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ABSTRACT

The one-electron energy bands of copper chloride have 

been calculated by using two different approaches : the 

tight-binding approximation for the valence bands and the 

mixed-basis method for the valence and conduction bands. 

The crystal potential was written as a sum of ionic-like 

potentials, whose exchange part is the sum of two terms : a 

Slater exchange for the core electrons, and a screened free- 

electron exchange for the valence electrons. In the mixed- 

basis calculation, both this exchange potential and an un­

screened Slater exchange potential were used.

The tight-binding calculation was done in a tradi­

tional manner, mainly for comparison with a previous theore­

tical study of CuCA by Song. The mixed-basis method was 

applied in the form recently developed by Kunz. The charac­

teristics of this method are discussed and it is shown how 

it is a quite rigorous and general method, which essentially 

involves no other approximations besides the use of a model 

crystal potential. .

The spin-orbit splitting at the top of the valence 

bands (r^g) has been computed in the tight-binding approxi­

mation and it is found to be 0.14 eV. No spin-orbit effects 
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have been included in the mixed-basis calculation, but a way 

to incorporate them in the method is shown. The effective 

mass has been computed at the bottom of the conduction bands 

(rp for both types of exchange potentials. The result is 

0.23 mQ for the Slater exchange, and 0.17 mQ for the 

screened exchange. The energy gap is l.OeV and 0.3eV, re­

spectively, for the two types of potentials.

Our results show that the contribution of the 3p or­

bital of CA" to the top valence band is larger than that of 

the 3d orbital of Cu+, in disagreement with Song's result 

and with the common interpretation of the experimental data. 

Apart from this discrepancy, there is a general qualitative 

agreement with Song's result and with the experiment. An 

argument is given why the quantitative agreement is some­

times poor. •
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INTRODUCTION

The purpose of the present work is two-fold: to in­

vestigate the energy bands of copper chloride and to review 

a new method of calculating energy bands in solids.

The copper halides have been the object of extensive 

experimental investigation in recent years.*  A theoretical 

study of the energy bands of copper chloride has been made 

by Song [Son 67, 67a], who used the tight-binding method for 

the valence bands and the orthogonalized-plane-wave method 

for the conduction bands. We will apply the tight-binding 

approximation to the calculation of the valence bands of 

copper chloride and compare our results with Song's results.

*We will not attempt to give a complete list of references on 
the experimental work. A good amount of information on this 
topic can be found in Song's thesis [Son 67].

The tight-binding method involves several approxima­

tions which may affect the results in such a way that any 

agreement with the experiment may be completely fortuitous. 

From the theoretical point of view, it is desirable to have 

a method which involves only few approximations, whose valid­

ity can be ascertained by comparison with experiment. For 

example, if we are able to solve a one-particle Schrodinger 

equation for the crystal with reasonable accuracy, the result 

will tell us how closely the effective potential used de­

scribes the one-electron properties of the system. The 



mixed-basis method appears a quite general and rigorous 

method of solution of the equation. By the use of this 

method, various model crystal potentials can be tested and 

more insight in the one-electron theory can be obtained.

In Chapter I we review the energy band theory and 

discuss some models of the effective crystal potential. In 

Chapter 11 we analyze the symmetry of the zinc blende struc­

ture, which is the structure of the CuC& crystal below 680°K. 

in that chapter, we also do the group-theoretical analysis 

and obtain basis functions of the appropriate symmetry for 

the expansion of the crystal wave function. In Chapter III 

the basic equations of the tight-binding approximation are 

derived for the case of an ionic crystal and applied to the 

calculation of the valence bands of copper chloride. In 

Chapter IV we describe and discuss the mixed-basis method 

and its application to the calculation of the energy bands 

of an ionic crystal. We then discuss in detail the appli­

cation of this method to CuC£. In Chapter V we present and 

discuss the results of both the tight-binding and the mixed- 

basis calculations. The results are then compared with pre­

vious theoretical and experimental studies.
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Chapter I

REVIEW OF ENERGY BAND THEORY

1-1. The one-electron approximation_

A crystal is a very complicated quantum-mechanical 

system. Some aspects of the structure of materials, how­

ever , are amenable to approximate analysis. For instance, 

by a description of the energy levels of electrons in solids 

it can be determined whether a material should be a metal or 

an insulator, optical spectra can be analyzed and inter­

preted, calculations of binding energies are possible.

The first step in such approximate analysis [cf. Fow 

63] is to use a non-relativistically covariant Schrodinger 

equation for the system:

E" ?" (2,%)/ (I-D

where H, the crystal Hamiltonian, is

Zz z, *
(1-2)

In Eq. (1-1), YM(r,R) is a particular eigenfunction of H, 

and E^ the corresponding eigenvalue. r and R represent the 

space and spin coordinates of electrons and nuclei, respec­

tively . In Eq. (1-2) , r± and RJ are the position vectors of 
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the ith electron and of the Ith nucleus f.respectively; 

rij=lr.-ri|and RIJ=|RJ-gIlî zie is th® charge of the Ith 

nucleus. Hrei includes all the relativistic terms, and 

H includes any interaction with external fields.
ext

We shall consider an isolated system, for which 

Hext=0, and shall neglect, for the present, any relativistic 

effects, i.e. Hre]=0. The inclusion of the spin-orbit 

interaction is discussed in Sec. 1-4.

The next step in simplifying our problem is the use 

of the so-called adiabatic or Born-Oppenheimer approxima­

tion [Bor 27]. Since the nuclei are much heavier than the 

electrons, they move much slower. We then assume that the 

electrons follow only adiabatically the motion of the nuclei 

and that we can separate the equation for the electronic 

motion from the one for the nuclear motion. We write the 

total wave function in the form

^62,5) = (1-3)

where $n R(r) is an electronic wave function which depends 

parametrically on the nuclear position R, and X^(R) is a 

nuclear wave function depending on the electronic state n. 

By applying the operator H to this wave function, and ignor­

ing the non-adiabatic terms, we obtain the following equa­

tions [see Sei 40; Zim 64] :
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(I-”

As long as we are not interested in the electron-lattice dy­

namics , we can assume that the nuclei are fixed in their 

equilibrium positions and study only the electronic motion, 

described by Eq. (1-4). This is dtill a many-body problem, 

23 
involving a number of particles of the order of 10 .

The third step toward the solution of the problem is 

the one-electron approximation [Sei 40; Rei 55]. We look 

for a set of one-electron equations that are somehow equi­

valent to Eq. (1-4). One-electron processes are very impor­

tant in solid state physics and one may expect to describe 

them quite accurately by the use of one-electron equations. 

Such equations might also give a qualitative account of some 

many-electron processes. •

In the one-electron approximation the wave function 

of the system is approximated by a determinant of orthonor­

mal one-electron functions of the form

= Y ; (1-6)

that is, a product of space and spin parts. A determinant 

of these one-electron functions obeys the Pauli exclusion 

principle, that is, it is antisymmetric under electronic 

permutations. The best determinantal wave function which 

can be constructed is the one which minimizes the expectation
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value of the operator

which is the Hamiltonian for the electronic system (cf. Eq. 

1-4). The application of the variational principle, subject 

to the constraint that the one-electron functions be ortho­

normal , yields a set of equations which must be satisfied by 

the one-electron functions. These are the Hartree-Fock 

equations [Sei 40 ; Sia 63] .

We can write the Hartree-Fock equations in the fol­

lowing form

(1-8)

in which W(r) is the potential energy of an electron in the 

field of the nuclei of the system; XT(r) is the ordinary 

average electrostatic potential energy of an electron in the 

field of all the electrons of the system; (r) is the so- 

called "exchange" potential: it is essentially a correlation 

term between electrons of the same spin, which arises from 

the antisymmetry of the wave function. The explicit form of 

the exchange potential is

The sum over j includes only states with the same spin as dn. 

A^ depends on the state i whose wave function is being
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calculated.*

The one-electron energy parameter in Eq. (1-8) 

gives the energy required to remove an electron from state 

i; or, more precisely, eis the energy which has to be 

added to the system in order to remove an electron from 

state i and place it in an unoccupied state j. This inter­

pretation comes from Koopmans'theorem [Koo 33; see also 

Sei 40], which shows that, if we consider the difference in 

energy between two systems, containing N and N-1 particles, 

respectively, but otherwise identical, and we suppose that 

the one-electron wave functions are the same in each 

case, except that in one the state is unoccupied, then 

we have AE .

