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INT3QDUÇ2IÇII

lecent experiences of the . ner'tyn rnd Jectric Con- 

pnny (AGZ) and the Ohio Electric Corporation (Cvjc ) indicate 

that the liGhtnin;’ performance of their 345-kv transmission 

line systems has been much worse than had been predicted by 

current theory. According to the prediction their lines should 

be practically lightning proof, but their experience shows 

that during the 1955 end 1956 lightning season, they suffered 

an av^age of 10.4 flashovers per 100 line-miles per year.

The reason for this has not been explained, but investigati 

ons were started immediately and have been going on ever 

since.

A major object of investigation is to determine the ef­

fect of the transmission line tower itself on the tower top 

voltages. How the flashover voltages are produced on the tow­

er during a lightning stroke is not clearly understood. In 

particular, the surge impedance concept requires a renewed 

scrutiny.

/or some time in over voltage calculations the trans­

mission line tower has been considered as having a single 

surge impedance. Its calculation is based on the assumption 

*The numbers between parentheses refer to the bibliography. 



that the tower may be represented by a single equivalent cy­

linder having a uniform charge distribution on its surface, 

mhis assumption appears to be justified for towers less than 

100’ high.

However, recent field tests on transmission line towers 

higher than 100’ show that their surge impedances are taper­

ed. From a test on a 168’ tower of a 345-kv line, the surge 

impedance was found to vary from 135 ohms at the ton to 60 
(3) (4) -

ohms at the bottom. From a test on a 108* tower of a 138- 

kv line, the value of the surge impedance varied from 165 

ohms to 108 ohms for the tower isolated and from 165 ohms to 

50 ohms with the tower grounded. It is believed that this ta­

pered surge Impedance is due to two factors :

1. The vertical position and the height of the tower 

above the ground.

2. The difference in the dimensions of the various parts 

of the tower.

The various parts of the tower that may have different 

surge impedances are:

the bottom part (from the tower footing up to the bot­

tom crossarms), 

the upper part (from the bottom crossarms to the tower 

top but excluding the crossarms) and

the crossarms.

-2-



3a ch of these surge innedrmces will influence the voltages 

on the tower.

The effects of the crossnms have not been investigated 

heretofore. But they may play an important part in the over­

all lightning perfortance of the transmission tower. It is 

therefore the purpose of this dissertation to investigate the 

effects of the crossarms on the surge voltages due to direct 

lightning strokes on the tower. The work will be divided into 

two parts:

1. The calculation of the surge impedances of the vari­

ous parts of the transmission line tower.

P. The investigation of the effects of the crossarms on 

the surge voltages due to lightning strokes.

The problem is essentially to determine the surge voltage due 

to a lightning stroke and to analyze the effects of the cross­

arms on that voltage. The calculation of the surge voltage 

will be based upon the standard method, that is by represent­

ing the tower by a surge impedance or surge impedances. In the 

investigation two types of lightning strokes will be consider­

ed:

1. An abrupt unit wave.

2. Unit wave with an oblique front.

-3-



PART I

Calculation of the surge impedance of the various parts of 
the transmission line tower? '

1.1 Procedure.

A typical 345-kv double-circuit suspension tower, such

es used on the AGE and OVEC transmission lines will be inves­

ti 2}
tigated. ’ A sketch is shown in Fig.1. For the purpose of 

surge voltage calculation the tower will be divided into three 

parts:

1. The tower leg (from footing to bottom crossarns).

2. The tower top (from bottom crossarms to tower top ex­

cluding crossarms).

3. The crossarms (each assumed to have the same dimen­

sions) .

To determine the surge impedance each part will be represen­

ted by an equivalent cylinder with the radii calculated nocor-

(5)
ding to Fortesque's method. (See Fig.2). Then by Howe’s method 

(6)Its capacitance ”C” per unit length is determined and final­

ly the surge Impedance is found from the following equation:

2 ■ _____1----- ohms, where C is in f/m. (1)
3 x 108 C



1.2 The surge impedencd of the tower leg (Zj).

The bottom part of the tower from the footing to the bot­

tom crossarms, here called the ”tower leg”, is represented by 

an equivalent cylinder with a height of 881(26.Bn) and a radi­

us of 7.4’(2.26m). Fig.2 shows a sketch (not to scale) of the 

tower leg with its equivalent cylinder. The symbols used are 
(5)

the same as in the reference. Referring to the figure the ra­

dius is found from the following formula :

r “ 7*4' or 2.26m. (2)

where Rm (the equivalent radius of each of the four legs 

composing the "tower leg")

2 2 2
- .2235 ( a + b ) d-x+y

b - a 
R” - .2235 b x e —

b 
a - .75" (assumed) y ■

b - .80 * (assumed)

c - .5 ( 53' + 7.25') = 20'

In order to be able to determine the capacitance by Ho­

we’s method, it is first assumed that the charge distributi­

on on the surface of the cylinder is uniform, although such 

an assumption is known to be incorrect, in particular for a 

vertical cylinder. Fig.3 shows the cylinder with length ”h” 

and height "a” from the ground. The image is shown in broken 

-5-



lines. Assuming a uniform charge distribution on its surface 

equal to q coulombs per unit length, that is per meter in the 

system, then the charge density is q/p.^r coulombs per 

square meter. The charge on each element of area and its im­

age contribute to the potential at noint P on the surface, 

and the total potential at that noint can be determined by 

adding up all these contributions over the entire surface 

(and the image) of the cylinder.

To simplify the problem the charged cylinder may be re­

placed by a line charge situated along the axis of the cylin­

der and having the same charge per unit length es the surface. 

