

at the tip within the first 0.6 nicrosecond after the inci-

dence of the initiel wave.

2.4 The effect of the bottom crossarms on the surge voltage
due to an abrupt unlit wave coEIng dovn from the tower top.

To simplify the problem the upper and niddle crossarms

will be ignored. The surge voltage will be calculated at the
position of the upper crossarms rather than at the tip. The
omission of the two pairs of crossarms from the calculation
reduces the number of wave trains considerably. Fig.9 shows
the complete lattice diagram for the simplified case. The
wave trains that arrive at P, between O and 0.6 nnlicrosecond
are computed and compiled in Table 3. Substituting numerical
values for aé-o, By=-.52, by=+,48, bi=+.74, a;=-,268, A,=-.22,
B,=+.78 and a,=-.8l, there results Table 4. Note that in both
tables the initial wave is e = 1(t), of which the actual ve-
lue is b,(=.48) times the nagnitude of the lightnling stroke.

Based on Table 4, the surge voltege at P, is computed and
plotted in Fig.1l0 (shown in full lines).
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If the surse impedance Z, be made equal to Z, and the
value of tle footlng rasistence be reised to 15 ohms in or-
der to keep the value of 84 constant and equal to -.8l1, then
a,=8}=-.45, by=bj=+.55, As=-.ll, B,=+.89 and Teble 3 will
change into Table 5. In Fig.ll is shown the plot of the surge
voltage based on Table 5.

Oon studying Figs 10 and 11 the following observations
are made.

1. At t=.096 nmicrosecond, the surge voltage experiences

a dip. But it soon recovers to a vrlue equsl to
223 1(¢t), in which Z; is the equivalent surge impe-

2447}
dance of a perallel combinastion of lightning stroke

and ground wire and is equal to 145 ohms. The recove-
ry is accompanied by damped oscillatlons and is praec-
tically completed at t=.2 nicrosecond.

2. At t=,284 microsecond the surge voltege decreases
sharply but it can be seen that though sccompanied by
damped oscillations, it follows en exponential curve.

3. At t=.472 nicrosecond there {s another dip, which is
smaller in magnitude than the first one. It also re-
covers very soon to a velue equal to 2R_1(t),

R+Z%Y
which is also the final value of the surge voltage.

As in the former cese this process 1is accompanied by
damped oscillatlons.
From Tables 3, 4 and 5 1t 1s seen that the first aip is

-20-



caused by wave train ;#2, that 1s by e = a,1(t-.096). The de-
crease after 0.284 microsecond is caused by the first part of
wave train #6, namely by e = g,q*g;l(t-.284) end the second
dip is caused by the second part of wave trein /6, that 1s by
e = b,a?bjejl(t-.472). Since the reflection and refraction
coefficients are constants, the factors responsible for the
recovery of the dips {obs. 1 and 3) and the graduesl ending
of the deocrease (obs. 2) must be the operators.

In Figs 12 and 13 are plotted asl(t) and Bsl(t) with
respect to time. The data used are from Table 5, which give

the operators the following values:

ag= 1 - 1.09(-.036) +.126(-.072) -.0139(-.108)

B = 1 +.89¢(-.036) -.098¢(-.072) +.011¢(-.108)
By inspection of the figures it is found that a,1(t) and
B;1(t) may be expressed approximetely in the following forms:

asl(t)= c,e”b + c.e'atsinw,t + ceeees
= 2.195'°t+ o.e'ﬂtsinm*t + seevee (18)
Bsl(t)= 1.81(1-e72%) + O,e'wtsinw,t t.ceeene (19)

The constant coefficlent c, in Eo0.18 is found as follows,
Knowing that byl -8,1, raust alweys be equal to unity, then
by putting t=0, 3,1(t) becomes zero and hence -&8,a, "ust be
equal to unlty at that instant. For B,=-.45, c,=2.19. The
constant coefficient of the first term 15 EQ.19 is found ei-

ther by putting t=<© or by inspection of rg.13.
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The first exnonential terms in both equations are assuned to
have tiie saae time constant. This is brsed on the following

consideration. If the oscillatory terns in both equations bde
neglected in order to simplify further the expressions, then
8a0,1(t)=-e"%%, b,p,1(t)=1-e-2% and b,3,-a,a, will still be

equel to unity. This leads to the conclusion that when the

incident wave is a unit weve, the reflected and transmitted
wave from and through & Junction point formed by the tower
body and s pair of crossarms are by approximation equel to
epm-e-0% and ey=l-e~2% respectively.

