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ABSTRACT

A general method 1s presented to determine two dimen-
sional thermal stresses in a thick-walled semi-infinite
clircular hollow cylinder subjected to an axisymmetric
temperature distribution.

In the analysis, the problem was reduced to finding a
solution due to the end effect by applying over the end
section a normal loading which is equal to but opposite in
direction to the self-equilibrating axial stresses produced
in an infinitely long circular hollqw\cylinder under a given
radial temperature distribution. !

The method of solution was developed within the scope
of Horvay's general analysis of variational approach.
Modifled éadowsky-Sternberg type stress functions involving
radial and axial functions in bi-product form were used in
formulating the stress expressions. The radial functions
were obtained by means of a set of differential equations
in conjunction with equilibrium equations and prescribed
lateral boundary conditions. Upon application of the varia-
tional method to the complementary energy principle, the
Euler-equations were obtained.. As a results, the general
form of the axial functions was determined with arbitrary
constants to be sﬁecified by auxiliary conditions. The

state of astress due to the end effect was obtained easily



in.terms of these bl-product radial and axial functionss

By superimposing the solution for the end effect on the

corresponding stress components in an infinitely long cir-
cular hollow cylinder, the resultant stresses in a semi-
infinite circular hollow cylinder were obtalined,

The utillzation of the developed method is advantageous
from both conceptual and practical points of view. Several
essential conclusions can be drawn as follows:

(1) The difficulties which would be encountered by the
classical thermo-elasticlty treatment of a semi-infinite
hollow cylinder are overcome by this method. The end effect
problem can be treated by this method separately with no
Simplifying assumptions.

(2) This analysis has developed a unique method of for=-
mulating the radisl functions which are solutions to a set
of differentlal equations obtained from the equilibrium
conditions.

(3) The application of the variational approach which
eliminates the preliminary restriction that the chosen
stress functions satisfy the compatibility equations, re-
duces the problem partly to an eigenvalue problem. The
resulting Euler equations are two fourth-order, l;near,
constant-coefficient differential equations. The solution
of the Euler equations give the axial functions in the form

of exponentially decaying expressions and are conceivable
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on account of the Saint-Venant's principle, i.e., the self-
equilibrating stress distribution applied to the end gilves
rise only to local effects.

(L) The numerical results show good qualitative
agreement with the available experimental data.

(5) In addition to the thermsl stress problems in
semi-infinite hollow cylinders with any given radial tem-
perature distribution, the method developed above can bé
applied to other axisymmetric problems (such as shrink-fit

and punch problems) with non-uniform end tractions.
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SYMBOLS

Constant coefficients in the strain
energy expression

Abbreviated constant coefficlents

Undetermined constants assoclated with
radial functions

Young'!s modulus of elasticity

Radiai functions of the bil-product
variastional stress functions

Shear modulus of elasticity

Axial functions of the bl-product
variational stress functions

Abbreviated constant coefficients of
a quartic equation

Integrand of the straln energy expresslon
sub jected to variational operation

Constants of integretion assoclated with
radial functlons

Tentative radial functlions

Undetermined constants associated with
axial functlons

Quter radius of a hollow cylinder
Cylindrical coordinates

Radial functions

Radial functions

Axisymmetric temperature functlon
Temperature dlifference between inner

end outer radii of a concentric hollow
cylinder



U

U*

W(I‘), X( P)
Y(r), Z(r)

(1,j = r,8,2)

Pr,z), Plr,z)

Strain energy
Evy
2
Abbreviated radial functions of stress
expressions

Y2

Coefficlent of linear thermal expansion

-

Real part of complex roots
Immaginary part of complex roots
Complex roots ( o‘k + 1 (3k)

Symbol of the variational operation

Strain components in cylindrical
coordinates

Arbitrary constants

Ratio of inner radius to outer radius
of a concentric hollow cylinder

Polsson's ratio

Stress components in cylindrical
coordinates

Bl-product variational stress functions

#® Note: The single subscripts are used in the un-abridged

notations for stresses, thus Op= Qpp, 0 = 0’99,

G'z=

02z, and B = Grz. Due to the axisymmetric

nature of the problem O're = (Yez = B,



I INTRODUCTION

Thermal stresses in a long concentric circular hollow
cylinder subjected to an axisymmetric temperature field
were first investigated by Lorenz (Ref. 1). The solution,
however, does not apply to cylinders with free ends. Far
away from the ends in the cylinder, the axial stress dis-
tribution is similar to the temperature profile; but at
the ends the axial stresses must be zero so that the
traction free boundary conditions over the ends are ful-
filled. For the axial stress to change along the cylinder,
an additional shear stress must be present. These condl-
tions require the solution of a two-dimensional stress
problem with a one~dimensional temperature distribution.

A rigorous solution of the end effect problem for a
solid cylinder can be formulated, 1f one relates the
stfesses and displacements to the well-known Love function
in the manner given by Love (Ref. 2). This technique gives
rise to a new set of radlally distributed end tractlons
which prevents the use of conventional Fourler expansion
techniques. For the hollow cylinder a further complication
is caused due to the additional boundary requirements
arising from the inner curved boundary.

The end effect problem, therefbre, has long withstood

all attempts to develop an adequate approximate analysis,
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A variational approach to the end effect problem of a solld

cylinder was first employed by Horvay and his assoclates
(Refe 3, 44)e Their solution was obtained in anticipetion
of a set of specilal self-equilibrating end tractions which,
in turn, imply some special temperature profiles. These
temperature profiles, however, do not commonly exist in

the thermal stress problems, except for the heat generating
case, and were chosen primarily to acomodate the special
technique developed by the authors,

Timoshenko and Goodier (Ref. 5) treated a thin-walled
concentric hollow cylinder, free from surface tractions
and having a linear radilal temperature distribution, as a
bar on an elastic foundation. It was concluded that the
maXimum tenslile stress which occurs on the outer boundary
at the free end of the cylinder 1s twenty-five percent
greater than that which occurs at polnts remote from the
ends. The solution can not, however, be extended to
Include thlck-walled cylinders.

Recently, Bellamy (Ref. 6) obtained an approximate
solution of a hollow cylinder of finlte length for the
case of a linear temperature fleld. However, Bellamy's
assumption that the change in the radial stress due tb
the end effect 1s zero, which leads ﬁo—the result that the
circumferential stresses due to the end effect on both

lateral curved boundaries also become zero, is unjustifiled



from stress equilibrium considerations.

Although, the end effect problem has broad applica-
tions, such as in thermael stress problems, shrink-fit
problems, punch problems, etc., up to the present time
no satisfactory work has been done on the thick-walled
hollow cylinders because of the analytlcal difficulties
involved.

It is the purpose of this analytic investligation to
develop a method of solutlon for determining the thermal
stresses in a seml-infinite clircular hollow cylinder with a
glven temperature dlstribution. Thls method, however, can
be extended readlly to include other axisymmetric problems
with z-dependent boundary conditions.

The solution that follows will be based on the usual
assumption of linearly elastia, homogeneous and isotropilc
meterial with temperature-independent thermo-elastic pro-
pertles.

