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ABSTRACT

The symmetric and anti-symmetric problems of
cvlindrical shells with a circumferential crack are con-
sidered. For a uniform stress away from the crack the
membrane and bending components of stress intensity factors
are dbtained within the confines of an eighth order linear
shallow shell theory.

The plastic deformations and the crack opening dis-
placement are also considered., The plastic strip model is
used to calculate the plastic zone size, The crack opening
displacement is calculated as the crack surface displace-
ment at the crack tips bv using the superposition technique.

Crack propagation data are collected by subjecting
6061-T4 aluminum cylinders to axial fatigue. Using two dif-
ferent empirical models the shell data are analyzed along
with plate data.

The effect of environment on crack propagation in
plates and shells is studied. Comparison is made of fatigue
crack propagation rates in plates and shells in distilled
water, dry atmospheric conditions and normal environments
prevailing in the laboratory.

It is shown that the theoretically computed stress
*



intensity factors can be used to predict fatigue crack

propagation behavior of shells from that of plates with

e VR

same material and thickness.

Experimental results show that there is no signi-
ficant difference in crack propagation rates in distillecd
water and normal atmospheric conditions in the laboratory
but, however, there is considerable difference in crack

propagation rates in distilled water and dry conditions.



I. INTRODUCTION

The study of faticgue crack propagation in shell
like structures has attracted considerable intercst in
recent years because of its considerable importance in the
design of aerospace and hydrospace structures. The crack
is generally nucleated guite early in the fatigue life of
the structure and the major portion of the total life of
the structure is devoted to fatigue crack propagation.
Hence the study of fatigue crack prdbééation becomes neces-
sary in order to establish the useful life of the shell-
like structures, -

In the present investigation the fatigue crack
propagation and fracture properties of cylindrical shells
with circumferential cracks are studied theoretically and
experimentally. The purpose of this study was to compute
thecretically stress intensity factors in cylindrical shells
with a circumferential crack under symmetric and anti-
symmetric loading conditions, to develop a model for the
plastic zone size and crack ovening displacement ahead of
the crack tip and to determine if the behavior of a crack
or a crack like flaw in a shell can be predicted from the
known behavior of a similar flaw in a flat plate of the

same material, thickness and subjected to similar loading

and atmospheric conditions.



Approximate solutions of the governing differential
equations with appropriate boundary conditions for cylin-
drical and spherical shells containing straight through
cracks have been presented by several authors [1-6]. Ref-
erences [1-3] give the asymptotic solutions for internally
pressurized cracked spherical shell, cylindrical shell with
an axial crack and cylindrical shell with a circumferential
crack. These solutions are valid for small values of the
shell parameter (i.e. for A< 1) for which the deviation
from a flat plate soclution is not very significant. Iore
complete solutions of the problem (i.e. for A up to 8) are
given in [4] and [6]. In [5] the effect of a circumferen-
tial stiffener in a cylindrical shell with an axial crack
is studied. For the case of a cylindrical shell with a
circumferential crack the only solution available is the
asymptotic solution for symmetric loading given by Folias
[3]. In all these studies it is assumed that the shell is
"symmetrically loaded"., More precisely, the solutions are
pased on the assumption that the unknown functions F, the
stress function, and w, the out-of-plane displacement are
even functions of the independent variable X and Y measured
along the (projected) orthogonal axes. Folias attempted
the anti-symmetric problem of spherical shell with a meri-
dional crack, however, he could not get the solution as he

did not define the unknown functions in the integral



equations properly with the result that the kernels in
the integral equations had higher order singularities and
the solution to the integral equations could not be ob-
tained.

The linear fractgre mechanics has established
itself as a very satisfactory theoretical working tool in
studying the vhenomenon of fatigue crack propagation and
brittle fracture in structural solids. The thecries of
failure or the failure criteria based on the use of the
stress intensity factor, K, or the crack extension force,

% , have been most effective in cases for which the size
of plastic zone ahead of the crack tip is small. Thus,
these theories can be applied very effectively to plane
strain fracture and nigh cycle fatigue crack propagation.
However, in the presence of moderately large plastic de-
formations, the models need some re-interpretation or modi-
fication. Generally the model is modified by either
assuming an increased crack length (usually by adding the
plastic zone size to the crack length) for the purpose of

=g

evaluating K or f% [7] or by introducing the concent of
"crack opening displacement" [8]. The plastic zone size
to be used in the first method may be obtained by using

the plastic strip model introduced by Dugdale [9] (see also,

[10] and [11]). Justification for the wide spread use of

this modification lies not in the soundness of the underlying



physical arguments but primarily in the fact that, in
most cases involving the fracture of materials with high
toughness, it seems to work.

The most widely accented definition of the crack
opening displacement is the relative displacement between
the opposing surfaces of the crack at the location cor-
'responding to the actual crack tip obtained from the solu-
tion in which the leading edge of the crack is assumed to
be at the elastic-plastic boundary. In Irwin's analysis
this corresponds to the relative crack surface displacement
at a distance ry from the crack tip, ry being the estimate
of the plastic zone size. In {11-13] the crack opening
displacement was assumed to be the relative crack surface
displacement at the (actual) crack tip obtained from the
solution based on the plastic strip model. The differences
between the results obtained by using various modifications
of the original model mentioned above are insignificant
if the plastic zone size is relatively small compared to
the crack length. However, they become increasingly more
significant as the relative size of the plastic zone becomes
larger. At present, even though far from being perfect,
these models seem to be the only satisfactory theoretical
tools available and are being widely used.

In view of above considerations, it was proposed to

carry out the following investigations:



(a)

(b)

(c)

(a)

(e)

obtain the sclution for stress intensity
factors for a circumferential crack in a
cyvlindrical shell under axial tension for

a wider range of shell parameters and crack
lengths.

obtain the solution for stress intensity
factors for a circumferential crack in a
cvlindrical shell under torsion.

to develop a model for the plastic zone
size ahead of the crack tip in a cylindrical
shell with a circumferential crack, using
the concept of Dugdale's model.

calculate the crack opening displacement.
determine if the fatigue and fracture
vroverties of cracked shells can be simply
predicted from the corresponding properties
of flat plates.

compare fatigue crack propagation rates

in plates and shells under controlled and

laboratory environments. *



II. ELASTIC SOLUTION FOR CYLINDRICAL SHELL
WITI A CIRCUMIPERENTIAL CRACK--SYIMMETRIC

AND ANTI-SYMMITRIC PROBLIEMS

In this chapter the solution for the stress sing-
ularities at the ends of a circumferential crack in thin
cylindrical shell is briefly outlined. The problem is
solved within the confines of an eighth order linearized
shallow shell theory, i.e. under the Kirchoff type assump-
tion regarding the boundary conditions. The solution is
applicable to linear-elastic, homogeneous and isotropic
shells of constant thickness. The deformations are assumed
to be small so that Hooke's law may be applied to relate

stresses and strains in the shells.

2.1 Anti-Symmetric Problem .

2.1l Formulation of the problem.
The following equations due to Marguerre [14] are
used to formulate the problem.

-1 Ak 2 4.
EnG I w + vV 'F O

-

R o x?
- 2 4
4 o’ D F _ 9 Q
Vv w - = 3% = 5 (2.1)
3
Eh
_ = Y _
x = Z .Y, De T
2(1-V?)



where I’ is the stress function, w 1s the normal displace-

ment, g is the normal traction, E and Y are the elastic

constants, and the coordinates ¥, Y and the dimensions

a, h, R are shown in Figure l. The stress resultants Nij R
the moment resultants M4j , the components of transverse

shear Qj and the effective transverse shear V, are given in

terms of F and w as

[

N _ . oF
3 T -
Nxy = - _OF
- 2% dxoY (2.2)
2 2.,
Mot = - 3. r o u + A e ]
o b oaxe Ay
2, g
8-’ a’z [ 3\31 v ‘bx:‘. ]
Mxy = — 2 C; vy 27w
a* ’ dx Y
= o~ L =)
a® [ oxs T (= ]

(2.3}
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The extensional components of the shell stresses are given

by
S s LE
0" dy*
G‘ﬁl‘jn _ L 3°E
ath  x2
ool oo X 2F

and the bending stress components are given by

b - 2 2

Sxx = - EZ [ oW 4+ v o7KW
l-v* 2x? 3y?

b
Gy = - EZ DN DE W

53 \_\)?. [ bﬂ?‘ + v BDC?']
=2 _ 2Gz W

xy = = d3x3Y

(2.4)

(2.5)

The anti-symmetric problem is considered in details here.