It i{s known that when two surge impedances in series be
shunted at the transition point by a cepacitance to ground,
forming a Jjunction point, the reflection and refraction at
that point to a unit incident wave show similar phenomena.
Hence as an approxination the effect of the crossarms may be
assumed to be similar to that of en equivalent lumped capaci-

tance, shunted at the position of the crossarms to ground.

2.5 Representing the bottom crosserms by 6n equivalent
Tumped capacltance.

From Zq.l the value of the equivelent capacitance per
unit length may be found. The total capacitonce Co that re-
presents the palr of crossarms js 5.5 times that velue and
for Zg= 180 ohms, Co is found to be equal to 2.03 x 10-10

farads. Referring to Fig.l4, the reflection and refractlon



operators at the junction point P,, using Heavislde's onere-

tors, are:

2 __

b, = CcZ2s = g 8, = b,-1 = a-Y-p

p+_La*2e P*Y P+Y

Z12Z4Cc
2

by = Cc Zy - B z; = E;-l - B"a/"p

- p+_2atls p+? p+y
Z’,Z.Cc

where a=68 x 108, =104 x 10® and y=86 x 108,
Substituting theses values in Table 3, solving and putting
a!=0 and a,=-.81, there results Teble 8, (The solutlons are

y(9)

found from Heaviside's Operational Celculus Besed on Ta-

ble 6, the surge voltage is plotted and is shown in broken
lines in Fig.lo0.
If the value of Z, be made equal to Z, and the value of

R be raised to 15 ohms to keep &, constant and equal to -.81,
a

pta

the operational equations and plotting the curve, the result

then g,-g;--ﬁga and by=bji=+ , in which o=68 x 108, solving

is shown in broken lines in Fig.ll.
It cen be shown that with regard to the surge voltags

at P, or at the tip of the upper crossarms, the niddle cross-
aras will have the sane effect as the bottom crossarms. The
only difference between the two is the time at which their

effect 1s felt at P,.
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2.6 The effect of the upper crossarms on the surge voltage
at 1ts Tip due to an abrupt unit wave coning down from the

tower top.
To simplify the gnalysis the middle and the bottom

crossarns sre ignored. Further it is sssumed that Z,=Z,=
145 ohms and R is raised from 10 to 15 ohms to keep &,
equal to -.8l, Under this condition the complete lattice die-
gram is very simple as shovm in Tig.l5. Remembering that a ;=
0, the voltage waves that arrive at P, between O and 0.6 mi-
erosecond can be easily read off the lattice diagram. They
are: 1. by1(t)

2. b,a, bll(t-.284)

3. bsa,8ibll(t-.568)
As has been pointed out earlier these do not give autonati-
cally the sum of the waves that reach the tip of the upper
crossarrs within that time interval. However 1t may be found
from the above expressions if they are slightly modified., Re-
placing b, (=bsB,) by byE, where B=2),end bi(=bip]1) by bIE in
the above expressions will give the equations for the wave
trains that arrive and reflected at the tip of the upper
crossarms. This is done in Table 7. TMig.16 shows the plot in
full lines of the surge voltage based on Table 7.

A study of Fig.l6 leads to the following observetions:

1. The surge voltage starts with a hump meking its nag-

nitude temporarily larger then unity. However it
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quickly drops to a value of 75%57 1(t), which lasts
untll t=,284 microsecond. Thu; :;tween 0O and 0.284
nmicrosecond the surge voltage shows a dissimilarity
with that of the former case, for there it experienced
a dip at t=,096 microsaecond.

