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ABSTRACT

In this calculation the tight binding method as developed by
Slater and Koster, Howland, and Knox is used to investigate the valence
bands in Nal. An empirical approach based upon the model of J.C.
Phillips is used to obtain the lowest conduction band. Sufficient
parameters are used to have a convergent value for the energy of the
valence band.

In previous calculations on the various alkali-halides it has not
been customary to use trial wave functions which are eigenfunctions of
the atomic potentials used to construct the crystal potential. This
defect is found in the work of Casella, Shockley, and Howland. In the
present calculation, trial wave functions and potentials are obtained
by solving the Hartree-Fock-Slater modified equations. In this
approximation the crystal potential is simply a sum of the ionic
potentials which are centered about their proper sites in the crystal,

The mixing of levels of different quantum numbers is included
when allowed by symmetry. It is found that the effects of this are
strongly dependent upon lattice parameter. Previously these effects
had been included by Howland. Spin-orbit effects are also included and
appear for the first time in a tight binding calculation for an alkali
halide except for the work on LiCl by the author. 1In Nal this effect is
large. A splitting between rj; -[;' of 1.25 ev is obtained for the Sp
band. The band width is seen to vary from 1.75 ev for the lattice para-
meter of 6.22 Bohr units to 2.45 ev for a lattice parameterof 5.98 Bohr

1



units. This model is able to predict the spin-orbit splittings at
various points in the Brillouin zone which will agree with experiment.
Finally the model is able to explain the shift of the band edge with
temperature. This model seems able to accurately predict the observed

optical properties of Nal.



Chagter I,
INTRODUCTION,

The name "ionic crystal® is given to that class of solids in
which the binding is thought of as being due primarily to the electro-
static attractions of the constituent ions, One class of ionic crystals
is the alkali<halides, These are crystals formed from the alkali metals:
lithium, sodium, potassium, rubidium, cesium, and the halides: fluorine,
chlorine, bromine, and iodine, These substances are solid at room
temperature. They all exhibit a cubic structure; however,some are face
Centered cubic, others are body centered cubic and some are simple
cubic. The lattice parameter, a, which is the distance separating a
given halide from its nearest neighbor alkali, range from 3.79 to 7.46
Bohr unitsf

Early studies were able to show that many of the properties
could be explained using a simple picture of a collection of free
ions situated in a lattice. Using a model of point charges representing
the individual ions, it was possible to explain most of the observed
data about the cohesive energies of the ionic crystals.2»3 In these
studies the detailed structure of the solids was taken into account by
including a term Ae- /> in the energy to take into account the re-

pulsion due to the interaction of the electrons located about the various
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ions. The constants A and _f were chosen from consideration of the
compressability for the solid, These methods and more refined methods
based on quantum mechanics but still considering the solids as being
composed of ions were able to yleld results for the elastic constants
which were in good agreement with the experimentally observed values, 4:5,6

It is electrical and optical properties of these solids which are
of most interest as far as current experiments are concerned, Elec-
trically these solids are insulators,3 which indicates the presence of
filled bands, The absorption spectra lie in the ultra-violet region
of the spectrum; i.e.the absorptions lie in the range of five ev and
larger. It has been observed that these crystals can be made to conduct
by exciting them optically. However, this is only for a short time, as
the electrical charges seem to become 'crapped.7'8 The conduction
properties were considered theoretically by Frohlich® and by
Frohlich and Mott,10 The results obtained would be useful regardless of
whether the charges were electrons or holes,

From a theoretical point of view, information about the electrical
and optical properties may be gained by calculating the energy levels
and wave functions for the crystals, 1In doing this one may hope to
predict the optical absorption, spectra of the crystals, There have
been several calculations of this nature carried out on the alkali-
halides. Some of the more interesting of these are NaCl by Shockleyll

and by Casella;l? KC1 by Howlandl3 and by DeCicco;14 LiC1 by Kunz and
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VanSciver.15 The valence band, which is the 3p C1* band in all of the
above cases, was found to vary in width from about 1.2 ev to 4.4 ev.

The experimental evidence is not complete at the present
time, Parratt and Jossem!S investigated the valence band of KCl
using X«ray emission studies and found it to be 0,33 ev wide, This
disagreed with results predicted by Casellal? and Howland.l3 Recently
however, Phillips17 has considered the bands in several alkali-halides
in a semi-empirical method and obtained results which disagree with
Parratt and Josseml® but which agree with Howland, 13 Phillips bases
his results on a calculation which he made for the zinc blend crystal18
and the observed optical absorption spectra for the crystals, This
study yields information about the structure of the valence band, the
conduction band, and the exciton spectra, The excitons may be roughly
considered as a hole left in the valence band when an electron is re-
moved, and an electron in the bottom of the conduction band, which are
bound together by an electrostatic interaction., The subject of excitons
has been the subject of a recent review by Knox.19

In addition to the work on the alkali-halides there are other
recent calculations of interest, AgCl abd AgBr have been considered
by Bassani, Knox, and Fowler,20 Krypton, a rare gas solid, was con-
sidered by Fowler,2l The above calculations are noteworthy for their
completeness.

In the present work sodium iodide is considered, Sodium iodide
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is a face-centered cubic crystal (f,c.c,) and has a lattice parameter of
6,15 Bohr units, In the ground state it is in a S«type configuration.1
The outermost electrons on the iodine ion are in a S5p state, if one
considers a single electron picture, and those of the sodium ion are in
a 2p state. In the ground state both ions exhibit a closed shell con-
figuration; both are in an S state, Absorption studies have been

made for both pure and impure Nal,22,23 In the present work, the
valence band is calculated for axes of high symmetry in the reciprocal
lattice and some inferences are made about the conduction band and the
exciton spectra from the available absorption data, The effect on the
valence band is considered as the lattice parameter is allowed to vary.
In addition, the change in valence band is investigated as a stress is
applied along the [1 0 0] direction. The results are discussed and
compared to recent data, Several interesting experiments which may

be performed are discussed.

This calculation shall attempt to improve upon the calculatio;;
which have been performed on other alkali halide crystals in several
respects. To do this I shall choose a model for the free I~ and Na*
ions which I can solve self.consistently and which will yield a
potential for the various ions which will form the crystal potential
as a sum of the potentials of the ions in the crystal in a rigorous

way within the context of the model chosen, To this end the chosen

model is the Hartree<Pock.Slater modified model, This model along



with the tight binding method used will be discussed in Chapter II.

I shall consider second order perturbation corrections to the energy.
This correction was previously considered by Howlandl3 for KC1 and was
found to be an important contribution in obtaining the band width in
that it altered the band width of KC1 by about forty per cent. Bassani,
Knox and Fowler20 found this to have important effects on AgCl which

is not an alkali-halide, Powler2!l investigated this effect in krypton
and found it to be less than one per cent.

The final correction to be included is that due to spin-orbit
interactions, This had been included previously in the case of LiCl
by the author and VanSciverl5 and also in krypton by Fowler?l, The
inclusion of this correction in a tight binding method was first
obtained by Fowler for krypton, It is believed that the inclusion of
this effect should prove interesting in that J,C.Phillipsl? was unable
to account for the size of the spineorbit splittings which he observed

when interpreting the absorption spectrum of Nal,



IT.

ENERGY BAND THEORY IN INSULATORS.

A. General Discussion.

One believes that the problem should be solved in terms of a
relativistic quantum mechanics. However, since there is no internally
self-consistent relativistic quantum theory for a system of many parti-
cles, one is forced to hope that the problem is soluble in terms of a
non-relativistic quantum theory. Using a non-relativistic quantum
theory, one is forced to make simplifying assumptions so that the problem,
which may be stated in a completely general way, is computationally
manageable. One hopes to obtain a physically meaningful solution
despite the assumptions which one is forced to make.

For any non-relativistic system the exact description is given
as a solution to the Schrodinger equation for that system:

MY (P)=E, (™ (1)
In Eq. (1) ¥+ represents the Hamiltonian of the system; 1P;ﬁ(;?)
is the mth eigenfunction of W , and E, is the corresponding eigen-
value. The space and spin coordinates for the system are represented
by'?. One could possibly consider some relativistic corrections to
Eq. (1) by use of perturbation theory. One could include the correct
form for the spin-orbit interaction in the perturbation,

For a crystal the total Hamiltonian, ﬂHL , 1s given as

H" 2 gé
74.-1521 ij;w Q% *

=

kL o2 ' e
N
2_¢e | 2 (2)
-2 =z |+'TZ- Z,. 258

Il IR-v —5—— t+ Hoe, +Hexs
ST T Ry



In Eq.(2) 1 refers to the jth electron, I to the Ith nucleus; 3!1:

is the charge on the Ith nucleus, e is the electronic charge; rij is
the separation of the ith from the jth electron and Ryy is the separa-
tion of the Ith from the Jth pucleus; and li:-?:l is the separation

of the ith electron from the 1D nucleus. takes into account any

H
per
relativistic effects or spin-orbit effects and is temporarily assumed
zero, but may later include as a perturbation, Hext is the interaction
between the crystal and any external fields, 1In the work that follows
Hext is always assumed zero. In the above it is assumed that there are
n electrons and N nuclei in the crystal. The operators V operate on
the spacial parts of the wave functions only. At this point except
for Hper there is no need to include a spin dependence in the wave
functions, however, these shall be assumed present so that the inclu-
sion of spin-orbit effects may proceed smoothly.

Designate M with Hy,, and Hoxe®0 as % and then con-
sider the following definition

g 3

W¥,2Te tT, + U "J?) (3)
Here T, is the total electronic kinetic energy; TN is the total nuclear
kinetic energy; and U(?f?) includes all the potential terms of Eq.(2).
Using Eq. (1) and Eq.(3), one finds

Q) - (o) (e

¥ (PRI E.)FLP

In order to keep notation compact, the superscript © will be omitted

in future equations.



10

B. Born-Oppenheimer Theory.

At this point one is ready to begin making a series of approxi -
mations which will yield a computationally manageable model of a crystal,
Nuclear motion is still included in the model, and it is this which is
eliminated first. To do this one makes the Born-Oppenheimer or adia-

batic approximation.z4 Let us assume that the total wave function

Ym (¢ PJ ?) may be expressed as
YV, (7R = O (™6, 7 (R) ()
In Eq. (4) we have gomr (™) which is a function of the
electronic space-spin coordinates and depend parametrically on iﬁ
and (=) n);. (':P) which is a function of the nuclear space-spin
coordinate and depe-ds parametrically on the electronic state desig-
nated by r. If one requires that the solution be a stationary state,
Seitz1 (Chapter XIV) has shown that one obtains the following two
equations:
[T+ U™ R)] P (o= € BOP, 5(P ()
and
LW+t € ®Je6,7(RO=€ 56,5, (B @
Thus one sees that from Eq.(5) one obtains a wave function for the
electrons which depends parametrically on the nuclear position i? and
one obtains a wave function for the nuclei in Eq.(6) which depends
upon the state of the electron. Thus one obtains a stationary state

for the electrons with an eigenvalue f?h (ZFL) for each set of
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nuclear positions ]?. The validity of this rests on the fact that due
to the much greater mass of the nuclei compared to electrons, the
nuclei move so slowly that the electronic state remains stationary,
changing adiabatically with the nuclear motion. At the same time the
nuclei are seen to move in a '"potential' which is determined by the
average electronic positions.

This approximation is satisfactory, to a high degree of accuracy,
for most problems in solid state physics and in molecular theory. It
is useful in the consideration of electron-nuclear dynamics.25

It is not intended in this present work to consider the question
of nuclear-electron dynamics. However as the solutions to Eq.(5) will
be obtained for several values of lattice parameter, some indications

of the form of the solution to Eq.(6) will be obtained.

C. One-Electron Approximation.

The task has been reduced to solving an equation which involves
all the coordinates of all the electrons. The equation of interest is

Eq.(5) which we write omitting the reference to this equation's

dependence on R as ')
(Te+ V(PR @, (P)= €, Pa(P
One notes that the function P, (™) is dependent upon the space-

spin coordinates of about 1023 electrons in the average crystal. 1If

there are four degrees of freedom for each electron, one must obtain
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23

a g%\g?’) which is a function of 4x10°” variables, From a computa-

tional standpoint, this is a difficult, if not impossible, undertaking,

Even if such a general solution were obtained, it might not be of any

use. 26

The mathematics is best understood when one is obtaining a solu-
tion to a problem which is the description of a single particle. Thus
one wishes to construct an equation describing a single particle
which may in some way be equivalent to Eq.(5'). This desire is based upon
necessity rather than any desire to be rigorous in the solution.
Furthermore, it is common to talk of physical processes which involve
single particles rather than collections of them. One must always
remember that many-electron processes are important. Thus one may not
expect a theory based upon a single-particle approximation to explain
all the observed facts about a solid. Mathematically, of course, one
recognizes that the solution g?n(?QD may be expanded in a complete set
of single particle functions. However in practice such a complete set
is often infinite and is thus difficult to handle. Thus one is, of
necessity content to use a non-complete set of single-particle wave
functions.

