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ABSTRACT

A theoretical study was made of the pressure distribution, rate- 

of-flow, and stream patterns in the flow of viscous liquids through the 

nip region between the surfaces of two external rotating cylinders• 

Application of viscous flow theory to the roll nip problem led to the 

prediction that pressure in the bank should be proportional to the cube 

of the reciprocal of the distance from the point of roll tangency. This 

relationship provided, for the first time, a rational baais for specifi­

cation of the nip inlet boundary condition necessary for solution of the 

flow rate problem by hydrodynamic lubrication theory, A second boundary 

condition was provided by knowledge that real liquids, not specially 

purified, can withstand only moderate levels of tension without fail­

ure by cavitation. The hydrodynamic problem was solved for the case 

of constant viscosity flow between cylinders rotating at differential 

speeds, and a method for the rapid computation of numerical results was 

developed and programmed for digital computer solution.

An experimental investigation was conducted to test the validity of 

the theory, and to determine the limitations of its applicability, Eleven 

viscous liquids with viscosities in the range from 17 to 240 poise were 

tested on pairs of four-inch and six-inch diameter rolls, with roll 

speeds ranging from 35 to 300 rpm and speed ratios of 1, 2, and 3» The 

theory was found to agree with experimental data for fluids with 

viscosities below 90 poise and total roll surface velocities of 10 ' 

feet per second or less, Under these conditions, 95 percent of the data 

fell within limits of -25 to +35 percent deviation from the theoretical 

flow rates. Greater deviations were observed for higher viscosity fluids,
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"but 95 percent of all measured flow rates fell within limits of -52 to 

+110 percent deviation from the predicted values. Deviations are attrib­

uted to uncertainty of the actual fluid viscosity in the nip region, and 

to viscosity variations induced by temperature and pressure gradients 

within the nip. With high viscosity fluids and with high roll surface 

speeds, these factors cause the experimental system to deviate from the 

constant viscosity assumptions employed in derivation of the flow theory.

A theoretical solution for the relative transfer of fluid to the 

faster roll was obtained. Experimental observations indicated that the 

theoretical transfer fraction i? a limiting value which is attained 

under ideal constant viscosity conditions. Greater than theoretical 

transfer is obtained when the liquid viscosity is subject to variation 

during nip passage.

When the fluid between the rolls contained a low concentration 

of small glass beads, the size of the largest bead passed without 

fracture was proportional to, but not equal to, the theoretical nip clear— 

ance. Differences between bead size and calculated clearances are 

attributed to viscosity variations due, in part, to the presence of the 

beads themselves. In accordance with theoretical predictions, beads are 

not captured and fractured by the the rolls until the nip clearance is 

opened to some critical value dependent on the bead size and the roll 

speed ratio.
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I. INTRODUCTION

Fluid flow between the surfaces of mutually external, rotating 

cylinders is of practical importance in a number of instances. Al­

though this investigation is directed primarily at the flow between 

cylinders such as those used in the printing ink and paint manufactur­

ing industries for dispersion mills, similar phenomena are encountered 

in the flow between calendering rolls for plastics, coating rolls for 

films and paper, and distribution rolls in printing presses. The flow 

of viscous liquids between moving surfaces separated by small clearances 

has been investigated extensively for the geometrical systems encounter­

ed in bearing design, and the theory involved in this type of flow serves 

as a basis for modern lubrication theory. However, very little experi­

mental work has been reported for the geometrical system represented 

by two external cylinders separated by a thin film of viscous liquid, 

and previous theoretical papers in this field have failed to specify 

adaquate boundary conditions for solution of the problem. Extension of 

the previous theory, specification of boundary conditions, and experimen­

tal determination of the range of applicability of the theory has been 

undertaken in order to provide an improved basis for the design and 

operation of three-roll dispersion mills and to extend the general fund 

of knowledge of the high shear-rate flow behavior of viscous fluids.

Roll mills of two, three, and five roll design are in common use. 

Heavy duty two-roll batch operation mills are gmerally used for compound­

ing rubber and plastics, but continuous or semi-continuous three-roll
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fflills enjoy wide popularity in the manufacture of printing inks. The 

wide application of roll mills to pigment dispersion in viscous fluids 

is due to several factors; among these are ability to process materials 

with a wide range of rheological properties, ease of cleaning, ability to 

segregate and reject large, undispersable pigment agglomerates or trash, 

and high ratio of heat transfer area to volume of material being sheared. 

The latter feature permits high levels of dispersion energy input with­

out undue temperature rise in the product, and permits dispersion of 

heat sensitive organic pigments in viscous media without deterioration 

of pigment properties. On the other hand, roll =411, have relatively 

high initial costs and, unless care is taken to obtain ma-Himim efficiency, 

have high operating costs.

A three-roll mill, such as that shown schematically in Fig. 1, , 

consists of three hardened steel cylinders with parallel axes which may, 

or may not, lie in the same plane. The two end rolls rotate in the same 

angular direction while the center roll turns in the opposite direction. 

The speed of rotation is increased progressively from the first or 

feed roll to the take-off or apron roll. The largest present day 

have rolls sixteen inches in diameter by forty inches long, with 

apron roll speeds as high as 1*00  rpm. Roll speed ratios of Ztl and 

311 are commonly employed. Mills with independently driven, variable 

speed feed rolls are also available. In operation, a mixture of 

incompletely dispersed pigment and vehicle is fed to the bank region above 

the nip between feed and center rolls. As the rolls turn, the mixture is 

drawn into the nip where it is subjected to shear and pressure which 

disperses the agglomerated solid particles and wets them with liquid.
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Sane of the larger particles are crushed by the rolls as they enter 

the nip. The film of fluid splits after passage through the nip*  

Part remains on the slow roll and returns to the feed bank. The 

remainder travels forward to the apron nip, where it is subjected to 

shear and pressure gradients even more severe than encountered in the 

feed nip*  The film splits again after the apron nip passage, and 9gain, 

part returns to the feed bank. The portion of fluid transferred to the 

apron roll moves forward to the take-off knife, where it passes from the 

roll to the apron as product*

Production rate through the mill depends on three factors t

1. The rate of fluid flow through the feed nip between the first 

and second rolls;

2. The relative split of the fluid between slower and faster rolls 

at the feed and apron nip outlets;

3* The effectiveness of the take-off knife in removing product from 

the apron roll*

In turn, these factors depend on fluid and mechanical variables asso­

ciated with the mill and with the material being processed*

The degree of dispersion produced during passage through the mill 

depends on the nature of the solid and liquid as well as upon the 

operating conditions of the mill*  It is obvious that no solid particles 

larger than the minimum clearance between center and fast roll surfaces 

can appear in the product*  Most of the material processed through the 

1® dispersed to a particle size much smaller than this «rimi 

limiting value*



Modern roll mills have rolls ground to tolerances measured by the 

wave length of light. They are equipped with gages and controls that 

permit accurate and reproducible determination of operating conditions. 

Yet the relationship between these operating conditions and w<ii perfor­

mance remains poorly understood. If the full potentialities of these 

precision machines are to be realized, a better understanding of the 

basic principles governing their operation must be obtained. A quan­

titative understanding of the behavior of viscous fluids passing 

between rotating cylinders can also serve as a basis for rational design 

of improved milling equipment. Outside of the field of dispersion 

equipment, knowledge of the behavior of fluids during passage between 

rolls can aid in understanding the operation of coating machines and 

ink distribution systems.

The purpose of the research reported in this dissertation was to 

develop a mathematical method of predicting the rate of fluid flow 

through the feed nip of a mill as a function of measurable and control­

lable variables. A further objective was to determine experimentally the 

accuracy of the theory and to evaluate the limitations of its applica­

bility. The final objective of this work was the determination of the 

relationship between the velocity ratio of two rotating cylinders and 

the relative transfer of a Newtonian fluid flowing between them.



II. LITERATURE

Hie literature pertinent to the present investigation may be 

divided conveniently into experimental and semi-empirical inves­

tigations of roll mill behavior, mathematical investigations of the 

fluid dynamics of viscous flow between rotating cylinders, and studies 

of the mechanism of film split between separating surfaces.

Studies of Roll Mill Operation

Data on production performance of commercial and laboratory siea roll 

mills have been published by a number of investigators. Notable among 

these have been the reports of the New York Paint and Varnish Production 

Club on techniques of roll mill dispersion of titanium dioxide, toluidine 

red, and phthalocyanine blue pigments (l,2,3,b). Fisher (5) measured the 

throughput rate of laboratory mills and presented an empirical equation 

for production rate as a function of mill speed, clearance setting, and 

fluid viscosity. Maus (6) correlated mill power consumption with operat­

ing variables by a semi-empirical equation of the form,

(Power Number) , - Const (Reynolds Number)*  (Fronde Number)b . 

The analysis of Maus was applied to the case of two nips In a Floating 

Center Roll type of three-roll mill by Taylor (7). Gamble and Sparta (8,9) 

employed electrical plug stopping to halt mill rolls for the measurement 

of film thickness on the roll surfaces. These latter workers employed 

fluids containing a dye which could be measured colorimetrically after 

extraction from a cotton pad onto which the fluid from a known area of 

roll surface had been wiped.
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VisoouB Flow Theory

The fundamental equations of viscous fluid flow theory were first 

developed by Navier (10) and Poisson (11); and independently, by 

St» Venant (12) and Stokes (13)» The Xavier-Stokes differential equations 

express the general motion of a Newtonian viscous fluid as a function of 

the forces acting upon it, Solutions for these equations have been found 

only for certain special cases, and Usually with a number of simpli­

fying assumptions, the two-dimensional theory of viscous flow between 

an inclined block and a moving plane surface was treated by Osborne 

Reynolds in 1886 (lit) and was confirmed experimentally in connection with 

lubrication problems by Lord Rayleigh (15) and others (16). The method 

of Reynolds involved solution of the equation, 

dP/dx ■ jn d'u/dy*  , 

together with the equation of continuity,

Q - ji dy » 

For the case of cylinders rotating in a viscous fluid, Frazer (17) 

obtained analytical solutions to the more gereral equations, 

dP/dx ■ (^u/dy3 ♦ d2u/dx3)

dP/dy - y (d3 v/dy*  * dS/dz? ) , 

Although Frazer's work was quite extensive, his equations have received 

little application to the roll mill problem because of computational 

difficulties associated with their solution when the cylinders in 

question are separated by only a thin film of fluid»

Less complicated analyses of the pressure distribution in the nip 

between rotating rolls were presented by Ardichvili in 1938 (18),
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Kley in 19U6 (19), and by Gatoombe in 19U5 (20). Hey as aimed that the 

material passing between the rolls acted as a plastic solid, and based 

his calculation on the rate of compression in the nip. It was shown by 

Bergen and Scott (21) that Bley’s results differed from those of 

Ardichvili only by a constant factor, H/ 2 V? . Qatcombe applied the 

lubrication theory of Reynolds to the roll geometry with the boundary 

conditions of vanishing pressure at points infinitely far from the nip 

center. Qatcombe extended his theory to consider the effect of fluid 

viscosity change caused by pressure increase in the nip. Qatcombe’s 

results, like those of Ardichvili, Bley, and Frazer, predicted that the 

pressure on the inlet side of the nip would increase to a m-tumm and 

then drop to zero at the center or point of minimum clearance.

In 191*9,  Gaskell (22) employed an approach similar to that of 

Qatcombe to calculate the pressure distribution in the calendering of 

plastic materials. The boundary conditions employed by Gaskell were that 

both the pressure and the pressure gradient vanish at the point where 

the calendered sheet leaves the rolls. To use these conditions, the 

roll speed and thickness of the calendered sheet must be known. These 

boundary conditions involve the assumption that the sheet separates 

from the rolls when the pressure becomes zero, i.e. there is no adhesion 

between calendered product and roll. Gaskell extended his theory to the 

case of a material with Bingham plastic flow properties having a stress, 

shear-rate relationship of the form,

77 = Tt (du/dy) .

Gaskell’s results differed frcm those of previous investigators in
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that his theory predicted a finite, positive pressure at the nip center, 

and the point of exit from the nip was recognized as being downstream 

from the center.

Thermal effects involved in calendering a viscous fluid were studied 

in a theoretical investigation by Finston in 1950 (2)), and the theory of 

calendering a viscoelastic fluid was treated by Paslay in 1957 (24). 

Experimental measurements of the pressure distribution in the nip between 

calendering rolls were reported by Bergen and Scott (21). It was obser­

ved by the latter that their results were in qualitative agreement with 

the predictions of Gaskell, but differed considerably from those of 

Ardichvili and Eley. The greatest deviations from ^askell’s theory were 

found in the region of the nip entrance, and it was stated that these 

deviations were probably due to the fact that the Gaskell equation 

presents no rational physical method of defining the true point of nip 

entrance. Hummel (25) derived equations for the pressure distribution in 

a roll mill nip with differential roll speed, using the same basic theory 

as Gaskell and Gatoombe. Like previous investigators, Hummel did not 

specify a method of defining the points of inlet and outlet to the nip.

Film Split and Cavitation

The theories of both Frazer and Gatoombe predict that, in a complete- 

immersed system, the pressure on the outlet side of a nip will fall to 

negative values equal in magnitude to the positive pressures encountered 

on the inlet aide. Since real liquids, containing even trace amounts of 

impurities to serve as nuclei, are incapable of withstanding large tensile 
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stresses, Banks and Mill (26) hypothesized that cavitation would occur 

in a liquid film contained between two rapidly separating surfaces. By 

using a glass roll system, these authors (2?) were able to observe and 

photograph the cavities or bubbles formed in the outlet region of the 

nip. Miller and Myers (28,29) made a systematic study of the formation 

of cavities in the nip of an apparatus consisting of a steel cone held 

against a rotating glass plate. It was observed that the split of film 

between the separating surfaces was proceeded by cavitation whenever the 

product of fluid viscosity times surface velocity exceeded a critical 

value, characteristic of the material being sheared. At lower than criti­

cal values of the viscosity x viscosity product, the film split smoothly 

at the air-liquid interface with out cavitation. At higher than critical 

values, the number of bubbles observed was proportional to the viscosity­

velocity product.

The relative quantity of fluid remaining on each of two surfaces after 

shearing and separation was investigated experimentally by Sparta (8) for 

the case of roll mills, and by Fetsko and Walker (50), Scarr (31), Hammel (32) 

and Lin (33) for the case of ink transfer in printing, Sparta demons­

trated that the relative transfer depends on the rheological properties 

of the fluid and on the relative speeds of the two surfaces. The largest 

quantity of fluid was always transferred to the faster moving surface. 

Fetsko and Walker developed an equation which permits separation of the 

total quantity of ink transferred from the printing plate to stock into 

two portions: that initially immobilized by the printing stock during 

impression; and that portion of the remaining ink film which splits 

toward the paper as the surfaces separate. Scarr found a correlation
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between the position of film split and the ink "shortness", or ratio of 

ink yield value to plastic viscosity*  High shortness values were 

associated with inks that split close to the surface of the stock. Hammel 

found tnat the position of film split was affected by the nature of the 

pigment and vehicle as well as by the shortness of the ink. It was also 

observed that, when unpigmented vehicles were "printed", the position 

of split moved closer to the stock as the vehicle viscosity increased. 

Lin measured the variation of transfer with changing printing speed and 

pressure*  Increasing printing speed appeared to decrease the quantity 

f the free ink film split to the stock when printing on aluminum 

laminated paper board, but to increase the split to stock when printing 

on polyethylene film. Changing printing pressure did not affect the 

results with polyethylene, but with the aluminum laminated board, 

increased printing pressure appeared to increase the transfer split.
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III. THEORY OF VISCOUS FLOW IB HIP 

BBIVEEH ROTATING CYLINDERS

The theory of roll mill operation may be simplified by subdividing 

the question of overall throughput rate into two phases and by 

considering each in turn. This subdivision is accomplished through a 

material balance which permits separate analysis of:

1. Rate of fluid flow between rotating cylinders as a function of 

mechanical and fluid variables ;

2« Relative position of split in a fluid film between separating 

surfaces moving at different speeds.

Approximate solutions of the Navier-Stokes equations for viscous 

fluids serve as the basis for the analysis of the fluid flow rate 

through the nip between feed and center rolls. A solution to the 

lubrication theory problem for the nip geometry is used to establish 

the shape of the nip pressure gradient. Appropriate boundary conditions 

are established by consideration of the bank pressure distribution 

derived from Frazer's solution for the rolls-in-contaot problem and 

by recognition of the existance of a minimum nip outlet pressure at 

which real liquids cavitate. From the basic nip flow theory, equations 

are derived for calculation of the nip pressure distribution, shear­

rates, flow rate, minimum nip clearance, power consumption, location of 

point of flow stagnation, and relative quantities of flow associated with 

the slow and fast rolls. The location of the stagnation point, that 

point beyond which all fluid travels in the forward direction through 

the nip, is related to the ability of the nip to accept or reject 

particles of a given size that may be suspended in the fluid. This



point is also related to the relative quantity of fluid associated with 

the two rolls, since under constant viscosity conditions, the same 

stream line passes through the stagnation point and the point of 

division. between the separating fluid surfaces at the nip outlet.

Roll Mill Material Balance

The total rate of fluid flow through three-roll mills is related to 

the flow rate through the feed nip, q, the fraction of fluid transferred 

to the faster roll at the feed nip, f, and the apron nip, a, and to the 

fraction, t, of fluid removed from the apron r;11 by the take-off knife*  

A material balance, g^ven in detail in Appendix I, leads to the following 

equation.

Mill throughput rate = (r—) q

This equation reduces the problem of predicting roll mill production 

rate to that of determining the relationship between fluid properties, 

mechanical variables, and the transfer fractions and rate of flow 

between feed and center roll.

Basic Viscous Flow Theory

The Navier-Stokes equations serve as the starting point for deri­

vation of the nip flow hydrodynamic theory. Using the nomenclature of 

Schlichting (34)» these equations, for a constant viscosity, non compres­

sible fluid, are written as follows.
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2

Another condition is supplied by the equation of continuity, which

for a rain-compressible fluid ie,

du

2)=

, d W
(5)o

Symbols used in these equations have the following significance*  

x, y, z, rectangular orthogonal coordinates 

u, v, w, velocity components in y, z, directions, respectively,

X, Y, Z, components of body forces in x, y, z, directions,

respectively

P hydrostatic pressure ,

y coefficient of viscosity ,

fluid density

y) kinematic viscosity - ,

t time.

Although the arrangement of rolls in a mill is normally in a 

horizontal plane with flow in the vertical direction as shown in Fig.2, 

the geometry and coordinate system shown in Fig. 5 will be used in the 

following derivations to maintain confermity with the nomenclature 

used in previous investigations in this and related fields. Where 

gravity is a factor, it is assumed to produce an acceleration in the 

positive x direction.



Figure 2. Flow of Material Through Roll Mill



Figure 3. Coordinate System Used in Nip Flow Theory
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Application to Region Distant from Nip. By making certain simplify­

ing assumptions, it is possible to reduce the Naviur-Stokes equations to 

a linear form amenable to solution. Tne approximations made in the 

present case are those which apply to conditions of very low Reynolds 

number where the forces due to viscosity greatly exceed those due to 

inertia. Where these assumptions are valid, the terms to the left of the 

equality sign in equations 2 , 3 , and 4 may be neglected in compar­

ison with those on the right » If flow in the z direction is absent, 

further simplification is possible, since all of equation 4 and the 

terms involving z in equations 2 and 5 drop out. The latter 

approximation applies when the cylinders are so long compared with their 

diameter that flow in the axial direction may be neglected. In actual 

roll systems, the conditions of this approximation are not completely 

satisfied; however the presence of end-plates at the cylinder ends 

does restrict axial flow to a small component of the total motion. 

The conditions taken and assumptions made in reducing the Navier-Stokes 

equations to the case of two-dimensional, purely viscous flow are 

summarized here.

1. Forces due to inertia are negligible compared with viscous 

forces. This implies relatively high viscosity and low speeds.

2. Body forces are negligible compared with viscous forces.

3. The flow is in a steady state.

4» The cylinders are long compared with their diameter, and 

flow in the z direction, parallel with the roll axis, is negligible.

5» As with the full set of Navier-Stokes equations, the 

boundary condition of no slip at the walls is assumed. 

When these conditions apply, the Navier-Stokes equations reduce to the
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form given in equations 6 and 7 .

The equation of continuity becomes,

3u

(6)

(7)

(8)0

A general solution of these equations for viscous flow associated

with two rotating cylinders was treated extensively by Fraser (17). 

Frazer's results, as applied to the roll mill problem, are described in 

Appendix II. It is unfortunate that these results become very incon­

venient to apply when the distance of separation between cylinder 

surfaces is small compared with the cylinder radii. This inconvenience 

originates from the presence in the stream function of slowly converging 

series and hyperbolic functions of arguments of very small magnitude. 

One of the special cases considered by Frazer does lead to a relatively 

simple expression for the stream function in the bank region distant from 

the vicinity of the nip. This special case ie that of two rolls in 

actual contact. The results of this theory do not apply in the vicinity 

of the nip, but should be valid in the bank region where the influence 

of the small nip clearance is negligible. As shown in Appendix II, this 

special stream function can be differentiated to give an expression for 

the pressure gradient along the x axis. Assuming that the free fluid 

surface is located at a distance of one roll radius from the nip center, 

and including the effect of fluid head, the bank pressure distribution
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is given by equation (9);

P - R f [$+ 1J - 3^ (N^ + N2) +(|)5J (9)

where:

P ■ pressure at point

R ■ roll radius ,

■ rpm of slow roll , 

Ng " rpm of fast roll 

Ji ■ fluid viscosity 

£ - •

The first group of terms on the right of equation 9 expresses the 

pressure contribution of the hydrostatic head of fluid, while the 

second group is due to the motion of the rolls.