Particular solutions of Eq. (1-8) may be found by the 

method of self-consistent fields [Har 57]. In this method, 

the Coulomb and exchange potentials are calculated with an 

assumed set of wave functions ; the resulting linear equa­

tions are then solved; the potentials are recalculated with 

the new functions, and the process is repeated until the 

successive iterations agree within some assigned limit. The 

process has been carried through with precision for some 

relatively simple atomic systems, but application to solids 

is rendered very difficult by the necessity of evaluating 

sums over a very large number of states. What is generally 

*For a more detailed discussion of these terms, see, e.g., 

Har 58, Sia 51.
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done is to assume a potential and reduce the problem to the 

solution of a one-particle Schrodinger equation.

We define an "effective one-particle Hamiltonian" for 

the crystal as

Ur- X7x + V } (1-10)
0 2 w. '

where V(r) is an "effective one-electron crystal potential." 

In the Hartree-Fock case, VEW + 1T + . We will dis­

cuss the choice of the crystal potential in Sec. 1-5. For 

the moment let us assume that V(r) is known. Thus our prob­

lem is reduced to the solution of the equation

H, CD = t. £ / (1-11)

where Hq is given in Eq. (1-10).

It is convenient to use atomic units (a.u.) in ener­

gy band calculations [see Cal 64]. We set Ti equal to
2 2

unity. The Bohr radius aQ = H /me is taken as unit
2

of length, and the rydberg (= e /2aQ) as unit of energy

(1 Ry=13.6058 eV [Tay 69]). In a.u. Eq. (I-10) becomes

H. = - * V(^ , (1-12)

where the potential V(r) as well as the eigenvalue e^, is

now in rydbergs.



11

1-2. The use of group theory.

By the use of group theory* , we can determine some 

properties of the eigenfunctions ^(r) before attempting to 

solve Eq. (1-11). We assume that we have an infinite, per­

fect crystal, i.e. , a crystal whose nuclei occupy equiva­

lent positions with respect to the sites of a lattice. For 

computational convenience, we impose periodic boundary con­

ditions over a sufficiently large region of the crystal 

(Born-von Kârmân B.C.) [see, e.g., Zim 64, Sec. 1.6].

All the operations (combinations of translations, 

rotations and reflections) which carry a crystal into itself 

form a group G, called the "space group" of the crystal. 

The general element of a space group is a combination of a 

(proper or improper) rotation and a translation. The opera­

tor corresponding to such element is denoted by {R|t}, which 

acts on functions of position and corresponds to the coor­

dinate transformation (a|t} according to the following 

definitions :

2) ;
(1-13) 

£ 0< I t j ï x o< t .

In Eq. (1-13), a is the 3x3 rotation matrix corresponding 

to the rotation operator R; t is a translation vector. The 

*See, e.g., Tin 64 for a general account of group theory. 
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matrices a are real orthogonal matrices [cf. Wig 59, Tin 64]. 

These are unitary matrices with real elements• Thus,

oT' = o/ = (1-14)

and (a~l). The rows (or columns) of a form a set 

of orthonormal vectors :

?4 ' (i-15)

The determinant of a is 1, if a . corresponds to a proper ro­

tation ; -1, if it corresponds to an improper rotation.

The fact that the crystal is invariant under the 

operations of the space group G implies that the operators 

|r |t} of G leave the crystal potential V(r) invariant; 

therefore, they commute with the Hamiltonian Hq . Operators 

commuting with the Hamiltonian are very important because of 

the following general principle of quantum theory : The wave 

functions of a quantum system must form bases for irreducible 

representations of the group of operators which commute with 

the Hamiltonian of the system [see Wig 59, Ch. 12]. Thus, 

the wave function <j)^ (r) in Eq. (1-11) must be a basis for an 

irreducible representation of the space group of the crystal.

A detailed analysis of the irreducible representations 

of space groups is given by Koster [Kos 57]. We will sum­

marize here some of his results. We restrict our discussion 

to "symmorphic" groups, for which t is always a lattice
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translation R . :

’ (1-16)

In Eq. (1-16) , the aJs are basic translation vectors and 

the n^'s are integers. The pure translation operators are 

denoted as {E|R^} and form an invariant subgroup of the 

space group.

Before considering the representations of space 

groups, we consider the subgroup of lattice translations. 

Since this is an Abelian group (the operators commute with 

each other), all the irreducible representations are one­

dimensional. A consequence of this and of the general prin­

ciple stated above is Bloch's theorem [Bio 28], which states 

that any eigenfunction of the Hamiltonian (1-10 or 12) can 

be written in the form

' ~ ) - (1-17)

In Eq. (1-17), k is a vector in the (first) Brillouin zone 

[Bri 31] and u^ (r) is a function which has the full perio­

dicity of the crystal.

At a general point in the Brillouin zone, it is suf­

ficient that the wave function have the form (1-17) in order 

that it be an acceptable basis function for an irreducible 

representation of the space group. At some particular 

points in the zone, however, we can obtain more information 



about the basis functions by a study of the point group of 

the crystal.

The rotational parts R of the operators {r |t) of G 

form a group Gq , called the "point group" of the crystal. 

For a given k in the Brillouin zone, those operators of Gq  

that leave k invariant or bring it into k + h , where h 
~ ~ lip

is a reciprocal lattice vector (cf. Eq. 11-6), also form a 

group, called the "point group of k", denoted by Gq (k). Any 

operator of Gq , not contained in GQ(k), will bring the vec­

tor k into a different vector k1. The figure of these k 

vectors is referred to as a "star." It exhibits all of the 

rotational and reflectional symmetry of the lattice. If the 

point group GQ contains n elements and Gq (k) contains g 

elements, the star of k will contain q = n/g vectors. All 

the groups of the k vectors belonging to the same star are 

isomorphic. For a given star, there will be as many distinct 

irreducible representations of the space group G as there 

are irreducible representations of the point group of a wave 

vector in the star. If d is the dimension of an irreducible 

representation of the group of k, the dimension D of the 

corresponding irreducible representation of G is given by 

D = gd.

The knowledge of the irreducible representations of 

Gq (k), sometimes called the "small representations of k" 

[cf. Bou 36], is sufficient to determine the irreducible 

representations of the space group G. If r(R) is a 
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representation of the operator { R10} in the point group of 

the wave vector, the representation of the operator {R|t} in 

the space group (K) of the wave vector k is e1-’- F (R) . If 

we have d orthogonal functions (where j runs from 1 to 

d) of the Bloch form (Eq. 1-17) , which are basis functions 

for a small representation of k, these same functions are 

also bases for an irreducible representation of the space 

group of k. There will exist q = n/g operators in the space 

group G, {e |o }, {R2|a2}, {R3|a3}, {Rq|ag}, such that 

the full space group G may be expressed as the sum of its 

left cosets with respect to K:

G = K {RJ K + • * * + j K • (1-18)

The D = qd functions

# = K W 
iz "

where £ = 1,2,, q and j = 1,2, ..., d, form bases for an 

irreducible representation of the space group G.

Remembering that all the partners of an irreducible 

representation belong to the same energy [Wig 59, loc. cit.], 

we can choose the wave function ^^(r) in Eq. (1-11) to be a 

basis for an irreducible representation of the space group 

of a wave vector k. We can relabel Eq. (1-11) in the follow­

ing way:

H*  62) = ) y (1-20) 
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where o = (k, a, y) characterizes the symmetry of the wave 

function, k is a vector in the Brillouin zone. The function 

is the ith function belonging to the yth row of the 0th 

irreducible representation of the group K, the space group 

of the wave vector k. Once and its partners in the 

small representation are known, all other partners can be 

obtained from Eq. (1-19).

To the above results we add the following well-known 

theorem of group theory: Matrix elements of an operator S 

which is invariant under all operations of a group vanish 

between functions belonging to different irreducible repre­

sentations or to different rows of the same unitary repre­

sentation [cf. Tin 64, Sec. 4-9].

It is now evident that the first steps toward the 

solution of Eq. (1-20) are the following.: (a) choose a value 

of k in the Brillouin zone; (b) determine the point group of 

k, G (k); (c) find all the distinct irreducible représenta- 
A» O f
tions of GQ(k). The wave function 4)^ (r) must be of the 

Bloch form and can be chosen to belong to the y^ row of the 

irreducible representation r^of (k). We need to solve 

only one equation for each irreducible representation of the 

point group of k, since all eigen-functions which are 

degenerate*  with <|)^ (r) can be determined by the use of 

group theory, once (r) is known.

*We refer here to degeneracies caused by symmetry. .Accidental 
degeneracies must be considered separately [see Wig 59, 

loc. cit.].
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1-3. Solution of the equation.