In order to solve Eq.(5'), one looks for the best set of single~
particle wave functions to serve as a representation for @n D,
The set chosen must obey, for electrons, the Pauli principle. That is,

the function must be antisymmetric upon the interchange of any two
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particles. One may choose orthonormal single-particle wave functions
of the form

@ FTY= Y (PO X (&) 7)

where r. is the space coordinates of the jth electron and ‘}:J

J
is the spin coordinate of the jth electron. The subscript i refers to
the ith state. Thus by Q[(ﬁ) we mean the j'P electron is in the
ith state. Only one antisymmetric function may be constructed from

the P (7)) 26; it is
PP = n"Adet (@i (F2)) (8)

where n is the number of electrons in the system. For n=2, we illustrate
CP.(,-.:>___ 1P P
‘ V2 | @, (P> (72D
It is obvious from the form of Eq.(8) that the P; (F) are anti-
symmetric upon the interchange of two particles. For the wave function
Eq.(8), one must find the best set of ¢k(PJ ) and the equation

which they satisfy.

D. Hartree-Fock-Slater Approximation.

Using the function defined in Eq.(8), one may form the matrix
elements for Ty+ U(®®). This is defined as
Hi= <UTe+LEIL>= By (%)
The notation used is the standard Dirac notation from quantum mechanics?"

By Hi 4 Ve mean the average or expectation value for the effective
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Hamiltonian, Te + UC?:?) ,over the wave function @; (™D
This yields the average energy Ei for the system, One applies the
variational principle, § Ei-O » and require as a constraint that the
single-electron functions remain orthonormal. The result of this is

the Hartree-Fock equation.z6

"?V P PRI W(F ,JP)+§QI lgen! 47]
[ X D ‘U
?‘( ) - ZCC J?b_\f @l j%u“) (10)

r-N
= €, ?40’4)-!- 5 D¢l @rere)

In Eq. (10) J, d 'r implies integration over the space coordinates

and summation over the spin coordinates of electron j. The term

W(ry, R) includes the interaction of the given electron with all the
nuclei in the lattice. Eq.(10) is valid only for S-like states. That
is, where the total angular momentum of the system is zero. There must
be an even number of electrons and they must be half spin up and half
spin down. The multiplicity of such a system is zero. In the case
which is under consideration, the above restriction is obeyed. However,
in many practical cases the equation is used even though the multi-
plicity is not zero.28 If the 9“ are orthogonal, the »"J may

be set equal to zero. In the term involving »“J the summation does
not include the term i=j, which is the meaning of the ’ on the summation.

It is common to call various terms in Eq.(10) by name, Thus

one has
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| @ P - P
;e"j_&w_ dTJ -’V(rl,>
Here V(r;) is called the potential due to the average positions of the
electrons in the system.
QLD M5 o[ 2 sk AT AT = A, (F2)
?%r') ‘J

The term Ai(F:) is called the "exchange potential," This term arises as

a consequence of using an antisymmetric wave function. Using these
definitions,Eq. (10) becomes
C- v +wcr"? R)+VI(Fy )mcr,ﬂso cP) 26 9o
(11)
In Eq.(11) the first term is just the kinetic energy. The
second term is the interaction of electron i with all the nuclei and
the mutual interaction of the nuclei which is a constant. This constant
we shall set equal to zero. The other terms have been discussed. In
what follows we shall omit reference to the parametric dependence upon
R in the term W(ri,R) and call it simply N(ri). We shall also go over
to the atomic system of units.26 In this system ¥ -1.0. The unit of
length is the Bohr radius for the n=1 level of the hydrogen atom and
is about 0.529 A. One fipds that e={2 and m=0.5. The unit of energy
is the Rydberg which is 13,6 ev. Having done this, Eq.(11) becomes
CVSHWE+ VR4 A R @ (72) = €; @ (F3)
Another simplification which may be made is to substitute the Slater

form for the exchange potential Ai(?i),zg This defines
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p.7 = -6C o | LI a2)
where JS°(7) is the radial charge density for the electrons, obtained
by squaring and adding the wave functions for all the electroms in the
system. One notes that using the Slater exchanges has the advantages
that the potential at a point is now a local potential, that is, the
potential i8 independent of the state of the electron which sees the
potential. In the Hartree-Fock case the potential was non-local and
thus each electron could see a different potential at a given point,
This then yields
L~V WP+ VR =€ E%vlfcmD'&Dg:L.cF:)

=&, 9’¢'4F?) (13)
If one were to consider the case of a single atom Or ion in free space,
one observes that the Slater form for the exchange potential yields
incorrect results for the total potential at large distances, That is,
it overestimates the exchange potential. In the case of a free atom,
at large distances one would expect an electron on that atom to see
a potential of -2/r; however, using the Slater exchange, it sees a
potential of zero. Thus at large distance it is customary to modify
the Slater form for the exchange so that the potential has the cor-
rect form. This is done in the present work at the appropriate
places, The question is considered in some detail by Herman and
Skillman.28 Essentially the potential obtained by the Slater potential

is plotted and on the same graph the correct asymptotic potential is
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plotted, at the point where these potentials are equal one joins the

Slater potential from the origin to the point in question onto the

correct asymptotic potential from that point out to infinity. This

will be discussed again when the specific cases of I and Na are considered.
It is noted, however, that the point of changeover usually occurs at a
rather short distance from the origin, that is, between one and ten

Bohr units. Thus the equation to be used is the Hartree-Fock equation
with the Slater form for the exchange which is modified to have the

correct asymptotic behavior, This is designated as the Hartree-Pock-

Slater modified equation.

E. Group Theory.

1. General Theorems.

The problem to be solved is still a very complex one from both
a mathesatical and a physical standpoint. It is desirable to develop a
scheme of rigorously simplifying the problem without making further
assumptions. A resort to group theory will provide some useful
theorems. These are general in nature and are of considerable use.
In this section, we shall look at proofs for various useful theorems.
These theorems are generally available in the literature. However, it
is not out of place to include them here, as the inclusion will add
to the continuity of the presentation, include the pertinent theorems

in one compact setting, and place them in the notation of this thesis.



18
It is known from quantum mechanics that if two operators
commute, they may have the same set of eigenfunctions.27 That is

CABl=o0 (14)
then

At = G by

B¥ =b ¥
In Eq.(14) A and B are operators, ﬁi is an eigenfunction of A with
eigenvalue a, and is also an eigenfunction of B with eigenvalue b, .
In our problem we want to obtain eigenvalues and eigenfunctions for the
Hamiltonian. It is desired to find a set of operators which commute
with the Hamiltonian and which have either known or easily obtained
eigenfunctions.

To do this, one considers the group of operators P(R) which are
composed of rotations and translations in three dimensions.30 Thus if
f(x) and f(x') are functions of the coordinates

P(R)f(x')=P(R)f(Rx)=f(x)

By the ®Bquality, we mean the function has the same value at the point,
but not necessarily the same functional form. There is also an inverse
operator, such that

P(R)P(R)-! ]

Consider the Schrodinger equation:

H ) %ixd = €, %ix)

Now one may have
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Hixy $o0= PRI HCx')¥ex')]
SPLRYHIRXD PRI Y ix)
SH (%)

thus
Hex') = PCRIH(RXIP(R)™ (15)

where P(R)-1 denotes the inverse operator. Now if we consider certain
operators which we call symmetry operations, these are the ones which
leave the Hamiltonian unchanged. Thus

H(Rx)=H(x) (16)
Then using Eq. (15)

H(x)=P(R)H(x)P(R) "1
and multiplying from the right by P(R)

H(x)P(R)=P(R)H(x)
or

[H(x),P(R)]=0 (17
Thus one sees that the symmetry operators commute with the Hamiltonian.

These symmetry operators form a gz‘oup.30

If one has a set of orthonormal eigenfunctions for the group of
symmetry operators P(R), then there exist several theorems which are
useful.3! The method of obtaining these eigenfunctions will be con-
sidered shortly. Let P"(Q)L.j refer to the & irreducible repre-
sentation of the group P(R) and the ij matrix element of that

representation. Let sz be an eigenfunction of this representation.

Then
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n

sty = &, TR e

izl
The dimensionality of the representation is n,

EV"J ('L\jil = 5"\)‘
= [P PeR) 4]

- e
i % !2 L R% & (E>'JC%'</ 7S,

- *
= kZ (o (Q_)#z r (Q)KJ.
= LR ey, = S
thus
Q(RVQ(R) =1 (19)

where I is the identity. Thus our representation is unitary, Consider
matrix elements for the Hamiltonian.
<nxi [ HIn'' ('S = [CPR) %,,M.J P(RYH boir 1]
=(pee e, PR Wi 17
= JZJZ, [ (pziltllro‘(*(@u‘(: E“W.J H %'d’d":}
By use of the orthogonality condition for unitary irreducible representa-.
tions,3°'31 and summing over all operators R of the group. To illus-
trate the idea of summing over the operators of a group, consider the
example of a two operator group. Call the operators E and D where E
is the identity. Thus one has
E E=E
E D=D
D E=D

D D=E
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Thus here there is an irreducible representation which is one dimen-
sional and has matrix elements
P(E),,:I J r‘ (D)n = |
Thus here the above expression becomes
<nailHIn''c'> =B, ME < HIne' (1>
and when one sums over the operators, one then has
. . »

2URI< e IHInL > = [(E), MUE), <naé | Hinteis

+0D, MDY, <ned IH 1w i D>

Thus for the more general case under consideration, one obtains
*
Z(RY<nal[HIn'xte!> = SZ CE(@ (@Q P Ce)ic'
J’
C¥ ey, H it 1T

Applying the orthogonality condition
. / \
<l MM 0> 2 8 8y Ly Seh (HIn& >
The use of Eq.(20) is very important in simplifying the calculation.
Let us now obtain basis functions for our symmetry operators.

To do this we define a projection operator, 31,32

Off= X SRR pg PCR) (21)
Here g is the order of the group. To show that this has the desired pro-

perties, consider an arbitrary function F of the coordinates and operate

on it with OP%' .

2 L 3

‘%-F = %‘5 S (R) F’ (Q)t-?_PCR)\c
Operate on this by P(S), an operator of the group,

Psdol F = "« SR cR)*O_Pm)PcuP

= g; SR, R q PCSRIF
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Now since

R=S*IT for some T in the group
PsIos T F = %‘- T (T Px*“"ﬂii Py F
= % 2(M I, C‘:(J"),-J M (T)pq PCT)F
J
'JZF‘_< (S O‘*Q‘F

Thus we see from Eq.(18) that our operator Eq.(21) has the desired

property when acting on an arbitrary function.
This operator may be simplified by taking its trace.3l
o~

Thus one obtains

- *

In Eq. (22) "Xy (R) is the trace of the a(*h irreducible representation
of the operator R. The summation here is over all operators R of the
group. Thus we have obtained a prescription for obtaining basis func-

tions for our symmetry operators.

2, Periodic Potential.

In the Nal lattice there are symmetry operations which are pure
translations. These form a subgroup of the total crystal symmetry group.
This implies that we have a crystal symmetry which is infinite or one
which has cyclic boundary conditions upon translation. These conditions
are called the Born VonKarman boundary conditions .33 This has the

result that if nearest peighbor I ions are situated at
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Y [a,a,0],¥[a,0,a],[0,a,a),F [-a,8,0],% [-a,0,a], or T[o,-a,a],
then any translation by one of the above vectors or a combination of
them or any integer multiple of them will leave the lattice unchanged.
The effects of this have been studied by Bloch.34 The result of
this is the famous Bloch theorem. This says that the wave function
Vb(Ff) must behave such that if T is a translation operator which
displaces things by a vector ?, one must have
T ¢ = c'LP“PWP) = $(F-a) (23)
In doing this we must define . Let the ;T be three non-coplanar
vectors which can generate the Nal lattice. One defines the unit cell
for this lattice as the smallest volume enclosed by the planes which
are perpendicular bisectors of the lines joining a given I~ ion to all
the other I- ions in the lattice.3> Then these three translations can
generate the entire lattice. Now if these three vectors are the shortest
possible three non-coplanar vectors, one defines3l
b, &; =85
b, = Q;x Ak /QL' (QJ‘XG_k) (L‘Jij are cyclic)
and
R (% b6, +Z% b, + %2 b,) (24)
N1 is the number of lattice sites in the crystal in the direction
a, etc. The 'Zé are integers of the range 0 to Ny~1, The vectors bj
determine the reciprocal lattice. Again it is possible to construct a

unit cell in the reciprocal lattice. This is done just as for the
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direct lattice. In the case of Nal, the direct lattice is face.cen.
tered cubic, and the reciprocal lattice is body-centered cubic (bece).
These cells are shown in Figures 1 and 2. It is useful to restrict the
range of ?'to have it lie within or on the unit cell for the reciprocal
lattice. This restriction does not alter the physics of the situation.3!
This cell is called the first Brillouin zone for the lattice. This is
found discussed in virtually every book on solid state physics and we

shall not spend more time discussing the consequences of the translational

Symmetry.