Application of Viscous Flow Theory to Nip Region. Equation 9 

is indeterminate at the nip center where x is zero. Approaching this 

point from negative values of x, the pressure approaches 00 ; while 

app'oaohing zero from positive values of x, the pressure approaches 

-00 . The application of equation 9 is therefore restricted to 

negative values of x, out of the nip zone. In order to treat flow 

through the nip itself, additional simplifying assumptions are made, 

and the Navier-Stokes equations are reduced to an even more simple 

form than given by 6 and 7 • The additional assumptions md 

conditions are:

1. In the narrow passage comprising the nip, the vertical pressure 

gradient, vanishes, and flow in the y direction may be neglected.

2. In this same region, the second derivative of u with respect 
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to y is so much larger than the second derivative of u with respect to x 

that the latter may be neglected, Gatcomoe (20) presented an order of 

magnitude analysis showing the conditions under which these approxima­

tions are justified, and concluded that they are reasonable so long as 

there are regions in the nip where the distance, from the nip center 

is much larger than the corresponding value of h, the separation between 

surfaces. When these assumptions and conditions are applied, the 

Navier—Stokes equations are reduced to the single expression;

s ■ #

Since dP/dy is negligible compared with Dp/)x, the pressure may be 

considered a function of x alone, in which case 10 is written;

S-^

The condition of continuity is satisfied by an equation which expresses 

the fact that the total quantity of fluid passing each point in the 

nip is a constant. This condition is satisfied by,

u dy (12)

Derivation of Nip Flow Equations

Equations 11 and 12 and their underlying assumptions are the 

basis of the lubrication theory of Reynolds (14), and the nip pressure 

theories of Gatcombe (20), Gaskell (22), and Hummel (25). Since these 

equations, and the results obtained from them, serve as a basis for the 



-21-

present work as well, the derivations will bo shown here in detail.

Equation 11 is integrated twice, giving: 

• (13)

# ' 0 * «1 • (14)

" ' J + op 4y , (15)

1 dP y2
U " dx Z + Ciy + C2 . (16)

The constante, C^, and C2, are evaluated from the conditions that at 

the surface of the slow roll (y ■ -h/2) the velocity is Up and at the 

surface of the fast roll (y - h/2) the velocity is U2, it follows 

that: 

n l dP h h „
"1 " jTZT - =12 * • (17)

2
°2 -^l , (18)

u2-|£t * cib • (%)

C1 "(U2 “ Ul) / h . (20)

Inserting the values for the constants into equation 16 gives 

the expression for fluid velocity as a function of position and pres­

sure gradient in the nip. This is,

u (”2 - M i * i ) . (21)+
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Geometrical Approximation for Nip Region. The separation between the 

roll surfaces, h, can be related to position in the nip, x, by considera­

tion of the geometry of the system as shown in Figure 4. If the minimum 

nip clearance is he, the total clearance at any point is h, + 2 J, where,

4 - R - L , (22)

L ■ Vr TT? ' (25)

6 - H - (R2 - X2)* , (24)

h - h. + 2R - 2 (R2 - x2)* . (25)

Equation 2$ may be simplified by expanding (R2 - x2) in a binomial

expansion and neglecting terms of small magnitude. This expansion is;

2 4
(R2 - x2)* - R - + - ' * , (26)

H

(R2 - x2)^ s: R - , (27)

2
~ 2R , (28)

2
h » h. +i- , (29)

The approximation given by equation 28 differs from the correct 

value of £ by only one percent at a value of x of 0.2R, and is much 

closer at smaller values of x. The relationship between local nip clear­

ance and x coordinate given by equation 29 is employed in the follow­

ing derivations.



-23-

Figyre U, Geometrical Relationship

Between Nip Clearance and Location
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Pr««sur« Distribution. The expression for velocity, 21 , nay be

substituted into the continuity equation, 12 , giving;

dP 2

(30)

Integration of )0 gives,

where is defined as (U^ + U2).

Solving 51 for the pressure gradient gives,

Integration of equation 52 gives pressure as a function of location in 

the nip. In performing this integration, x is related to h through 

equation 29 . The result is;

‘^h2 + C5 . (33)

In equation 53 » is the pressure at nip center, and is usually 

unknown. If the pressure, P^, at some point, Xp is known, equation 

52 may be integrated from limits x^ to x, giving;
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Boundary Conditions. Equation 55 contains two unknown factors, 

Q, and C^; or, Q and as in 55-a • Evaluation of these Constants 

requires two appropriate boundary conditions. One boundary condition 

is supplied by the fact that at some point on the outlet side of the nip, 

the pressure passes through a minimum value, P*,  which will be determined 

by the cohesive or adhesive properties of the fluid. At the point of 

minimum pressure, designated x*,  the clearance is h*,  and the pressure 

gradient, dP/dx, is zero. The velocity gradient between roll surfaces 

ie therefore linear at x*,  and the rate of flow, Q, can be expressed as, 

Ut * 
Q - — h . (54)

# 
If the value of P is known, or can be estimated, only one further condi­

tion is needed to solve equation 53-a at a given value of he.

Gaskell assumed that Q was known and evaluated h and x from 

equations analagous to 54 and 29 . Gatcombe employed different 

boundary conditions, assuming that pressure was zero at what amounted to 

% + jo . These conditions gave the result that P ■ 0 at x ■ 0.

By solving for the point at which dP/dx - 0, Gatcombe calculated Q 

from equation 54 . This analysis led to the result, 

h*  - 4/5 h. , (55)

and 
Q - 2/5 Ut h. . (56)

The boundary conditions chosen by Gatcombe are subject to question on 

the following grounds.

1. For the pressure to equal zero at x ■ 0 and at x » too, the 

fluid would have to withstand large tensile stresses. Gatcombe realized 

that real fluids would not withstand such stresses, but instead of
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modifying the entire pressure profile, he assumed that pressure was

atmospheric where the equation predicted

2. The geometrical approximation, x 

large values of x, and the equation based 

pointe where the boundary conditions were

negative values.

2
" h*  + x /ft, breaks down at 

upon it is not valid at the 

invoked.

While Gatoomb.'s preewre dl.tribution involves the action that 

the fluid 1. capable of rotating tensile str..... of any magnitude that 

«ight b. developed, Ga.k.11 „>WMd that th. fluid would ,u.taln no 

teneil..tre.eandthatth.pr..^re, would b. ..rent re, B.ith„

assumption es» b. strictly correct, b.caus. real liquid.

withatand some moderate amount of tensile stress
can actually

Where special

precautions have bon t^.n to rsmov. disturbing influsnco, to.ll.

' °' Sphere, have been observed before fluid 

rupture occurs. Vincent and Simonds (,6) reported rupture in. niner^ 

°11 a‘ "U9 “d (37) observed a stress of -300 ata. in

water. Ordinary fluids, 

contain impurities which

to withstand

not subjected to special purification procedures, 

serve u nuclei for cavitation, and are unable

were able to

smooth-ended

appreciable

account for

tension before rupture. Banks and Mill
(26)

the force and time required to separate two

brM. cylinders originrily stuck together with . viscous

liquid, by assuming that cavitation occurred when the absolute pressure 

ta ths liquid reached zero. On the boi. of the., data, th. assumption 

Of P*  . 0 employed by Gaskell appears to be a reasonable approximation of 

the cavitation pressure, fhe assumption that pei.„rc will also be 

employed in the present investigation.

In order to solve equation » without the boundary conditions of 

Oatcombe or the lnd.pend.nt knowledge of Q used by Gaskell, . ...



condition or relationship must be employed. This relationship is provided 

by equation 9 . It is assumed that there is a point, near the 

entrance to the nip region where both equations 33-*  and 9 are 

applicable. Equation 9 » based on the assumption that he is zero, 

is used to calculate the pressure at point This pressure is then 

taken as a boundary condition for equation 33-a . The second boundary 

condition, P - 0 at x*  where dP/dx ■ 0, is the same as that employed 

by Gaskell. Ii more exact knowledge of the pressure at which cavitation 

occurs were available, this cavitation pressure could be taken as the 

boundary value at x*.

The point, Xp was chosen as, x^ . - 0.1 R. At this point, 

h^ ■ h. + 0.01 R from equation 29 • Under most operating conditions, 

k. is a small rfaction of h^, and the assumptions leading to equation

9 are not seriously violated. Further, at x - 0.1 R, the approximation 

given by equation 29 is 99.75 percent of the actual value of h.

Features of Nip Flow Theory and Method of Calculation

The solution of equation 33-a for the nip pressure distribution, 

and equation 34 for the nip flow rate, permits additional features of 

flow through the nip to be derived. The procedure followed in solving 

33-a , and the additional derived results will be presented here.

Location of Coordinate of Film Split, x* . Equation 33-a was 

solved by a trial-and-error procedure which is outlined below.

1. Equation 9 is solved for the value of P^ at J - -0.1

2. A trial value of x  is assumed from the relationship, .*

x*  % 0.474 ^R h.
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5. A value of h  is calculated from equation 29 .*

4» A trial value of Q is calculated from equation 34 ,

5» Pj» x*»  h*,  and Q are substituted into equation 33-&

in order to evaluate P*.

6. If P  calculated in step 5 is not zero, a new value of x  is 

selected, and steps 5 through 5 are repeated.

* *

7. The value of x giving P  equal to zero is the correct x.* *

glow Rato. The value of x*  found by the procedure outlined above 

is substituted into equation 34 to calculate the throughput rate, Q.

Force between Rolls. The force acting on the rolls is found by 

integrating the pressure - area product between the bank entrance and the 

point of film split. In terms of force per unit roll length, this 

integral is, #

F/L - J P dx . (57)

-R

The integral is conveniently divided in two parts; the force due to the 

bank and the force due to the nip. The bank pressure is taken from 

equation 9 , and the nip pressure from equation 33-a . Combining 

these equations gives,

(36)
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Integration of equation )8 gives,

F/L 0.405 R2/ - * S2) R z t A f loge(^) ♦ B I A

2 -

R h. + x’

(39)

where1

D ■ A/ R/h. ,

A, A. - X.
C - P. - A t— + B —y - D tan" (———_)

4 i^hT

The terms of equation 59 are calculated in a straightforward 

manner after x*  has been evaluated. For given conditions of roll speed 

and size, and fluid viscosity and density, the equations developed here 

permit calculation of total roll force and throughput rate for given 

values of nip clearance. A curve of production rate versus roll force 

can be constructed by repeating the calculations for a series of values 

of clearance. The calculation of x*  from equation JJ-a and the subse­

quent calculation of throughput rate and force were programmed for 

solution on a Royal-McBee LGP-JO, stored program digital computer in 

order to facilitate comparison of theory with experiment. Details of the 

computer program are given in Appendix IV.
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Maximum Pressure. The maximum pressure in the nip is located on the 

inlet side of the nip at the point, -x*.  The points of mari mm and min­

imum pressure are equidistant from the center, because at these points 

the pressure gradient vanishes, the velocity profiles are linear and equal, 

and the clearances must be equal in order to provide a constant flow rate. 

To calculate the maximum pressure, a value of -x*  is substituted for 

x in equation 53-a , once the flow rate and x*  have been evaluated.

Maximum Shear Rate. In its passage through the nip, the fluid is 

subjected to shear rates which range from zero to more than 105 sec-1 

in some cases. The maximum rate of shear is found at the slow 

roll surface at the point, x ■ 0. The value of this maximum shear rate 

can be calculated by substituting values of from equation 20 and 

dP/dx from 32 into equation 14 , and setting h equal to he and y 

equal to -h0/2. This gives,

- 1) + • (40)

Power Dissipation. Power supplied to turn the rolls is dissipated 

as heat due to viscous shear in both the bank and nip regions. Only 

power dissipation in the nip is considered here. The rate of energy 

dissipation per unit volume in a fluid subjected to simple shear is the 

product of the viscosity and the square of the shear rate. Thus the 

power consumed per unit length of roll is given by,
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Carrying out the integration indicated in equation 41 yields the 

following expression for nip power consumption;

2

Equation 42 may be further reduced, giving

2

1 
2

1
h*2

Stagnation Point. In the bank region of the mill, fluid near the 

roll surfaces is carried toward the nip while fluid distant from the 

surfaces flows away from the nip. ^he stream lines obtained from 

Frazer's solution, equation (A II 40) of Appendix II, show the general 

features of this flow in regions remote from the immediate vicinity of 

the nip. Since this equation is based on the assumption of no clearance 

between the rolls, it breaks down in the immediate vicinity of the nip, 

and is unable to predict the point of ultimate flow reversal, or 

stagnation point, beyond which all fluid moves forward through the nip. 

On the other hand, the equations based on equation 10 do apply in the 

nip region, and provide a method of estimating the location of the 

stagnation point.

By requiring du/dy and u from equations 14 and 16 to vanish 

simultaneously, the coordinates of the stagnation point may be determined
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From thia derivation, shown in detail in Appendix III, coordinates of the 

stagnation point are given by:

x8 - - VR (CXh* - h.) , (43)

yB . (44)

The values of o( and are functions of the roll speed ratio, r, and are 

given by:

- 5/2 1 + r (45)

1 + r + r

Z? - r) • (46)

The clearance between the rolls at the stagnation point is, 

\ , (47)

For six-inch diameter rolls at equal roll speeds and a minimum 

nip clearance of 100 microns, the h*/h,  ratio is equal to 1,229, and 

the point of flow reversal given by equation 45 is -0.0146 ft., 

or 4450 microns. This corresponds to a value of -O.O885 R. For the 

same roll diameter and roll speed ratio, the theoretical point of 

f^ow reversal moves to —0.1 R when the minimum nip clearance increases 

to 280 microns. Since a clearance of 280 microns corresponds to an 

unusually wide operating clearance, the point of flow reversal usually 

falls between the nip center and the the assumed boundary of the nip 

flow equations.

Fraction of Flow Associated with Fast Roll. A portion of the total 

flow passing through the nip comes from a layer of fluid near the surface 

of the fast roll, and the remainder comes from a layer near the slow roll. 

The fraction of the total flow in each of these layers can be calculated
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if the velocity distribution and thickness of these layers is known. The 

quantity of flow associated with the fast roll is given by

Q - /«/2
" J u dy , (48)

where y^ is the point of division between slow and fast roil streams, 

and h*/2  is the surface of the fast roll at x^. Substituting the 

expression for u from equation 21 into 48 , and integrating between

the limits, y^ -yd h*,  44 , and h^/2 - ok h*/2 ,47 . gives,

(49)

Equation 49 may be reduced to,

% ■ + -t)

+ (r + 1) (1 - ÿ) -J- - J ) . (50)

The total flow, Q, from equation 34 is, 

Q - Uth»/2 - Ux h» (1 + r)/2.

The ratio Q^/q - f is therefore, 

f ‘ <7TT>(t "/S ) ♦ - % .

(51)

Values of f calculated from equation 51 for common roll speed ratios 

are listed in Table I.
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Table I. Estimate» of Relative Flow Fractions 

Associated with Fast Roll

Roll Speed Ratio 

r
Fraction of Flow Associated with Fast 

Roll, f

1 0.5

2 0.744

3 0.851

4 0.90?

Relative Point of Flow Division. The coordinates of the point 

at which the forward-flowing layer from the fast roll joins the 

forward-flowing layer from the slow roll were given by equations

43 and 44 • The distance from the fast roll surface to this point 

1» hg/2 - yg, and the ratio of this distance to the total clearance 

is (0.5 - y8/hs), or (0.5 -/ck ), a function of roll speed ratio 

alone.
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IV. EXPRIMENT AL INVESTIGATION

The experimental program vu designed to test the validity and 

range of applicability of the nip flow theory baaed on the hydrodynamic 

theory of flow of a constant viscosity liquid. The greater portion of 

the experimental work was directed at evaluation of the relationship 

between force applied to the rolls and the total quantity of flow through 

the nip. The maximum size of spherical glass beads passed through the 

nip without fracture, and the relative transfer of fluid to the faster 

roll were also investigated.

Apparatus

The principle experimental apparatus consisted of pairs of rotating 

cylinders. Auxiliary equipment consisted of pressure measuring gages, 

a temperature measuring pyrometer, a balance, a viscometer, and a 

microscope.

Roll System. The roll system was mounted on a Kent laboratory three- 

roll mill frame. During part of the investigation, the roll system 

consisted of three, 4-inch diameter rolls, eight inches in length. 

No take-off knife was employed, and the rate of flow through the 

feed nip was determined from the quantity of fluid carried on the 

surfaces of the slow and center rolls. To extend the studies to larger 

size rolls, the 4-inch diameter rolls were replaced with two, 6-inch 

rolls, five inches in length. All rolls were of hollow, hardened steel 

construction. Platea at the ends of the rolls were employed to maintain 

a bank of fluid between the rolls. Temperature control was provided by 
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circulation of cooling water through the interior of the rolls. Roll 

speed ratios of 1-1, 2-1, and 5-1 were obtained by changing the ratio 

of the driving gears. Total roll speed was varied by use of different 

ratios of chain sprocket sizes between the mill motor and the driven 

roll. A photograph of the system with 4-inch rolls in place is shown 

in Fig. 5.

The mill motor was equipped with General Electric Plug Stopping 

Controls for quick stopping. When the plug-stop switch is depressed, 

the phase relationship of the current to the two-horsepower, three- 

phase, 220 volt motor is reversed. The reversing relay is held closed 

by an electromagnet deriving its power from a plugging generator driven 

by the mill motor*  When the motor stops, the reversing relay is 

spring opened, and all power to the motor is shut off. The sequence of 

events from depression of the plug-stop switch to complete mill stop 

is, for practical purposes, instantaneous. Since the rolls are 

stopped without coasting, the film thickness on the stopped rolls is 

the same as that on the rotating rolls. A diagram of the plug-stopping 

controls is shown in Fig. 6.

Pressure Gages. Force was applied to the rolls through two oil 

filled pistons equipped with pressure gages. The gages were calibrated 

in pounds force and could be read with a precision of + five pounds. 

The total force applied to the rolls was the sum of the two gage 

readings. The range of each gage was 0 - 1000 pounds force. The 

gages were calibrated on a Tinius Olsen testing machine and were 

found accurate within 4 percent. A calibration chart was used in 

converting gage reading to true force values.
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Figure 5. Photograph of Roll Mill with Four Inch Rolls in Place
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Figure 6. Schematic Diagram of Plug Stopping Controls



-59-

Surface Pyrometer. The temperature of the fluid on the surface of 

the rolls was measured with a type 4200 portable pyrometer manufactured 

by Illinois Testing Laboratories, using a type 4090 sensing head. 

The sensing element is a *-inoh  wide bimetalio junction in a strip 

inches long. The temperature was measured by holding this strip 

against the rotating roll with a force of approximately one pound. In 

one series of tests the temperature was also measured by inserting a 

copper-constantan thermocouple into the fluid bank until it nearly 

entered the nip. The potential of the bank thermocouple was measured 

with a Leeds and Northrup potentiometer, using a water-ice bath for 

reference junction.

Balance. In the flow rate studies, cotton pads containing fluid 

scraped from measured areas of roll were weighed on a Christian Becker 

Chainomatio analytical balance. Weighings were estimated to be accurate 

within t 0.2 milligrams, with sample weights ranging from a low of 

0.02 grams to 1 gram of fluid scraped from the roll.

Visoonoter. A precision rotational viscometer manufactured by 

Sun Chemical Co. was used to measure the viscosity of the fluids used 

in this study. A complete discription of this instrument its 

theory of operation was given by Lower (50). The viscometer has a 

rotating outer cup with 2.55 cm radius and a fixed inner bob of 2.50 

on radius. The torque imparted to the bob through the fluid by rotation 

of the cup is measured by the deflection of a calibrated spring. The 

oup is surrounded by a thermostated water bath permitting operation at 

controlled, elevated temperatures. The measurement of viscosity in this 

instrument was limited to rates-of-shear below 200 oeo"\
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Microscope. Qlaie beads passed through the nip between rolls were 

observed and photographed with a Bausch and Lomb microscope mounted on 

an optical bench. The eyepiece used was a 5 x ^yperplane. Two objectives 

were used, a Bausch and Lomb 10 x with 0.25 N. A., and a 40 x 

Carl Zeiss lens with 0.65 N. A. Together with the magnification given 

at the photographic plate, these lenses gave magnifications of 74 x and 

296 x respectively. Photographs wore taken on Ansco type 282 panchromatic 

film. Measurement of bead size was performed by projecting the photo­

graphic negatives on a screen and measuring the particles with a scale 

calibrated from a stage micrometer photographed under the same maginifi- 

oation.

Materials

The materials used in this study were viscous liquids and glass 

beads. '

Viscous Liquids. The fluids on which the force—throughput studies 

were performed are listed in Table II, along with their viscosities 

at 30 "C and the constants of their temperature - viscosity relationships. 

Lithographic varnishes are refined, heat bodied linseed oils of the 

type commonly employed in printing ink manufacture. The copolymer 

H-2185 ink vehicle is an alkyd resin type ink vehicle. Polybutenes are 

synthetic polymere obtained by the catalytic polymerization of normal 

and branched chain butenes. Acroloid HF 825 is a solution of butyl 

methacrylate polymer in di-2-ethylhexyl sebacate. Sucrose acetate 

isobutyrate, SAIB, is produced by the controlled esterification of 

sucrose with acetic and isobutyric anhydrides. It is notable for its 

unusually high viscosity-temperature coefficient.
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Teble H

$f Fluid# &plo!y^_^^^MKhpnt Ratg_Stgdigg___________
Material Source Viacoaity M^ SpG

at 30*C  
-_______________________________ Poiae_______________

1. Wo 1 Pale Litho Varnish Superior(*) 16.86 4707.3 10.0531 0.957
2. No 2 Pale Litho Varnish Superior 27.20 11660.1» 9.7728 0.960
3. No 3 Pale Litho Varniah Superior 39.110 4660.3 9.6283 0.962
lu No h Pale Litho Varnish Superior 61.2 4199.4 8.5600 0.964
$• No 5 Pale Litho Varnish 103,U 4856.0 9.5326 0.966
6. No 8 Pale Litho Varnish Superior. 