In the solution it is assumed that the only external loads
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(statically self-equilibrating)

acting on the shell are the
tractions applied on the crack surface which are given by

Nscne = O M
L!. X = O \\:H >/O
Mox =0 J
(2.6)
z o
. = _ 1. oF = = Ngg ¢
t\xﬁ - ok Bxb\j B!
3
Vx = - _D_: [BEN +(2—\)3 __b__t"_l__]:—\lo("j)
as CESEE d3x?Y?
(2.7)

By properly combining this solution with that of an uncracked

shell, the solution for a cracked shell under arbitrary anti-

symmetric loads can be obtained,
lyl 2 1 as well as

0 and Mxx = 0 for

In (2.6) Nxx

1Yl < 1 because of assumed symmetry.
Using Fourier transforms, the solution of the

system of differential equations (2.1) satisfying the proper

symmetry conditions at infinity may be expressed as follows:



oo (o~ 30 |= ~ (e +5) i
w(x,y) = sgn(x) || _P: 2 4 T €
“o
o~ ~ 1 - r
- ~ (Ko xSz foed kC\':.—bzle‘ =
1% : : -~

7o) \12 O‘)r '\0\‘1-‘8\\‘\:{‘E ~ —CC\,‘%—S‘\’\;"E
L on Q =~ ¥ o W A
Flx,y) = S5 Sgn(= | [®e * e
()
N(Nzl::?-;};x‘- _(07_-5;)'3:' k
- -P_3 < — ?-"r < 'j
<in Cb’t) ds
(2.8)
where 1 :
- 2 2.2 - 12
Sy = (374 &) S. = (8242 )
X L“/‘i_ -.LTTA; /E;a‘. 1/4
= & C = A e ,>\=’-—..—‘
2 / 2 \ RE

and Pj(s) are unknown. The condition Nx(o,y) = 0 and
Zflx(o,y) = 0 for |y|> 0 give

B +P2 = P3+Fy

BT, - d. (p;\-?;_\) _z 4 \ﬂ___s_._ <T’\ + P2
ST Sq Y,y Oz (2°9)



13

Two more relations for P. are obtained in the form of a

system of integral equations by using the boundary condi-
(2.7) at x=0. Thus for }y!<l substituting from (2.7)

e

tions
into (2.8) and using (2.9) one finds

o)
i . ~ 2 - 3. inl
i . [ERY ’ ) P s ' < - / )y 3y
‘*A“’“ .\LQ\\<-\-‘>:>_\/‘\€.. - ::»‘-'- Z ) —%—\?'—rﬂz.}
IX| =0 % -2
2, 1 -ad
& V- —_— - 1 il —S"lxl A
: - Syt - - c & = ¥
s =S e + 52 2 _{l-v)y= & b
; S <4
~
o : ‘\)\ZR ‘O l
g Cos (us) a3 = l\xq(:{)
- LEh -
tal <A
(2.10)
o0 ~sp\xt - - Sz2(x}
L e e e - e
[x]30 %
] )( —g\\x\
RS I g + (PP e
<f-‘-0\10<\ = -\-Q“F\))O(‘ *57_5 \j A\E z,i
~o <
_Satacd -
é s*s5 Vo ro_ A6 5
(- qq‘c‘.ﬁJ-V) 1)+ (- A0=oa +

’ 2 . ,: Y ’ ;;4
U=V 87 (82 4 40 /s, +(-9%) 3 /Sz)ﬂ

3 (8 ° \
-~ Z - O" \J;I{%\; C‘j. (2.11)
(l - 203 vk_(\.\ i -I—— -\-o
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where for dimensional consistency equation (2.1l1) has been

integrated in y. Also, in order to separate the divergent
~Ciix!

parts of the kernels in the analysis that follows, =2

terms have been retained under the integral sign.
Outside the cut, all the physical guantities and

their first derivatives must be continuous. To fulfill

these conditions, it is sufficient to have

-5 (2.12)

1

where the superscripts + and - refer to the values of the
function as x approaches zero from + and - side, respec-
tively. Analytically this simply requires that the func-
tions which are odd in x must vanish for x=0, \|y;>1l. It
can be easily shown that conditions (2.12) are satisfied

if the functions Pj(s) satisfy the following conditions:

[= 2]
j (P +P) Swmispdszo Iyt > L (2.13)
Q

[0

j (_Pl-}.‘P?_) 3% sSn(3Y) ds =0 Y > (2.14)

o
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Voo Sy P - T S (s dz=0 iup > L

~

(2.15)

Here (2.13) is the condition w=0 at x=0, |yi~>1l.
Since (2.14) follows from (2.13), (2.13-2,15) are
equivalent to only two conditions, which, together with

(2.10) and (2.11l) give a system of dual integral equations

to determine Pl and P,.

To solve the syétem of dual integral equations
(2.10), (2.11), (2.13) and (2.15) the following auxiliary

functions are first defined:

(o]
j oS, (P -P) Sincst)ds = W) (2.16)

Xoo 52 ('P‘+'P1\) S“n(s‘t) C{5 = u’l(.‘t)
0"

(2.17)

where by (2.14) and (2.15), u,(t)=0 and u,(t)=0 for [t >1.

uy and u2 are defined in terms of (2.14) and (2.15) rather

than (2.13) and (2.15) for dimensional consistency. Con-

dition (2.13) on w has not vet been satisfied. This
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condition is used to determine the arbitrary constants
arising from the sclution of the integral equations. uy
and u,; are related to the second derivatives of F and w
and have the same type of singularity at y = F1, x=0.

Taking Fourier inversion of (2.16) and (2.17) one obtains

1

-L 4
O(\%l(?\—?z\/ = 2 X w, (t) Sin {st) ds.
T (2.18)
- 'L . d,.
SZC’P|+?2.3 = ._4_:_.3 u, (&) Sin(St)ds.
B\Y
o
(2,19)

Substituting (2.18) and (2.19) in (2.10) and (2.11l), the

following system of integral equations are obtained:

+1
LU hpcapwe dt = Ly 1< Ga02) 5 g,
=
()\?' o 3 S o
‘( Y = N o (4) rlc‘,é = & \ (83«:\ .
£.0y oy 7.08) ol W J (2.21)



where the kernels hij(t,y) (i,3=1,2) are given in the

Appendix I. It can be shown that h”l is bounded for all

values of t and vy and the remaining kernels have a Cauchy

tvpe singularity. For example, adding and subtracting the

asymptotic value of the integrand, hll may be expressed as

ho kG | - i‘m - Sild - Soiz! _ gl
) = ‘M | (f;—:~——- + & -2 € )
(x| =0 Yo 3 Sa S
& Sin{sit-gd} ds.
o0 - Sixl
4 Lim S o e Sin «fS(’c—‘j)} ds .
x| =0 o
o0

_ S . 5 - S -4yl d =
= KO(S\-\— <, 2) Sia{s ¢+-9)}ds + . g

where because of uniform convergence in the first integral

limit has been put under the integral sign. After similar

opération, the equations (2.20) may be written as
a i ) ‘ N + 3 5
{3 ey ujh de byl + | T kg eyl db
] ~ -
- - {
= 1 %1(%3
Qa2

Ay = 2, Qia =z —\+V, Q21 = 0O =-—(l-\))(3+“f)

17
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where the kernels Kij arc given in the Appendix I.

The singular inteqgral equations of the type (2.22)
have been extensively studied (see e.g. [15]). From (2,22)
and the definition of uj it is easy to show that the fun-

damental function of the system 1is (Zl.—tz)_l/2

and the index
is +1. llence the solution of (2.22) is determined within

a pair of arbitrary constants. To determine these con-
stants the condition of continuity of displacement w for

lvi > 1, x = 0 is used. This condition is given by equation
(2.13) and has not yet been satisfied. Refeiring to (2.13)
and (2.14) it is seen that (2.14), which is satisfied by

the choice of uj as in (2.17), may be regarded as the second
derivative of (2.13) or w in y. Thus in order to have w
vanish for |yjy 0, u, must satisfy the following two con-
ditions:

=1

u, () CH: = O

(2.23)

2.12 Solution of Integral Eguations.
s . 2,=-1/2
Noting that the fundamental function, (il-t )

of the system of singular integral equations (2.20) is the

weight of the Chebishev polynomials Tn(t) and uy, , up are
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odd functions (see 2.16, 2.17), the solution of the

integral equations can be expressced in the form

<
ST An dan-t XYY

GEAR / LT
Wizl = -t 2
-3 cd L
~ FAREN ‘ e \’“)
UalE) = {1-E7) y Bn tana

(2.24)

where An and Bn are complex constants and Tn are Chebishev

polynomials of the second kind.
The first condition in eguation (2.23) is satisfied

by the choice of u, as an odd function. The second condi-

tion in (2.23) gives the same result as obtained below by

writingw =0 aty=+1, x =0

~0
o = W(ol) = - w(o,-) = = l (

[

\

-~

&0 -3 B .
=2 5 Sin Sds = S Bn (1-£%) Tzr\-\(t3 Sin{st)arc
°

(=}

{ L

% Bn j Cl-—tl)_z E Tan-y CE) dat
\ o

4

I

—

= B,



20

To deternine the remaining constants An and Bn the tecii~
nique described in [16] is used. Substituting the solution

(2.24) in (2.22), the singular integrals have the form

-
‘/
37

1 e
| 8]
s
1
o
-
~d

Other integrals are of the type

+1\ |

V2 -
j Ton.y CEYCQ-E) Tk Ak
-1\

1
*® —_— ] \ ) -?'sv
{ g £a0s) 5,;“(5 k‘"ﬂ?“‘:’% Tana (B)(-%) 4t
o .