F. Tight Binding Theory.

In the case of ionic crystals such as Nal, considerable success
has been obtained in explaining many of the properties in terms of a
collection of ions which occupy the necessary places in a regular
lattice. In so doing it is assumed that the electronic wave functions
are not distorted in any appreciable way by being placed in the lattice.3
The success of these approaches in explaining the properties of the
ionic crystals, leads one to hope that this might be applicable to the
problem at hand. The Schrodinger equation for the lattice is, even in
terms of the simplifying assumptions which we have made, insoluable
using current techniques. This is due to the presence of non-central,
non-spherically symmetric potentials in the Hartree-Fock-Slater modi -

fied equation. Group theory is some help. The Bloch theorem places



FIGURE 1. Unit cell for s face centered culic lattice.
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FIGUFE <. Parst Brillouin zone for a face centered cubic crystal
=it points wnd sines of high symmetry shown,
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restrictions on the translational properties of the solution. Con-
sideration of the rotation symmetry groups (point groups), which

will be done late, obtains the angular dependence of our functions.
However, after all the group theory has been carried out, there is
still an unknown function of r to be determined subject to the Bloch
restriction. This function could be obtained from the H.P.S, equation
for the lattice, but it is too difficult to solve.

The answer is to heed the early results and expect the func-
tional dependence upon r to be the same as in the case of the free
ion. Thus it is that one solves the H.F.S. equation for the free ion
and then uses these functions to form what is hoped to be solutions
for the crystal by use of the Bloch condition. This method is called
the tight binding approximation. It has been discussed in detail by
several authors and used for calculations on ionic crystalsl?,13,15,20
and rare gases.21 Good discussions of this method and comparisons
to other methods are given by Callaway3® amd Ziman.37

Assuming one has obtained the solution to the Hartree-Fock-
Slater modified equation for a free ion: from this one forms a
linear combination which transform as a basis for the o irreducible
representation of the point group. Assume the ions are situated in
a lattice and the /u ion is at the point igz . Let the 0th ion
be at the origin, R,=0 for simplicity. Then if (?3;* is the set

which transforms as a basis for the oC irreducible representation,
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one obtains for %% § o , the total crystal wave functions

Mol = >
- o '25 2 (- 4 ‘>
rJ = expl K r
(/)nlo( (r’) Vi 7)Z=0 P ;))QDm,o( > 25)
Here there are N ions of this type in the lattice. This function,
Eq.(25) is easily seen to satisfy the Bloch requirement. Let T be a

translation which changes r to - Z?;) . Then operating on

Eq. (25) with T, one has
A =]

— —_—
T"PnJ_ -<(P> :-VRL7 ; Terplik -R;))cpm:.‘(;‘z )

- B =i KRy +F,
o 3¢ ‘ je : eﬂ\: ’J)@n‘«o”' @:-'é;)
s L KRBT SR, R BT
RN W SN
=T g g (PP

Thus we see that the function defined by Eq.(25) does satisfy the
Bloch requirement. It is functions of this type with which we shall
evaluate our Hamiltonian.

The Hamiltonian H is simply given by

H==-T%+V(R) (26)
Here we have included both the coulombic and the exchange terms into
a single V(r). The matrix element of this is given as

<nlet| Winthee> = Epnpt 1 <nte| nz-<>_’4<n'1o<ln’ia<>.-§

or

<plotf 4] Nnbex >
"n'ld_<n',l_o</n'£o<_>y"<n[°((n(p(>h (27)

E
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‘%
Now each is composed of a sum of @nio(c" ‘QJ) ;

nle
Let

Pne (P B3 = Iniaxpy>

If this is substituted into Eq.(27)

— o
: <e—¢z?.@;>&/j/,«,«/c°‘é 'R}nuxv)>
1 - ' , . e; -k
mile = s T ﬁ,,h,,/e'd‘"9'{,149&<€‘?'&n“'9’ le™ n’,t-a/>ﬁ—

E
TP

Now if one factors out a single / e('k °£’J Nz > from
the right and evaluated the contribution in both numerator and de-
nominator, and if one uses another, one finds that the result is not
dependent upon which one is chosen.3® Thus there is some reduction of
labor. Some of the implied summations may be replaced by a multiplica-
tive factor on the entire answer. For the sample term retained we
may define for convenience p?) = E‘; =0 . Therefore

§<@LR éjnlwp/H/ n'loo>
g<€_u‘? &, t«//néc-(o>//‘<e‘w'€';'{-¢/ | neg 2.5

Enn e =
Now define

Snnxp = <ndxplnloto>

ann’x/) =< ndoy [ Hinleco>
M-I T
2> il .Ezﬁnn’«/l
Enn"t« = laf, T A~ 73
i e™" -S;mul S-n'n'od

Now if one defines w=o

(o]
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V=Yion * V'
here V;,. is the Hartree-Fock-Slater potential for the free ion situ-
ated at R,=0. V! is whatever is necessary to make the potential come
out all right., Thus
- ps
Hrnigp = <ndap [-9F Vryy ln'loto>+ndaw! V'] n'de>
Now one recognizes that

M= e._’?
/g- M L p) (- V\'J-VI‘,M//)’A( 2>

=/ LT, Pﬁ,
N§O ‘ wsn n Q(/J n'n’ O(/J

Here th is the energy parameter for an electron in the nth state as

given by the Hartree=Fock-Slater equation. Using this, one obtains

Y-l D B7
2 E‘ ' Vnn 'o{,u
Enn e = € Spp + 1t
5 7?.&,? (28)
=) ¢ "Sl-)h S 'n OQJ

where one has defined

V'Wow = <n-éo<,u/v'/n'lo< o>
Eq.(28) is the usual form for the energy band of a tight binding model.
In obtaining this, it was not assumed that wave functions were normal-

ized.

G. Solutions to the Hartree-Fock-Slater Equations.

The immediate problem is the solution of the Hartree-Fock-
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Slater modified equation for the case of a free I~ or Na* ion. Both
of these ions have an S-like ground state. Thus the potential which
is used will be spherically symmetric.

V@ = v(r)
Here the potential V(r) includes the coulombic interaction with the
nuclei and the electrons, the Slater form of the exchange which is
modified to yield correct assymptotic behavior at infinity, This
question is discussed in some detail by Herman and Skillman.28 In the
ions in question one proceeds as follows: The I~ ion is negatively
charged with a charge of one electronic charge. In this case, an
electron on the ion at large distance would see a potential of zero.
Using the Slater exchange the potential becomes positive, and to
correct things, the potential is set equal to zero in the region where
it is positive. In the case of the Na* ion, which has a charge of one
positive electronic charge, the potential must go as that due to a
point charge of two positive electronic charges at infinity or large
distance which for Na* is 1.25 Bohr units and 4 Bohr units for I-.
One notes that when considering an electron not located-on the ion,
that one must then remodify the potential so that this electron sees
that potential due to all the electrons situated on the ion,
The equation is
-9+ V(r)] Py = € QP

Here one assumes
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Propy (P) = R Lr) Gom (6P (o

Thus one finds that
- m \

Oy (BIPm (P) = ), (o, @)
where the )""" (9) CP) are the normalized spherical harmonics.
With this included, the equation for R(r) becomes

PrRAs (r)= Pyytr)

C-g;},_-f-z([ﬂ)/rz..,_v(;’)] Pnl(&') R 'Onl(?) (30)
The above equation for Pnl(r) must be solved by numerical means. In
the present work this was done using the method of Herman and
Skillman?8 which was modified by Kunz and Beck38 using suggestions
obtained from Skillman.3%

The Hartree-Fock-Slater equation had been solved for the case
of Cu by Pratt,40 who obtained results which were in disagreement
with those obtained by Hartree?!:42 for the Hartree equation and the
Hartree-Fock equation. After this the Hartree-Fock-Slater equation

28 4y using more

fell into disrepute. However, Hermam and Skillman,
accurate methods improved the results of Pratt.%0 Also by using the
modifies potential, there was a substantial improvement in the
results and the energy eigenvalues for Cu were brought into good
agreement with the Hartree-Fock results of Hartree.%?

The method of solving Eq.(30) for the Na* and I- ions is discussed

in Appendix A. Numerical results are given there. In Appendix B

some numerical results for other alkali and halide ions are given.
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In the latter case the results given are not complete even though com-

plete results are in the possession of the author.

H. Crystal Potential.

For computational ease, it is desired to be able to write the
potential for the entire crystal as a sum of potentials for the indivi-
dual ions in the crystal Since the crystal is thought of as a collec-
tion of free ions, this might seem to be a reasonable approach to follow.
It is noted immediately that this approach is all right as far as the
coulombic part of the potential is concerned. However one is in
difficulties when the exchange term is included. This term depends
upon the cube root of the charge density. This charge density is
formed from the squares of the electronic wave functions, Thus an
exchange potential formed from a sum of free ionic exchange potentials
is seen to be, in general, wrong. That is

g (ch”-FQ’,)))K‘ Z (% PP-RY)) (31)
where JO(P—Z:) is the charge density for the ion centered at the
site Rf: . The only case where there is an equality in Eq. (31)
is when there is no overlap of the radial charge densities. When the
modified potential is constructed, the exchange term is truncated
at large distance, and thus in this case there is little or no overlap

in the exchange term for neighboring ions; thus here one uses

3 ( PPN = (%f‘(?- p;))‘-‘*‘ (32)
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Here again the choice of the modified Slater potential is seen to have
yielded a computational advantage.

There are other attempts at constructing crystal potentials,
One by Robinson et glfs uses a many-body (correlation) corrections
to the potential. In this the Slater potential is screened by a
linearized Thomas-Fermi dielectric function. Fowler?l used this type
of potential in his work on krypton and discovered that the results
obtained were in poor agreement with those using a simple sum of
atomic potentials, and probably wrong. This is not necessarily a
failing of the potential, but may be due to using the Hartree-Fock
eigenfunction for krypton in a potential for which they were not even
good approximate eigenfunctions,

In the present work, one uses
V(P> :;[vr(;»-p;y- Y, (P2 -3)] (33)
Here one has a=lattice parameter, g=[a,0,0]. Then L (F- E;‘)
is the potential for the I~ ion about the point 7:‘-25? , and
VNo.- (P-@?-’S’) is the potential for the Na* ion located about the
point 79-257-5’ . The summation is over all the I- ion sites in the

crystal.
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III

VALENCE BANDS

A. The ry.

The concept of representing the valence states in a crystal

as a sum of states associgted with the free ions or atoms seems to
have originated with Bloch.34 1In actual practice this method seemed
to yield poor results. This does not seem to have been due to any
error in the theory but rather to the difficulty in applying the theory
exactly. These problems are discussed in some detail by Slater and
Koster. 46 They conclude that the evaluation of the parameters in the
theory by numerical means was too difficult. The suggestion was made
that the evaluation of the parameters be fitted using experimental
data or the results of more easily performed calculations. However,

a calculation by Howlandl3 seemed to answer most of the difficulties.
Also some almost exact calculations have been made by Fowler?l and
knox.20 It would seem reasonable to believe that an accurate tight
binding calculation is possible.

It seems that many advanced books on solid state theory either
dismiss the tight binding model on the grounds of difficulty of cal-
culations as stated by Slater and Koster or give it a naive treatment.
Therefore it seems reasonable to examine the practical application of
the theory in some detail here. To this end we shall duplicate to

an extent the derivation of the general tight binding formulas as
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given in Chapter II,Section F, This is done in that we may then
obtain the expressions equivalent to (II-28), but in a form applicable
to the case of a face centered cubic crystal, and the case of Nal to
be more specific.
One assumes that the single particle wave functions for the
stal ssabl
crystal are expressable a::?-é: - o _.)

?. (PY= 2 e CPJ'C - Ry (1)
where ?J (- - F> is the Jth ionic state centered about the u/ th
lattice site which transforms according to the ith row of the o th
irreducible representation of the symmetry group of the Hamiltonian.

The Hamiltonian is given as
—-» —
1 B = —~C -

9% ==+ S P-R)+y, (=R -370] (2)
We now look for the ii matrix element of ¢« . This is given as

SER % ZPrdY
SEFU R EF (P AT
Now by using Eq. (1) we obtain
T
< ]
SET e ( Zmie” e P-BU )l T
SEXPI*(Zep)a™ mgyj(ﬁ-é}’ )
This is found to equal
A =
% » = S @)oo @Ry dT
e —
SEx@) g™ LT

If one substitutes for S¢ using Eq.(2), one sees that

W=




_SE R T [t B vy om- 3 2 g mr B

W
. SEXm)y @It I

S BRI~ Ut @RI )

S & gremd
o SR X B -y 2y PR3 2 Vg edol
S ER) gTer™ dF

Now in performing this we have assumed in using tight binding that

¥

@:'L(F?) is an eigenfunction of the ionic Hamiltonian —Vl-l-b& (L ) .

This has eigenvalue é;‘ . Thus
Wi = €0 i—?"‘e‘PJ PR o T
SR P (RYITF

+ SE D Tgrl Up (P-FD - Ue (B3, (7~ BTG PRl
S &™) grery dr

« . S E VIR PT(PIA
M = € * ¥j_,a_>c.°<cr~") P Ar (3)

In using Eq.(3) it has been customary to assume that the denominator

or

is unity if one has

SoXeP) gt =/, 0

and!

V(R = Zewd Ve (F-RBo) —\ip (P )4 Uta ¢ PR3 =2 )]

This neglects the fact that the atomic orbitals on different sites
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are not orthogonal. Secondly, the numerator is very messy to evaluate.
Thus crude approximations were often made. Finally, one observes
that in previous calculations, eigenfunctions were used which were not
eigenfunctions of the atomic potential used to construct the crystal

potential.lz'l:"”z1

This last mentioned defect has been avoided by
obtaining wave functions which were eigenfunctions of the potential
used to construct the crystal potential in this thesis, It was found
that by considering nearest neighbors only in wave functions yielded
results which were exact to three significant figures.