Bradent!
294 4335.1 8.1515 0.966

7. 33 Poise Dark Litho Varnish 26.1 3974.0 8.5561 0.961
8. H2185 Copolymer Ink Vehicle
9» Polybutene Mixture (e)

10. Acroloid (•)
ii. aAnrW

12. White Ink

Superior. 
Ind oll^l 

R-H 
Eastman)^) 

(k)

235.1 6661.1 12.4896 1.002
122
101.6,,.
972.2^1

48

5823.0 
5171.6

12269
3997

11.2413 0.871
10.13589 0.978
21.4454 1.146
8.3072 1.559

a. Superior Varnish and Drier Co., Merchantville, M. J.
b. Braden Butrin Ink Co., Cleveland, Ohio
c. Mixture of Polybutene H-35 and 128
d. H-35 fr  Indoil Chemical Co., Chicago 5, Ill,*

and 128 Polybutene from Oronite Chemical Co., San Francisco 4, Calif.
e. 40% Acroloid HF 82$ in Plexol Solvent
f. Rohm and Haas Co., Philadelphia, Pa.
g. Sucrose Acetate Isobutyrate
h. Eastman Chemical deducts, Inc., Kingsport, femes see.
j. Viscosity at 40  C*
k. 50% by Weight Dnitane CB3h2 Rutile TiO, (American Cyanamid Co.) 

in Mo l Pale Litho Varniah (Superior).

(1) Constanta in Equation

- M/T - b

viscosity, Ib-sec/ft^ 

temperature, degrees Rankine 

* Range 40-50*  C.
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The viscosity of each of the fluids was measured at 20, JO, 40, 

and 50 *C  on a rotational viscometer. An empirical equation of the 

form, 

log? - Ï - b , ($2)

was fitted to the viscosity data for interpolation purposes. All of 

the systems studied, including the 50 percent dispersion of TiOg in 

varnish, exhibited Newtonian viscosity behavior at low rates of shear. 

At higher shear rates, the more viscous systems gave non-linear curves 

of stress versus rate-of-shear, but this curvature was of the order 

of magnitude that could be explained by the temperature rise in the 

rotational viscometer. Where curvature was evident, the slope of the 

stress-shear rate curve at low shear rates was used for determination 

of the viscosity.

Glass Beads. The glass beads used in determination of the minimum 

nip clearance were type 140 standard reflective beads obtained from 

the Flex-O-Lite Corporation. A photograph of a sample of the beàds 

at a magnification of 74 x is shown in Fig. 7. Many of the beads 

appeared to be hollow, or at least, to have numerous air bubbles in 

their interiors.

Experimental Procedure

The experimental procedure followed involved measurement of 

the flow rate between the rolls, evaluation of the fraction transferred 

to the faster roll, and measurement of the size of glass beads passed 

through the rolls.
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Measurement of Flow Rate. Rate of fluid flow through the mill 

nip was measuredf after equilibrium operating conditions had been 

established,by plug stopping the rolls, scraping the fluid from a measur­

ed area of each roll with a razor blade, wiping the blade on tared 

cotton pads (a separate pad for each roll), and reweighing the pads. 

The weight of fluid divided by the scraped area and fluid density, 

amd multiplied by the surface velocity of the roll gave the flow rate on 

that roll in volume per unit time per unit roll length. The sum of flow 

rates on the two rolls gave the total nip flow rate. It was necessary to 

weigh control cotton pads when the sample pads were tared and reweighed, 

since the pads sometimes gained or lost moisture between weighings. 

The weight change of the control pads, which differed in handling from 

the sample pads only in that no fluid was wiped on them, was used to 

correct the sample pads for any change due to moisture gain or loss.

Dimensions of the scraped area on the rolls were measured with 

dividers and rule to within t 0.05 cm. The chord of the width of the 

scraped area was actually measured, but was corrected to the arc length 

for the calculation of area. Weighings were carried out on an analytical 

balance with an estimated accuracy of t 0.2 milligrams. The minimum 

fluid sample weight was 0.02 grams, and ranged up to one gram. Sample 

areas scraped from the roll ranged from 40 to 70 sq-cm, and were usually 

near 60 sq-cm.

When three rolls were employed, the flow rate on each was measured, 

although only feed roll and center roll flows were used in the calcula­

tions reported here. Ho take-off-knife was employed, and the thickness 

of fluid on the fast roll established an equilibrium with that on the 

other two rolls. Fluid which accumulated at the ends of the fast roll
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* periodically removed and returned to the feed bank to keep the total 

quantity of fluid in the system constant during each eeriee of measure­

ments.

In establishing operating conditions for each series of tests, the 

cooling water flow rate to the rolls was regulated to give equal surface 

temperatures on each roll. Although water rate was not measured, it was 

observed that higher rates were required for the faster rolls in order to 

maintain equal roll surface temperatures. In general, it was not 

possible to keep roll temperatures constant as pressure was increased 

in any given series of measurements. For this reason the temperatures 

were recorded, and the viscosities at operating temperature were 

calculated from the viscosity-temperature equations of the fluids.

Hip Clearance Evaluation with Glass Beads. In order to obtain an 

independent measure of the clearance between rolls for comparison with 

the calculated values, experiments were made with fluide containing 

5 percent by weight of spherical glass beads of the type used in 

reflecterized paint. The beads ranged in diameter from less t^an one, 

to over 200 microns. Operating procedure for the glass bead experiments 

was similar to that used in the flow rate studies with simple liquids, 

except that samples of the bead containing fluid were removed while 

the rolls were in operation. Samples of the fluid ecraped from the 

moving rolls with a razor blade were placed in tared crucibles, weighed, 

and ignited at 900 *C . The weight of glass residue in the crucible was 

used to calculate the concentration of beads in the fluid passed by the 

nip. A second sample was placed in a flat, one-ounce can and allowed 

to stand overnight while the beads settled. The sediment, containing 

a concentrated sample of beade was examined microscopically to
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determine the size of the largest particles that passed through the roll 

nip unbroken. Photomicrographs were taken of the head samples using the 

equipment and procedure described under "Microscope".

Each set of experiments was performed in the order of decreasing 

roll force. A fresh sample of fluid and beads was placed in the at 

the start of each series, and the rolls were started at high roll force. 

When temperature equilibrium was established, operating samples were 

taken, and the rolls wers plug-stopped. Samples were scraped from the 

rolls for flow rate measurement, and the rolls were restarted and ad­

justed to the next lower force level in the series. Each series consist­

ed of runs at forces of 4520, 3560, 2880, 2400, 1920, and I44O pounds 

per foot of roll length.

The effect of glass content, at the measured glass concentration, 

was taken into consideration in the fluid density used for calculation 

of the volumetric flow rate from the gravimetric flow rate measurements.

Experimental Conditions, The ranges of principal variables used 

in ths force -throughput rate studies were:

1, Fluid viscosity, 17 - 240 poise;

2, Roll diameter, 4-inch and 6-inch;

5* Holl speed ratio, 1-1, 2-1, and 3-1;

4. Speed of fast roll, 155» 198, 245, and 300 rpm;

5. Force on rolls, 255 - 4320 Ib/ft.

Although all possible combinations of these variables were not 

employed, force vs, throughput rate curves were obtained under 61 

different combinations of conditions, which embraced a total of 404 

experimental runs. Six conditions were explored with fluids containing 

glass beads in 41 experimental runs. A list of the different experimental 
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conditions employed is given in Table III, along with the notebook and 

page number where the original data were recorded. Fluid numbers in 

Table III correspond to the list of fluids given in Table II.



Table HI Experimental Conditions Tested

_ _________ ___________________ U-in 
Fast Roll AM

155

Roll Diameter___________ ' 1 — '
Fast RoU MW 

2h5

natio 
. >1 1 Ratio 

2-1
I Ratio
L i-i

Ratio 
3-1

--- letio 1
1 2-1 I

Ratio 
1-1

1-222-121 1-222-pO 1-222-112 1-222-130 1-222-1OU 1-222-118
3-222-126 2-222-9h 3-222-132 3-222-llh 3-222-106 3-222-12010-222-1h2 3-222-96 10-228-8 10-222-118 3-222-lhO 10-228-6

11-231-3«*  
12-222-128

9-222-102 
1O-222-1U 
11-231-36

12-222-116 11-231-31*  
12-222-131*

10-222-11*6  
12-222-108

12-222-122

* Fast Roll RIM 101*

12-222-110 
12-222-138

6-in Roll Diameter

Fast Roll RIM
198

Fast Roll RIM
300

Ratio Ratio Ratio

3-1 2-1 1-1
Ratio I Ratio I Ratio
3-1 J 2-1 J 1-1

1-228-28 1-228-31*  1-228-1*1*
5-228-30 1-228-102 $-228-1*2
6-228-32 3-228-101*  6-228-1*0
11-231-30 l*-228-110  lg-231-22
lg-231-16 5-228.36 6g-23l-2l*
6g-23l-2O 6-228-38

6-228-106
7-228-108
8-228-112

11-231-32
lg-228-122 
lg-228-138 
Sc-228-121*

1-228-22 1-228-18 1-228-11*
1-228-71*  3-228-80 6-228-16
1-228-11*1*  6-228-20
3-228-76 1-228-78
11-228-11*6
5-228-26
6-228-21*
6-228-11*8

6g-231-10
6g-231-2O

Numbers in table are given in order, Fluid, - Notebook Number - Page
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V. RESULTS

Experimental and theoretical results of the flow rate studies are 

listed in Appendix VI, Table XXI. Glass bead study results are listed 

in Appendix VII, Table XXII. A graphical presentation of results is 

given in Figs. 8 through 2).

Relationship of Roll Force to Throughout Rate

The rate of flow through the roll nip was calculated from the measur 

ed fluid film weight per unit area and the known surface speed of the 

rolls. The force per unit length of roll was calculated by summing 

the corrected gage force readings and dividing by the roll length. 

The fluid viscosity at the measured film surface temperature was 

calculated from the appropriate viscosity-temperature equation. The 

theoretical force-flow rate relationship was computed for a series of 

values of minimum nip clearance for each condition of roll diameter, 

roll speed, roll speed ratio, and average fluid viscosity. Since it 

was not always possible to maintain the roll temperature constant as roll 

pressure was changed in one experimental series, the computer calcula­

tions were carried out at the average of the experimental fluid viscosity 

in order to provide a valid comparison between the experimental and 

calculated results, it was necessary to correct for the resulting 

viscosity difference. The experimental results and the theoretical 

equations both indicated that the throughput rate was nearly proportional 

to viscosity when other conditions were equal. Advantage was taken of 

this relationship to correct for viscosity differences within a single
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experimental series. In Figs. 8 - 19, the experimental flow rates, 

corrected to the average viscosity of the series, are plotted versus 

the reciprocal force per unit roll length on log-log coordinates. The 

machine computed curves at the same average viscosity values are plotted 

in these figures for direct comparison with the experimental values. 

The theoretical curves are identified by circled symbols of the same 

kind as used for the corresponding experimental points. The fluids are 

identified in Figs. 8 - 19 by numbers corresponding to those found in 

Table II, and the average fluid viscosity for each curve is given in 

poise units. Experimental values are tabulated in Appendix VI together 

with theoretical flow rate values. Ths theoretical values were corrected 

to the experimental viscosities by intsrpolatlon between theoretical 

curves. The experimental flow rate values for all the tests are plotted 

versus the corresponding theoretical flow rates in Fig. 20. Since the 

behavior of the No. 8 varnish and the SAIB differed somewhat from that 

of the other materials, the data points for these materials are 

identified separately in Fig 20. The theoretical line with unit slope 

is indicated together with dotted lines representing the 95 percent 

confidence limits of the best line through all of the points.

Transfer Fraction

Values of the fraction, f, of fluid transferred to the faster roll 

are listed in Tables XXI and XXII with each experimental run. This 

fraction is the ratio of the flow rate on the faster roll to the total 

nip flow rate. In the 1-1 roll speed ratio tests, the driven or front 

roll was considered the faster roll in calculation of f.
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FIGURE 8 • NIP FORCE AND FLOW RATE
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FIGURE 9. NIP FORCE AND FLOW RATE
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FIGURE 10. NIP FORCE AND FLOW RATE
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FIGURE 11. NIP FORCE AND FLOW RATE
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FIGURE 12. NIP FORCE AND FLOW RATE
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FIGURE 13. NIP FORCE AND FLOW RATE
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FIGURE 14. NIP FORCE AND FLOW RATE
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FIGURE 15. NIP FORCE AND FLOW RATE
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FIGURE 16. NIP FORCE AND FLOW RATE
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FIGURE 17 NIP FORCE AND FLOW RATE
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FIGURE 18. NIP FORCE AND FLOW RATE
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FIGURE 19. NIP FORCE AND FLOW RATE
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FIGURE 20. COMPARISON OF NIP FLOW RATE 
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Passage of Glass Beads Through Bin

Data obtained from experiments made with glass beada are liated in 

Table XXII, Appendix VII, and are plotted in Figa. 21, 22, and 2). 

The obaerved maximum bead diameter paaaed by the nip la compared with 

the calculated minimum nip clearance in Fig. 21, the observed flow 

ratea with calculated flow ratea in Fig, 22; and the obaerved flow rate 

18 plotted veraua maximum bead diameter in Fig. 23. The theoretical 

flow rate-clearance curves are ahown in the latter figure for oompariaon 

with the experimental values, Bun conditions and data point symbol 

nomenclature for the three figures are given in Fig, 21.
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FIGURE 21. OBSERVED MAXIMUM BEAD

SIZE COMPARED WITH CALCULATED

MINIMUM NIP CLEARANCE
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FIGURE 22 MEASURED AND CALCULATED

FLOW RATE IN GLASS BEAD SYSTEMS
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AND NIP FLOW RATE
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VI. DISCUSSION Of RESULTS

An inspection of figs. 8 through 19 reveals that the experimental 

flow rate measurements art in good general agreement with the predic­

tions of the viscous flow nip theory. In some cases almost perfect 

agreement was observed. In other cases there appeared to be divergence 

of •xptriment from theory of a greater magnitude than appeared reason­

able on the basis of experimental error. In general, the experiments 

with low viscosity fluids and 4-inch diameter rolls show better agreement 

with theoretical predictions than do the high viscosity, 6-inch roll 

experiments. In most instances, the slope of the curves of log flow 

rate vs. log reciprocal roll force follow the theoretical predictions 

even when values differed in absolute magnitude. The mean of the logs 

of all experimental flow rates corresponded to a flow rate of 4.49 x 10~*  

cu-ft/ft-sec. This value was 6.2 percent below the theoretical mean 

value of 4*78  % 10 cu-ft/ft-sec. The only theoretical treatment in 

the literature that offers a method of estimating the flow rate in such 

systems is that of Gatcombe (20). By this theory, the flow rate is equal 

to 4/3 times the product of the average roll velocity and the ■<*<■»■  

nip clearance. Gatcombe«e theory gives estimated flow rates approximately 

8 percent higher than those obtained from the present theory, or an 

estimated average flow rate of 5.16 x 10* 4 cu-ft/ft-eec. It la seen 

that the theory offered in this dissertation presents a closer estimate 

of the average flow rate than does the Gatcombe theory, although as is 

shown later, both may be in substantial error under conditions in which 

the fluids deviate from the constant viscosity condition.



-69-

Presentation of the data as log flow rate vs. log reciprocal force 

was found bo be more convenient than either direct flow rate vs. force 

plots or flow rate vs. reciprocal force plots. The former are nearly 

hyperbolic in shape and do not lend themselves to ready interpolation. 

While flow rate vs. reciprocal force plots are nearly linear, they crowd 

the data at high force values and require excessively small scales for 

presentation of the entire range of data.

Statistical Analysis of Flow Rate Data

The data of Table XXI and Fig. 20 were analysed statistically to 

provide a measure of the reliability of the data and the correlation 

obtained.

Standard Deviation of Experimental Flow Rates. Duplicate measure­

ments were made on most of the experimental runs with the 4-inch 

diameter rolls. These values provide an extimate of the reproducability 

of the experimental technique. An inspection of the data indicated that 

the variance associated with the measurement of flow rate was not inde­

pendent of the level measured, but increased with increasing flow rate. 

For this reason a standard deviation calculated directly on the flow rate 

values would not give a true picture of the reliability of the data. This 

standard deviation would indicate a higher variance at low flow rates and 

a lower variance at high flow ratea than the data warranted. Since a 

plot of the data indicated that the percent variation of data was more 

nearly constant than the absolute magnitude of variation, the standard 

deviation of the logarithm of the duplicated values was calculated as 

shown in Table IV, to serve as a measure of the reproducability of the 

experimental technique.
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Tabl» IV

Standard Deviation of Logarithm of

Measured Flow Rata Between 4-Inoh Rolla

Source Sum of Squares Degrees of Freedom

108 Pairs 0.14858 216

2 Triplications 0.00116 4

1 Quadruplication 0.00750 5

1 Quintiplioation 0.01018 4

Total 0.16722 227

Variance - 7.566 x 10”^

Standard Deviation - 0.0271

The standard deviation obtained.here indicates that the 95 % 

confidence limits of the log of an observed flow rate are t 0*0551,  

corresponding to actual flow rate confidence limits of + 15 and - 11.5 %. 

A portion of the variance in duplicate samples was due to slight 

temperature differences between duplicates. When only the 74 pairs of 

measurements made at equal temperatures are considered, the standard 

deviation of the logarithms is 0.0228, and the 95 % confidence limtis of 

the flow rates are + 10.8 and -9.8 %.
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Statiatioal Mmuri of Agf—tnt B«tw«n Erori—nt>l and 

%$oratioal Flor Bates. A statistical study of the comparison between 

experimental values and calculated values of logarithms of flow rates was 

conducted to provide answers to the following questions.

!» What are the limits of confidence of a theoretical calculation 

of log Q?

2. What is the best line relating experimental to calculated flow 

rates, and what are its confidence limits? .

3. Is there any significant difference between the best line 

through the data and the theoretical line?

4» Do certain experimental conditions give significantly different 

results than the bulk of the data?

5» Is the slope of the best line through the 4-inch diameter 

roll data significantly different from that through the 6-inch roll 

data?

Details of the statistical analysis and results obtained are 

presented in Appendix V. The principal results are summarised here.

Prooisita of Theory. On the basis of all the data, the 95 % 

confidence limits for prediction of a single experimental flow rate 

from the theory are + 110 % and - 52.4 %. With data for SAIB on 6- 

inoh rolls and Bo. 8 varnish excluded, the 95 % limits were + 56 % 

snd - 56 %. For the 4-inch roll data alone, the confidence limits 

were + 45 % and - JI %,

Iffoot of Differences in Fluids and Boll Diameters. Separate 

analyeie of the data for Bo. 1 varnish, Bo. 8 varnish, intermediate 

viscosity fluids, and SAIB indicated that only the slope of the
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SAIB data deviated to a significant degree from unity. For the 

other fluids, the slopes of log theoretical vs. log measured flow 

rate curves did not differ to a significant degree from each other, 

nor did the pooled slope of the best individual lines deviate to 

a significant degree from unity. For each of these systems there 

was a significant difference between the mean of calculated and mean 

of experimental flow rates.

There no significant difference between the slopes of the 

best lines through the 4-inch roll and 6-inch roll data.

Interpretation of Flow Rate Results

The statistical analysis of the flow rate data permits several 

conclusions to be drawn about the results, but does not explain their 

origin. Further reasoning into the physical phenomena involved is 

required for explanation of the deviations and trends observed.

The high level of correlation coefficient, r^, obtained (Table XV), 

from the purely theoretical line offers evidence for the general validity 

of the nip flow theory. On the other hand, the rather wide confidence 

limits required to include 95 % of the experimental flow rates indicates 

the operation of variables which contribute considerable uncertainty to 

an individual calculated value. Furthermore, th*  fact that the best 

single line relating the experimental to calculated values deviates 

to a significant though small degree Aram the theoretical slope of 

unity, indicates the operation of a modifying factor which is a function 

of the level of flow rate tested. Since the slopes of the best lines 

through the Io. 1 varnish, the Io. 8 varnish, end the intermediate 
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viscosity material data, considered aa separate sets, do not show a sig­

deviation from unity, the cause of the deviation of the slope of the 

entire body of data does not appear to reside in the roll speed, roll 

speed ratio, or pressure variable. The similarity of slopes of the 4 - 

inch roll data and the comparable 6-inch roll data indicates that roll 

size is not the contributing factor either. The source of thib variation 

becomes apparent from a plot of the means of the data sets for Xo. 1 

varnish, Xo. 8 varnish, intermediate viscosity fluids, and sate on 

6-inch rolls shown in Fig. 24. The lines through the individual data 

sets fall parallel with, but displaced from, the theoretical line. The 

SUB appeared to be a special case which will be considered later. The 

experimental conditions employed resulted in vertical displacement of the 

moan experimental flow rates for the different sets. The effect of the 

lateral displacement of the lines coupled with the vertical displacement 

of the experimental means produced a slope (0.595) different from either 

unity or zero for the line through the means of the data sets, it 

boon possible to choose experimental conditions such that the mean 

experimental flow rates for each set of fluids were equal, the lateral 

displacement of the individual data sets would have affected only the 

scatter of the data but not the slope of the best line through all of 

the data. The deviation of the slope of the line from unity is there­

fore, in a sense, an artifact of the range of experimental conditions 

chosen. In practice, the range of flow rates obtainable is not entirely 

under control of the experimenter, since practical considerations in the 

operation of the equipment permit the highest flow rates to be obtained 

only with the higher viscosity fluids.
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It le concluded that the mean flow rates of the viecous, polymeric 

fluids tested can be related to the flow rates calculated from the nip 

flow theory by use of constant multiplying factors. The set of «atu ax- 

perinents on 6-inch rolls constitutes the only case in which the devia- 

Um from theory varied with changing flow rate. The average correction 

constants for the polymeric vehicles (all fluids tested except MD) on 

the 6-inch rolls are given in Thble V.