The problem of finding solutions to Eq. (1-11 or 20) 

is still by no means trivial. Even assuming that V(r) is known, 

an exact solution to this equation cannot be obtained. How­

ever , several methods have been devised to approximate such 

solutions. They all involve the use of a trial function, 

which is a linear combination of a finite number of known 

functions. The coefficients of this linear combination are 

then varied to minimize the expectation value of the Hamil­

tonian. The choice of the basis set of functions character­

izes the various methods of calculation. We will consider 

this choice in Chapters III and IV.

Let {Xj} (j = If N) be a set of linearly inde­

pendent, but not necessarily orthonormal, functions. Such a 

finite set of functions is referred to as a "truncated basis 

set." Let f.(r) be a trial function given by the expansion 
1 —

N 
&& = "-ZD

The function f^ is called a "linear variation function" 

[cf. Lev 70, Sec. 8-5]. The expectation value of H with 

respect to the function f^ is
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where

= (I_23)

H. . and OV1 are the matrix elements 
kl kx 

of the Hamiltonian and

of unity, respectively, in the basis {Xjl*

Applying the variation theorem to Eq. (1-22), we

obtain [cf. , e.g., Pil 6 8]:

^e‘ = a = «Z, o~ [i< * J <

4/ + F F )J

- 1 f Z fk-c.. rH -e.O )~1+ complex conjugate}. (1-24)

- I* « • « J J

In Eq. (1-24), we made use of the hermitian property of

H(H= H^). Thus, the variation theorem is satisfied if

in order for Eq. (1—25) to be satisfied for any artibrary 

variation ôcÿ , of the coefficients, it is necessary that the 

term in brackets vanish for all values of k, namely,

'S- -e.o )= 0 ; (1-26)
J2_ * "**

For a given i, this is a set of N homogeneous equations in 

the N unknowns c^, c±2, ..., ciN< Nontrivial solutions can 

be found if, and only if,

Det (Q - E.0) = 0. 
-

(1-27)
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In Eq. (1-27), H and O are the "Hamiltonian" and "overlap" 

matrices, respectively. These are square matrices of dimen­

sion N, whose elements are given by Eq. (1-23). The deter­

minant in Eq. (1-27) is called the "secular determinant,11 

and the equation the "secular equation."

The secular equation is an algebraic equation of 

degree N in the unknown E^, which from Eq. (1-22) is seen to 

be the expectation value of the Hamiltonian. We label the 

N roots of the equation by E.^ E^ ..., E^ and order them in 

such way that E.<E^<...<E„. Associated with each root E., J i 2 N i

there is a set of coefficients {c^} and a function f. 

If Ej is the exact energy of the lowest state of the system, 

whose wave function is approximated by f , then, by the 

variational principle we have

En > E . (1-28)
1—1

It has been shown [Hyl 30, Mac 33] that if one extends 

the truncated basis set by one more function, the roots of 

the NxN secular equation (1-27) will separate the roots of 

the (N+1) x (N+1) secular equation resulting from the ex­

tended basis. Denoting the roots of the extended basis by 

primes, this fact can be written

E.'< E,< E- <E. < ...

By extending this analysis to an infinite basis set, one can

readily show that the root E. of the secular equation of
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order NxN is an upper limit to the jth exact energy, that is,

Ey - f (1-30)

The roots {Ej} are thus approximations to the energy of the 

ground state and the N—1 lowest excited states of the system.

There are two important features of the linear varia­

tion method. The first is that, by choosing a trial function 

(1-21) which is orthogonal to the first n "exact" eigen­

functions of the system, the roots E^, Eg, ..., E^ will be 

approximations to the energies en+1, en+2 » • * • , en+N of the 

system [see Lev 70, Sec. 8-2]. The second feature follows 

from Eg. (1-29). If we increase the number of basis func­

tions in the trial function f^ (Eq. 1-21) and consider one 

root of the secular equation, say E^, we see from Eq. (1-29) 

that

E^E^EV > . ..>e ^. (1-31)

Eq. (1-31) shows that, by increasing the number of functions 

in the basis set (Xj), the variational energies will converge 

to the "exact" energy e^. A study of the convergence of E^ 

versus number of basis functions can provide us with a good 

estimate of the exact energy.

Once the secular equation is solved, we can obtain an 

approximation to the wave function corresponding to the 

energy E^ by substituting E± in the set of equations (I-26) 

and solve them for the coefficients c^, ci2*  * ' ciN’
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have a set of N homogeneous equations in N unknowns. To 

solve them, we assign an arbitrary value to any one of the 

unknowns, say c^N, discard any one of the equations, say the 

last one, and solve the remaining system of N-1 linear in­

homogeneous equations in N-1 unknowns. The coefficients 

cü, ci2, ..., ciN-1 will then be given in terms of c^, 

and the normalization condition for the wave function

E £ c*  c Q 
k l ik il kl

(1-32)

provides an additional equation to determine c^.

In consideration of the results of the previous sec­

tion, we can restrict the truncated basis set*  (xjl to func­

tions having the same symmetry a of the wave function that 

we are trying to approximate. Thus, our trial function f£(r) 

will be a linear combination of functions of the Bloch form 

(Eq. 1-17), which belong to the yth row of the representation 

ra of the group of k.. We can put the symmetry label in Eq. 

(1-21) and write

r H r 
= Z. <• X. (s). <æ-«>

The problem of calculating the energy levels of elec­

trons in solids is now reduced to the solution of the secu­

lar equation (1-27). For a general point in the Brillouin

zone, where the group GQ(k) contains only

is still a hard task, since we might need 

the identity, this 

a large number of

functions X? to approximate the wave function , due to



22

the general form of the latter. At some special points or 

lines, however, the symmetry considerably restricts the 

choice of basis functions and relatively few of them may 

give a good approximation to the wave function.

As a continuation of the last paragraph of the pre­

ceding section, the next steps toward the solution of Eq. 

(1-20) are the following: (d) choose a set of functions 

X.(r); (e) from this set, construct functions X?(r) which 
3 " J "

belong to the row of r^; (f) calculate all the matrix 

elements H., and O. ,; (g) solve the secular equation. For a 
1CX Kl

given point in the zone, we have to solve one secular equa­

tion for each small representation of k. However, as we 

will see in the next chapter, some representations are 

"uninteresting" because they correspond to too high energies, 

and we shall not consider them. Steps (a), (b), (c), and 

(e) are performed in Chapter II. Steps (d) and (f) are con­

sidered and further discussed in Chapters III and IV. Step 

(g) is only a computational problem that can be left to the 

computer, since standard Fortran routines to diagonalize 

complex matrices are available (see Appendix G).

I-4. Spin-orbit interaction.

With the inclusion of the spin-orbit interaction, the 

effective Schrodinger equation for an electron in the crystal 

can be written

+ Hsq } = (1-34)

where HQ is given by Eq. (1-10) and
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H = a*  (VV x p) . (1-35)
so 4m2c2 * * *

The eigenfunction ip is now a two-component Pauli spinor; g 

represents the 2x2 Pauli spin matrices [see Sch 68, p. 

374]; V is the effective crystal potential, as it appears in 

Eq. (I-10); p =-i H V is the linear momentum operator. The 

Hamiltonian operator still has the symmetry of the lattice, 

but, due to the transformation properties of spinors, now 

there are two different quantum mechanical operators which 

correspond to the same transformation of points in space. 

It is these operators, rather than the physical transforma­

tions themselves, which form the group whose irreducible 

respresentations are required.

The intrinsic transformation properties of spinors 

under rotations are given by 2 x 2 unitary matrices having 

determinant unity. Consider a proper rotation R, corres­

ponding to the Euler angles a,8,y [see Ros 57, Ch. IV]. 

The 2x2 matrix corresponding to this rotation can be 

written in the form ± D(R), where [cf. Tin 64, Eq. (5-34)]

Dn (d) = y  J

If we have a spinor whose two components are scalar func­

tions of position, the total operator corresponding to this 

coordinate transformation is

± D(R)R. (1-37)



Here R is the operator which acts on the two scalar com­

ponents of the spinor. Thus, due to the ambiguity in sign 

in Eq. (1-37), there are two operators corresponding to each 

proper rotation of the coordinates. Given a collection of 

g spatial operators R which form a group, the 2g operators 

of the form (1-37) corresponding to them also form a group, 

called the "double group."

We must also be concerned with improper rotations. 

The operators of the double group corresponding to the in­

version are ± D(I)I, where D(I) is the two-dimensional unit 

matrix and I is the spatial inversion operator. Since any 

improper rotation can be considered as the product of a 

proper rotation R and the inversion, we obtain: D(IR) = D(R).