+1 0 -%

{ & f1(e) Sw sk c‘.,} Tano (8D (1-t7) b

41 o R v -2
: s LT (-t de.
l ( | 5.0 Ci- Cos (o) Sin(st)ds | TanalB) (-t )
_\i JO
Next both sides of integral equations are multiplied by

U2k(y) (l--yz)l/2 (k = 0,1,2.....n-1) and integrated fron



-1 to +1 in y, thus a system of algebraic equations are

obtained for the unknown complex constants 2

A and B , The
n n :

singular integrals have the form

B rt! - oo . x
o Ind / N - :- | , PN ""“

! I — e ¥ [ !
\\! \ :) T"]"-‘,\’-\J \ < J \‘C’-“}J an l a__..:(‘j)ks \i } b‘\j
=1 !

=1 L

- r.'l\;‘\
=1 TT Qaopno (YD Woi () Q=27 aYy

2/2 for 2n=-2 = 2k
= 0 otherwise

Other integrals have the form

T2 -t +
T - & | S Tana ) (-89 7 £7 di | Ua(gd Q-9) ey

+1

- T Uzn.-:\“"q uqug)Q 3"") j
-\

T_::_ N-1t
- '—L— (‘l) K:O
- o© K x0 .
\
+V 4 z

-
%)
tl
—1
§

{'& £,08) Sin{sT9) <‘-\5§'T'an\0‘)\k v) dt ]

.+ UakCud(i- 2y ey 1} .
) Tan- ((;)(( t a‘: U”k(Lj
-5 = S [ \ { \3 L) S (Sﬂdsg ! J

(\ 1) -y
y . 4 'L\ 4,.1\,
I.:=§ [ g*‘i (Tracey G- w:\v%um,xdan (G- et ]
oL Jo e Uz €y) Q1-y)"> oy
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Integrels I, , I3 and IA are of Gauss-Chebishev type and

3

can be evaluated by using Reference [17]. Thus,

b -~
— ~ -t - —~ - . ~ . . L _‘_'\,"""\ . -
I?- - F-go A Z_J 2_1 Cos 2 e'\. ANt 3 S'-n@l\‘f\) 9\3 \§ Talo En S
A ! \ Jo
( Cos 97 - Cos 8\) C‘\:S
P co
oS¢ ne () Swmscess) ds
I.3 = — L Cos 2 o1 -?3 \ SO fFor k = 0
“.P i;\ (o]
=0 othexrwise
~& '\3 i o0
I4 = z L Cos 2N 9L Sin By Sin @k+\3 =X S $40
chf-*l) X=\ J=1 o

[ | - cos (SCOSQ‘QK Sm(s Cos0() Ads

-\ -t .
where ©( = @Gp) (E@-0OT , 85={+H ™
Inteqgrals 12 ' 13 and I, are evaluated numerically by using
Filon integration formula. To evaluate the infinite inte-
grals, the integration is carried out from zero to 50 and
from 50 to infinity asymptotic expansion is used to eval-

uvate the integrals.



The right hand side of the integral equations

This integral can be evaluated in the closed form for the
values of fj (v) under consideration.

Cnce uy and u, are obtained, all field guantities
in the shell may be expressed as infinite integrals. Pj;

and P, are obtained by substituting (2.24) in (2.18) and

(2.19)

od ') ‘
A, S, (P;-'P—_J = >, D An Janoy ¢80
t
2 —Ci) ! n-l
S (—P\-\-'PQJ = 2, 0 Ba JTan-i () (2.25)

\
The fun;:tions w and F are obtained as

o3 20 - 0\
wix,y) = Sgncm Y ‘Z’ (—l)n ! Jany (532 {An + %LE
‘)O ] 0(15' -
(cti =) 12l —(i+s )il
X Sy S
-\-(_%f_-—f- An (‘_\_\)33“\ e_—b‘x-ﬁ-ﬁz}\&t\
s* X252 ™y Sa
oo - S2) 1)
+ (Bﬂ - An L (=) B e_L E
o= K232 W Oo



R o A S n-l ) ¢, An
F(x,y) = ~ Sanlny | ST =27 T, 080< / _
PN 3 i i TSy
O { 1S
{~r =~ N e 2 Riva
- LI , - +S Ly
. Ba SEPAR o[- An L Be) o & +3 )0
+ T=h) < + A\ Ty
SEN SR 5=/

[ = (1=v)Bn
\SZ’— LT A2 S )

- (Aa+S2) izl
<

o - x
_ (Em _ _An +c1-v>&n) &z-s2) 1=

1 ;
N-Sg_ C‘:lsl S *
+ Sin Csj) as .
Thus the complete solution to the problem is known. As
an example, consider the torsion problem in which
) o =
ny (y) N

o ¢+ VoY)

=0
X

Define the following auxiliary functions

—&KC{) = uKCt)/Uo )

Ng = No"\.R ‘C:l)’l
Eh
— -2 e
W, () = ((—tl) Z An Tan-t k)
I
1
U Ct) =

..-2 o
Cl-t*) 7 0 bn Tana CEY
I

(2.27)
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lHere An-= u_ a BE = u b

’ . The leading terms of
o n n o ' n

the membrane and bending components of stresses around the

crack tip y = 1, x = 0 are obtained as
m
G—xa = NxL! - L E UO ,QP <l bn A
n TR K ) ) Gy

(2 Cas9/a + Cos £8/z) 4 O

_Mg

r-“"l

\ an - CL-v %¥»1<B Cos &/,

ﬁu[h

- No \/Oj
2%

o Cos S84 ) + OU

Defining the corresponding flat plate stress intensity

factor kp and a shell curvature correction factor Cm by

[ZOn - C1=V) bn-x

"
3
:
lL'
M8

(2.28)

xy and the remaining membrane stresses become

m K' C - I's
G, = —BS™M  [3Cos @ 4 Cos S6fa oW
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6—3‘3& — l(&—kr,ﬁ,—‘ (‘Slr‘ :91.': — Een 9!,2\} " OU}
4./ \l-) /.
o Ke Cr
G\—Li‘:* = ‘—i:*— (T Sin 8/2 + Sin "9,%) A4 Q(n
- 4z =

(2.29)

where k™ is the membrane component of the shell stress in-
s

tensity factor and r and © are the polar coordinates

around the crack tip yv = 1, x = 0., Similarly

b 0
G’xj-_-, _‘_'_?-_Z__I_“_xi - _EZUWe Z‘ bn \ [(a-{—%\’)
W G+v)a* A 9_n

Cos ©fz — C1=-») Cos Se/:e.] + O

1/2 '
2 Z NoQl {-_ J31-v*) %Q bn}{/\g+3ﬂ Cos 8/2

he(zr) 72 4C1+y) T

(1-») Cos 58/3_] 4 oW



or substituting z = h/2, ~ = 0 and defining the bending

component of the stress intensity ratio by

o ea

h
-\
C‘:D:‘ "‘\3 L\Nl (7- = "Y_ U=V )__\ z Ln
3o
Z=hl2, ©:0 (2. 30)
b
G?{j and the remaining bending stresses may be expressed

as

G-:x.s ) Kp ‘b z ['("34-53’7 Cos 8/ = (1-=V) Cosse/_ﬁ_—l.‘.()(l)
@v)* 4 h (14Y)

b T
@Rw)= h 4014Y)

53 = KpCu2 7 E@+‘W‘) Sin 8, — (1-v)Sm 1_—\ +0
@M h4C+v)

-

(2.31)

(2.29) and (2.31) are, respectively, identical to the solu-
tion of a plane problem and that of a plate bending problem

utilizing a fourth order theory.

For the example under consideration, i.e., a cylin-

drical shell containing a circumferential crack which is
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subjected to uniform torsion away from the location of the
crack, the membrane and bending components of the stress

intensity factor ratio, C. and Cy, are given in Figure 2.

m
These values are obtained for ¥ = 1/3.

In practice the series in (2.24) is truncated at
n = N, where the value of N is dictated by convergence of
constants C_ and C

m b *

the required number N increases with increasing shell

For a given accuracy in Cm and Cb ’

parameter A .

In the numerical analysis presented here, integra-
tion points p and g in Gauss-Chebishev integrals are taken
as 30 each. No significant difference in stress intensity
factor ratios was obtained by changing p and g to 40 each.
As mentioned earlier, the infinite integrals which are un-
bounded at zero are evaluated from small quantity ¢ (& =
0.0001) to 50, and to evaluate the integrals from zero to

£ and from 50 to infinity asymptotic expansions are used.
No significant difference in the results was obtained by
changing the lower limit of integration & and upper limit

of integration 50.

2,2 Symmetric Problem

Proceeding exactly in the same way as in the anti-
symmetric case (for details see Appendix I) the solution of

the symmetrically loaded cylindrical shell problem containing
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a circumferential crack may be reduced to that of the

following system cf integral eguations.