The pfoblem of determining thermal stresses in a semi-
Infinite circular hollow cylinder sub jected to an axisymme-
tric temperature fleld will be treated by applylng over
the end section a normal loadling which 1s equal to but
opposite 1in direction to the self-equllibrating axial
stresses produced in an infinitely long circular hollow
cylinder under a glven radial temperature distribution.

Thls procedure reduces the thermal stress problem 1in a



thick-walled seml-infinite circular hollow cylinder to an
isothermal problem in which the end tractions are the only
external forces.

The method of solution will be;developed.within the
scope of Horvay's general analysis of varlatlonal approach
in which the selected stress functlions do not have to satis-
fy the compatibllity equations. Modified Sadowsky-Stermberg
type stress functions (Ref. 7) in bi-product functions will
be used in formulating the stress expressions. A unique
procedure will be developed to determine the radial func-
tions by means of a set of differential equations in con-
junction with equilibruim equations and prescribed boundary
conditions. TUpon application of the variational method
to the complementary energy principle, the Euler equations,
consisting of two fourth-order linear differential equa-
tions with constant coefficients, will be obtained. These
simultaneous differential equationé determine the axial
functions in a general form where the arbitrary integration
constants are determined by using the auxiliary conditions.
The stress components can be obtalned easlly in terms of
these bl-product radlal and axlal functions. By superim-
posing the solution of the end effect on the corresponding
stress components in an infinitely long circular hollow

cylinder, the resultant stresses in a seml-infinlte circular



-10
hollow cylinder can be obtailned.
As a numerical example a second degree polynomlal 1s
chosen as the temperature profile and the resulting stresses

are plotted as functions of r and z.



II THEORETICAL ANALYSIS

1. Statement of Problem

Thermal stresses in an infinitely long circular hollow
cylinder subjected to an axisymmetric temperature field, but
free from surface tractions on its lateral curved boundaries
and also having zero body force are given by following

expressions, (Ref. 1, 5):

- L E [pr2-22 1
(

r
= > [ "n(z)rar - T(r)a
e S Tonr2lr oAz L ™ Jraz f;\ (r) r]

o _ A E 1‘2+ Az 1 r -2]
(1.1) ﬁ (Yé = (1‘9§;§ Y J; T(r)rdr +J; ™ r)dr-T(r)r

w_ __OE 2 ?} ]
k 0~Z = (1-9) [1_ Azfa ™(r)rdr - T(r)

where G;f} 02; G;w denote the normal stresses in the
radial, circumferential and axial directionms, respectively.
Figure 1 gives the notatlon used in this representation.

The fractional parameter A 1s the ratio of the inner radius
of the eylinder to the outer radius. The unit length is
taken as the outer radius. The superscript ¢ denotes the
state of stress without the influence of the free end effect,
i.6., in the portion far away from the end of the hollow

cylinder,
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These equations fail, however, to satisfy the boundary
condition in normal stress over the end face of a semi-
infinite circular hollow cylinder. These boundary condi-

tions can be written as

”
(Yz = 0
over z = 0
”=
"6z 0

To satisfy these boundary condlitions, the total
stresses in a semi-infinite hollow cylinder wlll be re-

presented as the sum of two stress states gilven by

T oo
(1.2) o = 0 + O
1] 1] 1]
where 1,j = r, 8, z; O~ are the stresses in an infinitely

1]
long hollow cylinder subjected to a radial temperature

T
distribution T(r); and (Tij are the stresses in the semi-
infinite hollow cylinder obtained by using the following

boundary conditions

Ov(r’ 0) = "G’“a g(rs 0) =0
4 A

(1.3) '

0°(1, z) = 0°(r, ) =&(1, z) =G(A, 2) =0

r r
00

The stresses G;J are given by (1.1), thus the solu-
tion of the problem is reduced to finding the stresses,

(Tij’ solely due to the end effect.
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2. Boundary Conditions and Variational Stress Functions

The problem of determining stress distribution in @
semi-infinite circular hollow cylinder has been reduced
to obtaining the stresses sz in (1.2) due to the end
effect of an elastic hollow cylinder which is free from
tractions on its curved boundaries. The stress components

G‘ij, therefore, have to satisfy the following boundary

conditions:
{ 0’ (1, z) =0
(2.1) r
G;jﬁ, z) =0
{‘5(1, z) =0
(2.2)
%(ﬁ) z) =0

They must also satisfy equations of equilibrium which, for
an axisymmetric body end in the absence of body force, are

of the form

A 96 0: - 0% -
or * oz + r =0
2.3)
23 20; , 3% , T _,
92 ar r

At the end, z = 0, the cylinder 1s subjected to a radi-
ally symmetric normal end traction 6;(r, 0) which is cha-
racterized as self-equilibrating, i.e., which satisfies



1
(2.4) f G;(r, O)rdr = 0
A

Let us assume that the problem can be formulated in
terms of two stress functions, @(r, z) and ¢(r, z)e
While the reason and derivatlion of the desired stress ex-
pressions will be cited in Appendix A, it may be verified
by direct substitution that the equilibrium equations (2.3)

are satisfled ldentically, 1f we write
( G;' =5(@+ e @ ) "'1’(2¢zz + I'l“ﬁrzz)
Og =5 [rS{orr + (14503 ) r @, + qa]"'

-l qorrzz+r¢ *2¢rzz)*

. rraz
’ < -V [r5 qbrrzz + (245r3)r ¢rzz +2 ¢zz]
0; = Pope * LBy + 2By + 1 0re + 28,

\ - Grg = T Prrs = 2Py,

where the conventional subscript notation for partial deri-
vatives 1s used for brevity; so that, for example, qcr is
3@

written for Sr ° Let us seek a product solution

@ (r, z) = £(r) glz)

¢ (r, 2z) = F(r) G(z)

where f(r) and F(r) will be selected so that the radial
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boundary conditions (2.1) are automatically satisfied. By

Introducing the notation:

art dg
| = o !t = 22
r 1t dr ’ dz
P -_—E , G' = ___.dG
dr dz
. tf - fﬂ
(2.7) ¢
't'F = pF" 4 2F!
Sf = t:'f' "l‘%- tf = f"""%f“

tp + 4 tp = rF" 4+ LF" + S P

n
!
it

the stress expressions (2.5) give

( 0, = 5(f + rher)g - 9 (2F + ohiFr)gn
0 = 5[r5r" + (14Sr3)rf1 + f]g - rffg" +
(2.8) < -{r(rF"-i-ZF') + 'v[rF“ + (5p3+2)rF! + ZF]}Gn
0, = Sgg + SgG

\ T = ..tfgl - tht
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3, Determination of Radial Func tions

Stress expressions (2.8) will be fruitful and avail-
able for numerical treatment only if the basic functions
in r and z, which have formed the bi-product functions, can
be obtained appropriately. For radlal functions f(r) and
F(r), it is clear that a necessary condition for the suc-
cess of this procedure is the existence of all the deriva-
tives which are interrelated in accordance with (2.7)e It
{s necessary that these radial functlons with their deriva-
tives forming the stress expressions (2.8) satisfy the
prescribed radial boundary condition (2.1), and the equili-
brium equations (2.3).