2, At t=_,284 microsecond the surge voltage decreesaes
sharply et first, then levels off exponentially until
0.568 microsecond, when it experiences s momentary
dip which quickly recovers to a value of §%§I 1(t),
thus showing a similarity with the former case.
This 1s particularly obvious in Figs 11 and 186,

The hump as can be learned from Table 7 is caused by the
first wave train in the series, namely by e=b,El(t). If the
latter be further analyzed, it can be shown (Fig.l7) that it
consists of a unit function plus a series of damped oscilla-
tions or

byEl(t)= 1(t) + C,e~%bsinw,t + ..... (20)

% 1(t) if the oscillatory terms be neglected.
Putting b;El(t)=1(t) in the wave equations of Table 7 will
reduce them to expressions which contain no other operators
than a, and b, (incl. a! and bl).

It has been shovn in section 2.4 thet £,1(t) end b,1(t)

are approximately equel to -e~%%na 1.¢-0t respectively.

Therefore similaer to the hottom crossarms the upper cross-
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arms may also be represented by an equivalent lummed canaci-

tance,

2.7 Revresenting the upper crossarms by an equivalent lurmped
capacltance.

The equivalent lumped cepacitance representing the upper

crossarms is the same as found in section 2.5, that 1s Cu=

Co = 2.03 x 1010 rarsas. Then, referring back to Fig. 14,

fOT Zy= Zy= 145 ohms, a,= aj=- P_and b,= b= +_2_, in
p+a - - p+a

which a = 68 x 109,
From the lattice diagram in Fig. 15 the waves that ar-

rive at P, between O and 0.600 microsecond can be computed.
As has been pointed out in seotion 2.6, in order to find the
surge voltage at the tip of the upper crossarms, the last b,
or bl in each equation should be replaced by b, E or b{E end
as an approximation the velue of the latter should be mede

equal to unity. This is done in Table 8. This 1s essentially

Table 7 using Heaviside's operators. The resultant surge vol=-

tage 1s plotted in broken lines in Fig. 16.

2.8 Considering the crossarms as integral parts of the tower
top.

Figs 10, 11 and 16 demonstrate, that the crossarms may

be represented by lumped capacitances. As a further approxi-

mation, the capacitances may be assumed to be evenly distri-
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buted on the tower ton., Tihis will increase the latter's cea-
pacitance ner unit length snd lower the vealue of its surge
inmpedance. The equivelent capecitence per unit length of the
tower top will then be equal to 5.63 x 10-10 f/m and corres-
pondingly the surge impedance, as found from Eq. 1, 18 Z,=
59 ohns.

The determination of the surge voltage is now simple.
Using Fig. 9 as the complete lattice diagrem, the wave trailns
thet arrive at P, between 0 and 0,600 microsecond are given
in Table 3. Because of the change in the value of Z, the va-
lue of the coefficients will also change. ''nder the new con-
dition they are: b.=+.28, al=+,42, 8,=+.23, b,=1.23, a;j=-,23,
bi=+.77 and a,%-.8l. Substituting these velues in the equati-
ons of Table 3 gives Table 9, from which curve #1 in Fig, 18
1s prepared. Note that in Teble 9 the value of the unit vol-
tage, due to the change of the value of b, from 0.48 to 0.28,
has decreased to 58% of the one previously defined.

Curve ,2 in Fig. 18 is prepared from Taeble 10, in which

the coefficients and operators ere celculated in the Ap-
pendix. The curve is shown first in full lines until 0.l mi-
crosecond, but because of the great number of oscillations
of whieh the curve is made up, the last part of it 1s drawn
in broken lines, indicating only the approximate axis of os-

cillations. As can be seen from the flgure, the two graphs,
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except at the time between 0 and 0.l microsecond, show a

similerity. This leads to the oconclusion that as an approxi-
mate method for determining the surge voltage &t the tip of
the crossarms or at any other point on the tower as the case

may be, the crossarms may be considered as integral parts of

the tower top.

