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ABSTRACT

The dissertation consists of five chapters, the first four of
which deal exclusively with periodic semigroups; the last chapter
concerns a certain type of semigroup with one idempotent.

Schwarz [Contribution to the theory of periodic semigroups,
Czech. Math. J., 3(1953), 7-21) first introduced the natural
equivalence relation X on a periodic semigroup S. Chapter 1 gives
necessary and sufficient conditions that X coincide with any one of
the Green's relations. 1In particular, X = ¥ if and only if S is a
semilattice of completely simple semigroups; K = &£ if and only if
S is a semilattice of right groups; X = R if and only if S is a
semilattice of left groups; and ¥ =.9 if and only if S is a
semilattice of groups.

Several characterizations of the congruence H* generated by X
are found in Chapter 2. From among these it is seen that K* is the
minimal band congruence on periodic semigroups S, and a R*-class A
is a minimal subsemigroup of S having the property: for x,y,z € S

xyz € A if and only if xyzz € A.

Chapter 3 deals with X and the minimal band, semilattice, and
matrix congruences on S, denoted by B,n,% respectively. To
parallel the known result that X = N if and only if S is weakly
commutative, it is proved that X = ¥ if and only if S is weakly
rectangular. In addition, S is briefly studied in the case when X

is a congruence.



Since a periodic semigroup S is a disjoint union of subsets
each containing one idempotent (namely, the K-classes of S), it is
natural to ask: when is S isomorphic to the Cartesian product of a
rectangular band and a periodic semigroup containing one idempotent.
Chapter 4 contains necessary and sufficient conditions that this be
the case; one requirement is that the union of the maximal subgroups
of S be a rectangular group.

In Chapter 5 we drop the hypothesis of periodicity and consider
a semigroup S which is the ideal extension of a group by a
z-semigroup (a semigroup containing exactly one idempotent, it
being a zero). Such a semigroup can be parametrized by a triple
consisting of a z-semigroup, a group, and a partial homomorphism.

We give necessary and sufficient conditions on these three
components in order that an equivalence relation on S be a
congruence. Also, an inductive procedure similar to a technique of
Tamura [The theory of construction of finite semigroups III, Osaka
Math. J., 10(1958), 191-204] is developed for constructing all

congruences of a certain type on S.



INTRODUCTION

A semigroup S is a non-empty set on which there is defined an
associative multiplication. S is said to be periodic if each
element of S has finite order, the order of an element being the
order of the cyclic subsemigroup generated by the element. The
class of periodic semigroups has been treated only occasionally in
the literature, essential contributions having been made by Schwarz
[12) and Yamada [19]. The principal results of the first four
chapters of this work involve periodic semigroups. Only in the
last chapter is the hypothesis of periodicity dropped.

In Chapter 1 we recall the natural equivalence relation X on a
periodic semigroup S, which was first studied in [(12). The main
results of this section are those which give necessary and
sufficient conditions that X coincide with one of the well-known
Green's equivalence relations, which are defined for an arbitrary
semigroup. Theorems are proved relating X and each of the Green's
equivalences.

The purpose of Chapter 2 is to characterize the congruence H*
on S generated by the natural equivalence X. From among those
descriptions given, we see that K* is the minimal band congruence on
S and its classes are minimal subsemigroups of S of a certain type.

Just as the first chapter considers X and the Green's
relations, Chapter 3 deals with X and certain minimal congruences on

periodic semigroup S; namely, the minimal band, semilattice, and



matrix congruences. Here we find necessary and sufficient
conditions in order that X equal any one of these minimal
congruences. In addition, some facts concerning S in which X is a
congruence are proved.

Chapter 4 has but one aim: the derivation of necessary and
sufficient conditions in order that periodic semigroup S be a
rectangular X-class; that is, conditions that § be isomorphic to
the Cartesian product of a rectangular band and a periodic semigroup
with one idempotent.

In Chapter 5 we consider a semigroup S, not necessarily
periodic, that is the ideal extension of a group by a z-semigroup
(a semigroup with one idempotent, it being a zero), of which a
periodic semigroup with one idempotent is a particular case. Such
a semigroup S can be expressed in terms of a certain triple, and it
is found that any congruence on S can be characterized by means of
the components of the triple. Finally, an inductive procedure is
developed for constructing congruences of a certain type on S.

Any undefined expressions or notation can be found in [2].

The symbol // will be used to denote the end of a proof.



CHAPTER 1

GREEN'S RELATIONS AND THE

NATURAL EQUIVALENCE RELATION



Definition 1.1. Given semigroup S the Green's relations

L,R,¥,0H on S are defined as follows: for a,b € S
] , 1
afb if and only if Sa = S§b
aRrb if and only if aS = bS
agb if and only if SlaS1 = 87bS
LO=LeR and H =& NR,
where the symbols Sl,a,ﬂ, and all subsequent unexplained notation,
are those of [2].

From the definitions it can be proved that £ = Ref and each
relation is an equivalence. These and other fundamental properties
of the Green's relations along with an intuitive discussion are
given in 2.1 of [2]. 1t is often useful to observe that the
adjunction of an identity to S leaves these relations undisturbed
(Theorem 2 of [3]). If x€ S, then I [R ,J ,D ,H ] will denote the

X Ox'Tx’Txx
£ [R,7,0,4] class of S containing x. In particular, for each

idempotent e € S, He 1s the maximal subgroup of S containing e

(ex.1, p.61 of [2]).

Definition 1.2. A semigroup S is called periodic if each

element of S has a finite order, where the order of x € § is the
order of the cyclic subsemigroup of § generated by x.

The results of this work are concerned primarily with periodic
semigroups, and unless specified to the contrary (e.g. "for an

arbitrary semigroup,..."), the hypothesis of periodicity will be



assumed throughout. Of constant use will be the fact that for each
element x of a periodic semigroup, some power of x is idempotent

(ex.1, p.20 of [2]).

The following result is Theorem 3 of [3], so the proof will be
omitted; it has been proved for a more general case (viz. stable

semigroups) in [5]. 1In light of it we shall henceforth use . and

# interchangeably.

Theorem 1.3. For a periodic semigroup, £O=§.

The aforementioned fact that some power of each element in a
periodic semigroup is idempotent suggests a natural relation on S;
namely, the association of those elements whose powers yield the

same idempotent.

Definition 1.4. Let S be a periodic semigroup. On S define

the relation X by: for a,b € §
aKb if and only if there exists an idempotent e € S and integers
m,n such that a" = b™ = e. This relation K, easily verified to be

an equivalence relation on S, is called the natural equivalence

relation on a periodic semigroup S; its classes will be denoted by

Ke, e idempotent,

For each K-class Ke, the notions of the maximal group c% and
maximal semigroups contained in K® were first defined and studied
by Schwarz in [12]). Due to the remark immediately preceding

Definition 1.2, He = G° for each idempotent e in a periodic semigroup.



Of immediate interest is theorem 1.1.43 of [8], which is stated

here without proof.

Theorem 1.5. For each idempotent e in periodic semigroup 8§,

Corollary 1.6. If K° is a subsemigroup of S, then G¢ is a

two-sided ideal in Ke.

Proof. From the preceding theorem,

kK5G® = k%ec® = ¢%® = g¢
and G°k® = g%ek® = ¢%G°® = G°.

The next result is the steppingstone to several later results.

Theorem 1.7. For each idempotent e in a periodic semigroup,

K N D = ¢°.
e

Proof. Since G° < k® and G° = H, ©D_, it is immediate that

¢ccck®Np .
= e
e e e e

Conversely, let z € K N De; then xe € K G =G SIDe. From

Corollary 1.1(5) of [1), we have xe € R N L, . Hence, c¢ = R N L,

and G° SR, . Similarly, ex € ¢°k® = ¢° S D_ and ex € R, N L ;

s06° =R NL_ and G®*C1L . Thus, x €L NR =G%.//
[ X - X X X

Corollary 1.8. For each idempotent e, k€ N Le = % and

kK* N R = c°.
e
Proof. Again G° € K® and G° = H, S L, so it is immediate that

¢cck®ne.



From the preceding lemma, Ke N Le < Ke n De = Ge. Therefore,
kK* N 1L =¢".
e
. e e
Similarly, one shows K N R, =G A/
Corollary 1.9. Semigroup S is a union of groups if and only if

XKcD.

Proof, 1If S is a union of groups, then for each idempotent e,
K- =6"=H cbp .
e — Te

Conversely, if ¥ €[, then for each idempotent e,

~
]

KN D, = G°. Hence S is a union of its maximal subgroups.//

Definition 1.10. (6.4 of [9]). Semigroup S is weakly

commutative if for each a,b € S there exist x,y € S and an integer

k such that (ab)k = xa = by.
The next corollary generalizes Theorem 14 of [12], which deals

with the commutative case.

Corollary 1.11. If S is a weakly commutative periodic

semigroup, then £'C X = N and each maximal subgroup is a J-class of
S.

Proof. From the characterization given in [9] of the minimal
semilattice congruence N, it follows that & SN for an arbitrary
semigroup. In particular (Theorem 6.7 of [9]), if S is a weakly
commutative periodic semigroup, then .0 = & € Nh=X. Hence, each
K-class is a subsemigroup of S and a union of S-classes.

Moreover, combining £ C K with Lemma 1.7 above yields

¢C=x*Np =p.//
e e
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Definition 1.12. Semigroup S is a matrix of semigroups of

type o if S is a disjoint union of semigroups of type o

{Sil i € I, I an index set} such that the induced equivalence

relation is a congruence and for each i,j eI, Sisjsi SISi.

Lemma 1.13. For an arbitrary semigroup S, a.9-class D which is
a union of groups is a matrix of groups.
Proof. If E is the set of idempotents of D, then
D = U{Hel e € E} is a disjoint union of groups. Let e,f € E and
x,z € He’ y € Hf be arbitrary. Since Ry N Lx contains an idempotent,
then by Theorem 2.17 of [2]) we have xy € R N Ly = ny, where
H_ =H for some g € E. Thus, H H. C H and the induced
Xy g ef-"¢g
equivalence relation is a congruence.
Similarly, xy,z,xyz are {J-related and xyz € ny n LZ =
R NL = H; that is, xyz € H =H = H . Therefore,
X X X Xyz X e

CH_.
HHH CH_.//

Theorem 1.14. On periodic semigroup S the following are

equivalent:
(a) S is a matrix of groups
(b) S is simple
(¢) S is completely simple
(d) S is bisimple,
Proof. (a) implies (b). If S is a matrix of groups

{Gil i € I, I an index set}, then for each i,j € I we have
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GiGjGi € G;. From this and the fact that any ideal of S is a union
of groups, it follows that S is simple.

(b) implies (c) by Corollary 2.56 of [2].

(c) implies (d) by Theorem 2.51 of [2].

(d) implies (a). Since S is bisimple, then KCUO; from
Corollary 1.9 above S is a union of groups. That is, S is a single
D-class which is a union of groups. The result follows from
Lemma 1.13.//

The proof of the next proposition follows easily from
Corollary 1.6 and the definitions of the terms involved, hence shall

be omitted. It is also a consequence of Theorem 7 of [12].