+1
™ 2 l 2 \ ~ LB
\l $‘; LLSC’C‘S\} Q;kt)C\‘.t = 'j,:i,\'lj) \Lj‘<\‘
S
L= 12- (2.32)
Tﬁ(‘m -
Pogy= o o Tty = - ey
L Eh &7
(2.33)

where ‘?i(t) are the auxiliary functions and the kernels
Lij(t,y) (i,3 = 1,2) are given in Appendix II. It is
assumed that the uniform normal and bending loads acting

on the crack surface are the only external loads which are

related to Ny and m, by

Nx(O.\j) = o Mx(_O,ﬁ} = DMe

= %

(2.34)

All the kernels have Cauchy type singularity. Fox examnple,

adding and subtracting the asymptotic value of the integrand,
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Lll may be expressed as

- 1 - 7 TN -
LaChyy= Lim Llgse  —e | siefsle-d} ds
Xt O =5
Q9 5o 23 -—C‘II » ~
f,& A/«‘, -2 \3\,1 ot - \‘:.‘\— \’— ,,\,.\
-V 125 2 - e T Sl 45 ds
~D
S
4 Ci=-v) \ e s Js CE-yXds
")‘b
ed 6 <« ’S CL u \gc\c ~) <-\.)/ ) \ Sw u(k“j)\l‘* ds
= (?T -1\ Sves L—J>j S — (%, - 5 i
J =t * o
o
+ A=
£-Y

After similar operation equation (2.32) may be written as

A1, 41
b
j Z ac 1 Ch) e—dg— & Z RijCEY Pl adydE=T £i0y)
= =
L1914 (2.35)
Ay ==V ;2 = ¢y, G0 = Ci=v) (34, Gaz == (1-9)(3+Y)

where the kernels Ri' are given in Appendix II, From the

definition of @. , it is easy to show that the fundamental

function of the system is (l—tz)l/2 and the index is =1l.

Noting that the fundamental function (l—tz)l/2 of the system
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of singular integral eqguations (2.35) is the weight of the
Chebishev polynonials U, (t), and '~ 4(t), (Pz(t) are even
functions the solution of the integral equations can be
expressed in the form

Yo =0

D) = (-63) T Y, Aln Uan(t)

[«]

[ S

(2.36)

where Ajn(j=l,2, n=0,1,2.c0cecesseqs-) are undetermined
(complex) constants and U2n(t) (n=0,1....) are ﬁhe Chebishev
polynomials of the second kind.

Substituting (2.36) in (2.35) and multiplying both
sides of the equations by Ty (y) (l-yz)"l/2 (k = 1,3,000000en)
and integrating from ~1 to +1 a system of algebraic equa-
tions are obtained which can be solved for the unknown co-
efficients Aij'

Following the procedure outlined in the previous
problem, the stress intensity factor ratios may be expressed

as

> q
mm: E_n_ = _ 1 %3 Qﬂ—t—l)‘_(\-\))[\m +(\+v) Aznj
ﬂp S
S 10,9) -
Bb = ..k_lz_ = G—\)-) Z Q”l+i) ‘:_ A — A'—’-i":j
kp p

(2.37)
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kﬁ and kg are the membrane and bending components ©of the

stress intensity factor in the shell., For exanple, ahead
of the crack tip for © = 0 and at a small distance r the
membrane and bending components of the stress may be ex-

pressed as

28] Y
NYH
S (0) = o
'\111)'2
s
SRR Kb /
3 — 1D
G (%, 0) = 3 G O

where + and - signs refer to the outer and inner surfaces,

respectively. In (2.37) kp is the corresponding plate

stress intensity £factor,

For example, in a cylindrical shell under uniform

axial tension Ny = N_ , k= Jaw /h. The results for

P

X

stress intensity factors B, and B, are shown in Figures 3

and 4, which also show the asymptotic solution given in [31.
The integrals in the symmetric problem are of the

same type as in the anti-symmetric problem and hence exactly

similar procedure is adopted to evaluate the integrals.
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III. PLASTICITY AND CRACK OPENING DISPLACEMENT

In this chapter, a method for determining the
plastic zone ahead of a crack tip is outlined. The model
developed here is based on the concept of Dugdale's model.
The particular case of cylindrical shell with a circuma-
ferential crack is consideréd. From the solution of the

plastic zone size, the crack opening displacement is ob-

tained for the problem under consideration.

3.1 The Plastic Zone Size

Let the actual crack length in the shell be 2a,
and the plastic deformation be confined to a narrow strip

of length p ahead of the crack tips (Figure 5). Define

/o C\,
Qp = A+ p . &__a;
(3.1)

To determine the unknown constant ap (or p) the
standard procedure of removing the stress singularities
at the fictitious crack tip ap through the superposition
of two sdlutions is followed. For simplicity, here it is
assumed that outside the perturbation zone of the crack,
the shell is subjected to symmetrically applied constant

membrane stresses and in this region the stress resultant
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which is perpendicular tb the crack is R The solution
for a shell with crack length 2ap and subjected to membrane
load Ny = =Ng is first obtained. This solution gives the
membrane and bending components of the stress intensity
factor as (see Appendix III)

R L é : Y !

, S , © N
<, - A‘mf\}\;‘)) No (25%) K = Ap Chp) \\\o(ikﬂ r

h 3
(3.2)

where the stress intensity factor ratios A, and Ay are
functions of >\p only and are obtained numerically in
tabular Zorm.

Mext, the shell under the external loads coming
from the plastic zone lying ahead of the crack tips is
considered. For this it is assumed that the crack length
again is 2a_ and the shell is subjected to the following

surface tractions at the crack surfaces:

N, = N, M, o= M, < lyl € 1
Ny = 0, My = 0, Yyl « X
N..= 0, v, =0, lyl < 1 (3.3)
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As in the most apvlications of the plastic strip model,
here it is assumed that the unknown tractions N and M
are constant. The solution of this problem gives the

stress intensity factors as:

! A 1y
y {0 NI G ,
Kz = Enl(d,X§>"N.QP -+ En;(d,%é) MG Qp
. h ' hl
b 'V YUa.
Ky = Ba (o, >\p3 __'f\}__aP 1+ Baa )\ﬂ MG Gp
g h*
(3.4)
where the stress intensity factor ratios Bij(i’j = 1,2) are

calculated in tabular form as function of « and ?\p. liere
Bll and.B21 are nmembrane and bending stress intensity factor
ratics when the traction is membrane load only and Bys and
B,, are membrane and bending stress intensity factor ratios
when the traction is bending load.

The condition that the stress intensity factor

ratios should vanish at x = + 1 (i.e. at the ends of plastic

zone) may now be expressed as

+ k2 =0 (3.5)
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By using (3.2) and (3.4) and dividing by the yield strength,

above relations reduce to

N e I t
By T CYP 4+ Apyq_Ne < o
-T b e
Bay M Bao CAM + Ay =2 = O
hoy T h 6y h &y

(3.6)

In the plastic strip, o<} x! <1, the tractions N and M are
expected to satisfy some kind of yield condition. One such

condition which is most commonly used may be expressed as

N G ™M
a + T =
noy h*ey

l,x-

(3.7)

Equations (3.6) and (3.7) provide three (highly non-linear)
algebraic equations to détermine the unknown o , N and M.

Once & is determined, (3.1) gives the plastic zone size as

P = o C éi - 1)

(3.8)



Lliminating N and !, (3.6) and (3.7) may be written

in the following form:

7

, 4 LN AL e
S‘ ( =u —H:;,D, A 4\ e ) Ae]

—~

(3.9)

where the patrix (bij is the inverse of (Bij) (which is
assumed to be non-singular). Noting that XP = XA< ’
(3.9) determines & as a function of the (actual) shell
parameter A and the stress ratio N_/h &y . For the

limiting case A= 0, the problem is that of uniformly

loaded flat plate and &K is given by

o = cos(%y A =0
y

(3.10)

For the cylindrical shell with a circumferential
crack and subjected to uniform tension away from the crack
the bending component of stress intensity factor is very
small as seen in Figure 4 and hence the effect of bending
is neglected. The solution of the equation (3.9) is shown
in Figure 6. As the stress ratio NO/hJTg increases, the

convergence of the numerical procedure becomes slower, and

more computer time is required to calculate the « values.,
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This is the reason for seemingly incomplete plots in the
Figure 6.

Obviously it is desired to have an analytical
expression for « as a function of No/hcr; which is an
acceptable approximation. For a cylindrical shell with a

circumferential crack under axial tension the expression

(3.17)

seems to be quite satisfactory except for the range in

which X and No/h <7 are large (x> 3, No/hcg vy 0.7).