Thus one obtains

AESUIR PPty ‘(PigFd Y
Teomw 2 (g (P-B) greP) dy

Iy
The sum runs over the lattice site L&: O and the other twelve sites

Wy = €7

closest to it. Finally one splits the potentials into two components,

These are the long range ionic part and the short range part due to

=)

i
the structure of the ion. Call these parts VIONU" and

v : (P) respectively. Thus one obtains
T

W, = e ST TIGLPI g, (s (PYLY

¢ .ﬁ%
I+ ,,% e gty d 7




- 1 —— -L/< p/\/ 39
2 PP (-0, ) - Py )Yl
+££L¢, p, (- (U4 L))

'+ 5‘ e‘m?/f (P-RP 57 AN

The long range part is handled exactly for s-and p-like states, It is

found that this result is simply VM(r), the Madelung energy of the
point ion.13,20 e short range term is found to be essentially zero
after going out more than two lattice sites. Also the short range
terms which involve more than two lattice sites are neglected as being
small. Thus the final result obtained is —

(r=K I
Yy, {gz‘(;')gp, (r)/j; Ve s (7 ’ﬁ})fz ST Dd’

Ll —
1‘._(>?% (kﬁ’) PR Uy (2 61‘7-
<~ g
* £ ( gifa% - ”6L;[L&37£F?>444q(f°i]§% (FZ)Olﬁr

(4)
=

It is this formula,Eq.(4) which is used. In the above, Q’L refers

to the sites occupied by the six sodium ions closest to the iodine ion

chosen as the origin. It is noted that for general use one allows

several different atomic states to mix in the crystal to form the

crystal function. In the present problem the mixing of the iodine Sp

and 5s states is sufficient to yield a good answer,

B. Face Centered Cubic Crystal.

The manipulations in the preceeding section yielded results

which were applicable for the case of a Nal crystal which is a face
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centered cubic. The results are actually more general and with the
appropriate change in the limits of summation and changes in the
subscripts which refer to specific ions, these results apply to any
crystaline solid in which it may be reasonable to consider the electrons
as being tightly bound.

In the particular case on hand, it is desired to evaluate the
Hamiltonian using Eq.(4). To do this, one must find the proper
combination of orbitals such that q{‘ti’) transform according
to the o th irreducible representation of the point group appropriate
to the vector K. Pigure 2 shows the reciprocal lattice cell for the
Nal lattice, For a general point in the cell the only symmetry opera-
tion is the identity. This will not simplify the problem., There are,
however, lines and points of high symmetry for which the problem
simplifies. These are shown in Figure 2. The lines and points of
interest here are the line /A in the [1 0 0] or equivalent directions;
the line A in the [1 1 0] or equivalent directions, and the line

2 in the [1 1 1] or equivalent directions, and the point [ at
the center of the zone. The use of these symmetries to choose wave
functions is given in Appendix C. We shall simply consider the
results here. (

The point [' has the full cubic symmetry. The group of
is OH. This group contains forty-eight elements in ten classes, If

we adopt the notation that C refers to an s-type atomic function,
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Px:» Py and p, refer to linear combinations of the /=1 spherical

harmonics which transform as x,y, and z respectively, then using the

standard notation45
=
Qr" - C
The line & has the same symmetry as a square in two

dimensions. This group is C:VIJ and is a subgroup of Oy. If the

direction of the line & is [1 0 0) one finds
°(=A,

?A,:CJPX
o= ADg
gisz: £, Pz
The line > has the symmetry of a line in two dimensions. It

is represented by the group C:)_z/ , a subgroup of Oy. If the

direction of the line 2 is [l 1 0], then
<=2,
@zl = CJ-& CP;(-'_P)’)
= T,
5.7 P2
=5
Es, =Yz Cpx—py)

£



42
The line A has the symmetry of the triangie in two dimen-

sions. This has Cizp) as its group. This is a subgroup of Oy4. For

A in the [1 1 1] direction, one finds
T/', = CJ -VJ—E (px'f‘Py +'Pe.>
K= As

Thus we have obtained basis vectors for our Hamiltonian.
The next task is to pvaluate matrix elements for our Hamiltonian.
To do this we adopt the coordinate system shown in Figure 3. Using

this system, one defines some terms:

Vs =f@X Py, (P)+-i/\/%§sf:—é})+g' ¢ (P-E Y] oY
Vp"f?;:‘ G2L Y, m)+»§i‘v,,a_gf—@);z:vrwc;’-@”)] dr
Ve =S @tPgn (P'e)tVnCPJﬁ-Vrgr(P-éf)]a‘?

Veps = S P32 (PGP 3T Un ()4 U BT
Vepe = § Ppa (FIPpa (P-REIL V(P + Vpor (-5 r
Veprr = J ox (P Ppx (B0 M Uy (P)H Vg (PRSI AT
S = SP P PR AT
Sipe =5 @pa (PIQF-REY AT
Seps =5 oo (P) Ppal P-BAY
Sper = [ Ppx(P) Pex (P-B)Y



FIGURE 3,
integrals,

Coordinate system used in the evaluation of two center

7=7
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Using the definitions which have been given in Eq.(4), one

finds the following expressions for the energy:46

At the point [T (T’ =)

H =g + L2 Vs
S I+12 e
2V
Ho(P Y= €, + Yo lmst 2em)
Pp- 15 b vy (e sppm)
On the line A (W=7 (4,0,0),0<4.<1)
Hyta) =€+ b +C8csmar +4 0,
" [+ (8costrg +4) S
Hep (&) = Es +Y+4C Cesmg-Cuppn +Uppe )+ Vp g7
| +4(Ccos Tr@CSPPTr +ppes) *Spph’:]

Hpc (o) = #VZ sin 9 Uspe
EI*CQCASW%.?‘*,)S“:)h’[lrQ(&oSh?/Sppyr#&f)*SpprﬂK

HPP(ASJ :GP""EP + 2 [COSMCUppdﬁ?%jn_) +op 6-;.{/,)@
|+ ZECOSW(J’P‘-}-:&SPW) +"pr6 *"'S-PPTTJ

Note that pr( AJ) is two-fold degenerate.

- 3T
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Hio (2,07 € 5 7200 o Fg v yeasipe J v
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PP~ P 3mr T
|+ Sppa (2¢0s TG +2¢osE 2 )
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(6<q <) VU
Hes (1) 2@+ Lot 8C1# cosmy ) Vs
I+& C1+cosmg 3 Sss
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I+ L4 Sppwrt 1 (‘LSP/:S‘FSQ;:W deosrg
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Crti ~casTg B%S:IKDM%”H. Q%MQ’W) cam-?] ;a._

HPP (N, )zép*‘!e ¥ Llpps (3cos "?>ﬂ/0pvr(3+5‘5a:77f)j

I+L8pp s (3+CosTmaIrGy, (3tSeasmg D]




46
We note that H //\,) is two-fold degenerate. We must solve for
Fe -

1L, o H N, ,and H (f/) from the secular equation,

since we see that there is a coupling between s and p type functions

for these states.

C. Numerical Results for Nal.

The various parameters defining our bands as given in the
previous section have been evaluated for several different values of
lattice parameter. The value of &6.15 Bohr units was used as the nor-
mal lattice parameter.l Also considered were a=6.22, 6,08, and 5.98
Bohr units. A program was written for use on an IBM 7094 or CDC 6600
to evaluate the various two center integrals which occur in the theory,
This program uses a double Simpson's rule to perform the computation.
It is noted here that it is designed to use the functions and potentials
produced by the method of Herman and Skillman.28 One must also be
impressed by the amount of time consumed by a single multiple inte-
gration. This program requires about fifty minutes to execute on a
7094 and about three minutes to execute on @ 6600. This program is
discussed in more detail in Appendix D. For the purposes of comparison
@ shorter and less accurate program was used. This executed in thirty
minutes on the G.E.225 and six seconds on the CDC 6600. This shorter
version is not included, as it is good only to two significant figures

and was not used in obtaining the final results.
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The values of the various band parameters are given in Table 1.
Using these parameters and the band form equations given in the
previous sectiorn, the values of each energy level were obtained for
several points in the first Brillouin zone. In the [1 0 0) direction
this was evaluated at thirty five equally spaced points along this
axis In the [1 1 0] direction the energy was evaluated at twenty-six
equally spaced points, and in the [] 1 1) direction at seventeen
equally distant points The results of doing this for each of the
four lattice parameters is given in Figures 4,5,6,and 7. We list
the energies of selected points of high symmetry in Table 2. It is
noted that these band shapes are in reasonable agreement with those
obtained by Howland!® and Bassani, Knox and Fowler.<0 These bands
have widths ranging from about 2.0 ev at a=5.98 to 1.3 ev at as6.22.
For KC1 Howland!? obtained a width of 1.5 ev and Bassani, Knox and
Fowler<' found Ag('] to be about 1.7 ev. Thus it is seen that these
results are consistent with the results pbtained by others for
ionic crystals The above calculations are cited because of their
rather complete nature

Having evaluated the Hamiltonian for the Nal valence bands
without spin-orbit effects, but including second order effects.due
to the electrostatic potentials, we may now apply first order per-
turbation theory to correct the results of this section. To do this

we shall assume [+ 3 coupling. The method of applying this is con-



4p

sidered in Chapter IV However hefore considering this, we shall
consider the case of an anisntropically strained lattice, since this
could have interesting experimental implicatinnsg 1n the analvsis

of data
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TABLE 2,
The Energy of Selected Symmetry Points in the Pirst Brillouin Zone for

the Various Lattice Constants. Spin-Orbit Effects not included, (Atomic

units,)
Point a=6,22 a=6,15 a=6,08 as5,98
N -.7515 -.7619 -.7720 -.7882
15
X! -.8227 -.8343 -.8467 -.8662
C'
X -.7778 -.7890 -.8007 -.8189
L, -.8261 -.8377 -.8500 -.8692
1
Ly -.7517 -.7619 -.7724 -.7887
K, -.7984 -.8099 -.8222 -.8412
K -.8132 -.8249 -.8372 -.8567
3

K" -.7685 -.7793 -.7907 -.8083



FIGURE 4. The 5p and S5s valence bands in Nal without spin-orbit
interaction, a=5,98 Bohr units. (Note scale change).
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FIGURE 5. The Sp and 5s valence bands in Nal without spin-orbit interaction
a=6,08 Bohr units. (Note scale change).
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FIGURE 6. The 5p and 5s valence bands in Nal without spin-orbit inter-
action. a=6,15 Bohr units, (Note scale ghange).
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FIGURL 7.
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D. Anisotropic Strain in the [] 0 0] Direction

At this point the considerations relating to the valence band
are complete except for spin-orbit corrections, However, usefu]
information may be obtained from a simple consideration nf a strained
lattice. In this section the symmetry and possible energvy structure
will be considered. No definite results will be included for Nal The
usefulness of this consideration will be seen later, after a discussion
of the lowest conduction band and the experimental evidence which is
available.

We shall consider only a special case Assume that one applies
a tension along the [l 0 0) axis of the crystal This will cause the
crystal to elongate along the []1 0 0] axis and shorten along the [0 ] 0)
and [0 0 1) axes. The reciprocal lattice will shorten in the [1 00)
direction and elongate along the [0 | O] and [0 0 1] axes. The re.
ciprocal lattice cell for this case 1s shown 1in Figure 8 We note
that after this stress has been applied the [1 1 0] type directions
and the [1 1 1] type directions are no longer axes of high symmetry.
The points along the [1 1 1] type direction are just ordinary points in
the zone. The four axes, [0 1 1], [0 1 17, [61 7.}, [0‘7 7], are
still symmetry directions with the group CZI’/ - The results for
these four axes are essentially the same as those for the [1'10) axis
in an unstressed crystal, especially if one considers the limit as the

strain goes to zero. These axes will not be considered any further



FIGUKE &. Farst Brillouir zone 11 a face centerec cutbic (rystal with
a strain along the Lx arx1s. lines and joints of high symmetry marked,
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at this point.

Along the three {1 0 0] directions, however, something inter.
esting occurs. The three [1 0 0] axes are no longer equivalent, The
symmetry of the [1 0 0] axis is different from the symmetry of the
{01 0) and [0 0 1) axes. The [0 1 0] and [0 0 1] axes are equivalent.
Thus we have two cases to consider. We shall assume the lattice para-
meter along the [1 0 0] direction is a and along the [0 1 0] and [0 0 1]
direction is b,

Let us consider the [1 0 0] direction first. Here one has

i?:}{qr (lOO)with 0c q<1. The group of one of these points

48,49 1 properties of this group are

—,

K is the group Cop
given in Appendix C. In order to obtain the eigenfunctions for the
irreducible representations of qu,/ , we apply the projection

o
operator O . If one uses linear combinations of P,, Py, p,, C

as trial functions, then the results are
= 4
F (™) = C, Py,

X = A
{ _
ZEBT is two-fold degenerate. Thus one observes that for the [1 0 0]
direction, the results obtained are similar to those for the [1 0 0]

direction in the strained lattice. In the limit as the strain goes

to zero the levels would be identical to those for the unstressed
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lattice.