A double point group can leave a lattice invariant 

only if the corresponding point group leaves it invariant. 

The results of Sec. 1-2 still hold, except that we now con­

sider double groups. To each transformation {R|t) previously 

considered, there correspond two quantum operators. One 

must determine, as before, the group of the wave vector, 

which is now a double group. A wave function must be of the 

Bloch form e^-u^r) (cf. Eq. 1-17) , where uR is a spinor, 

and must transform according to one of the additional repre­

sentations of this double group.

Obviously the matrices ± D(R) form a two-dimensional 

representation of the double point group. This representa­

tion is irreducible and is usually called D^, because it
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corresponds to the j = % representation of the rotation 

group. A spinor, whose components belong to the representa­

tion r. of a point group, transforms according to the direct 
£

product representation x Dy. This representation may be 

reducible : 

(1-38)

where the r/s can only be additional irreducible repre­

sentations of the double group. The physical interpretation 

of Eg. (1-38) is that it expresses the splitting of a de­

generate state ly by spin-orbit coupling into states of 

symmetry rj.

In atomic units, defined on p. , the speed of 

light has the numerical value c = 274.074, and Eq. (1-35) 

becomes

(1-39)

The procedure for solving Eq. (1-34) is the same as that 

described in Section 1-3, with H = Hq + HgQ.

The spin-orbit interaction is further discussed in 

Sec. II-4, Sec. III-3, and Appendix F.

1-5. The crystal potential.

The previous considerations in this chapter were 

quite general and did not depend on a particular type of 

crystal. In discussing the crystal potential, it is 
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convenient to restrict ourselves to a particular type of 

crystal: an ionic crystal with two ions per basis. This is 

the type of crystal on which the present work is based. We 

call the two types of ions A and B, respectively. They form 

two identical lattices, displaced from each other by the 

vector d.

The crystal potential V(r) must have the translation­

al symmetry of the lattice. Therefore, we can write, with­

out loss of generality,

V(4) = z * V.ü-s.-éjj • (1-40)

Here, the sum is over all lattice translation vectors R . 

The origin is taken on an ion of type A. and VB are 

"ionic-like" potentials, centered on an A and B ion, respect­

ively . We will often refer to either of them as Va, under­

standing that the subscript a can be either A or B.

We call the potential Va an "ionic-like" potential 

because we do not expect it to differ very much from an 

ionic potential. In the limit where the lattice parameter 

becomes very large, the potentials V& and VB become the 

potentials of isolated ions. In a real crystal, on the 

other hand, the electronic charges of different ions over­

lap and the potential VQ will no longer be the potential of 

an isolated ion.

If v(r) is invariant under the operations of a point 
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group, performed either around A or B, the potential V&(r) 

must be invariant under the same operations. We assume that 

the ionic-like potentials have spherical symmetry around the 

nucleus :

Mu <2*0  = (1-41)

A R
where and R^ = R^ + d. The potential Va(r) can be

written (in rydbergs) [cf. Bas 65]

2 a 
%

where is the ionicity of ion a, and + zQ = 0. The two 

terms at the right hand side of Eq. (1-42) are called the 

"long-range" and the "short-range" term, respectively. At 

large r, Ua(r) is practically zero and Va(r) is equal to 

-2z^/r. The short range part of the potential is defined 

through Eq. (1-42) , once Va(r) is known.

By using Eq. (1-42), the crystal potential (1-40) can 

be written

+ [z' UA Ç UQ (11 -Sv - a

where the prime in the summation means that 

Ry = 0 is excluded. If the origin is on an 

we have to exchange A and B, and change the

, (1-43)

the term with 

ion of type B, 

sign of d in
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Eq. (1-43). In general, we can write

W2) = 14M * MJS) + S'vJ, ;

where

f2’^— + 2 —!—7.1
Lv 12-5.1 » 12 "2. • élj

(1-44)

(1-45)

and

Z UA(l2.-^l) * Z U0(ll-Sv~4D? e*.  A ;

; (1-46)
Z (J (ll'Svl) **•  0 •v 5 ’

M (r) is the "Madelung potential" centered on an ion of 
a ~

type a. [S'U]Q is the sum of all the short-range potentials, 

except the one at the origin.

The Madelung potential is the contribution to the 

crystal potential due to all the ions, except the one at the 

origin, as if they were point charges located at the 

nuclear positions. This potential has the point symmetry of 

the crystal around the origin ; therefore, it transforms 

according to the identical representation of the point group 

of the crystal. This implies that, if we expand MQ(r) in a 

series of spherical harmonies, 

TTV
M (-) - Z % ft) X (9,^ ) (1-47)

the coefficients a^(r) of spherical harmonics that have no 

components belonging to the identical representation of the 

point group are identically zero. By far the most important
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term in the expansion (1-47) is the spherically symmetric 

term having £=0 [cf. Bal 62, Ch. 4] . If we rétçiin only this 

term, we can write

M/2) = M/o (1-48)

We now consider the ionic-like potential Va(r). For 

an isolated ion this would be the Hartree-Fock potential for 

the free ion, which is state-dependent (cf. Eq. 1-8). It is 

convenient to have a potential which is the same for all the 

electrons in the ion. One way to obtain such a potential is 

by the use of the Slater approximation to the exchange term 

in the Hartree-Fock equations [Sia 51, 60]. Slater assumes 

that the exchange potential in an electron system with a 

given charge density p = E4»^ is the same as in a free 

electron gas of the same density : 
I

A/Z) = (1-49)

The spherically symmetric Hartree-Fock potential, with the 

Slater approximation for the exchange term, is [see, e.g., 

Her 63, p. 1-7]

V/*)  = (1-50)
» 4

in rydberg units. ZQ is the atomic number and aa(r) is the 

total radial density of electrons :

<r^) = Z ( - ^rc f (') . (1-51) 
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The potential (1-50) is referred to as the Hartree-Fock- 

Slater (HFS) potential.

The Slater exchange is too large in the low density 

tail of an atomic potential. Robinson et al. [Rob 62] have 

modified the original Slater result to include the influence 

of electron correlation on pair interactions. They obtain 

a screened exchange potential of the form

A; = -6 Ft-), (1-52)

where

F6Q = I ~ ~2----~ «x to^x + (1-53)

and

oL = 2 - o. 6 3 Ç < . (1-54)

The screening factor F( a) goes from 1, at very large densi­

ties, to 0, when the density p becomes very small [cf. op. 

cit., Fig. 1]. F(a) (Eq. 1-53) is the limit for Of the 

following expression [W. Beall Fowler, private communica­

tion; see also Rob 62]

f f1*i?)/ c1-55)

where

(1-56) 
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and K is the optical dielectric constant. 

If, following Brinkman’s idea [Bri 65, 66; see also

Lip 70, Fig. 13], we assume that the core electrons are 

essentially unscreened and that the screening effect occurs 

mainly between the valence electrons, we can write an ex­

change potential which is the sum of two parts : a Slater 

exchange, which depends only on the density of the "core" 

electrons Pc , and a screened exchange with the factor 

(I-55), which depends only on the density of the "valence” 

electrons Pv . Thus,

g eJF™, cc -
Our point of view is that the Slater exchange is 

often not a very good approximation to the exchange term in 

the Hartree-Fock equations, which are an approximate descrip­

tion of the real system. We then feel justified, from a 

physical and practical point of view, in trying different 

models of the exchange potential, feeling that a one- 

particle effective potential is a practical means of doing 

calculations, more than a true description of the physical 

situation.

In our calculations, we will use the expression (1-57) 

for the exchange potential, which has the largest number of 

parameters. By giving suitable values to these parameters, 

we can obtain all the exchange potentials described in this 

section. Thus, if we let Pc = P and Pv = 0 , we obtain 
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the Slater exchange (Eq. 1-49); by putting Pc=0, pv=p and 

k -h ”, we get the RBKS (Robinson, Bassani, Knox and Schrieffer) 

exchange potential (Eq. 1-52) ; and finally, if we let p^O r 

PV=P and K=dielectric constant, we obtain the RBKS exchange 

with the screening factor (1-55). Various exchange poten­

tials are shown in Fig. 1 for C17 The total ionic-like po­

tential , with the valence screening (1-57), is now

(I-58>

It must be noted that for large r the ionic poten­

tials (1-50) and (1-58) go as -2(Z-N)/r, where N is the num­

ber of electrons in the ion. This asymptotic behavior is 

incorrect for atomic structure calculations. An electron in 

the ion sees a potential due to the nucleus and to the re­

maining N-1 electrons, which goes as -2(Z-N+l)/r at large 

distance. The error comes from the Slater approximation to 

the exchange potential and is not present in the original 

Hartree-Fock equations.