Proposition 1.15. On periodic semigroup S the following are

equivalent:
(a) S is a union of groups
(b) each element of S has index one
(c) for each idempotent e € S, kK€ = g€

(d) for each idempotent e € s, K® is a [right, left] simple

semigroup,

Definition 1.16. Semigroup S is a semilattice of semigroups of

type @ if S is a disjoint union of semigroups of type o
[Sil i € I, I index set}, and for each i,j € I there exists a k € I

such that §,S5,,5§.§, € S
1371 -

i k’

The minimal semilattice congruence N of an arbitrary semigroup

has been determined modulo prime ideals in [9]; its congruence
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classes shall be called h-classes of the semigroup. As previously
mentioned, a periodic semigroup is weakly commutative if and only if
the N and X relations coincide (Theorem 6.7 of [9]). This fact

shall be used often and without reference in the sequel.

Lemma 1.17. If S is a weakly commutative periodic semigroup
and for each idempotent e, Ke = Ge, then the set E of idempotents
of S is a subsemigroup.

Proof. Since S is weakly commutative, then N = X and each
N-class of § is a maximal group. Clearly, for each h-class Ge,

ENG® = {e} is a subsemigroup of S. By Lemma 1 of [10], E is a

subsemigroup of S.// .

Definition 1.18. (cf. p.l of [19]). Semigroup S is said to

satisfy Condition C if for each a,b € S and any positive integers

m,n there exist positive integers r,s and t such that

(ab)" = (a™™® = (pa™E,

Lemma 1.19. Periodic semigroup S is weakly commutative if
and only if it satisfies Condition C.

Proof. 1If S is weakly commutative, then N = X and S is a
semilattice of unipotent homogroups; namely, the X-classes of §S.
By Theorem 3 of [19], S satisfies Condition C.

Conversely, let S satisfy Condition C. For a,b € S there exist
integers r,t such that (ab)r = (ba)t. Hence,

(ab)™ = bla(ba)" 1] = [(ba)t b]a.//
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Definition 1.20. ([18]). Semigroup S is strongly reversible

if for each a,b € S there exist positive integers r,s,t such that

(ab)® = a%bt = btaS.

Theorem 1.21. The following are equivalent on a periodic

semigroup S with set E of idempotents:

(a) S is a union of groups and E is commutative

(b) S is a semilattice of groups

(¢) S is weakly commutative and each K-class is a simple

semigroup

(d) S is strongly reversible and each K-class is a simple

semigroup.

Proof. (a) implies (b). This follows directly from
Corollary 2 of [10].

(b) implies (c). Since S is a semilattice of (periodic)
groups, then it is trivially a semilattice of unipotent homogroups.
By Theorem 3 of [19], S satisfies Condition C, and by Lemma 1.19,
it is weakly commutative. That each K-class is a simple semigroup
follows from Proposition 1.15.

(c) implies (d). Since each K-class is a simple semigroup,
then S is a union of groups. By Lemma 1.17 E is a subsemigroup of
§. That S is strongly reversible comes from Corollary 6.8 of [9].

(d) implies (a). Again it is immediate that S is a union of
of groups. From the aforementioned Corollary 6.8 of [9], E is

commutative.//
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Theorem 1.22., The following are equivalent on a periodic

semigroup S:

(a) S is a semilattice of groups

(b) Each f-class of S is a group

(¢ K=U0L

(d) X =N, and each left and each right ideal of S is the

union of K-classes,

Proof. (a) implies (b). If S is a semilattice of groups,
then it is a union of groups and for each idempotent e,
k® =¢® = H ; thus X = H. It is easily verified that any
semilattice congruence on S must be coarser than K, so in this case
K =23 is the minimal semilattice congruence N on S. As noted
previously in the proof of Corollary 1.1, for an arbitrary semigroup
#S N. Here S is periodic and we have S = g Ch=x =H.
However, it follows from the definitions that H C £ CL and
HC RCH; so all of the Green's relations coincide.

We have already seen that each H-class is a maximal subgroup
of S.

(b) implies (c). Let D be af-class of S. By hypothesis it is
some maximal subgroup of S; that is, for some idempotent e,
D= gt c K. Hence, O C K.

On the other hand, if each f-class of S is a group, then S is
a union of groups and K< L.

(c) implies (d). Since HS»O’, then S is a union of groups;

that is, each K-class is a maximal group. From this it follows that
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each left and each right ideal of S is a union of X-classes. By
Theorem 4.5 of [2], S is a semilattice of [ = K-classes; hence,
NS XK. But K must be finer than n, so X = n,

(d) implies (a). Again S is weakly commutative, since N = X.
Recall that in an arbitrary semigroup elements a,b are $-related if
and only if for each (two-sided) ideal I either a,b € I or a,b § I.
Fix idempotent e € S. By hypothesis for any (two-sided) ideal I
either K C I or K¥Nni-= ¢; that is, for any x,y € K° either
x,y € I or x,y ¢ I, that is, for any x,y € Ke, x#y. Therefore,

K® c Jo =D, . Since e is arbitrary, X € 0.
This shows that S is a union of groups, or equivalently, that

each K-class is a simple semigroup. The result follows from

Theorem 1.21.//

Definition 1.23. A subset of a semigroup is called unipotent

if it contains one and only one idempotent.

Theorem 1.24. The following are equivalent on a periodic

semigroup S:

(a) K=&

(b) X =3 and each £-class and each R-class is unipotent
(¢) ¥ =& and each R-class is unipotent

(d) X = R and each £-class is unipotent.

Proof. (a) implies (b). If X =4, then S is a union of

groups and, recalling Lemma 1.7, for each idempotent e

H =6¢®=x*Np =1
e e e
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Therefore, ¥ =0 = X. However, ¥ CLcOand H S RSO, so all
Green's relations coincide. Thus, each £-class and each R-class,

being a maximal group, is unipotent.
(b) implies (c). Let e be idempotent. By hypothesis

¢t = He = Ke, hence each H-class of S is a group. Therefore Le’

being unipotent and the union of ¥-classes, is precisely He; that
is, Le = He = K®. Since e is arbitrary, £ = K.
(¢) implies (d). Assuming £ = X, then X = £ C.LO and S is a
union of groups. Let idempotent e be arbitrary. From Corollary 1.8,
e

H =6=x°NL =1L NL =1 . Moreover, since R is unipotent
e e e e e e

and a union of H-classes, each H-class being a union of groups,
then Re = He = G°. Therefore, ¥ = £ = R and the result is
immediate.

(d) implies (a). Using the dual proof of that given in (c)

implies (d), one arrives at the same conclusion, ¥ = £ = R. Thus,

O=SLoR = ReR =R = K.//

Corollary 1.25. 1In case any of the statements appearing in

Theorems 1.21, 1.22, 1.24 are satisfied, then each of the
following is true:
(a) every ideal in S is two-sided and a union of groups
(b) for each idempotent e,
K® = ¢% = {x € Sle € Sx N xS, e two-sided identity for x}
(c) each Green's relation coincides with K, it being a

congruence

(d) S is simple if and only if it is a group.
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Proof. (a). Let I be an ideal in S. From Theorem 4.6 of
[9], T is two-sided; by Theorem 1.22, I is the union of K-classes,
each being a maximal subgroup.

(b). This also follows from Theorem 4.6 of [9], and the fact
the Se N eS = eSe is the set of all elements of S for which e is a
two-sided identity.

(c). From Theorem 1.24 it is immediate that the Green's
relations coincide with X. Since the product of any £-class and
any R-class is contained in a.D-class, this equivalence relation is
a congruence (Theorem 2.4 of [2]).

(d), We know that S is a union of groups and X = 0 = &.
Moreover, S is simple
if and only if SlaS1 = S for each a € §,
if and only if S is a single K-class,
if and only if S is a group.//

The succeeding definition and lemmas are aimed toward

determining necessary and sufficient conditions that £ = X. The

dual statements relative to R are omitted.

Definition 1.26. A semigroup is a right group if it is right

simple and left cancellative.

Lemma 1.27. For an arbitrary semigroup S, any R-class R which

is a union of groups is a right group.
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Proof. It is well-known that the set of idempotents of any
R-class from a right zero semigroup, and for any O-related
idempotents e,f, groups He and Hf are isomorphic.

Thus, if E is the set of idempotents of R, and H is a fixed
H-class contained in R, it is easily established that R= E X H.

In light of Theorem 1.27 of [2], R is a right group.//

Lemma 1.28. If an arbitrary semigroup S is a semilattice of
right groups, then h = & and each of these right groups is a g#-class
of S.

Proof. Let M be a semilattice congruence on S such that each
M-class is a right group. Now a right group is a completely
simple semigroup, thus S is a union of completely simple semigroups.
By Theorem 4.5 of [2], S is a semilattice of $-classes; hence h c .
However, we have already noted that 95 N in any semigroup; thus
n=4g.

Also, N €M, where each M-class is a right group. Recalling
the characterization of a right group given in Lemma 1.27, let
M=E X G be an arbitrary M-class of S. For any (e,a),(f,b) € M
it is easily verified that Sl(e,a)Sl = Sl(f,b)Sl. That is, xy
implies x#y; or NS @ =Nn. Thus, M=h =& and each right group is

a #-class of S.//

Theorem 1.29. The following are equivalent on a periodic

semigroup §;

(a) £ =X
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(b) &= R and eachD-class is a completely simple semigroup

(c) H = X and each £-class is unipotent

(d) S is a semilattice of right groups.

Proof. (a) implies (b). Assuming £ = X, then X = £ Sv@"and
S is a union of groups; from Lemma 1.13 each{-class is a completely
simple semigroup.

Moreover, for each idempotent e,

He=ce=KeﬂLe=LeﬂLe=Le.

Therefore, H = £ and D= £oR = HoR C R; hence L= R.

(b) implies (c). Since each O-class of S is a completely
simple semigroup,, then each O-class is a union of groups, and S is

likewise. Thus for each idempotent e, He =g = Ke; that is, H = K,

Moreover, = R so Le =D, n L, =R, n L, =H = G°. Hence each
£-class is unipotent.

(c) implies (d). By hypothesis H = K, so K = H €.0 and S is a
union of groups. But each £-class is unipotent, so for each
idempotent e, Le =¢° = He. Thus, £ = ¥ and O= £oR = HoR CR;
hence O = R.

From Theorem 4.5 of [2] we infer that S is a semilattice of
R-classes. 1In this case each R-class is a union of groups, so the
result follows from Lemma 1.27.

(d) implies (a). From Lemma 1.28, N = & = .8 and each of these

right groups is a L-class of S. Again, a right group is completely

simple, so each J-class (and likewise S) is a union of groups.
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Let Le be an £-class of S. Since Le is a union of H-classes,
each a maximal subgroup of S, let Hf be any H-class contained in
Le' The idempotents of any £-class form a left-zero semigroup, so
ef = e. However, the idempotents of right group De form a right-
zero semigroup, so ef = f. That is, e = ef = f; hence,

L =H =% =K% Since £-class Le is arbitrary, £ = X.//

Definition 1.30. Semigroup S is left weakly commutative if

for each a,b € S there exist x € S and an integer k such that

(ab)k = bx.

Lemma 1.31. Let a periodic semigroup S be a union of groups.
Then S is left weakly commutative if and only if R =.5.