Then, referring to Fig.3, the contribution to the potential 

at point P(r,Zp) on the surface due to the axis charge of an 

element of length Az located at point (o,z) with its image at 

point (0,?z) will be

AV - * aAz - ------ ----- (3)

4irE^(Zp-z)2 +r2 4^ey(zp+z)2+r2

where q is the charge per unit length and £ is the dielectric 

constant for air having a value of --- ----- _.
36v x 109

The total potential at P(r,Zp) due to the assumed charge 

distribution along the axis is

h*a

— 6—



. JLkslnh-1 ^E_ - sinh-1 
4ire | r r ia

°+h-Zp
. _1_ [ sinh-1 ------ sinh-1 ——

4ire r "

_ sinh-1 + sinh-1 ^3 (4)

r r

The average potential along the cylinder nay be found by in­

tegrating ^.4 with respect to z over the length of the cy­

linder and dividing by h, thus

In/* / c \

VïàZ T’Wdz

The capacitance per unit length is then 

c . _2_ <6)

Vav 

and Zi as found from Sq.l is 

z. - -----

3 x 108C 3 x 108 q 

- 1 1______ 1_ y^^p(z)dz

h 3 x 108 4veva

. 30 IC - (a+h-z) sinh-1 +/(a+h-z)2 +r^

h r ______________

- ( a+h+z) sinh"1 +V(a+h+z)E +r2

r

+ (a-z) sinh-1 SzZ. -V(a-z)2 +r2 

r______________lath
+ (a+z)sinh 1 ^-2. -V(a+z) ' +r2 Ha 

r
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. 30C2r +2hsinh"1 - 2uAt2 
h r

-2(a+h)slnh-l +À(a+h)W

+ 2( 2a+h) sinh”1 - 2^2^^

-2asinh*1 +^4^7^ ] (7)

r

Making the substitutions In for sinh —, etc. and

Simplifying, Bq.7 reduces to Jordan's formula :

Z, - 22 -2(h«-r) +2hln

+ Zain ------ 3 <8>

(h+a)(2a+v4a^+r^

Substituting numerical values and taking a (height above 

true ground) to be zero, the surge impedance of the tower 

leg Zi is found to be 95 ohms.

1.3 The surge impedance of the tower top (Z.).

The upper part of the tower from the bottom crossarms 

to the top, excluding the crossarms is called the"tower top" 

and is represented by an equivalent cylinder with e height 

of 18.3m and a radius of 1.1m. The latter is found from Bq.2 

by substituting for c - 7.25' or 2.2m and keeping the other 

values unchanged. The surge impedance is found from Bq. 7 or 

8. For a - 26.8m and h - 45.1m, Z, - 145 ohms.



1.4 The surge impedance of the crossarms (Zn).

Zach of the three pairs of crossarms will be assumed to 

have the same surge impedance. Referring to Fig.4, the surge 

impedance may be found by applying Eqs 3 and 4 to a horizon­

tal cylinder having a height "H" above true ground. After mo­

dification Eq.4 becomes

qdx _ )

4vs^ x-x_ ) 2*4H^

where NLn is the length of the crossarm and ”r" the radius of 

the equivalent cylinder. The value of L is the average value 

of the lengths of the three pairs of crossarms and is taken 

to be equal to 5.5m. The radius is found to be 0.2m by substi­

tuting for a - .75" (assumed), b - .40’(assumed) and c - 7.25» 

in Eq.2.

As in Eq.5, the average potential Vav at the surface of 

the cylinder is found by integrating Vp with respect to x be­

tween the limits 0(zero) and L and dividing by L. Then by sub­

stituting Vay in Eqs 6 and 1 and integrating, the result is 

the equation for the surge impedance of the crossarm:

■ 60 (r-2H-^^+r^ +^^+4H^ ♦Lsinh*'^ L - Lsinh”^

Since 2H^>L, Eq.9 can be simplified into

Zo - *2 (rj/FT? ♦ Lsinh' L) 

L *

-9-



which is independent of the height H above true ground. For 

L ■ 5.5m and r ■ .2m, ZQ ■ 180 ohms.

1.5 Other surge impedances involved in the investigation.

The ground wire is a single steel wire with a diameter 

of 0.576M^^Taking the average height of the ground wire 

above true ground to be equal to 140’, then the surge impe­

dance of the wire is found from the following equation:

Zg - 601n 2H (10)

s r

For H - 140* and r ■ .288”, Zg - 560 ohms.

The lightning stroke will be assumed to be such as to 

transmit to the tower a unit voltage wave of infinite length 

with an abrupt front. Also, the effects of the crossarms on 

unit voltage waves with oblique fronts of 0.2, 0.4, 0.8 and 

1.0 microsecond will be calculated. Throughout the calcula­

tions the surge impedance of the lightning stroke is assumed 

to be equal to 300 ohms.

-10-



PART II

Investigation of the effects of the crossems on the surge vol- 

trres due to lightning strokes"

2.1 Procedure.

The problem is to find the surge voltage at a selected 

point on the tower due to a lightning stroke and to analyze 

the effects of the crossarms on that voltage.

One point will be at the tip of the upper crossarms, for 

it is there where the transmission line insulation appears to 

be most vulnerable to failures due to lightning. In case it is 

found necessary to omit the upper crossams from the calculati­

ons in some parts of the analysis the voltages will be calcula­

ted at the position of the upper crossarms.

The calculation of the surge voltage will be based on the 

assumption that a tower may be represented by a surge impedance. 

Use will be made of reflection lattice diagrams, "wave trains" 

(8) 
and "retarder operators" as described elsewhere.

If all three pairs of crossarms be considered simultane­

ously in the calculation of the surge voltage, it is found that 

because of the relatively large number of junctions and the 

short distances between then, the work becomes prohibitive. 

(In the Appendix is shown the approximate result when all the 

crossarms are taken into consideration.)

—11 -



Hence the effects of each pair of crossaras on the surge vol­

tage will be studied separately, and based on these findings 

an approximate method will be used to determine the surge 

voltage.