Herman and Skillman [Her 63] have used Latter’s modi­

fication [Lat 55] to the HFS potential in their atomic 

structure calculations, so that the modified potential has 

the correct behavior at large r. They use

VJ» = Ve(^

and - -262-W + OA A- * > z* (1-59)

where VQ is the Hartree-Fock-Slater potential (1-50) and rQ
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a : Slater exchange

b : Valence screening
( k=3.57)

c : RBKS ( k=3.57) 
a
\ d : RBKS ( k =~»oo )

Fig. 1 - Various effective exchange potentials for CuCl. 

a
o

is the Bohr radius.
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is that value of r for which VQ(rQ) = -2(Z~N+l)/rQ.

In a previous work [Cal 66] we have used a Hartree- 

Fock potential with the RBKS exchange (Eq. 1-52), where the 

density was that of N-1 electrons. The potential was state­

dependent , since the wave function in consideration was ex­

cluded from the calculation of the density, and resembled 

more closely the Hartree-Fock potential. Besides, it had 

the correct behavior at large r.

In the crystal the situation is different. There, we 

may consider the electron, whose wave function is being cal­

culated, as an external electron and construct the crystal 

potential as a sum of ionic potentials that go as -2(Z-N)/r 

at large distance from the nucleus. This type of potential 

seems particularly suitable for calculation of conduction 

states. For valence states, however, a slightly different 

approach may be used [see, e.g., Kun 68]. Here we can 

assume that the electron is essentially localized around a 

particular ion and sees a potential of Z-N+l charges due to 

that ion and a potential of Z-N charges due to the other 

ions in the crystal.

Since the question of what type of crystal potential 

to use depends mostly on the bands that are being studied 

and on the method used, we will postpone any further dis­

cussion of this point to Chapters III and IV, where two 

methods of band structure calculations are described.

The problem remains how to calculate the potential



(1-58). We will use a self-consistent-field method [Har 57 

see also Her 63], in which we assume that the ion feels the 

presence of the crystalline environment only through the 

spherically averaged Madelung potential (1-48).
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Chapter II

THE ZINC BLENDE STRUCTURE

II-1. The crystal lattice and the point group T^.

The zinc blende structure is composed of two face­

centered cubic (f c c) lattices displaced from each other by 

one quarter of a body diagonal. The first lattice is formed 

by atoms of type A, the second by atoms of type B (cf. Sec. 

1-5). The unit cube is shown in Fig. 2, where the empty 

circles represent atoms of type A and the shaded circles 

atoms of type B. There are four molecules AB per unit cube. 

About each atom there are four equally distant atoms of the 

opposite kind arranged at the corners of a regular tetra­

hedron. The number, position, and distance of the first few 

neighbors are given in Table 1.

The primitive cell can be defined by the basic trans­

lation vectors

a, = V (V, ») , i., = y S3 = v

and contains one atom of type A at the origin and one of 

type B at

ol = C1//) • (H-2)
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Fig. 2 - Unit cube for the zinc blende structure.
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TABLE I

SOME SHELLS OF NEAREST NEIGHBORS IN THE ZINC BLENDE

STRUCTURE.

Shell
Number Coordinates Distance from 

a. the origin_Yin
Type of 

ions
of ions (in units or 2 uni ts of z) (origin +)

1 4 ( 1
r-l|C

M
 

i—
I |C

M

/3
2

= 0.86603 - -

2 12 ( 1 1 0 ) ✓ 2 = 1.41421 +

3 12 ( Ï
11 ) /IT 

2
= 1.65831 -

4 6 ( 2 0 0 ) 2 +

5 12 ( Ï
3 3 s
2 2

/IT 
2

= 2.17945 -

6 24 ( 2 1 1 ) /6 = 2.44949 +

7 16 G 1 5 .
J 7 )

/27
2 = 2.59808 -
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3 3 .
The volume of the primitive cell is %a where a is the 

volume of the unit cube shown in Fig. 2.

The space group of the zinc blende structure is de­

noted as T^ (F43m), in a standard notation [Int 52]. This 

is a symmorphic space group, with the face-centered cubic 

Bravais lattice and the point group T^. The subgroup of 

pure translations contains all the operators of the form 

{E|Rv}, where is given by Eq. (1-16).

We now study the point group T^ [cf. Sia 63, pp. 353­

359], which is a subgroup of the space group T^. This is 

the group of all operations, both of rotation and reflection, 

which transform a regular tetrahedron into itself. There 

are 24 operations, indicated in Fig. 3, where the four cor­

ners of the tetrahedron coincide with the corners abed of 

the cube. The first 12 operations are proper rotations, the 

remaining 12 are improper rotations, that is a combination 

of rotations and reflections. The 24 operations are: R^=E, 

the identity; R^, R3, R4, rotations of tt  about the x, y, and 

z axes, respectively; Rg, Rg, Ry, and Rg, rotations of 2^/3 

in a positive direction about lines joining the origin with 

points a, b, c, and d, respectively; Rg, R10, Rnr and R^2 * 

rotations of 4^/3 about the same four axes; R13, R14, rota­

tions of tt /2 , and -ir/2, respectively, about the x axis, fol­

lowed by a reflection in the plane x = 0 ; R^g, R^g, same 

kind of improper rotations about the y axis ; Rjy, R^g, about 

the z axis; R^, R2Q, R^, R22, R23, and R24, reflections in
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Fig. 3 - Symmetry operations of the group T^. The point 

1 is transformed into one of the points 1...24 

by each of the operations of the group. Opera­

tions are numbered as in Table 2.



the six planes y = z, y = -z, z = x, z = -x, x = y, x = -y, 

respectively. The analytical formulation of these opera­

tions is given in Table 2. The symbol Rn is equivalent to 

the space group operator {Rn|0}. From Table 2 we can obtain 

the rotation matrices a by using Eq. (1-13), which for pure 

rotations can be written

Rf(r) = f (a-1r). (11-3)

The multiplication table of the group T^ is given in 

Slater’s book, Quantum Theory of Molecules and Solids, Vol. 1 

(Sia 63, Table A12-10] and Vol. 2 [Sia 65, Table A3-17]. By 

examining this table we find that there are five classes : 

the identity; the two-fold rotations R^, R^, and R^; the 

three-fold rotations R^, ..., R^? the improper rotations 

through ±^/2, R^g, ..., R^; and the reflections Rlg, ..., 

Rg^. In the next section we will consider the irreducible 

representations of the group T^ in connection with the group 

of T(k = 0).

I1-2. The reciprocal lattice and the group of the wave 
vector.

The reciprocal lattice to the fee crystal lattice 

is a body-centered cubic (b c c) lattice, whose basic trans­

lation vectors are

k -- ¥
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TABLE 2

OPERATIONS OF THE GROUP Tj.

Rxf(x,y,z) = f(x,y,z) R13f(x,y,z) = £(-x,z,-y)

R2f(x,y,z) = f(x,-y,-z) Ri4f(x,y»z) = £(-x,-z,y)

R3f(x,y,z) = f(-x,y,-z) R15f(x,y,z) = £(-z,-y,x)

R4f(x,y,z) = f(-x,-y,z) Rl6£(x,y,z) = £(z,-y,-%)

Rgf(x,y,z) = f(y,z,x) R1?£(x,y,z) = f(y,-x,-z)

R6f(x,y,z) = f(-y,z,-x) Rlgf(x,y,z) = £(-y>x,-z)

R?f(x,y,z) = f(-y,-z,x) R19£(x,y,z) = f(x,z,y)

Rgf(x,y,z) = f(y,-z,-x) R20£(x,y,z);= £(x,-z,-y)

Rgf(x,y,z) = f(z,x,y) R21£(x,y,z) = £(z,y,x)

R10£(x,y,z) = f(-z,-x,y) R22£(x,y,z) = £(-z,y,-x)

Rxlf(x,y,z) = f(z,-x,-y) R23£(x,y,z) = £(y,x,z)

R12f(x,y,z) = f(-z,x,-y) R24£(x,y,z) = £(-y,-x,z)



The vectors a. (Eq. II-l) and b. (Eq. II-4) satisfy the well 
< ~i ~ j

known relations

a. • ; CM = i, i). (II-5)

The Wigner-Seitz cell of the reciprocal lattice is shown in 

Fig. 4. This is the Brillouin zone of the fee crystal 

lattice. Some symmetry points are shown in the figure, fol­

lowing the standard notation of Bouckaert, Smoluchowski,

and Wigner [Bou 36]. .