Proof., Suppose S is left weakly commutative. Let a,b € S
and afb. Then Sla = Slb and there exist x,y € S1 such that a = xb,
b = ya. Now the hypothesis that S is left weakly commutative
implies there exist z € S and an integer k such that (xb)k = bz.
Also, the index of a is one, for a is in some maximal group, so
choose integer n > k such that a" = a. Then
a=a"-= (xb)n = (xb)k(xb)n“k = bz(xb)n“k € bSl. Similarly, one
shows b € aSl. Hence, aRb and £ C R. Therefore
L= LR CReR = R, and R = .

Conversely, suppose &= R. By Theorem 4.5 Of [2], S is a

semilattice of R-classes. So for any a,b € S abRba. Hence,

abS1 = baS1 and there exists an x € S1 such that ab = b(ax).//
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Corollary 1.32., Let periodic semigroup S be a union of groups.

Then all Green's relations on S coincide if and only if S is
weakly commutative.

Proof, IfH =8 =R =0, then by the preceding lemma and its
dual, S is both right and left weakly commutative. To see that §
is weakly commutative, let a,b € S. Then there exist x,y € S and
integers r,s such that (ab)r = bx, (ab)s = ya., Hence,

(ab)™® = [(ab)*]1® = (bx)® = bIx(bx)®™}] and
(2)"% = [(ab)°]7 = (ya)" = [(ya)" yla.

Conversely, a weakly commutative semigroup is trivially both

right and left weakly commutative; so again by the preceding lemma

and its dual, 8 =0 = £. By definition ¥ = £ N R, and we know
O=8.//

Theorem 1.33. The following are equivalent on a periodic

semigroup S:
(a) 8 is left weakly commutative and each X-class is a simple
semigroup
(b) R =X0-and each D-class is a completely simple semigroup.
Proof. (a) implies (b). Since each X-class is a simple
semigroup, then S is a union of groups. That each .,0-class is a
completely simple semigroup follows from Lemma 1.13. Due to
Lemma 1.31, R = 0,
(b) implies (a). Given each [-class is a completely simple

semigroup, then S is a union of groups; that is, each X-class is a
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simple semigroup. Again, S is left weakly commutative by

Lemma 1.31.//

Corollary 1.34., 1In case any of the statements appearing in

Theorems 1.29 or 1.33 are fulfilled, then each of the following is
true;

(a) h= L

(b) The set E of idempotents is a subsemigroup of S

(c) The maximal semilattice homomorphic images of E and of

S are isomorphic.

Proof. (a). This is immediate from Lemma 1.28.

(b). In each case S is a union of groups, and the idempotents
of each R =0 = Nh-class form a right zero semigroup. The result
follows from Lemma 1 of [10].

(c). Let h,ﬁ be the minimal semilattice congruences on S and
E respectively. We shall write Nx[ﬁx] for the h-class of §
[R-class of E] containing the element x. It suffices to show that
for e,f € E: elf if and only enhf.

Let eNf. Then efe = e, fef = £ (cf. Theorem 1 of [7]) and we
have

%BN&e-%%%’NJJf.%%

Nf = Nfef = NfNeN

Hence, N = N_; or ehf,
e f

= NNN_=NN
e

I3 ff e £

Conversely, let ehf. As noted in (b) above, the idempotents of
each R =0 = h-class form a right zero semigroup. Therefore, efe = ¢

and fef = f; that is, eRf.//
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For the sake of completeness in our discussion of the Green's
relations, we conclude this chapter with necessary and sufficient
conditions that X = ¥. Their proof is immediate from Proposition

1.15 and the oft-mentioned Clifford's theorem (Theorem 4.5 of [2]).

Theorem 1.35. The following are equivalent on a periodic

semigroup S:
(a) K= H
(b) S is a union of groups

(¢c) S is a semilattice of completely simple semigroups.
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The existence of certain maximal decompositions of an
arbitrary semigroup, and their corresponding minimal congruences,
has been proved in [14]. The minimal semilattice congruence N was
mentioned briefly in Chapter 1 and shall be encountered again in a
later chapter. Of particular interest in this section is the
minimal band congruence B. For on a periodic semigroup S it leads
to our first characterization of the congruence H* generated by
K — that is, the smallest congruence on § containing the natural

equivalence relation K.

Definition 2.1. A congruence o on a semigroup S is called a

band or idempotent congruence if for each x € S, xcx2

Lemma 2.2. For a congruence ¢ on a periodic semigroup S,
X< o if and only if o is a band congruence.

Proof, From the definition of the K-relation given in 1.4, it
follows that for each x € S, xxxz. If XS o, then for each x € S,

2

XOox .

Conversely, let xKy. Again, from the definition of K, there
exist integers m,n and an idempotent e such that x" = yn = e.

m-1

2 2 m
Since ¢ is a band congruence, then xox, x 0Ox ,..... s X ox = e;

thus xoge. Similarly, one shows yoce. Hence xoy.//

*
Theorem 2.3, For a periodic semigroup S, ¥ is the minimal

band congruence on §.
Proof. By Lemma 2.2 X C B, where B is the minimal band

* *
congruence on §; therefore X © B. However K€ K , so by the same
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*
lemma ¥ is a band congruence on S. From the minimality of B,

BC K .//

Notation 2.4. i) 1If A,B are subsets of a given set, we

shall use the symbolism A ¥ B to mean A B # @, where N is the
usual set-theoretic intersection and @ is the empty set.

ii) Whenever simplicity of notation warrants it, we shall
denote a K-class of a periodic semigroup S by Ki’ i some positive
integer, rather than the more common Ke, e an idempotent of 8§.

In light of these remarks and our previously defined notation,

the following result is an immediate corollary of Theorem 1.8 of

[2].

Theorem 2.5, Let S be a periodic semigroup and a,b € S. Then

*
aX b if and only if there exist xi,yi € S1 and K-classes Ki of §
(i = 1,2,...,n) such that

{a} X x1K1y1 X x2K2y2 X ... X annyn X {bl.

Theorem 2.6. (cf. Theorem 4.2 of [4]). On a periodic

semigroup S the following are equivalent:
%
(a) K=K
(b) 1If x,y € Sl and xKey X Kf, then xKey c Kf.
Proof. (a) implies (b). This follows directly from the
definition of a congruence.
* %
(b) implies (a). Certainly XC X ; so let aX b, where a € K®
and b € Kf. From the preceding theorem there exist

1
Xa¥ps e XY € S and X-classes Kl,...,Kn of S such that
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e f
{a} Y K" X =Ky, X ... X x Ky YK X {b]
By hypothesis, lely1 c Ke, hence
e b
Continuing this procedure yields

{a} x k% x % x {b}.

Thus, e = f and aKb.//

Theorem 2.7, Let e be an idempotent in a periodic semigroup

*
S, A the X -class containing e, Ao = Ke, and for integer n 2 1
An = U[xKyl X,y € Sl, K is a X-class of S, and xKy ) An-l]'
Then A -kgl Ak'
* 1
Proof. If a € A, then aX e and for some Xpa¥poe s X sY €S

and X-classes K ..,Kn we have

1°°
e} X x Ky, X ... ¥ x Ky ¥ {a}.
Hence,
c C c
lelyl o Al’ x2K2y2 - A2, ...... , a € anny C An.
*
Conversely, since K C K , then A0 = g C A. Assume that
A LA ,...,A are each contained in A and let a € A . For some
o’"1 n-1 n

x,y € Sl and K-class K, a € xKy and xKy J An-l' Therefore,

* %
a € xKy An-l C A. But again XC K , and A is a K -class of S,

hence xKy € A; that is,a € xKy € A. Thus An CA.//

Definition 2.8. (cf. [17]). Let K be a fixed K-class of a

periodic semigroup S. On S define relation ék by: for a,b € S
1
a&kb if and only if either a = b or there exist X s¥ s X Y €S

such that {a} ¥ XKy, X xRy, X ... X x Ky X {b}.
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It is easily verified that £k is a congruence on S; in fact
it is the minimal congruence ¢ on S such that K is contained in

some congruence class of o ([17]). Now let

5% = U{akl K a X-class of S}, and let £ be the congruence on S

generated by £;.

*
Theorem 2.9. For a periodic semigroup S, ¥ = &.

Proof. From the definition of Ek it follows that &, the
minimal congruence containing éb, contains the equivalence relation
K. By the minimality of }(*, }(* cé.

On the other hand, from the characterization of K* given in
Theorem 2.5 it is immediate that ék c R* for each K-class K of S.

* *
Hence, 60 € ¥ and by the minimality of §, £ X .//

Definition 2.10. A complex A of semigroup S is called
1

exponential if for any x,y,z € S

xyz € A if and only if xyzz € A.

Lemma 2.11. Let A be an exponential complex of an arbitrary
semigroup S; x,y € S; and m,n positive integers. Then
xy € A if and only if xmyn € A.
Proof. 1If m,n are arbitrary integers, then
Xy = lxy € A
if and only if 1x2y = xxy € A

if and only if xxzy = xzxy € A

if and only if xm-zxzy = xmy = xmyl € A



29

if and only if xmy21 = xmyy €A
if and only if xmyzy = xmyy2 € A

if and only if xmyzyn_2 = xmyn € A.//

Lemma 2.12. The non-empty intersection of two exponential
subsemigroups of an arbitrary semigroup S is an exponential
subsemigroup of S.

Proof. Let A,B be exponential subsemigroups of semigroup S.
Certainly A N B, if it is non-empty, is a subsemigroup of S. In

this case, for any x,y,z € Sl,

xyz € ANB
if and only if xyz € A and xyz € B
if and only if xyzz € A and xyzz €B

if and only if xyzz € ANB.//

Lemma 2.13. The classes of a band congruence ¢ on an arbitrary
semigroup S are exponential subsemigroups of S.

Proof. It follows directly from the definition of a band
congruence that each o-class is a subsemigroup of S. For any
x € S, xcxz; so for any x,y,z € S1 and o-class A

xyz € A if and only if xyzz € A.//

Lemma 2.14., Let A be an exponential subsemigroup of periodic
semigroup S, K a X-class of S, and x,z € Sl. Then

xkz Y A if and only if xKz € A.
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Proof. If K = K° and yn = e, then xyz € A

implies (xy)yz = xyzz € A

, . 2 3 2
implies (xy )yz = xy 'z = (xy)y z € A
implies (xy3)yz = xyaz = (xyz)yzz €A

implies (xyn-l)yz = xez = (xyn-z)yzz € A.

Hence, if am = e, then
Xez = xa'z = (xam-z)azz €A
implies (xam-3)azz = (xam-z)az € A

implies (xam-4)azz = (xam-3)az € A

implies xazz = (xa)az € A

implies xaz € A,
Therefore, xKz CA.

The converse is obvious.//

Corollary 2.15. An exponential subsemigroup of a periodic

semigroup is a union of K-classes.
Proof. Taking x = z = 1 in the preceding lemma, then for any
¥-class K and exponential subsemigroup A,

KXY A if and only if K S A.//

Lemma 2.16. Let A be an exponential subsemigroup of a
periodic semigroup S and B a K*-class of S. Then
BY A if and only if B CA.
Proof. Let B Y A and b € B be arbitrary. If z € B ] A, then

there exist x XY € S1 and K-classes Kl,...,Kn of S

1’y
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such that {z} ¥ lelyl X ..... X annyn X {b}. However, z € a,
so lelyl I A and from Lemma 2.14 we have lely1 C A. Similarly,

i c
x2K2y2 I A implies x2K2y2 CA

. . c A,
and finally annyn X A implies annyn CA

Hence, b € A,

The converse is obvious.//

Remark 2.17. For each element x of an arbitrary semigroup S,

there exists at least one exponential subsemigroup of S containing
X, namely S itself. Therefore, the intersection of all those
exponential subsemigroups of S containing x is contained in each
such subsemigroup, and will be called the minimal exponential

subsemigroup of S containing x (Lemma 2.12).

