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ABSTRACT

This dissertation presents the results of a theoretical and
experimental study of the inelastic load-deformation behavior of struc-

tural steel beams subjected to uniform moment.

An upper bound solution for the critical buckling length of
simply supported wide-flange beams subjected to full plastic moment
@

cr ™ 40ryy) is obtained. The theoretical solutions are substantiat-

ed'by experiments on simply supported beams with idealized supports.

From the results of these experiments it is concluded that a
beam can develop satisfactory plastic hinge rotations in the post-
buckling range provided the slenderness ratio is not more than 40.
These tests show also, that the usefulness of the plastic strength of
such beams is controlled by the local instability of the compression
flange, and that the rotation capacity does not depend upon the occur-

rence of lateral buckling.

Further experiments on beams supported by bracing members of
practical proportions are performed. These beam-purlin tests indicate
that the flexible bracing members are fully as adequate as rigid la-
teral braces to insure the development of a plastic hinge provided

that their lateral stiffness is above a certain critical value.

A theory considering the interaction of deformation variables
is developed for obtaining the post-buckling behavior of beams govern-
ed by lateral-torsional instability. The theory also accounts for

initial imperfection of loading and member geometry (biaxial bending).



I. INTRODUCTION

1.1 THE DEFINITION OF LATERAL-TORSIONAL INSTABILITY AND ITS
S s RSN LT ORS IUNAL INSIABILITY AND ITS
IMPORTANCE IN STRUCTURAL DESIGN

-

The phenomenon of lateral buckling is illustrated Qy the
behavior of the single-spén wide-flange beam shown in Fig. 1.la.
This beam is subjected to two equal end moments Myxx which are
applied about the strong axis, and the beam is assumed to be
free from any initial deformations; If the moments are increased
from zero to their maximum value, the schematic moment versus
deformation behavior of the beam will be as shown in Fig. 1.1b.
This curve represents the relationship between Mxyx and the deflec-
tion v of the beam in the direction of the applied moments. It
would be expecied that the M-v behavior would follow the dashed
curve, and that the value of the maximum moment would approach the
full plastic moment Mp as an asymptote. However, this M-v equili-
brium relationship will bifurcate at a certain critical moment
value which is less thanvMp; at this point of bifurcation lateral
deflection associated with twist will take place in addition to
the vertical flexural deformation of the beam cross sections.
After some lateral-torsional deformations have taken place, the
moment is reduced and the beam is considered to have failed by
lateral-torsional buckling (or simply lateral buckling).

-2
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Lateral buckling has been under investigation for the past
60 years (pertinent references summarizing this work will be given
in appropriate sections of this dissertation). However, certain
problems related to lateral buckling in the inelastic range need

further study and clarification. More specifically,it is desirable .

to obtain an answer to the following two questions:

(a) At what spacing must lateral supports be placed so
that failure by lateral buckling of the member is
postponed until the desired strength and rotation

of the member can be achieved?

(b) How should lateral supports be designed so that
they provide adequate strength and stiffness in
order to permit the braced member to reach its

desired carrying capacity?

In this dissertation these and several related problems
will be studied in order to determine the scope and the applica-
bility of recently developed methods in plastic design of metal
structures, and to provide new information useful to the research

worker and to the structural designer.

1.2 PROBLEMS ASSOCIATED WITH THE LATERAL-TORSIONAL INSTABILITY OF
BEAMS '

The various problems connected with the inelastic lateral

instability of beams may be classified in the following categories:
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(A) Determination of the buckling strength (Initial motion solution).

(a) Lower bound buckling solutionm.

(b) Upper bound buckling solution.

(B) Determination of the ultimate strength.
(a) Post-buckling solution.
(b) Biaxial bending solution.

(c) Initial imperfection solution.

(C) Bracing requirements.
(a) Stiffness requirement.

.(b) Strength requirement.

The various problems contained in categories A and B can be
explained with the aid of Figs. 1.1 and 1.2. 1In Fig. l.la is
shown a simply supported beam which is subjected to end moments
| applied about the strong axis. As these moments increase,
but before the critical buckling moment (Mxx)cr* has been reached,
the beam sections remain symmetrical with respect to the plane of
bending. At this stage, the only deformation of the beam is in
the direction of the applied moments (denoted by v). The L
curve is shown in Fig. l.lb. At point A, yielding of the member
starts at some portions of the cross section. (It will be assumed
here that lateral buckling does not start in the elastic range.)
Further increase of moment will cause a nonlinear relationship
between M, . and v (see Fig. 1.1b). This, however, does not mean

*The critical moment is defined here as the point of bifurcation
of the equilibrium.
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that the beam is useless. In fact, the beam may continue to carry
a considerable amount of additional moment after first yield. The
moment carrying capacity of the beam is limited only by its full
plastic moment My, or if latgral buckling (or local buckling) sets

in first, by the maximum lateral buckling (or local buckling)

moment (Mxx)max .

At the critical buckling moment the beam will begin to
deflect laterally (u) and at the same time twist (B). When this
moment is exceeded, deformations u.énd B will increase. The
schematic relationship between the applied moment and these deforma-
tions is shown in Fig. l.lc. In this figure po;nt A represents
initiation of yielding of the material. Point B corresponds to
the point of the bifurcation of the equilibrium, (The beam
buckles at point B.) The moment value corresponding to point D
in Fig. l.lc is the maximum carrying capacity of the beam. After
this point the moment will decrease as deformations further

increase (point E) and the beam is considered to have failed.

The moment-deformation phenomenon represented by curve
BDE corresponds to the post-buckling behavior of the beam. It
is important to determine this curve not only for the purpose of
obtaining the true maximum strength, but also for the purpose of

finding the rotation capaity of the member.

The curves in Fig. 1.1 represent the behavior of an ideally
straight member, Generally a beam is not free of imperfections,

and the load is not applied precisely in the plane of one axis
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alone. These imperfections in beam geometry and loading lead to
the problem of moments applied about both of the principal axes of

the cross section.

The phenomena of biaxial bending and initial imperfections
are very similar to the earlier mentioned post-buckling problem of
a beam failing by lateral instability. 1In Fig. 1.2a is shown a
single span wide-flange beam subjected to end couples in two direc-
tions. In this case the moment-deformation relationships are
different from those that result when the beam is bent by couples
in one direction only, since the lateral-torsional deformation
components u and B occur as soon as the moments are applied. The
moment-deformation curves are plotted in Fig. 1.2b. When a beam
is subjected to bending in one direction only but has initial
deformations, the moment-deformation curves are similar to that

given in Fig. 1.2b.

The various problems described above will be defined more
specifically.* Those included in category A (See page . .4.) are
initial motion or buckling problems. Solutions will result in
relationships between the critical buckling load and the un-
supported length only. As with the buckling phenomena of an
axially loaded columnsl) the two different concepts of tangent

modulus and reduced modulus can be used to obtain lower bound and

upper bound solutions. The lower bound solution is obtained by

*In this dissertation only the problems of inelastic instability
will be considered.
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considering no unloading in fiber stress, whereas the upper bound
solution includes the unloading effect for calculating the effec-

tive rigidities of elastic-plastic cross sections. (See Chapter I

of Ref. 1.)

Problems related to the category of ultimate strength
solutions are basically different. (Category B on page 4). To
solve such a problem a particular length'of the member will be given
;E;Esg. Sufficient repetitions on this process for various lengths
will then give %he final solution for the maximum load versus
length relationship. Problems of such nature are termed "ultimate
strength solutions' throughout this dissertation. It will be noted
that this solution is handicapped by the interaction of the three-
deformation components: u, v and B; furthermore, in a three-
dimensional deformed equilibrium state the yielded configuration
in the cross section is unsymmetrical and the combined flexural
and torsional fesistance of such sections had not been determined
as yet. To attempt a solution for any of these ultimate strength
problems it is necessary to use a step-by-step trial procedure.
Problems in this category are usually referred to as instability
problems without Hifurcation. This implies that on any load-
deformation curve at ultimate load is the point of instability
(that is, the point of indifferent equilibrium). However, as
mentioned earlier, buckling problems also possess equilibrium in
the load-deformation behavior in the post-buckling range. (See

Fig. l.1lc.) Therefore in this dissertation the term "instability"
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is used for both buckling and ultimate strength problems. In more
specific cases the terms "buckling solution" or the '"ultimate

strength solution' will be used appropriately.

All the previously described instability problems can be
explained by typical moment versus length curves as shown in Fig.
1.3. In this figure, failure by lateral instability is considered
in three different ranges. For large slenderness ratios buckling
takes place when the material is in the elastic range.* This
range is represented by the curve PQ. Point Q is the proportional
limit. In the elastic-plastic range QR three curves are shown.
The lower curve B is obtained on the basis of the tangent modulus

(3) (point B in Fig. 1.1b),

concept and is the lower bound solutiop
and the upper curve C‘represents the upper bound or the reduced
‘modulus buckling 1oad,(4) Curve D in Fig. 1.3 is the ultimate

strength curve, which can be either a post-buckling solution, or

a biaxial bending solution, or an initial imperfection solution

depending on the degree of precision in the solution.

For small slenderness ratios lateral instability may occur
in the strain-hardening range, where the curves B, C and D denote
the same types of solutions as they do in the elastic-plastic

range. Of special interest are the points Rp, R, and Rp. These

- En emm mmr S ot mw TN ey mmm gm— g e e e e E— - -

*The problems of elastic buckling have been largely solved A
summary of solutions is given in Ref. 2.



points signify respectively the critical unsupported lengths
determined by the different methods at the full plastic moment.
In Ref. 5 a solution for the determination of point RB is pre-
sented which represents a lower bound of the slenderness ratio
for beams subjected to plastic moment. One further remark may
be made about the curves RS in Fig. 1.3: Curve RBS (the lower
bound buckling curve) and RS (the upper bound buckling curve)
do not have as much significance as they do in the elastic-plastic
range. For failure in the strain-hardening range a member must
be very short; if the member is so porportioned that local buck-
ling cannot occur, the maximum load carrying capacity of the
member would be considerably higher than the lower bound lateral
buckling load but much less than the upper bound value. (See
Fig. 1.3) Thus in the strain-hardening range the maximum

strength curve D is the only one of practical importance.

1.3 THE EQUATIONS OF EQUILIBRIUM

In establishing the equilibrium equations, the deforma-
tions of the member are referred to two sets of coordinatg axes
(x,y,2) and (73, "> $) as shown in Fig. l.la or Fig. l.2a. The
(x,y.,2) systém applies prior to and the (¥ s M g)system after,
the occurrence of lateral deformations of the beam cross sections.’

The § - and 1 - axes are chosen to correspond to the principal
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axes at the shear center of any section S-S with lateral-torsional
deformations. The % axis is in the direction of the tangent to

the center line at this section. TFor a member of thin-walled open
cross section subjected to bending moments in the strong direction

only, the equilibrium equation can be written in the following form

(Refs. 6, 7 and 8).

_— Bxx——jz:z = M XX (a)
_pg du  _ _mo (1.1)
By 3z M B (b)

3
oAbt g d

where Mxx Applied moment about the strong axis

Byy = Flexural rigidity in the strong direction

Byy = Flexural rigidity in the lateral direction
Cw = Warping torsional rigidity

Cr = St. Venant's torsional rigidity

It is seen that the deflection in the vertical direction
is independent of the other two deformations, whereas the deflec-
tions u and B are dependent on each other. Equafions 1.ib and
l.lc are the governing equations for lateral-torsional buckling
of beams subjected to equal terminal moments M .- For any given

set of boundary conditions Eq. 1.1 will yield the critical moment
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and the critical length as the eigenvalue of the differential

equationssg) For simply supported ends (as shown in Fig. l.la)

the buckling solution is given by(l)

_ T T Cw
(M), TCTB\11 {1 E CT} (1.2)

where (M’xx)cr is the critical buckling moment and L is the un-

supported length. Because of the nature of the method of approach,

the deformation components are indeterminate.

Equation 1.2 may be written in terms of the critical buck-

ling length as given in Ref. 5,

_ T _ Cw]z
I_cr Mxx C-r Buﬁ [l L:r Cs (1.3)

when St. Venant's torsion is governing (long critical lengths) ,or
L
4

L - T __Eii_gﬁl_ \ + ,‘ c
cr M 2 1T7. L (1.4)
%% \-u Cw

when warping torsion is governing (short beams).
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The equilibrium equations for beams subjected to inclined
end couples as shown in Fig. 1.2a (that is, moments about both

principal axes) can be written in the following form: (Refs. 10

and 11.)
—Bx; j:; b —MXV-'_M!.'O]F (a)
d\ _
- ByTn = ~Mup- My (b) (L.5)

dr
- Cw —E Cr'ﬁ' ='M**T+M‘wdz )

where the nomenclature is the same as for Eq. 1.1l.

Equation 1.5 cannot yield eigenvalue solutions because of
the nature of these differential equations. Instead, this type
of solution involves the relationship between the applied moment,
the unsupported length and the deformation cbmponents. For any
given length of the beam, the moment versus deformation relation-
ships are uniquely defined. This is similar to the problem of
beam-columns. By contrast, Eqs. 1.1 represent a bifurcation
problem. Detailed presentation of these two types of solutions

will be treated in the subsequent chapters in this dissertation.



-13

1.4 THE PROBLEM OF LATERAL BRACING

Thus far only the buckling problems and the ultimate strength
problems have been discussed. Solutions to these problems will pro-
vide sufficient informatioﬁ to structural engineers in answering
the question of lateral bracing spacing. As described in Art. 1.1
the problem of the stiffness and strength of the lateral bracing is

of equal importance (Category C on page 4).

The equilibrium equations for solving such a problem are
similar to Eqs. 1.5. However, the formuilation of the required
boundary conditions is extremely comblicated. A rigorous analysis
of such problems should(vvéonéiéég . at least the following major

factors:

(a) Beam size, length and loading.

(b) Bracing size, léngth and loading.

(c) Beam deformations.

(d) Position and method of bracing attachment.

(e) Design praocedure requirements (rotation requirements

of beams).

A limited number of investigations have considered a few
of these factorsglz)(IB)(IA) It was concluded that in conven-
tional desfén the lateral bracing forces are small and the problem

of lateral bracing in structural design is not critical. This
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conclusion, however, may not be valid for plastic design, since
the deformations which must be sustained by the beam at failure
are considerably larger. No theoretical solution has yet been

found; thus an experimental approach followed.

1.5 THE REQUIREMENTS OF PLASTIC ANALYSIS AND DESIGN*

One basic assumption made in plastic design is that at
certain sections of a structure, plastic hinges can occur. These
hinges rotate through finite angles until the structure becomes
a failure mechanism. The required rotation capacity of a given
plastic hinge depends upon its location in the structure and on
the loadingsl7) To achieve these large inelastic rotations it
is necessary to impose more severe design restrictions with
respect to lateral ingtability. As can be seen from Fig. 1.3,
the requirement of plastic design concerning the lateral-torsional

strength of a member covers all the QRS curves.

Three solutions are available for bracing spacing design

(3)

in the inelastic range: They are the lower bound curve B s

(4)

the upper bound curve C » and the lower bound slenderness ratio

— D s EE ey v e e —— s e o E— —— w— — ——

analysis of plastic design are given. Theoretical and experi-
mental results of investigations for the design of continuous
frame structures are also presented together with an up-to-date
(1958) design guide. A compact presentation of the entire sub-
Ject of plastic design is also given in Ref. 16.
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RB(IS). For a complete understanding of the problem there is a
need to investigate the upper bound slenderness ratio (point RC)

for members subjected to the plastic hinge moment and the ultimate
strength (or post-buckling strength curve D). From this study,

not only the true maximum carrying capacity, but also the deforma-
tion behavior of a member may be obtained. Furthermore, the require-
ments of the stiffness and strength of the bracing members need

also be determined.

1.6 PURPOSES OF THIS INVESTIGATION

The purposes of this investigation are:

(a) To study theoretica11y>the lateral buckling strength of
beams under plastic moment. More specifically, to ob-
tain the upper bound for the critical spacing length
for ;idé-fla;ée beams. It is desired to compare this
solution with an existing lower bound solution and
thereby to verify the current plastic design spacing
rule(ls) which was deduced ffom the lower bound results

onlyglg)

(b) To observe experimentally the inelastic lateral-torsional
buckling behavior of beams. In particular, the lateral
restraint from adjacent spans, the post-buckling strength

of the beam, and the plastic hinge rotation capacities



(c)

(d)

-16

will be examined.
To investigate experimentally the lateral bracing
requirements for plastically designed beams in the

region of plastic hinges.

To study, both theoretically and experimentally, the
ultimate lateral-torsional strength (post-buckling
strength) of beams subjected to equal end moments

about the two principal axes (biaxial bending).



2. INELASTTIC LATERAL-TORSIONATL

BUCKLING

A number of inelastic lateral buckling solutions of wide-
flange beams are available (Refs. 3,4 and 5). However, as pointed
out in the previous chapter, there is still need for information
about the upper bound critical slenderness ratio for beams buck-
ling under full plastic moment. 1In this chapter the factors
affecting inelastic buckling strength will be discussed, existing
solutions will be summarized, and an upper bound solution for
buckling under full plastic moment will be presented. The dis-

cussions will be limited to A7 structural steel wide-flange beams.

2.1 FACTORS AFFECTING BUCKLING STRENGTH IN THE INELASTIC RANGE

Inelastic lateral buckling can be shown to be dependent on
the stress-strain relationship of the material, the cross sec-
tional shape, the residual stresses, and the variations of the
stiffnesses due to yielding of the material. 1In the following,

each of these parameters will be briefly discussed.