As discussed in Sec. 1-2, we need to know the point 

group of the wave vector for vectors k in the Brillouin 

zone. We will select the following points : r= (0,0,0), 

X=(2n/a)(1,0,0), LE(2n/a)(%,%,%), A=(2n/a)(p,0,0), and 

A=(2ir/a) (p/2, p/2 , p/2) , where 0<p<l. For each of these 

points we want to find the subgroup of that leaves the 

vector k invariant, or brings it into k + h^, where h^ is a 

reciprocal lattice vector defined by

The point group of r is the entire group T^, des­

cribed in the preceding section. This is true because P is 

at the origin of the Brillouin zone and any operation of Td 

leaves the origin invariant.

The group of X is the point group B^d, of order 8. 

As a subgroup of Td, it contains the elements Rj, R^, Rg « 

R4, R13, R14, R19, and R20. The multiplication table of 

this group, as of any subgroup of T^, can be derived from 

Slater’s table [Sia 63, Table A12-10; or Sia 65, Table A3-
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Fig. 4 - Brillouin zone of the fee lattice.



us

17], by selecting the appropriate elements. We see that the 

group of X contains five classes: R^; R^ Rg, R^; R^g, R^f 

and R19, &20'

The group of L is Cgv, of order 6. It contains the

elements R1# Rg, 

classes: R^; Rg, Rg; and Rlg, Rg^, R23*

The group of A is C2v, of order 4. It contains the 

elements R^, R2, Rlg, and R2Q. This is an Abelian group: 

each element is in a class by itself. Thus, there are four 

classes.

The group of A is the same as the group of L,

and needs not be considered separately at this point. All 

the groups mentioned above are described in Koster's arti­

cle [Kos 57].

We now want the irreducible representations of these

groups. Usually only the character tables are given in the 

literature [cf., e.g., Par 55], but a knowledge of the ma­

trices of a representation is necessary to construct basis 

functions, as we will see in the next section. The matrices 

and characters of the small representations for 20 space 

groups are given in Appendix 3 of Slater's Quantum Theory of 

Molecules and Solids, Volume 2 [Sia 65]. We reproduce in 

Tables 3 to 6 the tables of interest to us. These tables 

give the matrix elements and characters of the small repre- 
2 

sentations of P, X, L, and A for the space group Td.
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TABLE 4

MATRIX ELEMENTS AND CHARACTERS AT POINT X.

R1

ts
i R3 R4 R13 R14 R19 R20

X1 1 1 1 1 1 1 1 1

X2 1 1 1 1 -1 -1 -1 -1

t
o 

X

1 1 -1 -1 -1 -1 1 1

X4 1 1 -1 -1 1 1 -1 -1

11 1 -1 -1 1 0 0 0 0

Xr
21 0 0 0 0 -1 1 1 -1

5 12 0 0 0 0 1 -1 1 -1

22 1 -1 1 -1 0 0 0 0

X (X5) 2 -2 0 0 0 0 0 0
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TABLE 5 •

MATRIX ELEMENTS AND CHARACTERS AT POINT L AND ALONG 

THE DIRECTION A.

TABLE 6

R1 Rs R9 R19 R21 R23

Ll* A1 1 1 1 1 1 1

L2 ’ A2 1 1 1 -1 -1 -1

L3 * AS

11

21

12

22

1

0

0

1

-1/2

/3/2

-/3/2

-1/2

-1/2

-/3/2 

/3/2 

-1/2

1

0

0

-1

-1/2

-/3/2

-/3/2

1/2

-1/2

/3/2'

/3/2

1/2

x(h ,a 3) 2 -1 -1 0 0 0

MATRIX ELEMENTS AND CHARACTERS ALONG THE DIRECTION A.

R1 C
M

C
h

rH
 

a o
 

C
M

A1 1 1 1 1

C
M 

<

1 1 -1 -1

A3 1 -1 1 -1

<
J 1 -1 -1 1



II-3. Basis functions for the small representations.

For our calculations in the next chapters, we need 

basis functions of two types : Bloch functions and linear 

combinations of plane waves. According to the results of 

Sections 1-2 and 3, these functions must be of the Bloch 

form (cf. Eq. 1-17) and must be bases for small representa­

tions of k. A Bloch function has the form

F (1) = X ~ vr £ 2: ‘ 5*  " ) / (II-7)
«V -a

where cr=(ka^y) characterizes the symmetry of the function 

(cf. Eq. 1-20). is a normalization factor. The function 

va is a linear combination of atomic-like orbitals with the 
n -

same principal quantum number n and the same orbital quan­

tum number £, centered at + ô^d:

In Eq. (11-8) Rn is a radial function (for example, the 

solution of the radial equation for the atom in the central 

field approximation) and the s are spherical harmonics 

with the same value of £. The value of ^ie 0 or 1, accord­

ing to whether the functions v^ are centered on atoms of 

type A or B, respectively. The coefficients c^ must be 

determined by the symmetry conditions imposed on v^. We 

will examine this point later in this section. A pair of 

atomic quantum numbers ni is associated with the subscript
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n in va; so we will occasionally use n for nA. 
n •

A symmetrized combination of plane waves (S.C.P.W.)

has the form

5 -6 2_ d x (II-9)
'VW 'VW *”/* /

where 6^ is a normalization factor and the h's are reci- 
m ~ m

procal lattice vectors (cf. Eq. II-6) . The coefficients 

are determined by the symmetry of the function S^. The 

vectors h , as we will see later, must satisfy the condi­

tion: |k + h^| = constant, for all p in the sum.

The procedure to form a set of basis functions for 

a particular irreducible representation has been called the 

"basis-function generating machine" [cf. Tin 64, p. 41]. 

Given an irreducible representation of a group of opera­

tors R, we construct the operator

= Ç R / (11-10)

where d$ is the dimensionality of

the order of the group; (R) is 

the representation; g is

the ij element of the

matrix of the representation rQ corresponding to the opera­

tor R of the group; and the sum is over all the elements of

the group. It is obvious that, for a representation of 
2

dimensionality dQ, we can construct d^ operators of type 

(11-10). It is well known from group theory that applica 

tion of the operator P?j to a basis function gives zero, 

unless the function belongs to the row of r^. If this 
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condition is satisfied, then the result is the partner func­

tion belonging to the 1th row of r . It is also known that 

application of the operator to any function f, in the 

space operated on by R, projects out the part of f which 

belongs to the i^ row of the representation r . An opera­

tor of the form is called a "projection operator" [cf. 

op. cit.] .

The basis-function generating machine works very 

simply. Starting with an arbitrary function f, we can pro­

ject out the function f“, which belongs to the ith row of 

r . After normalization, this is a suitable basis function. 

Then use of the transfer operators Pyields all its part­

ners. In practice (cf. Sec. 1-2), we don’t need to know all 

the partners of an irreducible representation, but only the 

functions belonging to a particular row, say the first.

We are now ready to form Bloch functions and linear 

combinations of plane waves which belong to the first row of 

the various irreducible representations of the group of k 

given in the preceding section. We consider Bloch functions 

first. It is shown in Appendix A that, for a Bloch function 

F° (r) (Eq. II-7) to belong to the row of the irreducible 
n ~ .
representation rQ of the group of k, the function v£ must 

belong to the y^ row of the representation F# of the same 

group, where (cf. Eq. A-12)

rts) = ry--5^-"*-^.  (ii-iD
F *
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Here, a is the rotation matrix defined by Eq. (11-3). We 

see from Eq. (11-11) that the representation r$ is the same 

as Fa when the exponential factor is equal to one. This 

occurs when 6 = 0 (v^ centered on atoms of type A); when

k = 0 (point T ); when d = ad (line A and point L); or when 

d - ad is perpendicular to k (line A). In all other cases, 

some matrices of To will be different from the corresponding 
p 

matrices of r , and the two representations may be equiva­

lent or different. At the point X, for instance, the expo­

nential factor in Eq. (11-11) assumes the values 1,1,-1,-1, 

-1,-1,1,1, in correspondence to the eight elements of the 

group (Rn: n=l,2,3,4,13,14,19,20). As a result, Xg,X^,Xj, 

and Xg are the representations corresponding to X^, Xg, 

Xg, and X4, respectively (see Table 4). The representation 

Xg goes into an equivalent representation, whose matrices 

can be obtained from those of Table 4 by exchanging the 

indeces 1 and 2. This corresponds to a similarity trans­

formation SXgS 1,with the matrix S = (^q )•

We would now like to determine the coefficients c^ 

in Eq. (II-8). It is convenient to start with linear com­

binations of spherical harmonics that are proportional to: 

2 2 2 2
1, for £ = 0; x,y,z, for £ = 1; and xy,yz,zx, x -y , 3z -r , 

for .£ = 2. These combinations, that we denote by Q™, are 

sometimes called "cubic harmonics" [cf. VdL 47, Sia 63].