An examination of (1.3) and the third equation in (2.8)

suggests the choice of Sf and SF in the following form

selr) = sp(r) = O0,(r, 0)

i

(3.1) S(r)
which gives

- O'Z‘Tr)

(3.2) S(r)

n

/
- —f‘%—[f';z jAT(r)rdr - T(r)]

where T(r), the radial temperature distribution, may be en-
tered with the exact solution which is obtainable from the
classical method with the given temperature boundary con-

ditions of the system. However, there are times that a
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temperature approximation in the form of a polynomial is

much more convenient then the direct use of an accurate
but complicated expression of an exact solution, such as
in the case of a transient temperature distribution. The
number of terms of the chosen polynomial depends upon the
degree of 'accuracy required,

The self-equilibrating condition (2.4) being inserted
from (3.1) ylelds

/
(3.3) jS(r)rdr =0
A

An examination of the last two expressions of (2.7)

suggests the choice of t.(r) and t,(r) as
T

(3.4) tlr) = te(r) = t(r)

hence the axial and shear stresses in (2.8) can be re=-

written as

0, =8 (g + @)
(3.5)
C = -t(g! +G')

The substitution from 0; in the second equation of
(2.3) leads to a partial differential equation of the form

9% , %

or r

=~ 8 (g*' + G')

which yields



r
(3.6) G = (g + G) .i-ﬁ.j' S(r)rdr
A

where the 1limits of the integral are so chosen that % sa-
tisfies both of the radial boundary conditions given by
(2.2). |

A comparison of the second equation of (3.5) with

(3.6) leads to the conclusion
1 (T
(3.7) tr) =4[ striver
A
On the other hand, from (2.7) and (3.4) we have
t(r) = "
which glves

(3.8) f1(r) =f’c(r)dr + Cy

1 r

and
1 (T
(3.9) f(r) -[[—;,—L S(r)rdrdrdr + Clr + 02

where Cl and 02 are constants of integration.
The function F(r) can be obtained by solving a second
order linear non-homogeneous differential equation from

(2.7), which is of the form

(3.10) rF" «+ 2 F' = t(r)
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Let Fc and Fp be the complementary and particular solu-
tions of the differential equation, respectively; so that

the complementary solution is
(3.11) P =kr +Xk

where kl and k2 are constants of integration.

By using the method of variation of parameters, the

particular solution can be written as

1

(3.12) Fp = Kl(r) r T+ Kz(r)

where Kl(r) and Kz(r) are tentative functions in r being
substituted for k, and k, in (3.11).and obtained as

(3.13) Kl(r) = —‘[ t(r)rdr + k3
= -ffrs(r)rdrdr + k
A 3
(3.14) Kz(r) = ft(r)dr * k’-l-

]%I:S(r)rdrdr + I,

where k3 and kh are constants of integration. Hence

(3.15) F(r) =F_ + ¥y
= :I;-]jrS(r)rdrdr +f-%—frs(r)rdr'dr +
A A
Cc
+ 03 +-3?-

where 03 and Ch are integration constants.
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The arbltrary constants C;, Cp, 03 and Cu involved in
the radial functions f(r) and F{r) have yet to be deter-
mined. It 1s readily seen from the prescribed boundary

conditions

]
@]

{ (rr(ls z)
6;,(9\’ Z)

]
o

that the radial stresses must be zero on both lateral boun-
daries for all values of z. This can be achieved by writ-
ing the coefficients of the axial functions g(z) and G"(z)
for r =1 and r =A in the first equation of (2.8). Thus,
the arbitrary constants C,, C; , 03 and Ch are determined
by solving two sets of simultaneocus equatlons which are

given by

(3.16) brr 4w p=0 at r

"
&
>

and

(3.17) b P14 2F = 0 at r=1,A
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4o Determination of Axial Functions by Variational Method —
An Application of the Theorem of Minimum Complementary

Energy

The method of our varlational approach 1s an applica-
tion of the Theorem of Minimum Complementary Energy, which
states "of all the stress states satisfying the conditions
of equllibrium in the inferior and on that portion of the
surface where the surface forces aio prescribed, the actual
state of stress is such as to minimize the complementary
energy of the elastic system ", Here, the admissible set
of stresses, GEJ’ satisfy the equilibrium equations as well
as the prescribed boundary conditions, the variational
equation is then equivalent to the conditions of compati-
bility or the stress-displacement relations. Thus, ex-
pressing the strain energy expression in terms o the
stresses as glven by (2.8), and taking integration over the
variable r, one obtains an expression which contains the
axial functions g(z) and G(z) and their derivatives but
does not contain the variable z explicitly. By taking
variation of the resulted strain energy and equating to
zero, l.e., du = 0, the Euler equations which are two
fourth-order differential equations in g(z) and G(z) with
constant coefficients are obtained.

To start the variational approarct, we write the strain

energy expression which, in c¢ylindrical coordinates, reads
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2W o (1
(4-1) = ) [l (0 Gar %

- O-r 0“9 - G"r + 0'9 )G’z +'52] rdrdzde

1
=%ﬂ[i( 0p+ Og + 0,)% + (1*"){‘ 0, Ot
-( 0, + 0g) 0, + ’62}]rdrdz

Substitution of the stress components (2.8) into (L4.1l)

and simplifying gives an expression in the form

2 o0
(Le2) U = —%L I(g, g', g", G, G', G")dz
-]
where
(uoB) | I( gs &', g“s G, G, G" )

1 2
=j;[??( Op+ O+ 0, ) +

+ (1+ V) {-O’rO"e - (0Lt 0g) 0, + '(,2}] rér

]

+ Gt + we . " 4 nen
8258 G a33g + aBug G aBbg
2 " 2 n2
+ auuﬁ + auéGG + assG‘ + a66G

and the coefficlents 844 (1,J = 1, 2, eeee 6) are defined

as follows:



(Loly)

_— S
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! |
= 2
&, = %LS rdr + S-DLS [Zf + f'(l+6r3)r!.:+tr5] rdr+

+

25];[(1“))1‘{1' + £1(14623)r 4 t20 ) +
+ f'2{%+ (S+9)r + (13+S1))r6} r® +
+ f't{l + (5+1))r3}r6 +%t2r10] rdr
) ', "
a13 = 'VLStr dr - ELt [(1-1’)1" +
+ £ { 1+ (5-1’)1'3}1- + tr5]r2dr
alh. = L'Szrdr - 51)];8[2f + £1{14+623)r + tr5] rdr
!
8.f = ‘VL S(ZFf + F"r') redr +
i
+1)2LS[L|F + 2F'(1+3r3)r + F"r5] rdr +
-5‘['[{(1-1’)1‘ + trs} (2F14F"p) +
A
+ £1(2F14F"r2) {1 + (5-)r3]} r] rldr +
-5'1)]: [(l-'l))f{h.F + 2F1(14323)r + F"rs} r +
+-2(1—1’)F{f'(1+6r3) + tru} re  +
+f'F'{2 + 3(5-9)r3 + 2(13-59)r0} 3+
+tF! { 2 + (S-ﬁ)r3} rl +

+f£1F" {1 + (5-1))1:'3} ! 4+ tF’“rll]dr



i
8y = (1+1))f terdp
A
I
a =2(1+1))f terar
25 ‘ ~
=2 | 253
t d
835 =5 'L r3dr

]
= 2
a3,+ 'l)LtSr dr

3% f' t [EF' + F"r] r3dr +

»

o
]