2.1.1 The Stress-Strain Relationship

In Fig. 2.1 is shown a typical stress-strain curve for

structural steel from a tension coupon test. This diagram can

-17
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be conveniently idealized as shown in Fig. 2.2. Three important

assumptions are made in this idealization,

(a) Stress and strain are proportional in the elastic
range and at the beginning of the strain-hardening
range. Stress remains constant at O = 0"y in the

plastic range.

(b) The start of yielding and the start of strain-harden-
ing are distinct discontinuities in the stress-strain

diagram.

(c) The stress-strain behavior under tension is identical

to that of the materiql under compression.

The following average material constants will be used in

1
the subsequent calculationsszo)(2 )

Oy = 33,000 psi
E = 30 x 106 psi
E;p =0.9 x 10% psi
6 =11.5 x 10° psi
Gt = 2.4 x 108 psi
€g¢ =12€y

2.1.2 Cross-Sectional Shape

The nominal dimensions of wide-flange shapes given in the
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AISC Steel Handbook(zz) are used in the calculations. Fillets

and the taper of the flanges are neglected for convenience.

2.1.3 The Residual Stresses

Residual strésses in rolled or built-up structural shapes
and their influence on the carrying capacity of compression
members have been extensively studied in recent years (Refs. 23,
24, 25, 26 and 27). Residual stresses are due to one or a com-

bination of the following factors:

(a) Differential cooling rate of each individual element

of the cross section of a member after rolling.
(b) Differential heating and cooling due to welding.
(c) Cold working.

The magnitude and distribution of residual stresses depend

on the following factors:

(a) Metallurgical composition of the steelgza)

(b) Condition and method of fabricationS24)

(20)

(c) Dimensions of the cross section.

Figure 2.3 shows a typical residual stress distribution

pattern in a rolled wide-flange shape. Combining Figs. 2.2 and
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2.3 the average stress-strain curve (considering the cross section

as a whole) would be in a shape as indicated in Fig. 2.4.

2.1.4 Variations of Stiffness Parameters due to Yielding

Equilibrium considerations demand that the externally applied
loads are resisted by the internal resistance of the member. The

following stiffnesses resist the various external loads:

Bxx

strong axis bending stiffness

Byy weak axis bending stiffness

St. Venant's torsional stiffness

Crp

C, = Warping stiffness

In the elaqgic range these terms are constant; however, in the
inelastic range they will vary because certain portions of the
cro;; sections are yielded. It will be assumed that the yielded
portions of a cross section do not contribute to any of the above
mentioned stiffness parameters. This is essentially the assump-
tion made in many investigations, for the determinétion of the
effective modulus (Refs. 3, 4, 23, 24, 26, 27 and 28). Based on
the assumption that (Egff) I =E (Ioff), the problem is to obtain
the effective constants of the cross sections, For bending and

axial compression, this assumption is precisely trueg23)(24)(27)(29)

The bending rigidity B,, is equal to EIxx in the elastic
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range. In the elastic-plastic range it is equal to the slope of
the moment-curvature curve. A description of the construction

of moment-curvature relationships for wide-flange sections is

- given in Ref. 30. Typical examples of such curves are shown in
Fig. 2.5. The two curves in this figure represent bending about
the strong and the weak axis respectively. These curves were
computed for O}C = 003(Ty, and they can be used for any rolled
wide-flange shape§30) Since the slope of the M-@ curves decreases
as loading increases (that is, ylelding increases), the bending
rigidity of a partially yielded cross section reduces as yielding
increases. The reductions for both Box and Byy vary accordiﬂg

to the change of slopes of the M-@ curves in Fig. 2.5.

It has been shown(3l)

that St. Venant's torsional resistance
Cp remains at its elastic value GKT (where G is the shear modulus
and Ky is the St. Venant's torsional conmstant) prior to buckling
for an initially perfect member regardless of the extent of
yielding in the cross section. In Ref. 31 this has been shown
theoretically and experimentally for circular and rectangular-
members. This theory is also shown to be applicable for wide-
flange shapes in Ref. 4 and is further substantiated in Ref. 3.
It has been demonstrated that the influence of St. Venant's tor-
sion on the buckling strength of such relatively short beams is
so small that it méy be ignored for all practical purposes. For

buckling in the inelastic range the lengths of the beams are

felatively short, and generally the slenderness ratio in the
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weak direction is less than 120?3) An error of about 107 in

estimating the inelastic buckling strength of beams(s) results
in the larger slenderness ratios. For the lengths under con-

sideration here ( _L_ <« 50 ), the error is negligible.
r
yy

s The warping stiffness is the princiéal factor governing the
inglastic buckling strength of a membergs) Since the phenomenon
of warping is the differential bending of the flanges of the wide-
flange section, the assumption made in determining the bending
stiffness of a yielded section can also be adopted for the calcula-
tion of the warping stiffness of a partially yielded member(3)(4)
(that is, use the warping stiffness of the unyielded section). The

warping stiffness for a wide-flange section of elastic homogeneous

material is given by:

C=EI=%I-d2 (2.1)

2.2 SUMMARY OF EXISTING INELASTIC BUCKLING SOLUTIONS

Solutions to the inelastic lateral buckling problem are
based on the concepts that the rigidities of a yielded member are
reduced according to the degree of plastification of the cross
section, and that equilibrium is satisfied at all times. These

concepts are well developed for axially compressed member buckling
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in the inelastic rangesaz)(33)

There are basically three inelastic buckling solutions for
I-shaped beams found in the literaturegz) In Fig. 2.6 the basic
assumptions are indicated for each of these investigations, and

the solutions are briefly described in the following articles.

2.2,1 Upper Bound Solution (Ref, 4)

In Fig. 2.6a is shown a stress-strain relationship used in
this splqtion. Since the influence of residual stresses is
neglected, and bending is about the major axis only, yielding will
commence parallel to this g#is from the outer surface of both
flanges. At buckling the stresses in éhe pPlastic region unload
elastically. The yielded configuration of the cross section at
buckling is shown next to the Stress-strain diagram in Fig. 2.6a.
The criterion for determining the stiffness is that when an infini-
tesimal amount of lateral curvature is introduced, the total
moment in the loading direction remains unchanged. This considera-
tion enables the determination of the unloading zones of the cross
section and the effective cross sectional constants can be evaluated.

The resulting curves are those represented by curve C in Fig. 1.3.

The solution in Ref. 4 was performed for simply suppor ted
beams. A simple support is the weakest type of end condition, and

it is merely an idealization for the convenience of theoretical
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analysis. The buckling load will be increased due to the restraints
from the adjacent spans in a continuous member. Based on Ref. 4,
Ref. 34 gives calculated lateral restraints of various degrees, and
pPresents a table of critical lengths for British Standard rolled

steel beams.

Although the solution Presented in Ref. 4 is an upper bound
(reduced modulus concept) and neglects the influence of residual
stresses (which may lead to unconservative results), it is the first
attempt to solve the inelastic lateral buckling problem for wide-

flange beams.

2.2.2 Lower Bound Solution (Ref, 3)

The basic stress-strain relationship is indicated in Fig.
2.6b for this solution. Due to the effect of the residual stresses
the neutral axis will shift toward the tension flange as yielding
progresses; it will not, however, rotate with respect tc the shear
center because of the symmetry oflthe residual stresses and the
section geometry. For each yielded configuration of the cross
section,'the moment and the effective cross sectional constants
are calculated. It is found that the presence of residual stresses
may reduce the inelastic lateral buckling strength of a rolled wide-
flange structural member considerably. The solutions, which are

achieved by considering no unloading in the yielded portion of a
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cross section, are compared with existing experimental results;

the correlation seems to be satisfactory.

This approach gives the inelastic buckling load at thch the
equilibrium bifurcates. Since strain reversal is not considered,
the solution yields a lower bound value for the critical load.
(Represented by curve B in Fig. 1.3.) According to the conclusion
in Ref. 32, the lower bound solution is more suitable for designers

than an upper bound solution.

2.2.3 guckliﬁg,Under Full Plastic Moment (Lower Bound, Ref. 5)

In this analysis it is assumed that under general loading
(that is, any inclination of moment gradient) the material in the
beam is either elastic or strain-hardened. Under uniform plastic
moment, then, the whole beam is strain-hardened aﬁd the solution
differs from an elastic analysis only in that instead of the
elastic moduli E and G, the corresponding strain-hardening moduli
Eg¢ and G, are used. (See Art. 2.1.1.) This solution thus
assumes that the member will rotate plastically until the strains
have reached strain-hardening, and that lateral buckling will take
place only after this has occurred. This insures sufficient
rotation for plastic hinges to form; moreover, unloading is not
considered, and the method therefore provides a lower bouﬁd for

the bracing spacing of plastically designed structures.
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The solution is more general with regard to loading than
the previously mentioned two solutions. Furthermore, various
additional practical factors have been considered. It is basically

different from the other two solutions in the following points:

(a) Solutions in Refs. 3 and 4 may predict the inelastic
buckling strength for any given length of a member
before full plastification of the cross section is
reached. These solutions are not capable of estimating
the buckling strength when a plastic hinge is formed

in the member.

(b) The solution in Ref. 5 can provide the critical buck-
ling length of members subjected to moment gradient

of various inclination.

For a member subjected to constant moment, the material be-
comes entirely strain-hardened along its length, and thus the

buckling Eq. 1.6 can be written as

|-

Le = T M 1% Eg Lu (1.6)
P L:r Gﬂ— KT

This equation is simplified‘if it is assumed that the St.

Venant's torsional resistance Gg Ky is small compared with the
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warping torsional resistance Esth' This is true for relatively
short members, as mentioned earlier. The above equation'is then

reduced to the following simple form:

Esl' J I\ﬁ' Iw

Ly =T (2.2)
MP
with Egy =900 ksi
U& = 36 ksi
= 142
I, 4 d (Iyy)
z = % d - A
Equation 2.2 can be written as
Lcl‘ =18 (2'3)

Tyy

Equation 2.3 implies that, for a simply supported wide-flange
beam under constant moment about the major axis only, the critical
unsupported length is 18 ryy if buckling starts at the beginning

of the strain-hardening range.

2.3 BUCKLING UNDER FULL PLASTIC MOMENT (UPPER _BOUND)

In this section an upper bound solution for the critical un-

supported length under full plastic moment will be presented.
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Since it is desired to compare this with the lower bound solution
described in Art. 2.2.3, the same assumptions will be used in
this reduced modulus solution. The method of determining the
effective stiffness parameters, however, will be different from

that which is used for the tangent modulus solutiongs)

Figure 2.7 shows the stress-strain diagram that is assumed
(Compare with Fig. 2.6c). As treated in Ref. 5 for the lower
bound solution, lateral buckling will be prohibited until the
material has reached the onset of strain-hardening; but at the
moment of buckling, unloading in the yielded zones of the cross
section will be permitted. The effective area of the cross section
(that is, the unyielded portion «; the cross section) thus increases,
and the effective cross sectional constants calculated on this basis
would be greater than those when unloading is not permitted (that is,
the tangent modulus concept). Consequently, it is clear from Eq.
2,2 that the critical buckling length based on the reduced modulus
concept will be higher. This is illustrated in Fig. 2.8. In
this figure the points Rg, Rc and RD (see Fig. 1.3) are again
scaled on a set of slenderness ratio-versus-deflection coordinate
axes. Points RB and RC (lower and upper bound slenderness ratios
 under plastic moment respectively) are the buckling solutions and
RD (slenderness ratio corresponding to the true ultimate carrying
capacity with a finite value of deformation) is the ultimate

strength solution. ® in this sketch represents either the
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lateral deflectiorn u or the twisting angle B. It is the purpose

of this section to develop a solution for the point Rc-

2.3.1 The Determination of Unloading Zones

;

In Fig. 2.9a is shown a typical wide-flange cross section,
which is subjected to a bending moment M, .- The member is
deformed only in the plane of the applied moment, and therefore
it has only the curvature @, in the strong direction. If, at
the inception of lateral bucklirg, an infinitesimal curvature
dayy is introduced in the lateral direction, (Fig. 2.9b) this
disturbance will cause a change of curvature d@yxyx in the direc-
tion of the applied moment and an infinitesimal bending moment
dHyy about the weak axis. However, in accordance with the

reduced modulus concept, there is no change of magnitude of the

applied moment ka.(l) This definition, that dMyyx = 0, makes it
possible to define a neutral axis NN along which the strain is
unaltered. Line NN thus defines the unloading zones of the

cross section as shown in Fig. 2.9b.

By equilibrium the change of moment dM,, due to a small

moment dMyy is the following:



-30

bI
dex = E [’((d“’w)'%(d+xx)]’c_;_(dx)
(-9)b,
(h—"ﬂbt
d .
e[ty TR0 S e
-b,
d
2
+ E$+[3(4¢,,)] “"j’(‘lj) = 0 (2.4)
where deg = change of moment about the x-x axis

daxx = change of curvature about the x-x axis

4¢yy = change of curvature about the y-y axis

b = flange width = 2b;

t = flange thickness

d = depth of section

w = web thickness

q = non-dimensional parameter, expressing the

extent of unloading along the flange
E = Young's Modulus of Elasticity
Ege = strain-hardening modulus
x,y'.= coordinate axes with the origin coincides

)

with the shear center of the cross section

In formulating Eq. 2.4, the variation of strain along the
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thickness of the flanges has been assumed to be negligible (see

Fig. 2.9).

Equation 2.4 can be readily integrated provided that the
relationship between dfiyy and d@yy is given. From geometry in

Fig. 2.9b this relationship is given by

éy) 4 2.5
(Cl‘txx) ZU-“‘)b,

After integration and substituting b for 2b;, Eq. 2.4 can

be written in the following form.

2 d
dM,, = (-m)g +4n1—4n+—§—n—‘\‘,-’—,(—('-1)= 0 (2.6)

where n is the ratio of the strain-hardening modulus Eg. and
Young's modulus E. From Eq. 2.6 and ignoring the higher power
term in n the unloading zones of the cross gsection can be

determined as

- ‘z_n [ ﬁ(._i';—) —n(u—i';——)] 2.7

where R = %2 is the ratio of the areas of the web and the flanges.
F

1f the material values given in Art. 2.2.3 are used, (E=30,000 ksi,

Egt = 900 ksi) Eq. 2.7 can be written as:



c', =o,206[J3-R -o.l(s-lz)] (2.8)

It is seen that the value of q depends on R only.

Equation 2.8 gives the degree of unloading in the cross
section for given wide-flange shapes. It is only applicable when

lateralvbuckling takes place at the onset of strain-hardening.

2,3.2 St. Venant's Torsional Rigidity

St. Venant's torsional rigidity of a thin-walled open cross

(6)

section can be approximated by

| } 3 .
GK, = G5 Z It (2.9)

where Pi and ti are, respectively, the length and the thickness
of each of the elements of the cross section, and g is the total
number of elements of the cross section. For a fully strain-
hardened section, the St. Venant's torsional rigidity has been

agsumed to be GstKT in the lower bound solution in Ref. 5.

As described in Art. 2.2.1, the value GKy remains unchanged
at the inception of buckling, regardless of the strain conditions
in a cross section. This idea may also be used for this calcula-

tion. However, since the influence of St. Venant's torsion is
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small for very short members, this resistance is entirely neglected

in this calculation.

2.3.3 The Lateral Flexural Rigidity

For an elastic-strain-hardened cross section, the bending
rigidity is calculated based on the assumption that the thicknesses
of the strain-hardenéd elements are reduced by a factor Est/E’
since in both the elastic and the strain-hardening ranges material
behaves linearly. This assumption is similar to that which is
commonly used in the analysis of members composing two different

materialss35)

Based on this assumption, the lateral bending stiffness can

be written-as: (See Fig. 2.1l.)

B.” = E(Iﬂ)e{-f-

s 3
= [ (E-_bl%t [Loa - 0,97 (l—'})b] + %‘“dw (2.10)

where the nomenclature is defined in Fig. 2.11.

2.3.4 The Warping Torsional Rigidity
Based on the same effective cross sectional area the warp-

ing constant (Iw)eff for a wide-flange shape is derived in

-
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Appendix A. The expression for the effective warping torsional

rigidity takes the following form: (See Fig. 2.11.)

Cw = E(IW)eFF

o o z
= T +-(—,',-l)‘1f] E(2+R)[4—27(—'n-|)(3—1,)]

+(‘:.‘")1[13(%-')+4(?+5R)] (2.11)

where the nomenclature is defined as before, and C; = EIw = the

warping stiffness in the elastic range as defined by Eq. 2.1,

2.3.5 The Critical Slenderness Ratio

The necessary modified constants in Eq. 2.2 may be deter-
mined for any given cross section from Eqs. 2.8, 2.10 and 2.11.
The critical lengths for a number of wide-flange shapes have
been calculated, and the results are plotted in Fig. 2.12. This
figure also compares the solution obtained in Ref. 5 with the
upper bound solutions. The vertical axis indicates the ratio

R and the horizontal axis denotes the-slenderness ratio ESE .
T
yy
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It is seen that the value = 40 is an upper bound of the

Tyy
critical unsupported length for simply supported beams subjected
to uniform plastic moment when lateral buckling takes place in

the strain-hardening range.* If the last integral in Eq. 2.4 is

ignored, a value of _l;_.. = 38 is obtained (See Fig. 2.12).
Yy

2.4 SUMMARY AND CONSLUSIONS

2.4.1 Discussion of the Lower and the Upper Bound Solutions

Three existing inelastic solutions are summarized and dis-
cussed in this chapter. The first two solutions (Refs. 3 and 4)
are studies of the inelastic lateral-torsional buckling of beams
before full plastification of any cross section of a member is
reached. The last solution (Ref. 5) is aimed at determining
design procedure for the spacing of bracing near plastic hinges.
For uniform plastic moment, the lower bound critical length is

equal to 18 ry The new work in this chapter presents an upper

v
bound solution which is based on the reduced modulus concept.