The normalized cubic harmonics through £ — 2 are given in 

Table 7. In Table 8 we give the linear combinations of cubic 
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harmonics for Bloch functions belonging to the first row of 

some of the irreducible representations given in Tables 3 to 

6. At all points, except X, the combinations are the same, 

whether the Bloch function is formed from atomic-like orbi­

tals centered on A or B. At X, as we have seen in the pre­

ceding paragraph, this is not true, and we give the combina­

tions separately for atoms of type A and atoms of type B. 

Not all the irreducible representations previously tabulated 

are present in Table 8 because some of them correspond to 

energies that are too high and are, therefore, physically 

uninteresting, as we already mentioned in Sec. 1-3.

We now consider another type of basis functions : sym­

metrized combinations of plane waves (cf. Eq. II-9). The 

way to form S.C.P.W.'s is straightforward: we start with a 

plane wave of the type

and apply the projection operator P^ to obtain a basis for 

the i^ row of the representation rQ of the group of k. It 

is obvious that the plane wave (11-12) has the Bloch form 

(cf. Eq. 1-17). Application of the operator R, of the group 

of k, to the function (11-12) yields

n * + A ) - 2 Q * • * '3
R jl ~r - * (11-13)

In Eq. (11-13), we have made use of Eq. (II-3) and of the 

following property of the scalar product;
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TABLE 7 .

NORMALIZED CUBIC HARMONICS THROUGH 1=2

x

xy

yz

zx

o

o

4 IT

IT

r

xx =

r

r

zx

4 IT

o

3zz -r o

sinGcososin*

/ 3 x
4 it  r

sinGcosecos^

sinGsin*

— — sin Geos<j>sin<|>

16ir

— sinocos*

%"?

15
16ir

] r O O Z

sin o(cos <j>-sin <j>)

s0"

3z2_r2 yiôir

The phase convention is that of Condon and Shortley 
Con 64] .
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TABLE 8

BASIS FUNCTIONS FOR IRREDUCIBLE REPRESENTATIONS OF 

THE GROUP OF k : BLOCH FUNCTIONS.

us

ri5 ux> uyz

r12 u3x2-r2

X1
A A B , B

"s' "3x2-r2*  ux' uyz

X2 •A
- 

1 N
 N

l

to
 

X

"x' uyz » "s' "3x2-r2

X4
B 

"y2-z 2

X5 uy ' "zx’ "z' "xy

Ll*  A1 us- 7= ' 7= (Wyz^zx)
tn

 
<

t
n 

.
J 7= ("x-"y) ' 7= ("yz-"zx)» ^-y^

A1 "s’ "x’ "yz’ "3x2-r2

A2

co
 N

 
1

C
M

 X2

A3 7= ("y-"z)■ 7= ("zx-"xy)

A4 7= tyu»> ’ 75 ("zx^xy)

As an example, represents a normalized Bloch function 

formed from atomic-like orbitals centered on ions of type A, 

whose angular part is px(cf. Table 7). If the superscript is 

missing, the basis functions are the same for A and B.
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(11-14)

where a is any (proper or improper) rotation matrix. Eq. 

(11-14) is easily proved by using the orthogonality condi­

tions (1-15) for the elements of a.

From these considerations it follows that a S.C.P.W.

can be written in the form (cf. Eq. 11-9)

(11-15)0 E

The reciprocal lattice vector h^ in Eq. (11-15) can be 

called the "generator" of the S.C.P.W. S^. We see from Eq.

(11-15) that a plane wave of wave vector k + h^ combines 

only with plane waves of wave vector a(k + h^). Thus all 

the plane waves in a S.C.P.W. have the same kinetic energy,

since | k + h | 2 = | a (k + h. ) | 2. 
P «V P

We already stated this

condition in connection with Eg. (II-9).

The effect of operators of on a plane wave (see

Eq. 11-13) is given in Table 9. We use a standard notation, 

by which a plane wave of wave vector K=(£rm,n) is denoted by 

the components of K:

; (Zx * w ♦ -M.) *£ ‘2:
(= x . (11-16)

Some generators of S.C.P.W.’s for the representations of 

interest are given in Tables 10 to 16. They are listed in 

order of increasing |k + h^|.
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TABLE 9

EFFECT OF OPERATORS OF T^ ON A 

PLANE WAVE.

R^ (1 m n) = (1 m n) Rj3(1 m n) = (T n m)

R2(l m n) = (1 m n) R14C1 m n) = (T n iii)

R3(l m n) = (T m n) r 15(1 m n) = (n iiî T)

R4(l m n) = (T m n) r 16(1 m n) = (n iiï 1)

Rg(l m n) = (n 1 m) R17(l m n) = (m 1 n)

R6(l m n) = (n T m) R18(l m n) = (m I n)

Ry (1 m n) = (n T in) Rjg(1 m n) = (1 n m)

Rg(l m n) = (n 1 m) r 20C1 m n) = (1 n m)

Rg(l m n) = (m n 1) R21(l m n) = (n m 1)

R10(l m n) = (in n T) R22d m n) = (n m 1)

Rl 1(1 m n) = (in n 1) . R23(l m n) = (m 1 n)

R12(1 m n) = (m n T) R24(l m n) = (m T n)
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TABLE 10

GENERATORS OF S.C.P.W.*S IN UNITS OF —. 
a

POINT r : (0 0 0)

r r r
1 15 12

(0 0 0) (1 1 1) (2 0 0)

(1 1 1) (T ï T) (2 2 0)

(T ï T) (2 0 0) (3 1 1)

(2 0 0) (2 2 0) (3 1 1)

(2 2 0) (0 2 2) (4 0 0)

(3 1 1) (3 1 1) (3 3 1)

(3 T I) (3 I T) (3 3 Ï)

(2 2 2) (1 3 1) (4 2 0)

(2 2 2) (Ï 3 Ï) (2 4 0)

(4 0 0) (2 2 2) (4 2 2)

(3 3 1) (2 2 2) (4 2 2)

(3 3 I) (4 0 0) (5 1 1)

(4 2 0) (3 3 1) (5 T I)

(4 2 2) (3 3 I)

2 2) (1 3 3)

(3 3 3) (T 3 J)

? I) (4 2 0)

(5 1 1) (2 4 0)

(5 T I) (0 4 2)

(4 2 2)

(4 2 2)

(2 4 2)

(2 T 2)

(3 3 3)

(3 3 3)

(5 1 1)

(5 T I)

(1 5 1)

5 T)
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TABLE 11 

GENERATORS OF S.C.P.W.’S IN UNITS OF 

POINT X : (100).

X1 X3 X4 X5

(OrO 0) (0 0 0) (0 2 0) (Ï 1 1)

(I 1 1) (11 1) (T 3 1) (0 2 0)

(0 2 0) (0 2 0) (2 2 0) (0 0 2)

(1 1 1) (1 1 1) (1 3 1) (1 1 1)

a i i) (3 1 1) (1 3 Ï) (3 1 1)

(0 2 2) (0 2 2) (0 4 0) (0 2 2)

(0 2 2) (0 2 2) (I 3 3) (0 2 2)

(2 0 0) (2 0 0) (3 1 1) (Ï 3 1)

(I 3 1) (T 3 1) (3 1 T) (Ï 1 3)

(2 2 0) (2 2 0) (0 4 2) (2 2 0)

(1 3 1) (1 3 1) (0 4 2) (2 0 2)

(1 3 I) (1 3 T) (1 3 3) (1 3 1)

(2 2 2) (2 2 2) (1 3 3) (1 1 3)

(2 2 2) (2 2 2) (1 3 I)

(0 4 0) (0 4 0) (1 1 3)

(Ï 3 3) (Ï 3 3) (2 2 2)

(3 1 1) (3 1 1) (2 2 2)

(5 1 T) (3 1 T) (0 4 0)

(0 4 2) (0 4 2) (0 0 4)

(0 4 2) (0 4 2) (Ï 3 3)

(1 3 3) (1 3 3) (3 1 1)

(1 3 3) (1 3 3) (3 1 T)

(0 4 2)

(0 2 4)

(0 4 7)

(0 2 2T)

(1 3 3)

(1 3 3)
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TABLE 12

GENERATORS OF S.C.P.W. *S IN UNITS OF

POINT

H
|
t
s
i 

h
|n

 

h
|c^ 

t
=
l
 c
d 

■

'Z

L1 L3

(0 0 0) (3 1 Ï) (1 T Ï) (3 1 1)

a i T) (4 2 0) (2 0 0) (4 2 2)

