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Abstract

The main objective of this work is to formulate an
analysis of the growth of fatigue cracks employing crack-
tip stress-intensity-factors (which are in essence the
strength of elastic stress singularities). It is found that
identical stress-intensity-factor time-histories at crack
tips result in ildentical crack growth rates in a given
materi&l; This result allows the direct comparison of craék
growth rates in bodies of a given material but with dif-
ferent configurations provided that the wave form of the
load time-histories imposed are equivalent.

It is found that an empirical relationship expressing ﬂ
the proportionality of the crack growth rate to the fourth
power of the amplitude of variation of stress-intensity-
factors is in gensral agreement with the broad trend of
experimental data on various materials,

Finally two models of crack growth based on considera-
tions at a continuum level are devised. The results of the
analyses of these models are shown to be more general than
previous investigations and in better agreement with exist-
ing test results. However, the test data avallable to date
are insufficient to examine the models in full detail and

some inadequacies are suspected.
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CHAPTER I - INTRODUCTORY CONSIDERATIONS

}.l The Role of Crack Growth in Fatigue Phenomena:

The phenomenon of fatigue in general 1s well known to
all structural engineers, and the "model" of fatigue usually
employed for engineering purposes is simply that a given
material will withstand a certain number of stress cycles of
a particular intensity prior to complete failure. However,
in the past decade research in the fatigue area has contin-
uously increased attention to the study of fatigue as three
separate phenomena. The three subdivisions of fatigue are:

e (1) The initiation of cracks.

(2) The growth of cracks.,

(3) The rapid propagation of cracks in the final load

cycle (i.e. crack growth under static loading).

The first phase of fatigue, initiation, is associated
with slip within the erystals of a metal. Perhaps, as many
physical-metallurgists have proposed, this slip is actually
dislocation movements which cause dislocations to pile up
and form a crack. |

The mechanism of microscoplc crack formation is at
least not yet fully understood.

The initiation of cracks, itself, is not wlthin the
scope of this dlssertation. However, a question remains to

-2
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be resolved inquiring as to when the flrst phase, initiation
of cracks, ends and the second phase, crack growth, begins.
Many investigators in the past have chosen the appearance of
‘cracks visible to the naked eye as the criterion. Such a
choice is arbitrary and does not depend on a change in the
physical character of the phenomena involved. Furthermore,
some recent“studies which attempt to microscopically deter-
mine the appearance of cracks in polished specimens find
that cracks most often appear in the first 5% of the fatigue
life if not earlier. Thus crack growth is now quite widely
accepted as comprising the major portion of fatigue 1life in
carefully prepared laboratory specimens.

In typical structures which contain fabrication
imperfections, such as tool marks or burrs on machined sur-
faces as well as exposure to corrosive environments, cracks
are in effect always present in the structure'ér appear in
the first few cycles of loading. A study by Quist (reported
in Ref. 1) finds that in typical aircraft component tests
over 90% of the failures are initiated by crack-like
imperfections, or gouges caused by the rubbing and corrosion
of contact surfaces of adjoining parts. In the type of
component studied it must be concluded that from a conserv-
ative engineering point of view, the crack growth period
comprises the whole of structural life.

Therefore an investigation of crack growth, which 1s

~3=

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



‘the topic of this dissertation, is of considerable interest .
-to the general understanding of fatigue, in addition to

being a pertinent topic for other enginsering reasons. For
exampls, cracksAare sometimes found during the Inspection of
structures, whereupon a judgement must be made on the remain-
ing 1ife of the structure. A knowledge of the characteris-
tics of crack growth and final failure is clearly necessary
and sufficient in such cases,

The propagation of cracks under static loading, i.e.
the third and final phase of fatigue failure, has been
thoroughly investigated by Irwin (Ref. 2) and others. In
essence Irwin's analysis is the successful application of a
macroscopic elastic continuum approach to predict the static
strength of bodies containing cracks.

In this dissertation the method of analysis of crack
growth under fluctuating loads will also employ in part the
elastic continuum model in such a way that final failure in
fatigue may be included as part of the crack growth phase.
That is to say bthat phases two and three will be regarded

as capable of being treated by similar analyses.

1.2 Initial ObServations on the Growth of Cracks:

The growth of cracks is a highly discontinuous process.
Pirst, it is self evident that extension of a crack sub-

jected to a cyclic loading occurs only during a portion of

Ay
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each load cycle under the most ideal conditions. Moreover,
several éxperimenters observe that cracks often remain dor-
mant Tor several cycles of loading and suddenly sustain an
increment of extension during part of a cYcle, which repeat-
edly occurs to form the full picture of crack growth (ses
for example Ref. 3).

In enalyzing crack growth for its own sake, it would of
course be important to observe the growbth process in detail
in order to obtain an accurate description. However, the
final evaluation of accuracy here should be based on the
overall objective of making life predictions for structural
members. Consistent with that objective, 1t may be argued
that a knowledge of the average rate of crack growth is
sufficient., Therefore the approach employed will most often
views crack growth as a continuous process. That assumption
will require some attention to insure its justificatilon.
(But since the gstudy of dynamics of falling bodies does not
usually begin with a discourse on the molecular motion of
particles within the body, the assumption of continuous

growth of cracks does not seem out of place in mechanics).

1.3 Bxperimental Data Available on Crack Growth:

Only a few investigators have published quantitative
data on crack growth rates to date (Refs. L, 5, 6, 7, 8, and

9). All of their results have been compiled and arranged in

~5m
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convenient tabular form in a single source (Ref. 1).. Since. ... ..

the data compiled in that source will be employed to guide
and verify the analysis and results to follow, 1t seems
appropriate to comment on that data in general at this point.

Pirst, all the data available has been produced using
a sinusoidal variation of load in time with a mean load
superimposed. This is a severe restriction on the wave form
of the loading. Moreover, the specimens tested were all
wide plates with transverse cracks in order Lo observe thé
growth of the cracks directly on the surface of the plate.

As will be noted later the use of plates in tests is not a
serious restriction.

In all cases the crack's length has been measured per-
iodically at intervals of several hundred to several thou-
sand cycles during the tests, therefore only the average rate
of growth over many cycles is available. (No data exists
which extensively investigates the discontinuous nature of
crack growth quantitatively). Even though the data is av-
eraged in this way, many of the test results show consid-
erable tendency to scatter, (i.e. the crack length vs. cycle
number curve of the data is not sﬁooth).

This scatter has often been attributed to the discontin-~
uous nature of oraék growth. However, the fact that some in=
vestigators have collected data with a small amount of

scatter, indicates that test téchnique is the cause of some

-6~
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of the scatter., However, no tests remove all of the scatter,.
no matter how carefully performed., Perhaps a certaln amount
of natural scatter doés exisﬁ due to the discontinuous growth
of eracks and/or inhomogeneity of the material. But the fact
remains that some of the experimental results are clearly
superior to others for the purpose of analyzing crack growth.

For the above reason the data from various investigators
‘has been subjected to preliminary examination (see also the
data plots in Ref. 1) in order to determine the best sample
for use herein., The result of this examination is that
McEvily and Illg's data (Ref. L) on 7075-T6 aluminum alloy
is most appropriate. Henceforth it will be employed and
supplemented with other data only when necessary to clarifﬁ
a point.

FPinally, for those who may be interested in collecting
further data in the future, some comments on test technique
are pertinent, though not necessary to this discussion.
First, the rate of crack growth is rather sensitive to load
level as may be seen from available data. Moréover, changes
in load level during crack growth tests result in delays in
the growth (Ref. 10). Hence it is imperative to maintain
accurate load control in crack growth experiments. Second,
it is difficult to determine the precise location of the tip
of a crack during a test. Accurate means of measuring crack

-

length must be given special attentlon to obtain suitable

.
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results. A few other factors such as misalignmenﬁ of test
jigs, buckling of'the test panel, and carefully controlled
atmospheric environment warrant additional careful considera-
tion. However, many items which have received wide attention
in the past, such as the frequency of loading, appear to be

of secondary effect relatlive to other considerations.

1.4y The Classification of Analyses of Crack Growth Caused

by Fluctuating Loads:

As mentioned earlier, the existing data on the growth
of cracks has all besen collected for loadings o@ sinusoidal
wave form with a mean load present. Some, but'only a few
percent, of the structures in which fatigue is a problem are
sub jected tc purely sinusoildal loadings of a statlonary
character. Other types of statlonary loading may be
encountered such as periodic loading of arbitrary wave form,
stationary random loads, or superimposed combinations of
these. Moreover, non-stationary loadings (i.e. wave forms
whose character changes with time) are also often encountered
with both slowly changing and aebruptly changing loading
character. Therefore some investigation of the effect of
loadings which are other than sinusoidal and statlonary seems
appropriate. The analysis of crack propagation in phis
dissertation will be subdivided (for reasons which will

become obvious later in the work) into three separate prob—

=8
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tems., They are:

1) The analysis of crack growth for a single type of
stationary loading (of which sinusoidal loading is
an example).

2) The comparison of crack growth rates between the.
varlous types of stationary loadings;

3) The analysis of crack growth for non-Stationary
loading.

Historically, attempts to date to analyze both crack
growth and fatigue have Been almost entirely restricted to
the first of the above categories. The attacks which have
been made on the second and third problems, often termed
accumulation of damage studies, are at most naive and inade-
quate in relation to their importance Iin engineering. In
the past these attacks did not employ the crack growth
concept of behavior which may in part be the reason for
their lack of success.

The approach in this dissertation will be confined to
crack growth behavicr and the concepts from its analysis
which may provide a new model for fatigue. The contribution
to be attempted here is to provide an analyslis of crack pro-
pagation which will Satisfy the first category of problems.
In addition some theoretical results will be derived as an
indication of possible approaches to the second and third

categories,

-9
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' CHAPTER II - PREVIOUS INVESTIGATIONS

2.1 The Form of Crack Propagation Laws:

In general a crack propagabion law may be defined as an
expression which relates the rate of increase in crack size
to the intensity of the load, the wave form of the load
(variation in time), the configuration of the body (inclu-
ding the crack and means of load application) and material
constants._ It is usual to consider that environmental fac-
tors such as temperature, corrosive atmosphere, etc. are
reflected in a crack propagation law through alteration of
the material constants. An assumption of this nature seems
justified if the application of the law is to be restricted
to materials whichvare metallurgically stable within the
range of environment ﬁo be considered. Such a restriction
is usually regarded as a necessity in structural design,

In order to begln development of a crack propagation’
law it is necessary for the sake of simpliclty to place
further restrictions on the initial objective. Therefore
previous investigators have attempted to derive crack
propagation laws for only the simplest conceivable special

case. With few exceptions they consider a stationary

sinusoidal stress variation, AT, with a mean stress,

=-10~
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<Ihean, superimposed and a special configuration which is |,
ean infinite plate of constant thickness with a crack of
length, 2a, to which the stress is uniformly applied at
infinity perpendicular to the direction of the crack; This
configuration is shown in Figure 2.1.

Therefofé, considering the number of cycles of variation
in stress to be denoted by N, the form of all previous crack
propagation laws may be expressed as:

%1% = f (AT, Uumean, a, Cs) 2,1

where Ci are material constants for a given material and -
environment.

This form will be used in order to Eompare existing
crack propagation laws and examine their validity in the
light of available data. It must be recalled during this
discussion that a restricted form such as Eq. 2.1 is not the
ultimate aim in developing & universally useful law but

merely a sensible basis to begin the effort.

2.2, Head's Crack Propagation Law?

The first law Which received wide attention was derivgd
by Head (Ref. 11) in 1953. He also made some further
comments on fatigue crack propagation in a later paper
(Ref. 12). His work 1s regarded in the literature as the
firstlfundamental effort to analyze crack propagatiQn in a

s I

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



An Infinite Sheet containing a Crack

'a12-
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deductive manner.

Head'!'s approach centered around a model analysis of
crack propagation in which an infinite sheet with a central
crack (seg Fig., 2.1) was regarded as a network of elements.
“The network is shown in part in Figure 2.2 In that figure
elements A and C are purely elastic elements which transmit
tengion and shear respectively and are located everywhere in
the sheet except directly ahead of the crack. Elements B
are considered to be rigid-plastic elements with linear work
hardening both in tension and compression and are located
only along the line of extension of the crack., Further, it
is presumed that elements B possess some constant fracture
strength and the element directly ahead of the crack is work
hardened up to that fracture stress level in order to extend
the crasck through that element, and so on through the next
element,

Upon analyzing thils network, which incidently requires
considerable algebraic computation, and expressing the results
of the analysis in a manner which restores the continuum

concept, Head arrives at his law, which is:

de 2 01 g3 2 3/2 2.2
an (Co=@) w 1/2

where C. depends upon the straln hardening modulus, the

1
modulus of elasticity, the yleld stress and the fracture

stress of the material and C, is the yield strength of the
-13-
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Head's Model of & Crack in a Sheet
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material. In addition Head defined w as the width of the
zone of plasticity ahead of the crack, which he assumed
would be a constant throughout the propagation of a crack
subjected to a stationary sinusoidal loading. Moreover, he
assumed that the loading would bevone:which has a mean load
of half the double amplitude of the sinusoldal loading so
that the minimum load is zero and the maximum is < .
Interpreting Eq. 2.2 in the form of Eq. 2.1 requires
substituting A for G and the result is restricted to
cases where Wmean is eéual to half of AT . Therefore

Head's law may be written:

dN ( Co- AT) wl/e

for

Ve an = f{S[

: 2

(as shall be shown later the restriction on the value
Umean in Egq. 2.3 may be ignored since mean stress has

very little influence on the rate of crack propagation

compared to variation in stress).

Head integrated Eq. 2.2 and obtalned:

L _ D; () ¥ + const 2.
1/2

Noting that Dy () is a constant during a test
~15-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



employing a stationary loading, he suggests plotting the
data from tests using coordinates of 1/{'5' and N in which
case Eq. 2.l predicts a straight line relationship for each
individual test. He implied that obtaining a straight line
would verify his law but this method of verification will be
discussed and seriously opened to question in the last
section of this chapter.

At this point it is sufficient to leave the discussion
of Head's work and give some attentlion to that of his succes-

sors who in fact have noted some flaws in Head's arguments.

2.3 The Work of Frost and Dugdalse:

' "Head's work remained unigque and unquestioned in the
field of derived relationships describing crack propagation
until in 1958, Frost and Dugdale (Ref. 13) presented some
evidence that questioned Head's assumption of a constant
plastic zone size, w. They observed in some of their ekpefiJ"
ments, (using the configuration shown in Fig. 2.1 and
stationary sinusoidal loading), that the plastic zone size
in tests seemed to vary linearly with the crack length.
That 1is:

w X a 2.5

They noted that substituting Eq. 2.5 into Eg. 2.2 or 2.3
results in a crack propagation rate which depends linearly

on the crack length instead of the 3/2 power. Their experi-
-l-.lé—
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.mental observatlions of plastic zone size were not convinc-
ing enough alone to allow a direct modification of Head's
Law. However, they proceeded to obtain similar results
employing other arguments.

Frost and Dugdale concluded that from dimensional
considerations, referring to Figure 2.1, any increment of
crack extension, da, will be proportional to the crack
length, a, for a given incremental number of cycles, 4N,
during a particular test employing stationary loading. The
result is: W

_‘i?-_ = D2 (q) a 2.6
dN

where D2 (g~) depends on the intensity of the stress, q,
and material constants.