+ 1>f; [2(1-1>>F + r{2 + (5-V)r3}F' +

(u.i;) \ s oveS] e
I
aLIJ-l- =-2]"'j?‘ S2rdr
6 = 1)‘[,: S [ZF' + F'fr] r2dr +
/
+ 1)2] S[LLF + ZF'(:L”'BI‘B)I' + F"p5 ]rdr
)
I
= 2
855 (1"“1))]’ trdr
[
\ 8., = 'sz [2(1-v)F{2F + 2Fr(143r3)r + PS5} o
» -

+ F'2{2 + 2(5-P)p3 + (13-5-0):-6}:-2 +
+ FrE"{2 + (5-—‘1’)13’}:-6 +-%‘-F" r10] rdp +
!
+ 1)L2(1-1>)F(2F'+F"r) + 2F'2{(5--0)r3 o+ u.}r o+

+ F'F‘"{(7-1))r3 + 6}:-2 + F"2(1+r3)r3]r2dr



Def'ining

3% E

equation (lt.2) then becomes

o0
U* =f I( gs 8' 8": G, G', G" )dz
.o _

The necessary condition that the integral ¥ be
stationary is that its {(first) variation vanishes (Ref. 9),

so that
(4.5) SU* = Sj”I(S’ g', g", G, G', G")dz = 0

where z 1s the lndependent variable.
According to the definitlion of variation and 1ts com-

mutative property, (L.5) is equivalent to

(L4ob) su” =f §1( g, g', g", G, G', G" )dz
<[5t 5e 35 u + B ser

ol ol Il "
+ Z2AG + L= aAG + 8- AG")dz
oG 8 aG'S oG" 8 )

It 1s to be noted that g, g', g", G, G' and G" are all
functions of z, and I does not dépenﬁ explibitly on z.

Moreover, in the differentlatlons with respect to g, g', g",
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G, G' and G", all of six variables comprised in the inte-

grand I have been treated as though they are independent.

Replaceing &g' by i( §g), 1in accordance with
rules of the variational operation, those terms consisting
of the variational derivatives can be successively inte-
grated by parts. The general procedure may be illustrated
by considering the treatment of two terms in (4.6).

The second term in (L4.6) can be written as

(L4a7) i %ngdz =_L [gé dZSS]

which, on performing integration by parts, yilelds

L dz [ag'ag]dz -], [85%%]“

_ = 88' g] f fz ag'] Sgaz

Similarly, the term in (L4.6) can be written as

o) [Theres of[ghe 0] o

which, on performing integration by parts, ylelds

- [ (e ] an - [T & st
[5irse]- [ 1 3 e

fl

On performing integration by parts once again, and



considering -Ji~§i£-as a variable, one has
a"

dz
‘L“g—;aé's“dz [ Ss] j < [(-(%gj,) Sgldz +

v [ [snitas 2] &=

= [aI 8g! "d—dzag"g]

* jm[dt Lisgaz

o -4z

QJIQJ
]

The terms involving the "variables" G, G' and G" in
(L4e6) are correspondingly similar to those involving g, g°
and g". On substituting from (4.7) and (L4.8) with the cor-

responding terms in G’3 in (L.6), one obtains

#* _ (Pr(2L . 4381, & 91
(4L.9)  &u f,[(as i Y

ST d aI a* 91
S ooy Tamae) 8¢ ez +

d 31 a1 00
+[(ag,- T )Sg v 58']0 +

I 4 oI I i
+[(_%' dzaG)S Erl SG],
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By direct substitution of I from (4.3) and making some

reductions, (4.9) becomes

- )
(L.10) f “{Z[allg + (a13-a22’)g" + a338w] +
°

+ [alh.G + (alé-azsfraBu)G" + 9‘36Gw]} 5g

+

' { a1, *+ (ay,-apgtarq)e” + azee” ] +
+ 2[ MG + (all-é—a55)G" + aééc;"']} SG] dz

+{[(2a22 13)5 2a333“' +(a25-a3h_) a G“']sg-lr

+

n o "
g" + a3uG + a36G ) &g +

" +(2a

+ (a._g + 2a

13 33

e

+

)Gt -2a 6 6G"']5G

+ [(aZS-alé a36g 55-&,46
o

> o+ n n
+ (alég + a368, + al_;.éG *+ 2a66G )GG'} .

=0

Since the variations 5g and &G are independent of
each other, 1.e., g and G can be varied independently with
respect to z, the coefficients of Sg and &G in the fore-
going expression (4.10) must identically vanish in the
prescribed domain, i.e., over the range of z from O to e .
Provided a vanishing condition is imposed to the second part
in (}4.10), 1i.e., the remaining terms outside the integral
sign, the first part gives the Euler equations and the second

part is kmown to be the natural (auxiliary) boundary coendition.
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From (l4.10) the following natural boundary condition 1is obtained.

b [Gheg Tse + B + (Gl oo + ool

= [(2&22-a13)g‘_ - 23338'" + (a25-33h—)m_ - a366m] Sg +
+[ a13g + 23333" + aBL!-G + 8'36(}" JSB' +
+[(325"316)S'_ - a36g'f' + (2a55-a,+6)G!. - 2a66G"’ 8 +
+ [alég +agE" + a6+ 28y ]SG'

=0

and the Euler equations as

2[agq8 + (ag5ap,)e" + 238!V ] +
(L.12) + [ay,6 + (alé-azgmm)c;"# a36e"] -0
[epe + (ag,mapgtayq e + aye8™] *
+ 2[a,)6 + (8 -ag)e" + ag e ]

The Euler equations are two fourth-order differentisal
equations in g(z) and G(z) with constant coefficients as
defined by (L.4)e. Let us choose the solution for these

equations as

glz) = §e”
(4e13) {

G(z) = N e~
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where f, in general, is a complex number. Substituting

in (l4.12) and dividing by e~ ¥2, one obtains
2 [agy * (aggay) ¥7 + g ‘”]5 ¥
+ [alLL + (ayg-apgtay ) Y2+ aséb’l’f] M =0
[21y * (aggmapgtay)) ¥2 + 836 ¥415 +
+ 2y, * (aygmage) ¥ + agy ¥4 =0

This set of two hombgeneous equations 1n the arbitrary
cons tants '5 and YL possesses non-trivial sclutions if, and
only if, the determinant of the coefficients vanishes.