Table V

Correction Factors Krperimental to Theoretic

Flow ^to of Polymerio Vehicles on 6-lnoh Bolls

3y«ten a Average Viscosity

Theoretical Q Poise

Io. 1 Varnish 1.254 22.8

Intermediate Fluids 0.894 77.4

Ie. 8 Vamish 0.499 165.4

*

The correction factors given in Table V are plotted against the 

average viscosity of the data sets in Pig. 25, where it is seen that the 

factors decrease in a regular fashion with increasing fluid viscosity. 

This consistent deviation is attributed to a factor, or factors, which 

caused the effective viscosities of the fluids in the nip to differ from 

the values used in calculating the theoretical flow rates. The higher 

the viscosity range, the greater was the difference between effective nip



Figure 2$. Variation in Ratio of Experimental to Theoretical 

Flw Rate Means for 6-Inch Roll Data
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viscosity and viscosity calculated from the measured roll surface temper­

ature.

There are at least four factors which may have contributed to a 

deviation of the effective nip viscosity from expected viscosity. 

These are*

1. Experimental method of measuring fluid temperature on roll 

surface may not give accurate reflection of nip temperature.

2. The viscosity of the fluid may decrease during nip passage due 

to internal heat generation.

5• The viscosity of the fluid may increase during nip passage 

due to pressure rise in the nip.

4« The viscosity of the fluid may change under shear in the nip 

due to non-Newtonian rheological properties.

Without a complete solution to the nip flow equations which considers 

the case of variable viscosity due to the factors listed above, it is not 

presently possible to determine which factor controls deviation from the 

constant viscosity case in a given instance. In the following discussion, 

order of magnitude approximations are made to illustrate the potential 

effect of each of these sources of viscosity variation.

Temperature Measurement and Fluid Viscosity in the Bip. The esti­

mation of fluid viscosity in the nip from the film temperature measured 

by a thermocouple held to the surface of the moving roll was probably 

the greatest single source of experimental error in the entire program. 

I*  WM realized from the outset that this measurement could only reflect 

an approximate value of the effective nip temperature. The problem of 

measuring the temperature within the nip zone itself is compoundsd by
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th*  narrow clearance! involved, the high stresses encountered, «nd 

by the movement of the rolls. These factors prevent the insertion of 

a temperature sensing element directly into the »»« shear sone. 

Near the completion of the experimental program, a thermocouple was 

installed in the bank region just above the nip in such a manner that it 

encountered the stream of fluid being rejected from the nip. In general 

the temperatures measured by this thermocouple were comparable to the 

surface measured temperatures. The bank temperatures were subject to 

greater fluctuations, probably because of the effect of slight shifts in 

thermocouple location on the particular stream line encountered. A 

comparison of average run temperatures measured by the bank and surface 

thermocouples is given in Table VI. In the case of the No. 1 varnish 

experiments the bank and surface temperatures are in close agreement. 

Greater differences were observed in the individual runs with No. 8 

varnish, but the average difference for the six conditions investigated 

was only 2.8 F. Close agreement between surface and bank temperatures 

was observed for the SAIB on the 6—inch rolls, but in two runs on 

4-inch rolls, an average difference of surface over bank temperature 

of 15 "F was observed. The close agreement between theoretical and 

experimental flow rates obtained for SAIB on the 4-inch roll (Figs. 8 and 

9) indicates that the surface temperature, which was used for viscosity 

determination, gave a more nearly correct viscosity than did the 

temperature.
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Table VI

Compariaon of Fluid Temperature» Meaaured on Roll Surface and in Bank

______________________________ V_________

Average Run Temperature*.

Surface Bank

*F Fluid Roll RPM

"1 »2

Roll Diameter, In.

78.7 79.7 Ho. 1 Varniah 99 198 6

86 86.2 fl 103 310 6

87 86.2 tl 105 315 6

89 88.3 It 105 315 6

80 78.5 II 198 198 6

98.8 93.7 No. 8 Varniah 99 198 6

104.7 111.8 It 103 310 6

107 111.8 H 105 315 6

89.3 104.7 N 105 315 6

107.5 117.2 II 105 315 6

114.4 99 W 198 198 6

88.8 90.2 No. 4 Varniah 103 310 6

125.5 123.2 SAIB 72 215 6

128.7 128.8 11 107 215 6

118.J 105.8 M 35 104 4

123 105.3 It 75 155 4

* Each point ia average of runs at six valuea of roll force.
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The actual temperature distribution in the nip is unknown, al­

though several statements can be made regarding its limits and its 

general character. A complete solution of the problem would involve 

a solution of the differential equations for flow and temperature, 

with variable viscosity, which was considered to be beyond the scope 

of the present investigation. Solutions have been obtained for spec­

ial cases of equilibrium flow in a rotational viscometer by Kuhns and 

Weltman(41), flow of a viscous polymer through a cylindrical tube by 

Gee and lyon^2), and flow of Newtonian viscous fluids between equal 

speed calendering rolls by Kinston^). The latter is the most per­

tinent to the system under consideration here. The general form of 

th*  temperature distribution can be understood by consideration of 

the competition between heat generation due to shear in the fluid 

and cooling ly heat transfer to the walls. Because fresh cool fluid 

constantly enters the shear zone, the average temperature rises from 

the nip inlet to the outlet. The result is a three dimensional temp­

erature distribution with minimum values occurring at the cooled roll 

surfaces. Because maximum shear rates occur at the surfaces, ridges 

of higher temperature are located near the surfaces. If the rolls 

are operating at differential speeds the temperature ridge near the 

slower roll will be greater than that near the fast roll. The level 

of the valley halfway between the centers increases in the direction 

of flow. The problem is complicated by the fact that viscosity, temp­

erature, pressure, shear rate and flow rate are all interrelated. 

The limiting temperature rise from nip inlet to outlet can be esti­

mated from an energy balance on the fluid with the assumption of adia­

batic roll surfaces. This is given by,
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At - ___ *

Q7S (53)

the rate <tf nip energy liyat le calculated from equation 

41# Q is the theoretical nip flow rate, and/) and Cp are field den- 

elV and heat capacity respectively.

To illustrate the magnitude of thia theoretical maxim*  of the 

crevage temperature rise, the calculation warn performed for the fol­

lowing case, corresponding to experimental run 64 with lo 8 varnish.

/a - 161.3 poise ■ 0.337 Ib-eec/ft*  .

■1 - 102 rpm, surface velocity - 2.67 ft/sec •

■a ■ 305 rpm, surface velocity - 7.98 ft/sec • 

* 60.lt lb/cu-ft .

ho ■ 100 microns ■ 3-28 x 10"*  ft .

R - 3 Inches .

Theoretical results obtained for these conditions are as followst 

Point of film split, /■ 4.336x10*'  ft • 0.052-inch , 

Total Roll force F/L - 3745 Ib/ft , 

Flow Rate Q - 2.148 x 10*'  ou-ft/ft-sec ,

®i«1F Input q . 3.212 Btu/eec-ft .

If a vaine of 0.4 Btu/lb-"Fia assumed for the heat capacity of 

the fluid, the average temperature rise under adiabatic conditions 

would be,

_________ - 62 "F • 
2.149x10 ’ x 60.4 x 0.4

Thia value represents an absolute limit on the bulk average nip 

temperature rise for these conditions and would not be attained in 

practice because of heat transfer to the walls.
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Another estimate of the limiting value of temperature rise in 

the nip which takes cooling into account can be obtained by calcula­

ting the equilibrium maximum temperature rise in a fluid sheared be­

tween two parallel, isothermal plates of infinite extent. For thi. 

calculation, the clearance between the plates is assumed to be the 

minimum nip clearance, and the shear rate between plates is equal 

to the average effective shear rate at the point of minimum nip clear­

ance. This average effective shear rate is defined as

and at the point of minimum clearance,

du 
effective

- 2
3Ut

h^~ (55)

The equation which gives the maximum temperature in a viscous 

fluid in simple i na? shear between parallel isothermal plates is 

* max -\+ /L
(56)

where*

max, "F, occurs halfway between surfaces, 

t e is surface temperature 

y*  is viscosity, Ib-sec/ft8 

k is fluid thermal conductivity,

(ft-lb)/ ft8 - sec - ( "F/ft)

For the conditions of the previous example, the effective average 

shear rate at the nip center is 2.06 x 10*  sec-1. For comparison, 
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the nominal shear rate, roll surface speed difference divided by mln- 

imw nip clearance, is 1.62 x 10 sec \ and the maximum local shear 

rate is 3.85 x 10*  sec”1. Values of the thermal conductivity of the 

fluids used in this stu^r are not accurately known but for purpose of 

illustration are assumed to be approximately 0.08 ( Btu )/(hr - ft2 

" 1*73  x 10 (ft-lb)/(ft - sec - °F/ft) in common with

(43) 
«any other oils . The estimated maximum equilibrium temperature 

rise for these conditions is,

x (2.06 x

t - t*  " HO*F . The bulk average temperature far 

this parabolic temperature distribution is given by

(Sulk av ' t.) - 2/3 (t^ - t.) - 73*F .

This represents a limiting maximum temperature for an infinitely 

long nip with shear rate corresponding to the maximum average value 

obtained in the example roll nip. For this reason the actual temp­

erature rise in the roll nip will be much lower. From the previous 

calculation it is seen that the energy balance imposes a lower limit 

on possible temperature rise than does the equilibrium approach.

Since the surface thermocouple held to the film on the moving 

roll also forms a nip, the fluid passing under it is heated by shear 

in a manner similar to that encountered in the roll nip. Because the 

pressure between thermocouple and roll is low (estimated at approx­

imately 50 Ib/ft) there will be little shear due to pressure flow, 

but even the simple sheer due to roll motion past the stationary thene- 

ocouple strip is appreciable. Since the thermocouple is uncooled and 

is essentially insulated by air behind it, it approximates an adia­

batic boundary. The maximum equilibrium temperature rise in a fluid
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sheared between one isothermal and one adiabatic surface is given

max (57)

where hf is film thickness.

This equation predicts a temperature maximum, located at the 

adiabatic surface, equal to four times the maximum obtained in the 

case of two isothermal surfaces. The simple ia*4n ** shear rate for 

this case is equal to , where U is the roll surface velocity * 

Substitution of this value for into equation 57 shows that the 

equilibrium temperature rise is actually Independent of the film thick» 

neas but depends only on the fluid properties and the surface velocity.

(5M

the adiabatic surface would be:

- t, - «21337--- x (2^672-. 69.5 7 ,

1.73 x 10 2

2

This condition is also true for two isothermal surfaces.

For the conditions used in the previous examples the equilibrium 

temperature rise at 

t 
max 

and t
max

for the slow roll and the fast roll respectively. Again, such temp- 

rature rises would never be expected in practice because of the short 

contact zone between roll and thermocouple. They do illustrate the 

possibility of the thermocouple temperature being nearly equal to or 

wen greater than the effective nip temperature.

The temperature sensitivity of all the fluids used in this study 

was large. If the viscosity-temperature relationship of a fluid can 



-85-

b' «xpreeeed by, . (1Q^)(1^), <■ it w to a reasonable 

degree for the fluids used, the rate of viscosity change with temperature 

is given by;

dT"-2.303^^ , (58)

T

and the temperature decrease, T2 - T^, necessary for a doubling of 

viscosity is,

»2 - Tj - % . (59)

Absolute temperatures are used in these equations.

In the temperature range near 100 *F,  most of the fluids in the 

^•■•nt study were halved or doubled in viscosity by approximately 20 "F 

change in temperature. The SAIB requires only about 7.5 *F  temperature 

change to double or halve the viscosity.

calculations shown here indicate that temperature changes due to 

shear in the nip and at the thermocouple surface could easily account for 

the observed deviations of experimental flow rates from the theoretical 

predictions. Higher than predicted flow rates could arise when shear 

at the thermocouple gave measured temperatures higher than nip temperature, 

lower than predicted flow rates could be due to higher temperature in 

the nip than at the thermocouple.

Viscosity Champa with Pressure. Oatoombe (20) presented a detailed 

analysis of the effect of pressure on the viscosity of fluids passing 

between cylinders rotating at the same speed. Viscosity increase with 

pressure was an important factor in the examples cited in his paper, 

due to the high pressures encountered. Viscosity variation with pressure 

is less important in the range of conditions encountered in the present 

work, although in some cases it msy have been significant, as the following 

examples indicate.
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The viscosity - pressure relstlonships of a number of oils has been 

summarised by Hersey and Hopkins (44), but data on polymeric vehicles 

such as those employed here are lacking. For the following examples 

the pressure-viscosity behavior was sstimated from ths relationship 

bstween viscosity tsmperature sensitivity and pressure sensitivity 

proposed by Kiesekalt (45). The Kissskalt relationship shows a linear 

relationship bstween the mean pressure - viscosity coefficient, b*,  

and the logarithm of the slope of the viscosity vs. temperature curve. 

The pressure - viscosity coefficient is used in the equation;

dP ■ Toby (60)

The viscosity - temperature slope of the No. 8 varnish at a viscosity 

of 161.5 poise is,

$ " -2.305 x 161.5 x -433^2 - 5.05 - 5050 millipoiss/'F.

(564.5) '

The log of this slope is 5.7053» and the corresponding value of b is 

0.19 percent per atmosphere, from the Kiesskalt curve for fatty oils (46). 

The maximum pressure attained in the example taken from run 64 at 100 

microns minimum clearance is found by solving equation (55-a) at a 

value, x, equal to -x*,  -4.536 x 10“5 ft. This calculation gives a 

maximum pressure of ill atmospheres. Ths integrated form of equation (60) 

!■» » b
^■ÏÔO1 p- (61)

Substitution of ths example conditions gives, 

ln( f/161.5) - (0.0019) (111) - 0.211, 

end 2*111  " (1'2)4) (161.5) ■ 199 poise . The maximum local 

viscosity rise due to pressure is therefore 25.4 percent in this example.
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Table VU

Sm—aiy of Theoretical Résulté for Experimental Conditions 
of Runs jo and 61*.

Value Units Run 30 Run bh

Viscosity, Poise 23 161.3
* lb-sec/ft2 0.0U8 0.337

Slow Roll Speed RIM 300 102

n ft/sec 7.85 2.67

Fast Roll Speed RM 300 305

n ft/sec 7.85 7.98

Density Ib/ft® 59.6 60.1*

Minimal Rip clearance, h© microns 20 100

n ft 6.56x10-5 3.28x10'*

Roll Radius ft 0.25 0.25

» ft 1.925x10-» 1*.  336x10"»

h*A 0
Dimensionless 1.225 1.229

f/l (total) lb/ ft 3579 371*5

Q ftVsec-ft 6.32xl0"4 2.11*8x10"®

q Btu/sec-ft 1.09 3.212

Adiabatic Temperature Rise* 7 72.5 62

Nominal Nip Center Shear Rate sec"1 0 1.62x10*

Effective Average Rip 
Center Shear Rate sec"1 9.35x10* 2.06x10*

Maximal Rip Center 
Shear Rate sec-1 1.62x10$ 3.85x10*

niHlpoise/7 855 5050

Viscosity, %/Atm 0.165 0.19

Maximum Rip Pressure Atm 251 111

Viscosity Ratio >• Dimensionless 1.52 1.231*

* Heat capacity assumed 0.1*  Btt/lb - 7
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The maximum pressure rise and estimated viscosity-pressure rise for 

Bun )0 conditions with Ho, 1 varnish at 10 microns nip clearance were 

254 atmospheres and 52 percent viscosity increase. A summary of 

important calculated nip flow parameters for the Bun 64 and Run JO 

conditions are presented in Table VII. The viscosity increases due to 

pressure shown in these esamples were oalcualted at the points of 

maximum pressure. The average viscosity rise would be much less. 

The viscosity rise from pressure is not estimated to be enough to 

account for the greater than predicted values of flow rate observed 

for the Ho. 1 varnish in many of the experiments, though it undoubtedly 

was a contributing factor. It is believed that the greatest source 

of divergence in those oases was the surface temperature measurement.

Hon Newtonian Bheological Properties. It has been shown that 

effects of temperature, temperature measurement, and pressure are of 

great enough magnitude to account for the observed diviations of the 

experimental flow rates from those calculated from the constant viscosity 

theory. This does not rule out the possibility of some non-Hewtonian 

behavior at high rates of shear. Although temperature effects in 

rotational viscometers have been shown to account for non linearity in 

measured stress, rate-of-shear curves for some fluids (J5,41), other 

examples have been reported (41) in which the temperature effeot does 

not account for all of the curvature observed. It has also been shown (52) 

by Pao on theoretical grounds that viscoelastic properties can cause 

apparent viscosity to decrease with increasing shear rate, and it 

is to be expected that some of the higher molecular weight polymers such 

as the Ho. 8 vstnish used in this study will show viscoelastic properties.
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Tb« deviations from linearity of the stress shear-rate curves ob­

tained in this study were usually slight, and could be explained on the 

basis of temperature effects in the viscometer; although a rather low 

value of thermal conductivity (0.04 B tu/hr-f  tL*F/f  t) oast be assumed 

to account for the behavior of the No. 8 varnish. The shear rates used 

in viscosity measurement were below 200 sec”1 however, and linearity in 

this range does not preclude non-Hewtonian behavior in the shear rate 

4 5 -1range of 10 to IO3 sec" encountered in the mill nip. The effects 
• \ 

of any non-Hewtonian behavior that may have been pressent are believed 

to have been minor compared with the effects of temperature and pressure.

Anomalous Behavior of SAIB. Only in the experiments with satr on 

6-inch rolls did the slope of the experimental to theoretical flow rate 

curve deviate to a significant extent from unity. Examination of the 

data (runs 72 and 73 in Table XXI, and Figs. 14, 15, and 20) shows that 

the deviation of experiment from theory increased with decreasing roll 

force, and was accompanied by an appreciable increase of measured film 

temperature and corresponding decrease in estimated fluid viscosity. 

The data are consistent with the hypothesis that the measured film 

temperature increased with increasing fluid film thickness, while the 

effective nip temperature remained constant. A possible explanation of 

thio behavior lies in the effect of the high viscosity-temperature 

slope (86,400 millipoise/"F at 104 *F)  on the velocity profile of the 

sheared SAIB passing under the thermocouple strip. The rapid decrease 

with temperature rise near the thermocouple surface would be expected 

to lead to a tremendous increase in shear rate at that surface. The 

result would be a condition approaching plug flow where the mjor portion 

of the film is hardly sheared at all. This condition would lead to a



-90-

high level of energy input at the thermocouple surface, giving a greater 

than normal temperature reading at that surface. Since the effect of the 

velocity profile distortion decreases with decreasing film thickness or 

decreasing surface velocity, the better Hpeement between theory tad 

experiment observed at high levels of roll force snd in the 4-inch roll 

studies is reasonable.
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Mp Clearance and Flow with Glass Bead Sys taw

Experiments with fluids containing a low concentration of glass beads 

were designed to provide an independent teat of the nip flow theory by 

giving a measure of the minimum nip clearance which could be compared with 

the calculated value of ho. In these experiments, several factors decrease 

the certainty that the largest bead diameter observed is actually equal 

to the minimum nip clearance.

Factors which could lead to observed bead diameters less than the 

actual minimum nip clearance aret

1. The possibility that no beads in the system are as large 

as the nip clearance,

2. The possibility that the largest beads will not be observed 

in the microscopic examination of the sample,

3. The possibility that the flow in the bank region will cause 

a rejection of heads larger than some critical size but 

still less than the minimum nip clearance

Theory of Bead Rejection and Capture. Consideration of the Implica­

tions of equations 2g through % dealing with the location of the stag 

nation point in the nip and the quantity of flow associated with the fast 

roll*  indicates that the third possibility listed above would not be likely 

to occur. At the point of flow reversal, Xg , beyond which all fluid 

travels forward through the nip, the nip clearance is (*h*;  <x 

is a function of roll speed ratio,r, defined in equation 45. The stream 

line associated with the fast roll, which divides the forward moving from 

reverse flowing fluid, is located at a distance from the fast roll given
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by i h*  - yg. This value is equal to »Xh*/2  -/h*  or (— -/J )h*.  

The value X? io a function of r, defined in equation 46 .

Because of changes in the velocity profile at the roll surface, this 

dividing stream line is closer to the roll at points well back in the 

fluid bank than it is at the stagnation point. The minimum thickness 

of the layer associated with the roll will be found back in the bank 

region where the velocity of the fluid layer is equal to that of the 

roll. In this case the rate of flow associated with the fast roll 

is given by, The distance, Jg, is the distance from the

roll surface to the streamline that leads through the stagnation point. 

The flow rate associated with the fast roll was related to the velocity 

profile at the stagnation point in equations 48 and 49 , where it was 

shown that is equal to f Q. The coefficient f is a function of roll 

speed ratio given in equation $1 and listed in Table 1. The minimum 

value of ^g can be related to roll speed ratio and nip clearance at 

the nip exit, h*,  by the following considerations.

r Of fo f
(“)

Since Ug - r U^, and - (U^ + Ug) - U^(l + r), it follows that

& <(f/2)(l + r)/r} h* . (6?)