Further, Frost and Dugdale found in their tests on
aluminum alloys with a mean load equal to the amplitude of
an imposed stationary sinusoidal load that the influence |
of the intensity of loading can be empirically approximated

by:

3
D2(<T) =030‘. 2.7

Substituting Eq. 2.7 into Eq. 2.6 leads to Frost and

Dugdale's crack propagation law, i.e.

da =

Cs g3 a 2.8
dN

~17-
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‘Eq. 2.8 may be interpreted in terms of stress variation as
was done for Eq. 2.3, which results in the form suggested
by Eagq. 2.1 or

da = Cq (AT)3 e
aN

for 2.9
G;:lean = .é_g..-
2
Again it should be noted that the mean stress restriction
is relatively unimportant.
Prost and Dugdale's law in its initial form, Eq. 2.6

may be integrated, which gives:
in a = Da(qr) N 4 const, 2.10

Observing this rélétionship, Eq. 2.10, they suggested
plotting test results using the coordinates, ln a and N,
and implied that if each of the tests plots as a straight
line their relationship is verified. This implication

will be discussed in the last section of this chapter.

2.1 Liu's Anslysis of Crack Propagation:

Somewhat later Liu (Refs. 5 and 1lL) reviewed Frost
and Dugdale's dimensional arguments and restaﬁed them in a
much more elegant form. He argued on the basis of

"homologous stress distributions" near the tip of a crack

~18-
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.as it grows in a plate subjected to a stationary sinusoidal:
loading and derilved the expression,

da = D3 (T) a 2.11
dN
which is the same as Frost and Dugdale's results, Eg. 2.6.
He did not determine the functional nature of Dy (T) at
the time but experimentally noted its values for a variety
of mean stress levels and intensities of stress variations
- in the aluminum alloy, 202l -3,

In a later paper, (Ref. 15), Liu attempted to deduce
the nature of D3(<T). First, he noticed that mean stress
had a minor influence compared ta the range of stress
variation. Then from an argument based on the hypothesis

of constant hysteresis energy absorption to failure, he

concluded that:
2
Dy (9) = C), (AT) 2.12

Finally, he again reopened the dimensional arguments and
reasoned that the lncrement of crack extension, da, for a
given number of cycles dN should be proportional to the
plastic zone size, or

da = Cg W 2.13
dN

Irwin (Ref. 16) had previously noted that for the configura-

" tion shown in FPig. 2.1, the plastic zone size for each

=19~
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reversal in loading may be estimated by:

we (AT)Ea 2.1l
2 <r§.p.2

if the mean locad is neglected. Substituting this result

into Bg. 2.13 Liu observed:
da = ¢, (AT)? a 2,15
an 5

where Cg has been readjusted. He noticed that Eq. 2,15 is
the same as the combination of Eqs. 2.1l and 2.12 and
concluded that this coincildence reinforees his arguments
and provides a further interpretation of his earlier
results.

Again, as in Frost and Dugdale's work, Liu's expres-
sions may be integrated; they‘then becomé identical to
Eq. 2.10. ILiu also concludes that plotting In a vs. N and
obtaining straight lines for each test implies verifica-
tion of his results. As mentioned with each of the

previous laws the matter of verification will be discussed

later.,

2.5 A Note on the Validity of Dimensional Arguments:

In the two preceding sections it was noted that some
previous 'Investigations have employed a dilmensional

analysis'of the configuration shown in Fig. 2.1 as a basis

-20-
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.for crack propagation laws. Moreover, thelr results have
been adopted by subsequent investigators without serious
question (see for example Ref. 3). Héwever, these dimen-
sional arguments may be open to serious objections.

Both Egs. 2.6 and 2.11 are the result of assuming
that under a stationary loading the extension of a crack,
da, is pfoportional to the crack length, a, for a given
number of cycles, dAN. But it is well known that in the
final cycle of any crack propagation tesf an infinite
extension, da, will occur even though the preceding crack
length was finite (see for example Ref. 2)., The dimen-
sional arguments do not exclude the final cycle, even if,
‘as stated by Liu, they are based on the concept that the
rate of crack -extension expected should be proportional to
the plastic zone size. Therefore it is concluded here
that the previously mentioned investigations still remain

operr 50 question.

2.6 NASA's Method of Crack Propagation Analysis:

Rather than attempt to fully determine.the functional
form of a crack propagation law, Eq. 2.1,. McEvily and Tllg
(Ref. i) noticed that much could be gained by determining
the interrelationship of the arguments in Eq. 2:l. That
is to say that it is possible to find more significant

parameters which are combinatlons of. the afguments, A Vv,

=2Ll=
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Jmean and a, in Eq. 2.1l. Since this will permit a
decrease in the number of independent variables, it
provides additional insight in understanding crack
propagation.

McEvily and Illg began by adopting a previously
known method of stress analysis of cracks devised to
predict the static strength of plateé containing cracks.

A sharp crack results in a mathematically infinite stress
at the crack tip if elastic analysis is employed. There-
fore they assumed that real crack tips though sharp may be
represented as having a finite %ip radius,/‘ , if elastic
analysis is to be employed. The ficticious tip radius,/o s
is considered to be a material constant. |

Then they regard the maximum stress in the vicinity
of the crack tip as the most significant locél stress and
denote it by .. In addition they reason that if the
materlal element, at which the significant local stress,

(T;, occurs, 1is a linsarly strain hardening element |
possessing a given fracture strength, then the crack growth
rate should be a function of the mean value, (E;nman, and
the range of variation,;},(ro, of this significant stress.
By this means they observe that the rate of crack propaga-

tion should have the functional form:

gi]"; = Fl( Aq_o: q-o-mean, Ci) 2.16

~22-
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which has one less variable than Eg. 2.1.
They go on to note that for the configuration shown in
Figure 2.1, with a crack of tip r'adius,f , the solution

for elastic stresses gives:
N = =
max - Q: = (L+ 2 P ) 2.17

Hence the significant local stress, Q';, can be computed
directly from the remote nominal stress, J , and the crack
length, a, provided that the materialA constant /0 is known.
McEvily and Illg give experimentally determined values for/P
from about 0.001 to 0,005 inches for aluminum alloys and
show that for a given stress ratio, i.e. in effect the_ A
ratio of AN +to Q'r_nean, the crack extension rate data
for a particular material is correlated into a single curve
on a AU’; VS, g‘.l%. diagram. This amounts to observing |
experimental verification of Eq. 2.16. They also give an
empirically chosen function which agrees quite well with

the data they obtain, i.e.

| 3l |

: da

log. %8 = 0.00509 A T.-5.472 = —— 2.18
10 3w - ° AT -3

But this relationship is of little interest here dus to

1ts rather cumbersome form and empirical nature, |

Most important in their work is the fact that they

have shown that the local stress level near a crack tip is

-23 =
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important in analyzing crack propagation phenomena.

However, their assumptions of a fictitious crack tip radius‘
/‘ and a work hardening material possessing a local ul-
timate strength may be regarded as somewhat clouding the
nature of their results. | “

It will be shown in a subsequent chapter that similar
results may be deduced by other means without the need for
such assumptions. Therefore a full discussion of the signi-
fiecance of local stress parameters will follow later in

this work.

2.7 Other Pertinent Investigations on Fatigue Crack

Propagation:

- ' Some other investigators have attempted to relate the
rate of fatigue crack growth to microscopic material
parameters as well as macroscopic continuum variables.

The most pertinent results have been obtained by Valluri
(Ref. 3) and McClintock (Ref. 17).

Valluri combined many microscopic concepts such as
dislocation movement stress, grain size effects, etc. with
many of the macroscopic approaches such as making use of
the concepts of strain hardening of materials, notch
stress analysis, a modified Griffith theory of final
failure, etc. into a complicated law of crack propagation

involving some 10 parsameters. However, one of his basic

_24_
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~a8sumptions is a dimensional argument that the crack
growth rate should be proportional to the craclk length
which is questioned herein., Moreover, his many sweeping
and admittedly unverified assumptions. in other phases of
his derivations reduce his result to little better than
speculation. MNevertheless, his results stand as a monuﬁen—
tal effort to combine a great deal of the detailed knowl-
edge of crack propagation into a single snalysis, regard-
less of whether his assumptions are valid or not. It is
at least worth mentioning here that his results are in
quite wide disagreement with both the existing experimen-
tal data on crack propagation and many of the fundamental
conclusions to follow in this work.

McClintock and his colleague Hult (Refs. 17, 18, and
19) have taken advantage of the fact that‘the plasticity
problem of a crack subjected to shear parallel to its
leading edge could be solved aﬁalytically. They provided
the solution and have incorporated that result in a
‘continued effort to synthesize fatigue crack growth. How-
ever, they have not been able to extend their results to
the more important case of extensional loading perpendicular
to eracks., Moreover, as will be shown, many basic
relationships can be obtained without the benefit of an
elastic-plastic analysis of stresses surrounding cracks.

Hence their results remain unidque and unincorporated in

~25-
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-the work of other investigators at this time.

2.8 The Validity of Existing Crack Propagation Laws:

Head, Frost and Dugdale, and Liu (in Refs. 11, 12,
13, 1L end 15) have suggested thaﬁ comparing their laws
of crack propagation after integrating, Bgs. 2.l and 2.10
with data from single tests under stationary sinusoidal
loading will provide suitable verification. Though these
laws, Egs. 2.l and 2.10, are in conflict with each other, -
this method of verification results in the claim that both
are valid. Since the method of verification produces an
essential contradiction, it is of importance to compare
these laws with the éxperimental evidence in a more
fundemental way (Refs. 20 and 21).

Rather than rely on the comparison of laws to
‘individual test results, it seems more appropriate to
compare the laws with the broad trend of a whole series
of tests. The law which agrees with the broad trend has
the obvious advantage of greater génerality. The data
provided by McEvily and Illg (Ref. l.), which has been
chosen as the‘best available data in section 1.3, 1s most
sﬁitable for the purpose at hand.

First, this data has already been correlated
successfully by McEvily and Illg themselves using their

. parameter,(fo. Noting that the data was obtained for

26~
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. erack lengths, 2a, of the order of an inch long, whereas
the crack tip radius,,o s 1s of the order of one thousandth
of an inch, the unity within the parenthesis in BEq. 2.17

may be neglected, or

T, = -2 Y y= 2.19
7 B

Since'/? is presumably a material constant the parameter
< V&) is suggested by this result as parameter
controlling the rate of crack extension for the configura-
tion shewn in Figure 2.1, (Later it will be noted by other
consliderations that this parameter 1s of furthér‘fundamen-
tal interest in describing the intensity of the crack tip
stress field).

In the test series to be employed in this discussion
the mean was always approximately half of the double ampli-
tude of the superimposed sinusoidal variation in stress,
or AT may be substituted for T as a measure of stress in-
tensity. Consequently, the parameter, 03 , may be regarded

as:
¢ = A {2 2.20

One may then note that Liu's result, Eq. 2.15 may be re-

written as:

da = g @2 2.21
an '
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:Note also that Head's result, Ed. 2.3, is nearly the same
as Eq. 2.21 with the exponent changed to 3. Egq. 2.21
suggests that the data might well be plotted on a (log (P )

vs. (log %ﬁ ) diagram which according to Liu or Head

should result in a slope of 2 or 3. In order to eliminate
finite width effects only the 12" wide plate tests of
McEvily and Illg are shown plotted accordingly on Figure
2.3. The resulting slope is clearly close to li (not 2 or
3). The slope of li indicates that the broad trend of the
data is followed by the relationship

da = o a:” = Cg (Al 42 2.22

which might be suggested as a new empirical crack propaga-
tion law for the configuration shown in Figure 2.,1. How-
ever, a more generai law of a simllar nature will be
proposed later, as the result of a less empirical approach.

At any rate, Figure 2.3, and its apparent trend, Edq.
2.22 show that the laws proposed by Head, Frost and Dugdale,
and Liu do not seem to agree with the data trend. MNore--
over, the trap into which these previous investigators
have fallen is clear on further inspection of Figure 2.3.
Any single test covers less than a log-cycle of crack

da

extensilon rates, 37’ on that figufe. It is evident that

the slope of the general trend of data cannot be accurate-

=28~
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-1y determined from such a short range of data. There-
fgre the use of déta from single tests to verify their
laws 18 in error.

In conclusion it has been shown in this chapter that
the laws of crack propagation derived by previous investiga-
tors are not rigorously founded. They are also shown to
disagree with the broad trend of the best available data.
The only method which remains unquestioned 1s that of
employing local crack tip stress parameters in analyzing
crack propagation. However, the methods employed by
McEvily and Illg contain some doubtful assumptions though.
they sucessfully describe the functional fgrm.of the data.

Therefore, the way 1s cleared for further analyses of
crack propagation in which local stress parameters play
an important role. ' But 1t is mandatory that few assump-
tions be made that cloud the issues if the aﬁalysis is to
be fruitful in providing some insight into crack propaga-
tion behavior in general for a wide variety of configura-
tions and types of load-time histories. For that reason
the discussion tc¢ follow will begin with a fundamental
description of local crack tip stress fields and from that
description an attempt will be made to derive an analysis

of crack propagation of broad applicability.
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CHAPTER III - THE STRESS ANALYSTS OF CRACKS

3.1 The Stress-Intensity-Factor Concept:

It is informative to consider the boundary value pro-
blem of the extension of a plate containing a through-the-
thickness crack. This prcblem has been analyzed elastiéal-
ly by both Irwin (Ref. 22) and Williams (Ref. 23). Some
similar results of a less general nature were presented
"earller by Sneddon (Ref. 2h)° The method and notation of
Irwin will be adopted here with no loss in generality.

The presence of the adjaceht crack surfaces which are
free from stress has a dominating influence on the distri-
bution of stress near a.crack tip. The effect of that
influence becomes clear through the following analysis.

Let the tip of a semi-infinite crack be located at
the origin as shown in Figure 3.l. Presuming that the
stress distribution will be symmetric with respect to the
x-axls for the present allows the use of Westergaard's
elastic stress analysis (Ref. 25). Westergaard defines

an Alry's stress function by

g -Re Z 47y In 72 3.1

As a consequence the stresses may be computed from

-
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Filg. 3.1

Coordinate and Stress Component
Notation Near a Crack Tip

L
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q}-_- Re Z +y Im 2!
(j; - Re 4 =y Im 2! | 3.2
,T;{'Y: - 'y' Re a0
where
7 - 42 = 4Z ¢ = 4%
- s P ————
d3g d-8 ds
and
] = X4 1y = relg

Any stress function, %, which is sectionally holomoriohic
statisfies equilibrium and compatibility, since § will be
biharmonic, so that chosing a stress function which
satisfies the boundary conditions 1s the only necessary
condition remaining. Irwin (Ref. 2) noticed that a stress

function of the form,

7 = ﬁ(.s) » o 3.3

where g(<8) is well behaved everywhere near the origin will
satisfy the boundary conditions on +the crack surface

provided that
Im g(x) = O (x €0) 3.0

Hence, in the region of the origin g(~}) can be approximat-

ed by a real number K

1 or in the region near the crack tilp the

=33
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.stress function is:
Z - — : 3‘5

Substituting Eq. 3.5 into Egs. 3.2 gives the crack btip
stress distribution, which is:

V. == cos & [l,-l-singsinzg]
2 2 2

cos 2 [l - sin £ sin *3-9-] 3.6
2 2 2

Ky

ER
’T;y = El sin & cos & cos 38

Var 2 2 2
This local solution for the stresses near a crack tip in
symmetric problems is valid regardless of the length of
crack and other boundary conditions of the problem provided
that thé érack surfaces are free from stress adjacent to
the crack tip and no further discontinuities in loading or
configuration occur in that vicinity. The parameter, Kqs
namely the stress-intensity-factor, reflects the influence
of the other boundary conditions on the intensity of the
stress distribution at the crack>tip. In other works Ky 1s
a local stress parameter which reflects the stress inten- -

slty at all points surrounding the crack tipe.
=3k~
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‘ Stréss-intensity-factors may be defined for problems
other than the extension of plates which are symmetric with
respect'to the crack (Refs. 2 & 26). However, the majority
of fatigue cracks seem to tend to form and propagate on
planes of symmetry (at least local symmetry) in bodies.