2.2 Defining the wave trains and operators.

When a voltage wave e - f(t), coming down the tower, 

reaches a junction between the tower body and a pair of 

crossarms, part of the initial wave e^ atf(t) is reflected 

back and another part e." btf(t) is transmitted downward, at 

and bi being the reflection and refraction coefficients at 

that junction. The transmitted wave proceeds down the tower 

as well as horizontally to the tips of the crossarms. (See 

Fig. 5) Assuming no attenuation, the wave ea- btf(t) will 

reach the tips of the crossarms where it will undergo a re­

flection. Assuming the crossarms to be open at the end, the 

reflected wave from the tip has the same magnitude as the 

incident wave. After reaching the tower body, the wave under­

goes another reflection, with the result that a wave e3- 

biAif(t) returns to the tip, while waves e^- b1B1f(t) are 

transmitted both up and down the tower. At and Bt are the 

reflection and refraction coefficients at the junction, look­

ing from the crossarms. Note that in Fig. 5 the pair of cross 

arms is represented by an equivalent single crossarm.

-12-



If the wave that is reflected to end fro on the crossarm 

be traced until it dies out, one will find that as it under­

goes reflections at the junction, it generates a series of 

transmitted waves that go up as well as down the tower. In 

other words, the first reflected wave et- a^ftt) is soon ac­

companied by a series of waves that follow one another at 

equal intervals of s microsecond, which is the tine required 

by the waves to travel to and fro on the crossarm. Calling 

that group of waves a "wave train", this may be expressed 

mathematically in the following form:

e^ - atf(t-Os) + biBif(t-s) + btBiAtf(t-2s)

+ biBiA&f(t-3s) + ... biBiÀlf(t-ms) 

v m m-i
- ai[1 + 2*81 ç At 6(-ms)]f(t)

- ata_if(t) (11)

In general e^ ■ where

b- m m-i . , •
On " 1 + ^Bn E An cf>(-ms). 

an 1

op may be called "reflection operator" while (^>(-ms) 

is defined as "retarder operator" to be interpreted as fol­

lows:

6(-ms)f(t) ■ f(t-ms) (12)

-13-



Similarly the first transmitted wrve down the tower is 

accompanied by a series of waves to form another wave train, 

which may be expressed in the following form: 

m m-i । . .
et1 - bi[l + Bi E Ai (p (-ms) ]f (t)

- bi^f(t), (13)

j%i being the "refraction operator". 

The reflection and refraction operators are called such, be­

cause they are always preceded by reflection and refraction 

coefficients.

To determine the surge voltage at the tip of the cross­

arm it is necessary to define another refraction operator, 

which when multiplied by the refraction coefficient b& will 

give the expression for the wave train that proceeds to the 

tip of the crossarm. Calling that wave train

" biyif(t), 

then /1 is the refraction operator and is defined

m m 
yi * 1 * E Ai <p( -ms ) .

The application of wave trains and operators 

help in the construction of the lattice diagrams, 

shown later on, a group of waves may be represented on the 

diagrams by a single line and junction points may be re­

placed by,transition points.

(14) 

as

(15)

Is a greet 

As will be



To simplify the lattice diagram still further, other 

wave trains will be introduced, which may be called second 

order wave trains. They are particularly useful when the lat­

tice diagram has two or more transition points. Referring to 

Fig.6, let points Plt P,, Ps and P, be the positions of the 

crossarms on the tower and the tower footing respectively. 

A voltage wave passing through Pt and going downward is 

partly transmitted and partly reflected on reaching Pg. The 

transmitted wave ex - bef(t) proceeds to P, where it under­

goes another refraction and reflection. The reflected wave 

ee- bga,f(t), which returns to P, starts a series of reflec­

tions between Pg and Pa until it dies out. Each time it 

reaches a transition point (Pg or P3 ) its magnitude is re­

duced as part of it is refracted beyond that point.

The transmitted waves through P3 due to the reflections 

between PB and P, will form a wave train which may be ex­

pressed in the following equation:

9,- b,b,f(t,-OB,) + b„b3a«a3f(t3-83) +

+ bgbgtajagf f(t,-2s3) + .. b,b3(aja,)mf(t.-ms.)

- beb,[l + 2(aja3)^>(-ms3) ]f (tg), (16)

in which b 3 is the time required by the wave to travel back 

and forth between the two points. The reflection and re­

fraction operators at the transition noints are defined as 

follows : aj- ajaj, a3- a3u3, b,- b3^g and b3- b3^3. •

-15-



Similarly the transmitted waves through Pe toward the 

direction of Pa will form another wave train, which may be ex­

pressed in an equation almost similar to Eq.16, thus

e,- b,aabjf(te-0s3) + h,a8b’aiasf(tB-s3) + ....

* (a;a3)mf (t,-ms3)

■ 1 ♦ ) (-ms3 ) If (ta ). (17)

Calling the terms between the brackets second order opera­

tors , because of the presence of the reflection operators in 

it, it may be noted that they are common to both Eqs 16 and 

17. Representing them by a single symbol, say C, then e,- 

bta3bjÇf(t,) end e3- b,b,Cf(t3). Mow they may be represented 

by single lines on the lattice diagram. (See Fig.6). Note 

that ea is essentially a train of transmitted waves through 

P, but because of the reflection coefficient a3 in operator 

a3,it is more convenient to show it as a reflected wave from 

Pa. However in doing so there is a possibility of making an 

error in allowing it to undergo a reflection at P,. To avoid 

this, the wave train e, is indicated by broken lines between 

P, and Pa.

2.3 Outline of the complete lattice diagram.

The tower under investigation is represented in Fig.7 

by the surge impedances of its parts : Zi=95,.Za"145, Zg" 

Zb-Zc-10O ohms, together with Zg-560 for the ground wire,

—16—



Zo=300 (assumed) for the stroke and R-10 ohms for the footing 

resistance.