In the direction [0 1 0] or [0 0 1] the symmetry is seen to be
that of a line in a plane. To illustrate these results we consider
the direction [0 0 1]. The group of this axis is seen to be Czy ?8’49
The properties of this group are given in Appendix C. The basis
vectors are obtained using 0 and the trial basis vectors a, Py, Py’
P,. One finds that

X=Z,
Pr) = C, Pa

<= 2,
PPy = P
<=3,

Fr)= P,

Thus one sees that along the [0 1 0] or [0 0 1] axes the degeneracy
which existed along these axes in an unstrained crystal has been
removed. This result and that which predicts the removal of the

eight [1 11 ] axes as axes of symmetry are the ones which may be of
use in checking the theoretical results and the previously made
analysis of the experimental results. The energy structures are
obtained to a two center nearest neighbor approximation and are given
in Appendix E. The inclusion of an experiment in which a stress is
applied along the [1 0 0] direction would remove the singularity in the

density of states at the point L and would help check the results
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of the analysis presented in Chapter V. Stresses along other axes could

remove other singularities and hence check other points of the model

presented in Chapter V.
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Iv.
SPIN-ORBIT EFFECTS.

As stated previously, one should have solved a relativistic
Schroedinger equation. However, such an approach seems to be impossible
at the present stage of theoretical development. The non-relativistic
electrostatic equation was considered ans was solved by approximational
techniques. At this point one may consider the validity of that
approximation. To do so one obtains approximate corrections to the
Hamiltonian and investigates them using perturbation theory.

Basically one starts with the Pauli equation for a one-electron
system.28 This is a two-component equation obtained by removing the
two small components from the Dirac equation.so From here one requires
that the potential be a scalar function of the radius. Rather than solve
this equation, we chose to consider the effects of it as a perturbation.
One proceeds by considering the terms as an expansion in térms of o .
Here one says =< is the fine structure constant, (a¢ -137‘1).

Terms of the order unity and CKfz are retained. To this order

the radial part of the Pauli equation is

CHo(P)+ Hp (P + Hy ) 4+ Hg (Y] R(PY = E R¢P) (1)
Here R(r) is the two component wave function. ‘3u¢0 is the non-

relativistic Hamiltonian. The other terms are defined as

Hm(p)z—(o(l/lf)teo._ V(p)jk )
Ha, (™) = = Gy [ A Very/dr] 94, (3)
R, (= ~ (o) LI T3 4 @
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In the above the term Hmffﬁ is the relativistic variation of mass

with velocity. E° is the zero order energy. Hd(FU is the Darwin term.
This is discussed by Foldy and Woutheusen.S50 The Hsoffﬁ is the spin-
orbit correction. The method of evaluating these parameters is given

by qﬂfman and Skillman.28 They include a computer program for evaluating
them. For the case of Nal, one will neglect Hmf?b and Hy(?™ as being
small for the states under consideration. However, the term HsoC?h

is important because it is large and also because it removes degeneracy
from our energy levels. This correction is 0 for the 5s state.

However for the S5p state one considers a parameter :f given as

- 2
3 =IRJP (r) ¥ %’ Replrirdr (s)

One considers here only one center contributions to _}? since the
Hamiltonian involves the radial derivative of the potential. This is
large in the region of the nucleus and very small or zero at distances
far from one. Thus the main contribution is a one center one.2l! The
same argument is used to disregard the non-radial derivatives of the
potential. For the case considered here one finds that 5 =0.0232
Rydbergs. One hopes that this formalism which is correct for a
single electron system will work for a system of many electrons.

One may manipulate this equation to yield

He, = L3 (6)

-
Here L is the orbital angular momentum operator for the electron and
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P the spin angular momentum operator. From here one procseds to apply
these results to a crystal. To do this one takes the eigenfunctions
of the tight binding Hamiltonian and forms linear combinations of
them which include spin dependence and transform as irreducible
representations of the group of the point in the Brillouin zone. 48,49
The appropriate double groups are given in Appendix F. The correct
combinations of wave functions are given by Koster et al .49 They are
given as if %:!LIJP =,?,
For the line A one finds
O
Pog) = Ppp™ s Lospe = ey B
Q 7
B(s,) = TlosprtiPopy df
For the line /]
Ao |
DA, =JG(‘P$px"@,3 +@ep 2 [ Z %, & = e-‘ Wf@j
% Cr (g Py I rivr (G Py LR[S 6‘”“'"
FIE et 03 .
Ay, As
BN 2k CECh(Pe-BO- 7 @79y ~20 2%
e th O] + [ u (ge- 9 + U7 (P + B 2R
[ %%+ § ot 708
E(/Ls) = Gbove with « G.ncl B hﬁerchana!d



Here we have /\H and /WJ— degenerate.

For the line :Z: one finds

PRP

Bz )= (Porqy ) 2o + ZD
‘CPe-C‘—VsT:K*'V-E [l
¢ -V'LECCPX ~ @)~ —@-J"‘ "_V"E;QJ

To use these functions one uses several identities

. These are
Pr =7 (69
- = Xe,9)
Pr =¥ (8P

Py = 1’7 (Pet P-)
- L -

Py = -5 (P= ¢-)
Here the )(Lm( e, CP) are the spherical harmonics.?’
For the Pauli functions and matrices, one uses the identities

L3l +ely L -=L, -eL
and that
m - %  mzx/
Le X = Ll sm)Ltmu] ™ %

Now if one uses the relations for f and g which are functions of

position, then

D@ =k (Lott o =L (L -L-) oy +La S,
<°‘°<Il"-”'?l§-<> = ~< 8| T I9E> =< £l Lalg>
< $x | ?13{3> <f/lL. /3>
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<§.pil’»?/j°<> =<Fllilg>

<SPl Lol @a> = T=< @l o>

Using all the above identities and the basis functions of Koster et
gl,‘s one may evaluate the energy matrix. One identifies the energy
levels before spin-orbit interactions as E( o< ) where e refers

to the irreducible representation. One defines
TS TS

& PR
Ot = 1+ 2 " WLatspy () etsp (> - D>

=1
Thus this is the normalization of the wave function of the =~

representation as a function of k . With these definitions one

obtains?!
< = A

Eladz 4 CEw, Yy rE(a,) -o{; ]
5

T L Eca) —E(a;)*g% Yer BX5 ;&
) oA, OO
E (O,) = E(Q_r.)* —?/0(6_5‘)
< = /)
R S
S
BRGRURUIZTET - IDhe R iy (o

E(n) = EU) = 01,5+ 3ben,y

<=3
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Here one must solve a cubic equation whose matrix elements are

E, =E(z)-£
E.. =E(Z)-£
533 :ECZ"'.)-E

En=B =-F Locz)ocs,)J
Eas = By, = 5Co0¢S5005, )1 R

E. =E, =¥ Log Yoz, Y™

Here one finds EE'CE?;1> as the roots given by setting the determinant
of the above matrix equal to zero.

For Nal one finds that the bands split into two bands at the
point K=0. The separation of these bands is about 1.25 ev. The upper
and lower bands no longer overlap. Energy as a function of K was
evaluated for points on the lines A and A . Thirty-five
points along A were used and seventeen points along /ﬁ
The direction 5 was not computed as the results of this would
be uninteresting as far as comparison with experiment is concerned.
These results along with a plot of the lowest conduction band are
shown in Figures 9-12. The method of obtaining the lowest conduction
band will be considered in Chapter V. Fowler?l had predicted that the
bands might not overlap for a system with a Sp outer shell, and this

prediction is seen to be true for Nal. A table of the energies at
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selected symmetry points is given in Table 3.

In Figure 13 the energies of various points as a function of
lattice parameter is given. The results thus far obtained seem to be
in general agreement with the results of the better previous
calculations. The width of the 5p band varies from 2.5 ev at a 5.98
Bohr units to 1.75 ev at a 6.22 Bohr units.

At this point the calculations on the valence bands are complete.
However we may qbtain more useful information from these results and
also from the results of some experiments. We may obtain information
about the lowest conduction band using the technique of J.C.Phillips18

and the experiments of Eby, Teegarden, and Dutton.22 This is done

in the next chapter. We may also obtain values for the effective
masses of electrons and holes at selected points in the Brillouin zone.
This information is of use to workers in exciton theory and is to be

found in Chapter VI.



TABLE 3.

The Energy of Selected Symmetry Points in the First Brillouin Zone

for the Various Lattice Constants.

(Atomic Units )
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Spin-Orbit Effects are included.

Point a=6 22 as6.15 a=6.08 a=5,98
r;,‘ - 7245 - .7348 -.7448 -.7609
X, upper  -.7817 -.7928 -.8035 - .8241
x; -.7523 -.7632 -.7748 -.7928
Ly,Ls -.7223 -.7322 -.7423 -.7580
L, upper - 7654 -.7761 -.7873 -.8046

6‘ -.8045 -.8160 -.8263 -.8428
X, lower - 8444 - 8558 -.8680 -.8871
Ly lower -.8419 -.8532 -.8652 -.8840



FIGURE 9., The Sp valence band and the lowest conduction band of Nal
including spin-orbit interaction. a=5.98 Bohr units. (Note scale change),
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FIGURE 10. The 5p valence band and the lowest conduction band in Nal
with spin-orbit interaction. a=6.08 Bohr units. (Note scale change).
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FIGURE 11, The S5p valence band and the lowest conduction band in Nal
with spin.orbit interaction. a=6.15 Bohr units, (Note scale change).
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FIGURE 12. The 5p valence band and the lowest conduction band in Nal
with spin-orbit interaction. a=6.22 Bohr units. (Note scale change
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FIGURE 13, Energy as a function of lattice parameter for selected

points of symmetry in the first Brillouin zone. (Atomic unitsj;. Spin-
orbat effects included.
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CONDUCTION BAND.

A. Model of J.C.Phillips.

In the previous chapters a model for the valence band has been
established, and computations have been performed which have yielded
a curve for the valence band as a function of E.for directions of
high symmetry. A model of the excited states of a solid is not easy
to come by. The representation of the exciton states by a tight bind-
ing method would seem possible; however, to get an adequate representa-
tion of the lower conduction bands by this model is difficult. In
order to represent the lowest conduction band, one realizes that a
large number of atomic states must be considered. Furthermore the
ionic configurations are not closed shell and the problems of con-
figuration interaction becomes more acute. This method is not considered
further, as at this time it is impractical, from a standpoint of
computational difficulty.

The orthogonalized plane wave method seems useful for the con-
duction states of tightly bound solids.?! However the convergence of
such a scheme usually requires the use of large numbers of plane
waves. This is a possible task, however, since the plane waves have
desirable analytic properties. There are, however, difficulties with
the potential. The potential is a pseudo-potential. It is not always

obvious what potential to use. That is, one always must consider
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self«consistency when one performs a Hartree-Fock calculation. In the

present work, this problem will be avoided by adopting the semi-

empirical approach of J.C.Phillips.17'18

The model is based upon the part of the imaginary dielectric
constant which is due to direct transitions of an electron from one

level to the next. This is given asl?

et h £ (R
E (W)= Tm ZT“ ;;__"(_LE S (E1~E ~Fw)dF
2 = EL) )

Here i and j refer to valence and conduction band states. V is the

volume of the Brillouin zone and the integration is over the Brillouin

zone. The oscillator strength fij(k) is defined to bel’l7

' T
-, . 2 < tiply>1
éF?j (k > - 3Im E:f"E;L

Ph1111p351 shows that fij(k) is a smooth function of X, Therefore
any radical effects noted in éL must be due to the & function.

Phillips transforms to an integral over a surface of constant energy

to obtain
'l
_eth J.ff---a?)
E (w2 = T 3 VJ &y v, Eq ! O{Sk (1)

In the above Eij-Ej(k)-Ei(k). The density of states having the energy
difference Eij is proportional to

d M) i |
Te- < fleE;\," O{Sk |

A E (2)
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Thus from Eq. (1) and Eq.(2) one recognizes that the singularities in
the density of states are also singularities in éz(w) . Thus
one expects to see singularities in the absorption spectrum at points
for which

VK (ElJ )= 0O (3)
These points are called critical points in the Brillouin zone.17 of
importance for this discussion is the identification of the singulari-
ties relating to the transition at the points f:o, %E; [1 0 0],
g%i [111]. Phillips18 has identified the points for most of the
face centered cubic alkali-halide crystals. The identification of
these points using the spectrum of Eby22 for Nal is given in Figure 14.
The identification of the points is that of Phillips18 except for the
transitions involving K = 5 [10Q] which I identify. Phillips
only considered the spectra of Eby to 10 ev. The points which I iden-
tify lie on or at higher energy than 10 ev and were not considered by
Phillips. Using these points and the calculation for the valence band,
one may find points on the energy as a function of wave vector graph
for the lowest conduction band. I find that E(!QO)- -.303 Rydbergs,
E(k= B=— [100])= -.051 Rydbergs, E(k= 3& [1 1 1])= -.176
Rydbergs. This assumes a lattice constant of 6.22 Bohr units. The

extension to the other lattice parameters is given in the next section.
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B, Results for Nal.