3.2 The Crack Opening Displacement

Referring to Figure 1, the crack ovening displace-
ment u(o,y) is given by the x-component of the displacement
vector on the crack surface (at the middle surface of the

shell), This is obtained from

1
N

Ex':——\—‘{_N’:C—Nj\)}:aS@%: - "E;

(3.12)
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where a, is the half crack length used to normalize the
dimensions, w is the z-component of the disvlacement
vector, and R, is the principal radius of curvature in

x?z plane. In terms of'stress function F and displacement

w, (3.12) may be expressed as

dw L nUE 2oy o, Gpw
= ( et ~ “.\) 2 T R
dx E‘hQP ous < x
(3.13)
For a cylindrical shell with a circumferential crack
R, = oo and the analysis is very much simplified. The

function F for the symmetric problem is given in Appendix
II. Substituting for I' (3.13) and simplifying, the fol-

lowing expression for u{o,y) is obtained:

= L(.(O,g) = XQOY_L\—\)) (-P\ -\-’Pzw 5‘ +Q+ \)) (.P\—szdl]
p )

%)
-

CosCSﬂ)dS :
(3.14)

Using the definition ofi?l and (92 equation (3.14) reduces

to



’ RN tup <t
N -y ) ey P80 Lo
- N .
A Wony =4
L O ; !
22y - tot >
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(3.15)

where u(0,y) is one-half of the crack opening displacement.

The unknown functions §?l and gaz are obtained from the
solution of integral equations (2.35).

When the plastic strip model is used to account
for yielding around the crack tips, the crack opening dis-
placement is defined as the relative crack opening at
vy = + o obtained from the superposition of the following
two solutions,

l. The shell with crack length 2ap subjected to the

tractions

(3.16)

2. Same shell subjected to tractions given by (3.3),

where o , N and M satisfy the conditions (3.6) and

(3‘7) L]



Thus, the crack opening displacement 5 may be expressed

as
r g
S - = L\iiuhuD 4+ W (o
(3.1
where u,(0,%X ) = Upy + U5 u5N and u,,, being the indi-
b B ol P4 ]

vidual contributions of the loads N and I, respectively.
For a cylindrical shell with a circumferential crack the
bending is very small and hence u,, is neglected.

Figure 7 shows some calculated results for the
crack surface displacement u. The solid curve represents
the displacement u(0,y) for |y} 1, in a shell with para-
meter )\D and subjected to uniform membrane load N = -Ng.

The dashed curves Uy shown in this figure are, on the

other hand, obtained as the displacement at y = K from a

solution in which N, = N applied along L (Y] {1y ¥ = 0,
is the only external load. The length parameters shown in

the figures which are used to non-dimensionalize u; and

Uo7 respectively, are given by
Cy < NOQE \ Cu = N Oy
hE hE

(3.1

41
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8)
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The results given in Figure 7, with Figure 4 may
be considered as a set of master curves from which the
crack opening displacement § can be calculated as a

function of A and No/h Su . It can be easily shown that

S = K No o W N Uan . GM Uz v
) — - + — R

(3.19)

where ol and the load ratios N/hsy  and 611/ (h°Gy ) are
obtained from the plastic strip analysis by solving (3.6)
and (3.7). ¢t is given in Figure 4.

In the limiting case of A = 0 (i.e. the flat plate)
the crack surface displacement u:L and the crack opening

displacement & are given by

!
/2
W, coyy = =z Ci-y?) lyl< |

Y _ S Lea (Cos T Nea
F j(Ces )

28y
<

(3.20)

The numerical results for o obtained from (3.19) and (3.20)

are shown in Figure 8.
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IV. TFATIGULE MODELS

In this chapter the fatigue models used to fit
the experimental data are reviewed.,

The variety of fatigue crack propagation models
which have been apoearing in the literature for soae time
with certain regularity may be classified into four differ-
ent categories, namely, (a) the models based on the micro-
structural theories, including the fourth power dislocation
models, (b) models based on the thermal fluctuations, (c)
mechanical models based on the continuum considerations,
and (d) the empirical models, If one carefully examines
the great majority of proposed models and the results of
fatigue experiments, certain common features and trends may
eaéily be detected. It appears that, without any reference
to its rationality, the stress intensity factor 1is the most
widely used correlation parameter in analyzing the fatigue
crack propagation results. In doing so, all of the avail-
able experimental data ranging from 10"7 to 10'3 in/cycle
seem to fall on an “S-shaped" curve or band in log (A K)
vs. log (da/dn) plot, where AOK is the amplitude of the
stress intensity factor and da/dn is the crack propagation
rate. Again, the examination of the results of more care-

fully conducted experiments indicates that as the ratio
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—ean/AK is increased, this S-shaned band seems to shift

towards the hicher da/dn values.

In some fatigue studies the objective is simply
to exhibit the data in a coherent fashion. For this
purpose all one needs is a proper correlation parameter
which brings a certain degree of order to the data., How-
ever, if one intends to make any guantitative comparison
or to use the results as a means of prediction (say, in
designing structural components) one needs a convenient
analytical model. In the case of fatigue crack propagation
it is preferable that such a model should fulfill certain
requirements, the important ones being (a) the model must
be sufficiently simple, contain only those field guantities
which are readily available or can be obtained by means of
relatively simple laboratory experiments, and (b) it must
conform to the basic established trends cf the experimental
data.

As stated earlier, as a correlation parameter the
stress intensity factor amplitude is quite satisfactory.
It is being used very widely and is also used in this study.
One of the objectives of the present study is to demonstrate
the fact that the fatigue crack propagation behavior of the
shells can be predicted from that of flat plates. Hence,
an analytical model is needed to be used as a basis of com-

parison. The fatigue models which are presented and used
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in this study are basically empirical, even though one
may try to raticnalize and claim that they are based on
certain physical principles (see, for example [181).

The first model presented here is the generalized
version of the model given in [19], and may be expressed

as

| ~ mo = K
aa c i+ @k
dw Ke - Clyp) ok

(4.1)

where a is the half crack length, n is the number of cycles,
C, m, « are material constants to be determined experi-
nmentally, Kc is a critical stress intensity factor, and

AK and% are defined by
AR = (Emax T Ko ) /2.

(2; = LEM&X + Kmin) /(EMAX 'EM‘N\
(4.2)

In (4.1) and (4.2) ¥ stands for an eguivalent stress inten-
sity factor which is necessary to introduce in case of com=

bined load conditions. For example, if the material is
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subjected to combined membrane and bending loads in the
vicinity of the crack tip (which is always the case in
shells), and if the corresvonding stress intensity factors

are Km and X, , then K may be expressed as [18]

b

K=X + K, /2 (4.3)

In the cylindrical shell containing a circumferential
crack of length 2a and subjected to uniform longitudinal

stress outside the werturbation zone of the crack
1}
9 _ 2
K= (B_+B_ /2 Ox () (4.4)

where the stress intensity factor ratios, B , Bb are ob-
m
tained from the solution of the shell eguations in Chapter
II and are given in Figures 3 and 4. The amplitude and the
mean of K are in turn determined by using that of szo in
(4.4).
In (4.4) the denominator is K_ - K . Hence, X
C max C
here is a "critical stress intensity factor" at which the

crack propagation rate becomes theoretically infinite (or

very large). This very satisfactorily accounts for the
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bend in the experimental data observed at the higﬁer LK
values (see Figure 10). t is obvious that Kc is related
in some way to plane stress fracture strength of the
material. If one may be bold enough to define such a
thing as a critical stress intensity factor for plane
stress fracture, the first thing one notices is that, under
fixed environmental conditions, the elastic stress inten-
sity factor (Kq) on the onset of rapid fracture is very
heavily dependent on the crack length, plate thickness
and plate width (see, for exampie, Figure 11 for the
cylindrical shell with a circumferential crack). Further-
more, none of the existing plasticity correction models
(e.g. [20]1, [21] and [22]) seem to be satisfactory to nor-
malize the results if the net section stress to yield
strength ratio is above 0.8 (which is the case. in all the
experiments on shells performed in this study). In the
analysis of the fatigue crack propagation data reported
here the constant Kc is selected in such a way that the
standard error in representing the entire data in the form
of (4.1) is minimum. For 6061-T4 shells this value (i.e.
K _ = 44,500 psi vYin ) roughly corresponds to the elastic

c
stress intensity factor at the onset of rapid fracture
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for the largest crack tested (Figure 11).*

Now a second mcdel is presented in an attempt to
account for the behavior of the experimental crack growth
data at the vervy low £+ K values. The model is based on
the notion that there is indeced a threshold value of A K
at which the fatigue crack propagation rate is practically
zero., If this value is defined by Kg , (4.1) may be modi-

fied as*¥*

YTll — CX\‘
c, (lsg)  ( aRr-Kr)

O
o

dn Ke = Cry @) ok

(4.5)

*Obviously one should not read too much into this
statement. However, one thing seems to be clear which is
that the K. value to be used in (4.1l) is much lower than
the plane Stress fracture toughness defined in terms of the
plasticity correction models, and is rather of the order of
elastic K value computed at the onset of rapid fracture.
Considering the fact that the amplitude and the mean stress
intensity factor used in the fatigue model are computed
from the elastic theory, this may also make more physical
sense.