For example, in a bar subjected to tension cracks invariab-
ly form and grow perpendicular to the tension direction.

In such a case 1t is readily observed that the crack tip
stress field is symmetrical. Similar observations may be
made in more complicated situations. Therefore the atten-
tion here shall be directed toward the analysis of crack
growth where the crack tip stress field is characterized

by Egs. 3.6.

3.2 The Determination of Stress-Intensity-Factors for

Particular Configurations:

Basically, thé stresg~intensity-factor may be deter-
mined from the stress solution to any particular boundary
value problem by expanding the stresses in the vieinity of
the crack tip and comparing the result with Egs. 3.6. For
examplg; the Westergaard stress function for the configura-

tion shown in Figure 2.1 is (see Ref. 25);
AV

4 = -J=3§==7 37
, -S _az
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«On the line ahead of the crack, (i.,e, the x-axis or 0 = 0), ,

the stress component (T& iss

(J; Re Z +y Im Z' = Re Z

where | 3,8

.g

a<$+nr
which when combined with Eq. 3.7 leads toi

3.9

upon neglecting terms of the order of r/4a compared to 1.
‘Comparing Eq. 3.9 to Eq. 3.6 with 6 set equal to zero

results in
Kl: Q'\Ja 3-10

This result is analogous to the parameter,op, defined in
Eq. 2.20 and used in plotting Pig. 2.3. Thus its signif-
icance may already be anticipated.

Other direct and indirect methods have been developed
for determining stress-intensity-factors (see Refs. 26 and
27). It suffices to add that the stress-intensity~factors
for over 60 configurations have been computed covering a
variety of problems inVolving extension, bending, and
torsion of plates and three-dimensional bodies, as well as

some limited results on thermal stress and curved cracks.
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+Many of these stress-intensity-factors are tabulated in
Ref. 28.

Though stress-intensity-factors will be used through-
out the discussion to follow, it is not the purpose of this
dissertation to present methods of computing them.
Subsequently, the stress-intensity-factors for configura-
tions of interest will be simply stated as results taken

from the literature.

3¢3 The Plastic Zone at the Tip of a Crack:

The preceding sectlons in this chapter discuss the
elastic stress analysis of cracks. In Egs. 3.6 it may be
noticed that the elastic analysis predicts that the stresses
at the crack tip (i.e. r~»0) tend toward infinity. In
reality infinite stresses cannot occur and metals respond
to this tendency toward high stress by yielding in the
immediate viclnity of the crack tip. It is of interest to
discuss the extent of thls zone of plastic deformation in
order to evaluate 1its consequences in disturbing the
elastic prediction of the crack tip stress field.

A first approximation of the location of the elastic-
plastic intevface may be obtained by using the elastic
stress field equations, Eqs. 3.6. Presuming in addition
that the stress state will be that of plane stress, i.e.

Q2 = Vxz = Tyz = 0 everywhers, Eas. 3.6 may be

=37~
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«substituted into a suitable yield criterion which will
result in an equation for the contour of the interface.

Choosing von Mise's criterion that result is:

r
o)
— = cos? & [1-|- 3 s;in2 E] 3.11
2 2
where K12
w =

3.12

2 2
Uy,

Now it may be noted that the parameter, w, 1is the
width of the predicted plastic zone directly ahead of ‘the
crack., Thus, w, is not only an estimate of the extent of
plasticity along the line of propagation of the crack, but
is as well representative of the relative size of the whole
plastic zone,

For the particular configuration shown in Figure 2.1
the stress intenslty factor was given in Eq. 3.10.
Substituting Fq. 3.10 into 3.12 results in

w = crg a
2 Qy.p.°

3-13

An analogous result was stated previously in Eq. 2.1l which
is now clarified by the derivation of Egq. 3.1l3.

Stimson and Eaton (Ref. 29) have humerically solved
a similar problem for the contour of the elaétic-plastic

Interface using the methods of theory of plasticity. Both

=38-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



»the size and shape of thelr contours agree within a few
percent with Eqs. 3.11 and 3.13 for stress levels, T ,
of 2/3 the yield stress, (J-

TeDo
3.1k, 3.12 and 3.13 may be regarded as a suitable estimate

s or less. Hence, EQgs.

of the plastic zone si<e for the stress levels ordinarily
of interest.

Moreover, in fatigue, work hardening at the crack tip
will tend to improve the assumption of using the elastic
stress distribution to locate the contour of the interface.
Hence, the preceding results, Eqs. 3.11 and 3.12 will be
employed in analyzing fatigue crack propagation without
further hesitation.:

Finally, Eq. 3.13 implies that the width of the
plastic zone ahead of a crack is small compared to the crack
length for ordinary stress levels. Hence, 1t may be
concluded for the configuration shown in Figure 2.1 that
the plastic zone at the crack tip ls ordinarily so small
that it will hardly disturb the distribution of stresses in
a plate with a crack, Again, the eyclic nature of the
loading in fatigue will cause work hardening which lmproves
the accuracy of employing the elastic distribution of stress
given by Egs. 3.6 in the region surrounding the tip of the
crack but outside the plastic zone, since work hardening

! subsequently in-.creases the yiéld stress of the material,

etc.
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' For the above reasons it seems justifiable to retain
the stress-intensity-factor concept even though a small

vield zone exists near the crack tip. For such a case the
stress-intensity-factor may be regarded as a local stress
field parameter which describes the intensity of stresses

in the region surrounding the plastic zone at a crack tip.

3.h An Interpretation of the Griffith-~Irwin Theory of

Static Failure:

The validity of making use of an elastic parameter,
the stress-intensity-factor, in situations where a small
amount of ylelding exists near the crack tip has been
argued on semi-intuitive grounds. If these arguments do
not seem acceptable on that basis, their results may be
subject to experimental verification in a direct fashion.

The Griffith-Irwin theory of static failure of bodies
containing cracks has experimentally proven to be success-
ful (Ref. 2). Since this theory may be interpreted in
terms of direct application of stress intensity factor
concepts, 1ts success may be regarded as at least partial
validation of the arguments ih the preceding sections of
this chapter. Therefore a brief discussion of the
Griffith-Irwin theory will be presented, in which -only
those points which add to the purpose of this dissertation

- will be considered.

L.
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. The Griffith-Irwin theory may be stated in the
following way:

When the magnitude of the stress-intensity-factor for a
crack tip in a given material reaches a certain critical
value, rapid crack extension commences.

Though some attention must be pald to the effect of plate
thickness on the crack tip stress state, 1.8. plane stress
vs. plane strain, the above statement has been extensively
verified experimentally (Ref. 27). Moreover, it has also
been shown to apply to the type of stress intenslty factors
associated with bending of plates (Refs. 26 and 30).

The verification of the ﬁsefulness of stress-intensity-
factors in predicting static failure, including the failure
in the last cycle of fatigue, not only adds to the expecta-
tation of their applicability to fatigue crack propagatlon
phenomena, but makes it plausible to treat the second and
third phase of fatigue, as outlined in section 1.1, by a
single method. However, in applying these concepts to fati-
gue crack growth caused by fluctuating loads, final accept-
ance of the justification of that application should rest

on direct experimenteal evidence.

3.5, A Summary of Introductory Discussions:

The first three chapters have cleared the way for

. meeting the primary objective of this work. The importance

~l1-
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of the role of an analysis of crack growth in understanding
fatigue phenomena has been pointed out. The need for a |
method which may be applied td various configurations and
types of load-time histories has been discussed. In éddition,
the shortcomings of previous investigations have been
reviewed and the advantages of introducing a fundamentai
crack tip stress parameter clarified.

FPinally, the concept of the crack tip stress-intensity-
factor was introduced. The use of an elastic parameter of
thig type in cases where some limited plaéficit§ occurs
near a crack tip was considered. It was concluded that the
application of stress<intensity-factors to the analysis of-
cracking phenomena has enjoyed some success 1in the past
and 1t appears that further application ﬁdlfatigue crack
growth may be fruitful. |

Therefore, this discussion shall proceed at once to
introduce stress-intensity-factor concepts in an analysis
of crack growth phenomena. 'The objective of this snalysis
will be to atbtempt to develop useful quantitative methods

for determining the rate of crack growth in structures.
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- CHAPTER - CRACK PROPAGATION CAUSED

v
BY A STATIONARY LOADING

.1 The Time History of the Stress-Intensity-Factor

at a Crack Tip:

e

The stress-intensity-factor for a particular configura-
tion will depeﬁd upon the points of application and
magnetude of the loads and the length of the crack as noted
in Chapter III. Moreover, referring to Egs. 3.6, stress-
intensity-factors are linear factors in the equations for
the linear elastic stress distribution near a crack tip.
Since the elastic stresses must be directly proportional to
the applied load, the‘stress—intensity-factors mist conbain

~

the load as & linear factor, i.s.
K= P * f£(a) Lol

where P ‘denotes load and f(a) represents the dependency on
crack léngth.

vNow, even if the load-time history is stationary, the
stress-intensity~factor time history will not be stationary
in general, since the crack length will change with time,
A question_arises as to how the non-stationary quallity of K

will affedt rates of crack growth,

w3
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Let §P} be a parameter which describes the
magnitﬁde of the load-time history applied to a body; for
example, it could be regarded as the amplitude of a
sinusoidal loading or the root mean square value of a
random loading or a similar general property describing
the mégnitude of a load-time history.

Moreover, let iKZ denote a corresponding parameter
describing the magnitude of the time history of the stress-
intensity-factor. Provided that f(a) is a "slowly chang-
ing" function (which will be shown later to be the case),
Eq. L.l may be applied to relate these parameters by
regarding the crack length or f(a) as for practical
purposes constant for an interval of time during which the
relationship ia:

& = SR r(a) .2

Then the time rate of change of the parameter of XK is:

a R . 398 a3 s,

at ) iRt dt d a dt

If the loading also happens to be periodic¥ then cycle

number, N, may be substituted for time, t, or:

* A periodiec loading 1s denoted here as one which may be

slowly amplified in time so that d $FYis not necessarily

dN
Zero.

el
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d {K = }jK} . @__S_f}_+ D IKS .da Ll
dxe iR an d 2 N ‘
But it is not sufficlent to merely compute the rate of
change of the paramster gﬁz + Its importance reiative to
other aspects of crack propagation must be included.
The effects of the load-time history on the points in
a body through which the crack will pass are of primary
importance. Moreovef} only those points which are within
the plastic zone ahead of the crack will be accumulating
the effects of the load-time history. Therefore it 1s of
~ interest to evaluate the change of the parameter 533
during the time interval in which a particular material
point suffers damage, i.e., the time it takes for the crack
to traverse one plastic zone width, w. Moreover, it 1is
significant to compute the ratio; R, of the change in the
parameter to the size of thé parameter itself in order to
obtain a measure of the relative rate of change of the
properties stress-intensity-facﬁor time-history as it

affects crack growth. Therefore it is of interest to

e i
53|,

where the second order terms in the expansion shall be

computes

ignored. Note that:

L5~
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4 3x% _ ddtK} - d“d"iN-"Kz L6
da da da ¥
at an

Substituting Eqs. L6, L.3 and L.} into L4.5 results in:

Ra-Y_._1L ['hiKg.d §P§+§K da]

2Kd %% » 258 dt da dt
or
=F_ . _1 BIK 4 SFE. IPKK L da
3Kt ge | 53 av da AN be

Rearranging and substituting derivatives of Eq. L.2 leads

_ i Taw LAY 1 ¢
R = T 4+ $7 5% h.8
w dat

or for perlodic loading:

1 4§ ‘
R = 133 ' w Y FKE

PR S

aN

L9
x
w
Eqs. 1.8 and 1.9 allow evaluation of the relative rate at
which parameters of the time-historlies of stress~intensity-
factors are changing. It remains to determine the magnitude
of R which causes the non-statlionary character of the
stress—intensity-factor to affect the rate of crack propaga-
tion, Experimental evidence is required for that determina-

tion.

L6
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.2 Evaluation of the Effect of Non-Stationary Stress-

Intensity-Factor Time Histories:

Since experimental data are avallable only fbr
stationary sinusoidal loading, it will be used in an attempt
to evaluate the effect of the non-stationary quality of
stress-intensity—facpdrs as measured by R. Mﬁreover, data
taken in experiments incorporating the configuration shown
in Figure 2.1 will be used.

Let the maximum value of the stress intensity factor,
Kys during a cycle of loading, be regarded as the parameter
ZK} , of interest. For the configuration chosen, see

Egq. 3.10,

{K} = Ky = G_I;'[ f;‘ l.10

The plastic zone size also depends on the maximum value of

the applied stress, therefore from Eq. 3.12

2
w = _u° a . .11
2 Jy.p.
Since the loéding itself 18 stationary
a SRt _
dN - L.12

. Substituting these results, Eas. 4.10, L.11 and L.12 into

Eq. 1L.9 gives:
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ES
I | 5.5, . k.13

Previous investigators have ignored the non-stationary
character of the time history of the crack tip stress
field in analyzing their experimental data. For example
the data shown on Fig. 2.3 correlate nicely even though

<Tﬁ covers a range of values from 0,13 <:§.p. to 0.6l
Ogtp. . Other data on various materials have also besn
correlated in a similar way for stress levels, (FM, up to
the yield point, <I§.p. , itself. Therefore, this positive
correlation of data‘with no apparent effect of the non-
stationary character of the stress-intensity-factors shows

“that up to R = 1/L (and perhaps higher) non-stationary
effects may be neglected. |

The preceding reéult implies that for stationary load-
ing the time history of the stress-intensity-factor at a
crack tip may be regarded as stationary, i.e. characterized
by its quasi-stationary properties, in analyzing crack
propagation. That is to say that the properties of the
stress-intensity-factor time history which are significant
aré those computed from the locad time history regarding
the crack length as momentarily constant. Furthermore,

non=-stationary loadings whose parameters are slowly and

148~
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‘continuously changing with time may be regarded as quasi-
stationary provided that the resulting R, as computed by
Egs. .8 or k.9, is not greater than 1/li. These results

simplify the analysis of crack propagation.

.3 A Hypothesis for Analyzing Crack Propagation Caused

by any Particular Stationary Loading:

In the preceding section it was shown that the time
history of the stress-intensity-factor at a crack tip may
be regarded as quasi-stationary if the loading itself is
stationary. This result implies that the significant
properties of the K-time history as they effect crack
growth may be regarded as those which occur if the crack
length 1s momentarily held constant. Adopting a quasi-
stationary view point from Eq. .2 it may be noted that
the parameters of the K-time history are the same as those
of the load time history except for a modification in
magnitude., (It is assumed that the rate of load applica-
tion is slow enough so that dynamic éffects, l.e. stress
waves, may be ignored., That is to say that the stresg
analysis problem is quasi-static).