Thus the characteristic equations of the system, which

determine the eigen-values Y. , become

2[a w t (aB—aa) ‘o’z-l- 833 b"’] [a“ + (8 ~aytay,) b’z-l- aa‘d
=0
_ [an +(ag=azgtag,) ‘g 484, r* l 2| eyt ((84ays) re «+ 8, ¥

or by expanding, one finds
(1) hagacc-as ®) y®
+{L|.[9.33(ah_6-a55) + aéé(al:s-azz)] +

2 6
- 2a36(a16-a'25+a3,+) } ) S
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+ {u[allaéé * (a13-a22)(au6-ass) + a33ath] +

2
- 2a36a1u - (a16-a25+a3u) } Uh'*
+ {u[&ll(ahé-ags) + auu(a13—a22)] +
2
- Zam( 816-825"'&3,4')} F +
+ (uallauu- aluz)

=0

Equation (lL.1l) 1is reducible to a quartic equation if

one makes following substltution
(4.15) y=¥°

and (L,1l) can be re-written, on deviding throughout by the
2
factor ( ua33a66- 834 ), as

2
(Lel6) yu + h3y3 + b,y + hyy + hy =0
where

p oy = {ufassleyemagy) * meelargezn)]  *

2
- 2336(ale‘azs*asu)}/(”a33356'336 )

h, = {h[éllaéé + (a13'322)(ah6_a55) + a33ahh]+

(L4a17) ‘ - 28985 - (ale'azs*a3u)2}/(uﬁssaes'asg’
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by ={“[311(au6"“95) + sy (ay3maz)] #

- 2y (ey5-apgtay )| /llagsege-ase®)

\ hy = (L;.allau_u-alu_z)//(L|.a33a66-a362)

When the stress expressions are found as given by
(2.5), in general, the solution of (lL.l1l) is of the

following form
Y = o‘l_f i (51) and + Ol2 + 1@2)

Since g(z) and G(z) vanish as z—® , in (4.13) ¥ can
have only positive real parts, Making use of Euler's

formlsa

eie = ¢c088 + 1 sing

one finds that {J+13) can be expressed in the form

r gl{z) = ‘e"d'z(m cos @lz + n sin (512 ) +

()_._.18) < + e ong(p cos @Zz + q sin@zz )

L G(z)

6" *Z(M cos (312 + N sin @lz ) +
+ e-d’Z(P cos (322. + Q sin@zz )

where m, n, p, q, M, N, P and Q are real arbltrary

constants yet to be determined.
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5. Evaluation of Arbitrary Constants for Axial Functions

We need elght equations in terms of those eight arbi-
trary constants appearing in the expressions of the axial

functions which, as 1s clear from (4.18), are of the form
- o=z
(5.1) glz) = e~%%(m cos @1z + n sin (31z ) +
-z
+ 6" %2%(p cos@zz + q sin@zz )
and _
= a=th2 :
(5.2) G(z) e~ TZ(M cos @12 + N sin (ﬂlz ) +
- d2Z.
+ e~ 922(P cos (522 + Q sin@zz )

By uslng the boundary conditions at z = 0, 1i.e.,
()“z(r, 0) = -(Y:(r), and G(r, 0) = 0, and the equations

(3.1) and (3.5), we can write

(5.3) g(0) + G(0) =1
and

(5.44) g'(0) + G'(0) =0
By taking variations of (5.3) and (5.4), we obtain
(5.5) $g(0) = -6¢(0)

and

(5.6) §g'(0) = -&ar(0)
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Rearranging the natual boundary conditions given by (lL.11)

in the following form

' 2
L SPRNE W1 SYSHE SO SR

and using (5.5) and (5.6), we find

(5.7) 9I 4 98I _ 98I _ _d4 9I
. EY3l Z 9" 9G! “dz 2G"
and

91 _ J1I
(5.8) EGHE 1M

Substituting from (5.1), (5.2) and (4.3) into (5.3),
(5.4), (5.7) and (5.8), we obtain four equations relating

the integration constants as follows

(5.9) m+ptM+P=1
(5.10) A (mt) - @G (ntN) + A (ptP) - Bolatq) = 0
(5.11) o) ( by+b,bg ?m + (By(-by+bobe In +

+9,( by#boby Ip + By(-bytbobg a +
+A( oyt bg I+ B (~bytb by IN #

+9h( byt by P+ (B(-bytp bg )Q = 0

(5.12) ( byy=bobg Jm + 2 0 Bloyn +



where

+ ( bll-b2b10 )p + 2d~2 @szq +

+ { b15=b) by M + 2o(1 @1b,+N -

1
o

+ ( byybyby )P+ 20, @2buQ =

b, = ( a13-2a22+a25-316 )
by = (ay=2ay; )
b3 = { th-a25+2a55-au6 )
bh = ( 2a66-a36 )

= 2 2

b = ( 305 B%)
by = (3 @57 )
bg = ( 3eh,% (3%
Py = °l12" @12 )
byo= (2= B2
P1= ( 2378y )

P1o= 858 )



To furnish four more equations, we may insert the
axial functions (5.1) and (5.2) in either one of the two
equations in (L.12). It is obvious that the solution
being obtalned from one of the two homogeneous equations
satisfles the other ldentically. Therefore, by grouping
coefficients for cos @lz, sin @12, cos (322 and sin @az,
and setting these coefficients of the various cosine and
sine terms to be zero, four additional equations expressed
in terms of these eight arbitrary constants are obtalned

as follows:

(5.13) cym + con 4 03M + CMN =0
(S.14) com - c,n + cuM - 03N =0
(5.15) egp + c.q * c7P + cgQ = 0
(5.16) c

where
ey = 2[a33( ok)-{-é di @:2L+ @f) + (a13-a22)(d§-(5]2.) + all]
o = kel @1[2a33( @:ZL'J‘i) B (313""22)]
c, = [a36( clL{-6 *i (5%* @If) (alé-a25+a3“_)(d~i- @i) *elh] |
e, = 20, @1[2336( B2-d2) - (a16 a25+a3u]

_ 232 2_
oy = 2[a33(&”2-6d2(32+ ey + 8, 578,,) (95- G + ay ]

Q
|

-+



0
i

, = 4oy G [2&‘33( (32""{2) - (a13"822)]

2
7 [336( &%'6&2(% ey (a3u+a16'325)(°§';@22)+ a:m]

242y - -
g = 29, (32 [2&36( G2 d2) - (e,

(e
n

(¢ ]
i

"stey, )]

Equations (5.9) to (5.16) together form a set of
eight simultaneous linear equations in eight unknowns
whose coefficlents are given in terms of ai (1,3 =1, 2,
eee b), and the eigenvalues clk, Gl:. By inserting these
eight constants into (5.1) and (5.2), the axial functions

g(z) and G(z) are, therefore, completely determined.
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6. Stress Expressions

Having constructed the stress components 013 (1, J =
r, 8, z) in terms of the bi-product variational stress
functlons and completely determined the basic radial and.
axial functlons, we have the solution of the end effect at
once 1f we substitute all of the functions in (2.8). A&
superposition on that of the infinitely long concentric
hollow cylinder completes the stress formulas of the semi-
infinite system which 1s subjected to a radial temperdature
distribution.