A similar derivation for the slow roll surface shows that, 

" [(l-f)/2j [(l*r)/r]  h*  (64)

Manley and Mason 51 reported experiments in which spheres 

in sheared suspensions were observed to move along the stream lines 

passing through their centers. If this behavior applies in the nip 

inlet, only particles with centers lying between the wall and the stream 

line that passée through the stagnation point will enter the nip. Under
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this criterion» the diameter of the largest beads accepted sill be 2 J# 

The relationship of the diameter of the largest bead, max, to minimum 

nip clearance is therefore given by,

In the machine computation of the theoretical flow equations the ratio 

h*Ao  WM observed to depend primarily on h@ and roll radius. Values 

ranging ft on 1.2257 to 1.2975 were obtained for nip clearances from 10 

to bOO microns respectively. The relationship of h*/^  to nip clearance 

for four and six inch rolls is shown in Fig. 26. Using a value of h*/h o 

of 1.23, and calculating f from equation 51, values of max/ h0 were 

determined These factors, along with values of (X, g, f, and Vh*,  

are listed for different roll speed ratios in Table VIII.

Table mi

Values of Theoretical Rip Stagnation Point

Constants for Various Roll Speed Ratios

Roll Speed Ratio Bq.^ S 
Bq. b6

f 
Bq. 51

Ja/h* Vh* Ob "«Ao

1 3 0 0.5 o.5 o.5 1.23

2 2.8b -0.2bb 0.7bb 0.556 0.38b 1.37

3 2.6b -0.35b 0.851 0.566 0.298 1.391

b 2.50 -O.bl6 0.907 0.567 0.232 1.395

10 1.96 -0.5b6 0.999 0.550 0.002 1.352

00 1.50 -0.75 1.000 0.500 0.000 1.23

These calculations indicate that particles equal to the minimum nip



Figura 26. Calculated Belationahip between 

Up Olaareede and h»Ae
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clearance wml4 not be rejected from the nip if they were initially close 

to the wall. They further indicate that particles adjacent to the fast 

roll will be crushed only if their disaster is between hn and h times 

the value of (Dy mxA0) given in Table VIII. Larger particles will be 

rejected and mailer ones will pass through uncrushed. These calculations 

ignore the stress line distortion introduced by bead to wall interaction, 

** ^11 fact that heads, being large finite bodies overlap a num­

ber of stress lines and say come under the influence of both roll surfaces. 

The effects of inertial, centrifugal, and gravitational forces in saving 

beads across stress lines were also neglected. Bead to wall interaction 

and centrifugal force will tend to move beads away fro*  the wall and lead 

to the rejection of mailer beads than this simplified theory indicates.

th® other hand, gravitation, inertia, and the influence of the second 

wall lead to capture of larger beads by the nip. In the limitations of 

the present theory, the magnitude of these competing factors cannot be 

determined. It is interesting that this theory predicts, for a given 

nip clearance, a maximum value of the ratio of size of bead captured to 

nip clearance at a roll speed ratio of about h. At this ratio however, 

the slow speed roll is relatively ineffective, and beads on the slow speed 

side of the dividing stream line would continue to be rejected as long 

as their dimeter were greater than 0.57 ho. At unit roll speed ratio, 

both halves of the bank would be equally effective in capturing and frac­

turing beads.

Agrement with Theory. Figure 21 shows that the experimental measure­

ment of size of unbroken beads gives values which are in the same order of 

®1"® “ theoretical values of minimum nip clearance. In the No 1 varnish
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«d H-2185 copolymer tea ta, the heed el sea fall on a single curve about 

5# greater in value than the predicted nip clearance. With the higher 

viscosity No 8 varnish, the bead sises fall below the predicted clearances 

for the No 8 varnish test at a roll «peed ratio of 3 the bead sises were 

only about h0% of the calculated clearance values. In each set of tests 

the observed bead diameters were nearly proportional to the calculated 

clearances but deviated by a constant factor.

The observed flow rates are compared with theory in Fi# 22 where it 

is seen that the No 1 varnish values were higher than theoretical by about 

hO? and the 3-1 ratio No 8 varnish values were only about U0% of the cal­

culated values The alkyd vehicle and the No 8 varnish at 1-1 ratio devi­

ated to a greater extent,with the observed flow rates being higher +h*r  

the calculated values. This latter result is the only observed instance 

in which No. 8 varnish gave higher than theoretical flow rates.

Bead Concentration as a Possible Source of Deviation, The concen­

tration of glass beads in the suspensions was five percent by weight or 

2.5 percent by volume. It was originally assumed that at this concentra­

tion the beads would not interact with each other, and consequently the 

effect of beads on viscosity was estimated by the Einstein^?) equation;

%" %* » («)
wheret is suspension viscosity.

la vehicle viscosity.

ia volume fraction of solids in suspension.

From this equation the viscosity of the suspension was estimated 

to be five percent higher than the pure vehicle at the corresponding
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teeperature. There is reason to suspect that this estimate of the vis­

cosity gave values *ich  were too low. Eveson^ reported relative vis­

cosity values of 1.09 to 1.11 for 2.5 volume percent suspensions of poly­

methyl methacrylate and polystyrene spheres in aqueous lead nitrate-glycerol 

solutions stabilized with a dispersing agent, and it is likely that at this 

concentration Einstein's assumption of no particle-particle interaction 

is no longer valid. It is probable that the proximity of the spheres to 

the roll surfaces in the nip contributes a still higher increase to the 

effective viscosity. Both of these factors were probably less important, 

by themselves, than the effect of any increase in bead concentration which 

may have occurred in the nip region. Such a concentration increase was 

likely, due to the combined effects of inertia, gravity, and proximity of 

the beads to the walls. Experimental evidence for the tendency of bead 

concentration to increase at the roll surface is given in VII.

It appears that measured bead concentrations in the samples scraped from 

the rolls exceeded the initial five percent concentration in all cases 

^ere nip clearance was great enough to pass the larger beads. The un­

usually low flow rates and bead sizes observed with the No. 8 varnish 

at 3-1 roll speed ratio do not agree with the other results, but may be 

due to temperature difference between the nip and thermocouple. Both 

bead sise data and flow rate data are consistent with a viscosity level 

72% below that used in the theoretical calculations. The observation 

that bead size reached a maximum while a flow rate continued to increase 

in the tests with No. 8 varnish at 1-1 ratio is attributed to a deficiency 

of larger sise beads in the fluid sample employed.
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Appearance of Bead Samples. The appearance of the beada after pass­

age through the mill is illustrated in Fig. 27 by photomicrographs at 

7hx magnification. The samples shown were taken following the lowest 

force runs, with No. 1 varnish and H 2185 copolymer systems. The some­

what greater fraction of particle breakage in the No. 1 varnish system 

appeared to be part of a general trend in which the fraction of beads 

fractured decreased with increasing fluid viscosity. It is believed that 

this trend was due to the particle size distribution of the beads, which 

gave a relatively small number of particles in the narrow size range sub­

ject to fracture at high nip clearances.

Film Split and Relative Transfer Between Rolls

A film of fluid passing between rotating cylinders is subjected to 

tension as it moves away from the zone of low clearance, and eventually 

must split. The location of the line of split relative to the roll sur­

faces, and the relative quantity of fluid which moves away on each of those 

surfaces depends not only on hydrodynamic considerations, but on physical 

properties of the fluid as well. In actual practice the problem is com­

plicated by interaction of the hydrodynamic factors encountered in the 

nip with the physical properties to produce local variations in these 

properties.

hydrodynamic Prediction. At the present state of the theory, the 

only case which can be treated from the standpoint of purely hydrodynamic 

considerations is that of rolls totally immersed in a constant viscosity 

fluid with infinite cohesive strength.
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rigur» 27. Glaee Bead» After Pae eage Between 

6-Jhoh Diameter Hoile at 99, 198 RPM, 74 X

Ho. 1 Taraieh, 2) Poiee

H 2185 Copolymer, 90 Poiee
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for this case there would be no film split, but the relative quantity 

flew associated with each of the rolls could be date rained. This 

idealised case gives a pressure profile through the nip which is a 

symmetrical, odd function of x. That is, P(x) « - P(-x)# The 

pressure gradient is, however, an even function of x, and dP/dx at x is 

equal to dP/dx at -x. The ratio of fast roll flow rate to total flow 

rate, given by equation 51 and listed in Table I, therefore applies 

to both inlet and outlet sides of the nip in this special case.

The system studied in this investigation differs in so many respects 

from the idealised case that the agreement found between the experimental 

transfer ratios and the predicted f values is remarkable. This relation­

ship is shown in Tig*  28, where experimental transfer fractions, listed 

in table H, are compared with theoretical f values calculated from 51*

Effect of Roll Force*  The influence of roll force on transfer frac­

tion is shown in Fig*  29, where average transfer fractions for lithographic 

varnishes on six-inch roll are plotted versus applied roll force*  In 

general, the transfer fractions decrease with increasing force and +^«4 

to approach the theoretical f value at high force levels. The same 

trend can also be observed in the results obtained with four-inch rolls; 

but in that case the data points are clustered about the theoretical 

f values at force levels higher than 1000 Ib/ft. The transfer behavior 

of the SAIB was unique in that transfer ratio increased with roll force, 

contrary to the behavior of the other systems. •

Effect of Fluid*  The transfer fraction depends on physical proper­

ties of the liquid as shown by the increase in transfer with increasing 

fluid viscosity-temperature sensitivity plotted in Fig. 30*  The Mgh
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Figure 29. Influence of Roll Force on Flection of

Total Flow Transferred to %et Boll
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£igure 30. Variation of Ratio of Experimental to Theoretical Transfer 

Fraction with Viscosity-Temperature Coefficient of Fluid
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viscosity Mo» 5 and No. 8 varnishes gave higher transfer than the lower 

viscosity vehicles. The highest transfer values were observed with SAIB 

on the 6-inch rolls, where the average SAIB transfer fractions were

0,938 and 0,959 for roll speed ratios of 2 and 3 respectively. On U-inch 

rolls, SAIB gave higher transfer ratios than all ather fluids except 

HF 825 Acroloid, which was equivalent in behavior.

Hypothesis on Film Split Mechanism, The experimental data are 

consistent with the hypothesis that the theoretical transfer fraction 

given in equation 51 represents a limiting value which is achieved under 

ideal conditions. Deviations from the limiting value were consistently 

in the direction of higher transfer, which ment that the position of 

film split was closer to the slow roll than predicted. This behavior 

to reasonable when the effect of shear induced temperature gradients in 

the nip is considered. As discussed on page 80, the competition of high 

shear rate at the roll surface with heat transfer to the roll leads to 

formation of a zone of maximum temperature a short distance into the film 

from each roll surface. The temperature distribution is symmetrical be­

tween the rolls when roll speeds are equal, When the rolls turn at 

different speeds, the shear rate near the slow roll is greater than 

that near the fast roll, and an unsymmetrical temperature profile is 

developed. The maximum temperature will occur near the surface of 

the slower roll. Because of the temperature sensitivity of the 

fluid, the maximum temperature zone leads to a local reduction of 

viscosity, which is further amplified by the tendency of shear 

rate to increase where viscosity is decreased. The net
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result of the temperature effect is the creation of a zone of reduced vis­

cosity in which film rupture can occur most readily when the fluid under­

goes tension. Any factor which tends to increase the local rise of temp­

erature and decrease of viscosity will shift the position of film split 

toward the slow roll surface and increase the fraction of transfer to the

faster roll Factors having this influence are*

1. High fluid viscosity.

2. High viscosity-temperature coefficient.

3. High film thickness.

U. Low thermal conductivity of fluid.

5» Lew heat capacity of fluid.

6. High shear rate.

7. Low flow rate.

increased viscosity and increased shear rate raise the rate of en­

ergy input to the system through the relationship,

The viscosity-temperature coefficient controls the response of the fluid 

to temperature changes; ^/dt 303^/4 M/t2 ,

The film thickness determines the distance through which heat must 

diffuse before being removed at the surface. The fluid thermal conductiv­

ity controls the rate of heat diffusion through the fluid. The heat ca­

pacity controls the rate of temperature rise with energy intake by the 

fluid. The flow rate influences the local temperature rise since heat 

is removed from the nip by the passage of fluid through it.
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Fwt NU trenefer fractions the theoretical Halt are

favored ty;

1. Low viscosity.

2. Lev viaooaity-teaperathre coefficient.

3. Low fila thicknees.

High thermal conductivity.

5» High heat capacity.

6. Low shear rate.

7. High flow rate.

The observed relationship of the transfer fraction to the independent 

variables can be explained on the baMa of these seven factors. The higher 

transfer fraction found with the higher number varnishes is due both to 

the increased rate of heat generation with increased viscosity, and to 

the greater viscosity-temperature sensitivity. The SUB, with the high­

est value of ^/dt studied, naturally gives the greatest transfer frac­

tion. Increasing roll force produces two competing effects1 a decrease 

in film thickness, and an increase in rate of shear. The decrease in 

film thickness was the more important effect of pressure under most of 

the conditions studied; however, with SUB the increase in shear rate 

was more important, and the transfer fraction increased. The apparent 

maximum in the force-transfer curve of SUB in Fig. 2pmsy very well be 

due to a balance of the competing effects of shear rate and film thickness. 

Iho average transfer fractions listed in Table U show a consistent 

inverse relationship between transfer fraction and roll speed. This effect 

is not unreasonable if the cooling effect of the increased flow rate off­

sets the higher shear rate induced by higher roll speed.
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la-Bwknim Viscosity and Fila Split. Non-Newtonian fluid flow 

properties of the type which lead to a decrease of apparent viscosity 

Pith increasing rate of shear are expected to affect fluid transfer in 

the sane earner as temperature-sensitive viscosity properties. The mech- 

snlas of action is similar to that described for temperature sensitivity, 

in that high shear rate regions nesr the slow roll surface create local 

regions of low viscosity in which film rupture is favored. This local 

viscosity reduction effect is believed to account for the observed sensi­

tivity of printing ink transfer properties to ink shortness as reported 

by Sparta^, Fetsko and Walker^), Scarr^\ Lin^), and Zettlemcyer^\ 

Modifications of the roll nip theory necessary for application to print­

experiments have been discussed by the present author elaeriwre^\

Power Consumption

The theoretical nip power consumption is given by equation hl- Al­

though no experimental study of power consumption was made in this inves­

tigation, it is possible to compare numerical results of equation hl with 

values calculated from the empirical equation given by Maus(^) for the 

case of two rolls with a fluid bank. This equation is,

(68)

'V 

bo&

A comparison of power consumption values calculated by the Maus equation 

and equation hl, for six sets of typical operating conditions, is shown 

in Table 1..



Table I

Theoretical and Stpirlcal Values of Hip Power Consumption

Ron 3 Run 3 Run 30 Run 62 Run 64Variable - Unite

Roll Diameter ft 0.1667 0.1667 0.25 0.25 0.25

Fast Roll Speed RIM 155 155 300 310 310

Slow Roll Speed RIM 77.5 77.5 300 103.3 103.3

Viscosity Poise h7.8 h7.8 23 17.8 161

Nip Clearance Microns hO 100 20 10 100

Power Consumption ft-lb 
Equation hl sec-ft

111 19.6 850 1360 2h99

Rower Consumption ft-lb 
Maus sec-ft

92 68 735 675 1310



In two of the examples, the results are in close agreement, in two in­

stances the theoretical equation gave results nearly twice those given 

by the empirical equation, and in the fifth example, the theory gave 

less than one third the empirical value. The deviation of the nip power 

equation derived from theory from that obtained by experimental measure­

ments is believed to be due to two factors which the theory does not 

take in to account. These are:

1. Power consumed in the bank behind the nip.

2. Decrease of nip viscosity with temperature at high levels 

of power consumption.

Since the total power consumed in the system was maeaured by Maus, his 

equation includes the effect of bank power as well as nip power. Hie 

results also include the effect of viscosity change with shear conditions 

in the nip. The viscous flow theory does not allow for theae factors, 

and therefore deviates from the empirical values on the high side at 

high levels of power consumption, and on the low side at lower power 

consumption when bank power is an important part of the total. Because 

of these considerations, the empirical expression is expected to give a 

better estimate of total power demand than the nip flow theory in its 

present state of development. In view of the importance of fluid 

properties observed in this study, it is expected that fluids with 

different temperature-viscosity coefficients than the polybutenea 

used by Maus will show deviations from the empirical equation. The 

difference between observed power consumption and power consumption 

calculated from the nip theory at low power levels should provide a 

measure of the actual quantity of energy dissipated in the mill bank. 

Conditions would have to be chosen where the constant viscosity assump­

tions of the nip flow theory are valid, for this suggested experiment.



VIS. CONCLUSIONS

A theoretical and experimental investigation of the flow of 

visooua fluids between the surfaces of mutually external rotating 

cylinders was conducted. Theoretical methods of prediction of 

rate of flow, clearance between cylinders, and relative transfer of 

fluid to faster roll were developed. Au experimental study was 

conducted to test the validity and range of applicability of the 

theory. The following conclusions were drawn on the basis of this 

investigation.

X» Experimental flow rates are predicted by the theory with 

9? $ confidence limits of +35 and - 25 percent when fluid viscosity 

is less than 90 poise or total roll surface speed is less than 10 

feet per second.

2. Ninety-five percent of all data values fell within limits 

of -52 to + 110 percent of the theoretical flow rates.

3. The flow rate behavior of fluids with viscosities as high 

as 150 poise can be correlated by use of an empirical correction factor 

in conjunction with the hydrodynamic theory.

Ite The flow behavior of Sucrose Acetate Isobutyrate, a 

liquid with an unusually high temperature viscosity sensitivity, gave 

good agreement with theoretical predictions with roll surface speeds 

of h feet per second on four inch diameter rolls. The behavior of this 

material deviated from theory at total surface speeds equal to and in 

excess of 7 feet per second.
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& The lower limiting value of the fraction of total 

transferred to the faster of two rolls is governed by hydrodynamic 

faotore» and is primarily a function of roll speed ratio# The noting 

value is approached under experimental conditions which give nearly 

constant viscosity In the nip»

6» The fraction of total flow transferred to the faster 

roll is equal to or greater than that given by the constant viscosity 

transfer theory, and is increased by factors which tend to reduce 

fluid viscosity at the slow roll surface»
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AFPRDIX I

THRB-ROIX NUI MAHRIAL BALAICB

The rete-of-flow of fluid through a threaten Mil determined 

by the flow rate through the feed nip, the relative transfer fractions 

free nip to fleeter roll, and by the effeoienoy of the take-off knife. 

The interrelationship of these factors is shown in the following notorial 

balance. A diagram of the system under consideration is shown in Tig. 

1 of the text.

Nomenclature

Q Flow rate through feed nip, volume/time-unit roll length.

f feed nip transfer factor, the fraction of ink passing feed 
nip which is transferred to center roll.

a Apron nip transfer factor, the fraction of ink passing apron 
nip which is transferred to apron roll.

t Take-off-knife factor, the fraction of ink carried by apron 
roll which is removed by take-off-knife.

R Mill throughput rate, the volume of ink removed from mill per 
unit time per unit roll length.

Derivation

1. By definition the rate of ink flow through the feed nip is g.

2. The rate of ink flow forward on the center roll is equal to 
(f) (Q).

3» Define the rate of flow to apron nip as W.

Ue Then the rate of flow forward on the apron roll is (a)(W).
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5e The take off of ink la R, and la equal to (t) (a) (W).

6*  The flow under the take-off-knife- returns to the apron nip 

on the bottom of the apron roll. Thia flow rate is equal to 

(1 - t) (a) (W)

?» The total flow to the apron nip is made up of that returned on 
the apron roll bottom and that brought forward on the center roll.

W ■ (1 - t) (a) (W) ♦ f Q

W [1 - (1 - t)(a)] • f Q 

1 • a ♦ a t •

10» The expression for V from atop 9 la aubatitutod for V 1» step 
5 to give,
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APPENDIX H 

VISCOUS FLOW THEORY FCR REGION DISTANT FROM THE NIP

In 1926, R. A. Fraser published a paper (17) titled, ■Oh the Motion 

of Circular Cylinders in a Viscous Fluid*,  which contained an exhaustive 

treatment of the general hydrodynamic theory of viscous flow associated 

with the rotation of two cylinders of infinite length, immersed in a 

fluid of infinite extent*  General functions for the stream lines were ob­

tained, and several special cases were treated. Although Frazer’s general 

theory should apply to the roll mill problem, the shear complexity of the 

equations obtained renders it unwieldy and inconvenient. The special 

case considered by Frazer, in which the cylinders are assumed to be in 

contact along a line of tangency, does yield a reasonably simple expression 

for the stream lines in the region removed from the zone of narrow clear­

ance*  This expression was used in deriving the pressure distribution 

in the mill bank region, and provided a rational boundary condition 

for solution of the nip flow problem*  The general approach employed by 

Fraser, and the results obtained, as applied to the mill problem, are 

presented in this appendix*

Equation for Stream Function

The basic Navier^Stoken equations, reduced to ths font shown in 

equations 6 and 7 of the text, serve as the starting point for solution 

of the two dimensional viscous flow problem*  The condition of contin­

uity expressed by equation 8 also must apply*  In the solution of these
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equations, a stream function, V , is defined by the relationships.

Uni)

(A II 2)

The stream function defines streamlines, ■ constant, in the flow

pattern across which no flow occurs* Inserting the stream Amotion into

equations 6 and 7 gives)

U II 3)

. aV , y y 
âr - 3® ) U II k)

Differentiating (A II 3) with respect to y and (A II k) with respect

to x gives;

. .(-HL- 
5x87 P ar*  / ’

U n 5)

321
JyJx ' àx*  dx'àT*

U ii 6)

Subtracting (A II 5) from (A II 6) gives,

U n 7)

dy*
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Bipolar Coordinate gytm

Kquation (A II 7) can be expressed in terms of complex -variables defined 

by r

- * ♦ i y (a  n 8)

■ x - 1 y , (A H 9)

irtiere, 1 - * e (A II 10)

In these variables, equation (A II 7) become,

In order to solve equation (A U 11), fraser made a further transformation 

to a bipolar coordinate system, using the following transformation of 

variablest

/“ x*iy  - - ifooth + ^ ) X i rcoth (H * S )

. (A II 12)

y " x-iy - + iy ooth (—g— f 6 ) = i r ooth (6) *

(A II 13) 

Moto that in the equations being derived here, the symbol ^ represents the 

coordinate defined in equation (A 11 9), and not viscosity as used 

elsewhere. The nomenclature has been used here to conform with that 

originally employed by fraser.