Theorem 2.18. For each element x in a periodic semigroup S,

*
the K -class containing x is the minimal exponential subsemigroup

of S containing x.

% :
Proof, Let B be the X -class of x. From Lemma 2.16 it
follows that B is contained in every exponential subsemigroup of S

containing x.

That B is the minimal exponential subsemigroup of S containing

x is immediate from Lemma 2.13.//

Corollary 2.19. Each periodic semigroup is the union of

pairwise disjoint minimal exponential subsemigroups.

Proof. This follows directly from the preceding theorem.



Corollary 2.20. The classes of any band congruence o on a

periodic semigroup S are unions of minimal exponential
subsemigroups of S§.

*
Proof. Since ¥ is the minimal band congruence on S, then

K'co./l
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We have already mentioned the existence of certain minimal
congruences on an arbitrary semigroup. In the preceding chapter
it was shown that the congruence x* generated by the natural
equivalence K 1s the minimal band congruence on a periodic semigroup.
In this chapter we investigate the relationships among K,K*, the
minimal semilattice congruence N, and the minimal matrix congruence
z,

As before, a given relation o on a semigroup S shall be
treated as a particular subset of the Cartesian product S X S.
Consistent with this notion, when simplicity of expression demands

it, we shall write (x,y) € ¢ to mean x,y € S and xCy.

Definition 3.1. A band congruence ¢ on a semigroup § 1is

called a semilattice [matrix] congruence if for each x,y € §,

xyoyx [xoxyx] .

Definition 3.2. Let o,p be congruences on a semigroup S and

p S 0. We define the relation o/p on the factor semigroup S/p by:
for x,y € 8§

(xp,yp) € 0/p 1f and only if (x,y) € o,
where ap 1s the p-congruence class of a € S,

It is easily verified that o/p is a congruence on S/p.
Moreover, from this definition it i{s immediate that given any
semigroup S and congruence p on S, then any congruence on S/p may be
expressed as o/p, where ¢ is a congruence on S and p S O. We use

these facts in the statements which follow.
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Lemma 3.3. Let O,p be congruences on an arbitrary semigroup
S and let p € 0. Then o is a band [semilattice, matrix] congruence
on S if and only if o/p is a band [semilattice, matrix] congruence
on S/p.
Proof. o is a band congruence on §
if and only if for each x € § (x,xz) €o
if and only if for each x € § (xp,xzp) = (xp,(xp)z) € o/p
if and only if o/p is a band congruence on S/p.
0 is a semilattice congruence on S
if and only if o© is a band congruence on S and for each
x,y € S, (xy,yx) € o
if and only if o/p is a band congruence on S/p and for each
x,y €85, ((xy)p,(¥yx)p) = (xpyp,ypxp) € o/p
if and only if, o/p is a semilattice congruence on S/p.

Similarly, one proves the matrix case.//

Theorem 3.4. Let o be a congruence on an arbitrary semigroup

S such that B € 0, where B is the minimal band congruence on §.

Then ¢/B is the minimal band [semilattice, matrix] congruence
on S/B if and only if o =B [oc=Nh, ¢ = 3.

Proof. Let o/f be the minimal band [semilattice, matrix]
congruence on S/B. Since B € o, then from Lemma 3.3 0 is a band
[semilattice, matrix) congruence on S. Therefore,

BSo[hMC o, £So]. On the other hand, by the same lemma we have
that B/p [h/B, I/B] is a band [semilattice, matrix] congruence on

S/f. From the minimality of o/B it follows that
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o/8 < B/B lo/B = n/B, /B < Z/B]. Thus, as congruences on S,
ccB [och, oci].

Conversely, let o = B [o =N, o = I], and let y/B be an
arbitrary band [semilattice, matrix] congruence on S/B, where v is
a congruence on S and B € vy. Again, from Lemma 3.3 vy is a band
[semilattice, matrix] congruence on S, so O C y. Hence as
congruences on S$/B, /B € y/B. Since o/P is a band [semilattice,

matrix] congruence on S/B, it is the minimal such congruence.//

Corollary 3.5. For an arbitrary semigroup S,

n = {(a,b) € s x S| (a,aba) € B, (b,bab) € B}.
Proof. By the preceding theorem h/B is the minimal semilattice
congruence on band S/B. Recalling the results of [7] we have
n = {(a,b) € sxs| (a,b) €n} = {(a,b) €8x S| (aB,bB) € n/B}
{(a,b) € s x S| aB = (aB)(bB)(aB), bB = (bB)(aB) (bB)]

{(a,b) € S x S| af = (aba)p, bB = (bab)p]
{(a,b) € S x S| (a,aba) € B, (b,bab)€ B}.//

* *
Corollary 3.6. For a periodic semigroup S, N/K [Z/X ] is the

*
minimal semilattice [matrix] congruence on S/X , and on S
* *
n = {(a,b) € S x S| (a,aba) € K, (b,bab) € X }.
Proof. This follows directly from Theorem 3.4, Corollary 3.5,

* )
and the fact that p = X on S.//

Corollary 3.7. Let S be a periodic semigroup with the set E

*
of idempotents of S forming a subsemigroup of S. If X = X , then
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the maximal semilattice homomorphic images of E and of S are
isomorphicjbut not conversely.

Proof, 1Let a,b € S; say a € Ke, b € Kf. Recalling that
XS N and K-classes are unipotent, then we have:

(a,b) €Nh

if and only if (e,f) €N
if and only if (e,efe) € X and (f,fef) € X
if and only if e = efe and £ = fef
if and only if (e,f) € N, where N is the minimal semilattice
congruence on E.

To see that the converse fails, consider the semigroup of
p.8, ex.l of [2]. It is easy to verify that both N and N are the
universal relations on S and E respectively, hence their maximal
semilattice homomorphic images are trivially isomorphic. However,
Ke = {e,a}, Kf = {£}, Kg = {g} and Kng = {e,f}, so that X is not

a congruence.//

Definition 3.8. ([19]). Semigroup S is said to satisfy

Condition B if for each a,b € S and any positive integers m,n

there exist positive integers r,s such that (ab)r = (ambn)s.

Theorem 3.9. On a periodic semigroup S the following are

equivalent:
*
(a) X=X

(b) S satisfies Condition B.
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Proof. (a) implies (b). Let a,b € S and integers m,n be
given. Since K is a band congruence on S (Theorem 2.3), then
(a,a™ € X, (b,b™) € X and (ab,a™™) € X. From the definition of
the relation X there exist integers r,s and an idempotent e € S
such that (ab)r = (ambn)S = e,

(b) implies (a). To see that X is a congruence, let a,b,c € S
and (a,b) € X; say a” = p" = e and ct = f, where e,f are
idempotents. Since S satisfies Condition B there exist integers

r,s,u,v such that (ca)r = (ctan)S = (fe)s and

(eb)" = (™Y = (fe)V.

Now it is immediate from the definition of X that all powers of
a single element are K-related. Thus, ((fe)s,(fe)v) € K,
((ca)",(cb)") € X, and (ca,cb) € X.

Similarly, one can prove that (ac,bc) € X.//

Definition 3.10., Periodic semigroup S is said to satisfy

Condition D if for each a,b € S there exist XYy € S1 and

X-classes Ki of S (1 =1,2,...,n) such that

{ab} X lelyl X szzy2 X ... X annyn Y {bal.

Theorem 3.11. On a periodic semigroup S the following are

equivalent:

(a) K =n

(b) S satisfies Condition D.
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*
Proof. Recalling the characterization of K given in

Theorem 2.5, we have:

e
K =nh

*
if and only if for each a,b € S, (ab,ba) € ¥
if and only if for each a,b € S there exist XYy € S1 and

X-classes Ki of S (i = 1,2,...,n) such that
{ab} X lelyl X ... X annyn X {bal}.//

For the sake of completeness we include the next result.

Theorem 3.12. On a periodic semigroup S the following are

equivalent:

(a) X=n

(b) S is weakly commutative

(c) S satisfies Condition C.

Proof. The equivalence of (a) and (b) was proved in Theorem
6.7 of [9). Statements (b) and (c) were shown to be equivalent in

Lemma 1.19.//

Corollary 3.13. 1In case any of the statements appearing in

Theorems 3.11 or 3.12 are satisfied, then L is the universal relation
on S; but not conversely.

Proof. Let a,b € S be arbitrary; then (a,aba) € T and
(b,bab) € ¥. 1In each of the two preceding theorems H* = N, so
(ab,ba) € J'C* C I. Hence, (a,baz) € I, (b,bza) € Z; and

(a,ba) € %, (b,ba) € Z. Therefore, (a,b) € I,



To see that I being the universal relation does not imply
¥ =N, consider the semigroup S of example 5 of [11]:

a b ¢

ajla a a

bla b ¢

clc ¢ ¢ .

Since b is an identity for S, then I is the universal relation
(Prop. 7 of [11]). Also, S is a band, so X is the identity
relation on S and trivially a congruence. However, aca = a and

cac = c; so (a,c) € N. Thus, X = K* Sih.//

Definition 3.14. Periodic semigroup S is said to satisfy

Condition E if for each a,b € S there exist Xis¥g € S1 and

X-classes Ki of S (i = 1,2,...,n) such that

{a} X lely1 4 x2K2y2 X .... X XnKnyn Y {aba}.

Theorem 3.15. On a periodic semigroup S the following are

equivalent:
(@) K =%
(b) N is the universal relation on §
(c) S satisfies Condition E.
Proof. (a) implies (b). For arbitrary a,b € S, (a,aba) € M*

*
and (b,bab) € X . So from Corollary 3.6, (a,b) € nh.

(b) implies (c). Let a,b be arbitrary in S; hence (a,b) € h.

*
Again by Corollary 3.6, (a,aba) € X' . 1In light of Theorem 2.5 there
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exist XY € S1 and X-classes Ki of S (i =1,2,...,n) such that
fa} ¥ lelyl ¥ .... X annyn X {aba}.
(c) implies (a). Since S satisfies Condition E, then by
% *
Theorem 2.5 for each a,b € S, (a,aba) € X . That is, ¥ is a

matrix congruence on S.//

Definition 3.16., Semigroup S is weakly rectangular if for

each a,b € S there exist positive integers r,s such that

al = (aba)s.