The distances between the junctions and the lengths of 

the parts are indicated by the time intervals the wave requires 

to travel through them. A velocity of propagation of 2.85 x 

lO^m/s or 940'/ps is assumed, which is somewhat less than the 

velocity of light. ^’^Consequently there will be a change in 

the values of the surge impedances previously calculated. How­

ever the change is found so small that it practically does not 

make any difference in the final result.

In Fig. 8 is shown the plan for the complete lattice dia­

gram. Po, Pi, Pe, P3 and P, are the positions of the tower top, 

the upper, middle, bottom crossarris and the tower footing res­

pectively. Fi, Pg and P, are reduced from Junction points to 

more transition points with the understanding that the reflec­

tion and refraction coefficients associated with those points 

will always be accompanied by the reflection and refraction 

operators as defined in ser ion 2.2 (Eqs 11 and 13). The con­

struction of the complete lattice diagram is further simpli­

fied by the application of the second order wave trains.

In Table 1 are compiled the reflection and refraction 

coefficients and the first and second order operators associ­

ated with the transition points. They are .

-17-



Zg% -ZtZg-2ZtZo 
a6" ————————

Z0Zg +ZgZB+2ZBZo

bo"
2ZgZt

ûi-al

a.-a ’

zB

Za+Z.

__ ZB

Zb+Z

ZoZg+ZeZB+2Z.Zq  

2ZgZo

ZgZg+ZgZt+2ZeZq

bx-bl-

— Zq Zi-Zq Zb -2ZiZ

Zc Zi+Zo Zb +2ZiZ

Zq Zb-Zo Zi-2ZiZ

’ ZCZ1+ZOZ,+2Z1Z

b.-bj

b,-

za+zt 

Zb

zb*zB

2ZcZi

a„ ■ b»-

ZcZi+ZCZ,+2Z&Z*

2Zq Zb 

Z@Zi+Zq Z>+2ZiZ

b&

Ag-A,- —---- since Zp-Z-b Bx-B,-
Z. + Za °

e 2ZiZb-Zq Zi-Zq Zb

Zc Zi+Zc Zb +2ZiZb

2Z, 

Z. + Za

4Z.Z
B3- -----------------

ZCZ1*ZOZ.2ZiZ

a

aA

A - l+^aiO^a^î^-ms.) B- l+9(aBa.a^)™<|>(-mBB)

Ç - l+E(aBaBa;oJ î^-ms, ) D - 1+E(a^ a^ap^-ms )

Note that the value of m is different in each operator.

’Whenever two or more operators appear in the same equation 

the m is replaced by another symbol. For example

^a,- [l+kiBiEAi"'^(-k8)][l+k*BB^ ] .

By tracing all the wave trains on the complete lattice 

diagram, the number of the waves that arrive at I\ within a 
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certain time interval can be computed. To determine the surge 

voltage at the tin of the upper crossarms each wave should be 

multiplied by 3 - 2^i, in which the 2 accounts for the fact 

that the tip is an open end.

Table 2 contains the important wave trains that arrive 

at the tip within the first 0.6 microsecond after the inci­

dence of the initial wave.

2.4 The effect of the bottom crossarms on the surge voltage 
due to an abrupt unit wave coming down from the tower top.

To simplify the problem the upper and middle crossarms 

will be ignored. The surge voltage will be calculated at the 

position of the upper crossarms rather than at the tip. The 

omission of the two pairs of crossarms from the calculation 

reduces the number of wave trains considerably. Fig.9 shows 

the complete lattice diagram for the simplified case. The 

wave trains that arrive at Pi between 0 and 0.6 microsecond 

are computed and compiled in Table 3. Substituting numerical 

values for a^-0, a,--.52, b,"+.48, b.74, a,"-.26, A,--.22, 

B3-+.78 and a+--.81, there results Table 4. Note that in both 

tables the initial wave is e - 1(t), of which the actual va­

lue is bo(-.48) times the magnitude of the lightning stroke. 

Based on Table 4, the surge voltage at Px is computed and 

plotted in Fig.10 (shown in full lines).

-19-



If the surge impedance Zi be made equal to Z. and the 

value of the footing resistance be raised to 15 ohms in or­

der to keep the value of constant and equal to -.81, then 

ai-a;-.45, b.-bJ-.55, A,-.11, B.-+.89 and Table 3 will 

change into Table 5. In Fig.11 is shown the plot of the surge 

voltage based on Table 5.

On studying Figs 10 and 11 the following observations 

are made.

1. At ta.096 microsecond, the surge voltage experiences 

a dip. But it soon recovers to a value equal to

2Zi i(t), m which z; is the equivalent surge impe­

dance of a parallel combination of lightning stroke 

and ground wire and is equal to 145 ohms. The recove­

ry is accompanied by damped oscillations and is prac­

tically completed at t- .2 microsecond.

2. At t-.264 microsecond the surge voltage decreases 

' sharply but it can be seen that though accompanied by 

damped oscillations. It follows an exponential curve.

3. At t-.472 microsecond there is another dip, which is 

smaller in magnitude than the first one. It also re­

covers very soon to a value equal to Kt), 

which is also the final value of the surge voltage. 

As in the former case this process is accompanied by 

damped oscillations.

From Tables 3, 4 and 5 it is seen that the first dip is 
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caused by wave train #2, that Is by e ■ a3l(t-.O96). The de­

crease after 0.284 microsecond is caused by the first part of 

wave train ^6, namely by e - b3a^bjl(t-.284) and the second 

dip is caused by the second part of wave train #6, that is by 

e - b,a^b;ajl(t-.472). Since the reflection and refraction 

coefficients are constants, the factors responsible for the 

recovery of the dips (obs. 1 and 3) and the gradual ending 

of the decrease (obs. 2) must be the operators.