In the bipolar coordinate system defined by equations (A II 12) and 

(< 11 13), circles are defined by constant. The constants y and 8 

°*®  b® selected to define two mutually external circles corresponding to 

T4*-  - K and P- + I respectively. If a and b denote the radii and D 

the distance separating the centers, then;
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r - a Sinh (I - 2$ ) - b sinh (K ♦ 2 i ) (A H lit)

and, Zb ■ a b sinh 2 K (A H 15)

If, as in the case of interest here, the radii of the circles which 

represent cylinders are equal, then;

a - R - b, and it follows that £ - 0 • (A II 16)

Z ■ R sinh K , (A n 17)

X*  % siw 2 K , (A II 18)

- Un»)

*here^ h*  is the minimum distance separating the roll surfaces*

Since sinh 2K ■ 2 sinh I cosh K, equation (A II 19) can be reduced

K ■ cosh

Tlins, 

cosh3 K

(A H 2D) 

(a n a)

(A n 22)

sinh K ■ Vh*/  B ( 1 ♦ h*/  L R) • (A II 23)

Substitution of (A II 23) into (A II 17) shows that,

X*  Vr h. (I * h.A R) (A II 2k)
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Points in the bipolar coordinate system are defined by the 00- 

ordinatea f and e The relationship between these coordinates and the 

rectangular system is shown in Fig, 1-1 .

7

Figure A-l*  Bipolar Coordinate System

Foci of the system are located at distances i y from the origin.

The coordinateis defined as the log to base e of the ratio of the 

distances r& and r, from a point to the two foci*  The coordinate O' 

is the angle between r% and r@*  The boundary of the upper cylinder, 1, 

corresponds to 7^" - while the lower cylinder, B, is given by 

7>w ♦ K*  Other relationships between the rectangular and bipolar 

coordinate systems are listed here for convenience*
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* ■ -SacrfmF . u II 25)

f«inh 7°
y w w coah/^ - cos 0" . (AU 26)

ïta^rS •
(A II 28)

General Stream Fonction

Fraser solved equation (A II 7) by a method of successive reflections 

of conjugate functions and obtained a general solution for the stream 

function when cylinders are rotating in a viscous fluid of infinite 

extent*  When both cylinders have the same diameter the stream function 

may be written as follows*  

cy - - ag[2 sinh S(^- K) cos SO]

♦ A^2 cosh (/•  I) cocO  - 2 cosh* *

♦ 2 a.Q  -*

+ jQ^bg[2 sinh S(^ A) cos S^

♦ [2 cosh (^  K) cos O' - 2 cosh*

♦ 2 b. [/♦ K])

, . -f- 1/2 Ccosh 2/*̂  cosh ud - coe^G côah 2K aosh^l + oœ8r

/ 2 cosh S^oos + (A II 29)
A- " cosh SK I A •
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T®rms used in equation (A H 29) have the following significancee

2 f sinh (/» + K) 

sinhaK (oosh^ - cos q*)  . (A II 30)

2 P sinh (/*.  K) 

sinh'A ( cosh^ - cos O')
(A II 31)

ft . b . —- "ink*  21________ 2SooshI sinhK _ (S - 1) sinh(S » 1)K
8 8 (sinha2SK - S*sinh a2K)|_ sinh 2ÇS + 1JÏ

. (8 + 1) sinh (3- 1) f| 

sinh 2 (8 - 1) K J . (A II 32)

The conditions which serve to determine the constants of equation

(A II 29) are as follows;

(.1 * bj ■ . , UH 33)

D ’ • -4orr
t „e sinh SK 

sinh % *

(A H 34)

(A II 35)

a. - -gl - b. - -Si , (A H 36)

’ rD(0 aa + O b’) {^^a**  " °bb* ) 

U» • Q J v

-V ♦ r»(V -%*jj  (All37)
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(A H 38)
<X. " " h ( Ai + Bi) cosh 2K

(A H 39)

a. ooMUnt, 0. % w of

A and B r..p.cuv.l„ u po-ltlv. in tM

Solution for Rolla in Contact

Motion of th. ,tr.« function glwn by equation (A n 29) to 

* f” •* —*»»  utluuleticn. of preemw. attribution

«Xi flou rate betww rotating cylinder, preeent. practical 

difficult!.,. When th. distance between roll euraoea become, roll 

compared with the roll diaaeter.y the valuee of K and ainh K become 

~tr«ly email, and the ..rl., term. involving th... factor, converge 

quit. «lowly. Th. reault obtained by fraae for the can of cylinder. 

“”“d *° turi «.dlly useful. Thia eolution,

of oouree, la not valid In the nip region between relia, tare th.

"1P 11 « Anportant fraction of th. total diatance

b.ta-n roll «urfac... In th. bank roglon, however, the lnflu.no. of 

“iP eUmae* -eligible । utd deductions from the no^lear..

the0r7 ,b0Uld »"«*  « «—bU c^tmate of tie atm» „d 

Preaeure distribution*

the atream function for the rdla.in.contaot ca„ j,,

lnflu.no
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The censtante in (A II UO) are defined by the following relation­

ships.

1 ■ “ I ( °a * %) > (x II la)

° • - g °* > (A n la)

p • I C°. - °b) , Un M)

° (oa - %) . (A II U)

In order to relate the general expreeeioi to the oaee of interest 

here, the rolle A and B are defined as the fast roll and elow roll 

reepeotively, Dineneionleee variables nay be defined ae follow t

1 " 7^» 7 " , (A II 45)

5 ■ X - B , (A H 46)

In these dineneionleee variablee, equation (A H Uo) beoonee, 

where? (A H U?)

A/k*  - - ( * 2 ’ (A II 48)

° " ’ UII 4»
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F/fe - , (a it 5o)

U

oA*  - (% - op . (A II 51)

When flow through the nip between rolls is taken in the positive 

x direction, roll A turns in a counterclockwise direction and roll B in 

a clockwise direction# For this case the angular velocity of the rolls 

is related to the speed of rotation in revolutions per minute by:

°a * X %/# » (A H 52)

°b e - TV# , (A IT 53)

where and % are the BPM of the slow and fast rolls respectively#

The equation of a dimensionless stream function is obtained by 

substitution of the constants and BPM expressions, given above, into 

(A H 47) and rearranging# This procedure gives,

(A H 5k)

K is a function of roll speed ratio, r, defined by.

(A II 59
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Dlvidlng Stream Line. The stream line which divides the flow 

associated with the fast roll from that associated with the slow roll 

is found by setting equation (A II %) equal to zero and solving for

88 8 function of J. The equation hae six solutions given byt

V -x± TT , (An 56)

, Un 57)

. Uns»)

Iha saros of principle interest arai

7[ - - 1 *V 1 -J" (i n 56-*)

7 ' * 1 (a  n 57-.)

♦ V ur - 3 • (a  ii 55-.)

These three equations correspond to the top of the lower roll, B, 

the bottom of the upper roll, A, and to the dividing stream line 

respectively. The locations of the dividing stream lines relative to 

the roll surfaces, for roll speed ratios of 2 and 3, are shorn in 

ng. À-2.
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Derivaitveg of Stream Funotion. Appropriate differentiation of the 

stream function leads to expressions for the flow velocity components and 

the pressure gradients, as shown in equations (A II 1) through (A H U). 

The results of these differentiations are shown here.

Velocity Components# The fluid velocity components, u and v, 

are found by differentiating equation (A II 1^0) with respect to y and x 

respectively.

u -

v ■

2 C y - F - Q (A H 59)

♦ 2 C x - U G (A II 60)

Shear Rate. Shear rate equations are obtained by differentiation

of equations (A H 59) and (A II 60).

X y (/ - x=)~
- 12 G x y3 (A II 61)(%? * y®)3 _

♦ y3)*

du 

37

%! .

ÿ

(x» * /)’ (x*  +/)

+ 2C

(A n 62)

(A H 63)

- 12 G xy8 (A H 6U)of ♦ /)
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Preaauy Gradients# . Preaaure gradients in the x and y directions 

are found from equations (A II 3) and (A H U), or from equations 6 and 7 

of the text, which are their equivalents.

(A II 65)

(A II 66)

Rassure Distribution. Integration of equations (A II 65) 

and (A H 66) would lead to a solution of the pressure distribution in 

the fluid in regions other than the sone of roll tangency. An 

approximation of this pressure distribution is provided by the fact 

that along the path, y • 0, the pressure gradient in the x direction 

is independent of y. That is, equation (A II 65), up the center line 

between rolls, reduces top

H h,.. (A n 67)

Integration of equation (A II 67) along the y ■ 0 path from the 

limits -00to x gives.

P " 2 p G x~*  ♦ const. (A II 68)

Die constant is the value of the pressure at y * 0, x ■ — CO.
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Application to Roll Mill. The bank of fluid behind the feed 

nip of a roll mill is finite in extent, contrary to the assumption of 

an infinite fluid body employed in the derivation of Frazer’s equations. 

Consideration of the pressure distribution indicated by equation 

(A U 68) shows that the greatest portion of the pressure rise is found 

between x equal to -R and x equal to zero. For tills reason it is 

believed that the pressure distribution Along the center of the 

bank of fluid can be approximated by integrating equation (A II 67) 

from the location of the free fluid surface to a given point x, along 

tha path, y * 0. When the free surface is located at x ■ -R, and 

when the value of G from equation (A II M) is substituted into (A H 67), 

the integration gives, 

~ (A II 69)

Adding the hydrostatic pressure of the fluid head in the bank, and 

converting to dimensionless variables, the final bank pressure equation 

is obtained.

- i] - % (»i + %), (-!-)• ♦ i (A H 70)

where J ■ x/R.

The sign of y is negative In the inlet or bank region of the mill.
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APPEUDH III 

NIP STAGNATION POINT

-* à9 8 -agnation point is that point in th© nip inlet beyond which 

all fluid moves in the forward direction, and behind which part of the 

fluid is rejected into the bank. It is located at the point where both 

shear rate, du/qy and velocity, u , are equal to zero.

Equations lb and it express shear rate and velocity as followst

du/V • JJ 3J- / ♦ Cl • 0 , (A m 1)

u "> S ♦ °17 ♦ C, - C . (A m M

Solution of (A in 2) Ly the quadratic equation gives,

- +7 cx’ - 2 Co P

(A III 3)

From (A III 1),

(A III L)

equations (A in 3) and (A III L) are equates and the resulting expression

is simplified to give,

dP
75 (a  in 5)

Substitution for C%, Ca and dP/dx from equations 2C , 18 , and

3<., and reducing with the use of equation 3b gives;

0 -
h*
K

6
(A III 6)

)
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Further simplification yields,

0 * * 3 h/ -(12Ut2 h*) h6 ♦ 9 h*3.

(A III 7)

Equation (A HI 7) is solved for h by the quadratic equation, which 

after reduction gives,

b.. 3 V i 3 vt #

° — ' " . 1 1 " .• -■1 । h •

(im 8)

Equation (A HI 8) can be reduced to a function of the roH speed 

ratio r, and h*,  by using the relationships,

Ve ■ r Ux , (A HI 9)

and Ut - Ux xl*r).

"'i ™ h» . (A III 10)

Equation (A III 10) may be written,

h, - (Kh*  , (A HI 10-a)

where 0( - 3 (1 + r) (1 + r + G) .

(1 + r + r® )

The x coordinate of the inlet stagnation point is found by substi­

tution of (A IH 10-a) into equation 29 ;

(Xh*  - h*  + Xg*  . 

R

XB - - ho)' . A III H)

The y coordinate is found by substitution of equation (A HI 10-a) 

into equation (A HI 4), which gives,

or» yB • h*  , (A in 12-a)

where A - 1 (1-r) (<K2)
70 ? art •
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APPENDIX IV

CCtfHJTER SOITTJDK FOR FORCE AND FLOW RATE EQUATIONS

In order to make solution of the equations for nip farce and flow 

rate practical from the standpoint of effort and time consumption, the 

equations were programmed for solution by the Royal-McBee, LGP-30, stored 

program, digital computer. This program was written to be used with the 

LGP-30 floating point program which automatically places decimal points.

Discussion of Program

The program consists of two principal divisionst calculation of 

point of minimum nip pressure, the assumed point of film split, from 

equations 9 and 33-a; and calculation of throughput rate and total 

force on rolls from equations 34 and 3?» The program starts with an 

assumed value of minimum nip clearance; and, using data values of fluic 

viscosity and density, roll radius, slow roll rpm, and fast roll rpm, 

calculate the flow rate and nip force that would result. The program 

then subtracts a given decrement from nip clearance, and repeats the 

calculation. This repetition is continued until a nip clearance of zero 

is reached, when the program causes the machine to stop and await new 

data. Both starting values and decremental values of minimum nip clear­

ance, in microns, are supplied as data. The transfer control button 

on the machine provides a choice of decremental values of nip clearance. 

When the button is "up" the decrement is always 10 microns. When the 

transfer button is depressed, the decrement is taken as the data value 

inserted at location 0162. The program requires four memory tracks of 

program and data, and an additional memory track for storage of inter­

mediate results. After receiving data, the machine begins computation
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and, in 10 seconds, prints out the calculated value of roll force due 

to the bank. This value is independent of nip clearance. The machine 

then begins computing the point of minimum nip clearance, or film split, 

x*  in equation 33a. This calculation requires approximately 90 seconds. 

The value of x*  in feet is printed followed almost immediately by Q, 

the throughput rate, in cu-ft/ft-sec. The force between rolls due to 

the nip is then calculated and printed, taking about 20 seconds. After 

nip force, the machine calculates and prints total roll force, recipro­

cal roll force, and nip clearance, in microns, in quick succession. 

These calculations constitute one point on a curve of roll force vs. 

throughput rate, roll force vs. nip clearance, or nip clearance vs. 

throughput rate. The machine then goes immediately to the next lower 

value of nip clearance and repeats the calculations. The data for a 

five point curve of force vs. production rate are calculated in approxi­

mately ten minutes compared with approximately 15 hours by desk cal­

culator methods. A sample page of computer results for 6-inch diameter 

rolls, 102-305 rpm, with 161.3 poise fluid, is presented as Table XI. 

rhe results of intermediate calculations for these conditions at 100 

microns clearance are shown in Table XII. The values shown in Table 

XII were obtained by use of an auxiliary computer program 

which causes the computer to print out the contents of the floating 

point accumulator after executing previously "tagged" operations.

Details of Program

The computer program is based on solution of equations 9, 33-a, 

and 39, given in the text. Equations 29 and 3h are auxiliary relation­

ships employed in the program. Subroutines for logarithm to base e
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and arc tangent are required in addition to the basic floating point 

sub-routine with square root and data input-output routines.

Bank Force. The computer program first converts data from the 

convenient input units to consistent engineering units, i.e. radius 

from inches to ft., nip clearance from microns to ft., viscosity from 

noise to lb-sec/ft", density from specific gravity to lb/cu-ft, and 

roll rpm to surface velocity in ft/sec. The force due to the bank 

region is then calculated and printed in the portion of the program 

from locations 0019 to 0036, using the first two terms of equation 39.

Point of Minim un Pressure. For convenience in computer solution, 

equation 33-a was rearranged in the following manner t

+h

0

The first two terms and the major portion of the third term of (A 17 1) 

are independent of x*,  and may be calculated once for each eet of data.

Since the equation is solved by an iteration process, the terms involv­

ing x*  and h*  must be recalculated for each trial value of x*.  The 

pressure, Plf at the nip inlet (x% ■ - 0.1R) is calculated from equa­

tion 9 in which £ ie eet equal to -0.1, in program locations 0019-0027.

The minimum pressure, P*,  is taken as aero, but could be any value if
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& more accurate knowledge of the cavitation threshold pressure of the 

fluid were known. In locations 0038 through 0134, the program computes 

constant values used in equation (A IV 1) and obtains a first estimate 

of the value of x*  from the relationship, 

1st trial x*  - 0.47434 (A IV 2)

Steps 0135 and 0136 set to zero a counter for number of trial x*  cal­

culations completed. Steps 0137 through 0211 calculate the remaining 

terms of (A IV 1), giving a term, 0(x), for the sum of left hand terms 

of (A IV 1). The trial counter is incremented by 1 in steps 0212 through 

0214; and in steps 0215 through 0242, the value of is tested for 

equality to zero. If $(x) is not less than 1x10"$ or greater than -1x10"$, 

a second estimate of x*  is obtained, and the routine returns to step 

0137 for calculation of a new value of The logical sequence of 

steps 0215 through 0242 are summarized in the flow diagram of Table 

xin.

In this program ^(x*)  is tested for magnitude between + 10”$ and 

if greater or less, the trial x*  is increased or decreased respectively, 

by a factor of 1,001. After the second trial, values of x*  are improved 

by a linear interpolation routine in locations 0243 through 0260. This 

routine makes use of the two proceeding values of x*  and ) to cal­

culate a new value of x*  by the relationship, 

x*n-i  ■ x*n  ♦ 4% [x*n-i  ~ x*n]  / [

(A IV 3) 

where subscript n refers to trial just completed, n-i to proceeding 

trial, and n-i to next trial.

In the example of Table XII, a satisfactory value of x*  was obtained 

in four tries, with 0(x*)  testing out to 0.0000000 on the fourth trial.
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Table XIII

Logical Sequence for Testing ^(x*)  and

Estimating Second x*  Trial Value

Location .instruction Result Location Instruction Result

--------- (-)---------------

0215 bO5O4

0216 ---f-)t^50

bring 0(x*)  

minus test

0250 *0455 add 10’5 0217 8(65?
subtract 10 J

0231 r—tO233 
(*)  .

minus test 0218 r 10261—64 0(x*)  good

0252 uotél -4M 

.)
► 0(x*)  good (f) 

0219 M-eO526 count trial

0233
4» eO526

count trial 0220 1— zOOOl
1 (not first)

tsst for first 
trial

0234 r—zOOOl
(not first)

test for first 
trial

0221 U0243-»
(firsf)

interpolate

0255 U024,—»
(first)

interpolate 0222 I»» bO5O4 bring 0(x*)

0236 L-> bO5O4 bring 0(x*) 0223 hO5O5 store 0(x*)

0237 hO5O5 store 0(x*) 0224 bO558 bring (x*)

0238 b0558 bring (x*) 0225 hO5O6 store (x*)

0239 hO5O6 store (x*) 0226 uOOOO place (x*)

0240 dO455 (x*)+1.001 0227 mO455 (x»)(1.001)

0241 hO558 store new 
(x»)

0228 hO558 store new 
(x*)

0242 uO137—» return for 
new trial

0229 UOI37— return for 
new trial
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Normally, frcm three to six trials were required, depending on operat­

ing data used. After a satisfactory value of x*  is obtained, it is 

printed.

Nip Flow Rate. The value of Q is calculated from equation 34 once 

x*  has been evaluated. This calculation takes three steps given by 

locations 0263, 0300, and 0301. Since a computer track runs from lo­

cations nnOO through nn63, location 0300 follows 0263.

Nip Force. The nip force is calculated by a straight forward cal­

culation of the last four terms of equation 39. Use is made of many 

previously calculated partial results. This section of the program in­

cludes locations 0304 through 0416. The nip force is printed at instruc­

tion 0417, the bank force is added, and total force is printed by in­

struction 0419. The reciprocal of total force is calculated and then 

printed at 0423. The value of minimum nip clearance in microns, in use 

is then brought to the accumulator and printed. Depending on whether 

the transfer control is up or down, the contents of data locations 0459 

or 0462 are subtracted from the nip clearance. Location 0459 contains 

the value 10, which must not be changed since it is used in other steps 

as well. Location 0462 contains any desired value of clearance decre­

ment.

Completion of Program. After subtracting the decrement and storing 

the new minimum nip clearance, the value of 1.0 is subtracted, and a 

minus teat is made of the result. If the result is minus, the program 

exits from floating print and returns to the initial location to call 

for new data. If the result of subtraction of 1 from he is not nega­

tive, the program returns to location 0054 to begin computation of flow 

rate and force for the new clearance. The program may always be entered 
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at location 0000 since all initialization procedures are accomplished 

in early stages of the program.

Ths program, data locations, and intendedlate data storage loca­

tions follow as part of this Appendix. Note that the program input code 

is written for insertion of the program starting at location 5000, with 

floating point interpretative routine starting at location 1100. A 

summary of the Floating Point Interpretative System, Floating Point 

Orders, and Data Input and Output Format, are also appended.
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ProcM for th*  Computation of Force and Rate of Flow

Batwan Rotating Cylindara

Thia program is used with Floating Point nub-routine 24.0, 

Input-output routine 11.J - 12.J, Arctangent routine 16.2, and 

Logarithm routine 18.1. The program uses the tranafer control to 

select decrements of minimum nip clearance। transfer up, decrement is 

10 microns, transfer down, the decrement is selected from data location 

0462.

Program Input Code

/0005000

10005000

Location Instruction Contents of

address

0000 xRHOO
01 xullOO
02 xiOOOO
03 b044% R, in.
04 40460 12
05 hO534 R, ft
06 xuOOOO
07 m0438 sp gr
08 xuOOOO
09 ■0452 62.4
10 hO541
11 xuOOOO
12 ■0445 0.9
13 h0535 0.9R^

b0439
15 a0440
16 h0536 i?