It is found that for beams subjected to constant plastic moment,

the upper bound critical length is approximately equal to 40 Tyye

* The upper bound slenderness ratio, which is approximately twice
as much as the lower bound value, has been also discussed in
Ref. 38 with regard to axially compressed members of a rectangular
cross section.



-36

2.4.2 The Concept of Buckling Under Full Plastic Moment

Both in Ref. 5 and in this chapter strain hardening moduli
are used in the theoretical calculations. This is purely an
assumption for achieving a possible solution gathér thaﬁ'imply-
ing that lateral buckling can be postponed until the material
has become fully strain-hardened. In the field of mathematical
theory of plasticity it is possible to solve problems correspond-
ing to any strain value on an assumed stress-strain diagram,
either using the deformation theory or the flow theoryS39) How-
ever, for a buckling problem such as this, the stiffness para-
meters, and not the strain, come directly into the picture.
Strictly speaking, this assumption of effective stiffnesses is
by no means related to strain, and therefore themstrain that

corresponds to lateral buckling can be anywhere in the plastic

range of the stress-strain diagram shown in Fig. 2.2.

According to the above discussion it is clear that due to
the assumption made, the big difference between the lower and
the upper bounds 1is possible (Points RB and RC in Figs. 1.3 or
2.8). Furthermore, using this approach, to relate rotation
capacity (that is, strain pParameter) in the full plastic range
to the buckling solution in a rational way, is not possible

because of the nature of the buckling solution,

The problem of rotation capacity is very important in the
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field of plastic design of lateral instability of beams. There
is definitely a need to understand the strain behavior as well
as the stiffness in connection with the lateral buckling problem.
Carefully conducted experiments could rationally furnish the

desired information.



3. INELASTIC LATERAL BUCKLING
EXPERIMENTS

3.1 INTRODUCTION

To gain deeper understanding of the problem of lateral
buckling of beams subjected to the full plastic moment experi-
mental information is essential. It is desired to determine
an exact optimum spacing length in which a plastic hinge can
form and the beam can rotate sufficiently before failure takes
place because the lower and the upper bound theoretical results
yield a wide range of unsupported lengths. (L/ryy = 18, and 40

respectively.)

In the theoretical solutions of lateral buckling it is

usually assumed for reason of simplicity that the ends of a
member are either simply supported or fixed. In some investiga-
tions the influence of various degrees of end fixity of a member
have been studied (Refs. 40, 41, 42 and 43); however, these
papers consider only the effect of the end restraints on the
critical lateral buckling load. The reason for this is that

the beam is commonly assumed to have failed once lateral buckling
has started.* This concept is realistic for single span members,

but it is too conservative for estimating the usefulness of con-

tinuous members found in actual cases. In a continuous beam the

*This philosophy is carried over from the behavior of axially loaded
columns, where the tangent modulus buckling load is taken as the
limit of structural usefulness, even though the member may still
carry some small additional load.

-38
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critical span may have sufficient lateral torsional restraint:
provided by the adjacent spans such that not only the buckling

load can be incfeased, but also the maximum load can be maintained
while the critical span goes through rather large inelastic deforma-
tions. Indeed the termination of the usefulness of a beam can be
defined as that point at which unloading starts. This definition

is used throughout this investigation.

The main purposes for the experiments are:

(a) To determine the most suitable and economical un-
supported length between lateral bracing, (that is,
to verify the theoretical results presented in

Chapter 2) and

(b) To investigate the behavior of the beam in the post-

buckling range.

3.2 RESULTS OF PREVIOUS EXPERIMENTS

Experiments on elastic lateral buckling of beams have been

conducted by many investigators. (Refs. 11, 43, 44, 45, 46, 47, 48,

49, 50 and 51). The elastic buckling theories$>2)(33) ynich have

*
been adopted by the steel industryszz)are verified satisfactorilyg§@

*More detailed discussion on elastic buckling tests may be found in
Ref. 55.
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Experiments on inelastic lateral buckling cf wide-flange

beams are described in the following:

3.2.1 Lehigh Test Results (Refs. 19, 56)

Test results obtained from these two papers are plotted
in Fig. 3.1. 1In this figure test points are indicated by solid

points; the coordinates are the nondimensional ratios Mmax (ordinate)

L

and -£L (abscissa). 1In the strain-hardening range the moment at
T
yy

the initiation of lateral buckling has much less meaning than the’
maximum moment; therefore, in Fig. 3.1 the latter values are used

for ordinates.

L

Only one test ( —<X— = 50.5) is reported in Ref. 56. This
r
yy

test was performed for demonstratiorn purpose; the result, however,
was not reliable because of the restraint provided by the setup.
Eight tests are described in Ref. 19. The end conditions of the
critical span in some of these tests were not defined well because
of lateral movement of the supports. Two conclusions, however,

may be drawn:

(a) These test results confirm that the most severe load-
ing case is that of constant moment in the inelastic

. . (40)
range as already known for elastic buckling. The

steeper the moment gradient, the higher the maximum

load.
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(b) These test results indicate that the beams contain

a considerable post-buckling strength reserve.

3.2.2 (Connecticut Test Results (Ref. 57)

The test results described in Ref. 57 are also shown in
Fig. 3.1. All tests were conducted for a moment gradient equal to
zero. All observed maximum moments are higher than Mp. It should
be pointed out that the maximum observed moment values greater
than Mp do not necessarily imply that lateral buckling took place
in the strain-hardening range. If a very short beam is tested
with sufficient lateral supports in order to achieve failure in
the strain-hardening range, the member wili fail eventually as a
result of local bucklinggss) Thus the high maximum loads observed
in this test series can be explained as the result of restraints
and as the result of the dynamic effect due to high strain rate,

in addition to the effect due to strain-hardening.*

3.2,3 Discussions on Inelastic Experiments

The following can be summarized with regard to inelastic
lateral buckling tests:

(a) Purpose for Investigation.

According to the description given in Chapter I
* The Eé?éIbEhZﬁE ;f-sglIﬂ_éEéEé—pﬁysics in recenrt years has shown
that shear force can cause strain-hardening of the material. This
explains the phenomenon of the variation of maximum load for differ-
ent moment gradient in inelastic experiments. (See Ref. 59.)
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(Fié. 1.3), there are a variety of problems in-
volved in lateral buckling in the inelastic range,
many of which do nct have a theoretical solution

yet. Each of these problems again contain various
cases due to different loading or support conditions.
Furthermore, the behavior of the material in the
inelastic range is less known thén in the elastic

rangegﬁo)

It is therefore most desirable to program
experiments by keeping the number of variables to a

minimum.

Support Conditions. '

Besides the restraints provided by the adjacent spans
which will increase both the lateral buckling load
and the post-buckling strength, a test specimen may
be subjected to certain restraints due to the loading
devices or the supporting fixtures which are usually
of unknown magnitude. With specimens loaded by test-
ing machine, the loading points (or point) were con-
sidered as supporting points. Lateral movement at
these points can not usually be avoided particularly
in the post-buckling range when the friction between
the loading device and the specimen cannot overcome
the lateral bending moment due to lateral deformations

of the cross sections of the critical span.
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It is not essential to h#ve support conditions exactly
corresponding to the situations that are assumed in
theoretical analysié, but it is necessary to have known
and constant end conditions by which the planned vari-
ables (or variable) of the experiments can be differen-

tiated and compared.

(c) The Influence of Strain Rate.

The influence of strain rate on the stress-strain
relationships is discussed in Ref. 20. For higher
strain rates the yield stress is considerably higher
than for slow strain rates for the same strain interval.
Consequently, testing with faster loading speeds re-
sults in higher maximum loads. Besides, the étrain
rate in all tests may not be equally controlled and

hence test results cannot be compared.

3.3 DESCRIPTION OF THE TEST PROGRAM

Two series of tests were performed within the framework of

the current program:

(a) Beam tests with lateral supports.

(b) Tests of beam-purlin assemblies.

In the rest of this chapter the first of these two series



-44

of tests will be discussed. The beam-purlin assembly experiments

- ;111 be examined in detail in Chapter 4.

A schematic view of the test setup is shown in Table 3.1.
All beam specimens were divided by latefal supports into three equal
spans. In each beam the center span was subjected to constant moment
and this was the critical span. The beam specimens were 1OWF25 as-
rolled, wide-flange beam sections of ASTM A7 structural steel. All
specimens were obtained from the same ingot and the same rolling,
and each piece was subjected to cooling and straightening processes

that were as identical as possible.

The main variables for these series of tests are the

following: |

(a) Beam size.

{b) Unsupported length.

(c) Loading condition.

(d) Number of critical braced spans.

(e) Stiffness of purlin.

(f) Type of purlin.

(g) Method of éurlin attachment.

(h) Length of adjacent spans.

In accordance with the previous discussion of other test
programs, and according to the principal purposes given in the

beginning of this chapter, it is desirable to leave all conditions
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identical for the first series of tests, with the exception of the
length. A summary of the test numbers, the support conditions and

the variables of each of the tests is given in Table 3.1.

Four beam tests were performed: LB-9 (;&; = 40), LB-10
y.

(L =45), LB-11 (_L_ = 35) and LB-15 (ri = 40). Test LB-15
Tyy Tyy vy

was a repetition of test LB-9. This test was repeated because of
unsatisfactory lateral support conditions in the first test. This
error was subsequently corrected, and no noticeable lateral move-

ment occurred at the supports for the remaining three experiments.

3.4 DESCRIPTIONS OF TEST SETUP

3.4.1 Fixtures

Figure 3.2 shows the over-all view of the test setup; the
details of the lateral support system are shown in Fig. 3.3. The
load was applied downward through jacks at the ends of the test
beam. The vertical supports, which corresponded to the ends of
the critical span, were constructed in the foilowing manner (see
Fig. 3.3b). The test beam was suspended from a supporting girder
by means of two high strength steel rods of 1-1/4" diameter. At
the ends of each rod, clevises connected the rod to the supporting
girder and to the specimen by two inch round pins. This vertical

connection permits free rotation of the test specimen in the plane
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of loading. The supporting girder (see Fig. 3.2) was a 12WF99
beam of a 20-ft. span and it was bolted at its ends to the centers
of the cross beams of two parallel reétaﬁgular frames. These
frames were fixed to the laboratory floor at their bases by bolts

fitting into already existing holes.

This loading and supporting system provided statically
simply supported conditions for the beam specimen in the loading
direction. The magnitude of the constant moment in the critical
span is equal to the product of the applied load at the specimen
ends, times the overhanging span length. This loading condition
placed the test specimen in an inverse position (that is, with
the compression flange at the bottom) to the normal beam tests.
The purpose of adopting such a testing position was to overcome
the unknown restraints at the interior support points due to

loading at these points.

The four sets of lateral supports were placed at the
two sections of vertical support (third points) and at the two
loading sections (at the ends). Each lateral support (as shown
in Fig. 3.3) consisted of two 1/2" thick knife-edge plates which
were bolted to the webs of two 5'' channels. The distance between
the two knife-edges was made adjustable by slotted holes in the
channels. The test specimen was guided between these knife-edges;

they permitted lateral rotation but not twisting and lateral motion
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of the section at the support.point. The two channels were welded
to a base plate, thereby providing one unit which is called the
“lateral suppoft system'". The four lateral supports were fastened
to the top flange of a 14WF314 base beam which was fixed to the
floor by bolts. Stiffeners were attached to the web of this base
beam at positions underneath the lateral supports to assure lateral

fixity.

The above mentioned fixtures thus provide known support
conditions. Figure 3.4 shows the overall setup and Fig. 3.5 is
& closer view indicating the details of the test setup as specimen

LB-9 was in place prior to testing.

3.4.2 The Loading System

The concentratéd loads at the specimen ends were applied
by means of two hydraulic jacks. Each jack had a capacity of
55,000 1bs. .These Jacks apply equal loads, because they were
connected to one hydraulic system and they were controlled by
a single valve. The magnitude of the load was recorded by an
Amsler indicator and the load can be estimated to the closest
10 1bs. The base plates of the jacks were bolted to the same
supporting girder to which the vertical rods were attached. The
distances between the rods and jacks were adjustable for the pur-

pose of testing specimens of various lengths. At the loading ends
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of the jacks were located spherical bearing heads with flat lower
surfaces (See Fig. 3.3). The load was transmitted to the specimen
by a two inch roller to assure a knife-edge loading condition

(Fig. 3.5).

3.4.3 Instrumentation

The following data were taken during each test:

(a) Conc;ntrated load at ends (end moments).

(b) Deflections along the length of the beam in the
Plane of the web, at the quarter points in each
span.

(c) Lateral deflections along the length of the beam,
taken both on the compression and the tension
flanges at the quarter pPoints in each span.

(d) Strain readings at locations indicated in Fig. 3.6.

The following instruments were used in taking the above

mentioned data:

(a) An Amsler indicator.

(b) A surveyor's level. Thig level was fixed in eleva-
tion and the telescope can rotate only in a horizon-
tal plane. A 1/100" scale was held vertically at
each of the previously laid out marks on the tension
flange (top flange) in the plane of the web. (See

Fig. 3.5) Readings along the length were taken as
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the vertically held scale was moved from point to
point and the telescope of the level rotated.

(c) A 1/100" scale and a transit were used, same as the
level above, except that the transit was fixed to
rotate only in a vertical plane, and the scale was
held horizontally, to measure lateral deflections.

(d) SR-4 strain gages of type A-11 (one inch gage length)
were put on the specimen at locatio@s>as shown in
Fig. 3.6b, and the readings were recorded by a Bald-

win strain indicator.

3.5 DESCRIPTION OF THE TEST SPECIMENS AND THEIR MATERIAL PROPERTIES

In Fig. 3.7 a sketch of the typical test specimen is
shown. Stiffeners of 3/8" thickness were used at the two loading
sections and under the two vertical supports. At the end sections
1/2n plates were welded to the beam. These plates extended one
inch above the surface of the upper flange and they also served

as a stop to the loading roller for large deflections.

On the surface of the tension flange, two 6" x 4" x 12"
plates were welded to the beam at each vertical support position.
These plates were parallel to the web, and they have 2-1/8" pin
holes for the purpose of hanging up the specimen. The lengths

for each test specimen are given in Fig. 3.7. All specimens were
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painted with a solution of hydrated lime before testing: white
for the critical span, and light blue for the adjacent spans. This

afforded a means of observing the yielding process during the test.

Four tension coupons were tested: two cut from the flanges
and two cut from the web of the test material. A summary of coupon
data and all the measured dimensions of the test specimens are
given in Table 3.2. The calculations based on the measured re-
sults in this table assume that the inner surface of the flanges

is parallel to the outer surfaces.*

A stub column test was carried out to check the static
yield stress level with that obtained from the tension coupon
tests. Close correlation between these two test results was
obtained. The stress-strain diagram plotted from the stub column

test is given in Fig. 3.8.

3.6 TEST PROCEDURE

3.6.1 Elastic Range

Prior to the application of the loads, zero reference
readings were taken on all instruments and gage locations. After

three or four load increments, before the proportional limit was
*According to the steel designer's handbook, the 10WF25 sections
have tapered flanges with a five degrees inclination of the inner

surfaces of the flanges. (See Ref. 61.) This is neglected in the
calculations, and an average thickness is used.
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reached the load was released and all zero readings were checked.
Identical values were obtained. This implies that the friction
between the knife-edges of the lateral supports and the specimen
were negligible. The load increments were selected to give approxi-~

mately four to six load readings in the elastic range.

3.6.2 Proportional Limit to Lateral Buckling

Flaking off of the whitewash on the compression flange
and the creeping of the strain indicator needle occur simultaneously
when the proportional limit was exceeded. In the inelastic range,
load applications were controlled by strain increments. (That is,
to keep the deflection increments approximately the same.) After
the application of each load, time was allowed for the load to
settle down, and readings were recorded whem the plastic flow had
nearly ceased. Time versus load decrement curves were used for

this purpose.

In all the tests lateral buckling was initiated in the
inelastic range when the curvature in the middle section of the
critical span reached a value from three to five times its value

at first yield.

Load increments were relatively small in this range. It
was intended to find the transition curve of the stress-strain

curve due to the influence of residual stresses and the load at



which lateral buckling started as clesely as possible.

3.6.3 Post-Buckling Range

After lateral buckling, the lateral deflections increased
. steadily at a near constant moment level. This was due to the re-
straint of the adjacent spans which remain elastic. When the
moment versus curvature curve, which was plotted as a control
curve during the whole test, indicated definite unloading, the
test was terminated. A set of final readings was taken after

complete removal of the load.

The hydraulic jacks had a2 maximum stroke of five inches.
This length was not enough for the total maximum deflections at
the specimen ends. In each test, it was necessary to adjust the
stroke once in the post-bucklirg range by releasing the load

completely.