Now if two bodles are subjected to identical load-
time hilstories except for a difference in magnitude, then

the stress-intensity-factors for cracks within those bodies

=49~
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'will have identical quasi-stationary time histories except
for another difference in magnitude which depends upon
f(a) in each. As the crack lengths in these bodies changs,
the quasi~stationary time histories of K change in magnitude,
Therefore, there may be comparable'siPuations existing for
these cracks where for a given crack length in one of the
bodies, there will be some crack length in the other for
which the quasi-stationary time histories of K will be the
same in magnitude as well as other characteristics. The
following hypothesis is presented as a means of comparing
crack extension rates for such situations (Ref. 31).
If the quasi-stationary time histories of the
stress-intensity~factors at two crack tips are
the same in a given material, then the crack
propagation rates will be the same.
This hypothesis will form the basis for treating crack
propagation caused by any particular stationary load-
time history (Ref. 32). But first it should be inves-
tigated and justified (Ref. 33) in the light of existing

experimental evidencs,

L.l Verificatlion of the Hypothesis for the Case of

Sinusoidal Loadings:

If a sinusoidal loading is imposed on a body, then

- the quasi-stationary (crack length considered constant) K-

~50~

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



+time history is also sinusoidal. The character of the
sinusoidal K-time curve may be described by the frequency
and two other parameters. For the present, frequency shall
be ignored and the maximum value of the stress-intensity-
factor, KM’ and the ratio,/3 , of the maximum to minimum
values of K shall be employed as the other parameters.

. Referring to Eq. l.1l, it is observed that the ratio,

Fg, is also the load fatio or-

-5 B = _Fu .1l

Kmin. . Ppin.

During a test with stationary sinusoidal loading, the load
ratio remains constant, hence & is constant. However as
the test proceeds the crack grows and KM changes 1its value,
Therefore the hypothesis stated in the preceding
sectblon implles that in a given material subjected to
sinusoidal loading, crack tips which experience the same

values of K and./S are experlencing the same quasi-

M
stationary K-time history and as a consedquence should be
growing at the same rate. In other words data from vests
on a given material which employ the sanm>/3 are expected
to form a single curve (or scatter band) on a Ky vs %%_
diagram. Obtaining a single curve amounts to verification
of the hypothesis provided that the data cover an adequate

range of extension rates, da to establish a broad trend.

dN

~51-
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The data of McEvily and Illg (Ref. 7) on 7075-T6
aluminum alloy are sufficient to establish such a trend,
(as previously noted in sections 1.3 and 2.8). Figure li.l
shows the btype of configuration they used in their tests.
The stress-intensity-factor for this configuration, includ-
ing a cbrrection factor for finite width is (see Ref, 22,

27, or 28):

Kk, = TN % tan L2 .15

Figure l1.2 shows their data for both 2 inch and 12 inch
~wide panels plotted as suggested in the preceding paragraph.
It is noted that the corrslation into a single curve is
quite definite, but further- and more striking evidence 1is
available to verify the aforementioned hypothesis.

It is conceivable that the observed correlation on
Figure h.2 may be due to the special configuration emplbyed
(Fig. L.1). However, some additlonal test results are
available (see Ref. 1) for a configuration with widely
different properties. This alternative configuration i1s
shown in Figure li.3 and its stress-intensity-factor

including a finite width correction is (see Ref. 2, 22, or

28):

K, = —L2 __ . 1
1 wye SInAYe h.16
mwa b

~52-
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Fig. L.l

. A Pinite Width Sheet
containing a Crack
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.From Bq. L.16 it may be noted that the stress-intensity-
factor tends to decrease as the crack length increases,
contrary to the behavior of the previous configuration
(Fig. .1 and Eq. L.15).

Figure li.li shows the data on 7075-T6 aluminum alloy
from this alternative type of test configuration with'the
scatter tand from Figure u.Z indicated by the solid lines.
Again, the correlation into a single curve of data from
tests using stationary sinusocidal loading of a given,/s s
is observed. The wide difference in the characteristics of
the configurations and the broad range of data employed
shows that without a doubt the correlation implies that the
hypothesis stated. in the previous section is a reasonable
description of the role of stress-intensity-factors in crack
propagation phenomena.

References 1, 21, 32, 33 and 34 contain some further
discussion of the above technique of data correlation and
include similar plots (using the configuration of Fig. lL.1)
for some other metal alloys. However, Figures Li.2 and L.L
have served the immediate purpose; they have verified the

hypothesis,

1.5 A Further Nobte on the Discontinuous Nature of Crack

Growth:

. In section 1.2 it was noted that crack growth is a

“55-
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Fig. L3

A Wedge F‘orca Test Conflguration
for Finite Width Sheets
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Fig. Lol

A Comparison of Wedge Force Test Data
with McEvilly and Illg's Scatter Band
for 7075 T6 Aluminum Alloy
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-discontinuous phenomenon on a micro-level of observation,
which is of no practical interest provided that a useful
description of crack propagation can be written in terms of
average growth rates. This description involves the
assumption that the intervals covered by the averaging
process may be regarded as sufficiently long so that the
crack growth is effectively represented by the average rate
of growth in the intervals. Yet, simultaneously the in-
tervals must be sufficiently short so that the predicted
life of a body based on a summation involving the growth
rates over the intervals of averaging may be accurately
represented by an integration process upon viewing the
phenomenon as continuous.

Thig assumption is tacitly involved in any attempt- to
write a crack propagation law of the form of Eq. 2.1, yet
it has not been either recognized or investigated directly
in previous work (Refs. 3, L, 5, 6, 8, 9, 11, 12, 13, 1,
15; 17, 18, 32, 33, 3, etec). However, Bhandari (Ref. 35)
has at least observed the high sensitivity of the integra-
tion process to interval size in numerical computations of
life. And some investigators (Refs. 3 and 9) have made
some limited experimental observations of the level of
discontinulty in the process.

Valluri (Ref. 3) has suggested that the level of

- discontinuity in the crack growth process 1s related to the

~58-
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.plastic zone size; On that basis he also argues that the
“crack growth fate, as a consequence, should be propor-
tional to the plastic zone size. Since ﬁhefe is no exten-
sive enough data available on the level of discontinuity
itself, his suggestions must be evaluated by probing the
result of his implied consequence, which may be stated:

da

1
w - aN = const .17

Eg. .17 supposedly should apply to any given material
sub jected to stationary sinusoidal loading with a partic-
ular load ratio, fs . McEvily and Illg's data is again

plotted on Figure 4.5 using the coordinates, K

; end 1 da .

The data correlates nicely into a single curve Whichwsggws
that the data is not Insensitive to these variables. How-
ever, Valluri's observation that 1 da sﬁould be a constant
is obviously erroneous. Moreover? gﬂis error reemphasizes
the fact that the dimensional arguments of several inves-
tigators (see sections 2.3, 2., 2.5, and 2.8) do not
agree with the data on crack growth. For example Liu
(section 2.l4) had also argued that Eq. L.1l7 can be derived
from dimensional considerations. Therefore an approach
other than dimensional analysis must be taken to inves-

tigate the effect of the discontinuous nature of crack

growth.

=59~
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But beforse ééntinuing, one final point should be made
with respect to Figure lI.5. The values of 1l da are shown
to be a function of K for a material. ThiswigNof interest
in evaluating the effect of mildly non-étationary loading
using Eq. 4.9. The factor 1 da in that equation may be
evaluated in terms of propezt?gs of K, i.e. ‘iKE , from
data representations such as Figure A;S, which aids in
computing R.

Returning to the discussion of continuity in crack
growth, a semi-experimental approach may be suggested. For
the moment let the discussion be restricted to the case of
stationary sinusoidal loading, specifically the experiments
of McEvily and Illg. Since thelr data correlates very well
on graphs such as Figures L.2 and Li.5 it may be assumed
that their intervals in taking data are sufficiently large

to avoild difficulty in continuous representation of a

discontinuous process. Thus Figure l1.2 suggests that:

A -
“K% = F, (KM, £ c,) .18

where A a and AN correspond to their data intervals. The
question remains whether a continuous process representa-

tion of Eq. l1.18, i.e.

da _
aw = (B> 85 C3) .19

-6l

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



-will lead to the same result in life calculations. That is
squivalent to inquiring whether summing Eg. L.18,

a

N-N
o

Aa ly+20
. FZ(KM,/G, Cs)

leads to the same result as integrating Eq. L.19,

. .
NN = da ly.21
o] -
j‘ Fo(Ky -85 Cy)

a
0

In their own work, McEvily and Illg (Ref. L) note that
experimental curves of a vs, N which are equivalent to the
result of summing, as in Eq. 11,20, are almost identical in
shape  to computed curves which are equivalent to the results
of integrating, as in Eq. L.21. However, they do not find
that the curves are completely coincidental to each other.
This lack of coincidence may be attributed to either a

difficulty in establishing the initial value, N_, or a

o°?
difficulty in accuracy of the early portion of the integra-
tion process where the values of F2 are very small compared
to the lafter portion. Hence the beginning and early por-
tion of the inbegration will receive attention here.

T When cracks in bodies are small, that 1is early in the

life, they may almost always be represented by the

configuration shown in Figure 2.1 (or its equi#alent).

-6H2~
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For that configuration, Fig. 2.3 and Eq. 2.22 suggest
that the crack extension rate is approximately proportional

to the crack length squared, i.e.

da _ - 2

where DM depends upon the properties of the sinusoidal
loading. Subétituting this result, Eq. L.22 into Eq. L.21

gives:

SNy = L da - 1 [ _ 1] L.23
o Dh 02 Du a, a |

8o

Simply by inspecting Bq. Lh.23, it is noted that integrating
over many orders of magnitude of crack length from a, to a
will always be an inherently inaccurate process 1f a  is
difficult to establish. However, integrating over one or
perhaps two orders of magnitude of crack length can usually
be farily accurately accomplished, but not without some
difficulty.

In concluéion, it is clegr that crack propagation laws
which apply to a limited range of data are useless for
meeting the objective of predicting structural life. More-
ovér, the process of computing lives, which involve several

orders of magnitude of change in crack length, from the rate

- of crack extension is very sensitive to inaccuracles in

-63-
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.the initial wvalues and early portion of the integration.
In fact, this also explains the wide scatter in lives of
fatigue specimens with inltial crack-like imperfections of
different sizes!

.However, no evidence has been found which leads to the
conclusion that it 1s not possible to find a crack propaga-
tion law, which upon integration will take on proper conno-
tations even if a view that crack growth is a continuous
process is adopted. A result of this discussion is that
that assumptionlhas been shown to be justified from tests
employing sinusoidal loading. The justification arises
from McEvily and Illg's observation that integration as in
Eg. L1.21 leads to an a vs. I curve prediction which agrees
with the trends of observed a vs. N data.

On the other hand it was shown that other aspects of
crack growth, and not the continuous process assumption,
cause some difficulties in 1ife prediction methods. Hence,
if a general crack propagation law may be formulated, which
predicts the broad data trend, it will at least not be
invalid as a cohsequence of being conceived in terms of
continuous process variables. And even though i1t may not
always be possible to predict structuﬁal 1i§es.accurately
using such a law it may at least be péssible to establish
the full trend caused in total fatigue life due to chang-

ing some variable or to predict portions of lives with

6l -
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- sufficient accuracy. That will be a matter open to
investigation in apecific applications rather than for

further concern herein,

.6 The Effect to Frequency and Load Ratio on Crack

Propagation Under Stationary Sinusoidal Loading:

In a previous discussion (section l.L) it was shown
that data from crack propagation tests employing stationary
loading can be correlated using stress-intensity-factor
concepts. Specifically, the data for a given load ratio,/s,
form a single curve on Figures li.2 and l.l.

It is appropriate to consider the effect of changes in
frequency and load ratlo on data plotted on similar diagrams.

First, the data plotted on Figure li.2 covered a rangs
of frequencies from 20 to 1800 c.p.m. Upon inspecting that
figure the conclusion can be drawn that crack growth in
7075-T6 aluminum alley is not noticably affected by
frequency. Data on 7075-T6 from other sources ooncﬁr with
this conclusion., However, 202L-T3 aluminum alloy (see
Ref. 3l) does have a noticable, but small frequency effect.
Specifically, a change in frequency from 20 to 1200 c.p.m.
causes a reduction in crack growth rate by a factor of
about 2. Thils is said to be small since a change in load
level of less than 20% will produce the same effect on the

. rate of crack growth. Henceforth, frequency will be

=05~
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'regarded as a variable of secondary importance compared
to magnitude of load.

The effect of load ratio is another matter. TFigure
i.6 shows some data (from Ref. 1) on 7075-T6 aluminum
alloy for a variety of load ratios,fs , from l.22 to 20,
It may be observed that changes inﬁS have a considerable
effect on the crack growth rate, i.e./s 1s as Iimportant
a variable as magnitude of loading. However, it is
possiﬁle to describe a sinusoidal loading interms of other
variables which reduce the number of primary parameters to
one. |

The quasi-stationary sinusoidal variation of stress-
intensity-factors may be alternately represented in terms
of the double-amplitude (or range), AK and the mean valuse,

K mean, Thus the variables, AX and ¥ , are chosen, where:

_ K _ P
X,_ An;an = Am;an l[,.ZLL

Figure ;.7 shows the data on Figure L.6 replotted in terms
of these new variables. It is observed that the stress-
intensity-factor range, AKX, is far more influential than
the ratio.of the mean to the range, ¥ . This result is.
also applicable for 202l1-T3 aluminum alloy (Ref. 32).
Therefore, the stress-intensity-factor range, A.k,

will be regarded as A fundamental local stress parameter

=66
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.in subsequent discussions. The mean value of the stress-
intensity-factor will be regarded as of relatively sec-
ondary importance. And frequency effects for the most

part will be neglected.

il.7 Interference Between Crack Surfaces:

Stress soiutions to crack problems, where interference
between the crack surfaces occurs, are not available,
Moreover, the roughnéss of natural.fatigue crack surfaces
leaves considerable doubt as to the accuracy of applica-
tion of such solution bo conditions where interference
occurs.,

Therefore, all of the data discussed previously in
this work were restricted to tests employing sinusoidal
loads where the whole load cycle was in the "tension range",
i.e.fS positive (or ¥ greater than 0.5).

On the other hand Illg and McEvily, (Ref. 37), have
provided some data on crack propagation under fully reversed
loading, @ = -1, for 202)-T3 aluminum alloy. Reference 1
shows this data, plotted in the manner of Fig. 4.2 and the
following conclusions may be drawn. The crack propagation
rate under fully reversed loading is approximately (only
slightly larger than) the rate obtained in tests where only
the tension portion of the cycle is applied. It is
evident that a crack should be fully closed during the

69 -
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-compression portion of the load cycle on an ideally elastic
body. Therefore, during that portion of the cycle there
would be no fluctuation of the stress—intensity-factor,
However, in a real body the yielded material at the crack
tip tends to "prop" the crack open slightly upon unload-
ing from the tension range. Conssquently, a slight effect
of further closing occurs upon going into compréssion.