17 PO437 poise
18 m0461 viscosity conversion
19 h0537
20 xuOOOO
21 ■0536 I.
22 XÜ0000 t

23 ■0534 R
24
25

h0539
■0446

* ^k/15

26 ■0535 0.9B/»
27 hO54O K
28
29

PO539
■0448 197.1^/15

30 hO542 197.1X/15 R 

Br0031 PO541
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Location Instruction Contents Location Instruction Contents

0052 mO534 R 0100 P0534
35 xuOOOO 01 ■0548
34 m0447 02 hO52O Hhe
35 •0542 03 xrOOOO
36 hO543 F/L bank 04 HO552

take^sq rt

37 xpOOOO 05 xuOOOO
38 PO534 06 40548
39 bO536 07 xrOOOO take so rt
40 xuOOOO 08 hO555 V/h.
41 ■0449 09 60545
42 hO544 vt 10 <10552
43 bO$34 u

11 xa0000 take, tan*̂

44 40459 12 h0554
tan'^x./tÆh-,

45 xtOOOO make minus 13 xuOOOO
46 hO545 14 ■0553
47 xuOOOO 15 aO55O
48 ■0545 2 16 xuOOOO
49 hO546 17 ■0457
50 40534 2 , 18 HO555
51 hO547 x. /K 19 ■0456
52 bO444 20 40548

. 53 hO443 working h. 21 ■0551
54 PO443 22 hO556
55 ■0450 23 60442
56 hO548 he, ft 24 80540
57 *0547 25 40537
58 HO549 4 26 40456
59 bO545 27 40544
60 40549 28 xuOOOO
61 hO55O xl^l 29 mO548
62 

OO63
40549 
hO551 ■A2

30 
0131

*0555 
hO557
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Location Instruction Contents Location Instruction Contents

0132 PO552 0200 60503
33 HIO451 01 60456
34 hO558 trial x* 02 40548
35 •0137 initialize counter 03 xuOOOO
36 yO526 04 mO558
57 xuOOOO x*  to mult 05 xyOOOO change sign
38 mO558 06 aO527
39 hO559 07 •0503
40 40534 08 aO563
41 HO56O 09 aO5O2
42 40548 10 •0557
43 h0561 11 60504 0 (x*)
44 60560 12 •0526
45 *0548 15 xiOOOl increment count
46 60562 6* 14 yO526
47 xuOOOO 6*  to mult 15 60504
48 40562 16 t0230
49 60563 x*A* 17 •0453
50 BO556 6*  times (0556) 18 tO261
51 60527 19 •0526
52 60558 20 xzOOOl test count
53 40552 21 uO243
54 xaOOOO take tan x 22 60504
55 60501 23 60505
56 xuOOOO 24 60558
57 =0553 25 60506
58 40457 26 xuOOOO
59 60502 27 mO455
60 xuOOOO 28 60558 new x*
61 «0561 29 U0137
62 xuOOOO 30 •0453

OI63 mO458 0231 tO233
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Location Instruction Contents Location Instruction Contents

0232 u0261 0300 m0544
33 •0526 01 40457
54 xs0001 test count 02 hO5O9 Q
35 UO243 03 xpOOOO print Q
36 bO5O4 04 xuOOOO
37 hO5O5 05 ■0456

38 bO558 06 40548

39 hO5O6 07 xyOOOO
40 <10455 08 •0544
41 hO558 new x* 09 h0510
42 uO137 10 b0537

43 bO5O5 11 40548

44 10504 12 xuOOOO
45 hO5O7 13 ■Û458
46 b0506 14 xuOOOO
47 •0558 15 *0509
48 40507 16 h05H
49 xuOOOO 17 ■0510
50 ■0504 18 hO512
51 xyOOOO change sign 19 xuOOOO
52 •0558 20 ■0550
53 hO5O8 21 hO513
54 b0504 22 ■0553
55 hO5O5 23 hO514
56 b0558 24 xuOOOO
57 HO5O6 25 ■0554
58 b0508 26 hO515
59 HO558 new x* 27 P0511
60 «0137 28 ■0551
61 bO558 29 •0513
62 xpOOOO print x* 30 sO515

0263 pO562 0331 hO516
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Location Instruction Contents Location Instruction Contents

0552 60562 0400 PO545
55 dO549 01 «0554
54 xnOOOO take In 02 60523
55 xuOOOO 05 P0558
56 mO512 04 «0501
57 xuOOOO 05 *0523
58 «0554 06 a0522
59 40457 07 xuOOOO
40 hO517 08 «0514
41 60454 09 60524
42 40549 10 60558
45 60518 11 ■0545
44 60454 12 xuOOOO
45 10562 13 «0516
46 *0518 14 <0519
47 xuOOOO 15 •0524
48 «0511 16 •0517
49 xuOOOO 17 xpOOOO print f/L nip
50 «0534 18 •0543
51 40457 19 xpOOOO print total f/L
52 hO519 20 60525
55 60520 21 60454
54 *0559 22 40525
55 60521 23 xpOOOO print total L/F
56 60520 24 60443
57 <0546 25 xpOOOO print working 6.
56 40521 26 800t0434 transfer control
59 xnOOOO take In 27 *0459
60 xuOOOO 28 60443 new 6.
61 «0552 29 •0454 1.0
62 40457 30 tO432

0565 60522 0431 «0054 go to new point
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Location Instruction Contents

32 xeOOOO exit floating point
33 uOOOO return for new data
34 ■0462 alternate decrement h
35 u0428
36 xs0000

DATA

0437
38
39
40
41
42 
4'
44
45
46

47
48
49
50
51
52
53
54
55
56
57
58
59
6o 

cl
62

Viscosity Poise 
speoifio gravity 
N., slow roll rpm 
N2, faet roll rpm 
R, roll radius, inches 
P*,  cavitation pressure 
working h„, changes 
Starting hel microns 
0.900000
209.2)00 999/*/  15

0.4050000
41.28053 197.1 /*7  15
0.1047198 v#o
3.2808)3 x 10 ft/mioron 
0.47434 factor for trial x*
62.40000 c lb/ou-ft for op gr « 1 
1.0 x 10"^

1.000000 
1.001000 
1.500000 
2.000000 
3.000000 
10.00000 
12.00000
2.088000 x 10 Ib-seo/ft per poise 
decrement h.
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Looation of Résulta of Intermediate Calculations

Location.

0500 

01

02 

O?

04

05

06

07

OR

09

10

11

12

15

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

0531

Contenta of Location

tan-1(x*/^.)  

1/2^ tan-^x*/®.)  

3/2 ^/R^^^^tan~^^x^/^^

^)n

#=*)n-l

Q 

Ut - 1.5Q/h.

3 f OA, 

(3^A.)(Ut - 1.5Q/he) 

(^/hp(3y/h.)(U^ - 1.5QA.) 

yS7h?)(3)i/h.)(^ - 1.5QA.)

(^1^)(^QA')-(O513)-(O515) 

(R/2)(O512)(ln h*/^)

1A1 

(3^QAJ(R/2)(l/h*  - 1AX)

Rh.
2 

Rh. + x*  
iV5he ln[(Rh.+x^)/(Rh.+x*̂)|  

x1tan"^(x^/7Sh^)

(0514(x*tan-l  x*/^h.)-(O523)+(O522)]  

F/l total

a0000 (counter for trials of x*)  

h* Rho
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Location Contents of Location

0532

33

34

35

36

37

38

59

40

41

42

43

44

45

46

47

46

49

50

51

52

53

54

55

56

57

58

59

<0

61

62

R ft

0.9 R>°

"t .

p lb-seo/ft

^Nt

:/«t 

O^^(999^/l5) >1 Mt - P

(197.1#/15)(R^ Mt) 

F/L bank

(xx)2A

h. ft 

hl

1A1 2

R/h.

056}

1 • )+(AA. )tan“1(x1/

h.(P* - Pj/d.5^) ♦ (0555) 

x» trial 
x*2

x»2/R 

x*2/Rh. 

h*
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FLOATING vOINT INTERPRETIVE SÏSTEM

INPUT:

Floating point numbers on tape or in memory, or numbers in the pseudo 
registers resulting from previous operations.

CALLING SEQUENCE:

R Lo
U Lo

E 
etc.

Floating point operations

0000 "Exit" instruction 
Resume fixed point operation.

INTERNAL NUMBER FQRMT:

A standard floating point number as carried in memory consists of sign and 
24 bits for characteristic (x) and sign and 5 bits for the exponent (y). However, 
all intermediate calculations (i.e., numbers appearing only in accumulator and 
multiplier registers) are carried with 30 bits of characteristic and 30 bits of 
exponent. Each factor of any calculation must be in standard floating point form. 
(N = x.y ; .5< #X'<L. or x = 0; -31 <y <3D« Numbers appearing in accumulator M 

registers are in the range .25 <,xi <.5 or x = 0.

The standard floating point binary form:

& ..... * X xxxxx
Sign of Characteristic Sign of exponent Exponent
Characteristic 24 bits. 5 bits.
0 for plus 0 for plus Power of2
1 for minus 1 for minus

DATA TAPE PREPARATION:

1. All characters of the I.D. word should be punched, e.g. -012040• 
must contain eight characters including the stop code. The stop 
code (') must be the last character punched.

2. Punch only those I.D. words appearing on the load sheet. Do not punch 
the stop code if an I.D. word is not present.

3- The sign and any leading zeros of a positive number need not be punched. 
To enter all zeros merely punch a stop code. The sign and all seven 
digits of a negative number must be punched.

4. Be sure to check each load sheet to see whether an additional stop code 
should follow the last number punched.
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The interpretive routine exits to the first location following the £ 0000 

instruction.

s £ MEMCRI RELATIONSHIPS:

The arithmetic, logical, address modification, and auxiliary instructions 
have been coded as a unified group on a single set of coding sheets ("Floating 
Point Interpretive Routine"), a single corresponding tape has been punched for 
this set. In many instances the programmer will wish to use just this part of 
the floating point system; if so, only this tape need be stored in the memory. 
This will leave 54 tracks for program instructions and data in contrast to 41 

when the entire system is used.

In other cases the Input-Output and/or function evaluation routines may be needed. 

Only those routines actually used need be stored on the drum. These required 
routines must be stored on the drum in the following relationship:

Program Pot Um swt EUI Set Modifier Ho. of Tracks

24.0 Interpretive (Includes J) Lo Lo 10
H.3-12.3 Input-Oitput Lo + 1000 Lo + 1000 6

14.1 Sine-Cosine Lo + 1600 Lo 2 1/2

16.2 Arctangent Lo + 1832 Lo 1 1/2

18.1 Logarithm Lo + 2000 Lo 1

17.1 Exponential Lo + 2100 Lo 2

AU track 63 except sectors 10, 15, 16, 18, 23 , 27 , 29 , 34, 36, 40 , 47 thru 50, 
52, 56 thru 58, 60 and 63 is used for temporary storage by various parts of the 
system. Therefore Lo should be set such that no part of the floating point system 
used is stored in track 63.

PROGRAM STOPS:

Loc. Order

Lo + 0654 Z 0000

Lo + 0556 H xxxx 
or

C xxxx

Lo + 0556 R 0000

Lo + 1152 I 0000

Lo + 0612 D xxxx

Lo + 2005 N 0000

Lo + 2028 
or

Lo + 2030

N 0000

M*a%Ang  and Jtangte

Programmed stop. Depress "start" to continue.

Exponent is too large. Location of instruction being 
executed is in the real accumulator.
Start to continue.

Accumulator is negative. Location of instruction being 
executed is in the real accumulator. Start to continue.

Input data has too large an exponent. A start will store 
a aero for that word and continue with next word on tape.

Division by aero or a non-floated number. Do not continue.

Accumulator is <0. A start continues with an answer 
of aero. ~

Accumulator exponent is not in range. Do not continue.
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1. The floating point system mey be left and re-entered without destroying the 
contents of the registers.

2. The exponent of a number in a register which is to be stored in memory must 
be less than -32,  or a range error will result. If it is less than -31, the 
number is replaced by zero.

*

3• It is strongly suggested that the initial location occupied by the system be 
«he 00 sector of a track. If it is not, many of the addresses that refer to 
track 63 are not optimum.

4. It is also suggested that the entire system be placed in memory and punched 
out in parts by program 13.1. Then the parts needed may be loaded by program 
10.1 and each check sum may be verified.

5. All instructions with zero addresses have special interpretations. None 
of these zero addresses refer to memory location "zero", (0000), but rather 
designate a special interpretive instruction. This floating point system employs 
sixteen such spacial instructions. Furthermore, the two shift instructions 
(D OOQy, M OOOy) utilize the next nine addresses (0001 through 0009); hence the 

divide and reset and multiply instructions cannot use these addresses.
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DhTA INPUT FORMAT

Data input is accomplished by reading a prepunched decimal tape. The tape 
consists of groups of the following:

1. One identification word. This consists of a sign and two decimal 
digits for P, followed by four decimal digits for initial location 
to begin storing the converted floating point binary numbers.

2. Signed decimal numbers. Bach number consists of a sign (if negati": 
and seven decimal digits.

3. A "minus zero" word. This consists of a minus sign followed by 
seven zeros. This number is not stored in memory, but is used by 
the routine to signal the end of the group.

A stop code must follow the last "minus zero" word. This is interpreted as 
a "zero" identification (I.D.) word since it follows the "minus zero" data word. 
It causes the system to exit from the subroutine, carriage return, and interpret 
the instruction following the I 0000 instruction.

P denotes the number of decimal places following the point in the seven 
digit field. -3 < P<15 » Internally the exponent must be in the range -31 < 
Exp. <31. * ~

DATA OUTPUT FORMAT

The printed output consists of a decimal point followed by seven decimal 
digits of the characteristic and its sign. Following the sign there are two spaces 
followed by the exponent and its sign (if the sign is negative).
e.g. .5O6OOOO- 02 1s -5O.6OOOO. A tab is executed after printing.
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FLOATING POINT CROERS

Thirty-three orders are available. The list of those orders and their 
meaning follows. In the following exposition the term Maccumulator11 refers to 
the two memory cells of the floating point accumulator as defined above.

11. C XXXX. Clear
Place the contents of the accumulator in memory location XXXX and 
set the accumulator to aero.

B- Logical or Transfer Instructions

12. Ü XXXX. Unconditional Transfer
The next instruction to be interpreted is in memory location XXXX. 
This order cannot be used to exit from the floating point interpretive 
system.

A. Arithmetic instructions
Memory location XXXX is the address of one floating point number in 
standard form as defined in Part 2.

1. B XXXX. Bring
The contents of memory location XXXX replace the contents of the 

accumulator.

2. a XXXX.
The contents of the accumulator plus the contents of memory location 
XXXX replace the contents of the accumulator.

3 s XXXX. Subtract
The contents of the accumulator minus the contents of memory location 
XXXX replace the contents of the accumulator.

4. D XXXX. Divide
The contents of the accumulator divided by the contents of memory 
location XXXX replace the contents of the accumulator.

5. P XXXX. Place
The contents of memory location XXXX replace the contents of the 
N register.

6. « XXXX. Reset and Multiply
The contents of the M register multiplied by the contents of memory 
location XXXX replace the contents of the accumulator.

7. N XXXX. Cumulative Multiply
The contents of the L register multiplied by the contents of memory 
location XXXX and added to the contents of the accumulator replace 
the contents of the accumulator.

8. D OOQy. Right Shift
The contents of the accumulator divided by 2? replace the contents 

of the accumulator. The contents of accumulator remain in floating 
point form.
0<y <9

9. M OOOy. Left Shift
The contents of the accumulator multiplied by 2*  replace the contents 

of the accumulator. The contents of accumulator remain in floating 
point form.
0<y<9

10. H XXXX. Hold
Place the contents of the accumulator in memory location XXXX. 11 12
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13. T XXXX. Teat
The next instruction to be interpreted is in memory location XXXX if 
the accumulator is negative. Otherwise the first successive location 
will be interpreted.

14. 800T XXXX. Transfer Control
The next instruction to be interpreted will be in memory location XXXX 
if either the accumulator has a negative characteristic or the trans­
fer control switch is down. Otherwise the first successive location 
will be interpreted.

C. Address Modification Instructions
Location XXXX implies a fixed point address.

15. E XXXX. Enter
The address portion of memory location XXXX replaces the contents of 
the address accumulator.

16. I XXXX. Increment
The address accumulator is incremented by the address XXXX. This 
order can be used to decrement the address accumulator by complementing 
the address portion of the I XXXX order.

17. T XXXX. Store Address
The address portion of the address accumulator replaces the contents 
of the address portion of memory location XXXX.

18. Z XXXX. Zero Test
The address of the "Z" Instruction is subtracted from the contents 
of the address accumulator. If the result is not zero, the first 
successive instruction is interpreted. If the result is zero, the 
first successive Instruction is skipped and the second successive 
instruction is interpreted.

D. Auxiliary Instructions

19. R XXXX. Return Address
The location of this instruction is increased by 2 and 1s stored 
in the address portion of memory location XXXX.

20. Ü 0000. Reverse Registers
The contents of the h register and accumulator are interchanged.

21. B 0000. Set Sign Plus
The sign of the accumulator is made positive if not already so.

22. T 0000. Set Sign Minus
The sign of the accumulator is made negative if not already so.

23. T 0000. Change Sign
The sign of the accumulator is reversed.

24. Z 0000. Stop
Computation is halted unless break point switch No.16 is down. 
Depressing the start button causes the next instruction to be 
interpreted.

25. E 0000. Exit
Exit from the floating point interpretive system. Control is 
returned to the location following the location of the B 0000 
instruction.
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E. Input-Output Inatraction»

26. I 0000. Incut

Control is transferred to a floating point data input subroutine 
which reads decimally punched numbers on tape, converts them to 
floating binary, and stores them. The next instruction is inter­
preted after the proper exit code has been read from tape. See 
Section V, Fart l for ta e format and input details.

27. P 0000. Print
Print the contents of the accumulator. The contents of the accum­
ulator are not destroyed. See Section VI, Part 1 for Output formau

F Function Evaluation Instructions

23. R 0000. Square Root
The square root of the contents of the accumulator replaces the 
contents of the accumulator

29. S 0000. Sine
The sine of the contents of the accumulator replaces the contents 
of the accumulator. The accumulator must be in radian measure.

30» C 0000. Cosine
The cosine of the contents of the accumulator replaces the contents 
of the accumulator. The accumulator must be in radian measure.

31. A 0000. Arctangent
The arctangent of the contents of the accumulator replaces the 
contents of the accumulator. Output is in radian measure.

32. N 0000. Mature1 Logarithm
The natural logarithm of the contents of the accumulator replaces 
the contents of the accumulator.

33. H 0000. Exponential
The quantity e replaces the contents of the accumulator, where 
x is initially the contents of the accumulator.
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APPUDH V

STATISTICAL AHALTSIS CF NIP FLOW RATE RESULTS

A statistical study of the agreement between computed values 

and experimental values of nip flow rate was performed. The magnitude 

of the absolute deviations was observed to be nearly proportional to 

the level of flow rate studied, and for that reason, the analysis was 

performed on the logarithms of the flow rate values. Variance of the 

logarithms was independent of flow rate magnitude.

The nomenclature and methods used in this analysis follow 

M.<ose described by Volk (38). The logarithm of the measured flow rate 

is designated as E and that of the theoretical flow rate as T. The 

r^ymbol 4 represents a value of log flow rate calculated from a regres­

sion equation of the form,

£ ■ a + bT.

Because of the appearance of the results shown in Fig. 20, 

there is reason to suspect that the behavior of the No. 8 varnish and 

the SAIB in the 6-inch roll experiments was different from that of the 

other materials tested. For this reason, the No. 8 varnish and Rira 

results were given special consideration in the statistical treatment, 

and separate analyses were made of the data with and without these ma­

terials.

The first stop in the analysis was to calculate the sums of 

squares of the experimental and theoretical flow rate logarithms for 

various arrangements of the data. To simplify the arithmetic the data 

we* ' "died by adding 5 to each logarithm. Thus the logarithm of 0.1*858  

xio 3 cu-ft/ft-sec, which is actually 1.6861*6-5,  was expressed as 1.6861*6.
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VaJues listed in Table XIV based on these coded values were calculated 

in the following manner*

n - number of data points,

X E ■ total of coded logs of observed flow rates, 

JT - total of coded logs of theoretical flow rates, 

Z E * Ej + Eg + • • • Eq

ZT*  - f + Tg' ♦ ... Tn’

ZET - E1T1 + EgTg + ...%

n

T -ZJ 
n 

2
% *E 8- Z(E-Ê)*  ■ _ te®

n

Z Ta -Z(T-T)' -z/ - (^22 

n

X’eT -Z(E-Ë) (T-T) - JET -
n

b - slope ■ *̂ET/Z*T 8

a - E - bT - intercept of coded logarithms 

ac ■ a-S(l-b) ■ intercept of actual logarithms 

C2 - b£*ET

- Z(e-8)' - z 'e* . %?

r - ZC / I? 