In Figs 12 and 13 are plotted a,l(t) and E.,l(t) with 

respect to time. The data used are from Table 5, which give 

the operators the following values:

a3- 1 - 1.09<|>(-.036) + .12^>(- .072) -.O13Ç(-.1O8) 

1 + ,89<|>(- .036) - .098<j>(- .072) * .Oll^t-.108)

By inspection of the figures it is found that a3l(t) and 

g.,l(t) may be expressed approximately In the following forms: 

a3l(t )■ Cia-** + c.E^slnwxt + .

- 2.19E"at+ c3E-^sln^t * ...... (I®'

&,l(t)- 1.81(l-E-at) * o.e'^tslnw.t *....... (19'

The constant coefficient c3 In Eq.18 Is found as follows. 

Knowing that b3^3-a3u3 must always be equal to unity, then 

by putting t-0, H.Ht) becomes zero and hence -e3a3 must be 

equal to unity at that instant. For as—.45, ct-2.19. The 

constant coefficient of the first term in Eq.19 is found ei­

ther by putting t-or by inspection of Fig.13.
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The first exponential terns in both equations are assumed to 

have the same time constant. This is based on the following 

consideration. If the oscillatory terms in both equations be 

neglected in order to simplify further the expressions, then 

asa#l (t , b3^,l ( t )-l-e~a"t' and b,^,-a,a^, will still be

equal to unity. This leads to the conclusion that when the 

incident wave is a unit wave, the reflected and transmitted 

wave from and through a Junction point formed by the tower 

body and a pair of crossarms are by approximation equal to 

and e%"l-E-at respectively.

It is known that when two surge impedances in series be 

shunted at the transition point by a capacitance to ground, 

forming a junction point, the reflection and refraction at 

that point to a unit incident wave show similar phenomena. 

Hence as an approximation the effect of the crossarms may be 

assumed to be similar to that of an equivalent lumped capaci­

tance, shunted at the position of the crossarms to ground.

2.5 Representing the bottom crossarms by an equivalent 

jumped capacitance.we

From Zq.l the value of the equivalent capacitance per 

unit length may be found. The total capacitance Cc that re­

presents the pair of crossarms is 5.5 times that value and 

for Zo- 180 ohms, Co is found to be equal to 2.03 x 10~^° 

farads. Referring to Fig.14, the reflection and refraction 



operators at the Junction point P3, using Heaviside’s opera­

tors, are:

2__

b, ■ ■ g 6, - b3-l ■ g-f-P

p+^z. p+y
ZiZgCc

2

ZiZ#Cc 

where a-68 x 106, 3«104 x 106 and y-86 x 106.

Substituting these values in Table 3, solving and putting 

a’-0 and a^«-.81, there results Table 6. (The solutions are 

( g ) 
found from Heaviside’s Operational Calculus); Based on Ta­

ble 6, the surge voltage is plotted and is shown in broken 

lines in Fig.10.

If the value of Z* be made equal to Z, and the value of 

R be raised to 15 ohms to keep a, constant and equal to -.81, 

then a.-a 1--JB— and b3-bl-+-^— in which a*68 x 10®. Solving 

the operational equations and plotting the curve, the result 

is shown in broken lines in Fig.11.

It can be shown that with regard to the surge voltage 

at Pi or at the tip of the upper crossarms, the middle cross­

arms will have the same effect as the bottom crossarms. The 

only difference between the two is the time at which.their 

effect is felt at Pt.
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2.6 The effect of the upper crossarris on the surge voltage 
at its tip due to an abrupt unit wave coming down from the 

tower top.

To simplify the analysis the middle and the bottom 

crossarms are ignored. Further it is assumed that Z±"Z," 

145 ohms and R is raised from 10 to 15 ohms to keep a4 

equal to -.81. Under this condition the complete lattice dia­

gram is very simple as shown in Fig.15. Remembering that a *■ 

0, the voltage waves that arrive at Pt between 0 and 0.6 mi­

crosecond can be easily read off the lattice diagram. They 

are: 1. bi1(t)

2. b1a4bll(t-.284)

3. bia,aJbll(t-.568)

As has been pointed out earlier these do not give automati­

cally the sum of the waves that reach the tip of the upper 

crossarms within that time interval. However it may be found 

from the above expressions if they are slightly modified. Re­

placing bJ-b^J by bt3, where ^2^and b^(-b^) by blE in 

the above expressions will give the equations for the wave 

trains that arrive and reflected at the tip of the upper 

crossarms. This is done in Table 7. Fig.16 shows the plot in 

full lines of the surge voltage based on Table 7.

A study of Fig.16 leads to the following observationst 

1. The surge voltage starts with a hump making its mag­

nitude temporarily larger than unity. However it
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quickly drops to a valuo of 1 (t). which lasts 
Zi+z;

until t-.284 microsecond. Thus between 0 and 0.284 

microsecond the surge voltage shows a dissimilarity 

with that of the former case, for there it experienced 

a dip at t*.096 microsecond.

2. At t*.284 microsecond the surge voltage decreases 

sharply at first, then levels off exponentially until 

0.568 microsecond, when it experiences a momentary 

dip which quickly recovers to a value of 2R l(t), 
R+Z& 

thus showing a similarity with the former case.

This is particularly obvious in Figs 11 and 16.

The hump as can be learned from Table 7 is caused by the 

first wave train in the series, namely by e*biEl (t). If the 

latter be further analyzed, it can be shown (Fig.17) that it 

consists of a unit function plus a series of damped oscilla­

tions or

bi31(t)- l(t) + Cte-^sinu^t + ..... (20)

• l(t) if the oscillatory terms be neglected.

Putting biEi(t)“1(t) in the wave equations of Table 7 will 

reduce them to expressions which contain no other operators 

than a,, and b^ (incl. a^ and b().

It has been shown in section 2.4 that a^Kt) and b.il(t) 

are approximately equal to -a-a^and 1-E~at respectively.