2.9 The effect of the crossarms on the surge voltage due to
a unlt weve with an oblique front.

To simplify the problem, let the tower be assumed to
have only the bottom crossarms. Representing the latter by
a surge impedance, the surge voltage at P, due to a unit wave
with an oblique front is celculated. The result is plotted in
Fig. 19, To avoid repetition of what has been done before, the
effeot will be analyzed by way of comparison, namely by com-
paring the result with snother surge voltege due to the same
type of wave, but not effected by any crossarm. This is done
in Fig. 19. Referring to the figure, the solid lines repre-
sent the surge voltage calculeted for the tower with no
crossarms, while the broken lines are for the tower with
crossarms, Graphs /2 to #5 show the voltages due to & unit
wave with a front of 0.2, 0.4, 0.8 and 1.0 microsecond respec-
tively. The data for the graphs are based on Teble 4.

As can be seen from Fig. 19, the crossarms have only of-

fect on surge voltages due to waves with very steep ffonts,
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while voltages due to waves with fronts longer than 0.2 mi-
crosecond are practically uneffected by them., This phenome-
non also explains why a crosssrm nay be represented by an
equivalent lumped capacitance. The longer the wave fronts,
the smaller is the reflected wave from the junction point.

Analytically it cen be shovm as follows, Referring back to
Fig. 14, it is found that when the two surge irpedances in

series are of the same magnitude, the reflection and refrac-

tion operator at the junction are a = - P and b = + a
- p+a - pta

Let the incident wave be a unit wave with a front of Op mi-

crosecond, given by the equation:

o = %ﬁttl(t) - (t-0)1(t-0,)1, (21)

then the reflected and transmitted weve are

o= -1_)%; %—n[tl(t) - (t-65)1(t-6,)]
- -u%h(l-e‘“‘)l(t) *aégfl-e'“‘t‘°n’11(t-on>

oy +p3a .]oan[tl(t) - (£-0,)1(t-6p)1
- (%h-a%h+ a%he-at)l(t) - [(t;§n) -a%h*a%he-a(t-en)]
x 1(t-9,). (22)

Substituting numerical values for &, will show that the
larger its value, meaning the longer the wave fronts, the

smaller is the magnitude of e,, while that of ey becomes
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larger and annroaching unity. In other words, the longer the
wave fronts the lesser is the effect of the crossarm on the

surge voltage.
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CONCLUSION

The effects of the crossarms may be summed up as follows:

l. On the surge voltege due to an abrupt unit wave,
given by the equation: e = 1(t), the effect is pri-
marily the seme as that of an equivalent lumped capa-
citance, shunted between the tower and the ground at
the position of the crossarms. A secondary effect is
the generation of damped oscillations,

2. On the surge voltage due to a unit wave with an ob-
lique front given by the equation: e = %h[tl(t) -
(t-6,)1(t-65)1, the effect 1s also the same as that

of an equivalent capaclitance representing the cross-

arms. The intensity of the effect is inversely propor-
tional to the length of the wave front. In the case

of the transmission line tower that has been investi-
gated, the effect is practically non-existent when the
wave front is longer than 0.4 microsecond.
This leads to the conclusion thet for the purpose of surge
voltage calculations the crossarms may be represented by equi-
valent lumped capacitances. As a further approximation they

may be considered as integral parts of the tower top.
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APPENDIX

A, Considering all three pelirs of crossarms simultaneously
In the calculevion of the surge voltage.

Table 2 contains the important wave trains that arrive
end are refracted et the tip of the upper crossarms between O
and 0.6 microsecond, with all the orossarms being included in
the caloculations. They &are obteined through & rigorous method,
namely by computing the reflected and transmitted waves in a
complete lattice diagramn. The latter {8 not shown here. Judg-
ing from the number of wave tralns and the complexity of mul-
tiplications in them, 1if numerical values be substituted with-
out simplification, the calculation is prohibitive. Hence =&

surge impedance of Zy= 500 ohms is assumed for the lightning
stroke to make the reflection coefficient at Po looking from

the bottom side equel to aé- 0. This reduces the number of
wave trains considerably and for a;-a,~a1-a;--.45, by=b,=bi=
bi=+.55, as--.Sz, bs-.48,a;--.26, b;-+.74, fq=-.11, B,=+.89,
Ag=-.22, B,=+.78 and a4=-.81, Table 2 becomes Table 10, in
which

m m
1+ g(.zozg_.g) $(-.050m)

i
]

m m
c = 1+ I(.234a.2i) (- .046m)
m m

2 + 2%(-.11)m¢(-.036m)

1=
L]

1
afmaj = 1 - 1.osam§(-.11)m b(-,036m)

9-1-(-1.'-
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m m-1
Bamda=fi=0] = 1 + .8951:(-.11) &(-,036m)
23 = ] - 078?(’022)m-1¢(‘0036m)
m m-1
ay = 1 - a.azf(-.zz) $(-.036m)
Ba=Bi = 1 + .78?(-.22)m-1¢(-.036m)

The result of the calculations is plotted in Fig. 18.