**In both models (4.1) and (4.5) the denominator was
also raised to constant power, p, which was obtained from
a least sguare fit along with C, m and a. However, it was.
found that the standard error was insensitive to p (as well
as tom), and p = 1 gave an error which was very close to
the minimum. Thus, for the sake of simplicity, p is ex-
cluded from the models.
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The theoretical curves obtained from (4.5) by

17 % and c(l of the 6061-T4

aluminum (with Ko = 44,500 psi vin and Kqp = 500 psi vYin )

using the empirical constants C
re shown in Figqure 12 for various values offﬁ . From
Figures 10 and 12 it is evident that the theoretical curves
obtained from (4.1l) and (4.5) are respectively asymptotic
/

to a straight line with a constant slope <« as AK + 0,

and to the line AK = Kp as AHK - Kp .
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V. TLEST PROCEDURE

5.1 Objectives

The purpose of the testing program was two-fold.
First, to obtain fatigue crack growth and fracture data
from circumferentially cracked cylindrical shells sub-
jected to axial tension and the corresponding data from
flat plates of the same material and thickness loaded uni-
axially in tension. Second, to compare the crack propaga-
tion rates in plates and shells under controlled and un-

controlled environment.

5.2 Eguipment

Dynamic loading on the specimen was supplied by
a MTS hydraulic control system consisting of control panel,
hydraulic power supply, pressure control manifold, and a
10 kip load frame. A function generator in the control
panel provided the shape and rate of the loading curve.
The mean stress and stress amplitude were provided by the
control panel's set point and span controls.

The 10 kip load frame was calibrated to an accuracy
of better than 1% of the command load on the control panel.

A 50-power Gaertner travelling microscope with a 4-inch



travel was used for crack length measurements. The micro-

- ~ - . .
meter scale had a smallest division of 5 x 10 incnes.

w

A Budd strain indicator with an accuracy of 0.1%
of the reading was used for static strain measurements.

For tests under one hundred per cent humidity,
distilled water was used and for tests under zero per cent
humidity indicating type drierite was used to absorb mois-
ture,

Gripping device used for shells is shown in Fig-

ure 9.

5.3 Test Materials

for comparing fatigue data in plates and shells
6061-T4 plates and shells were used. The properties of
the materials and the number of specimen tested under var-

ious atmospheric conditions are given in Table I,

5.4 Flat Plate Tests

Artificial cracks were initiated, at right angles
to the rolling direction in the center of each specimen by
drilling a 0.04 inch diameter hole. Using a jeweler's
saw, the sides of the hole were extended and then the ends
of the saw cuts were tapwved lightly with a razor blade to

further sharpen the crack. Thus the overall length of the
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crack was approximately 0.2 inch. After fabricating the
artificial crack, the surface around the crack was polished
with polishing compound to reznove rough edges and to make

the crack tips more distinguishable. Fatigue data was
recorded after natural fatigue cracks had extended the
overall length of the crack to 0.25 inch so that the stresses
in the neighbourhood of the crack tips were not affected by
the hole and saw cut.

Each plate was cycled at 10 cycles per second with
sinusoidal load. The mean and range loads were fixed by
the set point and span of controls of the MTS machine.
Crack length versus number of load cycles data was recorded
throughout each test by stopping the fluctuating load at
the end of certain load cycles and measuring the crack
length with a microscope while the mean load was being main-
tained on the plate. It was found that as crack lengths
approached 1.8 inches, the sheets began to buckle in the
center and hence all the fatigue tests stopped at crack
length of 1.6 inches in case of tests under environnents
prevailing in the laboratory. For tests under one hundred
per cent humidity and approximately zero per cent humidity
the tests were stopped at crack length of 0.8 inch as the

corresponding tests on shells were also conducted up to

crack length of 0.8 inch.
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J

Tensile test swecimen were cut from the 60€61-T4

13

sheet to obtain the material properties of the sheet.

For tests in distilled water and approximately
zero per cent humidity, one side of the crack was sealed
by placing two layers of thin plastic patch, one 2 inches
by 2 inches and the other 3 inches by 3 inches. A l-inch
by l-inch portion of the inner patch was kept free of the
glue so that it did not stick to the plate and hence did
not affect the crack growth. A plexiglass bottle 2 inches
in diameter and 3 1/2 inches in height was cut in two
halves and one half was glued on the other side of the
crack, thus, making it possible to see the crack during
fatigue cycling. For tests in distilled water the glued
half of the bottle was filled with distilled water. No
leakage was observed during fatigue cycling. For tests
under approximately zero per cent humidity the glued half
of the bottle was half filled with drierite and the top
of the bottle was sealed. The specimen was kept for two
days and then testing was started, thus approximately zero
per cent humidity was obtained. No change in the color of
drierite was observed, thus indicating that there was no

leakage of moisture in the system.
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5.5 Cvliindrical Shell Tests

The 6061-74 cvlinders were purchased in l2-feet
lengths and cut to 14 inches length to get the required
size. The thickness of the cvlinders was found to vary
by 0.001 inch while the outside diameter varied by approxi-
mately 0.01 inch.

Tensile test specimen were cut from several cylin-
ders to determine proverties.

A fatigue crack was initiated in the center of
each specimen in the same way as described for plates. The
overall length of each artificial crack was approximately
0.16 inch. TFatigue data was recorded after natural fatigue
cracks had extended the overall length of the crack to
about 0.22 inch. The cvlinders were mounted in grips shown
in the Figure 9.

For one specimen four strain gauges were placed
syrmmetrically around the circumference of the cylinder at
2 inches from the grips and four strain gauges were placed
around the circumference at the place where artificial
crack was initiated. These strain gauges being placed
away from the crack. Strain readings were recorded under
static load for various crack lengths. The crack lengths
being increased bv sawing the crack. It was found from
the strain gauge recadings that up to 0.8 inch crack length

there was no detectable bending in the shell. Hence, for
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fatigue tests, all data was recorded up to the crack
length of about 0.8 inch.

In fatigue tests, B varied from 0.67 to 2. Thus
the minimum stress went up to 2000 psi compression for
B = 0.67. No buckling was observed in the cylinders. In
fact, for one specimen tested, the buckling load for the
shell~with 0.8 inch crack was found to be 8000 psi and the
buckling took place near the grips.

Fatigue data was recorded exactly in the same manner
as for plates. For tests under approximately zero per cent
humidity and one hundred per cent humidity exactly the same
arrangement as described for plates was adopted.

After the fatigue experiments the cylinders were
ruptured by slowly increasing the axial load. At one end
of the crack, slow crack growth was measured by putting ink
neaf the crack tip and measuring the distance by which the
ink had advanced in the crack surface after the rupture.

At the other end of the crack, the cross-hair of the micro-
scope was moved as the crack tip moved under the applica-
tion of the load. Thus slow crack growth was measured.
There was no significant difference in slow crack growth
obtained by two methods. The average of two readings ob-
tained from the ink test and observation with microscope

were taken as slow crack growth.
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VI. DISCUSSION OF THE RESULTS

The theoretical solution of the symmetric and
anti-svmmetric problems provided extension and bending
stress intensity factors for axial tension and torsion
cases. In Chapter III, a model for plastic zone size
ahead of a crack was developed and using this model crack
ovening displacement was obtained. The experimental pro-
gram described in Chapter V provided considerable amount
of fatigue crack propagation and fracture data for uni-
axially stressed shells and plates. Several of salient
features of the theoretical and experimental work will be

discussed in the following sections.

6.1 General Considerations of the Theoretical Shell
Solution

The method of obtaining Cauchy singularities in
integral equations as described in Chapter II is a general
one. It can be apvolied to any type of problem. This can
be used very effectively for orthotropic shells, where
the solution to the characteristic equation of the dif-
ferential equations cannot be found in closed form.

By evaluating the integrals by Filon integration
formula from zero to 50 and using the asymptotic expan-

sions from 50 to infinity, it was possible to obtain a
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solution to the problem up to the values of shell para-
meter A = 10. Solution could be obtained even for higher
values of » by this method. However, nore computer time
will be required because of slow convergence. This has

a distinct advantage over the method described in [24],
where, Kelvin functions were used to evaluate the integrals
and the solution was obtained up to A = for a cvlindrical

shell with an axial crack and up to b

= 5,5 for a spherical
shell with a meridional crack.

For the symmetric problem of a cylindrical shell
with a circumferential crack the magnitude of stress in-
tensityv factors in extension and bending is less than that
found for the cylindrical shell with an axial crack. ©or
the synmetric and anti-symmetric problems considered here,
the membrane component is practically identical in the two
cases. This can better be seen from Table II in which the
stress intensity factor ratios for the shell under axial
tension and that under torsion are tabulated. However,
the table also shows that the bending stress intensity
factor ratios Bb and Cb corresponding to the symmetric and
anti-symmetric cases are considerably different, even
though they are both small compared to the membrane com-=
ponents.

Figure 6 shows the relation between and No/hci

for various values of o . It is evident from the figure
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that for shells the size of plastic zone is much larger
than that for flat plates ( - = 0) for the same value of
No/h -7 . The same trend is evident for crack opening

displacement from Figure 8.