/ g
r “ V r - correlation coefficient

S (6) ■ E /n-2 ■ variance of estimate, residual variance 

associated with "error*.

sA - standard deviation of estimate.
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Table m

Regression Aialysis of Experimental and 
Theoretical Roll lllp Plow Rate Logarithms

Source Four Inch 
Roll

six Ina «ou .... . " tar inch;

Six inch
Io 1 Varnish, 
Intareediati)

ill Runs

No 1 Varnian intemeaiate No 0 Varnlih 
Fluids

SAIB
No 1 Varnish 
Intereeiiate 

fluids

No 1 varnish 
Intonediatea 
No 8 Varnish

"111 Mi 

Tested

n 51 56 61 12 107 168 160 351 606

IE 31*2.79052 87.58531* 111.06670 96.21691 31.83138 198.63006 292.86695 326.67833 561.62056 667.66876

It 31*9.20093 82.93015 113.76028 106.58961 26.13791 196.69063 303.27986 329.61775 565.89136 678.61868

if S21*.I*O571 155.56182 227.55673 223.20636 85.19667 383.11655 606.32289 691.51936 907.52226 1215.92510

if 550.33687 139.65726 237.89368 282.66318 57.06186 377.55076 660.01392 717.07578 927.88761 1267.61265

I ET 536.51*966 11*7.29260 232.17696 250.60817 69.60575 379.66936 630.07751 699.68326 916.01900 1236.23292
i 1.1*01*86 1.71736 1.98296 2.29797 2.65262 1.85636 1.97870 2.02926 1.56251 1.65215

T
1

1.1*3115 1.62608 2.03163 2.59976 2.17816 1.83823 2.06919 2.05886 1.55525 1.67975

Ie* 1*2.8261*5 5.16630 7J5963 u.^l 0.7o007 16.38858 26.86792 32.66925 72.37633 113.16632
%Y 50.5771*9 6.80609 6.79703 5.35863 0.12936 15.98882 38.53668 38.85066 78.89226 127.50366
fE!

1 .
1*5.961*56 6.87151 6.59701 5.66870 0.27196 16.36198 29.97902 31.21573 73.97682 115.0528

io1 

_l\

1*1.77232 6.93782 6.60288 5.99692 0.57176 12.66676 23.32186 25.08136 69.367657 103.81796
K 1.051*13 0.20868 0.95675 0.70179 0.18831 1.52382 3.56608 , 7.58789 3.00867 9.36838

b 0.90879 1.01361 ■ 0.97057 1.05790 2.10252 0.89700 0.77796 0.80368 0.93769 0.90235
a 0.101*27 0.06915 0.01129 -0.65229 -1.9270 0.20765 0.3866 0.37699 0.08617 0.13663

*c -0.3518 0.1372 -0.1359 -0.1628 3.1990 -0.3076 -0.7257 -0.6076 -0.2276 -0.3518
N 0.975 0.959 0.870 0.895 0.75225 0.8961 0.86802 0.7677 0.95863 0.91755
r 0.988 0.980 0.933 0.966 0.867 0.966 0.932 0.876 0.979 0.958

S’(B) 0.001*355 O.OO6O87 0.01772 0.01799 0.01883 0.01651 0.02629 0.06802 0.00862 0.02325
6 (B) 0.0660 0.0639 0.133 0.136 0.137 0.120 0.156 0.219 0.0928 0.152



Precision of Flow Rate Theory

The precision of the theoretical prediction of flow rates is tested 

by calculating the sum of squares, mean square and root mean square de­

viations of the experimental from theoretical values. This was done 

separately for all of the points, the It-inch roll points, and the 6-lnch 

roll points with SAIB and No. 8 varnish runs excluded, and for the b-lnch 

roll points. Results are shown in Table XV.

Table XV 

Deviation of Experimental Flow Rate Logarithms from Theory,

Total Less SAIB No 8 b-inch Roll

J(E-T)a - jEa -.2 Jet +JT8
10.87191 3.37187 1.6b326

J(^T)a/n ■*  variance from theory
0.02691 0.009606 O.OO673b

/. (E-T) /n - Standard deviation 

free theory 0.16b 0.0980 0.0821
f m a

I % - £ (E-T) 102.21M1 69.00bb6 bl.18319

Y- r/
0.9035 0.953b 0.9616

0.951 0.976 0.981

These root mean square deviations correspond to 95$ confidence 

•imits of 1.966 x 0.16b - ♦ 0.322 for the logarithm of flow rate if all 

the fluids are considered, or ♦ 1.967 x 0.0980 - ♦ 0.19277 for the log 

f flow rate if the No. 8 varnish and SAIB on 6-inch rolls are excluded. 

These limits correspond to percentage deviation limits in actual flow 

rates of +110 - 52.M, +56 - 36$, and + b5 - 31$ for total data, 

data without 6-lnch SAIB, and b-inch roll data respectively. The r? 

values are the correlation coefficients of the data with the theory.
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Regreaaion Lines

Bie beet straight line for all the data relating the experimental 

▼atues to the theoretical values of log flow rate is seen from column 

10, Table IIV to be,

& - 0.9021*  T - 0.3518 

or,

8 - 0.U6 0? °«9°2h

^ere Q is the predicted flow rate and Q? is the theoretical flow rate. 

The 95% confidence limits for single values of flow rate estimated from 

this equation are +99 and -1*9.8  percent.

If the Ho. 8 varnish and 6-inch roll SAIB conditions are excluded, 

the best line for the remaining data is given by

Q - 0.592^ 0,9377 

with 95% confidence limits of +52.2 and -3b.3 percent.

The question of whether or not the regression line, 5 - a ♦ b T 

gives a significant improvement over the theory alone (E - T), can be 

resolved by determining if the sums of squares of deviations removed 

regression equation is significant. The criterion used is Snedecor's 

" . The sum of square of deviations associated with the theoretical

line isZ(E-T)^ and the number of degrees of freedom, D.F., is n. The 

ana of squares of deviations from the regression line is £ (E-E)*  at 

(n-2) D.F. The difference is

- Z(E-8)’ with 2 D. F.

Th- t*st  is made by calculating the ratio of the mean square of 

the difference to the mean square of the regression line deviation and
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comparing this ratio to the value of f that would be exceeded by chance 

if there were no real difference between the theoretical and the 

regression line. This test is summarised in Table XVI for all the data 

and for the data with Ho. 8 varnish and large roll $ATR excluded.

Since the F values calculated free the data greatly exceed the 

0.1M probability level F values for the same number of degrees of free- 

doa, the differencea between the theoretical line and the best regression 

linos through the data are, statistically, highly significant.

Mot only are the positions of the best lines different from that 

of the theoretical line, but the slopes are also significantly differ­

ent as is shoe by a t test. In this test, 

b is the slope of the regression line, 

B is a slope under test, B ■ l 

8(b) is standard deviation of slope of regression 

line.

3(b) - S*  E

r*T ’

For all the data points

5<b> ‘ 8730^- - 1.350 x W-,

b . 0.902b , 

t - 7.23 , DF - l»02 .

For the case of the data without the No. 8 varnish and 6-inch SUB 

points, à(b) 1*  I'ObS x 10"*  and t is 5.96. Since the 99.9% confidence 

levels of t for h02 and 31*9  D.F. are approximately 3.315 and 3.319 re- 

(iil) 
spectively ' ', there is less than one chance in a thousand that the



Table XVI

F Teat for Significance of Improvement Given by Regression Line

Totaï Tala " " '

Sum of Squares Mean Square

Theoretical Line 10.87191 1*01* 0.02691

Regression Line 9.3U838 1*02 0.02325

Difference 1.52353 2 0.7618

Excluding 6-in SAIB and Mo 8

Sum of Squares " ■"Tÿ--- Mean Square

Theoretical Line 3.37187 351 0.009606

Regression Line 3.00867 31*9 0.008620

Difference 0.36320 2 0.1816

F total D.t> ■ %%
- 32.77

(1*0)

At 2,1*02^  .001 - 7.02

■ ■21.07 At 2,31*9, F .001 - 7.01*
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diffrences Between both regression line elopes and unity are not real. 

Although, within the range of experimentation tested, the theoretical 

line falls well within the 95% confidence limits of single values of 

â estimated from the regression line, the 95% confidence limits of the 

slope of the regression lines do not include unity, the theoretical value.

High Viscosity Fluid Results. An inspection of the results plotted 

in Fig. 20 shows immediately that the results obtained with SAIB on the 

6-inch diameter roll deviate to a considerable extent from the predicitions 

of the flow theory. The results obtained with Io. 8 varnish also appear 

to deviate from the theory to a greater extent and in a different man­

ner than do most of the fluids tested. A "t" test was employed to de­

termine if the deviation of the slope of the experimental versus theoreti­

cal log flow rate curve for Io. 8 varnish from that of the other material 

was actually significant. For this test, t is calculated from the ex­

pression, 

t ■ bx • bg 

S(b) pooled

idiere bx and ba are the slopes of the two lines, and 5(b) pooled is 

the pooled estimate of the standard deviation of the slope.

/( I-?) S’^) ♦ ( n, -2) a»(£,)y % , i \

S ,b,pooled " ' ( ni-2) ♦ ( %-2) A JT/ l'f/ /

Taking values from Table XIV for the Io. 8 varnish regression line 

(subscript 1) and the regression line for points other than Io. 8 var­

nish and SAIB (subscript 2), the following results were calculated.
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8(b) pooled - h.36 x 10"' 

and t - 1.0579 - 0.93769 

U.36 x 10-2

t - 2.76 , IF - 388

Thie relue of t exceeds 2.596, the relue of t .01 at 388DF, and the 

difference is significant between the slope obtained with Mo. 8 rarnieh 

and that obtained with the other test materials. A similar test applied 

to the 6-inch roll SAIB data gives 0.263 for the estimated standard 

deviation of the pooled slope and a t of L.&3 which represents a highly 

significant difference in slopes.

To test whether the slope of the Mo. 8 varnish data considered 

separately is significantly different from the theoretical line, a t 

test is performed on it.

For No. 8 varnish, 8^ - ^1799 , Q^9 ,

t - 11257? - 1.0000 . 1 ooo

0.0579 

D.F. - 39

Free the table of t values, there is about a 30 percent probabil­

ity that this test value of t would be exceeded by chance, and conse­

quently the difference between the slope of the No. 8 varnish data and 

the theoretical slope of 1 cannot be declared significant.

The position of the line is significantly different from that pre­

dicted by theory as shown by a t test on the mean value of E for Mo. 

8 varnish.

For No. 8 varnish, 8(f) - . 0.0209

Th® test is between the theoretical value of E and the experimental 

value.
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t - 2.59971 - Z2 9797 . 

0.0209

D.F. - 39

t 0.001 at 39 D. F. . 3.6

The difference of the mean of the No. 8 varnish data from the theo­

retical value is therefore highly significant.

The t test for the difference between unity and the slope of the 

6-inch roll SiIB data gives*

8(b) - 0.382,

t - 2.886

D.F. - 10

The difference is significant at the 98% probability level since 

^0.02*  10 D.F. is 2.76b.

The difference between the theoretical and experimental sath mean 

is also significant.

No. 1 Varnish. The runs with No. 1 varnish constitute the lowest 

viscosity conditions tested. To evaluate the significance of ary diff- 

srence between the behavior of this material and the remaining fluids, 

the slope of the 6-inch roll - No. 1 varnish runs was compared with 

that of the 6-inch roll data with intermediate viscosity fluids, that 

s, all fluids except No. 1 and No. 8 varnish and SAIB. The slopes 

and means of both sets of data were compared with the theoretical values. 

The results are summarized below.

Difference in Slopes, No. 1 Vamish and other Materials.

Slope No. 1 varnish 1.01361
Slope Other materials 0.97057
Pooled S(b) 0.0632

t ' 1 0.681

D.F. 103
The difference is not significant.
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Difference in Slope Between Mo. 1 Vamiah and 1.000

Slope No. 1 varnish 1.01361

s(b) 0.0292

t 0.U661

IF k9

The difference is rot significant.

Diff sconce j.n Slope Between Intermediate

Fluid Data and 1.000

Slope 0.97057

5(b) 0.0511

t 0.576

IF Sir

The difference is Lot significant.

Difference in Mean between No. 1 

Varnish and Theory,

Ê 1.71736

T 1.62608

8(E) 0.00895

* 10.99 i

DF 49

t'001,^9 3.1*68

The difference in means is highly significant.
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Difference in Mean between Intermediate 

Fluids and Theory

E 1.98294

T 2.03143

SÊ 0.0178

t 2.724

DF 54

t.Ol,^ 2.67

The difference between experimental and 

theoretical means is significant.

Since no significant differences were found between unity and the 

beet slopes of the individual lines through the No. 1, No. 8, and in­

termediate fluid data sets, it was suspected that the data for these 

sets could be represented satisfactorily by lines with equal slopes. 

An analysis of variance on the slopes of these lines strongly supported 

^tis conclusion. Table XVII contains the sums of squares of the factors 

used in this test.

With the exception of sums of squares of means and difference, 

these values are taken from Table XIV. Sums of squares of means, 

- Ë , X T3, and %'ET, were calculated as follows.

2JÊ3 - (XE1) + (ZEs)*  + (SEa)*  (TE)' 

ni ^2 n3 ” n

where subscript 1 refers to No. 1 varnish data, subscript 2 to No. 8 

varnish data, subscript 3 to intermediate fluid data, and no subscript 

to total of the three data sets. For example, is given by,
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Table ITU

Sma of Square# for Comparlaon of 6-lnch Roll Correlation# 

on Mo,l Tarniah, No, 8 Tarniah, and Intermediate Fluid#.

Source X'b’ I? ^ET / 2 
T c aV b

Total 26.86792 38.5361*8 29.97902 23.32181* 3.51*608 0.77791*

H ana 7.66360 21.57511 12.81*1.96 7.61*380 0.0198 Q-595

Difference 19.2OU32 16.96137 17.13706 17.311*57 1.88975 1.01036

MO 1 5.11*630 1*.  80609 1*.  87151 1*.  93782 0.2081*8 1.0136

mo 8 6.69871 5.3581*3 5.66870 5.99692 0.70179 1.0579

'there 7.35963 6.79703 6.59701 6.1*0288 0-95675 0.9706

. '«a 19.201*61* 16.96155 17.13722 17.33762 1.86702
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y'ga . (9&.21691)'. (lU.0kk70)a (292.81*69$) ^

51 H —55---- -------

The suas of squares for means are the respective values for the 

best straight line drawn through the means of each set of data weighted 

according to the number of points which make up the set. The sum of 

squares of difference row is calculated by subtracting each sum of squares 

of means from the corresponding total sm of squares, . for X’^w * 

Z ^w * md The sum of squares removed by correlation, *̂0%,

is calculated from,

I 3 g j

Z v 'ET„) / X ^w, and residual sum of squares 

is equal to

In Table XVII, the values of £ represent the residual sum 

of squares of deviations. The minimum value, 1.86702 from the sum of 

sums row is obtained when the best separate lines are drawn through 

the separate sets of data and is taken as the "error" sue of squares. 

The residual sum of squares from the "difference*  row, 1.88975, is ob­

tained when separate lines with equal slope are drawn through the two 

sets of data. The residual from the "total" row, 3.511608 is associated 

with the best single line through all of the data. The significance 

of the difference between these correlations is evaluated by the F test 

as shown in Table XVIII. The between slopes mean square is an estimate 

of the reduction in residual variance obtained by using individual slopes 

for each set of data rather than equal pooled slopes. The ratio of 

this mean square to the "error" mean square is calculated for the F 

test.
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Table XVIH

Analysis of Variance for Comparison of 6-Inch Roll Correlations 

of No. 1 Varnish, No, 8 Varnish, and Batsmodiate Fluids

Variance Ratio ■ 11365/1311*8 - 0.861*

Source Sum of Squares DJ. Mean Square

Means Correlation 0.0198 1 0.0198
Difference 1.63653 1 1.63653
Between Slopes 0.02273 2 0.011365
Error 1.86702 U2 0.01311*8

Total 3.51*608 11*6

Th*  difference between the correlation obtained by separate 

lines with individual slopes, through the No. 1 varnish, No. B varnish, 

and intermediate fluids data and that obtained by using separate lines 

with equal pooled slopes is not significant since the between slopes 

variance estimate is actually less than the error variance estimate.

The value of the pooled slope is 1.0101*,  and the standard devia­

tion of this slope is 0.0277 at 11*5  D.F. A t test for the significance 

of the deviation of this pooled slope from 1.000 shows that there is 

no significant difference from the theoretical slope.

Four and Six Inch Roll Results. To answer the question of whether 

or not separate lines drawn through the l*-lnch  roll data and 6-inch 

roll data would provide significantly better correlation than a single 

Une through both sets of data, an analysis of variance of the correla­

tions of these two sets of data was performed. The sums of squares, 

X*®  » % T , % *BT,  % *C*  and are listed for the l*-inch  data, 

the 6-inch data, the total data, the means of the data, and difference 
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between total and mean in Table XU. SAIB points and No. 8 varnish 

points were excluded free the six inch roll set because of the evidence 

that the SAIB behavior was different from that of the other fluids, 

and because there were no No. 8 varnish data for the 4-inch roll.

The analysis of variance outlined in Table XX provides the test 

of whether or not use of individual slopes for the 6-inch and 4-inch 

roll data gives a significantly better correlation than two lines with 

equal pooled slopes. The between slopes mean square is less than the 

"error" mean square, and the difference between the slopes of the best 

individual lines through the 4-inch and 6-inch roll data is insignifi­

cant. On the other hand, a highly significant improvement in correla­

tion is obtained by using separate lines with equal pooled slopes rather 

than a single line through all the data. Thia is shown by the ratio 

of the mean square for difference between single line and pooled slope 

to the mean square for pooled slope correlation. This ratio, 429/7.4 - 

58, greatly exceeds 11, the value for F at the 0.001 significance level 

with 1 and 348 D. F.

Relationship of Experimental Error to Variance from Correlation 

Lines. The variance associated with the experimental measurement of 

log flow rate was estimated from sets of duplicate experiments in Table 

VI ond was found to be approximately 7.4 x 10*  4 • This variance was 

exceeded to a significant amount ty the residual variance from all of 

the correlations. For example, the residual variance from the best 

correlation line through the 4-inch roll data was 43.6 x 10”4, and the 

ratio, 43.6/7.4, gives 5.9 compared with 1.4, the F 0.0001 value asso­

ciated with 242 and 227 degrees of freedom. Therefore the unaccounted
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Tabla Ig

Sau of Squaree for Ccwpariaon of 4-Inch

Roll and 6-Inch Roll Correlations

Source z 'b* s'/
i

X ET x'ca S'Y b

Total 72.37633 78.89224 73.97682 69.36766 3.00867 0.9377

Meena 1$. 16130 12.32592 13.67030 15.16130 0.00000 1.1091

Difference 57.21503 66.56632 60.30652 54.63538 2.57965 0.9060

4-in 42.8261*5 50.57749 45.96454 41.77232 1.05413 0.9088

6-in 14.38858 15.98882 14.34198 12.86476 1.52382 0.897

Sue 57.21503 66.56631 60.30652 54.63708 2.57795
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Table H

Analysis of Variance for Ccwparigon of 

U- meh Roll and 6-Inch Roll Correlations

Source Sm of Squares IF Mean Square

Means Correlation 0.0000 0 — —

Difference 0.42902 1 0.42902

Between Slopes 0.00170 1 0.00170

Error 2.57795 M 0.0074

Total 3.00867 349

With Pooled Slope

Means 0.0000 0 • *

Difference 0.42902 1 0.42902

Error 2.57965 348 0.00741

Total 3.00867 349
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for deviation free the linear correlations is greater than can be ex­

plained on the basis of the random experimental error.
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. APPENDIX VH!

VITA

James Howard Taylor, Jr. was born on October 9, 1928, in Winchester, 

Virginia, the son of James H. and Margaret F. Taylor. He attended public 

schools in Winchester, graduating from John Handley High in 1946. In 

that year, he entered Virginia Polytechnic Institute, from which he 

graduated with honors in June, 1950, with a Bachelor of Science degree 

in Chemical Engineering.

Mr. Taylor entered Lehigh University for graduate work in 1950, 

and received a Master of Science degree in Chemical Engineering from 

Lehigh in June, 1952. The title of his Masters degree thesis was, "An 

Investigation of the Variables Affecting Power Consumption and Production 

Rate of a Three-Roll Printing Ink Mill". He entered the U. S. Air 

Force as a 2nd Lt. in the spring of 1952, and was honorably discharged 

in 1954, having attained the rank of 1st Lt. During his military ser­

vice, Lt. Taylor was attached to the Engineering Agency of the Army 

Chemical Corps, at Army Chemical Center, Edgewood, Maryland.

In 1954, Mr. Taylor was employed by the Poly chemicals Department 

of E. I. duPont de Nemours, Inc. and worked in polymer process develop­

ment at the Experimental Station in Wilmington, Delaware. In November, 

1954, he returned to Lehigh University as Supervisor of Dispersion Research 

in the Lehigh Institute of Research project sponsored by the National 

Printing Ink Research Institute.

Mr. Taylor was co-author of the following publications : 

"Correlation of Floating-Roll Mill Variables"» I and E Chern, 

47, 696, April, 1955.
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(with K. C. Zettleiflgrer end Louie Meus, Jr.)

■Beat Transfer from A Rotating Disk in Turbulent Flow":

MM Mper Bo 56-Â-lh6f 1956. (with Frank Kreith).

"Froduotion Rate in Three-Roll Mills"t Faint Manufacture, 

27 Io 8, p299, Xngust, 1957. (with A. C. Zettlmoyer).

■Boat and Maae Transfer From A Rotating Diak*t  Repeint 20, 

AZGHM*A8ME  Beat Transfer Conference, August, 1958. TTane. AMR, 

J. Heat Transfer, 81b, No. 2, p. 95, 1959(uith F. Kreith, J. Chong).

“Hypothesis on the Moohaniam of Ink Splitting During Mating*  t 

nm, Io 12, p7^9, December, 1958. (with A. C. Zettlemcyer).

"Beat Transfer in Flow Through Rotating Dusts*  Accepted for 

1999 AIODtMMl Beat Transfer Conference. (with C. T. Bao, 

H. T. Ida, F. Kreith).

b November, 1953, Mr. Tgylor married Eleanor J. Pope. He is the 

father of three children, Jamea H, IH, Robert E., and Lisaboth A. T^lor.