B, Example of solutions given in Tables 6 and 8 and in Eq. 22,

P_1(t) = e %%1(¢),

p+a
- t-oog

2 1(t-.006) = ¢! 61 (t-.096),

p+a

2 1(t) = (1-e"%%)1(e),

p+a

—2— (l-s'at)l(t) - ate-atl(t) - 2 e-atl(t).

p+a p+a

L% (1) - (1-%E)te'“t1(t),

p+a
O p1(t) = (t-2demYy1(ey,
p+a a a

£ - (1.1cm0t
S tL(t) = (G-ge )%,

-a(t-On)

L (t-0,)1(t-0y) = [1-Le 11(t-0),

p+a

where 1(t) or 1(t-0,) is a unit function, ecting only when

t or t-On is positive.
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Table 1. reflection and refraction coefficients, first and
second order operators essoclated with P, , Ps, Pay

P, and P,.
Coefficients Operators
IR S i R, —
Doxgg::g end| yorizontal First order Sgigﬁg
b! A
I
P, | ---—- 4 —————-
[
al b,
B4 bl [ g_’.q; E
P! — B,: . b I
P, -————— N -
P Ao—= P |
ay b, i cd Ba A
2y D3 | a, B4 c
fot 3, 11 !
Pg | --=—-- & —) | == —-4 | === 4
*— |
P B ! I }
aj Dby ! al Ba B
a, b L as B4 D
D1 .-+ By ! P |
Py | --°-- — | T e
NN |
aj b, ' ad Bs c
8¢
P, — - - ——E—
’ D
L .
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Table 2. The important wave tralns that rrrive at the tip of

(OIS

»

i

© O N O

10
11
12a
12b
13
14
15
16
17
i8
19

20

the upper crossarms between O end 0.6 microsecond
with 811 the croscsarms beilng considered.

DL AEL(t)

b,8,bJABEL (t-.050)

b,bya,biay A2 BEf(t-,082)

baDe8sDIbIABZCES (£-.096)

bybabeasbibialA? B2CEL(t-.128)
blaZbibiali*B*if(t-.152)

bybiaibtiatA’B? }_:‘._f(t-.164)

b2
bybibiaibjibizalz A* B*C2Ef(t-.256)
bibibiAB2C? DIf(t-,264)

4
tpizbi®a,al2A* B C 2l (£-.3506)

bybybyb,a,bibibialA*B ngEr(t- 316)
2 s Ef(t-.320)

bab‘shisim’l).l'a'.‘_'g Ef(t- 352)
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2bxbja.br

Table

21
22
238
23b
24
25
26a
26b
27
28
29
30a
30b

byb,bia,bj2aib,e,biblali? B2 CO DEF(t-.412)
2bybibia bi*alib,a,bibiz A> BYCDEL (t-.444)

2bib,aibibi2b,a,bibiat 8, A% B4C2DES(t-.448)

2b,bibsajbi’al’b,a,bibja, At BYC* DEf(t- .480)

b,bibiaibi4bitaliaza? B'CEL(t-.480)

biblaibjaibibialbye, biA? BECIDEL(t-.512)

3bib3aibi bibl?a iz bya,biA® BECADES (t-.540)
3

3b,bib3aibi’bi?a}? b8, DA BEC DEL(-.572)

$
ble,bibl(e,bybj)2bebialalA® B C DIES (t-.600)
(Dyb,)? (8, byb})2bibIbi2alA® B*C*D2Ef (t-.600)

Y.