In a recent paper Bassani and Giuliano>? have considered the
band structure of the alkali-halides. Bassami located the position of
the valence band by lowering the electron affinity of the halogen ion by
the Madelung energy. The?dependence of the valence band was deduced
from previous tight binding calculations. In doing this the width of
the valence band is about 1 ev or less. The conduction band was then
constructed by a calculation. Bassani and Giuliano state:5?

""The conduction bands are computed by gerturbing the
free electrons with a model pseudopotential,S3 which is the sum
of pseudopotentials of the positive and negative ions. In
the pseudopotential of the negative ion a parameter o is
included, which cannot be determined from atomic data. The
results obtained for the NaCl structure indicate that %pe
minimum of the conduction band is the s-like state at k=0.

This state is insensitive to small changes in the lattice

constant, but decreases considerably when the difference
between the ionic radii increases."

Bassani observes that his model yields fair agreement with experiment
for all alkali-halides. In the context of the above quotation a

small change of iattice parameter is of the nature of five to ten

per cent,. 54 -

Slater and Koster?® have suggested using known energy values
and assuming a symmetry type for a band to obtain tight binding type
equations for the band. They suggest using general tight binding

equations with as many theoretical parameters as there are known

things. In the present case one has a s-like Band in a face centered



FIGURE 14, Optical absorption spectra of Nal as given by Eby, Teegarden
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cubic lattice. One knows three pieces of data from Section A. The
expression involving three parameters for this type of band is given as46
=24,
E. () =
S €s+ (8cas ™ +4) ({8' +(2cos g +4) V&si
X = A,
E(R)= €,+6(]+Costrg ) Vs ~E cos g \Ves o
Using the available information, one must solve the three equations

=7 = Es -4,

A5l =g = 4V, 6V

These equations yield the solution

Eg= -,142

Vgg1™ -.0158

Vgg2= 0.0054

Thus one now has obtained an analytic expression for the band
forms for the lowest conduction band. It is noted that this work is
constructed for a=6.15 Bohr units. However if one uses the results of
Bassani and Guiliano?2 it is seen that these expressions are useful for
four lattice parameters chosen. The experimental implications of this
assumption will be considered in the last chapter. The lowest

conduction band is shown in Figures 9,10,11, and 12.
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VI,

EFFECTIVE MASS THEORY.

The concept of an effective mass for electrons or holes has
been a useful one in explaining many properties of solids. This concept
involves considering an electron or hole as a free particle having an
effective mass, m*, even though the electron is not free and the
hole is not a particle but rather the absence of an electron. The
problem of an electron being a free particle with an effective mass
is useful in the theory of electrical conductivity.SS It is also
useful in considering the properties of Wannier excitons,19,20
Seitz>7 considers this problem using classical concepts within the
framework of a quantum mechanical wave packet idea. For the present
we shall not use this method but proceed by a perturbation theory.21’58

Bloch's theorem34 states that the single particle wave function
for a periodic lattice may be written as

P

FpP=e"" M, W
where AL P D) has the periodicity of the lattice. When the
form Eq.(1) is substituted in the Schroedinger for the single
particle, one obtains an equation for the oy (P) which is

C-0 4k - 2. B+ T #v @XM R0 = E,R M (70 @)

It is on Equation (2) which a perturbation is performed.

One assumes that the solution is known for a point, 1?, in the

Brillouin zone. Then the solution for a nearby point k' is desired.
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Here one defines
> >
k'sk-K
The Bquation (2) becomes
.—-;‘,"(9!

)
C-7%+ k'*+K " +2K

*

~2t kv

" — iy
-4 KV pp (M= ER MR 7 .

3
The zero order Hamiltonian is the one given in Eq.(2) with i’repluced
by K. The perturbation is H' where
e —ip . !

H'zk'" 2K K'= (2k- 7 (4)

In evaluating the corrections, one now applies second order pertur-

bation theory.s9 Thus one obtains

R Rm>S|E
? E'R’1-<?V\IH,?”>+; <R'>M' ’

E?m - Ern

In the present case assuming normalized y, 7> , one obtains

n

ER =Ep+k' 1B R~ 2<Rn R VIKnD

ISRm IR IRA >
+ 4 Z
Epm ~ Ern (5)
We note that at certain points of high symmetry such as [ , X, L
iﬂ‘the Brillouin zone the term
<BnIR'9IE&n> =0
If one restricts discussion to these points, one obtains

=Ep, ' Ty 2-'l<7?m (L7 BnSI™

E
Kn m El?m - Ep,




81
Thus the E vs, T?relationships is seen to be quadratic in'E-for these
points of high symmetry. By using an analogy to a free electron
system, one defines the effective mass to be
az_Egrv -1

Mtd‘ = 1—'12'. DIQQKJ (6)
The effective mass as given by Eq.(6) is seen to be in general aniso-
tropic, and hence the effective mass is represented as a tensor. This
tensor property is useful in explaining experimental results such
as the anamolous Hall effect.>/ The effective masses for the valence
band and lowest conduction band have been computed by differentiating
twice the energy expressions of Chapter IV and are given in Table 4.
The plus sign in Eq.(6) corresponds to electrons and the minus sign to

holes.,



TABLE 4.
Table of Effective Masses for Electrons in the Lowest Conduction

Bands and the Valence Bands. Here m=0.5 (atomic units).

n*/m m*/m m*/m m*/m
point and a=6,22 a=6,15 a=6,08 a=5,98
direction
M isotropic 0.309 0.319 0.325 0.337

X‘* along &, -.152 -.157 -.16) -.166
L; along Ay -.152 -.157 -.160 -.166
I, slong &, -1.71 -1,70 -1.64 -1.63
[y along & 1.23 0.448 0.384 0.310
"along Aye  26.1 22,4 29,1 21.4

M, along /g 4.53 0.615 0.504 0.386
[~ along & 2.64 0.923 0.797 0.640
[ along A, 2,72 0.934 0.805 0.646
X, along & 1.91 1.89 1.82 1.78

X alopg. o6 g.ss4 0.423 0.397 0.367
X alogg,f>6 ¢ 387 0,272 0.250 0.221
L,;;_alqng Ny, -22.2 -18.6 -23.9 -17.1
Ls 819880er s 0,903 0.718 0.679 0,645

Lgalogg o Ay 0.302 0.213 0.196 0.173
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VII.

DISCUSSION OF RESULTS AND COMPARISON WITH EXPERIMENT,

It is concluded that the form of the tight binding method used
here yields a convergent set of energy bands for the valence band of
Nal. Although the first order perturbation corrections to the energy
is large, the use of a second order correction within the framework of
a single determinental Slater wave function was seen to produce a
small effect on the energies. It is hoped that the higher order
corrections will fall off rapidly, and hence be of little consequence.
It is believed that the use of self-consistent atomic functions and
potentials in forming the corresponding crystal quantities was of
considerable value in obtaining a reasonable result.

In previous calculations the use of wave functions which are
eigenfunctions of the potential chosen has not always been done.12,15,21
This has caused a certain amount of problems. Fowler?l in his work
on krypton considered a Robinson,Bassani,Knox, and Schrieffer potential,
a Slater potential, and a modified Slater potential. The wave functions
used were those for a Hartree-Fock calculation for krypton. Fowler
showed that the change in the energy eigenvalue for a single particle
in the free atom was small when the Hartree-Fock wave function and
the modified Slater potential were used.

This pleasant result was not obtained for the Slater or Robinson,

Bassani, Knox, and Schrieffer potential, In general the crystal results
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presented were for the modified Slater potential.

This author believes that the use of wave functions for one
potential and a different potential in the crystal may introduce a
large error in the calculations., We argue this as follows: In the
Hartree model, the potential is strictly coulombic. Here the wave
functions have a greater spacial extent than in the Hartree-Fock
rodel which contains exchange, Thus one assumes the use of & Hartree
potential with Hartree-Fock functions. The corrections to the
normalization will be smaller than in the Hartree case. This has the
effect of making the bands broader than they should be. If Hartree
functions were used with a Hartree-Fock potential the effect would
be the opposite and the bands would be narrower than they should be.
It is noted that using Hartree functions with a Hartree potential
produces both overlaps and energy elements which are larger than in
the Hartree-Fock case. However, since the overlaps tend to decrease
band width as the energy elements tend to increase band width, there
will be cancellation, and hence the Hartree and Hartree-Fock values
would tend to converge. One cannot make as strong an argument when
using the mixed case,

The success of using a modified Slater potential with Hartree-
Fock functions is due to the potential being essentially a Hartree-
Fock potential., This is seen since the overlaps calculated for Nal

using eigenfunctions of a modified Slater potential agree very well
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with the overlaps obtained from eigenfunctions of a Hartree-Fock
potential by Hafemeister and Flygare.6° The present results are
found to be less than five per cent smaller than those of Hafemeister
and Flygare. Thus confidence in previous calculations!®:2] peed not
be shaken,

In the work of Clsella,12 a Slater potential was used for Hartree-
Fock wave functions. Casella desired to obtain a minimum width for
the bands of NaCl and also KCl. This was to cast light on the
difference between the calculation due to Schockleyll and the measure-
ment of Parratt and Jossem.l® Casella predicted an error in Parratt
and Jossem's interpretation. Howlandl3 obtained a result for KCl
which agreed with the prediction of Casella, The model used by Howland
was rather precise but made inclusion of spin-orbit effects difficult
due to its complexity.

The present calculation retains essentially all the features of the
Howland calculation, but is of & simpler nature due to our choice of
crystal. The wave function for Na* are smaller and more negatively
energetic than those of K*. Thus in relation to the iodine ion, the
interaction of the Na* wave functions are negligible. Thus it is
possible to include spin-orbit interactions in the present calculation,
In this calculation one sees that the band width increases from 1.75
ev when a=6,22 Bohr units to 2,45 ev when a=5,98 Bohr units, The band

width is seen to be very sensitive to choice of lattice parameter.
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Nidth increases as lattice parameter decreases. This is partly in
contradiction to the argument presented by Casellal? for the case of
NaCl to KCl where he predicts the opposite effect. Using the model of
Casella, one also does not obtain Casella's prediction either when
calculations are performed for NaCl and KC1.61 The author suggests
that more exact calculations be performed on NaCl and KCl to see if
predictions of Casella are actually correct. Furthermore an experiment
of the nature of Parratt and Jossem's would be of great value in
evaluating the predictions of the present calculation. The large
spin-orbit splitting should be of considerable help in isolating the
X-ray emissions due to transitions from the Sp valence bands of Nal.
Finally one must consider the meager experimental evidence
available which is able to be compared to the results of this calcula-
tion. Most of this is due to the measurements of Eby, Teefarden and Dut-
ton.23 The analysis due to J.C.Phillipsl8 is used in identifying
the points of interest in the spectrum. This spectrum taken at
70°K is given in Figure 14, Eby also yields a spectrum for about
300°K, but this is not well defined due to thermal broadening. Since
the analysis of Phillips was used to construct the conduction band,
the only other useful information available is that relating to the
spin-orbit splitting for various points in the valence bond. To
perform this analysis the results for a=6,15 are used for the tempera-

ture of 70°K, At the point r Phillips, using experiment, obtains
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a split between r1;‘ and (;.— of 1.25 ev. In the present calculation
this split is computed to be 1,25 ev, At this point the agreement is
seen to be excellent, The remainder of the splittings given by
Phillips are for the upper band only of the two valence bands. Phillips
obtains a split between ( .  and Z_; of about 0.8% 0.2 ev. The
present calculation predicts a split of about 0.65 ev, Again there is
reasonable agreement of the results. For the points X; and Xj the
analysis of Phillips would predict a splitting of 0.5 0.1 ev, The cal-
culation predicts that this splitting is 0.4 ev. Thus this calculation
is seen to produce results for the spin-orbit splittings which are
in agreement with the results of experiment for the few points at
which comparison is possible, In Figure 15 we present the results of
Phillips for KI so that comparison can be made between our bands for
Nal and those of Phillips for KI. We note that our valence band
is narrower than Phillips', but the lowest conduction band is broader.
This is due to the free electron analysis which Phillips applied tc the
conduction band, The author helieves that the bands of Phillips are
useful for qualitative arguments only. The results of this present
calculation convince the author that a more accurate analysis than
Phillips' is needed to obtain useful quantitative results,

Phillips18 observes that the spin-orbit splitting for Nal at the
_r“ point was 1.25 ev which is considerably larger than the 0.9 ev

splitting which Phillips has from ionic considerations. Phillips



FIGURE 15. The energy bands of KI as deduced by J.C,Phillips,
Phys. Rev. 133, A1705 (1964).
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unable to explain what causes this increase in the splitting., We
note that this increased splitting is very simple to explain by
using the method given in Chapter IV. The error which Phillips makes
is assuming the denominator in the perturbation calculation to be
unity, whereas the effect of two center corrections to the normali-
Zation cause it to be less than unity at the (—1 point, Thus even
though two center contributions to the H,, are small due to the
derivative being largest about the origin, the two center effects in
the wave functions normalization are not samll., Thus when one uses
the theory correctly the enhanced splitting is obtained. The author
notes that the splitting is enhanced in the other alkali-halides.
This does not show up in the work of Phillips because the splitting
is very small and the experimental error in determining them is large
enough to hide the error. However, for the iodides this error is
quite observable and hence lead to an apparent anomaly in Phillips'
paper. For example, in LiCl the crystal splitting at f_' is
calculated to be 0.13 ev while the ionic splitting is about 0,1 ev.1®