Lemma 3.17. Periodic semigroup S is weakly rectangular if and
only if for each a,b € S,(a,aba) € X.
Proof. Let S be a periodic semigroup. Recalling the
definition of the K-equivalence given in 1.4, then:
S is weakly rectangular
if and only if for each a,b € S there exist integers r,s such that
a’ = (aba)S
if and only if for each a,b € S there exist integers m,n and an
idempotent e € S such that a" = (aba)n = e

if and only if for each a,b € S, (a,aba) € X.//

Lemma 3.18. If S is a weakly rectangular periodic semigroup,

%*
then X = X .
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Remark. 1In this and any subsequent proof, whenever a zero
exponent appears merely delete the term involved; e.g. read
azboc as a2c.
Proof. Let a,b,c € S and (a,b) € X; say a” = p" = e. Since S
is weakly rectangular, there exist integers r,s,t,u such that
a’ = (aca)s and bt = (bcb)u. For the same reason there exist
integers v,w such that
(ca)’ = [(ca){an-l(aca)ns-la}(ca)]w
- [can(aca)ns]w - (cananr)w
= (cee)w = (ce)w.
Also, there exist integers h,k such that
(eb)" = [(eb) (8™ (beb)™ I} eby 1
= [cbm(bcb)mu]k = (cbm'bmt)k
= (cee)k = (ce)k.
Thus, (ca)Vk = (ce)Wk = (cb)hw, and there exist an integer p and an
idempotent f € S such that (ca)Vkp = (ce)Wkp = (cb)th = f; that is,
(ca,cb) € K.
This proves that X is left compatible, similarly one shows it

is right compatible.//

Theorem 3.19. On a periodic semigroup S the following are

equivalent:
(a) K= 21X

(b) S is weakly rectangular.
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Proof. (a) implies (b). If X is a matrix congruence, then
for each a,b € S, (a,aba) € X. That § is weakly rectangular
follows directly from Lemma 3.17.

(b) implies (a). From the preceding lemma K = H*, and by
Lemma 3.17 for each a,b € S (a,aba) € X. That is, K is a matrix
congruence on §. Since I is a band congruence and hence necessarily
coarser than ¥ (Lemma 2.2), then X = X.//

Note that X = I does not necessarily imply that the set E of
idempotents of S form a subsemigroup of S; for example, any
completely simple periodic semigroup such that E is not a

subsemigroup. Thus, the next definition.

Definition 3.20. Semigroup S is strongly rectangular if for

each a,b € S there exist positive integers r,s,t such that

a’ = a'b’a’ = (aba)t.

Definition 3.21. ([11]). A band S is called a rectangular

band if for each a,b € §,a = aba.

Theorem 3.22., On a periodic semigroup S with set E of

idempotents the following are equivalent;
(a) S is strongly rectangular
(b) S is weakly rectangular and E is a rectangular band
(c) S is weakly rectangular and E is a semigroup.
Proof. That (a) implies (b) and (b) implies (c) follows

directly from the definitions of the terms involved.
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(c) implies (a). Let a,b € S; say a" = e and Bm = {f where
e,f € E. From Theorem 3.19 X is a matrix congruence, So
(a,aba) € X and (e,efe) € XK. Since E is a semigroup and each
K-class is unipotent, then efe € E and e = efe. Also, there exist
integers r,t such that al = (aba)t = e. Hence,

(aba)tn =a " =¢ = efe = arnbmarn.//

Corollary 3.23. 1If semigroup S is periodic and strongly

rectangular, then E is a subsemigroup of S and the maximal matrix
homomorphic images of E and of S are isomorphic.

Proof. Since E is a rectangular band, E is its own maximal
matrix decomposition. In addition, the X-classes are unipotent
and S/X is the maximal matrix decomposition of S. The result

is now immediate.//

Definition 3.24. An element a of semigroup S is called

regular if a = axa for some x € S, A subset A of S is called
regular if each element of A is regular.

In light of Theorem 2.11 of [2]:

an element a of semigroup S is regular,

if and only if Da’ or Ra’ or La is regular,
if and only if Da’ or Ra’ or La contains an idempotent.
These facts shall be used below without reference.

We conclude this chapter with some results concerning a

periodic semigroup satisfying Condition B; that is, a periodic
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semigroup in which ¥ is a congruence (Theorem 3.9). In each of the

remaining statements let S be such a semigroup.

Proposition 3.25. Each regular R-class of S is a right group.

Proof. Because of Lemma 1.27 it suffices to show that each

regular R-class of S is a union of groups.
Let Re be an arbitrary regular R-class of S, where e is an
. f n 1 1
idempotent. Let a € Re; say a € K" and a = f. Then aS = eS  so
for some x,y € Sl, a = ex and e = ay. Since S satisfies Condition B
. , r n.r s
there exist integers r,s such that (fy) = (a y) = (ay) = e;
1 n n 1
hence e € £5°. Also, f = a = (ex) € eS . Thus, (e,f) € R and

Re = Rf.
f

However, by Corollary 1.8 Kf n R, = G, so

a € Kf N R, = Kf n R, = Gf. Since a is arbitrary, then R, is a

union of maximal subgroups of S.//

Corollary 3.26. Each regular J-class of S is a matrix of

groups.

Proof. Since each regular L-class is a union of regular
R-classes (i.e. right groups), and each right group is a completely
simple semigroup, then each regular f~class is a union of groups.
The result follows directly from Lemma 1.13.//

Certainly a commutative periodic semigroup is weakly
commutative, hence N = K* = X and such a semigroup satisfies
Condition B. The next corollary thus generalizes a result of

Schwarz in [12] which deals with the commutative case.



46

Corollary 3.27. An element x of S is regular if and only if

x belongs to some maximal subgroup of S.
Proof. Noting the preceding corollary, then:
x € 8 and x is regular,
if and only if x belongs to some regular JO-class of S,

if and only if x belongs to some maximal subgroup of S.//

Proposition 3.28. For idempotents e,f € S,

(e,£) € N if and only if (e,f) € &
Proof. In any semigroup, £JC gCh,
Conversely, let (e,f) € N. Since X = K* then from Corollary
3.6, (e,efe) € X and (f,fef) € K. Therefore, for some integers
n,m, e = (efe)n and f = (fef)m. Hence, e € Slfsl, f € SleS1 and

(e,f) € &. But in a periodic semigroup O =&.//

Theorem 3.29., Each h-class N of S contains a J-class D which

is the union of all maximal subgroups of N, a completely simple
semigroup, and the kernel of N.

Proof., From Corollary 3.26 and the preceding proposition it
follows that the JL-class D containing the idempotents of N is the
union of all maximal subgroups of N and a completely simple
semigroup (Theorem 1.14). Moreover, since D is simple, to show

that D is the kernel of N it suffices to prove that D is an ideal

in N. -

f f

So, lethKfSNandaGGeED. Thenxza\EKGeEKl(egKg

for some idempotent g since X is a congruence; say (xa)n = g = (fe)m
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for integers m,n. Also, D is a matrix of groups hence efe € Ge;
say r is an integer such that (efe)r = e, Then we have

xa = x(ae) = xa(efe)mr = xae(fe)mr = xa(fe)mr = xa(xa)nr - (xa)nr+1.
Hence xa, having index one, lies in a maximal subgroup (Theorem 7
of [12]); that is, xa € 6% < D.

Similarly one proves that ax € D.//

Remarks 3.30, i) These last two propositions indicate that

the N-classes of S can be determined modulo the regular J-classes
of S (recall X ©Nh), and conversely the regular J-classes by the
N-classes.

ii) The idempotents of each N-class of S need not form a
subsemigroup of S. For, consider a completely simple periodic
semigroup §. It satisfies Condition B (by Theorem 1.14 X = I is a
congruence) and since it is bisimple the set E of idempotents of §
is contained in a single D-class of S. Hence, E is contained in a
single N-class of S, and N is the universal relation on S. However,
E need not be a subsemigroup of an arbitrary completely simple
periodic semigroup.

In the notation of Proposition 3.29, we may say that the
idempotents of N form a subsemigroup of N if and only if the
idempotents of completely simple semigroup D form a subsemigroup
of D.

Necessary and sufficient conditions that the idempotents of a

completely O-simple semigroup form a subsemigroup were studied
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in [15]; The case without zero can be easily deduced. Three of
these are given in Proposition 3.32, which is stated and proved for

an arbitrary semigroup.

Definition 3.31. ([10]). A semigroup is a rectangular group

if it is isomorphic to the Cartesian product of a rectangular

band and a group.

Theorem 3.32. On a completely simple semigroup S with set E

of idempotents the following are equivalent:

(a) E is a subsemigroup of S

(b) E is a rectangular band

(¢) S is a rectangular group

(d) Each inverse of an idempotent is idempotent.

Proof. (a) implies (b). Let e,f € E. Since S is bisimple
and a union of groups, then from Lemma 1.13 S is a matrix of groups
and HerHe EiHe. Hence, efe € He’ and efe = e.

(b) implies (c). Again, since S is completely simple, the
maximal subgroups of S are isomorphic to each other. Fix e € E.
For any f € E the mapping x—spexe, x € Hf, is an isomorphism of

He onto H, (Theorem 2.20 of [2]).

f
Thus, define mapping S—E X He by x—»(f,exe), where x € He,

f € E. Clearly the mapping is well-defined, one-to-ome, and onto.

Moreover, for any x,y € S (say x € Hf,y € Hg where f,g € E) we have

exye = exfgye = exfefgegye = exefgeye = exeye = (exe) (eye) .
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Therefore, xy—(fg,exye) = (fg,exeeye) = (f,exe)(g,eye).
Hence S, being isomorphic to E X He’ is a rectangular group.

(c) implies (d). Let e € E and a € § pe an inverse of e; say
a € He where £ € E. It is easily verified that the idempotents of
any rectangular group form a rectangular band. Therefore, e = efe,
f = fef and f is an inverse of e. But no ¥-class of § may contain
more than one inverse of e. ( Theorem 2.18 of [2]). Hence, a = f,

(d) implies (a). Let e,f € E. Since S is completely simple,
then by Theorem 2.17 of [2], ef € R, N Le.  Let Hg = R; N L., where
g € E.

Recalling that the idempotents of each R[£]-class form a
right [left]-zero semigroup, then (ef)g(ef) = e(fg)ef = (eg)ef =
eef = ef and g(ef)g = (ge)fg = g(fg) = gg = g. That is, ef is an

inverse of idempotent g; thus ef is idempotent.//
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Definition 4.1. ([15]). A z-semigroup is a semigroup

containing exactly one idempotent, it being a zero.

Notation 4.2. i) 1If semigroup S contains a zero, we shall

*
write S for S\{0}.
ii) Whenever clarity demands that the operation e in

semigroup S be specified, we shall say: let (S,e) be a semigroup.

Theorem 4.3, For a periodic semigroup S, X = £ if and only if

K is a congruence and S is an ideal extension of a completely
simple periodic semigroup H by a periodic z-semigroup.

Proof, If K = X, then trivially X is a congruence. From
preceding results we have that S satisfies Condition B (Theorem 3.9)
and N is the universal relation on S (Theorem 3.15). Hence,
recalling that each regular J-class of S is a union of groups
(Corollary 3.26), and for idempotents e,f, enf if and only if edf
(Proposition 3.28); it follows that S has precisely one regular
D-class, namely H = U{Gel e € E}, where E is the set of idempotents
of S. By Theorem 3.29, H is a completely simple semigroup and the
kernel of S.

Since E € H, it is now immediate that S is an extension of H
by periodic z-semigroup S/H, the Rees factor semigroup of S
modulo H.

Conversely, let a,b € S; say a € K€ and b € Kf where e,f € E.
Then e,f € H, which is a matrix of groups (Theorem 1.14), so

e f e

f
e f e e kfx E.Ke.