These conclusions are based on limited amount of data
but the implications are clear. ILoadings which cause the
stress~intensity-factor to take on negative values may be
treated by neglecting the variation of the stress-intensity-
factor during its negative excursions without large errors.

- A complete and accurate treatment of the effects of closing
of cracks will require additional data and further analysis

not availablelat this time.

lL.8 Stationary Periodic Loading, Other Than Sinusoidal:

Sinusoidal loading is perhaps the simplest periodic
loading to analyze and the easiest to produce in the lab-
oratory. That explains the emphasis which investigators u
have placed on it in their analyses and experimentation.
However, iﬁ i1s hardly the only type of periodic loading
sustained by structural elements in which fatigue and/or

crack propagation must be considered in design. Thus, it

- is appropriate to discuss other types of stationary

-0~
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.periodic ldading,

Apparently the hypothesis as stated in section .3 may'
be directly applied to all periodic loadings provided that:

(1) The period is short enough so that the assumption
that the stress-intensity-factor time history may be repre-
sented by its quasi-stationary characteristics (see sections
.1 through l.5) is justifiable.

(2) The period is short enough so that the assumption
that crack growth may be represented as a continuous
pfocess (see sections 1.2 and }}.5) is justifiable. It is
self-evident that periodic loadings with very long periods,
i.e. a great many peaké per cycle, may cause violations of
the above regstrictions, (1) or (2) or both. For example a
periodic loading with so many peaks per cycle that the life
of a specimen is less than one cycle can be visualized.

Fbr such an example the above restrictions are surely
violated; the loading must alternatively be considered to
be a non=-periodic deterministic loading. Non-periodic
loadings are outside the scope of this section and shall
be left for later discussion.

Returning to the clarification of "short period
loadings",it is of interest to consider the question of how
short is "short enough" (as stated in (1) and (2) above)
to make the application of the hypéthesis justifiable,

This question can only be answered via the same experimental

4_.73‘)_
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rtechniqﬁes which were cited in the ﬁerificating the
hypothesis for sinuosidal loading. Rigorously, for each
new type of periodic wave form encountered, data on crack
growth must be examined on a graph of the form of Figure
li.3 or .7 or their equivalent. Correlation of the data
into a single curve is required. Moreover, restriction
(1) must be evaluated by establishing an interval of R, as
defined by Eq. 1.9, within which the correlation of data
is acceptable. And finally, the plausiblility of the
continuous process restriction, (2), must be evaluated,
proceeding as in section 4.5, in order to assure the use-
fulness of the results in making life predictions.

Of course the repetition involved in fully establish-

ing these justifications for every concelvable periodic

loading is an infinite task, It seems more plausible to
suggest that the "length" of a periodic loading may be
characterized by some parameter, such as the total excur-
sion of the load per cycle, (reasons for this choice of
a particular parameter will become apparent later).
Then these restrictions might be examined for periocdic
loadings of various lengths until a general criterion of a
"short enough" period is established.

In the end a more satisfactory method of attack of
periodic loadings as well as other types may be an attempt

to develop a crack propagation theory for afbitrary
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-deterministic loadings., But in discussions to follow it
will be observed that such an attack may not be fruitful

for sometime to come. In the meantime the hypothesis
proposed here may‘be used to treat a great variety of perio-

dic loadings adequately, -

4.9 Stationary Random Loadings:

A stationary random process 1s one which is neither
periodic nor deterministic in any sense, yet has some
statistical properties which are constant, i.e. stationary,
with time. In this discussion of stationary random load-
ihgs it will be assumed that the load-time history is
continuous and that the statistical distribution of the
magnitudes of the deviation of the load from its mean Is
Gaussiaﬁ. The assumption of a Gaussian distribution serves
to facilitate analysis and is typical of a type of random
loading often encountered in structures. In addition many
of the remarks to be made here apply to other types of
distributions as well. Thus the assumption of é Gaussian
nature is not a severe restriction.

A random loading, which is continuous, stationary, and
Gaussian, can be completely characterized by its power
spectrum, S(wW), see Bendat (Ref. 36). For the purpose of
discuésing crackApropagation it is convenient to define

some speclal characteristics of random loadings in terms of
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.the power spectrum. The power spectrum will account only
for deviation of the load from its mean.
Pirst, the moments, Mf, of the area under the power

spectrum are: 00

M, = jwl’ S(w) dw lL.25

- 00
Then the average number of times the load passes through a
certain magnitude, & , per unit time for a Gaussian process

is (Ref. 36):

Mo ~ ('“‘f.)
N = 1L M, ® M, .26

™
where ® is defined as the difference between the magnitude
of the load at any instant and its mean value over a long
period of time (tending toward infinity).
The averagé number of peaks or troughs (maxima or

minima) in the loading per unit time is (Ref. 36):

'Q- - 1

S .27

=

Moreover, the average botal excursion, V , of the load per

unit time is:

o0
M
v = Neg AR = -1-?- L.28
-w

which is the sum of all the individual rises and falls, h,

between successive maxima and minima in the load-time

=7l
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‘history. Therefore the average excursion without a reversal

in direction, h , is (Ref. 37):

My

W

Finally, it can be observed directly from Eq. lL.206, that

L.29

=l

I
n
B

the mean square deviation in the load from its mean value

is:

= o .30

and the average number of crossings of the mean load level

per unit time iss

No= i 2 31

It is seen above that the averages of characteristics of a
random load of thilis type may be written in bterms of moments
of the power spectrum. The determination of statistical
distributions of these characteristic quantities i1s more
difficult. The probiem.of the distribution of the intervals
betweoen crossings of the mean load level has been treated by
Rice (see Ref. 36) and others. The distributions of other
quantities such as rises'and falls, etc., have been analyzed
by Beer et. él. (Refs. 37 and 38).

Some of these qﬁantities and their distributions

=75~
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.obviously have an influence on the rate of crack propaga-
tion. Therefore, treating crack propagation in general
under random loading will necessitate the determination of
the influence of each of the quentities,

However, without much difficulty some conclusions may
be drawn and a method of analyzing crack propagation for any
particular random loading can be stated from the direct
application of the hypothesis in section ll.3. A discussion
of this application will follow immediately. The problem
of treating random loading crack extension in a more

- general way, (i.e. by direct determination of the influence
of various statistical quantities describing a random load),

will be brought up in a subsequent chapter.

1«10 Application of the Hypothesis to Crack Propagation

Under Random Loading:

In order to anal&ze crack propagation under a specific
random load, én investigation of the time hilstories of the
stress~-intensity-factors at crack tips in bodies suqucted
to this loading is required. In particﬁlar, consilder the
quasi-stationary K-time histories (i.e. with crack length
congidered constant).

Eq. h.1 mey be applied which leads to the coneclusion
that the quasi-gstationary K-time history is simply the

load-time history multiplied by a constant factor (which
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.depends upon the crack length). That is to say that since
the power spectrum of the load, sp(uu), is defined from

the frequency spectrum, FT(UU), by

T 2

- 1im 1

S w) = = w .32
P( ), T#w;HIF ( )\ h3

and the frequency spectrum is the Fourier transform of the

load-time history, P(t) or

T E -lwt
F(w) = [P(t) ¢ dt .33

-T

In order to find the quagsi-stationary power spectrum of the
stregss-intensity-factor, Sy (w), it is sufficient to
multiply the load P(t) bj the factor f(a) according to

Eq. 4.1 and perform the indicated operations in Egs. .32
and l.33 which leads to:

- 2 |
S, (w) = f(a) s, (@) L.k

Thus it has been shown that the quasi-stationary power
spectrum of the stress-intensity-factor is identical to
the power spectrum oﬁ the load except for a change in
magnitude, Moreover, as the crack length, a, changes the
magnitude of S (w) changes but its functional form does
not. Hence, the K-time history, characterized by SK(QQ),

is the same as the load-time history or Sp(“’) except for
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the magnetude factor which changes but only slightly from
one instant, (crack length), to the next.
Assuming that the rate of change of the magnitude of
SK(uu) does not appreciably effect the rate of crack
propagation, the hypdthesis in section li.3 may be interpre-
ted as:
The rate of crack propagation caused by a particular
random loading, Sp(u)), will be a function of the
magnitude of the quasi-stationary power spectrum of
the stress-intensity-factor, SK(HJ); in a given
material.

The magnitude of a power spectrum of K may be alternately

represented by its aresa, M,
K

s by the mean square deviation
in Kf-ifﬁz, by Ek, the mean excursion in K, or other
quantities., The above interpretation of the hypothesis
suggests that crack growth rate data for a given material
céused by a particular random loading, can be éorrelated
into a single curve on a plot such as Figure L.2 where Ktm
is replaced by one of the aforementioned quantities. That
is to say:

T =P, o) .35
for a particular random loadling. The cholce of Ek as the
variable to represent the magnitude of SK(aJ) is made for
convenience in comparing this result, Eq. u.35, with those
to follow later., ‘ |
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The question of equivalence of the load time histories -
of random loads may be opened with regard to more general
applicability of Eq. l1.35. Consider a particular load time
history P(t). Since the rate of application of load
(frequency) has no effect on crack growth rate (provided
that the rate is based on an equivalent time) and the
magnetude of appliéd”loéﬁ~is "scaled" in its appearence in
streﬂyiﬁteﬁsity—factor, then P'(t) is equivalent to P(t)
provided,

Pr(t) = 44 P(At) .36

where Ay and A, are arbitrary constants. Recalling Eq.

2
lL.1, it is observed that Eq. L.36 may be rewritten in terms

of stress-intensity-factors,-
K'(t) = &) K(A,t) l .37

It remains to explore the implications of these
-equivalent stress-intensity-factor time-~histories.
The correlation function, CP“(’)-‘), of the original time

history is:
T
lim L |
?,,:('r.) = v o7 K(t) K(t+7) dt .38
=T

1

For the equivalent loading (primed) the correlation function

is:
T
1o E .
_ CP“'(T) = Tf’rznzT K'(t) K'(t+T) dt lL.39
-T
=79~
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which upon substituting Eg. .37 and changing the variable

of integration to A2 t results in

Fer (7Y =22 P (aT) .10

The power spectrum of the stress-intensity-factor for

original loadiﬁg_is defined by

oo .
-1
S, (W) = ?K (7) o aT L.y1
-—C0
Similarly for the equivalent loading

oo
-1 T
S, (W) = q{{,(fr) e a7 l.Je
- 00

which upon substitution of Eq. 4.}0 and a change of the

variable of integration to A21' glives

A 2

- 1 w
SK'(LU) at Aé Sk ( a5 ) I.L3

This result implles that equivalent power spectra are those
which can be formed by -any arbltrary linear modification of
the amplitude and/or frequency scales.

Refering to Eg. L4.25 for a definition of moment of &

power spectrum, it is found that

oo
M, . [ew's (w) aw I Ly
Pgr ~ K
« 00
w80 =
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Substituting Eq. L.U3 and changing the varilable of

integration to leads to

1€

M, LK, A, M L.hs

The effect of the time scale change may be noted in
the zero crossings of the equivalent loading. From Eq.
li.31 the number of zero crossings per unit time may be

found end introducing Eq. L.45 results in:

Hence the process of the equivalent 16éding is speeded by a
factor, A2.
In order to account for the increased speed of the
» process, Bq. L.35 must be modified in order for 1t to apply
to all equivélent loadings. Let the function, F, be
redefinéd by

F =N Fit b7
oK

Substitution this result into Eq. li.35 gilves

& - Moy ¥ (B, ©y) L8

Defining a non-dimensional time by

&

= N . t L \9
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‘Bq. .48 may be rewritten,
o = P (Ek, ci) .50

Ed. L.50 is a single expression for the crack growth rates
caused by all equivalent random loads. Therefore the
application of the hypothesis to random loading in a more
general way has been defined.

It seems self~evident that such an application is jus-
tifiable, though no experimental evidence is avallable to

support this conclusion.

h.ll Concluding Remarks on the Crack Propagation Hypothesis:

The hypothesis stated in this chapter allows compar-~
ison of crack proﬁagation\rates for a given material and
stationary loading of any particular wave form, including
random (or statigtically described) wave forms. That is to
‘say that it allows prediction of the crack grthh rates for
a configuration, éuch as a éomplicated structural member,
from data on érack growth rates using another configuration,
such as the uniformly stressed plate with a central crack,
which is convenient in the laboratory. This ability to
compare growth rates for different configurations represents
a considerable economy if the crack growth resistance of a
structure is to be investigated.

Curves such as Fig. 1.2, L .6, and/or LL.7 may be drawn
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Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



.which give a material's whole crack growth characteristics
for a givén wave form of loading on a single diagram. Data
from this type of diagram may be incorporated in numéricai
integration proceedures to estimate the remaining lives of
structures in which créoks are discovered or in a similar
fashion to estimate the inspection intervals appropriate
for discovery of cracks prior to complete fallure. More-
over, the relative desirability of one material compared to
another, as far as their crack growth characteristics are
concefned, can be visually assessed from this type of
representation.

The use of this representation,employing the implica-
tions of the hypothesis, has allowed rather comprehensive
evaluations of the relative roles of the primary énd
secondary variables in the crack growth process. It has
been illustrated that mean load plays a minor role compared
to variation or range in load in crack propagation. More-
over, frequency or rate of loading effects, barely observ-
able in 202h T3 and not visible at all in 7075- 76 alumlnum
alloy crack growth data, can readily be noted as nearly
negligible compared to the range of excursion of the load.
Hence, the hypothesis has also aided in understanding the
Importance of the variety of variables associlated with
crack propagation.

. But the preceding analysis is lacking in two ways

h831\
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.which demand further discussion. First, it would be
advantageous to be able to establish a crack propagation
law in functional form Which predicts broad trends of crack
growth behavior. And second it remains to discover ways to
relate the crack propagation rate under one type of wave
form of loading to another. In the end it will be desirable
to attempt to develop theoretical approaches to the problem
of crack propagation analyses interrelating growth rates for
arbitrary ty?es of load~time histories. In view of the fact
that experimental data 1s only available for sinusoidal
loadings such attempts might seem a bit ambitious. But
since the foregoing hypothesis has allowed the establishment
of some fundamental trends in crack growth behavior, further
theories may be developed which, if nothing more, suggest

some critical experimentation in the future.

-8l
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- CHAPTER V - AN EMPIRICAL CRACK PROPAGATION

THEORY AND ITS IMPLICATIONS

5.1 Introductory Observations:

In the earlier portions of this work a great deal of
emphasis was placed on finding the appropriate parameters
to describe crack propagation. It was argued that stress-
intensity-factors are a convenient fundamental parameter.
Moreover, Filgure i .7 shows that the range of variation
in stress-intensity-factbrs is of primary importance in
crack growth processes, compared to the mean level 6f
stress-intensity-factors. A further observation from
experimental data is that frequency is at most.a relatively
minor variable.

That is to say that for sinusoidal loading one may
write: o

S =FIAKY, £ C) 5.1

on the basis of the observed facts from experimentation and
the crack propagation hypothesis presented earlier, Since

¥ , and f are minor varisbles in Eg. 5.1, the general
trend of behavior may be established in the form:

%1%- - Py (AX, 0,) 5.2
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LA corresponding trend is undoubtedly followed for all
types of stationary loading, provided that the "period"
of the loading is short enough so that an interval of R
exists in which the hypothesis applies. This provision
was clarified pfeviously.