6.2 Faticue Results Under Unccentrolled Environments

For the purpose of comparing shell and plate
results under the environments prevailing in the labora-
tory at the time of experiments, only the part of data
for which & > 1 is considered. For K, = 44,500 psiv/in ,
the material parameters obtained by using (4.1) are shown
in Table III, In applying (4.1) for the curve fit the
error is minimized with respect to C and X for the fixed
value of m. It is felt that, to be practical, the model
should not have more than two undetermined constants. The
table indicates that the exponent for plates is slightly
higher than that for shells. As a result, since the ex-
perimental plate and shell data practically coincide, C
values for plates are considerably lower. The standard
error (SE) shown in the table correspond to ™ = 3.5, The
differences between these and the standard errors obtained
for calculated exponents are very small. Hence for prac-
tical applications & as well as m may be fixed. For the
crack growth rates under consideration and at room temp-

erature and humidity «{= 3.5 scems to be a very satisfactory
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nunber for aluminum ailoys. As scen from Table III, once

¢ is fixed, variation in m does not seem to have & sig-
nificant’effect on the results. As an examnple, Figure 10
shows the experimental and theoretical results for a given
value of load ratio, = 2, The theoretical curve is ob-
tained from (4.1) by usingm = 2,¢ = 3,5 and C = 1.921 x
10_15 psi vYin . The figure also shows the critical value
of K obtained from (élK)c = Kc/(l+8 ).

The results seen in Table III are obtained from

11 shell specimens with 1 £ % &£ 2, and 25 plate specimen
with 1.05 ¢ B.- 3.5. It is seen that for fixed exponents
m and 4 , the constants C obtained for shells and plates
are in good agreement. Hence the fatigue crack propaga-
tion results obtained from the flat plates may be used with
a certain degree of confidence to predict the fatigue be-
havior of shells. For 2/3 & % £ 2 the shell data are also
analyzed by using the new model given by (4.5). In this
case too, the effect of the exponent my is found to be in-
significant. Thus in the theoretical curve shown in Figures

12 to 14, m, is taken to be unity. Since the data dis-
V4

1
cussed here does not cover very low crack growth range

(i.e., 1078 to 1077 in/cycle, or lower), the standard error

in the curve fit is not significantly affected by the values

of KT. The program was run for KT values varying between



The best results were obtained

300 and 1500 »nsi vin.
for X, = 500 psi v/in. If one follows the suggestion made

in [23] that the threshold value of AKX may have something
to do with endurance limit of the material, using the
natural flaw size of the material in the penny-shaped
crack formula one could obtain an estimate of KT (i.e.,

Ky = 2 ‘;/337?7_ , where O, is the endurance limit in
fully reversed extension test and 2ao is the flaw size).
According to this reasoning, KT value used here roughly
correspvonds to fg'= 10,000 psi and aO = 0,002 in. How=-

ever, very careful studies are needed before this notion

is taken seriously,

For 2/3 < 2 =22, K, = 44,500 psi vin , K, =

C T

500 psi Yin , m. = 1, the least square curve £it gives

1
the remaining constants in (4.5) for 6061-T4 cylinders as

C\i 2.96, C, = 6.55 10~

Using these values and the proper value of 2 , Figures 13,
14, and 15 show the theoretical curves obtained from (4.5)
superimposed on the experimental data. The figures also

show the asymptotes KT and (SAK)C. Figure 12 shows the

60
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crack growth data obtained from.l3 specimens and a
theoretical curve obtained from (4.5) with = = 1.38,
which is the weighted avarage of values varying from 2/3
to 2. As to how well the model represents the actual
data for a fixed value of load ratio may be seen from
Figures 14 and 15 which show the experimental data and
the theoretical curves for the two extreme values of 2 ,

namely 2 and 2/3.

6.3 Fracture tests

In fracture tests, even though the net section
stress in all cylinders was above the 0.2% offset yield
strength, after an initial slow growth, the unstable rapid
crack propagation was clearly observed in all cases. De-
noting by a, the half crack length at the onset of rapid
crack propagation and by ag the initial length, the rela-
tionship between slow crack extension and a, is shown in
Figure 16, It is seen that the ratio(ac - ao)/ao over the
range of crack lengths tested is approximately constant.

The elastic stress intensity factor computed from

Ko = (B_+B) “x JiTa
m
by using the rupture stress turned out to be highly depend-

ent on ag s and is shown in Figure 1ll.
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An attempt was made to give a certain degree of
order to the rupture results and come up with a guantity
which may be considered as a material parameter for plane
stress condition by using the technigues described in [20],
[21], [22] and some variations of them. However, no useful
results were obtained. The model developed for plastic
zone size and crack opening disvlacement in Chapter III
could not be applied herxre as cqfo at rupture in all cylin-

ders was above the vield strength (in some cases, as much

as 12%).

6.4 Fatigue Results Under Controlled Environments

For the purpose of comparing shell and plate
fatigue data under controlled environments, the tests were
conducted at mean stress of 12,000 psi and F= 2.0. For
KC = 44,500 psi vin , the material parameters obtained by
using (4.l1) are shown in Table IV. The table also shows

the material parameters under controlled environments for

s ey

nean

o

B= 2,0 and 12,000 psi.

It is seen that experimental plate and shell data
practically coincide under various environmental condi-
tions. Thus, indicating that the fatigue crack propaga-

tion in shells can be predicted from that of plates under

various environmental conditions if the stress intensity



factor ratios for cracked shells are known.

T+ is also scen +that the material constant C (nor-
malized to <. = 3.5} in uncontrolled environments and dis-
tilled water are practically the same. However, there is
considerable difference in constants obtained in distilled
water and approximately zero per cent humidity.

The fatigue data in normal environment prevailing
in the laboratorv, distilled water and approximately zero
per cent humidity (for & = 2.0) for both plates and shells

are shown in Figqures 17 and 18.

(W8]



VII.

7.1 Conclusions

CONCLUSIONS AND SUGGLSTIONS FOR FUTURE RESEARCH

In Chapter II the solution for symmetric and anti-

symmetric problems of cylindrical shells with a circumfer-

ential crack were presented.

linear elastic materials
allow the application of

In Chapter III a
ahead of a crack tip was
opening displacement was

ble to cases where No/ h

No/h d§‘~( 0.7).
The objective of
determine if the fatigue

drical shells containing

predicted from the corresponding flat plate data.

The solutions are valid for
and for shell geometries which
shallow shell theories.

model for the plastic zone size

obtained. Using this model crack
obtained. This model is applica-
sy and 7\ are small (X £ 3.0,

o

the experimental program was to
and fracture properties of cylin-
a circumferential crack can be

It was

further desired to determine if the humidity had any sig-

nificant effect on fatigue crack propagation.

‘The results of the theoretical investigations of’

Chapter II indicate that

(1)

The shell analysis provides stress intensity factors

for the symmetric and anti-symmetric cases which are

applicable for a large range of shell parameters (up

tO 2’-= lO)o
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(2)

(3)

(4)

(5)
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The analysis given is based on an eighth order

shell theory in which Kirchhof assuﬁption is made
regarding the transverse shear and the twisting
moment on the boundaries, including the crack sur-
face. If a tenth order theory is used to account
for all the boundary conditions separately, one
would expect a shell thickness effect on the bending
component, as well as a slight change in the membrane
component of the stress intensity factor. The former
effect is observed in [25] for the bending of flat
plates where it is found that for practical values
of thickness to crack length ratio h/2a, the bending
stress intensity ratio varies between 0.62 (h/2a = 0)
and 0.85 (h/2a = 1.5).

The method of solving crack problems in shells
described here is a general one and is also appli-
cable to orthotropic shells.

The analysis provided here for plastic zone size

and crack opening displacement 1is useful for

N, / hog 2 0.7 and A < 3.0.

In cylindrical shells with a circumferential crack,
the size of the plastic zone ahead of the crack tip

and the crack opening displacement are considerably

larger than those in flat plates.



(6)

(7)
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For analyzing and comparing the fatigue crack
propagation results in plates and shells, models
given by (4.1) or (4.5) using the elastic stress
intensityv factors seem to be gquite satisfactory.

In a wide range of crack growth rates, these nodels
may also be used quite effectively as prediction
tools in design. For this purpose it is sufficient
to run a series of simple plate experiments to
determine the necessary material parameters which
avpear in the model.

For 6061-T4 aluminum, within crack growth rates

of 107° to 107° in/cycle, there is not much dif-
ference in fatigue crack propagation rates in
distilled water and those in the uncontrolled en-
vironments prevailing in the laboratory. However,
there is considerable difference in fatigue crack
propagation rates under uncontrolled environments
and dry environments. The difference in crack propa-
gation rates in distilled water and dry environment
is of the order of 2. Similar effects have been
observed by Hartman [26] in 2024-T3 alclad sheets,
by Bradshaw and Wheeler [27] in alclad aluminum=-
copper magnesium type alloy (DTD 5070A) and by

R. P. Wei [28] in 7075-T651 aluminum,



The present observation of environment-enhanced
fatigue crack growth is for plane stress. Specimen
thickness will have considerable effect on crack
growth rate., This effect has been investigated
by R. P. Wel [29] where thé possible mechanism of
environment enhanced fatigue is also discussed.