The average time mecessary to conduct one experiment
ranged from six to eight hours. Figure 3.4 shows a general view
of a test in progress; (LB-9) at the time of photographing, strain
readings and vertical deflection readings were being made, and

the yield lines on the compression flange were being inspected.

3.7 DISCUSSION OF TEST RESULTS

3.7.1 The Moment-Curvature Relationships
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The curvature at mid-span was measured by two SR-4 strain
gages of one inch gage length which were attached to the outer sur-
faces of the flanges. (See Fig. 3.6.) At each load increment the
absolute value of the difference of the strain increments at the
two flanges is added, and the curvature @ is obtained by dividing
this sum by the distance between these two gages. (That is, the
measured total depth of the cross section). In all tests, the
absolute values of these two strain readings were approximately
the same, implying that fhe neutral axis was at mid-depth. This
relationship between the fiber strains and the curvature is illus-
trated in Fig. 3.9. 1In this figure the experimental M-@ curve of
test LB-10 is plotted for explanation. The deviation of the
experiment;l points from the theoretical line in the elastic range
is due to the variations of the cross sectional depth, since the
calculations use the average measured value. The beam entered
the inelastic range at load number 5 (marked "initiation of yield-
ing"). ' However, lateral buckling did not occur until load number
11, as indicated in the M-@ curve of Fig. 3.9. From the start of
lateral buckling, the moment can be seen to be at a nearly con-
stant value while the test beam was undergoing large rotations in
the post-buckling range. When ¢/¢y reached a value of more than

12% the test specimen begins to unload as local buckling of the

*The SR-4 strain gages are warramted by the producer for accurate
strain recording up to 2% strain. This strain value corresponds
approximately to @ _ i,

¢y
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compression commences. Similar behavior was observed in all the
tests. All four M-@ curves are shown in Fig. 3.10. It should be
mentiohed that in test LB-9 after lateral buckling had taken place,
one of the two interior lateral supporfs moved because of the rela-
tive movement of the knife-edge plate and the channel. Therefore
in the next two load increments, unloading immediately commenced.
(See Fig. 3.10.) The load-was then released to zero and all lateral
supports were fi#ed in the deformed position by tightening bolts
which held the knife-edge plates in position. The channels were
further fixed by using additional clamps. After this, the test
‘beam was able to rotate at a constant moment level which was about
5% less than the full plastic moment. These additional clamping
devices were used throughout the rest of the experiments, and no

other movement was observed.

There are possibly three factors that may influence the

recorded magnitude of load in the test setup:

(a) The friction provided by the lateral supports in
the vertical direction.

(b) The decreasing of the moment arm due to increased
deflections.

(c) Moment gradient due to unequal adjacent span lengths.

The first question is answered automatically (See Fig.

3.9) as explained earlier. The other two questions are answered
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by the curves in Figs. 3.11 and 3.12. Figure 3.11 is a plot of
the moment-curvature relationship at sections having equal moment
arms in the elastic spans, and Fig. 3.12 is the moment-curvature
plot of the two quarter point sections in the eritical span. In
both figures the M-@ curves at section 1-1 and section 2-2 should
be consistent, since they are symmetrical with respect to mid-span
section. That this is true is shown. The lengths of the adjacent
spans have slight variations due to inaccurate specimen fabrica;
tion (See Fig. 3.7); the effects of such small differences as seen

from Fig. 3.11, can be ignored.

The change of the moment arms where deflections become
large is relatively important. The change of length at each load
interval was not measured in all tests. However, the total change
of length was recorded after each test. The table in Fig. 3.13
contains this information. To illustrate quantitatively this
effect, the M-@ curve at mid-span of test LB-15 is given° The
ﬁaximum reduction of moment due to this effect is approximately

17 just béfore the termination of the tests.

3.7.2 The Moment-Vertical Deflection Relationships

In Fig. 3.14 the M-v curves are shown for the four tests.
Curves in this figure only indicate the maximum deflection at the

mid-span. The overall deflection of the critical span were found
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to be smooth curves for all the tests. Since the supporting
girder and the verticél suspending rods have elastic deflections
as the load was applied, the deflection readings plotted in Fig.
3.14 have been adjusted by the average deflections at points (2)
and (3), Therefore in Fig. 3.14, the abscissa indicates the
vertical deflection of the mid-span with respect to the ends of
the critical span. In this figure corresponding points of lateral

buckling and local buckling are also indicated.

The overall deflections of the test specimen at various
stages of loading are shown in Fig. 3.15 for test LB-9. Very

similar situations were prevalent in other tests.

The vertical deformations are of primary interest since
they are directly related to the problem of rotation capacity of
the beams. In all tests the total inelastic rotation was found
to be sufficient and satisfactory. As can be seen from Fig. 3.15,
lateral buckling of the critical span starts rather early (before

large deflection takes place, or at about 20% of the total deflec-

" tion at the termination of tests). This implies that the post-

buckling strength, which is the ability of further deformation
without unload after buckling, is quite large and it can be

utilized for the type of beam investigated.

With regard to the load carrying capacity, however,

there are some differences observed in the tests. Since the
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original purpose of this investigation is to study the behavior
of beams having plastic hinges, it is necessary for the moments
to reach their full plastic value and then to rotate at this
moment level. For test specimens with slenderness ratios equal
to 35 and 40, (LB-9, LB-11 and LB-15) the full plastic moment
value was achieved. (See Fig. 3.10.) However in test LB-10
(L/ryy = 45) the maximum moment value is about 0.95 Mpu In all
tests the lateral buckling loads are approximately the maximum

loads as also can be seen in Fig. 3.10.

3.7.3 The Moment-Lateral Deflection Relationships

In Fig. 3.16 lateral deflections for both the compression
and the tension flange at mid-span are shown. The initiation of
lateral movement of the compression flange in each test is indica-
ted in Fig. 3.15. 1In all tests lateral buckling occurred in the
inelastic range and no effect on the load carrying capacity was
observed. Instead, a slight increase of load had been recorded.
Furthermore, lateral buckling did not influence the rotation
capacity of a member. Test beams started to unload when the warp-
ing torsional resistance of the sectioﬁs began to decrease as the
lateral deflections of the tension flange grew large, and eventually
failure took place as a result of local buckling of the compression
flange. These phenomena were observed in all the tests without
exception. Therefore, for beams proportioned as in this investiga-

tion, local buckling of the compression flange is the major factor
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controlling the termination of the full usefulness in the post-
buckling range. Lateral buckling, on the other hand, has very
little significance with respect to the inelastic rotation capacity

of a beam so proportioned.

A quantitative picture of the lateral deflections for
test LB-10 is shown in Fig. 3.17. In Fig. 3.18 a general view of
test spgcimen LB-15 in place after completion of the test is
shown. The load has been released and the deflected shape indica-
tes the permanent deformations. In this figure the twisting At

the center portion of the cross section can also be seen.

For short beams the warping torsional stiffness of the
cross section in the critical span contributes almost the entire
resistance of the beam to withstand large inelastic rotations.

This differential bending of the flanges can be observed in Fig.
3.19, where three test specimens after the completion of the test

are shown.

3.8 THE CURRENT SPACING RULE IN PLASTIC DESIGN

As given in Ref. 18, current rules for the spacing of

lateral bracing in plastic design are:

cr M

L - 60 - 40 M for < 0.625 .

ryy ¥ % (3.1)
= 35 for M_ > 0.625
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Equations 3.1 are the simplified results of the following recom-

mended design rules given in Ref. 19,

1 L
— —€X _,3-30 1L for 0.6
Uy Yyy %

= 30 for 1.02

2= 1.0

;ézpi

3.2
7z 0.6 (3.2)

3

where ‘Ur is-the correction factor due to end restraints, it is
equal to unity for simply supported end conditions. Hence the
value Lcr/ryy = 30 corresponds to the situation discussed in
this chapter, which is "in between" the values of 18 and 40. The
upper bound solution developed in Chapter 2 suppo¥ts the adequacy

of the design rules given by Eq. 3.2.

Based on the experimental results presented in this
chapter, it may be concluded that for a laterally continuous beam

the unsupported length of the critical span could be 40 Tyy®

3.9 CONCLUSIONS

(a) The currently recommended plastic design rule Lcr/tyy

= 35, for beams subjected to a moment gradient

M/Mp > 0.625, (Eq. 3.1) is a safe lower limit for

the bracing spacing.

(b) For buckling under full plastic moment, these test

results verify satisfactorily the lower and upper
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bound theoretical solutions given in Chapter 2,

(c) Initiation of lateral buckling is immaterial with
respect to the rotation capacity of beams having
slenderness ratios of the critical span L/ryy equal

to or less than 45.

(d) The rotation capacity of beams so proportioned is
sufficient to provide satisfactory plastic hinge

rotations.

(e) The termination of the post-buckling strength is

due to the local buckling of the compression flange.

(f) In order to determine the influence of lateral
restraints, tests with various adjacent span

lengths may be desirable.

(g) Several inelastic buckling solutions have been
developed but few experimental verifications have
been madesss) It may be desirable to conduct some
future lateral buckling tests at slenderness ratios

ranging from 50 to 120 for the completeness of the

knowledge of inelastic lateral-torsional buckling.

3.10 DESIGN RECOMMENDATION

Based on the above given conclusions the following design



recommendation is suggested:

The spacing of the lateral bracing for a
critical span to develop sufficient hinge
rotation under constant moment should be
equal to or less than 40 ryy’ provided
that (a) the critical span is laterally
continuous, and (b) the geometry of the
beam sections meet the requirements of

local bucklingS21)




4. EXPERIMENTS ON THE PERFORMANCE
OF THE LATERAL BRA CING

4.1 INTRODUCTION

4.1.1 The Necessity of Obtaining Information on Bracing
Requirements

In the previous two chapters the problem of bracing spacing
is treated both theoretically and experimentally. As described in
the beginning of Chapter 1, the question of bracing requirements
also should be considered in a study of the lateral buckling of
ﬂeams, This study is important because it is the bracing which
provides the necessary support between the unsupported critical
lengths of tﬁe beam. The combined result of the two studies can
then be applied to actual cases in designing economical and safe
structures, since in the considerations of the first problem
(bracing spacing) the bracing points are idealized for convenient
theoretical analysis, Furthermore, in the experimental verifica-
tions, the support conditions are made to simulate idealized
conditions as closely as possibleSSS) The idealized support
conditions do not actually exist in structures. Thus without

pProper information on the bracing requirement, it is impossible

to achieve a safe design, even if the bracing spacing is adequate,

4.1.2 Consideration of Theoretical Approaches

It has been noted in Chapter 1 that a rigorous theoreti-

cal analysis of the problem of bracing requirement is highly
-62
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complicated because many variables are involved. The intrinsic
difficulty occurs at the point of lateral support, where both the
beam and the bracing member are continuous in two perpendicular
directions. There are possibly twe physical models that may be

used for theoretical considerations.

Model (a) A simply supported beam with end restraints
of various degrees in three directions (trans-

versely, laterally and torsionally).

Model (b) A continuous beam with continuous bracing
members in the perpendicular direction. This

is illustrated in Fig. 4.1.

Model (a) is commonly used in traditional elastic analysis
as described in Chapter 3. Some investigations considered the
restraint in the loading direction, others considered it in the
lateral direction. No investigation has, however, considered the
restraints in all three directions. This is of small concern,
since the studies made for Model (a) can only show the influence
of end fixities on the buckling load. At the present time there
séems to be no way to correlate the restraints with the stiffness

and strength of a bracing member except by experimental means.

Model (b) (Fig. 4.1), however, can givezinformation-on

the bracing requirement if an analytical solution were possible.
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Since, in this case, the bracing members are part of the structure,
their influence on the carrying capacity of the beam can be taken
into consideration. It should be noted that this beam-purlin struc-
ture shown in Fig. 4.1 is statically indeterminate. For a com-
plete post-buckling solution, the required analytical procedureé
are more involved than those which are presently available. A
particular solution might be possible if drastic simplifications
were made; however, the trustworthiness of the solution would not
be comparable with that obtained by carefully conducted experi-
ments. In theoretical considerations, it is best to obtain the
post-buckling strength solution for idealized support conditions

first, before any attempt is made to find a solution for Model (b).

4.1.3 The Test Program

According to the conclusion of Chapter 3, the optimum
slenderness ratio is L/ryy = 40, This length is used for all the
testa’with purlins given in Table 3.1. In this program the load-
ing, beam size, beam length, purlin length and method of purlin
‘attachment are kept constant. The only variable is the size of
purlins. The purlin sizes and the constant parameters are listed
‘below:

For All Tests

Loading: Constant Moment

Unsupported Length: L =40 Tyy (52.4")
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Beam Specimen: 1OWF25
Purlin Span Length: L, = 7'0" = 84"

Purlin Attachment: Purlins are continuous and are
welded to the compression flange. (Fig.4.9)

For Test LB-12

Purlin size: 41 7.7 (db/d = 0.40)

For Test LB-13

Purlin size: 3 I 5.7 (dp/d =0.3)

‘For Test LB-14

Purlin size: M 2362% (db/d = 0.,26)

Table 4.1 contains detailed information about the purlins
and Table 4.2 summarizes the material properties of the beam sec-

tions.

4.2 DESCRIPTION OF THE TEST SETUP

The test setup in this program was kept identical with
that of the first series of tests, with the exception of two addi-

tional fixtures.

In the first series of tests (presented in Chapter 3),

~ the ends of the critical span were guided by lateral supports and

*Tﬁis is a special small 2" I section produced by the Bethlehem
Steel Company. See Table 4.1 for details,
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twisting of the beam at these sections was prevented. 1In this
second test series the two lateral supports were removed and
actual bracing members were substituted. The vertical rods were
connected to the test specimen by double clevises (See Fig. 4.9)
which permitted the beam specimen to twist and to rotate verti-
cally. Thus, the only resistance to twisting and lateral move-

ment was provided by purlins,

- .~ o~ . -

All purlins were 14' in length. They were welded
directly to the outside face of the compression flange of the
beam gpecimen at the ends of the critical span. Thus in all
tests the purlin span was 7 ft. The ends of the purlins were
pin-connected to the flange of the cross beams, (See Fig. 4.2b)
so that the end conditions of the purlins were as follows:
vertical rotations are free; and both the horizontal rotations
.and twisting of the purlin sections are prevented. The cross
beams were clamped to stub columns, which were bolted to the
laboratory floor at already existing holes. Each stub colummn
was a 8WF67 section, 36" long., With different purlin section
depths only the level of the cross beams needed to be adjusted
through clamping devices. Fig. 4.2 shows the details of this

setup. The setup of a typical test is shown in Fig. 4.9.

4.3 DISCUSSION OF TEST RESULTS

4.3.1 The Moment-Curvature Relationships
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The method of taking various readings and the positions
where readings were taken in these tests were identical with those
used in the first series of tests. (See Chapter 3.) The moment-
curvature curves at the center of the critical span-for all three
tests are shown in Fig. 4.3. From this figure it is seen that
very similar M-@ relationships were obtained in this series of
tests. Comparisons can also be made between these M- curves
and those with lateral supports of the same length (Chapter 3,
Fig. 3.10), since all of the M-@ relationships in these two
figures are plotted with the same scale, It is observed that
very small differences exist between the M-@ curves and these
two series of tests. 1In Fig. 4.3 test LB-12 and LB-13 indicate
sufficient post-buckling strength, while test LB-14, which had
the weakest purlins, could not maintain the maximum load after
lateral buckling. The performance of test LB-14 is considered

to be inadequate.

Throughout this dissertation the termination of the
useful post-buckling strength is defined as that point at which
the moment in an M-@ curve begins to drop. According to this
definition, test LB-14 would have no post-buckling strength.
For LB-13, this point is at ¢/¢y = 10.5 and for LB-12, it is

at 6/d, = 13.

It will be noted from Fig. 4.3 that prior to lateral

buckling the M-@) curves for these three tests are identical.
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Furthermore, lateral buckling starts at almost the same time.
The behavior indicates that the bracing members which are
necegsary in order to reach the lateral buckling load of a

beam need be very small. This has been shown both theoretically
and experimentally to be true for elastic lateral buckling.
(Refs. 12, 13 and 14). Test results observed in this series

of tests strongly support an extension of this theory to the
case of inelastic buckling. The post-buckling strength, on the

other hand, depends on the strength of the bracing members.

The local buckling behavior (as can be seen from Fig.
4.3) does not seem to depend on the purlin strength. Similar

behavior to that in the first series of tests was observed.

Since the beam-purlin assembly constitutes an indeter-
minate structure, a question may be raised concerning the
magnitude of the moment values. The constant moment in the
critical span is equal to the product of the concentrated
end loads and the adjacent span length modified by a correction

factor. This correction factor contains the following:

(a) Frictions between the test specimen and the

lateral supports.

(b) Change in the moment arms due to large deflec-

tions in the adjacent spans.
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(c) Moment gradient due to unequal adjacent span lengths.

(d) Elastic deformations of the vertical rods and the
supporting girder. These deflections were taken
by the purlins in bending and this may decrease the

moment value.

(e) Since the purlin ends were fixed against twisting,
there was a twisting moment existing at the bracing
points when the adjacent span deforms as a canti-
lever. These twisting moments of the purlins be-
come bending moments to counteract the applied
moments, since the beam and the purlins were rigidly

connected.

(f) The pivot point of twisting of the beam cross sec-
tion at bracing points (that is, the center of the
pin of the clevis connecting the vertical rods)
was two inches above the upper flange. This means
that the loads were applied two inches from the
tension flange and may offer restraints against
lateral torsional deformations of the beam cross

sections.