Therefore similar to the bottom crossarms the upper cross-
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arms may also be represented by an equivalent lunmed canacl- 

tance.

2.7 Representing the upper crossarms by an equivalent lumped 
capacitance.

The equivalent lumped capacitance representing the upper 

crossarms is the same as found in section 2.5, that is Cg- 

Co - 2.03 x 10'10 farads. Then, referring back to Fig. 14, 

for Zi" Ze- 145 ohms, at" aJ-- -2— and bt- bl- *_2— , in 
p+a — — p+a

which a ■ 68 x 10®.

From the lattice diagram in Fig. 15 the waves that ar­

rive at Pt between 0 and 0.600 microsecond can be computed. 

As has been pointed out in section 2.6, in order to find the 

surge voltage at the tip of the upper crossarms, the last b% 

or bf in each equation should be replaced by b&E or b^E and 

as an approximation the value of the latter should be made 

equal to unity. This is done in Table 8. This is essentially 

Table 7 using Heaviside’s operators. The resultant surge vol­

tage is plotted in broken lines in Fig. 16.

2.8 Considering the crossarms as integral parts of the tower

Figs 10, 11 and 16 demonstrate, that the crossarms may 

be represented by lumped capacitances. As a further approxi­

mation, the capacitances may be assumed to be evenly distri-
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buted on the tower top. This will increase the letter's ca- 

padtance per unit length and lower the value of its surge 

impedance. The equivalent capacitance per unit length of the 

tower top will then be equal to 5.63 x lO~^ f/m and corres­

pondingly the surge impedance, as found from Eq. 1, is Z," 

59 ohms.

The determination of the surge voltage is now simple. 

Using Fig. 9 as the complete lattice diagram, the wave trains 

that arrive at Pi between 0 and 0.600 microsecond are given 

in Table 3. Because of the change in the value of Z, the va­

lue of the coefficients will also change. Under the new con­

dition they are: bo«+.28, a£*+.42, a3-+.23, b3el.23, a5--.23, 

b»■+,77 and a4*-.81. Substituting these values in the equati­

ons of Table 3 gives Table 9, from which curve #1 in Fig. 18 

is prepared. Note that in Table 9 the value of the unit vol­

tage, due to the change of the value of bo from 0.48 to 0.28, 

has decreased to 58% of the one previously defined.

Curve ^2 in Fig. 18 is prepared from Table 10, in which 

the coefficients and operators are calculated in the Ap­

pendix. The curve is shown first in full lines until 0.1 mi­

crosecond, but because of the great number of oscillations 

of which the curve is made up, the last part of it is drawn 

in broken lines, indicating only the approximate axis of os­

cillations. As can be seen from the figure, the two graphs,
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except at the time between 0 and 0.1 microsecond, show a 

similarity. This leads to the conclusion that as an approxi­

mate method for determining the surge voltage at the tip of 

the crossarms or at any other point on the tower as the case 

may be, the crossarms may be considered as integral parts of 

the tower top.

2.9 The effect of the crossarms on the surge voltage due to 

a unit wave with an oblique front.

To si^lify the problem, let the tower be assumed to 

have only the bottom crossarms. Representing the latter by 

a surge impedance, the surge voltage at Pt due to a unit wave 

with an oblique front is calculated. The result is plotted in 

Fig. 19. To avoid repetition of what has been done before, the 

effect will be analyzed by way of comparison, namely by com­

paring the result with another surge voltage due to the same 

type of wave, but not effected by any crossarm. This is done 

in Fig. 19. Referring to the figure, the solid lines repre­

sent the surge voltage calculated for the tower with no 

crossarms, while the broken lines are for the tower with 

crossarms. Graphs ^2 to #5 show the voltages due to a unit 

wave with a front of 0.2, 0.4, 0.8 and 1.0 microsecond respec­

tively. The data for the graphs are based on Table 4.

As can be seen from Fig. 19, the crossarms have only ef­

fect on surge voltages due to waves with very steep fronts, 
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while voltages due to waves with fronts longer than 0.2 mi­

crosecond are practically uneffected by them. This phenome­

non also explains why a crosse rm nay be represented by an 

equivalent lumped capacitance. The longer the wave fronts, 

the smaller is the reflected wave from the junction point. 

Analytically it can be shown as follows. Referring back to 

Fig. 14, it is found that when the two surge impedances in 

series are of the same magnitude, the reflection and refrac-

P Q
tion operator at the junction are a ------- and b ■ +------ .

- p+a " P+a

Let the incident wave be a unit wave with a front of 0n mi­

crosecond, given by the equation:

e ■ — Ctl(t) - (t-on)i(t-en)i, 
On

(21)

then the reflected and transmitted wave are

®r" —"— ~ [tl(t) - (t-0n)1(t-0n)]
P*a 0n " “

- - 1 (l-e‘at)l(t) ♦ 1 [l-E-o(t-On))i(t n ) 

a©n aOn

®t"
+-2_ 1 [tl(t) - 

p+a 0n

(1-1* 1 =-at 

®n a®n a@n

(t-on)l(t-en)l

)l(t) - 
wn

- L ♦ — e 
a®n a«n

-a ( t—

xl(t-«n). (22)

Substituting numerical values for ©n will show that the 

larger its value, meaning the longer the wave fronts, the 

smaller is the magnitude of er, while that of e% becomes 
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larger and approaching unity. In other words, the longer the 

wave fronts the lesser is the effect of the crossarm. on the 

surge voltage.
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CONCLUSION

The effects of the cresserras may be summed up as follows : 

1. On the surge voltage due to an abrupt unit wave, 

given by the equation: e ■ l(t), the effect is pri­

marily the same as that of an equivalent lumped capa­

citance, shunted between the tower and the ground at 

the position of the crossarms. A secondary effect is 

the generation of damped oscillations.