(8) In the presence of significant plastic deformation
around the crack tips, the fracture of the "thin-
walled" structure may be analyzed by using either

the plasticity-corrected stress intensity factor,

Ky » OT the crack opening displacement, 5§ . For

cylindrical shells with a circunferential crack

it was not possible tc analyze the experimental

data presented here as the stress at rupture of
shells was close to yield strength or even more than
yield strength in certain cases. None of the plas-
ticity corrections mentioned in the literature seen
to work.

In [20] the model for plastic zone size and crack
opening displacement is developed for cylindrical shells
with an axial crack. For fracture data of cvlindrical
shells with an axial crack given in [31] it is shown in
(301 that there is an apparent improvement in the correla-

tion of the data if the plasticity correction is used.
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For the same data crack opening displacement is also

o

obtained. Comparing the trend of the data, ¢ = constant

appears to be a more acceptable fracture criterion. Thus,

on the basis of this limited experimental verification,

68

one may tentatively conclude that, until a better criterion

for a plane stress fracture is developed, £ = constant may

serve as a satisfactory model.

7.2

Suggestions for Tuture Research

The following are several suggestions for future

research which is the logical extension of this study.

(1)

(2)

(3)

(4)

Obtain the anti-symmetric solutions for a cylindrical
shell with an axial crack and a spherical shell with
a meridional crack.

Obtain model for plastic zone size ahead of a crack
tip in a cylindrical shell with a circumferential
crack under torsion.

Extend the present method of shell analysis to ortho-
tropic shells,

Verify the model for plastic zone size ahead of a
crack tip and crack opening displacement for a cylin-
drical shell with a circumferential crack experi-
mentally.

Study the fatigue crack propagation in spherical

shells with meridional crack experimentally.



(6)

(7)

(8)

(9)

(10)

Verify the fatigue models for shells of different
radii, wall thicknesses and materials.

Study the fatigue crack propagation in orthotropic
shells,

Study the effect of mean stress on threshold value
0f K (i.c. Ky).

Develop a model for crack opening displacement in
spherical shells.

Solve the problems of shells with cracks using the

tenth order shell theory.
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Figure 2., The stress intensity factor ratios
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Figure 7. Crack surface displacements in cylindr%cal
) shells with a circumferential crack under
membrane loads



Figure 8. Crack ovening displacement in cvlindrical
shells with a circumferential crack
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TABLE I

6061-T4 Shell and Plate

89

Specinens

Shells

Thickness:
Radius:
Free Length:

0.2% offset yield, Axial direction:

$ Elongation:

Under uncontrolled environments
Load Ratio:

Number of Specimens:

Under controlled environments
Load Ratio:

Number of Specimens:

Mean Stress:

h = 0,022 in.

R = 1,736 in.

22 = 12 in.

oy = 22,000 psi
oult, 37,600 psi
15.8

2 under each condition

12,000 psi
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TABLE I
Plates -

Thickness: h = 0.025 in.
7idth: ” 2b = 6,5 in.
Length: 22 = 16 in.
0.2% offset yield, perpendicular to

rolling direction Uy = 24,000 psi

0Lt f 37,900 psi

% Elongation: 15.1
Under uncontrolled environments
Load Ratio: B = 1,05 - 3.50
Number of Specimens: 25
Under controlled environments
Load Ratio: B =2
Number of Svecimens: 2 under each condition

Mean Stress: 12,000 psi



Stress Intensitv Factor Ratios for Tension and Torsion

10

TABLE

1T

Tension
B 103 x B

1.0 0
1.0439 1.9851
1.1496 2.6240
1.2847 2.6633
1.4290 1,6377
1.5715 -1.1083
1.7069 -6.0770
1.8339 -13.411
1.9530 -22.870
2.0657 -33.952
2.,1712 -46,062

Torsion

1.0

1.0440
1,4960
1.2847
1.4291
1.5714
1.7068
1.8338

1.9529

2.1714

106 x C

0
1.5930
2.9339
1.1360
0.3703

-0.,1830
-0.4778
-1.0644

-1.1555

-1.4616

b

Sl



TABLE III
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Material Parameters for 6061-T4 Obtained from Eg. (1)

Shell
1015 ¢ 1015 ¢
m o (psivin) (a0 = 3.5) S.E.
1 3.4016 11.29 4,790 0.432
1.5 3.394 7.616 3.036 0.424
2 3.387 5.136 1.921 0,429
Plate
102 ¢ 1015 ¢
m o (psivain) (¢ = 3.5) S.E.
1 2.800 3.670 5.100 0.385
1.5 4,010 0.034 3.124 0.418
2 4,232 0.00313 1.914 0.48




TABLE IV

“aterial Parameters for 6061-74 Obtained from Eqg. (4.1)

Orean — 12,000 psi , B8 = 2.0
Shells
101° ¢ 1015 ¢
I a (psivin) (¢ = 3.5) S.E.

Uncontrolled Environments

1 3.3099 25.553 4,8702 0.282
1.5 3.3099 14.753 2.8118 0.282
2 - 3.3099 8.5177 1.6234 0.282

Hundred Per Cent Humidity

1 3.8881 0.164 4,882 0.232
1.5 3.8881 0.09469 2,.8189 0.232
2 3.8881 0.05467 1.627 0.232

Approximately Zero Per Cent Humidity
1. 3.2325 23.324 2,239 0.107
1.5 3.2325 13.466 1.293 0.107

2 3.2325 7.774 0.7465 0.107




TABLE IV
Plates
Omean = 12,000 psi , B = 2.0
1012 ¢ 1015 ¢
n o (psivin) (a = 3.5) S.E.
Uncontrolled Environments
1 3.4932 5.,7019 5.3828 0.0497
1.5 3.4932 3.2920 3.1077 0.0497
2 3.4932 1.9006 1.7942 0.0497
Hundred Per Cent Humidity
1 3.5923 2.5799 5.704 0.337
1.5 3.5923 1,489 3.293 0.337
2 3.5923 0.8599 1.9015 0.337
Approximately Zero Per Cent Humidity
1 3.623 1.0279 2,944 0.122
1.5 3.623 0.5934 1.700 0.122
2 3.623 0.3426 0.981 0.122
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APPENDIX I

2nti-Svmmetric Problem

The kernels h.. and k., are
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APPENDIX II

Svimetric Problem

The functions w and F are defined as

* el -8\ x) ~ (el +5) I
W(X,Y) = g Y Q\ 64 -+ QQ e -+ CQ;;;
— Cola 45 1) (z -S) 1)
e +Ra 2 1
Cos (Sy) ds.
re9 CD:\-S;> oo — (ot "7'5&)\1\
F(x,y) = "E"‘a X\r e Le e
{2+ 52) { =) QO(z.-Sz) ot
—Qz e - R4 € ]

Two relations between Qj are found from the conditions

and ny(O,y) =0, y 20

The relations between Qj are given by

Q3 =0, = Y U (@) = Q) * Vo > (2 + Q)
Ao Az
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Two more relations for Qj are obtained in the form of a

system of integral equations by using the following bound-

ary conditions at x = 0.

T CTW W7
M.’)L‘ o TR N D | '\‘) ' _ -D‘-'“(\.o
ey o= — | z F lJ-— z
a= L oX oy oF
B N
N (0,4y = - 25 o e
o= oy= Q=

The continuity conditions on the functions and

their derivatives for x = 0 and |yl > 1 are satisfied if

xR
j S, (Qi+Q@2) Cos (Sy4) d5 =0
(o]

w .
L & (Q1-Qa) Cos Csy) ds = 0

Jo

The functions LPi(i = 1,2) are defined as

o0 QﬂCS) VH\<|

X S (@ +Q2) Cos (£y) ds=

o o Lyl >|
Y, (9) gl < |

D
[ (@ 6a) con Copas -
° o 1y >L
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mith the above dcfinition of V¥ 1 and , the
symmetric problem is reduced to the solution of a set of

integral equations given by (2.35)

The kernels are given by
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Separating the real and imaginary parts of the kernels,

the kernels can be written as
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APPENDIX III

As discussed in Chapter II, the solution of the
problem for symmetrically loaded shnell with a circumferen-

tial crack is reduced to

2

L, 2
> iy B cedt 4 | 2 R %) de = fyey
P! -1

E——y

-y

L =1,2.

where the coefficients aij and kernels Rij for symmetric

loading are given earlier. The functions fj(y) are given

in terms of crack surfage tractions as

‘ Y
f(y = TAR K Nx () dy.
' LEhQ o

1To?‘

s
facyy = X Max CY) dy
o
In the calculations of the plastic zone size, the
stress intensity factor ratios Am(?‘p) and Ab( kp) shown
in equation (3.2) are obtained by letting Ny = = Ng and

My = 0 and are obtained in symmetric problem. For the

calculation of Bij shown in (3.4) the tractions are given
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by (3.3). Thus the input functions become

( o© gy <X
§¢y) =
\ 2z
- T Ap R
TrAe R Ney) , X<yt
A Eh
o) \Yi < &
fzc'ﬁ) = .
Ta
\.D M (y-o) | L <iyr< L
However, in the case under consideration the effect

of bending is neglected and hence fz(y) = 0,
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