There is one other possible experimental check which can
be made at the present. This concerns the shift in energy due to
the crystal being at two different temperatures. Eby, Teegarden, and
Duttéon?? measured the absorption spectrum of Nal at both 70°K and
300°K. As the temperature increases the absorption energy for a

given transition generally decreases. In the present model any
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change in absorption energy is due to change in the location of the
valence band. Hence we make reference to Table 4 and Figure 13, In
Figure 13 we see that the shift in the energy of sz- and [7;-
with lattice parameter is essentially linear. We shall restrict our
analysis to the points (—:- and r‘; . It should be
possible to explain the energy shift in terms of changing lattice
parameter,

Recently Meincke and Graham®? measured the thermal expansion of
several alkali-halides including Nal in the range from 4°K to 300°K,
Since the change of energy for C;-’and r}- is linear with lattice
parameter, it does not matter which point one chooses for the
lattice parameter for 70°K, As previously assumed the value of 6.15
Bohr units is used. Using this and the results of Meincke and Graham
one finds that at 300°K the lattice parameter is about 6.20 Bohr
units. Thus the shift in energy due to lattice expansion at the point

r:-— is 0.11 ev and at r}f is also 0.11 ev as a result
of the calculation,

The experimental determination of these shifts is not very simple.
The edges at 300°K are smeared out due to thermal effects, and hence
an accurate determination of its precise position is not possible,

In order to avoid this problem the change in position of the exciton
peaks which predeed the bang edges is considered. These peaks

remain reasonably sharp a£:300°K. The change at (:;- is found to be
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about 0,12 ¥ ,025 ev and the change at f:_ is about 0.107%* ,025 ev,
Thus the current model is able to explain the shift in absorption
energy as the temperature is raised from 70°K to 300°K., I also believe
that if on® were to examine the absorption spectrum of Nal at low
temperature, for good resolution, and apply a strain along a {1 0 0]
direction, then as noted in Chapter III, Section D, the point L
should no longer be a symmetry point in the sense used in the con-
duction band theory as given in Chapter V, and hence one would expect
the density of states at L to be nonsingular. Thus the peak associated
with the point L in the spectrum should vanish., An experiment of
this type would be of use in checking on the assignments of peaks

18 The use of strains along

with transitions as done by Phillips.,
other axes than the [1 0 0] would be of use in checking on points
other than L. This experiment would also be of use in checking the
interpretations used in this thesis to check the results of the
calculation.

In sum it is seen that the current model is able to explain such
effects as the spin-orbit splitting for various band points and the
temperature dependence of the band edges to the degree of accuracy of
the current experiments. The author believes that the tight
binding method in the present form, including second order corrections

due to mixing of wave functions of different n and 1 and spin-orbit

effects, is capable of yielding reasonable results for the valence
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and lower bands of the various ionic crystals. However a procedure
is needed to compute the exciton levels and perhaps also the con-
duction bands in order to yield a complete model of the crystil
electronic structure. Perhaps an OPW or APW method would be useful
for the conduction bands, however, care should be taken to produce a
self-consistent result in this case. The author believes that the
correct treatment of the exciton levels lies somewhere between the
Frenkel and the Wannier picture for this solid. It is suggested
that the exciton levels and the conduction bands should be subjected
to a rigorous type of calculation,

Experimentally there is work to be done. A measurement of the
type of Parratt and Jossem is needed,1® If the absorption spectrum
could be measured at liquid helium temperatures in the region from
about 5 ev to 20 ev, the results would be of interest, as the thermal
effects should be so small that very accurate determination of the
spin-orbit splitting would be possible. Furthermore, in the region of
from 4°K to about 100°K the shift of band points with temperature
would be measurable with considerably more accuracy than is possible
with the present data. Measurements of the suggested type would be
of considerable value as they would either tend to confirm or to

contradict the results of the present work.



93

Appendix A.

''Solutions of the Hartree-Fock-Slater Equation for Na* and I-.

The assumptions regarding the free ion Hartree-Fock-Slater
equations have been considered in Chapter Il and in several references2®,28
In this section we shall present the changes necessary to obtain our
result from the program given by Herman and Skillman.?® In what
follows we adopt the convention that if a card is given the number
of & card in the program, the given card replaces that card in the
program. The symbols B,C,D,etc. after the numbers on the cards are
to establish sequence., If no letter appears the letter is assumed
to be A,

Modifications to the Hartree-Fock-Slater Self-Consistent Atomic
Field Main Program.

Remove card 58
IF(KEY-1) 1203, 208, 1203 082

1212 DO 1213 I 2, M 154
Remove card 94
Remove card 188
Remove card 380

WRITE OUTPUT TAPE 6, 2003, Z, NCORES, 383
NVALES, ION, IZ, IC
WRITE OUTPUT TAPE 6, 2010, (RUINL2(M), 394

M=MIN, MAX), IZ, NC



Remove card 397
WRITE OUTPUT TAPE 6, 2002, NLZ, XL
EE(M), WWNL(M), KKK, A(1,5),1Z, NC
WRITE OUTPUT TAPE 6, 2010, (SNL(M,I),
I=MIN, MAX), IZ, NC
Remove card 420
Remove cards 422-432
GO TO 3000
Remove cards 435-442
NSTOP=98
GO TO 3002
3003 NSTOP= 98
GO TO 3002

3002 WRITE OUTPUT TAPE 6,7, NSTOP

Corrections to Schroedinger equation subroutine.

EG=E
Q(1)=0,
QQ(2)=0.
QQ(3)=0.
P(2)=P(3)

Q(2)=Q(3)

94

412

417

433

435

336

337

338

339

25B

25C

25D

25E

126B

126C
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P(2)=P(3) 135B
Q(2)=Q(3) 135C
T(2)=T(3) 135D
D(3)=D(4) 135E
D(2)=D(3) 135F

Modifications to Relativistic Corrections Main Program.
Remove cards 48-68

With the changes made as given above the results used in this
work may be obtained. In Tables 5 and 6 some of the results for Na*
and I are given. In Table 5 the energy eigenvalues for each level in
Na* and I” are given. In Table 6 we present r(V(r)) for Na* and I~
and also r ¥ 5p(r) and r @ 5s(r) for I as a function of r. In the
calculations more points were used than are given in Table 6, These
functions are given graphically in Figures 16 and 17, It is noted
that the potential given is that seen by an electron on the ion in
question, In performing calculations one often is concerned with the
potential seen by an electron not on the ion. Thus one also constructs
from this data the potential seen by an electron not on the ion. If
this were not the case, then the inclusion of the Madelung term in
the potential would be incorrect. This point is adequately discussed

in the liternture.IS‘ZU



TABLE 5,

96

The Energy Eigenvalues Given for the Various Levels in I~ and Na*.

(Atomic Units).

Substance
Na*

Na*

Na*

I-

-

I-

I-

I-
I-

I-

Level

1s

2s

1s

2s

3s

3p
3d

4s

4d

5s

Sp

Energy
-7.88x10
-5.38
-3.34
-2.34x103
-3.55x10%
-3.34x10°
-7.19x10
-6,31x10
-4,67x10
-1,23x10
-9.27
-3.85
-0,838

"01174
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The Values of r(V(r)) and r( Y’ (r)) are Given as a Function of r

for Na* and I-,

+
T ‘No» -rVSrz T -rV(1) r Y’ (r)5s r%(r)Sp
.0099 21,55 | .0058 103.1 8.002x10-2 6,729x10~3
0199 21,08 .0117 100,1 1.11x10"1 2,297x10~2
,0298 20,60 .0170 97,33 1,089x10-1 4.403x10~2
0398 20,13 .0235 95,99 8.585x10-2 5,655x10~2
0597 19,22 .0353 92,19 9.577x10-3 1.073x10"1
0796 18,36 .0471 87,59 -7.196x10-2 1.346x10-1
.0995 17,56 0589 83,47 -1.364x1071 1.451x10°}
.1094  16.81 0707 79.73 -1.754x10"} 1.396x1071
1394  15.45 .0942 74,64 -1.767x10"} 9.111x10"2
1792 14,25 1178 68.66 -1,042x107} 1.522x10~2
.2189 13,19 1414 63.44 1,0420x10"°  .6.487x10"2
,2587 12,28 1649 58,85 1.078x10°0  _1,336x107!
.3184 10,70 2121 52,99 2.516x10"1  -2,093x107}
.3980 9,497 | .2592 46.68 2.712x10"0  _1.997x107}
4777 8,447 | .3064 41.40 1.908x10"0  -1,286x107}
5573 7.990 | .3535 37.09 5.601x10"%  -2.659x10"2
6767 7,573 .4478 31,75 -2,254x10"! 1.773x107}
8359 6,254 | .5421 26.31 -3.922x107} 3.035x10"1
9952 5,355 | .6363 22,17 -4,118x10"} 3.310x107}



1.154
1,234
1,314
1,394

etc,

4,728
4,272
4,00
4.00

etc,

. 7306
.9.92
1,107
1.296

1.484

1,861
2.239
2,616
2,993
3.747
4.501
5.256
6.010
7.518
10,027
10,53
12,04
15.06
18,07

21,09

18.84

14,91

11.18
8.582

6.732

4,861
3.249
2,151
1.367
«5571
0.0
0.0

etc.

-3.179x10"}

2.685x10‘2

3.743x10" 1

o.zzsxlo'l

7.626x10™}

s.oslxlo'l

6.973)(10-1

4.740x107

2.945x10"}

1.485x10°}

7.448x10'2

3.733x10‘2

1.325x10"2

3.329x10‘3

8.366x10™

2.103110'4

2.64x10'5

1.67x10°°

1.05x10"7

6.66)(10-9

98

2.800x10"}

5.371x1o'2

-2,038x10"}

-4,14ax10°}

-5.610x10™%

-6.900x10" %

-6.810x10"1

-6.110x10"}

-5.214x10"}

-3.577x10‘1

-2.441x10° 1

-1.693x10"!

-1.182x10"1

-5.965x10" 2

-3.050x10‘2

-1.567)(10.2

-8,20x10"3

-2.25x10"3

-6,24x10"4

-1.74x10‘4



FIGURE 16. rV(r) is shown as a function of r for Na' and I" ionms,

potential is that seen by an electron on that ion,
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FIGURE 17,

in I”,

r{(r) is given as a function of r for the 5s and Sp levels
Atomic units.
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APPENDIX B,

Some Numerical Results for Other Alkali and Halide lons.

In the process of obtaining the wave functions and the potentials
for the I~ and Na* ions, the author and Donald Beck obtained numerical
results for other alkali and halide ions in their ground state. The
wave functions, potentials, and energy eigenvalues were obtained
for the F~, C17, Br~, Li*, k*, Rb*, and Cs® ions., Due to limitations
of space these results cannot be presented at this point, However
in Table 7 the energy eigenvalues are presented for the levels in

the above-mentioned ions. These results are for the modified Hartree-

Fock=Slater potential.



TABLE 7.

.....

The Energy Eigenvalues for the Grounc State of sre : y <., ETo, L
K‘, Rb‘, and Cs* ions, (Atomic units,.
Ion and Level Energy Ier arc Leve! irerg,
F-ls -49.30 K*3s -3.443
F2s -1.548 K3z -I.ls
F-2p -0.1879 Re*is -1l53
C171s -204.5 Re*ls -idn
C172s -18,74 re'2p <133t
Cl172p -14,47 Re*3s SlleT
C173s -1.062 ro*3p ST
C173p -0.1909 ret3e 3.3k
Br'ls -969.9 Frtas SilieT
Br~2s -125.5 R tap -3l
Br 2p -113.7 Cs*is S
Br 3s -17,12 Cs™ s “3iy.:
Br 3p -12.87 Cs i -3nds
Br 3d -5.189 Cs'3s S
Br 4s -1.038 is'3; STILll
Br 4p -0.1818 Cs*3c SN
Li'1s -5.389 Cs'4s -zl
K*1s -262,6 Cs®sp S
K*2s -27.58 Cs*sc -2.84%
K*2p -22.53 Cs*ss ST
Cs®sp =34
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APPENDIX (.,

Selection of Basis Vectors for a Face Centered Cubic Lattice,

In this appendix the selection of the basis functions for the
lines <. 2 , and A is considered. Here we assume
that there are no spin-orbit considerations. That is, the transformation
properties of the Pauli spinors o< and #? are neglected.
tiere we are interested in the groups C .3/, C;‘z) ,andC—y-/ .
This has beern a topic for many authors.32'45‘48'49
First one consideres the group of the line /N . This line
nas tie symretry of a square in a plane and is represented by the
group - w1z . C:§C>) has eight operations in five classes. If one
assumes that the square lies in the plane defined as X=0, then one
cefines trne eight operations of the group by their action on an
arvitrary function of the coordinates, (x,y,z).