2. On the surge voltage due to a unit wave with an ob­

lique front given by the equation: e - ~ [tl(t) - 
®n 

(t-6n)l(t-6n)], the effect is also the same as that 

of an equivalent capacitance representing the cross­

arms. The intensity of the effect is inversely propor­

tional to the length of the wave front. In the case 

of the transmission line tower that has been investi­

gated, the effect is practically non-existent when the 

wave front is longer than 0.4 microsecond.

This leads to the conclusion that for the purpose of surge 

voltage calculations the crossarms may be represented by equi­

valent lumped capacitances. As a further approximation they 

may be considered as integral parts of the tower top.
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APPENDIX

. ---- 1 daring all three pairs of crossarms simultaneous!

n fha calculation of 'the surge vplta£e.

and

and

the

Table 2 contains the Important «mve trains that arrive 

are refracted at the tip of the upper crossarms between 0 

0.6 microsecond, with all the crosserms being included in 

calculations. They are obtained through a rigorous method,

namely by computing the reflected and transmitted waves in a 

complete lattice diagram. The latter is not shown here, edg­

ing from the number of wave trains and the complexity of mul­

tiplications in them, if numerical values be substituted with- 

eut simplification, the calculation is prohibitive. Hence e

surge impedance of Zp- 300 ohms 1» assumed for the lightning 

stroke to make the reflection coefficient at P„ looking from 

the bottom side equal to a- 0. This reduces the number of 

wave trains considerably and for a.-a.-ai-af-.45, b.-b.-bf 

b,-.«,aS-.M, b;-.™. Ai-11. B*--09-

bj-+.55,

22, Bae*.78 and a4--.81,
Table 2 becomes Table 10, in

which

B ■
1 + E( .202a,a&) <^-.OôOm)

ç . 1 + E( ,234a,aj) 4>(-.046m)

n . 1 + E(.21a5) ^^-.!8B^)

S - 2 + 2?(-.H) ^(-.056m) 

a^-al-a; - 1 - 1.O^-.H)^ 
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m m-1 
" 1 + .89E(-.ll) $(-.036m)

m m-1
a, - 1 - .78S(-.22) f(-.036m) 
- 1

m m-1.
aj - 1 - 2.22E(-,22) ^(-.O36m)

m m-1.
- 1 * .78E(-.22) <|>(-.036m)

The result of the calculations is plotted in Fig. 18.

B» Example of solutions given in Tables 6 and 8 and in Eq. 22.

- 2— l(t) - £~a*l(t)»

p+a

— l(t-.O96) - e“a*096^it-.096), 

p+a

— & - 1(t) ■ (1—e a )1(t), 

p+a

- ate'*\(t) - -2- E"atl(t).

p+a p+a

— te"atl(t) - (l-^)tE^^l(t),

p+a K

-2- tl(t) - (t-^le-at)l(t), 

p+a a a

tl(t) - at)l(t), 

p+a * a

JL (t-9n)l(t-9n) - [l.lE’^^^Kt^),

p+a n n a a 11

where 1(t) or l(t-On) is a unit function, acting only when 

t or t-0n is positive.
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Table
1. Reflection and refraction coefficients, first and 

second order operators associated with Po » Pi » P« 

P, and .

Coefficients

Do^vnv/ard and 
upward _  

b!

Horizontal

Operators

First order
Second 
order

P»

a’ b,

Pi
A

a l b

a, bj

P.
A

aj b

a, bl

P 3
A

a

P<

Bi I 
--- i

* B, | 
------ *

• — B, !

£L1 2.1

2.3 u

:

Bji

——

2.3 u
I

2.1 L.

— 1 m
l" 

;

Ii

A

I

i.
./

1

B

D

—

Ç

D
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Table

1

2

3

4

5

6

7

8

9

10

11

12a

12b

13

14

15

16

17

18

19

20

2. The Important wave trains that arrive at the tip of 
the upper crossarms between 0 end 0.6 microsecond 
with all the crossarms being considered.

biAEf(t)

bia.bJABEf(t-.050)

bt bxaBbla;A1BEf(t-.082) 

bxb.a-bjblAB^CEf(t-.O96) 

bibib.a,bJbla;A^B^CEf(t-.128) 

blajblbla;A^B^Ef(t-.132) 

bibtatb'^

Sblb.a3bJbibla,aJA2B’C3f(t-.178) 

bib2a^bf alblAB^C2Ef(t-.192) 

2bxbja.br a» b.a.b’Aa B’CEf (t-.210) 

bikJaJbf a ? A'B'Ef(t-.214) 

bibibja'b;2 bf a J A2 B41 Ç2 Bf ( t- . 224 ) 

b i b xb i aj b j 2 b 1 a 1 a J A2 B ’ C2 Ef ( t-. 2 24 ) 

b ib% b2 a J b 12 bl2 a y A2 B C % ( t-. 256 ) 

bxb.b,a4blblblAB2Ç2DEf(t-.284) 

bibjb2 a2 b 1 b p a . a y A^ B’ C 23f ( t-. 30 6 ) 

bxbxb. b 3a4 b 1 b ; b 1 a 1 A2 B2C 2 DEf ( t-. 316 ) 

bi bj £ b y bl2 b 1 al A2 Bs C2 Ef ( t-. 320 ) 

bxbl^aibpbl'a/^B^ 

2bib.b3a4bjb;bibla.alA2 BJCaDBf ( t- .366) 

bib:a,bl2b,a4b;alblAB»^
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Table 2 (ctd)

21

22

23a

23b

24

25

26a

26b

27

28

29

30a

30b

b>b^a^b^ asa;>^B‘C’3f(t-.384) 

2biblb,b.a^b;b;bpa.a;'A^B^D3f(t-.398) 

2bl bj a s bj * b J bj a ib s a 4 b J A2 B4 C 5 BEf ( t-. 412 ) 

b^b^b^ a Jb 8 a4 b ; b I a ’ A1 3^ ( t-. 412 )