GGG =G . Since X is a congruence, aba € K
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Thus, aKaba and S is weakly rectangular (Lemma 3.17) . In light of

Theorem 3.19, X = Z.//

Theorem 4.4. Let (Z,e) be a periodic z-semigroup and (G,A) a

periodic group.

If ¢ is a partial homomorphism from the partial groupoid
Z* into G, then the semigroup (Z* U G,e) is an ideal extension of
G by Z, where operation ¢ is defined by

Xoy = Xey if x,y € Z, xey £ 0
xAy¢p if x,y € Z, Xey = 0
x@Ay if x€2z,y€cg¢
xNy¢p if x€ G,y € 2Z
xAy if x,y € G.
In fact, the semigroup (Z* U G,e) is a unipotent periodic semigroup
with maximal group G.

Conversely, each unipotent periodic semigroup (K,e) with
maximal subgroup G and idempotent e is the ideal extension of G by
K/G determined by the partial homomorphism

X—»Xee (=eex), x € (K/G)*,
in the above fashion.

Proof. The first sentence is a corollary of Theorem 4.19 of
[2]. Clearly, the extension is periodic and unipotent (viz. the
identity e of G), and G is contained in the maximal group G of the

extension.
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To see that G = G, suppose a € G N 2°., Then a = ace =
agNhe = a@p, which is impossible since by definition @: Zf——’G.
Hence, G N Z* = ¢ and G = G.

Conversely, it is trivial that (K/G,e) is a periodic
z-semigroup and (G,e) a periodic group. Noting that for any
x,y € K

(xey)ee = (xee)e(yee) = (xee)ey = xe(yee),
then the operation e of the extension (K = (K/G)* U G,s) derived
from the given partial homomorphism reduces to:
xey = ( xey if x,y € K, xey € G
(Xey)e e otherwise.

That is, the operation of the extension coincides with that of

(K,e).//

Remark 4.5. Henceforth we shall denote each unipotent
periodic semigroup by a triple (Z,G,p), where Z is a periodic
z-semigroup, G is a periodic group, and ¢ is a partial homomorphism

%*
from Z into G.

Theorem 4.6. Unipotent periodic semigroups (Zl,Gl,¢l) and

(ZZ,G2,¢2) are isomorphic if and only if there exist isomorphisms

*
Y: Z;—>Z, and &§: G—>»G, such that for each x € 2
1 2 1 2 1

X¢1€ = XY¢2‘
Proof. Let B: (Zl,G1,¢1)——+(22,G2,¢2) be an isomorphism. It

is easily verified that vy: Zl——-->Z2 glven by
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: *
xy = (xp if x € z,
0 if x=0

and § = BIG are each isomorphisms.
1

*
Now let x € Z1 be arbitrary. Then x¢1, (x¢1)x € G1 and

[(x8)x1B = (x9,8) (xB). So
[(x¢)x]E = (x¢,8) (xv). (4)
Also, since xp)€ € G, xy € Z,, then (x$,6)(xy) € G, and
(x8,6) (xy) = (x8,5) (xv9,) (B)
Combining equations (A) and (B) yields
[(x0)%IE = (x8,8) (xv8,) . (©
From equation (C) and the fact that (xp)x = (xp,)(x@,) we have
(8,5 (x0,8) = [(x8) (x)18 = [(x#)x]E = (x5 (xv8,). Using
cancellation on the first and last terms of this equation yields
x$,& = xvg,.
Conversely, define B: (2," U 6>—(z," U G,) by
xB = (%€ if x € G,
{ xy if x €2z".
It is clear that B is well-defined, one-to-one, and onto.
We need check five cases to show that it is a homomorphism.
D xy € G: Then xy € G, and (xy)B = (xy)€ = (xE)(y8) = (xB) (¥B).
D %y €2z andxy €27 (x0)B = (xy)y = (xy)(yy) = (xB) (¥B).
3) x,y € zl* and xy € G;: Then (xv)(y¥) € G, and
GNB = )8 = [xp) (79 1E = (x8,5) (39,8) = (x¥,) (378,
= (xy) (yY) = (xB)(yB).
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m

G1 and

(x8) (8,8) = (xE) (y¥8,)

4) x € Gl’ y € Zl*: Then xy
9B = (& = [x(yp)]E
= (xB)(yy) = (xB)(yB).

*
5) x € Zy sy € Glz Then xy € G, and the computation is symmetric

to that of 4).//

Corollary 4.7, Let X-classes Ke,Kf of periodic semigroup S

be subsemigroups. Then K® and Kf are isomorphic if and only if
. . . e, e f, f e f
there exist isomorphisms y: K /G —K /G and €: G —»G such that
*
for each x € (Ke/Ge)
(xe)8 = (xy)f.
e . . . e, e e
Proof. The X-class K 1is given the triple (K /G ,G ,¢e),
*
where ¢e: (Ke/Ge) —G® is the natural partial homomorphism
Xx—xe. Similarly for Kf.
The desired result follows from the preceding theorem.//
The next theorem can be deduced from the proof of Theorem 1

in [13].

Theorem 4.8. Let S be a periodic semigroup with subsemigroup

E of idempotents and K a unipotent periodic semigroup. In order
that S and E X K- be isomorphic it is necessary and sufficient that
the X-classes of S be mutually isomorphic subsemigroups, and there
exist a family of isomorphisms

P = {pe,f: K%——»Kfl e,f € E}

with the properties:
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(A) for each e,f,g € E, p p

g, f
e f
(B) for a € K, b €K, ab = (ape,ef)(bpf,ef)'

e, f = pe,g°

Proof. Necessity. If S=E X K, then it follows that
{{e} x Kl e € E} is the set of K-classes of S, each being a
subsemigroup. Also, for e,f € E, the correspondence

P £ {e}] x K—{f} X K given by (e,x)—>»(f,x) is an isomorphism.

It remains only to verify that the family of isomorphisms
P = {pe fl e,f € E} has the desired properties.
bl
(A) for any e,f,g € E and (e,x) € {e} X K, then (e,x)pe £ = (f,x)
b

and (e,x)p = (8,X)pg,f = (f,x).

e,g% g, f
(B) For (e,x) € {e} X K and (f,y) € {f} X K, then

[Ce,x)p, (dI(E:3)pp (] = (ef,x)(ef,y) = (efef,xy) = (ef,xy)=

(e,x) (£,y).

Sufficiency. Fix an arbitrarily chosen idempotent 1 of S,
(Note that 1 need not be an identity for S.) Define correspondence

@: S—E X Kl by a———r(e,ape 1) where a € K°© c s.
’

1) ¢ is one-to-one: Let a € Ke, b € Kf; then

ag = by implies (e,ape 1) = (f,bpf 1)
whence e = f and ape’1 = bpf’1
thus ape’1 = bpe’1

therefore a = b.
2) ¢ is onto: If (e,x) € E X Kl, then since Pe 1 is onto there

'

. e
exists some a € K such that ap, | = x. Hence,
3

ag = (e,ape,l) = (e,x).
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3) is a homomorphism: Let a € K¥, b € Kf. Due to hypothesis
y

(B) and the fact that each K-class is a semigroup, it follows

that ab € KEf. Hence,

(ab)pef,l = [(ape,ef)(bpf,ef)]pef,l

= (ape,efpef,l)(bpf,efpef,l) = (ape,l)(bpf,l)'

Therefore,

(D)@ = (ef, (abdp ¢ 1) = (ef,(ap, )(bp, )

(eap, D(£,bp, ) = (ag)(b).//

Definition 4.9. If E is a rectangular band (Definition 3.21),

then in the case of Theorem 4.8 we shall say S is a rectangular

H-class with family P of isomorphisms; or, when family P is not

specified, simply a rectangular X-class,

In particular, if K is a periodic z-semigroup, then we call S

a rectangular z-semigroup with family P of isomorphisms, or more

simply a rectangular z-semigroup,

Theorem 4.10. Let S be a periodic semigroup with

subsemigroup E of idempotents. In order that S be a rectangular
K-class it is necessary and sufficient that K = %2 and there exist a
family of isomorphisms
I =iy, 4 Ke/Gq——aKf/Gfl e,f € E}
2
with the properties:
1 =
(A') for each e,f,g € E, Ye,f Ye,g°Yg,f
(B') for a € K¥/G® and b € xf/cf ap = (ay. _)(by. .)
? e,ef f,ef

(C') for a € (Ke/Ge)* and £ € E, faef = (aye f)f-
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Proof. We first note that for each X-class K° of a periodic
semigroup, e commutes with each element of K®. Hence the side of
multiplication by idempotent f in the right half of condition (c')
is irrelevant, for Y, ¢ € Kf.

Necessity. If E is a rectangular band and S = E X K for some
unipotent periodic semigroup K, then again {{e} x Kl e € E} is the
set of K-classes of S and {{e} x G' e € E} the set of maximal
subgroups of S, where G is the maximal subgroup of K. C(Clearly,
any pair of K-classes f{e} X K, {f} X K are isomorphic under the
correspondence (e,x)—»(f,x). For simplicity of notation in the
following calculations, we shall write K® for {e} X K, Ge for
{e} X G, E for the set E X {1} of idempotents of S, and e for
idempotent (e,l) — where 1 is the identity of maximal subgroup G.

For any (e,a) € K® and (f,b) € Kf,

(e,a)(f,b)(e,a) = (e,aba) € Ke; that is, (e,a)X(e,a)(f,b)(e,a).
So by Lemma 3.17 and Theorem 3.19, X = %,

Also, if e,f € E, define Yé,f: Ke/Ge-——-»Kf/Gf by (e,x)—(£,x).
[Note: This definition is meant to include the case when
(e,x) = {e} x ¢ € Ke/Ge.] Then [ = {Ye,fl e,f € E} is a family of
isomorphisms with the properties:

(A') For each e,f,g € E and any (e,a) € Ke/Ge,
(e,8)v, o¥p, ¢ = (Br2)Y, ¢ = (f,2) = (e;a)y, -
(B') For (e,a) € K®/G® and (£,b) € ki/cf,
[(e,a)y, (ll(E,D)v, () = (ef,a)(ef,b) = (efef,ab)

= (ef,ab) = (e,a)(f,b).
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(C') For (e,a) € (K%/6%)" = K®\G® and (£,1) € E x {1},

(f,1)(e,a)(e,1)(£f,1) = (fef,al) = (f,al) and

[(e,a)y, (J(£,1) = (£,a)(£,1) = (£,al).

Sufficiency. Recalling the proof of Theorem 4.3, we know that
K= X implies H = U{Ge, e € E} is a completely simple semigroup
and the kernel of S. Since H is a matrix of groups (Theorem 1.14)
and E is a semigroup, it is immediate that E is a rectangular band.

Moreover, any pair of maximal subgroups Ge,Gf are isomogphic
under the correspondence ge,f: Ge——->Gf given by x—fxf
(Theorem 2.20 of [2]). Therefore, for e,f € E define
pe,f: Ke——->Kf by

%, g = (XY, if x€ k%765 = k&c°
{ fxf  if x € G°.

By condition (C') of the hypothesis, for any x € (Ke/Ge)* and
f €E, (xe)ée,f = fxef = (xye,f)f. Thus, from Corollary 4.7, each
pe,f is an isomorphism.