2 (XY, —> (XDY.Z)

LJ‘X,)‘,?.) —> (X,2,~y)

ygix‘y,Z; - (x,-2,y)
CoXat = (x,-y,-2)
fj;/;x,y,z, —  (X,y,-2)
=3 (K51 —>  (x,-y,2)
A K.t =B (x,7,2)
-3 (x,-2,-y)

':—d (XyYa2)

The operators (

4 C41 are in & class as are <, and CY;‘ .
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I
and &y and Gy . The character table for the irreducible

representations of this group is*8

Representation E 2C, gar 2§§g’ 2 o
Ay 1 1 1 1 1
‘:>: 1 1 1 -1 -1
Fa 1 -1 1 1 =1
‘:>L 1 -1 1 -1 1
4:>JF' 2 0 -2 0 0

If one uses the projection operator 0> as discusses in Section E of
Chapter II, then one finds that the basis vectors are (the line

is along the [1 0 0] direction)

&
‘#=CJx

O
Y=Y,z
The group of the line :EL is C:zjj . This line has the symmetry

of a line in a plane. (C,2) contains four operations in four
classes. If one considers the line to be the z axis, then one defines
the following operations:
E (x,y,z2) —B (x,y,2)
C,(xyy,2) —> (x,-y,-2)
Sy (xiyi2) — (x,y,-2)
a3 Xov?) (x,-¥,2)

The character table for Cz,) 1548
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Representation E C Sy S

2{' 1 1 1 1

!
2. 1 1 -1 -1
:EJ 1 -1 1 -1
1 -1 -1 1

:E‘f
By use of the operator O", one finds the basis vectors to be (when
the line $_ is in the [1 1 0] direction)

P

‘Y=, P (¥ )

ZHQ:‘ﬁt(*’Y)

The group of the line /) is C:b:p) . This is the group of
an equilateral triangel in a plane. Let us assume the triangle has
an apex on the z axis and lies in the plane x=0, This group has six
operations in three classes. The operations are defined as

E (x,¥,2) = (x,y,2)

C;(x,¥42) —> (x,2 cos 30° -y sin 30°, y cos 30° z sin 30°)

C,(x,y,2) =5 (x, -z cos 30° y sin 30°, y - os 30° -z sin 30°)
Sy (Xy,2) - (x,-y,2)
& Kyi2) =D (x,-2,-y)
Sz Xovi2) =D (x,y,2)
Here C3 and C; are in a class and &y , :5;' , and 6‘.’" are in

a class, The character table is48
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Representation E 2C:5 38/
N 1 1 1
N, 1 1 -1
A 5 2 -1 0
By use of the projector 0™ , one finds basis vectors to be (Here one
has A in the [1 1 1] direction)
N

.¢,CJ#5_ Crtyte)
As
vrfplz-y ), d (¥ ty - 22)
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APPENDIX D,

Evaluation of Two Center Matrix Elements.
RO

In the problem under consideration it was necessary to evaluate
two dimensional integrals for functions centered about two origins.
One has two functions of r and © centered about one origin and a func-
tion of r' and &' centered about a second origin, The coordinate
system used is shown in Figure 3, Any ¢ dependence of the functions
was eliminated by direct integration. A program was written in
Fortran II to perform these integrations using a double Simpson's
Rule.47 This program is designed to be used with the wave functions
and potentials generated by our Hartree-Fock-Slater program. The

program is included in this appendix and is given below,
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TWO CENTER INTEGRALS ARE EVALUATED FOR CERTAIN SOLID STATE
CASES

BY A COUBLE APPLICATION OF SIMPSON RULE THE FUNCTIONS ARE S OR
P FUNCTIONS ENDINGS I OR J REFER TO CENTER ONE AND K REFERS TO

CENTER TWO A IS THE SEPARATION L S ARE ANGULAR
QUANTUM NUMBERS

-1 IS S STATE 0 IS PX STATE 1 IS PZ STATE XL IS RANGE
OF INTEGRATION I J K DESIGNATES THE FUNCTION TO BE
INTEGRATED WRITTEN IN FORTRAN TWO FOR IBM 7094 OR CDC 6600 OR
GE 225 WITH DIMENSION MODIFICATION IN THE SPRING 1965 AT
LEHIGH UNIVERSITY BY A BARRY KUNZ

DIMENSION X(441), FI(441), RK(441),SNLO(10,441), Z(IC),
IXFUN(441), THFUN(501), TH(3,501)

FORMAT (212)

FORMAT (10F6.1)

FORMAT (1X,5F12.6)

FORMAT (612,F8.4)

FORMAT (1H, SF12.6)

FORMAT (1HO,9HINTEGRAL=,F12.8,16)

FORMAT (1HO, SOHTHIS PROGRAM HAS RUN TO COMPLETION AND CALLED
EXIT)

FORMAT (1H, F8.4)
XFUN(1) = 0,0
DTHETA =,015708

THETA = 0.0
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11

13

DO 18 J=1,201

SNLO (J,I)=0,0

CONTINUE

CONTINUE

GENERATE X MESH

DELTA=,00250

I=1

X(1)=0.0

DO 11 J=1,11

DO 12 K=1,40

I=]el

X(I)=X(I~L)+ DELTA

DELTA=DELTA+DELTA

DO 101 KLM=1,NOINT

DETERMINE WHICH FUNCTIONS ARE TO BE INTEGRATED
READ INPUT TAPE 5, 40, IFI, IFJ,IFK,LI,LJ,LK,A
DETERMINE F BY INTEGRATION OVER THETA
Cl=.88534/Z(IFI)**(1./3.)
CK=,88534/Z(IFK)**(1./3.)

DO 13 1I=I,441

RI(I)=CI*X(I)

RK(I)=CK*X(I)

DO 14 M=2,401

109



18

19

21

XFUN(M)=0,0
THETA=0, 0

XFU=SNLO (IFI,M)*SNLO (IFJ M)

RR= RI(M)

TH(1,J)=1.0

DO 19 J=1,201
TH(2,J)=(3./4.)**(1./2.)*SINF (THETA)
THETA=THETA+DTHETA

THETA=0,0

DO 21 J=1,201
TH(3,J)=(3./2.)**(1./2.) *COSF (THETA)
THETA=THETA+DTHETA

READ INPUT TAPE 5, 10, NOFN,NOINT
READ INPUT TAPES, 20, (Z(I),I=I,NOFN)
DO 1 J=1, NOFN

READ INPUT TAPE 5, 30, (SNLO(J,I), I=I, 441)
READ INPUT TAPE 5, 10, KEY, KSN

IF (KEY) 2,2,3

DELTA= .00250

I=1

X(1)=0.0

C=,88534/Z(J)**(1./3.)

DO 6 JJ=1,11

110
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DO 7 KKs=1,40
I=Iel
X{I)=X(I-1)+DELTA*C
DELTA=DELTA+DELTA
DO 8 1I=2,441
SNLO(J,1)=SNLO (J,I)?X(I)
Kim]
DO 15 N=1,201
YI=RR*SINF (THETA)
ZI=RR*COSF (THETA)
YK=YI
ZJ=Z1-A
ReSQRTF (YK**2 ZK**2)
SIKsYK/R
COK=ZK/R
GET ANGULAR DEPENDENCE
THI=TH(LJ,N)
THJ=TH(LJ,N)
IF (LK) 26,27,28
THK=1.0
GO TO 29
THK=(3,./4.)**(1./2,)*SIK

GO TO 29
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29

32

31

33

34

35

15

36

14

37

112
THK=(3./2.)**(1./2,)*COK
CONTINUE
DO 31 I=KZ,401
J=]
IF (RK(I)-R) 32,33,34
CONTINUE
CONTINUE
RAD=SNLO (IFK,J)
GO TO 35
RAD=SNLO (IFK,J=1)+ (R-RK(J~1))* (SNLO(IFK,J)-SNLO(IFK,J-1))/
1(RK(J)-RK(J-1))
KZ=J
THFUN (N) =XFU*RAD*THI*THK* SINF (THETA)
THETA=THETA+DTHETA
DO 36 N=1,199.2
XFUN (M) + (DTHETA/3.) + (THFUN{N) +4 , *THFUN (N+1) +THFUN (N+2) )
CONTINUE
CONTINUE
DO 37 I=2,401
XFUN(I)=XFUN(I)* (RI(I)**2)
WRITE OUTPUT TAPE 6,50, (XFUN(I),I=I,301)
INTEGRATE OVER RI

ANS=0,0
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DO 38 I=1, 399,2
38  ANS=ANS+((RI(I I)=RI(I))/3.)*(XFUN(I)+4.*XFUN(I+I)+XFUN(I+2))
WRITE OUTPUT TAPE 6,60,ANS, KLM |
PRINT 60, ANS, KLM
101 CONTINUE
WRITE OUTPUT TAPE 6,70
CALL EXIT

END
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APPENDIX E.

"‘Matrix Elements for the Strained Lattice.

In Section D of Chapter III the case of a face centered cubic lattice
with an elongation along the {1 0 0] direction was considered. Basis
functions were obtained for the {1 0 0] and [0 1 0] direction in
reciprocal space, One may obtain the expressions for the energy
of this system. They are found to be

(1 0 0] direcg%gn
_ - JC
°<—AI Jk "3.%—('00)4 O’-Ci-<'

E (&) =€, +(Vp+8coska Lende,<a/vie)lze>

2
tSinle, <x/ Vel XeedS]+sins, <x /u(abl)(d))j

I+ 8 ? '
Ot 8ces ke [epste, e BIBCODH+CIn2 0, <x/x(IN]
t AL X (d )NT !
e = AJ.

E? -
yy(os)z € ” +EVP * Geoska E;;” ?é/ <E/VCe) ,&“‘D

Hlteoste, ) «x ee) | xe >4

<XV IXed) S Yeas
+ (i+cos

2[<La(eed)l ) >

» ke [sinlg,ca 123
S, I X/
X(c) NI 22/ 2eel)d <X/ Xeedy ] 7~/



115
[0 0 1] direction

<= ZIJP ::T-%'(OO/)‘)a<%<,

E,.(5): &, + [vprqo(/va)l Wiey>

*t4coskb Lsin?é <2 |Ucc) (RCc)Dtcase, extyecy | x Y,

t2coskb [gu (V) 12¢dy Sy < x ved)ixed) ] ]

L+ dexi x (> tacakocintg SRR
/

+ b}
Cos’ e, Sxlxee)y] + 2 ceskp Ca [2eed D>

+<x/xzd)>jj"
<= 2,
E - .
yy(&332€,+ [ upry Esm’e,<a/va)/-z@>

+Cog ?
S?s, <x/vce) /x(<)>J+¢¢ag/<b[<3< Wee)lxeeyS

+2cask

< b[:<z-h/(d)/z(4)>+<x/VCd)|xcd)>Dj
C *4[sin’g RIS teasty <xfxce >
-+ Llco.sl:b&x/)q c)>3 +2cos kb

[<2/=cd)>
+ <xlxcd>>)]™!



°<=E,,
E,

1le

0 (&) ‘-é,,'fC\/p + Y cos ?@/ < vl cey>

?
+5Sin 6 <xl l//c)/"‘(fﬁ>j+9cw/<bf_—ccj’cb
/

< 2/ vc
)/ ilcfc_b_:>-r_g, " 169, <x/ L/(c’)/,x(’(_L:>:]

Tt deosk
Kb <x Jued) /xm’)>3[7* “ec, e, <) L
+ Sin ‘e < x/ . |
, Xy, Yotk [op 2 <A RCC)>
/

tSine
Sin‘e, L x [XCCOST+ ¢ ot ken q/x(c()/\,]‘/

In the above formulas a is the lattice parameter in the [1 0 0]

direction, b is the lattice parameter in the [0 1 0] direction.
also defines

—_

C = la b-o)d)o Ca Obj/c-fc

One

lcl = (at+bh?) 2

>

[l

= (oa.a ), ete.
S, =

" a
arctan (a/b)

Thus one has expressions for the energy of a p type band in a

strained face centered cubic lattice assuming no spin-orbit interaction
and a strain in the [1 0 0] direction.



APPLNLIX F.

Double Groups, Lxtra IrreduciLle kepresentati-i.s

When one wishes to consider spifi-crt 1t intera *.-rs, tre tre: g,
is somewhat complicated by the transformatior properties f tre
Pauli spinors. The groups of interest, - o o (o /"41/ , T@re
additional operations, classes, and irrecucilie represerta’.crs.
Consider the Luler angles & , ? , e vrern tee te
matrices corresponding to this rotstion on tre fau.i s;.incrs are

defined by
- - _ ] - — -
My= A= Ces 2l tmrt Ly

L, =cAL,, T 4 9/L°»<,6 ARG -4,/27

Thus here the identity rotation is oune of 37 e 1uerntit, rorat,.:

for simple vectors of 2 is the improper rotaticr for spircrs. o us
for each previous operator we have a new cperater wfi.: .8 't sare
rotation as before plus ¢~ . The new operators are -lesigrnate: ', tre

same symbols as used previously, and the cid cperatcrs use t'eir sare
symbols with a bar over them. for exampie

E (6,¢, ¢4 = ( &+yTr ?*9*/ ¥+ o~ _

E (B4 ¢ = (6+m, @27 %4

For the present not all irreducitle representations reec te
considered. For the direction &~ , one neeus tre representatiors )4
and & > + Here the group Q.,; has sixteer operaturs ir sever

classes. The character table is
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