Therefore, for all types of stationary loading, it is
expected that Eq. 5.2 can be generalized to read:

da

dt%‘: Fé (Val". K, Ci) ’ | 503

where t* i1s a characteristic time for the loading and
var. Kk is the average quasi-stationary variatioﬁ or
excursion in K per unit time, £, It is of interest now.

to attempt to find an approximate form of the function FS
(and the function Fg if possible) which indicates the broad
trend of crack growth behavior for the primary load variable
only. -

An analytic attempt ﬁo find these functional forms
would require the adoption of a "model" of the mechanism of
crack propagation involving a variety of additional
assumptions. Rather than adopt such a '"model" at this time,
it seems more reasonable to avold new assumptions and if
possible, determine the function F5 and perhaps Fé empir-
ically from the available datsa.

5.2 An Empirical Crack Propagation Theory for Stationary

Sinusoldal Loading:

~86 -
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Pigure 2.3 and Eq. 2.22 almost suggest the form of an
empirical crack propagation theory by themselves. Noting
that Egq. 2.20 and Eq. 3.10 indicate that the parameter, p,
is in realityAK for the configuration used in the tests
whose results are plotted on Fig. 2.3, leads one to try
data representations of the form 1n %‘1%' vs. 1n AK.

Figure 5.1 shows all of McEvily and Illg's data for
7075-T6 aluminum alloy using the suggested representation.
Figure 5.2 shows the scatter band of Figure 5.1 with
selected 7075-T6 data from other investigations, as well as
the "wedge force" tést data from Figure li.li, superimposed.
Figure 5.3 shows typical data for 202/4-T3 aluminum alloy
(Ref. 1) on a similar representation. And flnally, Figure
5. shows typical data from various materials on a single
diagram.

Figures 5.1 through 5.0 display all the results of
the data available on various materials at this time.
Moreover, the trend of each of these figures clearly’

da

indicates a straight line of a slope of lj on the 1n a5 VS

In A K diagrams. The implied empirical relationship 1is

therefore: .
sa _ (A 5.0,
aw = Tou

where M 1is thought of as a material parameter rather than

a constant. Changes in relative mean load, ¥ , frequency,

-8
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£, and other minor variablés in crack propagation, as well
as environmental conditions, may be thought of as causing
changes in M for a given material. Therefore, Eq. 5.l may
be regarded as an approximate empirical theory of crack pro-
pagation giving the main trend of behavior under sinusoidal
loading.,.

Table 5.1 listé some values for M (computed from the
data in Reference 1) for various materials under a variety
of conditions (i.e. a variety of frequencies, relative mean

load ratios, and environments).

5.3 A Generalization of the Empirical Theory:

As was the case in proceeding from Eq. 5.2 to 5.3, the
empirical theory for sinusoidal loading, Eq. 5., may be
extended and generalized. In accordance with Eq. 5.3 the

result is:

da _ _(var, K)u 5.5
dt')b _ MP

where MP is the material parameter which depends on the
wave form of the loading, as well as the other minor
variables mentioned earlier, in addition to environment.
Therefore, Eq. 5.5 may be regarded as a generalization of
- the. theory and it applies to any particular stationary

loading. Of course, the limitations placed on R and other

assumptions associated with the hypothesis in the last
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Fig. 5.1

‘ ¥ RANE T I b

A“Log-tbg-ﬁ;bresentation of McEvilly
and Illg's Data on 7075 T6 Aluminum
Alloy

-89-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



10
-
10
da
an
20~
a Scatter
Band from
- Fig. 501
1]
= ffedge Force
Tests [ 17]
6 "2 Qther Data
10
— "S‘lope = Iy
-7 _
10 103 / 104 A 105
K

/ Flg. 5.2

Additional Selected Data on 7075 T6
/ Aluminum Alloy compared with McEvilly
9 and Illg's Scatter Band

Oo 0

=90=

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



10
-l
10
-da
dav
-5
10
.McEvill
& Illg
Liuf{ 5]
Martin &
Sinclair[6]
’ -6
216
~ Slope ®* L4
-7 |
-10 103 .1oh 105

) AK
Fig. 5.3

Test Data on 2024 T3 Aluminum Alloy

“9l-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.




10

.10
~da

in.
ofes)

10

-6
10

)
lybdemm
[
/
/ 17«7 PH
Steel e
Cast
Electron AM 350 CRT
' Steelo
.
5
100 10
Iy Al=3 Mo-IV
Tltenium / AM 355 Steel x

Fig. 5.4

Data on Varlous Materlals compared to
earlier Results for 202l T3 and 7075 T6

Aluminum Alloys

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.




‘uolssiwiad noyum pagiyosd uononpoidal Jayun Jaumo 1ybuAdoo ayj Jo uoissiwiad yum paonpolday

-.i:és.;

laterinl
2074 (Alum,
Alloy)

7075 (Alun.
Alloy)

7575 (Alum.
aAlloy)

A¥ 350 (Steel)
17-7 P4 (Steel)
AM 355 (Steel)

Molybdenum

4 A1-3 lo-1v
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T-6
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RH 1095°F
sCT

(At 1075°F
4 Hours)
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b4
{Various)
(various)
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120 CPM
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1800 CPM
1800 cPM

2000 CPM
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1800 cPM
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50 CPM
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X
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(About 0.5)
(About 0.5)

(About 0.5)
(About 0.5)
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(About 0.70)
(About 7 0)

(About 0.75)

0.5
1.0
1.76
2.5
5.0

0.5
1.0
1.76
2.5
5.0

0.55

0.55
0.55

0.55
0.55

TABLE 5.1

Temperature

Room

Room

Room

Room
Room
Room
Room

Room

Room

Room
Room
Room
Room

Room

Room
Room
Room
Room

Room

Rooxn
Room
Room
70°F
~30°F

Number of
Data Points

64

116

b7

18+

11
6+

o R BEY

10
11
10
10

2

W

1y v

4.1 x 10

20

1.5 x 1029

1.5 x 1020
3.9 x 10
3.0 x 10
2.3 x 10
1.0 x 10
2.9 x 10

1.5 x 10'7

178 x 10
8.5 x 1047
k.5 x 10

2.6 x 1019

9.2 x 10%°

5.0 x 20°°
2.0 x 102
7.6 x 10*2
5.9 x 1017
3.5 x 1017

10 x 10°°
20

4.1 x 10
.1 x 10°

1.3 x 1022
22

2.‘* x 10

-

j

I3

Origin of Data

Figure 5.3
Figure 5.1
Figure 5.2

Figure 5.4
Figure 5.4
Figure 5.k
Figure 5.4
Figure 5.4

Figure 5.4

Figure k.6

Reference 1

Reference 4

Reference 1

Remarks

This is the data
shown on figures

> in this work (see
Ref. 1 for further
details on the data).

(See also Ref. 1
for details.)
(Boeing tests.)

(Boeing Tests)

(See also Ref. 34)



.chapter also apply here.

Finally, on cémparing Eqs. 5.l and 5.5 it appears tb
be desirable to discuss the possibility of defining the
variation in K in such a way that the materlal parameter in
EQ. 5.5 is the same as that in Eq. 5.4. That is to say
that 1t is self-evident that the influence of wave form on
MP 1s that of a factor which might be associatéd with the
variation in X instead of M.. Bubt any attempt to determine

P
the particular way of defining var. K which reduces MP to M
"requires further assumptions,vi.e. a new "model". A
discussion of "models™ will be included in the chapter to

follow.,

S. Implications of the Empirical Theory:

A major imﬁlication of the empirical theory is that
the discussion of discontinuous crack growth in section 1.5
may be seen to apply to all types of stationary loading.
Eq. L.23 may be written in a more general form via the
following approach.
| Again, attention to accuracy of the integration
process is turned to the early portion of the integration
(see section L.5). In that case Figure 2.1 is represent=
ative of the usual configuration énd its stress-intensity—

factor is, referring to Eg. 3.10, is:

=9k
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kK= g | 5.6

Then, for sinusoidal loading:

AX = ASTVD | 5.7

or for any stationary loading:

Var. K = (var. <) VBN 5.8

Substituting these results, Egs. 5.7 and 5.8 into Egs.

5. and 5.5 leads to:

2
da . ”“'M)” : 5.9
and ‘
de, - (7E) o 5.10
Mp

Notice that BEg. 5.7 is identical to a previous result, Eq.
2.22. Thus upon integrating Egs. 5.9 and 5.10, it is

observed that:

N =M L 1
N=Ng (A )l [ao a] 5ol

and ' ' M
- e . P 1 -1
oS v 4[ = g] 5.12
(var.g-) o

Thus the character of the early portion of the inte-
gration proce'ss is the same for all stationary loadings
within the restriction of agreement with the empirical

. theory, i.e. Egs. 5.l and 5.5.
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It can also be noted that upper and lower bounds on
M can be easily found on data representation such as Figures
5.1 through 5.4 by drawing two straight lines with slopes of
vh, which bound the data for a given material. From these
bounds the limits of error in the integration process may be
deduced, since from Egs. 5.11 and 5.12 it can be seen that
the resulting errors are linearly related to M or MPo
A further ramification of the empirical theory present-
ed here is its general disagreement with laws proposed by
previous investigators. Specifiéally, the data represent-
ed . on Figures 5.1 through 5.5 and the resulting functional
form of Egs, 5. and 5.5 for the broad trend of behavior
suggest that meny previous laws as mentioned in Chapter II,
- are in error. However, the use of a local stress parameter
here in obtaining correlation of data in the form of
Figures 5.1 through 5.4 is in agreement with McEvily and
Tllg's adoption of a local stress parameter (Ref. L).
The law they proposed on empirical grounds, Eq. 2.1l8, has
been replaced by a mich simplér:: expression, Eq. 5.l, which
is only slightly less accurate but decidely more versatile.
A comment on the engineering significance of the
preceding hypothesis in contrast to the empirical theory
seems appropriate. Since Eqs. 5.11 and 5.12 estimate the
crack propagation iife of the configuration of greatest

interest in structures, Fig. 2.1, and since errors in their
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- .results may be easily bounded, perhaps they will find wide
engineering application due in part to their simplicity.
However, direct integration from the results of the
hypothesis will remain the more accurate ahd more versatile

approach regardless of the application.
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CHAPTER VI -~ MECHANICAL MODELS IN CRACK

PROPAGATION ANALYSES

6.1 The Continuum Concept of Model Analysis.

In the preceding chapters it was shown that crack
growth rates in bodies with different configurations may be
combared through the application of local crack tip stress
parameters, specificélly stress-intensity—factors. These
comparilsons are only vog¢sible for situations where the wave
form of the loading imposed on the bodies was the same. The
wedge forces tests, Fig. L.3, with sinusoidal loading,
whose results are compared with other sinusoidal loading
experiments on Fig. li.l, illustrate the method of treating
different configurations clearly. It remains to attempt to
also develop means of comparing crack growth rates in bodies
with different wave forms of loading imposed.

The preceding analyses embody a "model'" of crack
propagation as a result of the hypothesis stated in section
li.3. The model regards the crack tip as a system which
responds in a particuiar way to a given time history of
local stresses. That is to say that crack tips in a given
material, which experience the same time history of stress-

intensity-factors, will grow at the same rate. The success
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of that hypothesis in itself implies that continuum
models (or a systems concept) are at leastlpartially
successful in describing crack growth. There seems to be
no reason to expect that the continuum concept cannot be
applied to determine the effect of the wave form of the
loading on crack growth rate as well,

Moreover, the empirical law developed in Chapter V
appears to be appropriate for all materials, (i.e. a slope
of I fits the data for all of the various materials shown
on Figures 5.1 through 5.h). Since the metallurgical
structure of these materials is quite different, their
general agreement with the same empirical law based on
continuum concepts implies that a description of crack
growth of a rather universal nature may be possible using
the continuum approach. If micro-processes variables
{such as dislocation movement stress within crystals, etec.),
beneath the continuum level are required in describing
crack growth, then the success oflthe preceding analyses
is ambiguous with that requirement. For that reason it
seemg feasible to proceed to attempt an analysis of
mechanical models of the crack propagation process using

an entirely continuum approach in the discussion.

6.2 8Significant Variables in the Wave Form of the ILoad.

. The objective of the discussion of "models™ in this’
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.chapfer is to develop that which is more commonly termed
rules of "accumulation of damage" in the fatigue field in
general, The word damage is appropriate here to describe
the cumulative effects of fluctuations in load at a crack
tip, and ahead of the crack tip with its plastic zone.
Outside of the plastic zone, in the elastic regions of a
body, the processes cf deformation will be regarded as
reversible and therefore no accumulative effects will be
considered to be present (compared to the damage accruing
in the plastic zone).

From the above view of camage and from the experimen-
tal results cited in previous sections, some conclusions
may be drawn regarding the significant variables describ-
ing the wave form of a loading covering crack growth.
First, since the damage 1is occurring within the plastic
zone at. the crack tip, the fluctuation of the local stress
surrounding the plastic zone may be regard as the immediate
cause of damage. The wave form of the time history of
stregss~intensity-factors 1s therefore of primary importance
in the analysis. If the crack length may be regarded as |
constant for the sake of analysis, as was justifiled earlier,
the wave form of the stress-intensity-factor and the load
are effectively the same,

In section L.6 the effect of frequency or rate of load

application was observed to be negligible compared to the
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,effect of range of variation in load. Moreover, the
relative mean load (as described by Y for sinusoidal loading)
was shown to be of secondary importance compared to range
of vafiation of load:. Hence, it may be concluded that the
primary cause of- crack growth is the extent of rises and
falls of the load, exclusive of the rate at which the rises
and falls occur and the mean load present. In addition the
observation of delays in crack growth following an overload
(Ref. 10) indicates that the crack growth process is
sensitive to the sequence in which the rises and falls in
the load occur.

Finally, the results of Chapter 5 indicate that the
crack growth rate depends on range of variation of load to
approximately the fourth power for all the materials for
which data are available. -

The above observations may be regarded as restrictions
which aid in the development of a suitable "model" of crack
propagatiop. In summary they are:

(1) A modei of crack propagation should regard damage
as occuring in the plastic zone at the crack tip,

(2) A model should show sensitivity to rises and falls
in the load (but sensitivity to the rate of load applica-
tion or the mean load is not required here),

(3) A model should be sensitive to the sequence in

which rises and falls in load occur.
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, (L) A model should show a dependency of the rate of
crack growth on the magnitude or range of the rises and
falls to about the fourth power.

(5) A model should be applicable to any configuration
via employing stress-intensitnyactor ccncepts.

A model which meets the above five requirements may
be regarded as one which meets the minimum acceptable
restrictions. In addition, a sultable model should be
capable of incorporating the minor effects (rate of load
application, mean load, and environmental effects) within
its "material constants". PFinally, the ultimate criterion
of the acceptability of any model will be its ability to
predict the broad trends of changes in crack growth rates

caused by differences or changes in the wave form of loads.

6.3 The Damage Accruing in the Plastic Zone at a Crack Tip.

Previous investigators have considered a variety of
models in attempts to analyze crack growth. Often com-
plicated models were used where their adoption now appears
to be quite unnecessary. That is to say that iIn this dis-
sertation it has been shown that crack growth under sinu-
soidal loading, (or any other particular stationary
loading), can be completely analyzed via stress-intensity-

~ factor concepts without requiring a model synthesizing the

. accumuilation of damage, Whereas, for example, the crack
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. propagation analyses of Head (Ref. 11) and Tiu (Ref. 15),
discussed in sections 2.2 and 2.l, embody models %o
formulate laws of crack growth for particular stationary
loadings. Even though their models were unnecessary for
the purpose for which they were employéd and often led to
questionable results (see section 2.8), they are at least
informative in developing new models here,.