To complete the proof we verify that family of isomorphisms
P = {pe,fl e,f € E} has properties (A) and (B) of Theorem 4.8.

(A) Let e,f,g € E. 1If x € KQ\Ge, then

xpe,f = xYe,f = Xy Y £ = Xp pg £ If x € Ge, then

€,8 8, e,g
xpe’f = fxf = fexef = fgexegf = fgxgf = Xpe,gpg,f'
(B) Let a € Ke, b € Kf. We need consider four cases.

1) a € k&%, b e kigf.

(ape’ef)(bpf’ef) = (aYe’ef)(be of) = ab.
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2) a€c® be gt

(ape,ef)(bpf,ef) = (efaef) (efbef)
= (efe)a(fef)b(fef) = eafbf = ab,
3) a € Ge, b € Kf\Gf: Noting hypothesis (C'),
(ap, o) (Bog g) = (efaef) (byy o) = (efa)[(ef)(byf,ef)]
= (efa) (efbfef) = (efea)(efbfef) = (ea) (efbf) = abf = ab,
where the last equality follows from the facts that
ab, abf € Gef and the mapping Geg——wcf given by x—fxf is
an isomorphism.
4) a € Ke\Ge, b € Gf: The calculation here is symmetric to

that of case 3).//

Lemma 4.11. Let S be a periodic semigroup with subsemigroup E
of idempotents. If X is a congruence and H = U{Gel e € E} is an
ideal in S, then the system (U[Ke/GeI e € E},e) is a semigroup,

where operation o is defined by:

aeb = ( ab if a € Kq\Ge, b € Kf\Gf and ab € Kef\Gef
ef
Gef if a € Ke\Ge, b € Kf\Gf and ab € G
ef e f

G if either a = G of b = G
Proof. Closure is evident, so it remains to verify
associativity.

Let a € K°/6%, b € kf/¢f and c € k8/G®. 1f either a = G¢ or

efg

b =65 or ¢ = 6B or abe € %8, then (aob)ec = G = ae(bec).

If a € Ke\Ge, b € Kf\Gf, c € Kg\Gg and abc € Gefg, then it is

impossible that either ab € Gef or be € Gfg, because H is an ideal

ef fg

in Sand G CH, G € H. 1In such a case it must be that



61

ab ¢ GEf and bc ¢ Gfg; thus

(aeb)ec = (ab)ec = (ab)c = a(bc) = ae(bc) = ae(bec).//

Definition 4.12. In the case of the preceding lemma we call

H = U{Gel e € E} the heart of S, and the defined semigroup
(U{Ke/Gel e € E},o) the shell of S.

Since ¥ = ¥ implies the hypothesis of Lemma 4.11 (Theorem 4.3),
then the shell of S has meaning in Theorem 4.10, which we restate

as:

Theorem 4.13. Let S be a periodic semigroup with subsemigroup

E of idempotents. In order that S be a rectangular K-class it is
necessary and sufficient that:
I) K=2ZC
II) Shell of S‘is a rectangular z-semigroup with family I’ of
isomorphisms such that for a € (Ke/Ge)* and f € E, then

faef = (a'ye ¢) fywhere Yo £ €T.

Theorem 4.14. Let S be a periodic semigroup with subsemigroup

E of idempotents. Then S is a rectangular KX-class if and only if
I) X is a congruence
II) Heart of S is a rectangular group
III) Shell of S is a rectangular z-semigroup with family T of
isomorphisms such that for a € (Ke/Ge)* and £ € E, then

faef = (aye f)f,where Yo £ €T.
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Proof. Assume S is a rectangular K-class. By the preceding
theorem we know X = I, so K is a congruence. Moreover, from
Theorem 4.3 we have seen that the heart H of S is a matrix of groups,
and each pair Ge,Gf 1s isomorphic under the correspondence x—»fxf,
x € G°. Fixing G1 €S H it is easily verified that H—E X G1 given
by x—(e, 1x1), where x € Ge, is an isomorphism. Hence, H is a
rectangular group. Part III) follows directly from Theorem 4.13.
Conversely, in order that the shell of S be meaningful, we
must show that the heart H of S is an ideal in S. Since E is a

semigroup and H a rectangular group, it is immediate that E is a

rectangular band.
f

b

Let a € H, b € S; say a € Ge, b € Kf. Then ab € Ger < Ke

say (ab)n = ef. Hence, ab = eab = (efe)ab = efab = (ab)nab =

(ab)n+1; so ab, having index one, must lie in Gef. Similarly, one

can prove ba € Gfe. Thus, H is an ideal in §S.

It remains only to show that ¥ = ¥ (Theorem 4.13). Let

a €K and b € Kf. Since ¥ is a congruence and E a rectangular

band, then aba € K°k'k® = k%€ - k®, that is, aMaba.//
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As established in the preceding chapter, a unipotent periodic
semigroup can be expressed as a triple (Z,G,9), where Z is a
periodic z-semigroup, G a periodic group, and @: Z#——+G a partial
homomorphism (Remark 4.5). More generally, a semigroup S which is
an ideal extension of a group G by a z-semigroup Z can be
represented by the triple (Z,G,¢), where again ¢: Zﬁ——ec is a
partial homomorphism (Theorem 4.19 of [2]).

Hereafter, we shall take the symbol S = (Z,G,¢) to mean that
S is a semigroup of the latter, more general class, without
explicitly mentioning the fact. Observe that periodicity of S is
assumed nowhere in this chapter.

The purpose of this section is to characterize any congruence

on § = (Z,G,¢) in terms of its three components.

Notation 5.1. i) For semigroup S, let (3(S) be the set of all

congruences on S.
ii) If p is an equivalence relation on S = (Z,G,9), let
A= {xc€ Sl xpy for some y € GJ; trivially, A is a union
of p-classes of S. 1If, in addition, A is an ideal in S,
define the equivalence relations T,0 on S/A and A
respectively by:
aTh if and only if apb or a = b = 0,
acgb if and only if apb.
In all the results of this chapter, whenever p is an

equivalence relation on S = (Z,G,¢), A shall have this
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meaning; and if A is an ideal in S, the symbols T,0 shall

be reserved for these particular equivalences.

Lemma 5.2. Let p be an equivalence relation on S = (Z,G,¢),
A an ideal in S, and o € ((4A).
(1) If x € A\G, then xXo(xQ) .
(2) If x € S\A and a € A, then (ax)ola(x@)] and (xa)o[ (x¢)a] .
Proof. (1) Since x € A there exists y € G such that xoy.
Hence, (xe)o(ye), where e is the identity of G. But ye = y and

xe = (x@)e = xé. Therefore, (x¢)oy and xo(x@) .

(2) If ax € G, then ax = a(x@¢) and trivially (ax)cla(x@)].

(a@) (x¢) = (ax)@. From part (1)

If ax € A\G, then a(x@)
above, (ax)o[(ax)gl; thus, (ax)ola(xg)].

Similarly one proves that (xa)ol(x@)al.//

Definition 5.3. Let p be an equivalence relation on a semigroup

1) The equivalence p is called O-restricted if {0} is a

p-class of §.

11) A subset T of S is said to be saturated by p if T is a

union of p-classes of §.

Theorem 5.4. Let p be an equivalence relation on § = (2,G,9).

Then p € ®(S) if and only if
(1) A is an ideal in S

(2) T € @S/A) and T is O-restricted
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(3) o € Ca)

(4) If x,y € S\A and xTy, then (x¢)c(yg@).

Proof. Assume that p € @(S).

(1) Let x € S and a € A. By definition of set A, there exists
an element b € G such that apb. Thus, (ax)p(bx) and (xa)p(xb),
where bx and xb € G because G is an ideal in S. Therefore
ax,xa € A, and A is an ideal in §.

(2) and (3). These statements follow directly from the
definitions of T and o.

(4) Let x,y € S\A and xTy. From the definition of T we have
Xpy, and since p is a congruence (xe)p(ye), where e is the identity
of G, xe = (x@)e = x¢ € G, and ye = (yp)e = y¢ € G. That is,
(x@)a(yp).

Conversely, assume that conditions (1) through (4) hold in S.
In addition, the conditions in Lemma 5.2 will be used often in the
computation which follows.

Let xpy and ¢ € S. To prove that p is a congruence we consider
four cases.

I) x,y € S\A and ¢ € S\A.
i) cx € S\A: By hypothesis xTy and T € ®(S/A), so (cx)T(cy).
Since T is O-restritted, then cy € S\A. Hence, (cx)p(cy).
ii) cx € A: As above (cx) T(cy), and since T is O-restricted,
cy € A. Now xTy implies (x@p)o(y@); and o € @(A) so

(c@) (xp)o(cd) (y¢) . (*)
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If cx € G, then (c@)(x@) = cx. If cx € A\G, then
(c@) (x¢) = (cx)¢, where by Lemma 5.2 [(cx)¢lo(cx).
Similarly, if cy € G, then (c@)(y@) = cy; and if cy € A\G,
then (c@)(y9) = (cy)@, where [(cy)@lo(cy). 1In any case,
(*) above becomes (cx)a(cy), or (cx)p(cy).
X,y € S\A and ¢ € A. Then cx,cy € A. By hypothesis xTy,
which implies (x@)o(y@®); and o € @(A) so [c(x@)lolc(y®)].
Due to Lemma 5.2, (cx)o(cy), or (cx)p(cy).
x,y € A and c € S\A. Again cx,cy € A. Now xpy implies xOy,
and ¢ € @(A), so [(c@p)x]lol(c@d)y). From the afore-mentioned
lemma, (cx)o(cy), or (cx)p(cy).
%,y € A and ¢ € A. Once more cx,cy € A. Since Xpy, then x0y;
and (cx)o(cy) because ¢ € @(A). That is, (cx)p(cy).

Therefore, p is left compatible; dually one can prove it is

right compatible.//

Corollary 5.5. Let p be an equivalence relation on § = (Z,G,q@)

such that G is saturated by p. Then p € @(S) if and only if

(1) T € @(Z) and T is O-restricted
(2) o € @2G)

(3) 1f x,y € Z* and xTy, then (x¢)o(y@).

Proof. Since G is saturated by p, then A = G, which is a

*
(two-sided) ideal in S. 1In this case, S/G = Z and S\G = Z

The result is now immediate from the preceding theorem.//
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Theorem 5.6. Let S = (Z,G,¢) and
P={p € @(S)l for each p-class B, B X GJ.
Then there exists a one-to-one correspondence between P and the set
@®(G) of all congruences on G.
Proof. First, note that each p € P has the property:
apb if and only if (ae)p(be), (D
where e is the identity of G. The implication to the right is
obvious. To see the converse, let x € S. Then there exists y € G
such that xpy, hence (xe)py and xp(xe). Since ap(ae) and bp (be),
then (ae)p(be) implies apb.
Now, given o € @(G) define relation o on S by:
agb  if and only if (ae)a(be). (2)
It is easily verified that o € P and &IG = Q.
Given p € P, then certainly p,G € @(G); denote it by p*.