The first three factors are shown to be negligible in

Chapter 3.
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The maximum total elastic deflections of the high-strength
steel rod and the supporting girder at the braciné points of the
beam specimen were calculated to be 0.3" which was negligibly
'small. This value was also observed from level readings during

testing.

The twisting moment of the purlin due to the rotations
of the beam can be calculated based on the vertical deflection
readings along the beam, and the rotations of the beam at the.

bracing sections can be obtained from the following expression(Gz)

46,-5
Y- T @)

where “Y = rotation in radians at the bracing section
$, = deflection at a section which is a 7 distance
from the bracing point
52 = deflection at a section which is 2 T distance
from the bracing point
T = equal interval between the sections where vertical

deflections were measured.

Based on Eq. 4.1 the end rotations of the critical span

can be obtained. Figure 4.4* shows the moment versus end rotation

*This M- curve may also be obtained by integration of the
M-§ curve given in Fig. 4.3.
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relationships for test LB-12 which has the largest purlin section.

Due to rigid purlin attachment at bracing points, at any
stage of loading the rotation value is the applied twisting angle
at the center span of the purlin. The corresponding twisting

moment is given by:(6)

- (Jwbw:+2bbh?) G- (4.2)
31,
where T = twisting moment
= total twisting angle
G = shear modulus
Bb = one-half purlin span length
dyb = Ppurlin web depth
Wp = purlin web thickness
b, = purlin flange width

ty = purlin flange thickness
The free body for Eq. 4.2 is shown in Fig. 4.5.

For test LB-12, the maximum twisting moment based on
Eq. 4.2 at ~) = 0.202 (see Fig. 4.4) is only 1.405 k-in. This
is approximately 0.14% of the maximum applied moment. This

‘influence can be considered to be negligible.
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Finally the problem of the loading position is discussed.
The influence of a loading point other than at the shear center
on the lateral buckling load has been studied by a number of
investigators¥ In these studies only the influence on elastic
buckling loads are treated. There is no information concerning
this effect in the post-buckling range. With the test setup of
these experiments, this influence on the rotation capacity is
believed to be small, since in all the tests no lateral movement
at the braced section was observed. This is reasonable because
the purlins are continuous, and they are rigid enough to prevent
any lateral deformations. Nevertheless, further tests conducted
with supporting points on the compression flange are planned in
order to evaluate the effect of loading positions on the post-

buckling strength of beams.

4.3.2 The Behavior of Purlins

During the tests the deflections of the purlins were
also measured. Purlins remained straight prior to lateral
buckling in all the tests. After lateral movement of the com-
pression flange, the purlins started to deflect into "S" shapes
in their lateral direction in addition to twisting. However,
no appreciable deformations in the vertical direction were ob-

served even at the end of the post-buckling range. It was noted

;hfhﬁhmary of these investigations is contained in Chapter 4 of
Ref. 1.



-73

that the stiffness in the weak direction of the purlin sec;ion is
one of the primary factors that directly affect the post-buckling
strength of the beam. Test LB-12 had the strongest purlin section
(ryy = 0.59) and it was able to produce the greatest post-buckling
strength. On the other hand, test LB-14 had the weakest purlin
section (ryy = 0.174) and it could establish no post-buckling
strength. Based on the observations made in these three tests, it
is concluded that in order to develop sufficient post-buckling
strength of a beam, the bracing members must have enough lateral
rigidity in addition to the depth and area requirements which are

15
usually considered.(la)( )

In all experiments, the purlins remained within the pro-

portional limit. No yielding of the purlins was observed.

Thus based on Table 4.1 and Fig. 4.3, a relationship
between the slenderness ratio of purlins and the rotation capacity

of beams may be formulated:

L
% = ].0 +40 —_%i— (4.3)
4 ( Ty )b
where @/9 = required curvature of plastic hinges
L/ryy = slenderness ratio of beam between bracing points

(Elryy)b= slenderness ratio of bracing members

The basis for this approximation is shown in Fig. 4.6.
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It is emphasized that Eq. 4.3 is not suggested as a design .
rule for checking the purlin strength. There should be consider-
ably more investigations made in order to compose a design recom-
mendation. Equation 4.3, however, may be consulted as a guide for

selecting bracing members in future experiments of this kind.

4.3.3 The Moment-Deflection Relationships

The moment versus vertical deflection curves for the three
beam-purlin tests are given in Fig. 4.7 and the moment versus la-
teral deflection relationships are shown in Fig. 4.8, 1t will be
noted that all these relationships are similar to those presented
in Chapter 3. (Compare with Figs. 3.14 and 3.16 respectively.)
Lateral buckling and local buckling behavior is identical to that

explained in Chapter 3.

The influence of purlin strength may be realized by com-
paring the three beam-purlin tests. Similar to the explanations
made about the M-§ curves, it is seen from Figs. 4.7 and 4.8 that
the post-buckling strength decreases as the strength of the bracing
member decreases. In test LB-14 the lateral rigidity of the
bracing members is too weak to restrain the beam section from de-
flecting laterally. The large deflections of the compression
flange will also introduce deflections of the tension flange

through the web. This phenomenon can also be seen from Fig. 4.8.
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In Fig. 4.10 is shown a view of the entire beam-purlin

structure of test LB-12 after testing. Figure 4.11 shows the

critical spans of all the test beams. Purling@ were burned off

for comparison of their cross sectional areas. It is noted that

the yielding configurations are very similar for all the beam

specimens.

4.4 CONCLUSIONS

(a)

(b)

(c)

(D)

The strength of the bracing has very little
influence on inelastic lateral buckling loads

of the braced beam.

The strength of the bracing has great influence
on the post-buckling strength of a beam de-

signed to sustain plastic hinge rotations.

If the bracing members are adequate in size and
length, the termination of the usefulness of the
beam is governed by the local buckling of the
compression flange. If the bracing members are
too weak, the lateral rigidity of purlins con-

trols the post-buckling strength of a beam.

If the required hinge rotation is given, the

adequacy of the slenderness ratio of bracing
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members may be checked by using Eq. 4.3,

(e) The optimum bracing spacing concluded from the
previous chapters is satisfactory for the full
development of plastic hinge rotations if the

requirement of bracings is adequate.

It is obvious that adequate design information cannot
be concluded from a limited number of tests. Further possible

experiments are suggested in the following:

(a) Tests with the same setup and same loading condi-
tions, but with various purlin shapes and various

methods of purlin attachment.

(b) Tests with the same setup, but with the loads

applied on the compression flange.

(c) Tests of two parallel beams connected by purlins
and subjected to both constant moment and moment

gradient,

(d) Repeat of tests in (b), except that the ends of
the beams would be connected to plastically de-

(63)

signed corner connections. The extension of

this study may be tests on parallel purlin-connected

frames.



5. INELASTIC LATERAL-TORSIONAL

STRENGTH OF BEAMS SUBJECTED TO

BIAXIAL FLEXURE

5.1 INTRODUCTION

Thus far in this dissertation only the problems of symmetrical
loading have been considered. As described in Chapter 1, problems
with symmetrical loading (that is, buckling problems) are different
in nature from the maximum carrying capacity problems (that is,
ultimate strength problems). These latter problems, although
extremely difficult to analyze, can give adequate explanation of
member behaQior throughout the full history of a structure with
regard to loading and deformations. This is a necessary and suffi-
cient background on which plastic design procedures can be ration-
ally based. It is therefore necessary to develop a method of
analyzing such ultimate strength problems. These problems include
the biaxial bending problem, the initial imperfection problem, and
the post-buckling strength problem, as mentioned in Chapter 1. It
will be noted that the maximum carrying capacity obtained from a
post-buckling solution should be an upper bound solution to those
obtained from the other two solutions. As can be seen from Fig.
1.2, the maximum moment value on the biaxial bending curve (or an
initial imperfection solution) approaches the maximum moment point
on the post-buckling strength curve as the lateral bending moment

Myy (or the initial imperfections u and E) approaches zero. The
«77
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basic method of solution to all such inelastic instability problems

is the same.

In this dissertation a method is developed for the solution
of the maximum carrying capacity of biaxially bent beams. This

solution may be represented by the curve QRp in Fig. 1.3.

In conventional design (or elastic design) such problems
have been considered by a number of investigators (Refs. 10, 11,
64, 65, 66, 67, 68, and 69) on various cross sections and for
different loadings, theoretically and experimentally. 1In some of
these references the '"ultimate load" of a beam is defined as that
load which causes the maximum fiber stress at any cross section
to reach the proportional limit. This terminology is quite mis~
leading. If a member is subjected to bending in two directions,
portions of the cross section will be yielded when the ultimate
load of the member is reached and as deformations become large,
regardless of whether the member is long or short. Solutions in
these refefences are therefore 'critical stress problems" in
elastic design, in which no instability of any type will take
place (Point A in Fig. 1.1). A few inelastic investigations on
biaxial bending (Refs. 70, 71, 72, 73, and 74), on the contrary,
treat the problem without considering the length parameter. 1In
other words these solutions are limited to the study of the behavior
of the neutral axis when the cross sections are partially yielded.

Strictly speaking, solutions of such a type again can not be called
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instability solutions, since the deformations of a member are not
predicted. These are essentially studies of the full plastic

moment under inclined loads.

The method presented in this chapter considers the inter-
action between the deformations as well as the related stiffness
parameters. Their influence on the load versus deformation relation-
ships are included, and the maximum carrying capacity of biaxially

bent beams is predicted.

To illustrate the method of solution, a simply supported
beam of rectangular cross section will be treated in detail in
this chapter. Solutions for wide-flange beams are presented in

Appendix B.

5.2 THE EQUATIONS OF EQUILIBRIUM

The differential equations presented in Chapter 1 for biaxial

bending of wide-flange members are as follows (see Fig. 1.2):

_'Bxx"gf? = —Mn"'M‘ﬁ'P (a)
- d  _ . - M (1
=By o = ~Mwp- My ®) (-3

3 0
G5 -G4E —m gy (<)

z



For beams of rectangular cross section,

written as:(e)(lo)(ll)

‘5"::= = Mu+My-p
43 B
—&j‘,j;u" - “M!ip M!.H

erﬁ - 'M:xT *Mus
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these equations can be

(a)

(b)

(c)

The end conditions for simple supports are:

)
[
N
H
Q
c
"

=B’=O

The solution of the differential equations (5.1) is

(5.1)

. (5.2)

obtained by differentiating Eq. 5.1c first with respect to z and

then substituting Eqs. 5.la and 5.1b into this new equation to

yield a second order equation in B:

1

B pmm

The general solution of Eq. 5.3 is given by

P 'AC°5112+B$MT|7: +

G By G By

Y
t1

(10

(5.3)

(5.4)

N
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where A and B are constants determined by the boundary conditions,

and
2 2
1, = My + My - (5.5)
1 C'r Bq'j C‘r B&tx
‘1’ = Mxx M ( 1 = ! ) (5°6)
2 ‘1“1 C'l Bx)( CT Buﬁ

Substituting the boundary conditions of Eq. 5.2 into Eq.

5.4 solving for A and B, the final expression for B is:

. : ban XL (5.7
W e—— — 2z \ 2 Tan —— . )
P 1 ((‘,os‘}| +$n‘}| 7 )
t
- Substitution of Eq. 5.7 into Eq. 5.la, integrating with
respect to z, and using the conditions v =0 at z = 0 and at

z = L, the vertical deflection v is obtained.

VoS éxx —hgﬂ[].;—zz]

S HEBICAAS I

+ Jmn-a'z'—L(Sin %, z -%S{n‘h\. )- ;’—'z (O %)]]] (5.8)



-82
Similarily from Eq. 5.1b and from the condition that,

u=0at z =0 and at z = L, the lateral deflection u is equal

to:
u = L My -~ ( 2°-12)
B M o2
) .
2 ] 2 1 3
Mo B[ LG5 [ (eg-Eegl)
?' 1'|
fhic 0. 2« 12 oy
+ +on ?(Smcl,,i 1 Sin ‘},L)+ 1'1(L ')]] (5.9)
Since the applied moment is constant along the beam the
maximum deflections occur at z = % . Therefore, at the center
section
_ if . 1 '
F% = ?f | —TZE—E%E_ (5.10)

S D DI VT "R VIR S (DR
R (Mg +My) ‘}.‘[ ="
(Coné'-l-' —%Cns‘},l.)++an%(iin%|‘-'?Sin‘}'l.)]} (5.11)
1 L Tz ?’ _
Vo = —_b_,x ?(“VL”? +Mu )+ T“M'j‘j[ > +

(3L 1) + oy s, Y -';s;q,L)]] 512
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where q; and q, are defined in Eqs. 5.5 and 5.6 respectively.

5.3 ASSUMPTIONS

(a) The stress-strain diagram of the material in com-
pression is identical to that in tension. Further-
more the effect of strain-hardening is neglected.

(See Fig. 2.2.)
(b) Residual stresses are not considered.
(c) Plane sections remain plane (that is, linear strain).

(d) The St. Venant's torsional constant of a solid

parallelogram section can be approximated by Eq. 5.23.

5.4 THE ELASTIC SOLUTIONS

In elastic analysis the determination of the maximum fiber
stresses is required. According to the formula of general um-
symmetrical bending, the stresses at any point in the cross

section are:

My (D, My (D)
Iy I

o

(5.13)
M
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where M 5 and M'l'l, are components of the applied moments
about -the principal axes. 1In the elastic range the ¥ - and
1 - axes coincide with the x'- and y'- axes. (See Fig. 5.1.)

However,

Moo = Mo+ BMyy

(5.14)
Thus Eq. 5.13 can be written as:

o = — (_Mxx+Fij 3 FMxx+ ‘j) (5.15)

I 1 )

13 1
The term - MYl in Eq. 5.15 is much smaller than
1
1

the other terms if >> . Neglecting this term, Eq. 5.15
X y

can be simplified to:

(5.16)

q
|

Mol M“m+f’ M (5)
Ty In I
Equation 5.16 is the basis for elastic design of beams sub-

jected to equal end moments in two directions,*

*In Ref. 10 beam curves which show the influence of various types
of cross sections and various degrees of imperfection on the
critical stresses of slender beams are presented.
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5.5 THE BEHAVIOR OF PARTIALLY YIELDED SECTIONS SUBJECTED TO
INCLINED LOADING

It should be pointed out that regardless of whether the
material is entirely elastic or partially plastic, equilibrium
between the externally applied load and the internal resistance
of a member must be maintained. The fundamental difference be-
tween an elastic cross section and a partially yielded one is that
the stiffness coefficients Byy, Boys and Cp of an elastic section
remain constant irrespective of the magnitude of loading, whereas
for a yielded section the rigidities decrease as yielding ( that is,

loading) increases. The reduction of the rigidities for a partially

yielded section are considered in following sections.

5.5.1 Symbols and Definition

The yielded and deformed shape of a rectangular beam is
shown in Fig. 5.1. The cross-hatched portions are yielded and
it & assumed that these portions of the cross section furnish
no stiffness against additional loading in the yielded zone. The
rest of the cross section remains e1astic$3) The dimensional

and deformational parameters of the cross section are explained

below: ¥

b = width of the cross section

C = center of twist
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NA = neutral axis

u = lateral deflection of the shear center

v = vertical deflection of the shear center

X,y= coordinate axes in the undeformed state

X,y'= principal coordinate axes in the deformed
state before yielding starts

a = inclination of the plane of the applied
moment with respect to the vertical plane

B = angle of twist

@ = inclination of the neutral axis with respect
to the principal axis x'-x' of the elastic
section

® = inclination of the principal axes ;—gandqfq
with respect to the principal axes of the
elastic section x'x' and yly'

Al,)z,(or7\3) = penetration of yielding parameters

of the cross section

§I’L- principal coordinate axes (variable).

5.5.2 The Bending Rigidities

The bending rigidity of a yielded section is obtained by
using the concept that Eeff'l = E:I.¢¢ as explained in Chapter 2.
In Fig. 5.2 are shown two possible cases of yielded configuration

for a rectangular cross section. The moment of inertia of the
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effective area of the cross section with respect to the x'y'

coordinate system are given by the following expressions:

Case 1
1., = i“ :I—A.Xz(s -8 + bA; ):
Lyy = fﬁ :1—7\.7\2 (3-8A- LA )j (5.17)
Ix’uj’ = b’d’[—,‘r—mz ‘%7\.7.\1(7“"‘)&)";5[,7"17‘:]

Case II

1..=1, [(\—xz-m Y- £ 0nn)s 2Oun )L %(x;—z;)]]z]

= F - + )\ . '
Iﬁ. IH—' (A s)] (5.18)

~

I, = B [‘;Lc,(fh-m)z-é(’“"‘s) [z -3 (;\,-,\,)]]]

- 1 - 1
where Ixx = 12 bd3 and Iyy = ““iz—b3d are the moments of inertia

of the unyielded cross section.

(35)
The inclination of the principal axes is defined as



2 Loy

I]’j' - I‘I*I

(5.19)

ton ¢ =

and the moments of inertia with respect to the principal axes

are;

I.o= Iy Cos’d * Lo Sind = Lo Sin2 (5.20)
1]

3§ 1

].r[rl = Ix'x' 3|‘n;4> + 1]-]- Cosl? + I," + Sin 21’ (5.21)

For any yielded configuration of the cross section it is
thus always possible to determine the inclination of the prinicpal

axes and the moment of inertia about these axes.