The axlal functions as well as the derivatives which
will be utilized to expand the stress expressions (2.8)

are now summarized,

(6.1) g(z) = o”“%(m cos B,z + n sin @,2) +
+ e~ %2(p cos (322 + q sin (3,2)
(6.2) Xz) = e”2[- ol (m cos B,z + n sin B,2) +
+ (31(11 cos (31z - m sin @lz)ﬂ] +
+ e"‘*’z[- o (p cos B,z + q sin (Byz) +
+ By(a cos B,z - p sin Byz) ]

(6.3) g'j(z)= e'd'z[( o(%- @i)(m cos @lz + n sin@z) +

-2 oll (31(n cos @1z-m sin @lz)] +
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+ e’d‘zz[( olg— (32)(;) cos (5-22 + q sin@az) +
- 2d2 @Z(Q cos (322 - p sin @22)]

A similer set for G{z) can be obtained by substituting
the constants M, N, P and Q for m, n, p and q in the ex-

pressions for g(z). Thus we find
(6.4) G(z) = e~ %Z(M cos @1z 4+ N sin (31z) +
+ e~ %2Z(P cos @2z + Q sin (52z)
(6.5) ¢t (2) = =2 [- o (M cos Bz + N sin(@ 2) +
+ @ (N cos @ z - M sin (312)] +
+ o=z |- o (P cos @z + Q sin Bz) +
+ @Z(Q cos @,z - P sin (5222)]

{6.6) G"(z) = e~ HZ[( a:ZL- @i)(m‘cos@lz + N sin(3z) +

-2 oll (31(N cos(3lz - M sin(alz)] +
* e"‘*lz[( olg- @g)(P cos@zz + Q sin(%z)-l—

-2 olz (32(Q, cos@zz - P sin@zz)]

Substituting the foregoing six equations in (2.8) and
making some simplification, we have the stress expressions

as follows:



(6.7) q.

where

¢ w.(r)

X, (r)

Y (r)

\
Z,(r)

(6.8) G

where

= e-d'z[Wr(r) cos (312 + Xr(r) sin (312.] +

+ e'd""z[Yr(r) cos ﬁaz + Zr(r) sin (322]

= 5( £ + rheo ) m+

-P( 2F 4 r“'Ff )[(di-@i) M -2d, @]
= 5( £+ i ) n +

- P 2F + 2P ) [(022B2) w4 2. B.u]
=g5( £+ ot ) p+

~9( 2P+ oM ) [(22-82) p - 24, 3]

5(f+rh'f' ) q *

—P( 2k + oM ) [(22-62) @ + 20, B,P]

e-d'z[we(r) cos @12 + Xe(r) sin (517.] +

+ e_d"z[Ye(r) cos @zz o+ Ze(r) sin (522]

5[r5t+(1+5r3)rf'+f]m+

- vt ( °L:2L' Bi) m = 206y (31n] +



L1
[ 8 n - 2, B (- o 4 e«
- P[r5F" + (5r3 + 2)rFr 4 2F]}

X (r) =5 [r5% + (1 + 503 Jrer + 1] n +
-rt [(o2-B2)n + 20 Bm] +

{ +[Cad-60m + 2o Bu]{-(xe" 4 2y 4
- V[r5P" + (503 + 2)zFr 4 ]}

T(r) =5 [r5 + (14 503 )rer + £] p +
- et [(cl3-B5)p - 20, Ba] +
- [(o2- Bsir -2 o, @2Q] {(rF“ + 2F1)r +

+'D[r5F" + (5p3 + 2)pF' + ZFJ}

V2 (r) =5 [r56 4 (14 503 )rer # 1] q
- rt[(d:— @:)q + 20‘2 @ZPJ +
- [(dg- (ﬁg)Q + Zdz @zﬂ { (rF" + 2F!)r +
+ P[r5F" + (584 2)rF1 4 ZF]}

(6.9) g = e'd'z[wz(r) cos(3lz + Xz(r) sin(ilz] +

o* e'd‘iz[Yz(r) cos@zz + Zz(r) sin@zz]



where
. wz(r) = S(m + M)
X (r) =S(n+W
{ Yz(r) = S(p + P)
L Z_(r) =8(q+Q)
(6.10) G = e-duz[w%(r)'cos(%z + X, (r) sin(-‘_iz] +
+ e™%2 [T (7) cas@z + Zeg(r) sin@z ]
where
 Wg(r) =t [d(mrw) - Bn+ W)
Xglr) =t :d-l(n *N) + @m+ M)
| Yoglr) = & (o (p + P) - B,(a + Q)
| Zglr) = b :ola(q +Q) + B,(p + P)

The complete solution of the semi-infinite circular
hollow cylinder subjected to a radial temperature dis-
tribution is, thus, obtained by substituting (6.7), (6.8),
(6.9), (6.10) and (1.1) into (1.2)



ITII ILLUSTRATIVE EXAMPLE

7. Numerical Results for a Polynomial Temperature Distribution

As an lllustration of the use of the developed method,
we shall consider an eXample to obtalin the complete solu-
tion of the thermal stress problem in a semi-infinite cir-
cular hollow cylinder. Since it 1s attempted to .compare
the results with experimental data (Ref. 8), the physical
dimensions and material properties adopted for this example .
will be chosen so as to conform to that particular hbllow
cylinder being investigated experimentally. Hence a con-
centric circular hollow cylinder of 2.5 in. ID, 3.5 in. 0D,
12 in. length with the following properties will be con-

sidered:
AIST 1020 hot-rolled mild steel
Modulus of elasticity:_E = 3Ox106 psi
Polsson's ratio: ¥ = 0.3
Coefficient of thermal expansion: ot = 6.8!10-6/°F
For solving a particular problem without loss of gene-
rality, we shall employ non-dimensional units thoughout
this example. The stresses will be expressed in OszlEdT;
the strains in 611 /AaT; the temperature in T /A'tl.‘; and
the outside radius'will be taken as the length unit, as

defined previously. Consequently, the most frequently



eppearing fractional parameter A has the value of

A =10 = 2¢5 o ,71,28571L

We shall use a temperature profile which 1s a second

degree polynomlal given by

(7.1) g:(r) = 12.25 (ra - 2r + 1)
aT

Substituting (7.1) into (1l.1), the stresses for an
infinitely long circular hollow cylinder which is equiva-
lent to the portion far away from the end of the semi-

infinite hollow cylinder obtained as

o, _ > ‘
¢ :Iﬁjfﬁ- = -u.375 re + 11,666667 r - 8.531798 +
+ 14240079 r~2
O |
(7.2) { gag = ~13.125 2+ 23.333333 T - 8.531798 +
- 1.24,0079 r~2
______G—Zw = ~17.5 r° + 35 r - 17.063489
AEAT * °

By substituting (7.2) into (3.2) we obtain,

S(r) _ _ |
(7.3) = 12.25(1.428571F - 2,875143r + 1.392938)

The determination of the radisl functions wilth thelr

derivatives involves considerable calculation and redue- -
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tion. By using (3.7),‘(3.8), (3.9) and (3.15), in conjunc=
tion with (3.16) and (3.17), one obtains

, t(r)

oAE o T

AE aT

£(r)
AE 4T
(714

AE T

AE AT

AE AT

fi(r)

F(r)

Fit(r)

\ F'(r)

12.25(0.357143r3-0.952381r°40. 696L69r -

~0.101231r" 1y

= 12,25(0,089284r*=0. 3174,6003+0. 3823572~

~0.120160-0.101231 lar)
12.25(0.017857r°=0,079365ri40. 11607873~
-0.018929r -0;0355u0-0.101231r 1nr)
12.25(0;617857r“-0.o79365r3+o.116078r2-
-0.0188118-0.035703r"+-0,101231 1nr)

12,25(0,071429r°-0.2380950240, 23156~

-0.101231r‘1+o.03570r'2)

12,25(0.214286102=0.4761900+0.232156~

2

#0.101231r"2-0.071406r =)

By substituting from (7.4) into (L4.l4), the coefficients

aij are obtained aé'follows:

a

11
[ 13

0.,027726020
- 0,000050107



alu = 0.000351910
816 = - 0.000010767
Byy = 0.000002838
a25 =  0,000005676

(75) < a,, = 0,000000782
By = - 0.,000000002

a3 =  0.000000111
= . 0

8 0.00014057l

a6 = 0.00000023)

agg =  0.000002838

\ 8, = 0.000001467

where the values given above should be multiplied by the
factor, (12.25,& Ea T)z .