In the majority of previous analyses damage was re-
garded as being directly rélated to the extent of plastic
straining near the crack tip (Refs. 3, L, 11, 15, 17, and
18). (It should be noted that linearly work hardening to
a given stress level is equivalent to attaining a given
plasticrstrain in interpreting the preceding statement).
Essentially two ingredients are present in each analysis,
They are: first, an assumption required to permit an
estimation of the amount of plastic strain present and
second, an assumption required to determine a criterion of
failure due to the plastic straining. In general two-or
more similar assumptions will be required in each of the
new models to follow.

The above pair of required assumptions will be reviewed
in more.specific detail for a few of the previous investi-
gations'before proceeding further. McEvily and Illg (Ref.
lt) in determining the proper form of a crack propagation

law based their analysis on examining only the point of
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material directly ahead of the crack tip. They presumed
that that point of material would exhibit linear strain

hardening to a.given fracture stress and that the point

is subjected to strains proportional to (I:‘.

On the other hand McClintock (Ref. 17) directed atten-
tion to the strains occurring within a small circular sec-
tor ahead of the crack. Furthermore he assumed that (as in
the case of torsion) the strain distribution in the plastic
zone varies with 1/r, where r is the distance from the crack
‘tip. He then argued that, when the average plastic strain
in his ecircular sector approached Coffin's (Ref. 3L) critical
plastic strain, the crack tra%erses the sector. Since
McClintock's circular sector was quite arbitrarily chosen
to facilitate an integration, he himself raised some doubt
about 1ts cholce.

Head (Ref. 11) analyzed a line of plastic elements
directly ahead of the crack, as discussed in section 2.2,
and presumed that these elements work harden to a fracture
stress whereupon the crack traverses them one by one.

Liu (Ref. 15) devoted atbtentlion to all of the elements
throughout the plastic zone. For all of these elements he
assumed that the elastic distribution of strains is a
suitable approximation and that geometrically similar
points absorb a characteristic amount of hysteresis energy

for fallure. (Hysteresis energy for an ideally plastic
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material is equivalenf to plastic strain). Valluri
(Ref. 3) used arguments equivalent to those of Liu.

Therefore, the essential difference between vnreviously
proposed models of crack growth lles in;thelassumptions of
the distribution of strains in the plastic zone and the
choice of elements in which plastic strains are significant.
All the previous investigations cited above adopt a fail-
ure criteria which is éqﬁivalent to an ideal elasto-plastic
material for which Coffin's criteria of a critical accumu-
lated plastic strain to failure 1is appropriate.

Moreover, the crack propagation laws resulting from
previous investigations are quite similar (see Chapter
II), i.e. the laws of Head, Liu and Valluri all imply that
the rate of crack propagation is proportional to ( <I'JE)2
(for the configuration shown in Figure 2.1). McClintock's
model 1s the only one which differs greatly. It results in
a prediction that the rate of crack growth 1s proportional
to either ( YTVE)A of (< VE)L0, the choice of which
depends on micro-process variables rather than continuum
concepts. The similarities in these laws bring up an
interesting point. Apparently there is a wide variety of
agsumptions which lead to identical laws when applied to
the configuration of Figure 2.1 and sinusoidal loading.
That is to say that agreement of a law derived from some

model with test results from that configuration and

=105~

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



-Sinusoidal loading 1s no guarantee that the assumptions of
the model are "correct™ at all. Such a model may give
entirely erroneous results when adapted to other configura-
tions or wave forms of 1oadihg. Hence any model proposed
is speculative and unproved until it has been shown to
agree with a varlety of configurations and wave forms of
loading through direct agreement with the broad trends of
experimental results.

Nevertheless, it seems appropriate to construct soﬁe
theoretical models here in order to draw some general
conclusions about model analysis and in order to point out
specifically the type of experimentation required te permit
advances in crack propagation analyses through model
analysis. TUpon reviewing previous investigations and the
physical phenomena assoclated with crack growth, the
following point of view of damage seems approprilate.

First, Coffin's critical accumulated plastic strain
to fallure criteria (or its equivalent) i1s not pnly adopted
in all significant previous investigatioﬁs, but no other
reasonable choice basedﬁon continuum concepts seems to be
available. Willner and McClintock, (Ref. L0) have made it
clear that Coffin's Criteria is a most reasonable choice on
the bésis bf experimental evidence indirectly related to
crack growth. Consequently it will be adopted‘as the

failure criteria in the analyses to follow.
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Second, 1t remains to assertain which elements within
the plastic zone are those for which plastic straining ac;
tually contributes to final faillure. Previous investiga-
tions invariably disagree on the choice of the elements
which are of interest. It seems plausiblé that at least
the plastic strains in all infinitesimal elements through
which the crack will pass must be embodied in a complete
analysis. That is to say that the smallest rationally
acceptable région of interest is the line extension of the
crack projected across the plastic zone (that is more
correctly the plane of extension of the érack of an
infinitesimal thickness, upon considering the problem in
three spatial dimensions). However, Coffin's criteria may
be applicable only to average strains throughout finite
regilons in which case an area must be considered rather
than a line (again, an area is equivalent to a volume upon
adopting a third dimension). The only characteristic area
which does not invol#e an arbitrary'(ﬁuman) choice 1is the
whole plastic zone. Therefore it 1is plausible that models
which draw attehtion to plastic sitrains along either the
line of crack extension or the whole plastic zone are the

. only acceptable ones if they are to employ Coffin's
criteria.
Third and finally it 1s necessary to maké an assump-

tion in order to determine the magnitude plastic strains
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.occurring within the elements of interest. A reasonable
stress-strain behavior must be assumed in addition to an
acceptable distribution of strains in order to develop a
model in which accumulated plastic strain is employed as
the failure ériteria. Two choice of strain distribution
prevale in previous Iinvestigations. Either the elastic
strain distribution is considered acceptable into the
plastic range (i.e. strains vary with.l/’{?) or as McClintock
(Ref. 17) noted the plastic strain distribution may be
assumed té be analogous to that iﬁ torsion (i.e. strains
vary with 1/r within the plastic zone and 1/y{ T in the
elastic region near the crack tip). The question of the
strain distribution which should be adopted in a model
cannot be fully resolved short of solving the elasto-
plastic crack problem with fluctuaﬁiné load. Current
theorles of plasticity are not adequate to solve this
problem in general. ﬁence it will be left unresolved in the
model analysis to follow.

It is appropriate at this point to attempt to formu-
late some models within the spirit'of the above discussion
of plausible assumptions of: a fallure criterion, the ele-
ments of interest in accumulation of damage and the plastic
strain distribution. Moreover, the results of the analysis
of the models should be reviewed in light of the fiva-fe-

quirements listed in section 6.2.
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-6.lL A Model Devoting Attention to the Line of Crack

Propagation and Assuming a Linear (Elastic) Strain

Distribution.

In the three preliminary sections of this Chapter
the proper motivations of a model analysis and assump-
tions of previous investigations were discuss%d. At this
time it seems appropriste to develope a mecdel Which isg
close to the assumptlons of previous investigations, yet
of a general enough nature to attempt to satisfy the
requirements listed in section 6.2. With that purpose in
mind the following assumptions shall be made: |

(1) The material within the damage zone (the plastic
zone) behaves in an ideal elasto-plastic manner. Figure
6.1 shows a diagram of this type of behavior.

(2) The strains within the damage zone are distributed
according to those resulting from an entirely elastic
>analysis.

(3) The significant damage is accumlated only in
those elements which do in fact fail, i.e. the line of
elem;nts within the plastic zone directly ahead of the
crack.

(L) Coffin's critical plastic strain theory is an

appropriate failure criteria. That is to say that the crack

will have propagated through any element which has sus-
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.tained a total accumulated plastic sitrain which char-
acterizes failure in thé material,

Let the element on the line of crack extension a
distance r ahead of the crack at a time t be considered;
see Figure 6.2.. The rate at which such an element is re-
celving plastic deformation 1s of interestb. Aoéording to
the above assumption of a sﬁrain distribution equivalent
to the elastic case, the strain, & , in the element can be

computed from Egs. 3.6 and Hooke's Law which results in

- K
€z — 6.1

E Yo

where E is an elastic constant related to Young's modulus.
( £ may be regarded as octahedral shear strain by adjusting
the interpretation of E). The stress—inﬁensity-factor is
related to the load and crack length according to Eqg. L.l

or Eq. 6.1 becomes
- P - f(a) 6
o2
B q2r
Let the rate of crack growth or crack veloclty, v, be
written in terms of the rate of change of r as well as a.

That is:

v':."d_r."'

G 6.3

Q—-IQJ
ot

Thus it 1s noted that 4. and da are equivalent.
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An Element accumulating Damage wlthin
the Plastlc Zone
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.Differentiating Eq. 6.2 to obtain the rate at which total

strain is occurring in the element gives:

M e

b or(a) 42 [fi(a) , £la) da
€= rer g [ {7 Y o) 3/2 at 6.l

But it was shown in sections L.l through L.L that the crack

&=

growth rate, and consequently the rate of accumulation of

damage, depends only on the quasi-stationary variation of

the stress-intensity-factor; i.e. with the crack length

considered constant. Therefore, 1t is justifiable %o ignore

the second term on the right hand side of Eg. 6.4 in comput-
Ming the rate of strain for damage analyses. Hg. 6.4 is

reduced to

~_ P r(a)
€ T 6.5

However, the rate of total strain, € , must now be reinter-
preted to obtain the rate of plastic strain, érf Refer-
ring to Figure 6.1, increments of strain are either wholly
elastic or wholly plastic for an ideal elasto-plastic
material.

Therefore, during the time in which plastic increﬁents of
strain occur, Eq. 6.5 gives the desired rate of plastic
straining. As a consequence attention must be given to the
determination of the particular increments of strain which

are plastic.
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HEq. 6.5 states that an increment of strain corresponds
to an incremental change in the magnitude of the external
load, P. Moreover, from Figure 6.1 it may be noted that
elastic strain occurs following any reversal in sense of
strain increments, until either the strain proceeds in the
reversed direction an amount, 26&.p.’ or returns to the
point of reversal and proceeds in the original sense. All
other inérementé of strain are plastic. Since straln and
load are analogous according to Egq. 6.2, the preceding
statement may be reinterp;eted. Wholly plastic strains
are sustained in the element considered from changes in
load as expressed by Eq. 6.5, except for the changes in
load following a reversal in sense of the increments of
loading and until the load has proceeded 1n the reversed
sense an amount,

2&  Eor

H = TR 6.6
fa)

or until it reburns to the point of reversal and proceeds
in the original sense. Eg. 6.6 was computed directly from
Eq. 6.2 to obtain the extent of reversal in load, H, from

the point of reversal corresponding to a reversal in strain

£ 2 .
ot Ey-p-

Therefore, Eg. 6.5 may be used to compute increments

of plastic strain if only those incremental changes in load
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-which cause plastic strain are included in P. With that
in mind, the average or probable rate of accumulation of

[ ]
plastie straﬁm,exy in the element of interest is.

.

A
where T(H) is the average rate of rise and fall of the load
excluding those rises or falls following a reversal as ex-
plained above. That is to say that, referring to Figure
6.3, T(H) may be computed from a load time history by de-
termining its total average rise and fall per unit time
excluding any rises or falls within a load interval, H,
following a reversal, That means that on Figure 6,3, the
rises and falls for the heavied portion of the”curve should
be counted and divided by the total time to compute the
average rate of rise and fall to be counted, T(H). Now
as time proceeds the total plastic strain in the element

of interest will reach the critical plastic strain, €p s

cy
i-ec -tcr

Epcr - & dt. 6.8
-]

During that time the crack grows and according to Eq. 6.3

increments of time correspond to increments of r by

at = —%I’_ 6.9
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Fig. 603

The counted (heavied) Rise and Fall in an
- ~Arbitrary Load Tlime History
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-Substituting Eqgs. 6.7 and 6.9 into 6.8 gives:

©0
Ep - M . _d;_I'_ 6.10
cr B JZPI v

o

During the time that the element of interest is within the
zone of plastic deformation, the crack length changes only
a small amount, i.e. the width of the plastic zone, which
via Eq. 3.13 and analogous expressions is small compared
to the crack length itself. Thus f(a) may be considered
as a constawmb. with respect to the integration in Eq. 6.10.
Morsover, the crack growth rate, v, is in a like manner
constant during a change of crack length of one plastic
zone width. The integral in Eq. 6.10 is simplified by
these observations and becomes

A\ )

& = 28 [ gm &

cr v 6.11

=

o 2r

Reusing the argument preceding Eq. 6.11, Eg. 6.6 may be
differentiated to give:

dr . ___f(a)
{é? Zey.p.E

which on substitution into Eg. 6.11 results in:
c0

dH 6.12

2 .
v = da - Lf(a)] fT(H) dH 6.13
dt 2€pcr eyp E Jo
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This fesult, Eq. 6.13, is the desired relationship express-
ing the crack growth rate, Q% 3 in terms of a property the

loéa.time hiéféry,l[ T(H) dH; a configuration factor, f(a),
which accounts for variation of the stress intensity factor
with crack length; and a single material constant, Zspcr
E _E, (upon lumping these factors together).

TeDe

It is interesting to note that this expression for
crack growth rate, Eg. 6.13, quite obviously meets all of
the listed requirements in section 6.2 with the possible
exception of number (L). Its agreement or disagreement
with () is yet to be established. That question can be
settled most easily by specializing Eq. 6.13 to the case

of sinusoidal loading.

For periodic loading Eq. 6.13 may be rewritten as:

2 0
da . I
a‘% - L f:l) d [TN(H) aH 6.1l

o]

where mo is a lumped material constant and TN(H) is the
counted rise and fall in the load per cycle. It remains to
compute the integral of TN(H) in BEq. 6.1l for sinusoidal
loading.,

Figure 6.l shows a sinusoidal loading of range & P
with one cycle indicated where TN(H) is the rise and fall

of the heavied portion of the curve. It can be seen that:
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(8 = 2[AP - H] (4AP)

6.1
0 (H 2 AP) >

Therefore the integral becomes )

6o AP
| Ty (H) dB = 2 [ar - H] dH 4+ 0 6.16
° Vo
= ar?