Interaction curves constructed for both yielding cases are
shown in Figs. 5.3 through 5.6. These curves are presented in a
non-dimensionalized form. The vertical axis represents the value

of 1 divided by Iy (or I.m /Iyy) on the horizontal axis the

3
non-dimensioned parameter A 1 (or )\3) is plotted. The inter-
action parameter is }\2/ 7\1 for Case I. For Case II this para-
meter is A,- A3. Both M,/ A, and A,- A3 indicate the in-
clination of yielding surface (that is, the inclination of the

neutral axis).

5.5.3 The St. Venant's Torsional Constant

The St. Venant's torsional constant of a rectangular section



is given by:(6)
K, -5 bd (1-0e ) (5.22)

As shown in Fig. 5.7 it is assumed that for a partially

yielded section the value Ky can be approximated by

I b -
Ky =5 &d (1 -0t ) (5.23)
where dl =d (1- A1 A 2) for Case I
and d = d-( Ay +A3) d for Case 1I.

The effective depth d1 is obtained by equating the triangular
area ABC to the rectangular area AB'DE. This is purely an approxi-
mation, further investigation on this subject is essential before
a precise solution can be obtained. The purpose of this disserta-
tion, however, is primarily aimed at the development of a basic
analytical procedure to solve the ultimate strength problems, and
ﬁhié procedure can be applied with any kind of Kp versus A, and
%1 (orfk3) relationships. Since there is some torsional stiff-
ness in the already yielded portion of the cross section, there-
fore this approximation for St. Venant's torsional constant is

believed to be conservative.

Based on this assumption, the effective torsional constant

can be written in terms of the yielding parameters as follows:
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Case I Ky = RT [“)n)\z][" :';i: %] A (5.24)
e _0.é63 | ;
Case II Ky = Ky ["'('\z*')‘!)] I__\ oo ] (5.25)

The interaction curves for Egs. 5.24 and 5.25 are given in

Fig. 5.8.

5.5.4 The hending Moment About the Neutral Axis

For any yielded configuration of the cross section, the
internal moment about the neutral axis can be evaluated, pro-
vided the correct inclination of the neutral axis is known. The
direction of the neutral axis is governed by the inclination of
the interface between the elastic core and the yielded regions
in the cross section. The angle between the x'-x' axis and the

neutral axis, O, can be written in the following form:

Case I: = $an [‘i ;‘\*’] (5.26)
Case II: o = tan” ['%*("z-?\s)] (5.27)

where d/b is the aspect ratio of the cross section and A, and 7\

(or 7\3) are the basic parameters of yielding penetration.

In Fig. 5.9 the geometric representation of the relationship
between a partially plastic section and its stress and strain dis-
tribution in the plane perpendicular to the neutral axis is shown.

The bending moment about the neutral axis is defined as
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Mua = j 0 s dA (5.28)
A

where s is measured in the direction perpendicular to the neutral

axis.

Equation 5.28 is integrated for the two stress distributions

in Fig. 5.9. The resulting equations are:

Case I:
Mo _ & |2 bed  _cl
(MF)“ bdl 3 (Cos® 395in 20
, 4 Cs \> ~
[l+4(%,)-(%)-6(§—’,)+2(7,’) ] (5.29)
where:
. J |
¢, = % (L coso-sime)
C, = % [% (050 + (|—2A|)$in9]
¢y = 2 (L sorsing)
37 2 \b ~”
and
e = +Uh-'(J%"%ﬁ')
Therefore
G, 5 - teme
C —%+(|-zz.) tan ©
¢ L -fone

C %4-0-27\- ) tan e



Case 1I
2
—NA 41 bc, [3_(%)5]
(MP)“ bd 3CsO I
- 52 [(—c")s— 3(82)+2] (5.30)
3 Sin 20 Cy < o
wher_e
d :
¢, = —g‘(_bc‘”e—sme)
Cy = —:-[%U‘Z/\s)-“‘ane]opse
b b .
Y
and
-1 d
& = fan~ _b'(kz—k5)]
Therefore .
La _ %U-b\s)-‘mne
C Ab"l'ane
Cy '—db—"""ane
< < _tan e

b
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Equations 5.29 and 5.30 can be reduced to an identical
expression when *1 = 1,0 in Case I and .Aa = 0 in Case II

respectively.

It is seen that the moment about the neutral axis given
by Eqs. 5.29 and 5.30 is determined by the basic yielding para-
meters only. The interaction curves for these two equations are
given in Figs. 5.10 and 5.11 respectively. For any given com-
bination of A3 and Ajy/ Ay (or Ay and A,- 7\3) the value

of MNA may be obtained from these curves.

5.5.5 The Relationship Between the Neutral Axis and the Twist-
ing Angle

The inclination of the neutral axis depends not only on the
yielding parameters but also on the twisting angle and the ratio
of Mxx and Hyy' The ratio of the moment components, gii = fand,
is a constant. The value of B is an unknown variable, depending
on the loading, the cross sectional geometry, and the beam length
as well as on the degree of yielding. The solution of this
problem cannot be obtained explicitgy, it requires an over-all

trial and error procedure. This can be done with the aid of the

previously prepared interaction curves (Figs. 5.3 through 5.11).

The rotation of the neutral axis for any given cross section

is given by(35)
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+an9‘ = —L'— tan o(_, (5.31)

22

where @' = inclination of the neutral axis with respect to
the principal axes.
a' = inclination of the load with respect to the
neutral axis.
111,122 = moment of inertia about the principal axes

of the given cross section,

Thus for a partially yielded cross section, the actual rota-
tion of the neutral axis with respect to x'-x' axis can be ob-

tained from the following equation: (See Fig. 5.1)

tan (e +4) = —]Ji-’ran(oupw)
n

or

B = fon” [ %‘1: fan (0+4)] = (2+4)  (5.32)

In Eq. 5.32 o is a constant, For any given yielding pene-
tration A,, Al or  Ag» the value of 6 is defined by Eqs. 5.26
or 5.27, and the values of 1I 1 /I“ and @ can be found from
Figs. 5.12 through 5.15; these figures are plotted using the
values obtained in the process of the construct;ion of Figs. 5.3

through 5.6. As a consequence, the unknown value g in Eq. 5.32



can be determined for a given yielding configuration.

For various degrees of yielding, a series of B values can
be obtained. The relationships between B and the yielding para-
meters obtained from Eq. 5.32 are plotted in Fig. 5.16 for a= 10°
and for d/b = 2. In this figure the variations of the twisting

angle B are shown with respect to X, and with Al as parameter.

2
For given B values, the correct relationships between 7\1 and A,
thus are defined by the curves given in Fig. 5.16. For a member

of given length, each twisting angle Bo corresponds only to one set

of values of Kl and AZ‘

5.6 THE MOMENT VERSUS TWISTING ANGLE RELATIONSHIP

5.6.1 Elastic Range
. The relationship of moment versus twisting angle Bo at the
middle span is given in Fig. 5.17. The ordinate is the component
of the applied bending moment about the major axis in non-dimension-
al form (that is, divided by the full plastic moment (r§°zxx in
the strong direction). The abscissa shows the twisting angle B,

in degrees.

In this calculation the following values are assumed:

b =20
d/b= 2
L/b= 30
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a = 10°

These values are substituted into Eq. 5.10. Since in the elastic

1 and I_i_1 remain

range the cross sectional constants E&, Ix'x y'y

unchanged, the curve OAB can be plotted directly by using Eq. 5.10.

5.6.2 The Proportional Limit

The portion AB of the curve OAB is not true since at point
A, yielding starts in the cross section. This point A is obtained

by using Eq. 5.16 in the following form:

d b b
MaS | Myt My & |
0—3 - __L+_‘11_2_+F# (5.33)
I ‘g X' I]"J' 1:]'.] /

The plot of Eq. 5.33 intercepts the curve OAB at point A as

shown in Fig. 5.17. Point A is therefore the proportional limit.

5.6.3 1Inelastic Range

The trial procedure of obtaining an equilibrium point on
the moment versus twisting angle curve above the elastic limit
is described below. Equation 5.10 is the expression which must

be satisfied by the trials.
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(a) Starting with Case I, a value of Bo is assumed and then

(b)

(c)

(d)

(e)

from Fig. 5.16 a family of )\1 and 7\2 values are obtained.
It has been noted that for this particular g, every com-
bination of %1 and %2 in this family is a correct set
of yielded configurations depending upon the length of

the beam.

Taking one set of these X; and Akz values and determining
the corresponding values of I§§ , Iqu' and Ky from Figs.

5.3, 5.5 and 5.8, substitutions can be made into Eq. 5.10.

For these same 7\1 and AZ values, the moment about the
neutral axis can be obtained from Fig. 5.10. The relation-
ship between MNA and M (the component about the strong

XX

axis in Eq. 5.10) is given by the following equation.

Mex =My 5. c08 (Bo - ©) (5.34)

where © is the inclination of the neutral axis and Bo is
the assumed twisting angle in step (a).
The value of M,, obtained from Eq. 5.34 is again sub-

stituted into Eq. 5.10.

The requirement for equilibrium is that the calculated
Bo from Eq. 5.10 is equal to the assumed value in, step

(a).

If the calculated g, does not equal the assumed value,
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the beam is not in equilibrium with the picked A, and
A].values in step (b). Therefore steps (b) through
(d) are repeated until the calculated value of Bo has
reached within 17 of the assumed value. Then the

condition of equilibrium is considered to be satisfied.

(f) As is noted in Appendix B, when the twisting angle B,
becomes large the yielded configuration will be governed
by Case II. Identical procedures are used with the aid
of the appropriate figures. The rectangular beam con-
sidered in this example, however, fails simply on the

upper margin of Case I.

5.7 THE MOMENT VERSUS DEFLECTION RELATIONSHIPS

The relationships between moment and deflections are obtained
by using Eqs. 5.11 and 5.12. Since the correct values for ka
versus B are known,wa trial procedure is not necessary. These

relationships are shown in Figs. 5.18 and 5.19.

5.8 PILOT TEST ON BIAXIAL BENDING

One test was conducted to verify the theoretical solutions

presented above on a 4" x 2" rectangular steel bar of 15 ft. length.
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5.8.1 Test Specimen and Test Setup

The test setup was the same as used for the tests described
in Chapter 3. (See Fig. 5.20.) The 180" long beam was subdivided
into three segments of 60" span, corresponding to L/b = 30 (b=2").
The center span, which was subjected to constant moment, was the
critical span. The inclination of‘the moment application was

achieved in the following manner:

At each of the four lateral support sections, two
5" x 5" x 1/2" knife-edge plates were welded to the top
and bottom surfaces of the beam specimen. The positions
of these two plates were such that the knife-edges of the
top and bottom plateé defined an inclined plane which made
an angle of 10 degrees with the vertical plane. (See Fig.
5.21.) Trapezoidal blocks were then welded to the top
plates such that the upper surfaces of these blocks
remained horizontal when the beam was in a testing position.
Therefore, during testing, the applied moment was kept in
the vertical plane and the beam cross sections were inclined

by 10 degrees at the points of lateral support.

In all other respects the test assembly, the details of the
test setup, and the test procedures were identical with the lateral

buckling tests of the wide-flange beams presented in Chapter 3.
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5.8.2 Instrumentation

SR-4 strain gages were attached to the beam specimen at
positions as shown in Fig. 5.22. The method of measuring the
deformations u,, Vo and B, at the middle section of the test span
is explained in fig. 5.22. At the middle section of the critical
length of the beam, four rigid bars were welded to the four sides
of the bar as shown in Fig. 5.22b. The intersection point of the
two perpendicular lines AB and CD is the centroid of the cross
section. Both vertical and horizontal movements at the ends of
these rigid bars were measured by means of a 1/100" scale which
was moved from point to point. Readings were taken by a transit
and a level. With known distances between these measured points
and the centroid, the deformations at the centroid, u,, Vo and g,

are given by the expressions indicated in Fig. 5.22.

5.8.3 Test Results and Discussions

Fig. 5.23 shows the correlation between the theoretical curve
and the experimental results for vertical deflections. The follow-

ing two conclusions can be drawn from the pilot test:

(a) Although due to inaccurate deflection measurements* the

deformation readings became scattered when compared with

* The 1/100" scale was not accurate enough for deflection readings
in this test, since the critical span of L/b = 30 was too short
to yield appreciable deformations. For future tests more sensi-
tive measuring devices are suggested.
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theory, the prediction of maximum load is nevertheless
fairly satisfactory. The observed maximum moment was
about 5% higher than the predicted moment. (See Fig.

5.23.)

(b) The lateral restraints due to the adjacent spans are
responsible for the larger rotation capacity at the
maximum moment level as shown in Fig. 5.23. As con-
cluded in Chapter 3, the post-buckling strength of a
symmetrically loaded member is primarily governed by
the lateral restraints. The supposition is further
verified here experimentally for the case of inclined

loading.

5.9 SUMMARY AND CONCLUSIONS

A method is presented in this chapter to obtain the true
ultimate carrying capacity of a simply supported beam subjected
to end moments applied in two directions. Moment versus deforma-
tion relationships are obtained for the whole loading history of
the beam. The method is illustrated by solving the problem of a

beam of rectangular cross section.

One experiment was conducted to substantiate the theory.

From this test it can be concluded that the ultimate load predicted
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by the theory was about 5% less than the observed value. This
experiment indicated also that the rotation capacity of a member
is mainly due to lateral restraints, as it has been concluded in

Chapter 3.

Using the same methods, solutions for wide-flange beams are
also obtained. The beam sections for which computations were made
is the 10WF25 section. The calculations are performed for L/ryy=40,
60, and 80 respectively. 1In all cases the inclination of the end
moments is 10 degrees. The details of the solutions are given in
Appendix B, The moment versus deformation relationships are shown
in Figs. 5.43 through 5.45. From these figures it is seen that
the deformations u, and B, at maximum moment increase as the
slenderness ratio L/ryy increases, while the vertical deflection

v, at maximum moment decreases as the beam length increases.

As mentioned earlier, the purpose of the theoretical treat-
ment of the problem of biaxial bending in this chapter is the
development of a method of solution. Further theoretical and
experimental work is necessary before the method can be employed

as a design tool.

The proposed theoretical procedures, however, reveal a
gleam of light for the solutions of various other problems in
biaxial flexure. Those were heretofore handicapped by the com-

plicated interaction of the lateral-torsional deformations.
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These problems are briefly pointed out in the following:

(a) The post-buckling strength of beam.

The analytical procedures presented in this chapter
can directly be applied to obtain the post-buckling strength
of beams if the influence of residual stresses is neglected.
In such a case the beam will be loaded about the strong axis
only and deflections will be in the plane of loading alone
before lateral buckling is initiated. After this initial
motion load is reached, lateral and torsional deformations
will take place; however, the beam will remain in stable
equilibrium until the maximum load is reached. In the post-
buckling range the problem becomes identical to that pre-
sented in this chapter and the method can directly be adopted
without additional difficulties. This problem of post-

buckling strength will be further illustrated in Art. 5.10. -

(b) Strength of plate girders subjected to eccentric loading.

Solution for lateral-torsional strength of deep beams
is more complicated than that of wide-flange beams, since
the local strength of plate elements(76)(77) involves into
the interaction with the lateral-torsional deformations.

-~ However, it is desirable to know the behavior of deep beams
subjected to eccentric loads (or symmetrical load but with
imperfections of fabrication) because such situations exist

in actual cases.
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(c) Beams subjected to moment gradient.

The analytical procedures developed in this chapter
apply only to the case of constant moment. Solutions will
become more involved if the curvature along the member varies.
The midspan deformations in such a case cannot be treated
alone., Instead, they are influenced by the overall deforma-
tions of the beam. A numerical integration process, perhaps
a method as presented in Ref. 78, might be incorporated into
the analytical procedures develope& in this chaptér for the
solution of moment gradient. A method of solution for
members subjected to moment gradient is essential for the

purpose of solving further important problems.

(d) Biaxially loaded columns.

Oné of the most important applications of the study of
biaxial flexure is to predict the strength of continuous
colums in building frames, since an interior column is
always subjected to end moments in two directions in addi-
tion to axial loads. In this case the column is subjected
to moment gradient, furthermore there will be tranmslation
of the neutral axis in addition to rotation and hence the
problem becomes extrem=ly complicated. However, before this
problem is solved, plastic design of building frames ﬁill

not be able to reach thes most economical state.
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5.10 THE POST-BUCKLING STRENGTH SOLUTION

A post-buckling strength solution will be illustrated in thig
section. Again the rectangular beam with the aspect ratio equal to

two will be considered. A complete solution is twofold:

(a) The initial motion solution.

(b) The post-buckling solution.

5.10.1 The Initial Motion Solution¥

The buckling equation for a beam of rectangular cross section

can be written in the following form:(6)

(M), = —t— Cr By, (5.35)
where (M.xx)cr = The critical bending moment about the stfong
axis.
Cp = St. Venant's torsional rigidity.
Byy = Lateral bending rigidity.
L = Length of the beam with simple supports.

~ For calculation of Eq. 5.35, the following quantities in

terms of the yielding parameter A are necessary. (See Fig. 5.46.)

*A rigbrdUS treatment of such a lower bound buckling- solution is
- given in Ref. 79. The assumptions made in this reference are
essentially the same as in Ref. 31.
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The effective moment of inertia in the lateral direction.

oL G- (5.36)
Iy

.The effective St. Venant's torsional constant.