Substituting (7.5) into (4.17) and solving (L4.16)
by using the Ferrarl's method and the Cardan's formulas
(Ref, 10) for sélving the quartic equation we find the

roots as follows

= 0.855155949 + 1 9,722056235
(7.6) { I -

Yo = 334579024979 *+ 1 185.346929450
Then (4.15) gives

¥ =4 2.30377h4 + 1 2.110028 )
(o) | -

T = #(10.534304 + 1 8.797303 )



It is seen that there are only two sets of complex
roots distinct in their numerical values of the real and

Imaginary parts, which are,

]
]

2.110028

A, 2.30377)4
(7.8) { 1 Gy
o 84797303

o = 10.534304 €N

]
il

To evaluate the integration constants which appsar
in the expressions of g(z) and G(z), we substitute (7.5)
and (7.8) into equations (5.9) through (5.16), which give

, m= - 0.00820}.

n = - 0.001505

p = - 0.031353

q = 0.061458

(7.9)  { M= 1.03912
N = 0.729091

P = 0,002650

\ Q = - 0,000950

and the axial functions are, therefore, completely deter-

mined as

glz) = e~ 2°3°377”2(-o.ooszoucosz,lloozaz +
-0,00150581n2,1100282) +
+ o~10453U30L2( _0,031353c088.797303z +

(7.10) +0,0611158581n8,797303z2)



\ G(z) = e~ 2+30377h2(1 036912c082,1100282 +

+0,729091s1in2,110028z)+

e~1053430Lz2( 5, 002650c088.7973032 +
-0.000950s1n8.797303%)

Then, equations (6.7) through (6.10) in conjunction
with the equations (7.4) and (7.10) give the stress dis-
tribution due to the end effect. The computation proce-
dure 1is shown in Appendix B,



IV DISCUSSION OF RESULTS

Numerical results of the illustrative example obtained
with the aid of a LGP-30 digital computer are shown graphi-
cally in Figures 3 through 1. Non-dimensional units have
been used to scale the coordinstes of &ll graphs. A com-
parison will be made to the experimental data from an a&val-
lable source (Ref. 8).

Figure 3 shows the thermal stresses in the infinitely
long hollow cylinder subjected to a given axisymmetric -tem-
perature distribution.

Figure L shows the temperature profile used in the
numerical example and the resulting axlal stress in the
infinitely long hollow cylinder. Two radial functions S(r)
#nd t(r) .are also included,

With the relative axial distance from the end of the
cylinder as a parameter, the radial distribution of the
stress components Glj (1,j=r, 6, z)'are plotted indivi-
dually for the radial, circumferential, axial and shear
stresses in Figures 5, 6, 7 and 8.

Flgures 9, 10 &and 11 show z-dependence of the stress
components. Figure 9 shows the axial variations of the
total axlal and_circumferenti&l stresses on the}outer
curved boundary.

Figure 10 shows the axial variation of the maximm
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radlal and circumferentisl stresses due to the end effect
alone. The total values of thess stresses can be obtalned
by merely shifting the ordlnates to new orligins to add the
stresses obtained for the infinltely long cylinder.

Filgure 11 shows the axlel variation of the maximum
shear stress due to the end effect alone. These maximum
sheer stresses occur approximately at the radlal location
r/ry = 0.83. In contrast to the general pattern of the
mxial distributions of radial, clreumferential and axis]
stresses which possess the largest value at the end, decay
appreciably at z = 1.5r0, and become virtually negliglble
et about z = 2ro, the shear stress increases from zero at
the end to its peak &t approximately z = 0.2uro, and then
follows a similar pattern of decay. It is to be noted,
however, that the magnitude of the maximum shear stress
even &t its peak 1s In the order of one tenth of the other
stress components.

The circumferential stresses exerted at the end face,
where the magnitudes are the largest in the whole cylinder,
are plotted in Figure 12. The resultant curve indicates
that the maximum stress 1is compressive on the inner curved
boundary, the peak of the total tenslle stress 1s located
approximately at r/ro = 0.9, and at the outer boundary its
magnitude is 32 percent less than the corresponding stress

&t points far away from the end. It 1s also seen that the
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pesk value of the circumferential tensile stress is L5 per-
cent larger than the maximum circumferential tenslile stress
in the infinitely long hollow cylinder which occur on the
outer boundary., On the other hand, the approximate solution
based on the thin-walled cylinder assumption gives the maxi-
mum stress at the outer boundary with a 25 percent increass
over the infinitely long cylinder solution.,

The theoretical strains have been calculated from the
stresses by using the Hooke's law, and are shown in Figures
13 and 1h.

To compare the theoretical results with the available
experimental data qualitatively, the experimental and theo-~
retlical values of the axial strains on the outer boundary
of the hollow cylinder are plotted in Figure 1lli, where AT
1s the temperature difference between the wall temperatures.

The original experimental work, as given by Reference
8, was conducted with a hollow steel cylinder of 2,5 inches
ID, 3.5 inches 0D, and 12 inches in length. Well=-stirred
hot liquid suddenly poured in the cylinder was used as the
heat source, and the transient strains and the wall tempera-
tures were recorded.

The experimental results shown in Figure 1llj. are the
axial stralns measured at t = 2 seconds. In the parﬁicular
example under consideratlon,the transient temperature dis-

tribution at t = 2 seconds may be assumed to have a similar
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variation in r as the temperature distribution chosen for
the numerical example discussed above. Since the exact
experimental temperature distribution is not known, Flgure
1l can not be considered a direct verification of the theo-
retical results. However, considering the esquality of the
temperature differentials and similarity of the temperature
profiles in both cases, at least qualitatively, there 1is
a good agreement between the theoretical and the experimen-
tal resultse

One of the main advantages of the method developed in
this thesis is that separation of the plane strain part will
reduce the axisymmetric z-dependent problem toc a simpler
one handled by the use of varlational principles. A further
application of the method to the end effect problems in
composite cylinders has been outlined by the author (Ref.
12).

As a guide for future lnvestigations, the necessary
requirements and the limits of arbltrariness in the cons-
truction of stress expressions in the vafi&tional stress

functions are given fully in the Appendix A.



V CONCLUSIONS

It is apparent that in the analysis of the end effect
of a semi-infinite circular hollow cylinder, the utlliza=-
tion of the developed method is advantageous from both
conceptual and practical points of view. Several essential
conclusions can be drawn as follows:

(1) The difficultlies which would be encountered by
the classical thermo-elasticlty treatment of a semi-infinite
hollow cylinder are overcome by thls method. The end effect
problem can be treated by this method separately with no
simplifying assumptions.