Table 3. The wave troins which arrive at P, between O and 0.6
1icrosecond, the upper and middle crossarms being

omitted.
1 1(t) 9 (az8!)*1(t-.384)
2 a841(t-.096) 10 2b,a,bje,a!Dl(t-.412)
3 a,081(t-.128) 11 2b,8,bia,a!2Dl(t-.444)
4 aia!l(t-.224) 12 ajat’l(t-,480)
5 (agat)*1(t-.256) 13 (a,21)*1(t-.512)
6 bya, biDl(t-.284) 14 3b,a,blata'?Dl(t-.540)
7 b,a,bia'Dl(t-.316) 15 3b,a,bjeia!*Dl(t-.572)
8 aja'21(t-.352) 16 (bs8.b3D)2all(t-.600)

Table 4. Table 3 with numerical velues.

1 1(t) =1(t)

2 -.52a,1(t-.098) a[-,52¢(-.096)+.374¢(-.132)~-.082
- $(-.168)+,018%(~.204)]11(¢)

6 -.288p3D1(t-.264) =[~.288¢(-.284)-.45¢(-.320)-.077

#(-.356)+,055¢(~,392)-.026¢(-.428)
-.06p(=.472)+.042¢(-.508)+.162
$(-.544)+.011¢4(-.580)~-.032¢(-,.616)]
x 1(t)

Table 5. Table 3 with numerical values different from Table 4.

1 1(t) =1(%)

2 -.45a,1(t~.096) =[-.454(-.096)+.494(-.132)~-.054
- $(-.168)11(t)

6 -.2453%D1 (t-.284) a[-.245¢(-.284)-.4364(-.320)-.146

¢(-0556)+0037¢(-0392)
-.0894(-.472)-.0061¢(-,.508)+,.109
4(-.544)+.0534(-.5680)11(%).
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Table 6. Based on Mable 3,
by a capecitance.

1 1(¢)
2 gsl(t"ooge)
68 b,a,bll(t-.284)

6b byaiblail(t-.472)

the crossarms being represented

=1(t)

-[-.7915'86(t"096)-.209]1(t-.096)

-86(t-.284)
=[{-,775+,775¢ +87.5(t-

.284)5'86(t°'284)]1(t-.284).

-86(t-.472
=[+,131-.131¢ ( )-ll.B(t-

-86(t-,472)

.472)€ -34x82(t-.472)x

¢~86(8-2472) 4y (¢_ 472),

Table 7. The wave trains which arrive and are refracted at the

tip of the upper

crossarms between O &and 0.6 micro-

second. The middle and bottont crossarmns are omitted,

1 baEl(t)
b,8,b{31(t-.284)
b,a2aiblEl(t-.568)

=[1.1-.1219(-.036)+,013$(-.072)11(¢)

“[-.49¢(-.284)-.382¢(-.320)+.09
$(-,.356)-.0164(-.392)11(t)
=[-.1464(-.568)+.045¢(-.604)11(t).

Teble 8. Table 7 using Heavislde's operators and b,E nade

equal to unity.

=1(t)

e .Bl[1-e-08(t=2284) 3y (¢ oga)

"-.655x68(t-.568)e'68(t-.568)K

1(t-.568)
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Table 9., The wave trains that &arrive at P, between O an& 0.6
nicrosecond. The crossarns are interrel perts of the
tower top.

1(¢) -.322D1(t-.316)

6
0.23x1(t-.096) 7 -.148D1(t-.412)
0.097*1(t-.128) 8 -.062D1(t-.444)

9

0.022x1(t-.224) -.021D1(t-.540)

-.768D1(t-,284) 10 0.247D1(t-.600)

& I P

D = 1-0.1864(-.188)

Table 10. Table 2 with numericel values and r{(t)=1(t).

1 0.55E1(1t)
2 -.136a,3BE1(t-.050)
4 -.0480 10 4a 44 B2CEL (£-.096)
9 -+0038,p8%a334%aiB>C*EL(t-.192)
14 -.0260,B,5,B3R4B*C2DEL (t-.284)
20 ~.00284p52,84%2,3304B>C*DE1 (t-.380)
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(solid lines): Crossarn represented by & surge impedence.
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(1): Due to en abrupt unit wave.

(2): Due to a unit wave
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