Ki _ (-22)-(ob35)

— (5.37)
K; ]—QB%%%

The bending moment about the neutral axis.
M \——(‘—2)\) (5.38)

(M, ),‘,

With the aid of Eqs. 3.36 through 3.38, equation 5.35 may

be written as:

AT
6; bd’ [1-l3(|-:x)’]

L, =

b
'1‘] |- 0.63 %’—

where i&y and E& are the elastic bending rigidity and the elastic
torsional rigidity of the cross section, and A is the yielding

parameter.

The critical moment versus length curve can thus be con-

structed by using Eqs. 5.38 and 5.39 as A varies. This is
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shown in Fig. 5.47. It should be noted that this is a lower bound
buckling curve; all points on this curve correspond to the point B
on the schematic plot in Fig. 1l.1c, and at every point on this

curve the yield penetration A is known.

5.10.2 Description of the Post-Buckling Strength Solution

After the load-deflection curve reaches point B in Fig. l.lc,
lateral-torsional deformations will take place, and the yielded
configuration in the beam cross sections will become anti-
symmetrical with respect to the centroid as shown. This is
exactly the same situation as Case II of the biaxial bending
problem. The procedures are identical to those developed for
biaxial bending, with the exception of the following minor correc-
tion:

In this case the inclination of the applied moments,

a, 1s a variable. At any stage of loading it is equal to

the twisting angle B. Therefore modifications are

necessary for calculating Eq. 5.32. This relationship

can be rewritten in the following form:

F; - -;_ hn-'[%‘;t 1'0n(9+4‘)]" $ (5.40)

The equilibrium trials of Eq. 5.10 are the same as described before.



-108

Figure 5.48 shows the results of the illustrated solution
of the post-buckling strength problem. In this figure the M-8,
relationships for o equals to 0°, 59, and 10° are plotted for
comparison. The curve marked o = 0° is the post-buckling solu-
tion, whereas the other two curves are biaxial bending solutions.

In this calculation the following values are assumed:

b=2ll

= 30

ol

a =0°, 5° and 10° respectively.

It should be mentioned that the M-B, relationshiﬁs in Fig.
5.48 serve quantitatively as an example for the initial imperfec-
tion solutions. For an initially straight member, the M-B,
curve would correspond to the curve‘for a = 0%. The larger the
initial deformations the lower the maximum moment would be

expected.

5.10.3 SolutioneICOnsidering Residual Stresses

Solutions considering residual stresses would be more com-
plicated since the yielded configuration of the beam cross sections
will no longer be anti-symmetrical and the neutral axis will trans-

late in addition to rotations. A wide-flange cross section is
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shown in Fig. 5.49 to illustrate this phenomenon. It should be
noted that the additional complications in such a case only lie
in the preparations of all the interaction curves. The basic
trial procedure again would be the same as presented in this
chapter. The initial motion solutions taking into account the
effect of residual stresses presented in Ref. 3 can be adopted

as a starting point for such solutions.

With the influence of residual stresses, the lower bound
initial motion load is lower than that when ignoring the residual
stressessa) Therefore the total increment of moment A M, would

be more appreciable than that of the solution when the influence

of residual stresses is ignored.
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6. SUMMARY AND CONCLUSIONS

This dissertation deals with the load-deformation behavior
of beamsvsubjected to uniform moments. Special attention is paid

to the following problems:

(a) The spacing of lateral bracing in the vicinity of

plastic . hinges.

(b) Lateral bracing requirements in the vicinity of

plastic hinges.

(c) The biaxial bending strength and the post-buckling

strength of beams.

These subjects are treated both analytically and experi-
mentally for A7 type structural steel beams failing in the in-

elastic range.

The following list contains the new contributions set forth

in this dissertation.

(a) The problems associated with lateral-torsional
instability phenomena are explained and differentiated,
and the concept of buckling under full plastic moment
is analyzed. An upper bound solution is developed by
analytical means for predicting the critical unsupported
length of a beam failing by lateral buckling under

plastic hinge moment.
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(b) The critical length of beams is determined by experi-
ments on laterally supported beams. These same experi-
mental observations furnish information about the post-
buckling strength, rotation capacity and cause fo;

failure.

(c) The bracing requirement necessary to prevent failure
until the beam has performed its intended function is
investigated experimentally by testing beam-purlin

assemblies.

(d) The biaxial bending strength and the post-buckling
strength of beams subjected to equal terminal moments

is determined analytically.

The following conclusions may be drawn from this investiga-

tion:*

(a) For simply supported beams buckling under constant
plastic moment, an upper bound solution of the critical
unsupported length is achieved. This critical slender-
ness ratio L/ryy is equal to 40 (versus a lower bound

solution of L/ryy = 18).

(b) The optimum unsupported fength for the bracing spacing
of “laterally continuous beams (L/ryy = 40) is established

experimentally.

*Hore detailed conclusions are contained at the end of each chapter.
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(d)

(e)

(£)

(g)
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The lateral restraints provided by adjacent spans are
of primary importance in order to develop satisfactory
post-buckling strength and plastic hinge rotations of

a member.

Lateral buckling does not influence the rotation

capacity of laterally continuous beams.

Local buckling of the compression flange terminates the
post-buckling strength of beams with idealized support

conditions.

The lateral bending stiffness of bracing members con-
trols the post-buckling strength of a beam supported
by purlins. The relationship of the rotation capacity
of a beam and the requirements of bracing members is
determined from experimental results of the beam-purlin

assembly tests.

A theory taking into account the interactions among

deformation variables is developed for obtaining the

‘true ultimate strength of beams governed by lateral-

torsional instability. The method of solution is
explained by solving the problem of biaxial bending

of a beam of rectangular cross section.
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(h) The developed analytical procedures are applied to
obtain solutions of wide-flange beams. Moment versus
deformation relationships are presented. The method
developed in this dissertation can be used directly to
obtain other types of ultimate strength solutions
equally well, (that is, the post-buckling strength
solution and the initial imperfection solution) for
members subjected to constant moment. Extension of
the procedures may lead to the solutions of biaxially

loaded columns failing in the inelastic range.
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7. NOMENCLATURE

A = Cross sectional area
- = Integration constant (Chapter 5)
Ap = Area of flanges for wide-flange section

o

Area of web for wide-flange section

& &

Differential area element

o
|

Integration constant (Chapter 5)

4 + 2(a-1) q + Br  (Appendix A)

Byx = Bending stiffness about x-x axis (strong axis stiffness)

Byy = Bending stiffness about y-y axis (weak axis stiffness)

E§x = Bending stiffness about x-x axis in the elastic range

Eyy = Bending stiffness about y-y axis in the elastic range

B“ = Bending stiffness about Y -y axis in the inelastic range
(Strong axis stiffness)

311 = Bending stiffness about 1 -q_ax;s in the inelastic range
.(Weak axis stiffness) .

C = Centroid of a cross sectijon

Cy = Yarping stiffness

Cp = St. Venant's torsional stiffness

Eg = Warping stiffness in the elastic range

Ef = St. Venant's torsional stiffness in the elastic range

E = Young's modulus

Ege = Strain-hardening modulus

G = Shear modulus

Gge = Shear modulus in the strain-hardening range



-115

1 = Moment of inertia

111,122 = Principal moment of inertia of a cross section

L S = Moment of inertia about the x-x axis
Iyy = Moment of inertia about the y-y axis
Ix'x* = Principal moment of inertia about the x'-x' axis in the

elastic range

I 1,1 = Principal moment of inertia about the y'-y' axis in the
vy elastic range
'Iii = Principal moment of inertia about the ¥ -% axis in the

inelastic range

I = Principal moment of inertia about the | axis in the
1M
inelastic range
Iy = Warping moment of inertia
Iw = Warping moment of inertia in the elastic range
Kp = St. Venant's torsional constant
E& = St. Venant's torsional constant in the elastic range
L = Léngth of a member
L = Critical unsupported length of a beam
Ley
;;; = Weak axis slenderness ratio of a beam
;EE) = Lower bound critical slenderness ratio
yy'p

:ijn = Upper bound critical slenderness ratio
Yy /%

M . = Moment
M = Moment about the neutral axis

Mox = Moment about the x-x axis (strong axis)
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Nyy = Moment about the y-y axis (weak axis)

Mii = Moment about the t -y axis (in the inelastic range)
qu = Moment about the 1-1 axis (in the inelastic range)
(H)max = Maximum moment

(M)cr = Critical buckling moment

My

Mp

dM,, = Change of moment about the x-x axis

Yield moment = oy.s

Plastic hinge moment = Oy.Z

NA = The neutral axis of a cross section

P | = Concentrated load

Py = Full plastic load = Oy-A |

R = Aw/AF = Ratio of the areas of the web to the flanges
R; = %%'- ratio of the areas of the web to one flange

S = Section modulus

T = Twisting moment

A = Plastic modulus

o
a

Width of flange of a WF section

= Width of a rectangular section

by = One half flange width = b/2

by = Purlin flange width

b’ = Width of the elastic portion of flange

c = Center of twist of a lateral-torsionally deformed

cross section

C91C1 s Are perpendicular distances measured from the neutral
€2:C3, axis to different locations in a partially yielded
A cross section
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d = Depth of a WF section
= Depth of a rectangular section
d, = Depth of web
d/b = The aspect ratio of a rectangular section
d; = Effective depth of a partially yielded section

Purlin section depth

UP‘
L]

dop = Purlin web depth
£ = Z/S, the shape factor
g,1,k = Symbols for tensor notations
1, = Purlin span length
2 2 2
2 Cy C, My M
m = -— -+ + + .j'j
1 2 : B, -Cw
G ace LegGo By
2 Cr Cy My M‘l‘l
mz - -+ 3 + +
2 C., 4 Cy By Cw B, G
n = Ratio of strain-hardening modulus to Young's modulus
2
m,
Pl mlz+ m:
2
- — M
P2 M+



ds
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Mlv M'j'j ( Bl B ; .
- = n 2‘5 (Chapter 5)
My Myy
By | B
m 111

= Penetration of strain-hardening zones along flanges
(Chapter 2)

- M M ] _ |
oMy ( B G By

Radius of gyration

= Radius of gyration of beams in the weak direction

Radius of gyration of purlins in the weak direction

Distance measured along one element of a thin-walled
open section (Appendix A)

=Distance perpendicular to the neutral axis (variable)
(Chapter 5)

= Infinitesimal change of distance from the neutral axis

Thickness of flanges of a WF beam section

Thickness of flange of purlins

Deflection in the z-x plane

Deflection of the midspan section in the z-x plane

= Initial deflection of the midspan section in the z-x
plane

!

= Deflection in the z-y plane
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Vo - beflection of the midspan section in the z-y plane

v = Initial deflection of the midspan section in the z-y
plane

W = Thickness of the web of a wide-flange beam section

Y = Thickness of the web of a purlin section

x,y = Principal coordinates of the cross section in the

undeformed state

x',y' = Principal coordinates of the cross section in the
deformed state

z - Coordinate along undeformed beam centerline
t .

% e El (Appendix A)
2

Inclination of the applied moment (Chapter 5)
g = w/ty (Appendix A)
= Twisting angle of the beam sections (Chapter 5)

Twisting angle at midspan section

w
(]
1

Initial twisting angle at midspan section

= i
.

d/b, (Appendix A)

$ § §, = Deflections of a member

) S 2
€ = Strain
€y = Strain at first yield

€gt = Strain at the onset of strain-hardening

? = Deflected longitudinal axis of centroid of cros
section :
-] = Inclination of the neutral axis with respect to the

x'-x' axis of a partially yielded cross section

A,A; Ay = Yielding parameters of a partially yielded rectangular
section
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sYielding parameters of a partially yielded wide-flange
section

= Lateral restraining factor

= Variable coordinate axes corresponding to the x'- and
y'- axis respectively, after deformation has taken place.

= Distance of tangent at any point on a cross section
from the shear center

= Stress

= Yield stress

= Maximum compressive residual stress
= Maximum tensile residual stress

= Equal interval between the sections where deflections
were measured (Chapter 4)

= Inclination of the principal axes ¥ -% and n-q with
respect to x'-x' and y'-y' axes (Chapter 5)

= Curvature

= Curvature about the strong axis

= Curvature about the weak axis

= Virtual increment of curvature about the x-x axis

= Virtual increment of curvature about the y-y axis

= Rotation in radians at the bracing section
- J f,ds, the unit warping

= Normalized unit warping
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APPENDIX A

CALCULATION OF THE WARPING CONSTANT I, FOR A WIDE-FLANGE
- SECTION OF VARIABLE THICKNESSES IN THE FLANGES

Rigorous presentation of warping torsion for thin-walled open

cross sections can be found in Refs. 8, 36 and 37. By definition:

2

I, = | W, ti,ds = Z'I;tiﬁhh [LLJ.,-"* wnt)z-w..;wu]
(A.1)

and
u)° = 5 f° ds (A.z)

where: I, = the warping constant

i,k = symbols represent the two end stations of an
element in a thin-walled section (see Fig. 2.10)

t{x ™ thickness of an element between stations i and k

Qik = length of an element between stations i and k |

8 = distance along element ik measured from point
i toward point k

Yo - distance of tangent at any point on the section
from the shear center of the cross section. It
is positive if the direction i-k is counter-
clockwise with respect‘to the shear center.

W, = unit warping with respect to shear center
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Wn = normalized unit warping with respect to shear

center

1
= KSwotik ds - L

A = area of the element i-k

k
S . tds =t 0,

The normalized unit warping can be written as:

W, = —zlA— (Woi + Wet I tigfin — Wo (A.3)

‘Equation (A.1) can now be calculated by using Eq. (A.3).

The result is given by:

2

Iw = L} '%[(Uoi*waﬁ){'.‘,ﬁ,&b_]'p«
+Z( Wo; t+ “Jot)z ti.ﬁ, lit

—Z Woi Wok tlt ki.fa. (A-4)

For a wide-flange shape, Eq. (A.4) may be listed in a

tabular form for convenient calculations.
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DI ® |G| © | O
STATION 'tTa: _Q_flz _24®® aﬁd“ woé% >@| ©6
| | °
-2 a4’ % 1 T % <9 ot q?
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=3 1 || 1 | -9 +g -4 -q?
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Thus

2A = 2}
5

2t, b, [4-'-2(«,(—_:)1, + Pr]

brdty[ 4+ prefu-n)

and Eq. (A.3) is given by:

D IR G G G TS S G R W ems U e G e s ame

* The expression for a, g and 7T are shown in Fig. 2.11.
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I _
o= 2 ) OB - 2-0, @)

With the aid of Eq. (A.5) Eq. (A.4) can be simplified to:

I, = - = [Z]z + )@ [@2-@@*]

Substituting the corresponding values from the above given table,

the warping constant becomes:
{
I, = Ty (4+Pr)[z1‘(a-l)(1—3)+4]

32
s -0y P21 2 (b 3pod] L ;'d (A.6)

where

B = [4““.2(4—')“! +F>r]

32 :
tabd’ = I = The warping constant for a wide-flange
3 section of uniform flange thicknesses

(See Fig. 2.11).
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For Est = 900 ksi
E = 30,000 ksi
n = Est _o0.03
E
R, = f!ﬂ
Zblt
b = Zbl
and o =t
t2
B = w
b 4 = d/b,

0B = 2 [2+4R 4+ (u,-l)q]
Equation (A.6) can be written as

(

n b
8[2+R.-(—,‘,——l)1]

EL, =

w

A

2(249.)[4 -27’(%-')(5-1)]

S P E-0sa e T, @D

or, in a form for calculations,

Cu _ E 2(2+l2.)[4- 194 §° - -”?4 0("-

Ew B 8&[24—1%‘# R,]

+ 2517‘[-9% 9 +4(3 +5R|)] (A.8)

7/
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APPENDIX B

INELASTIC BIAXIAL BENDING OF WIDE-FLANGE BEAMS

B.} THE DIFFERENTIAL EQUATIONS AND THEIR SOLUTIONS

For thin-walled open cross sections, the equilibrium equa-

tions are given by Eqs. 1.5. For simply supported end conditions*
the solutions of the differential equations can be written as

follows.

P = 1[?2 ("’Sin‘mli‘}hnm?'l- - Cosm|2)

+ P, ( Sinh m, 2 fanh mg" — Coshm, 2 )+ ] (B.1)
U = —— _ldi‘(u—z’) +My § [i’-z [[fanf_“_-‘-_.
m 2 m, 2

(Sl.ﬂ m, 2 "ZL_ Sin mll-) +(C05m|'3 _"E"CDS m'L)] .
P, mzL . <

+ .hTi l["'anh T(ﬁnh m,L -% Swh mzL )

- (Cosh msl - —21_— Cosh m,L) ]l + —:2- [z‘—\.z]]

Mat[E G- - B0- )] 3.2

are: u =v =0 andﬂ-g_z.g

tion " = 0 implies no warping at both ends.

=0 at z =0 and at z = L., the condi-
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| Mxt M\.
v = -—B"—[ (la—2*) +M“‘}[ [hn

(%in m,2 -% Sinml ) +(Cosm,2 —%Cosm.l.)

- %': |[+an m?'\' (')lnh m,2 ——%Su‘n'ﬁ m,L)
- (Cashm,L - - Coshm,L ) + = [z‘-Lz}]

Eo-b-Ze-bll e

The expression for equilibrium at the center span (z= 12'-)_‘

are given' by:

F" - 1’ |: P2 Sec - _P (Sech m,L)+ 1] (3-4)
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(Sian-'L ——5|hm,L)+(Co —_ -—Cos!nal_)]l

?l mzl. . m,| I .
_;'z_ [['ltmh T(Smh > -TSInk m:L)

- ml 1 L
(Cosh > > Cnshm,l_ )] 3 ]

- %“r[%’:-%] (B.5)
M

) ]
(5"\"2—‘."2—5"1"\\.) (Co —Z"-?(.Dsm.l.)]