Using the statements (1) and (2) above we have: apb

if and only if (ae)p(be)
*

if and only if (ae)p (be)

if and only if ap*b;

that is, p = E; = ET;.
Therefore, the correspondences
f: P—»@(G) and g: @(G)—>P
given by p——»plG and a—»a
respectively, are such that
p(fog) = (p|)e = Pl ="
and a(gef) = (A)f = ETE = a.//



69
Remarks 5.7,

Let p be an equivalence relation on S

= (2,6,9)

such that A is an ideal in S.

i) The preceding theorem affords a means of determining

whether or not ¢ € @(A). Namely, o0 € @(A) if and only if

plG € @(G). 1In this sense the congruences ((A) of Theorem 5.4 are
known modulo the normal subgroups of G.

ii) We proceed next to develop a method of constructing all

congruences ((S/A) on a z-semigroup S/A of a certain type. The
technique used is similar to that of Tamura in [16]), in which he

constructs all finite z-semigroups.

Notation 5.8. 1)

(cf. [16]).

Let S be a z-semigroup and
I1 = {O}. For integer n 2 2 form In inductively as:

. n-1 . n-1
In = {x € SI x € S\(kglIk), xy,yx € kgllk for each y € SJ.

n

kgllk is a two-sided
ideal in S.

From the given characterization of In it follows

Clearly, for each positive integer n,

that if x € In’ then there exists y € S such that either xy or yx
belongs to I

n-1°
ii) To avoid repeated use of cumbersome notation, we shall
n
hereafter write Jn for U.I

k=1"k.

Definition 5.9. 1)

ii) (cf. [16]).

Let S be a z-semigroup and x,y € S, y # 0.

We say that x is a multiple of y, denoted y > x, if

x € Sy UyS U SyS. If x € S and there exist elements XpswnesX €S
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such that x = x. > x_ 2 > ..... > X = 0, then we shall say that

x has a chain of length n. Trivially, O has exactly one chain,

it of length one. Also, each non-zero element x of S has a chain

of length 2; namely, x = Xy > X, = 0. For x € S the number

D(x] = max{n| x has a chain of length n} is called the depth of x,

if such a maximum exists.

Lemma 5.10. For a z-semigroup S, x € I if and only if

D[x] = n.
Proof. In case n = 1, then x € I1 = {0} if and only if
D[x) = 1. Assume the result valid for integers 1,2,...,n-1.

Let x € In' An arbitrary chain connecting x and 0 is of the

form

X = X > Xy > ... > X = 0,

where x,, being a multiple of X1» belongs to Jn-l' By the induction

2’
hypothesis, D[x2] € n-1. Hence,

X, > X4 > ... > X, = 0,

being a chain connecting x, and O, is of length < n-1. Thus,

2
k-1 £ n-1 and k € n.

This proves that x has no chain of length greater than n,
and D[x] < n. From the induction hypothesis, D[x] = n.

Conversely, let D[x] = n; due to the induction hypothesis

x € S\Jn Moreover, for each y € S all chains of the form

-1
X>Xy> ..... >0 and x> yx > ..,.. >0
are of length < n. Therefore, for each y € S all chains of the form

Xy > ..., >0 and yx > ..... >0
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are of length < n-1. That is to say: for each y € 5, D[xy] < n-1
and D[yx] < n-1. Again, from the induction hypothesis,
Xy,yx € Jn-l for each y € §.

By the definition of I in 5.8, x € In'//

The first of the next two corollaries follows trivially from

the lemma.

Corollary 5.11. 1In order that a z-semigroup S be I-saturated

it is necessary and sufficient that each element of S has finite

depth.

Corollary 5.12. 1If z-semigroup S is I-saturated, then §

satisfies the D.C.C on principal ideals.
1 .1 1 .1 . .
Proof. 1If not, let SxS 2S5 yS 2 ... be a non-terminating
strictly descending chain of principal ideals in S. Then

X >y > ... is a non-terminating chain in S, and the depth of x

would not be finite.//

Remark 5.13. In view of Corollary 5.11, one might describe

an I-saturated z-semigroup S by saying that for each element
x € S, the lengths of all those chains connecting x and O are

bounded. If there is a common bound h on the lengths of all chains
h

in S, then S = kgllk; otherwise, § = kgllk-

Lemma 5.14. Let z-semigroup S be I-saturated. If n is an

integer such that S\Jn # @, then I + 0.

1
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B 1.
= kEn+1lK’

m > n. From the definition of Im there exists y € S such that

Proof. Let x € S\Jn = (kgllk)\Jn say x € Im where
Xy or yx € I 1 (let it be xy). Similarly, there exists z € §
such that either xyz or zxy € Im_2 (say zxy). Repeating this a

total of (m-1) times one gets a chain

> 2xy = X > ...2x, =0

= > =
X Xm Xy X m-2 1

m-1

of length m such that x, € Ii’ i=1,2,...,m. Since 1 < n+l <€ m,
then X 11 € In+1'//

As for examples of I-saturated z-semigroups, certainly finite
z-semigroups are such. And if a finite z-semigroup S is inflated
(see ex. 10, p. 99 of [2]) by sets containing infinitely many
elements, the resulting inflation of S is an I-saturated
z-semigroup of infinite order. (Just observe that each element of
the inflation has finite depth.)

Now assume that S is an I-saturated z-semigroup, so that the
results of Lemmas 5.10, 5.14, Corollaries 5.11,5.12 apply. We
intend to derive a O-restricted congruence on S and claim that
every O-restricted congruence on S can be so constructed.

Let I1 = {0} and define In as in 5.8. Choose an arbitrary
equivalence relation ﬂz on Iz, and let 2 be the induced O-restricted

Since J_  is a null semigroup, trivially 2 is a

equivalence on JZ' 2

congruence on J2.

We proceed to define equivalence relation 2 on Jn (n 2 3)

inductively as follows. First, choose an equivalence ﬂ; on In

having the property:
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(a) if x,y € I and xﬂhy, then for each z € §

n-1 n-1
zx —— zy and xz —= yz,

(B=]

Then define on Jn by:

(b) x

y if and only if (either x n-1 y if x,y € Jn-l
{or xﬂhy if x,y € In'

By induction one can easily show that each 2 is a congruence on Jn.

In countably many steps, this method yields a congruence on
S. It is completely characterized by the sequence {ﬂz,ﬂ3,ﬂ4,... 1
where ﬂz is an arbitrary equivalence on I,, and each ﬂh (n 2 3) is
an equivalence relation on In having property (a).

Conversely, let p be a O-restricted congruence on §S; again leat
I1 = {0} and define In as in 5.8.

is saturated by p; so suppose 12,....,1 are

Trivially, I n-1

1
likewise saturated by p. If x € I and xpy, by the induction
hypothesis y € S\Jn_l. In addition, for each z € S, (xz)p(yz) and
(zx)p(zy). Consequently, y € S\Jn_l and yz,zy € Jn-l for each

z € 3; that is, y € In' This proves that each Ik is saturated by

p-.

Let WZ = pl , and 2 be the O-restricted equivalence on J2

I

induced by WZ. Certainly g, which is the restriction of p to J2,
is a congruence on J2.

Again proceeding inductively for n 2 3, let ﬂh = pII , which
n

has property (a) above, and define 2 on Jn as in (b). Since each
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: ce e . n L .
Ik is saturated by p, it is immediate that each - coincides with
the restriction of p to Jn.
Therefore, the derived congruence on S agrees with p. In

terms of the aforementioned sequence, we might say

o =1{ol, sol el ... 1
L, I3,

We conclude this chapter by combining these last results with
Theorem 5.6 to derive all congruences of a certain type on
S = (Z,G,9).

Let A be an ideal in S = (Z,G,¢) such that z-semigroup S/A is
I-saturated. Note that A necessarily contains G, the kernel of S.
Arbitrarily choose a congruence Wl on G and define equivalence

relation ¢ on A by:
(c) acb if and only if (ae)ﬂl(be), where e is the identity of G.

Due to the proof of Theorem 5.6 and Remark 5.7, ¢ is a congruence

on A.

For z-semigroup S/A define each set In as previously in 5.8,
Now choose an equivalence Wz on 12 having the property:
(d) 1if x,y € 12 and xﬂzy, then (x@)o(y@). Let 2 be the

O-restricted congruence on J2 induced by "2’ and continue as before

in (a) and (b) to inductively define congruence 2 on Jn.

Lemma 5.15. If equivalence ﬂé on 12 has property (d), then
each congruence 2 on Jn (n 2 2) has the property:

(e) if x 7y, then (xg)o(y®).
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Ezggf. Since 2 is the O-restricted congruence on J2 induced
by ﬂz, then it is clear that (e) holds for mn = 2. Assume that it
is valid for integers 2,3,...,n-1.

Let x - y; from the definition of 2 in (b) either x n-l y or
xﬂhy. In the former case the result follows from the induction
hypothesis. 1If x,y € I and xﬂhy, due to the definition of I
there exists z € S such that either zx or xz € In—l; say it is
xz. Since ﬂh has property (a), then xz n-l yz; so by the induction

hypothesis, [(xz)@lol[(yz)@¢]. But xz,yz € In € S\A € 5\G and ¢

-1
is a partial homomorphism on S\G, hence (xz)¢ = (x@) (z¢) and
(yz)¢ = (y¢)(z@); that is, (x@) (z@)o(y®) (2¢) . Due to cancellation
in group A/o, (x@)o(y@).//

If T is the congruence induced on S/A by the congruences

2 a= 1,2,3,...,then the congruences ¢ on A and T on S/A satisfy

the conditions of Theorem 5.4. Thus, the induced equivalence
%
relation on § = (S/A) U A is a congruence. Note that it is
characterized by the sequence
m e
{A’"l’ 2:”:3: }’
where A is an ideal in S such that S/A is I-saturated, ﬂl is a

congruence on G, Wz is an equivalence on I, having property (d),

2
and each ﬂh (n 2 3) is an equivalence on In having property (a).

The following is a summary of the construction of congruence
{A,Wl,ﬂé,ﬂ3,... } on s = (z,6,¢):

(1) Choose ideal A of S such that S/A is an I-saturated z-semigroup,

and define Irl for S/A as in 5.8.
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(2) Arbitrarily choose a congruence ﬂl on G and define congruence
¢ on A as in (c).
(3) Choose an equivalence relation ﬂé on I2 having property (d)
and let 2 be the O-restricted equivalence on J2 induced by ﬂé.
(4) For n 2 3, choose equivalence ”n on In having property (a)
and inductively define 2 on Jn as in (b).
If one wishes to express the second parameter of the
congruence by a normal subgroup N of G rather than by a congruence
Wl on G, then step (2) becomes:

(2') Arbitrarily choose a normal subgroup N of G and define

congruence O on A by:

1

(c') aob if and only if (ae)(be) = € N.

Thus, the constructed congruence is given by
{A,N,TTZ,TTB,... }.
Conversely, if p is a congruence on S = (Z,G,®) such that

z-semigroup S/A (see Notation 5.1) is I-saturated, then

p = {Ap].pl. 50l ... .
¢’Flr,Plr,

Or, alternately, if N is the kernel of plG,

p = {A,N,plI ,pIIB,... }.
2

Corollary 5.16. If S = (Z,G,9) is such that z-semigroup S/G

is I-saturated, then the above procedure yields all congruences on S.
Proof. Since each ideal A in S contains group G, then S/G

I-saturated implies S/A likewise.//
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