8b8b^a8b^a^b8a4b^b^

2b| b.a ’ b 1 b I2 b , a4 b J b J a ;2 a . A3 B4 C 2 DEf ( t-. 448)

2biblb.a;brarb,a,b;b;a.^^

b^b^a2b^b^a^a2A^B^E^(b-.48O) 

b^b^a2 b^3 a^b^a^b8a4 bJA2 B’C^DEf (t- .512) 

3blb3a:bJ3blbra:2b:a4b;A3B*C4DEf(t-.54O) 

3b tblbJ al b p b 1 ’ a b ,a4 A4 B6 C4 DEf ( t-. 572 ) 

b^a3bibi<a4b8bi)2b8biaia^A2B^
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Table 3. The wave trains which arrive at P& between 0 and 0.6 
microsecond, the upper and middle crossarms being 

omitted.

1 l(t) 9 (a,a!Pl(t-.384)

2 a,l(t-.O96) 10 2b3a4 ye3a ’DI (t- .412)

3 &,a:l(t-.128) 11 2b,a.b’a3ayDl(t-.444)

4 a^a;i(t-.224) 12 a%a Vl(t-.48O)

5 ( a sa i )4 1 ( t-. 256 ) 13 (a3a’)"l(t-.512)

6 b3a4 b JD1 ( t- • 284) 14 3b,a1 bjaja ^D1 ( t- . 540)

7 b3a4 b J a ’ Dl ( t- . 316 ) 15 3b.a.b:a^af Dl(t-.572)

8 a» a’/Kt-. 352) 16 (b3a4bjD)aa;i(t-.6OO)

Table 4. Table 3 with numerical values.

l(t)

-,52a3l(t-.O96)

-.288^Dl(t-.284)

1

2

6

“1 ( t)

.[-,524(_.096)+.374?(-.132)-.082
♦(-.168)♦.OlB^C-.204))l(t)

28B^(-.284)-.45<M-.320)-.077
*(-.356)+.055*(-.392)-.0264(-.428)
-.06*(-.472)+.042f(-.508)+.162
*(_.544)+.0114(-.580)-.032+(-.616)]

x 1 (t)

Table 5. Table 3 with numerical values different from Table 4.

1 l(t)

2 -.45a,l(t-.096)

6 -.245^Dl(t-.284)

"1( t)

■ [ - .454*( - .096) +.49$(- .132) - .054

*(-.168)]l(t)
■ [-.2454>(-.284)-.436$(-.320)-.146
<b(- .356) + .037$(- .392)
-.089$(-.472)-.061$(-.508)+.109
$(-.544)+.053$(-.580))l(t).
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Table 6. Based on "'able 3,
by a capacitance.

the crossarms being represented

I l(t)

2 a3l(t-.096)

6a bga^bjl(t-.284)

6b b3a$b;a«l(t-.472)

-[-.791a"°^^~'°^^L.2O911(t-.O96)

-[- .775+.775a-^^^-'^\67.5(t- 

^^-86(t-.284)^i^_

-[ + .131-.131E~86(t-'*7^_li.3(t- 

. 472) e-86^-*472^-34*82 (t-.472^x 

e-86(t-.472)]i(t-,472).

Table 7. The v/ave trains which arrive and are refracted at the 
tip of the upper crossarms between 0 and 0.6 micro­
second. The middle and bottom crossarms are omitted.

1 btEl(t) *[1.1-.121<#(-.036) + .01344-.072) 11 ( t )

2

3

b.a4blEl(t-.2B4) "[-.49f(-.284)-.382f(-.320)+.09
- *(-.356)-.016|(-.392)ll(t)
b±a^a’blEl(t-.568) -[-.146f(-.568)+.O45f(-.6O4)ll(t).

Table 8. Table 7 using Heaviside’s operators and b,E made 

equal to unity.

1 ■!(t)

2 »-.81[l-E"^^"'^^ )l(t-.284)

3 "-.655x68(t-.568)E-^^^~^^\

1(t-.568)
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Table 9. The wave trains that arrive at between 0 and 0.6 
microsecond. The crossarris are integral parts of the 

tower top.

1 l(t) 6 -.322D1(t-,316)

2 0.23*1(t-.096) 7 -.14BD1(t-.412)

3 0.097*1(t-.128) 8 -.06221 (t-.444)

4 0.022xl(t-.224) 9 -,O21Dl(t-.54O)

5 -.7 68D1(t-•284) 10 0.247D1(t-.600)

D - l-0.186$(-.188)

Table 10. Table 2 with numerical values and f(t)«l(t).

1 0.55EL(t)

2 -.136a.g_lBEKt-.050)

4 -.O48g_ig_.a,^lBZÇEl(t-.O96)

9 - .003^^a^;2 alB^C^EL ( t- .192)

14 - .026g_ig^g,3g_;g_l B^^l ( t- . 284 )

20 - .OOag^g* C3DEL ( t- .380 )
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Fig.2. Tower leg with equivalent cylinder
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(simplified) 

Fig.5. Reflected and 
transmitted waves on 
tower body with cross- Fig.6. Sample lattice diagram using wave trains and
arm. operators.
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Complete lattice d^rgran for a 345—kv tower with bottom c r o s s r m s  only.
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crossarms.
(Solid lines): Crossarm represented by a suree impedance.
(Broken lines): Crossarm represented by a lumped capacitance
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Fig. 14. Crossarms represented by 
an equivalent capacitance.
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Fig.15. Complete lattice diagram for a 345-kv tower with upper crosse 
and Z.-Z.
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Fig. 18. Surge voltage at P t due to an abrupt unit wave.
(1): Crossarms form an integral part of tower top.
(2): Crossarms represented by surge impedences. Broken lines indicate 

the axis of oscillations.
(3): Crossarms omitted.
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