- ["'anh M;l (S'mh m;L ——;—Sinln m;‘- )

R L
_((.ashmT" --—'Z-(.oshm,l.)]——a—]

- Mﬂx, ar [l: - _?L] (3.6)



where

[ M . Mg
By B
2 [3 z
2 _ Cy + Cy +[ M . M,
' 2 Cw 4Ca By Cv By Cu

P -
omiem,

m:

ALY
-FZ = 2 2
o+ M,
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(B.7)

(3.8)

(B.9)

(B.10)

(B.11)

For a wide-flange beam section, the bending stiffness in the

strong direction is much greater than that in the weak direction.

(That is Bii’, 311 .) Furthermore if the inclination of moment is

small (that is, >> ) Eqs. B.7 through B.9 can be simplified
x > Myy

to the following expression:

fications is negligible.)

(The error introduced by these simpli-
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M |
9 = - —M*"— (B.12)
XX
2 C Ce M, '
m = — — LN (8.13)
ZC\N 4CW BT‘.CW
; M
m e = &, (B.14)

+
2 Cw 4Cu By Cw

Equations B.3 through B.5 and B.10 through B.l4 are used for
solutions in this dissertation. Calculations of the expressions
for bending moment about the neutral axis (Eqs. B.24 and B.25) were
obtained by a LGP-30 electronic computer furnished by Lehigh

University.

B.2 THE INTERACTION CURVES FOR THE REDUCTION OF STIFFNESS PARA-
METERS IN PARTIALLY YIELDED CROSS SECTIONS

Symbols and definitions of a partially yielded section in
the deformed position are shown in Fig. 5.24. Calculations are

performed on a 10WF25 section.

Based on the same assumptions made in the solutions of rec-
tangular beams and Eqs. 5.19 through 5.21, the interaction curves
of bending stiffnesses with respect to the yielding parameters

are given in Figs. 5.25 through 5.28. The expressions for the
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effective moment of inertia in terms of the yielding parameters

are given by:

Case I

dee = 2 {éb(u-%#%)af bt (1= T U )

| 2 i
[ d—(\—-z—p.,uz)] . _'_w[d_z(,_Lp,},,)J (B.15)
2 e 2

ly - —(': b (1 - M)t (B.16)
I"j; = —2[—ﬁu.p,bt —}J,U;H: E-M i—”’ )}(n 17)
Case 11
A:-l,',, - [1*‘%“’:"}}1)] [—;; bt + bt (AT* z] vw(d-2) (8.18)
Ly - Lbb‘t[(»-'%“*)ﬁ"a('—f%“i)(—“%“')z] (8.19)
I,']' = '%6';* [usp-o-u.)(d—t)-wru.)’t

F (P m)(3-am-2p.) (342t )] (8.20)
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In obtaining the expressions for I 141 and 1 1, simpli-

y'y
fications were made as indicated in Fig. 5.29. The same approxi-
mations, that is, the area ABC = area ADEF as shown, were also
adopted for the calculations of St. Venant's torsional constant

(Figs. 5.30 and 5.31) and the warping constant (Figs. 5.32 and

5.33) of partially yielded sections.

The St. Venant's torsional constant is thus given by the

following expressions:

3

’ 2 ) | 3 )
K, = —5 bt + ?A“w (B.21)

where

b = (l __;y./uz) b for Case I
(B.22)
= [ ) -lz(u.-r,u,)] b for Case II

K; is defined by Eq. (2.9) and may be found in Ref. 75.

Thé interaction curves for St. Venant's torsional rigidity
are given in Figs. 5.30 and 5.31 for Case I and Case II respec-

tively.

The approximations made for calculating the effective

warping constant are shoﬁn in Figs. 5.32 and 5.33. 1In these
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figures the interaction curves are also given. The corresponding

interaction expression takes the following form:

I = ___‘___2 2[(\+4)2+22,][(|+A)+R|]

i 8[(0(+|)+R,_J
+ 24 [( 1) 24RJ [(|+ot)+.z RJ

+ (Jﬁt)z(r+4)+3R,QfL1)?" (B.23)

where I, = effective warping constant
1 = = b
w 7 dt
= warping constant of a fully elastic wide-flange
section
a =1+1/2 (Y -My)
= yielding parameter along the flange in the x'
direction as shown in Fig. 5.33
dw.w
R =
L b
= ratio of web area and one flange area in which
t' =(l-Lu My t for Case I (Fig. 5.32)
_ -z M1k :
= t for Case Il (Fig. 5.33).
1 -M

Equation B.23 is obtained based on the same procedure as

presented in Appendix A. 1In fact, it can be deduced directly
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from Eq. A.6.

B.3 THE BENDING MOMENT ABOUT THE NEUTRAL AXIS

The nomenclatures for integrating of Eq. 5.28 are defined in
Fig. 5.34. The resultant expressions for the moment about the

neutral axis are given as follows:

Case 1
M —__.2.._0- i Cj _t_ C: ,:l_&a
NA. © 3 9] C, s  C: Sime (Ca)]
4
+3(fano+ te) IZCE [|+3(%)*—4(%)”]]
2 9
« Ca b rGad ) G WA
& )25 3]
3
C GV €z > ‘
+ -;*- |[| '3('3) -2 C4) ]} (B.24)
Case 11
] 2 2 V3
Mia = 0 a;[;b(“z‘”') e -]

+b C.: (Mz_ul) l[l_(_ccz;)z]] +—§- w—c:; J
+ L (om0 -*-Co’fé))l:cz['*z(%);‘a(—cci‘)z]l

C: | 3 oW N ‘B.ZS)
+Tz[;*-g(z:)‘z(—c‘,) ] ¢
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whefe e tan~1 ( %)(—:“—1-) for Case I
2

tan’l(.%.) ()‘_i-jz ) for Case II

Cq = %(d-Zt) cos 8

Co = 3(d-2t) cos 0 -Lpaine

C; =-§-(dcose-bsin9)

C2 =(.‘21..p1t)cos 9+-12’-sine for Case I
= -% [(dmZt) cos @ + b(1-2 uy) sin 9] for Case II

c; = 1 [(d-2t) cos @ + b sin 6] |

Ca=%(dcose+bsin9)

For M= M, =1.0 in Case I and” 4,=0 and M,= 1.0 in Case
II, Eq. B.24 and B.25 can be reduced to the following identical
expression:
3

H

2 w C L C >

Mo, = —opf ——— + —2 [)-ﬁ)]
N.A, 3 0| ¢, 50 Sin® G

| I Ca \* C, 3 G \4
+ Sin 20 [T ( Cz) ‘[‘—4 To-) +5(T) :H

|
v [y i‘j’]” (8.26)
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The interaction curves plotted from Eqs. B.24 and B.25 are

shown in Figs. 5.35 and 5.36 respectively.

B.4 THE INTERACTION CURVES FOR THE VARIATION OF THE TWISTING
ANGLE IN PARTIALLY YIELDED CROSS SECTIONS

In Figs. 5.37 through 5.40 are shewn the variations of the

ratio of the principal moment of inertia, IY /Iﬂﬂ , and the

5
inclinations of the principal axes, @, with respect to the yield-
ing parameters M ; and }12. The relationships between the twist-
ing angle B and the yielding parameters can then be obtained by

trials based on Eq. 5.32 and Fig. 5.37 through 5.40. These

relationships are given in Figs. 5.41 and 5.42.

B.5 SUMMARY OF SOLUTIONS FOR WIDE-FLANGE BEAMS

Using the same trial procedures mentioned in Chapter 5, the
moment versus twisting relationships at the midspan (Eq. B.4) are
obtained as shown in Fig. 5.43. Three different slenderness

ratios are calculated. (L/r =40, 60, and 80.) The correspond-

yy
ing moment versus lateral deflection and moment versus vertical
deflection are consequently obtained for these different slender-

ness ratios. They are given in Figs. 5.44 and 5.45 respectively.
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It is seen from Figs. 5.43 through 5,45 that the lateral
deflection u, and the maximum twisting angle B, at maximum
moment increase as the slenderness ratio L/ryy increases, while
the vertical deflection v, at maximum moment decreases as the
slenderness ratio L/ryy increases. The maximum moment itself,

of course, decreases as the slenderness ratio increases.
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ll’

. o
4 - 10WF25
-

=L4s

D - 1 (4)
v — ‘
A Moment {Diagram
| . |sverokrinG comp1- | supromTING CONDI- |
SERIES |TESTID,| -2~ |'TION AT (2) ARD | TION AT (1) AND - |VARIABLES
] ry 3 ; : (@)
. |LB-9 40 |Rotation free in | vVertical deflection+
[ R both principal free. : '
a J directions but no A
1810 | 4s deflections. | Lateral rotations Critical
1 ' Twisting prevented, ree l.::;:h
(Chapter . Lateral deflections '
( h;y : _ B Warping prevented. | yng pwigting pre-
. |was | a0
- |uB-12 | 40 |Rotations,deflec- | Vertical deflection
tions, warping and lateral rota- :
| and twisting are tions free.
—— restrained by : {4 o
L ‘ purlins welded to | Lateral deflections| Purlin siz¢
. II |LB-13 | 40 | comp. flange. and twisting pre- SRS I
(Chapter vented. -
4)
LB-14 | 40
TABLE 3.1  SUMMARY OF SPECIMEN LENGTNS, VARIABLES AND

SUFPORTIRG CORDITIONS
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SPECTMEN
ITEMS NOMINAL
LB-9 LB-10 LB-11 LB-12
0. = 33.95
Oy y 33
TENSION (ksi) Oya = 35.5
O_YW = 38.75
COUPON
DATA E (ksi) 30,400 (Average) 30,000
st/ € 14 12
P——
STUB Gy (ksi) 34.81 33
COLUMN
DATA E (ksi) 29,900 30,000
t (in) 0.410 | 0.410 | 0.406 | 0.405 | 0.430
w (in) 0.278 | 0.272 | 0.276 | 0.279 | 0.252
GEOMETRICAL b (in) 5.779 | 5.775 | 5.774 | s5.783 | 5.762
PROPERTIES
d (in) [ 10.136 |10.123 [10.146 |10.119 | 10.080
A (in2) 7.296 7.321 7.273 | 7.274 7.350
z (in%) ||28.90 |29.000 [28.58 | 28.80 29.50
FULL
PLASTIC Z: Oya [(1025.9 |1029.5 |1014.6 |1022.4 | 980
__MOMENT
TABLE 3.2 SUMMARY OF MATERIAL PROPERTIES
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Test No. LB-12 LB-13 LB-14
PURLIN SECTION 4 T 7.7 315.7 M 2362
Qb (in) 84 84 84
db (in) 4 3 2.6
I (in%) 6.0 2.5 1.25
Ay (in?) 2.21 1.64 1.04
(ryy)p (in) 0.59 0.53 0.174
Ap/A 0.30 0.22 0.14
dp/ Ly 1/21 1/28 1/32.5
d /d 0.40 |  0.30 0.26
b
Y s9)b 142.4 158.5 482.8
Area A (in2) 7.35
PROPERTIES
OF BEAM Depth d (in) 10.08
SPECIMENS
(LOWF25) L/ryy 40
TABLE 4.1  SUMMARY OF PURLIN PROPERTIES
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BEAM SPECIMEN *l
ITEMS NOMINAL
LB-12 | 1B-13 | LB-14
o Oy,¢ = 33.95
y y 13
TENSION (ksi) c&a = 35.5
COUPON Opw = 38.75
*
DATA E (ksi) 30,400 (Average) 30,000
12
Cet/ €y 14
y (ksi) 34.81 33
STUB
COLUMN
DATA* E (ksi) 29,900 30,000
t (in) 0.408 | 0.408 | 0.406 | 0.430
w (in) 0.277 | 0.275 | 0.278 || 0.252
GEOMETRICAL
b (in) 5.790 | 5.814 | 5.776 | 5.762
PROPERTIES
d (in) 10.119 ] 10.115 { 10.107 | 10.080
A(in®) | 7.235 | 7.329 | 7.274 | 7.350
z (ind) 28.59 | 29.05 28.75 || 29.50
FULL PLASTIC
MOMENT Z- Oya 1012 1030 1019 980

*These‘values are identical with those listed in Taﬁle 3.2.

TABLE 4.2

SUMMARY OF MATERIAL PROPERTIES OF BEAM SPECIMEN
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d D S D
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| B 7 Mex B E
Mex B
A — |
My Reduction of moment My A
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v | uor g
(b) (c)

Fig. 1.1 ILLUSTRATION OF THE PHENOMENA OF LATERAL BUCKLING
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Mox
Myy
——— S
S-S
(a)
M, —
Mex Mpax 0 =
T B A k

u, v, or g
(b)
Fig. 1.2 ILLUSTRATION OF THE PHENOMENA OF ULTIMATE

STRENGTH WITH RESPECT TO LATERAL-TORSIONAL
INSTABILITY
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i 3 S Strain-hardening
B\ range
. Rp \ 1
(upu}L———‘ — ‘
Hxx \ Elasto-plastic
\ range
(My) ol — —— —
Curve B Buckling curve based on tangent modulus
concept.
Curve C Buckling curve based on reduced modulus
concept. P
Curve D Ultimate strength curve. Elastic
range
0.

Slenderness Ratio

Fig. 1.3 ILLUSTRATION OF THE MOMENT VERSUS SLENDERNESS RATIO

RELATIONSHIP IN ELASTIC, ELASTO-PLASTIC,
STRAIN-HARDENING RANGES

AND THE
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Fig. 2.2 IDEALIZED STRESS-STRAIN RELATIONSHIP
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Fig. 2.4 AVERAGE COMPRESSIVE STRESS-STRAIN CURVE
CONSIDERING THE CROSS SECTION AS A WHOLE
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Fig. 2.5 THE MOMENT-CURVATURE RELATIONSHIPS FOR 8WF31
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. fre T
B

unloading
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Fig. 2.6 ASSUMED O - € RELATIONSHIPS IN EXISTING INELASTIC
LATERAL-TORSIONAL BUCKLING SOLUTIONS
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y = 35 kips/in2
. IOW

/

o unloading
E = 30,000 kips/in®
E;. = 900 kips/in2

Strain reversal considered

0
€

Fig. 2.7 BASIC ASSUMPTIONS FOR BUCKLING UNDER FULL PLASTIC
MOMENT (UPPER BOUND SOLUTION)

C
(%) g PF=---- .

L (Py
l‘yy RB

DI

i [ ol B [

0

Fig. 2.8 COMPARISON OF SLENDERNESS RATIOS FOR BEAMS
SUBJECTED TO FULL PLASTIC MOMENT
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Fig. 2.9 ILLUSTRATION OF STRAIN DISTRIBUTION IN A
WIDE-FLANGE SECTION AT REDUCED MODULUS LOAD
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Fig. 2.10 VARIATION OF THE NORMALIZED UNIT WARPING ALONG
AN ELEMENT OF A THIN-WALLED OPEN CROSS SECTION
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Fig. 2.11 ILLUSTRATION FOR THE CALCULATION OF THE WARPING
CONSTANT OF AN ELASTIC-STRAIN-HARDENED CROSS SECTION
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Fig. 2.12 LOWER AND UPPER BOUNDS OF LATERAL BRACING SPACING
FOR A SIMPLY SUPPORTED BEAM SUBJECTED TO CONSTANT
PLASTIC MOMENT
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Fig.3.4 TEST LB-9 IN PROGRESS

Fig. 3.5 LATERAL BUCKLING TEST SETUP
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Fig. 3.6 ARRANGEMENT OF SR-4 STRAIN GAGES
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‘Fig. 3.7 SAMPLE SPECIMEN SKETCH AND SPECIMEN LENGTHS
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Fig. 3. 8 STUB COLUMN TEST RESULT
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[. | LB-9 | LB-10 LE-11 | LB-15
g/d, . .. | 14.40  14.60 | ‘14.40° | 14.80
Ln) | s2.09 59.15 | 46.35 | 52.31
AL (in) ' 0.5 0.50 0.375 | 0.625
(u/np)ad_j | 0.897 0.889 | 1.004 | 0.951
M/M, 0.906 0.897 | 1.012 0.962
% Reduction . | 0.0% 0.8%2 | 1.1%

o

| Local Buckling

1. 0;_’_____;3.—@'—.9-4-_-——-%_6'

.ateral bucklin M-0 curve
f ad justed

LB-15

Fig. 3.13 INFLUENCE OF DECREASING MOMENT ARMS.ON THE
MOMENT-CURVATURE RELATIONSHIPS:
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Fig. 3.18 SPECIMEN LB-15 IN PLACE AFTER TEST
COMPLETION

Fig. 3.19 SPECIMENS LB-9, LB-10 AND LB-11 AFTER
COMPLETION OF TEST
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Fig. 4.9 TEST SETUP OF THE BEAM-PURLIN ASSEMBLY
(COMPLETION OF TEST LB-13)

Fig. 4.10 FINAL DEFORMED SHAPE OF THE BEAM-PURLIN
STRUCTURE (LB-12)
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Fig. 5.20 BIAXIAL BENDING TEST ASSEMBLY - I

Fig. 5.21 BIAXIAL BENDING TEST ASSEMBLY - II
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