(2) This analysis has developed & unique method of
formulating the radial functions which are solutions to a
set of differential equations obtained from the equilibrium
conditions,

(3) The application of the variational approach which
eliminates the preliminary restriction that the chosen
stress functions satlisfy the compatibility equations, re-
duces the problem partly to an eigenvalue problem. The
resulting Euler equatlions are two fourth-order, linear,
constant-coefficient differentlal equations. The solution
of the Euler equations give the axial functions in the form
of exponentially decaylng expressions and are conceivable

on account of the Saint-Venant's principle, il.6., the self-
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equlilibrating stress distributlion applled to the end gilves
rise only to local effects.

(L) The numerical results show good qualitative
agreement with the available experimental data.

(5) In addition to the thermal stress problems in
semi-infinite hollow cylinders wlth any given radlal tem-
perature distributlon, the method developed above can be
applied to other axisymmetric problems ( such as shrinkf

fit and punch problems ) with non-uniform end tractions.



VI APPENDICES

A, Construction of Stress Expressions in Variational

Stress Functions

Conditions which must be fulfilled by the required
stress expressions can be stated as follows:

(a) To ﬁake the Theorem of Minimum Complementary
Energy available as a varlational approach, the
selected stress functions should assure automatic
satisfaction of the equilibrium equations (2.3)
without satisfylng the compatibility equations.

(b) To prevent the solution from being trivial, 1t
demands results of non-vanishing circumferential
and axial stresses on both lateral curved boun-
darlies, where the surface tractions are zero.

(c) To ensure the axial variation of the stresses
being exponential, the Euler equations, for the
axial functions, should lead to a reducible (1l.e.
containing even order derivatives) differential
equations with constant coefficlentse.

For problems of the similar type, there exists several
well-known functions but none of them is suitable for the
present purpose. The most commonly used Love function
(ref. 2) 1s merely a !'displacement function! satisfying

the compatibility equations rather than a !'stress function!
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satisfylng the equilibrium equations. The well-known
Boussinesq functions (Ref. 11) violate the conditions (a)
end (c¢) mentioned above: The requirement that the
Boussinesq functions to be harmonlic eliminates the possi-
bllity of dealing with the bi-product functions as defined
by (2.6); and the explicilt appearence of z in these stress
expressions will cause the Euler equations for the axial
functions g(z) and G(z) to have variable coefficients which
makes the problem analytically intractable.

By modifying the Sadowsky-Sternberg stress formulas
(Ref. 7), Horvay obtained his set of stress expressions
for the case of a solid cylinder (Ref. 3); but they are
likewise 1lnadequate to apply to the hollow cylinder case
because of two addlitional boundary requirements arising
from the Ilnner curved surface. However, some essential
points 1indicated by his results are helpful in the develop-
ment of the present work. On bearing the aforementioned
conditions in mind as a guide, the derivations of (2.5)
and (2.8) can now be proceeded as follows:

Let us define a pair of bil-product functions:

]

f(r) gl(z)
(A.1)

{@(r, z)
¢(1‘, z)

F(r) G(z)

and let,



(A.2) Bir,a)=-@_, - (2P, +28,,)
= - flgt - ( rF" + 2F! )G!

Making use of the second equilibrium equation of (2.3),

which reads

+ = *

86, 9% . T _
A or T=0

and integrating with respect to z yields

(4.3) Gz(r, z) -f ( '?FE' +-;.'§-) dz

1 t 2
qorrr"' T gorr'" T Prprt ucprr*"f’ T

n

= (M +-%,'—f“)g + (rFP"™ 4+ LlF" o+ %Fl)G

where the integration constant has been taken to be zero.

Similarly, the first equilibrium equation of (2.3)

reads
30’r+ 3'6* Or - 0% =0
| or 9z r
which, in a re-arranged form, is
(A.l) 0 (r, 2) = x( 20 4 Or 4 3B )
© or r oz
Let
(4.5) COr, ) =5 Pk -2+ kP )

= 5(f + rirr)g - P (2F + rhFr)e"



The circumferential stress is obtained by inserting
(A.5) in (A.l4), which gives

(8.6)  Olr, 2) =5 [PP@,, + (14527)r @, + @] +
" Corag™ U7 Prng 2 Prgy)
5B, 2508, 020,,)
=5 [rSt + (145r3)rr + f] g - rtg" +
- p(rFU"+2Ft )G" +
- V[rSF" + (245p3)rF + ZF] G"

Introducing notation from (2.7) into (A.2), (A.3),
(A.5) and (A.6), we have

¢ 0y = 5e + vher)g - P(2F + 2Mpejer
0"9 =5 [rgt + (1+5r3)rf' + f] g - rtg" +

- 1)[:-511'" + (245p3)rF' + ?_FJ G" +

(A07) < - I'( I'F" + 281 )th
0, = ng + SFG
\ B = - teg' - 0!
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It is to be noted that the axisymmetric nature of the

problem, reduces the number of equilibrium equations to
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two, as glven by (2.3)s This fact indicates that there is

some freedom in the choice of two stress expressions among
those of four participating stress components. However,
this arbitrariness is limited to a certain extent. The

two expressions of & and G; were sc selected that the
appropriate combinations of the variational bi-product
stress functions with their derivatives not only lead the
solution to fulfill the aforementioned fundamental require-
ments but give the best approximation by the degree of
adherence to the compatibllity conditions. The latter
consideration, though is not a necessary condition while
the variational approach is employed, it has been utilized
as an assurance of better rusluts in the stage_of selecting

this very set from a number of trial functions.
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Be Flow Diagram Indicating Computation Procedures for

Stress Components due to the End-Effect of a Semi-

Infinite Circular Hollow C}linder

The stress expressions due to the end-effect, (6.7)

through (6.10) can be generalized as:

(B.1) G’k = Ovij(r’ z)

e-d‘z[wk(r)cos Biz + X (r)sin @lz] +

+ o %

[Yk(r)cos @zz + 2,(r)sin (522]

L

where (k =0, 1, 2, 3), O, = O, = 0, Ogg =0y =07,
Opz =05 =0 end 0, = B = 0750
For the 1illustrated example, the radial functions in

(B.1) can be expressed in one general form as:

' \
Wk(r)
Xk(r)‘ . . )
( ) Yk(r) > k(r) X of X q T X, T xk3r
L 3 2 1
+ xkur. + kar + xkbr + xk7r +
z,(r)
/ 0 =1 -2
+ xkar + xkgr “+ xklor +
b 3 2
+(xk11r +xk12r +xk13r +kar+xkls)lnr

where x),, (n=0,1,°*,15) are coefficients in W (r),X (r),¥Y (r)

and Z (r) obtained by using (6.7) through (6.10)., The com-
putation procedure for the stresses is given by the following
flow diagram.
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Sta[t

read No

dy » @1
da » B
according to (7 8)

l (k1= kotl

read

No

1

read
Z 3 Z =24 3TaZ
¥ j = 0,1,2,°,n éompute
and print
-
1 | s
read ' sccording to (B.1)
Xy, of Rylr) | 1
according to(B.2) initialize

l D) :

initlallze }
compute
r Ry(r)
k = 0,1,2,3
according to (B.2)

1

# pre-assigned values with regular increment ar or az.
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