Substituting Eq. 6.16 into Eq. 6.1l leads to

2
d - AP - ¢ ]

Referring to Eq. k.l it can be readily seen that

AKX = AP + f(a) 6.18

Whereupon Eq. 6.17 reads

2
da _ AKX
dv = Tmg 6.19

Eqs. 6.17 and 6.19 are the special forms for sinusoidal
loadings of.the more general relationship Eq. 6.1l.
It can now be seen that this model leads to a dependency

of the crack growth rate on the square of the range of
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.riges and falls of the load (or stress intensity factor).
This result is in opposition ©o reqﬁirement number (L) of
section 6.2, and is further clarified by comparing Eq. 6.19
"to Eq. 5. and the data on the Figures in Chapter V.
Therefore;‘the model does not meet the requirement of
agreeing with the broad trend of data from sinusoidal
loading experiments,

However, when Bq., 6.19 is fuvrther specialized for the
configuration of Figure 2.1 by utilizing Eq. 5.7, it

results in:

da (AQ')za
& - 6.20

o
which is identical to Liu's results, Egq. 2.15 and is in
general agreement with the proposals of Head (section 2.2),
Frost (section 2.3) and Valluri (section 2.7). Therefore,
though the writer disagrees with a model exhibiting such
- a behavior, it is in fact in agreement with much of the
recent work done by others in the field. It not oni}
consolidates their work but in its general form, Eq. 6.13
or 6.1&, it is much more versatile than their analyses.
Therefore, i1t may be regarded as a generalilzabion of
previous theories and as such might be subjected to a
some further investigation to determine its broader

implications.
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For example, let Eg. 6.1l be considered for
specialization to the case of narrow band Gaussian random
loadings. Bendat (Ref. 36) ﬁotes that narrow band random
loading is characterized by a sine-wave-like load time
curve with a slowly varying range or amplitude. He observes
that the'probability density function gq(R) for the am-

plitude, R, about the mean load 1is:

-

2
a(R) = R -f1 R 57
q P
P

From Eq. 6.16 it is observed that a single cycle of the
sine-like curve of smplitude, R, results in a contri-
bution of (2R)2 to themintagral of TN(H). But the integral
mist be computed as an average for the distribution of
peaks given in Eq. 6.21 or
o %
/TN(H) dE = /(23)2 q(R) dr 6.22
° °

which can be integrated and (in agreement with Bendat) is
@0
T (H = 8 .
fN()dH qa32 6.23
°

where <y§2 is the mean square (or standard) deviation
of the load about its mean as defined in Eg. L.30. Sub-

stituting Eq. 6.23 into Eq. 6.lh results in
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~2 2
Ge » 8 B2 Lra)d 6l
m
(o]

which is the expression for crack growth rate under a
narrow band random loading for the model under discussion.
Further, it can be noted from Eq. li.1 that the mean square

deviation in K about its mean is [

T2 = w2 [ )] % 6.5

which upon substitution into Eq. 6.2 gives:

8 O=s

d - k2

- 6.26
S _

This result for narrow band random load, Eq. 6.26, can be
compared directly to the result for sinusoidal loading,
Eq. 6.1li. Consequently, the model predicts that the crack
growth rate in a material for a narrow band random loading
and a sinusoidal loading should be equal if 8 <r£2 for the

2 for the sinusocidal loading.

random loading is eciual to AK
Such a comparison wduld be a simple matbter to examine if
some narrow band random loading crack growth da?a were
avéilable; they are not, but this should provide some
‘additional motivation for experimenters,

Specifically, the experiment suggested here is to compare

the rate of crack growth in identical specimens in the
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configuration of Figure L.l under the same mean load and
where the R.M.S. deviation of the sinusoidal load is the
same as the R.M.S. deviation of the narrow band random
load and where both loadings are of the same characteristic
frequency. If the crack growth rates are also the same,
that resulv indicates agreement with the model., This is
merely a first suggestion of a test té investigate models
in the manner in which they sult their ultimate objective,
their ability to predict differences in crack growth
rates for various wave forms of loading. Suggestions can
eagily be added for other types of loading by computing the
integral of T(H) for new loadings for incorporation in Eq.
6.13 or 6.1l. The,methodé éﬁployed above are adequate for
deterministic loadings and Beer et. al. (Refs. 37, 38 and
L1) have discussed means of computing like integrals for
rangdom loadings in general,

In conclusion the model presented in this section is
a versatlle one whose special case results are in agreement
with the majority of the previous investigations of
consequence., However, this model dbes not agree with the
broad trend of crack growth data noted in Chapter V.
Moreover, 1t may be noted here that the common element of
this model and previous investigations which leads to
disagreement with the trend of data in Chapter V is the

assumptién of the equivalent of the elastic strain distri-
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bution within the plastic zone at the tip of the crack.
Therefore, that assumption will be altered in the model to

be discussed subsequently.

6.5 A Model Resulting in lth Power Dependency on Load

Range .

In the preceding section a model based on assuming a
strain distribution equivalent to the elastic strain
distribution, resulted in a predictien of the dependency
of crack growth rate on the 2nd power of load range. More-
over, it was noted that all the previous ihvestigations
which meke thig or an equivalent assumption also come to
the same result. Since the broad trend of crack growth
rate data appears to depend on the Lth power of the load
range, 1t seems reasonable to attempt to modify or avoild
that assumption. The model to be discussed now 1is one
which avoids the assumption.of a gpecific strain distribu-
tion completely.

Consider two or more crack tips in a given material
which are surrounded by stress fields of different inten-
sities. The distribution of the stresses outside the
plastic zone will be the same for each crack as noted in
Chapter'III. Heﬁee it can be seen that the plasticity
problem of determining the stresses and strains within the

plastic zone is the same except for a scale factor of

~125-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



absolute size which depends on the magnitude of the stress-
intensity~factor. The result of this view is equivalent to
assuming that geometrically similar plasticity problems
produce geometrically similar distributions of stresses and
strains. |

The size of the plastic zone for a single load appli-
cation ma§ bé estimated by Eq. 3.12. Butlin analyzing
crack propagation the interest lies in examining the re-
sulting size of the plastic zone caused bj the change
(rise or fall) in the load following a reversal in sense
of the increments of loading and until the sense agaln re-
verses, Moreover, upon reversal of the sense of increments
of load the stress at any point which has yielded (or
nearly ylelded) must change an amount ECF&.p. before
subsequent yielding occurs (see Fig. 6.1). Therefore,
Eq. 3.12 must be modified by introducing the rise or fall
in the stress-intensity—facﬁor; hK’ for K and 2. for

TeDPo

([& 0.’ in order to estimate the size of the yield zone

wy which results from a single rise or fall in load. The

result is
= hy 2
2
q;'-.p.

\

In a fluctuating load a sequence of rises and falls occurs
and Eq. 6.27 is proposed as an estimate plastic zone size

which occurs for each reversal.
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In addition a new point of view of Coffin's critical
plastia strain criteria (Ref. 39) will be employed. For
a material behaving as in Figure 6.1, i.e. as an ideal
elastoplastic materiél, the critical accumulated plastic
strain is equivalent to a critical amount of energy
absorption or dissipation. Moreover, the absorption
-measured in tests employed by Coffin to obtain this criteria
was for whole specimens and not single infinitesimal-
elements near crark tips. It seems feasible to conclude
that perhaps Coffin's criteria should only be applied over
-whole specimens or regions of specimens. Let the view be
taken that it should be applied to the whole region sur-
rounding a crack tip in analyzing crack growth. This view
is consistent with assuming that the energy dissipation

per unit crack extension is a constant, which results in:

da ~ aW . 6.28
at ™~ 4t

where W is plastic work or energy absorbed near the crack
tip.

Now, if as noted earlier in this section the crack tip
plasticity problems are geometrically similar, then the
work absorbed,.wh, for any particular rise or fall will be
proportional to the volume of the plastic zone., Since the

crack tip strain field is a plane (2-dimensional) field,
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this statement results in

- 2
W= C, Wy, 6.29
Incorporating Eq. 6.27 in 6.29 gives
2 2
W= oc, (h ) ] 6.30
2
8 Gy.p.

If § is the average number of peaks or troughs in load time
curve per @rit—time, then 2§ is the average number of rises
and falls. Therefore, the average rate at which work is

absorbed is:

aw Wy 6.31
dt -
2Q
interpreting %% ags the average rate of crack growth in’ Eq.
6.28, Eas. 6.30 and 6.31 may be substituted intc it, which
gives:

at T 128 G- L

VeDe

K —*E;E

da 8

6.32

Ol

Bq. 6.32 may be simplified by lumpihghthe material para-

meters or

. b

d | hY
a A .
ac - ;ai——?% 6.33

The desired result of a dependency of the crack growth rate
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on the lith power of the fluctuations in the stress-

intensity-factor, h (or, as a consequence, the load)

K’
has been obtained. However, reviewing the list of
restrictions for the results of model analysls in section
6.2, it is noted that number (3) is not satisfied. This
model 1s not sensitive to the sequence of rises and falls
in loading, which has been observed experimentally to
have an effect on the growth rate of cracks.

The reason for the lack of sequence dependency in this
model can be traced to the simplifying assumptions
assoclated with elastic unloading following a reversal in
sense of increments of loading. That is to say that the
residual stress and strains of prior yielded zones affect
the formation of new overlapping plastic zones at a créck
tip. It is improbable to propose a detailed analysis of
these effects for this model, since én essential part of
the model's development was the avoiding of an assumption
of a specific strain distribution.

However, before dismissing the analy;is of this model,
its advantages should also be clarified. First, the model
does allow a rsasonable estimate of the total work dis-
sipated in crack extension (short of sequence dependency).
It shows that such an estimate depends on the distribution
of rises and falls in any particular'loading.

In addition all other authors (Refs. 3, b, 5, 12, 1l,
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16 and 17) proposed models and compared results with data
from sinusoidal loading tests alone. If, as they implied,
such a comparison is by itself significant (without
considering the restrictions of section 6.2) then it is
appropriate to test Eg. 6.33 by specializing it for sinu-
soidal loading. TLet a unit of time be one cycle'where—
upon dt is dN and Q is 1. Moreovér, for a sinusoidal
 loading e = AKX for each rise and fall., Introducing

_these developments into Eq. 6.33 results in

da _ (ILK)LL

aw m, 6.3l

This result is identical to the empirical law, Eq. 5.hL,
followed by the broad trend of the data on Figures 5.1
through 5.l. Therefore, though some shortcomings of this
model have already been discussed here, this model is in
fact the only entirely continuum based model of crack
propagation to date which agrees with the broad trend of
data from sinusoidal loading tests. Moreover, if one
should disagree with validity of this trend, then the
previous model in section 6.l is one which combines and
generalizes all the other models which have proposed to
date;‘ Consequently, the two models proposed in thisldiss—
ertation occupy a rather advantageous position compared to

previous proposals.
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Anticipating the likelihood that narrow band random
loading test data may become available, it is approprilate
to specialize Eq. 6.33 for that particular type of
loading. First, regard one cycle (or positive zero cross-
ing) as a unit of time, then dt is dN and Q is one or

da . ._ié___ 6.35

dN ~ my

Referring to Eq. li.1 (or better yet, Eq. L.2) it is

observed that

he = hy . f£{a) 6.36

P

Substituting Bq. 6.36 into 6.35 gives

w . o le@]h

e = = 6.37
1
where hP is the rise or fall between peaks or
h_ = 2R 6.38

P

The R's are the peak heights of the narrow band loading

which are distributed according to Eq. 6.21. Therefore,
.. ©
=16 | & - am) an 6.39
°

which upon integration results in
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' 2
e oz
(nh) = 128 [( T )] 6140

Substituting this result into Eg. 6.37 gives

| 2 L
% - 128 [( . )] Cr(a)l 6.1
1
Making use of Eq. 6.25 leads to
a2
da _ _128 [ﬁ ]
dN - m 6.1{-2

1

Upon comparison with Eq., 6.3l, Eq. 6.2 predicts that the
crack growth rate caused by a narrow band random load will
be twice that of a sinusoidal load of the same R.M.S.
intensity if all other factors are the same. (For
comparison, the model in section 6.l predicted a factor of
one). It will be an easy matter to examine this result

when narrow band random loading test data become available.

6.6 Remarks on Model Analysis

lIn the preceding sections 1t was shown that the two
new models discussed have decided advantages over those
proposed by other authors. In summary the advantages of
the new models are that:

(1) They are developed in a manner so that they may be
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applied to a loading of arbitrary wave form.

(2) They are based entirely on conbinuum concepts
and the stress-intensity-factor concept is incorporated
which allows more general application to bodies of
various materials and various configurations.

(3) They are based on assumptions which result in
predictions of the broad trends of crack growth
characteristics without beiﬁg encumbered by the minor
variables involved (such as mean load, frequency, or
microprocess, variables).

Therefore the two models which have *cen presented
are a ?irst step in the development of a complete analysis
of the effect of the wave form of the loading on crack
growth. These models should be examined by comparing thelr
predictions with the rate of crack growth determined
experimentally under loads with various Wave forms. As
has been suggested earlier, narrow band random loading
and then broad band random loads with various shaped power
spectra seem to be the most advantageous loadings to |
suggest for future tests. These random loads provide a
variety of sequences (wave forms) of rises and falls of
load within a single type of loading which will also test
applicability of these theories to loading of a ,
statistical or random nature. Only after such test results

are avallable will i1t be possible to reassess the underly-
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ing assumptions of the models presented in order to
- improve them. PFurther analyses of new models Woﬁld be
rather speculative-at this point,

At least the openings for improvements have been
made clear in the analysis of the two models presented.
Perhaps most important is the incorporation of a more
realistic strain distribution within the plastic zone
at the crack tip in suﬁsequent models. Though these
openings for improvement have been discussed at length,
they should not be allowed to overshadow the advances
made here in developing models. Most important is the
fact that.it has been shown that entirely continuum based
models are both generally acceptable for a description of
crack growth and do in fact allow prediction of the broad
trend of crack growth rates observed in the laboratory to

date,
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CHAPTER VII - CONCLUSIONS

The following general results and concluslons have
been established in this work.

(1) It has been found that the crack propagation laws
presented by Head, Frost and Dugdale, and Liu do not agree
with the broad trend of test results.

(2) Tre method of analysis of crack growth of
McEvilly and Illg (NASA) was found %o be correct though
open to improvement in generality.

»(3) The use of crack-tip stress-intensity-factors
as the local stress parameter in analyzing crack growth
was shown to be appropriate.

(l4) Crack growth rate data from sinusoidal loading
tests show a positive,corréiation when compared on the
basis of equivalent stress-intensity-factor time-histories
In a given material. |

(5) It was found that the non-stationary character of
stress-intensity~-factor time-histories, caused by change
in crack lené%h, does not affect the rate,of crack growth
in the test data a&ailable to date. That is to say that
the properties of the time variations of stress-inteﬁsity—
factors may be éomputed considering the crack length

constant in analyzing fatigue crack growth.
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- (6) It was shown that the discontinuous nature of

fatigue crack growth does not exclude an analysis of crack
growth as a continuous process for the purpose of making
-1life predictions.

(7) It was observed that stress-~-intensity-factor
methods may be diréctly applied to random loading in which
case the conditionsg for equivalence of stress~intensity-~
factor time-histories were sstablished.

(8) An empirical crack propagation theory was estab-
lished which describes the broad.ﬁpend of crack growth
behavior. In essence this theory is the observation that
the rate of crack growth is proportional to the fourth
power of the amplitude of variation of the stress-Iintensity-~
factor for a given material and type of load time-history.

(9) The observation that a continuum based empirical
law with a single'ﬁaterial constant is in general agreement
with test data for all of the variety of materials tested
to date leads to the conclusion that:

It is plausable to‘consider continuum based model
analyses of crack propagation in order to predict dif-
ferences in the rates of crack growbh under various types
of load time-histories.

(10) Two models of crack growth were presented which
are adaptable to any wave form of loading including random

. loads., The first of the models resulted in a generalization

,-’136- : D
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+and unification of the models proposed by previous
investigators, but it was in disagreement with the broad
trend of avallable data. The second model showed that it is
possible to devise continuum based models in complete
agreement with the broad trend of data observed by the

empirical law given earlier.
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