(1 I T) (3 1 1) (0 2" 2) (3 3 T)

(2 0 0) (4 2 2) (T 1 1) (T 3 3)

(0 2 2) (2 2 2) (2 0 0) 2 0)

(Ï 1 1) (3 3 3) (3 I T) (0 T 2)

(1 1 1) (3 3 T) (2 2 0) (3 3 1)

(2 2 2) (T 2 0) (0 2 2) (1 3 3)

(2 0 0) (3 3 1) (3 1 T) (4 2 2)

(3 ï Ï) (4 2 2) (T 3 1) (2 4 2)

(2 2 0) (4 0 0) (2 2 2) (4 0 0)

(3 1 I) (5 T I) (3 1 1) (5 T Ï)

(2 2 2) (4 2 0) (0 2 2) (4 2 0)

(3 1 1) (5 1 Ï) (Ï 3 3) (0 4 2)

(0 2 2) (3 3 3) (3 I I) (5 1 I)

(I ? 3) a 2 2) (4 0 0) (Ï 5 1)

(3 T T) (T 3 3) (1 T 7) (3 3 3)

(T 0 0) (0 4 T) (2 2 2) (4 2 2)

(1 3 3) (4 2 2) (3 1 I) (Ï 3 3)

(2 2 2) (5 1 1) (Ï 3 1) (0 4 4)

(4 2 0) (4 2 2)

(0 T 2) (5 1 1)
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TABLE 13

GENERATORS OF S.C.P.W.’S IN UNITS OF —. 
a

POINT A2 : i (1 0 0) .

4 4 4 4
(0 0 0) CÏ 3 3) CO 2 0) CT 1 T) Cl 3 3) CT 1 1) (1 3 3)
(2 0 0) (Ï 3 3) (2 2 0) Ci 1 T) CO 2 4) Ci 1 1) CO 2 4)

a i i) C2 4 0) C2 2 0) CO 2 0) CO 2 4) CO 2 0) CO 2 4)
a i T) (1 3 3) CÏ 3 1) C2 2 0) C4 2 2) C2 2 0) CT 2 2)

ci i i) (1 3 3) (Ï 3 T) CO 2 2) C3 3 1) CO 2 2) C3 3 1)

ci i i) CO 2 4) Cl 3 1) C3 1 T) C3 3 T) (3 1 1) (3 3 Ï)
(0 2 0) CO 2 4) (1 3 I) C2 2 0) C2 2 4) C2 2 0) C2 2 4)

c? 2 0) (4 2 2) C4 2 0) C2 2 2) C2 2 4) (2 2 2) (2 2 4)

(2 0 0) C4 2 2) (0 4 0) CT 3 1) C2 4 0) CT 3 1) C2 4 0)

(0 2 2) (4 0 0) C3 3 1) CT 3 T) C5 1 T) CT 3 I) CS 1 1)

(0 2 2) (3 3 1) C3 3 I) (1 3 1) C3 3 3) Cl 3 1) C3 3 3)

(5 1 1) (3 3 I) (2 4 0) Cl 3 T) C4 2 0) Cl 3 Ï) (4 2 0)

(5 1 T) (2 2 4) CO 2 4) (3 1 T) C2 4 2) C3 1 1) C2 4 2)

(2 2 0) (2 2 4) CO 2 T) (2 2 2) (2 4 2) Ç2 2 2). (2 4 2)

[2 2 2) (2 4 0) (3 3 1) CT 2 0) CT 1 5) (t 2 0) CT 1 5)

(2 2 22) C5 1 1) C3 3 Ï) CO 4 0) CT 1 5) CO 4 0) CT 1 5)

a 3 1) (5 1 T) C2 2 4) (3 3 1) C4 2 2) C3 3 1) (4 2 2)

(T 3 I) CT 3 3) 2 T) C3 3 Ï) Cl 5 1) (3 3 T) Cl 5 1)

(1 3 1) (3 3 3) (2 .4 0) CT 3 3) Cl 5 ï) (T 3 3) Cl 5 I)

(1 3 I) (4 2 0) (4 2 0) (2 4 0) C4 4 0) (2 4 0) CT 4 0)

CT 0 0) (2 4 2) (2 4 2)

(3 1 1) (2 4 T) (2 4 Z)

(3 1 T) a i. s) (T 1 5)

(2 2 2) (I 1T) CT 1 5)

(2 2 7) (4 2 2) (1 5 1)

(4 2 0) (4 2 2) Cl 5 I)

(0 4 0) (1 5 1) (4 4 0)

C5 3 1) (1 5 T)

C5 3 Ï) (4 4 0)
• -
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TABLE 14

GENERATORS OF S.C.P.W.'S IN UNITS OF

POINT

t=
|cd

 

N
| 

h
|n

 

C
M<

*

A
2
1

(0 0 0) (2 2 2) (1 ï T) (0 4 2)

(T I I) (Ï 3 3) (2 0 0) (4 0 0)

(1 T T) (1 3 3) (Ï 1 1) (3 TT)

(2 0 0) (4 2 0) (2 0 0) CÏ 3 3)

(Ï 1 1) (4 0 0) (0 2 2) (4 2 0)

(1 1 1) (3 3 I) (2 2 0) (0 T 2)

(2 0 0) (4 2 0) (0 2 2) (3 3 1)

(0 2 2) (3 3" 1) (3 I T) (1 3 3)

(2 2 0) (4 2 2) (3 1 T) (4 2 2)

(3 I Ï) (4 2 0) (Ï 3 1) (4 2 0)

(2 2 2) (Ï 3 3) (0 2 2) (0 4 2)

(3 1 I) (4 2 2) (3 11) (T 3 3)

(0 2 2) (3 3 3) . (2 2 2) (T 2 Z)

(3 1 1) (1 3 3) (3 T Ï) (2 4 2)

(2 2 2) (4 2 0) (3 1 T) (1 3 3)

(3 T I) (5 T I) (I 3 1) (4 2 0)

(3 1 I) (4 2 2) (2 2 2) (0 4 2)

(2 2 2) (4 2 2) (3 1 1) (5 T I)

(3 1 1) (5 1 I) (4 0 0) (T 2 2)

(4 0 0) (T 3 3) (4 FT)

(1 3 3) (5 1 Ï)

(4 2 0) (Ï 5 1)
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TABLE 15

GENERATORS OF S.C.P.W.'S IN UNITS OF 

POINT A4 : | (1 0 0) .

4 4 A3 4
(0 0 0) (0 4 0) (020) (Ï 1 Ï) (4 2 0) (Ï 1 1) (4 2 0)

(T 1 1) (3 3 1) (2 2 0) (1 1 ï) (Ï 3 3) (1 11) (T 3 3)

CT 1 I) (3 3 T) (2 2 0) (0 2 0) (2 4 0) (0 2 0) (2 4 0)

(2 0 0) (4 2 0) (I 3 1) (2 2 0) (1 3 3) (2 2 0) (1 3 3)

(1 1 1) (4 0 0) (T 3 T) (0 2 2) (0 4 2) (0 2 2) (0 4 2)

(1 1 T) (Ï 3 3) (1 3 1) (2 2 0) (0 4 2) (2 2 0) (0 4 T)

(0 2 0) (T 3 3) (1 3 T) (3 1 T) (3 3 1) (3 1 1) (3 3 1)

(2 0 0) (2 4 0) (0 40) (I 3 1) (3 3 T) (I 3 1) (3 3 T)

a 2 0) (1 3 3) (3 3 1) (T 3 T) (2 4 0) (T 3 T) (2 4 0)

(0 2 2) (1 3 J) (3 3 T) (2 2 2) (4 2 0) (2 2 2) (4 2 0)

(0 2 2) (0 4 2) (4 2 0) (1 3 1) (4 2 2) (1 3 1) (4 2 2)

(2 2 0) (0 4 2) (2 4 0) (1 3 I) (2 4 2) (1 3 1) (2 4 2)

(3 1 1) (3 3 1) (0 4 2) (3 1 T) (2 4 2) (3 1 1) (2 4 2)

(3 1 I) (3 3 I) (0 4 2) (2 2 2) (2 4 2) (2 2 2) (2 4 2)

(T 3 1) (2 4 0) (3 3 1) (0 4 0) (2 4 2) (0 40) (2 4 2)

(T 3 I) (4 2 0) (3 3 T) (3 3 1) (4 2 2) (3 3 1) (4 2 2)

(2 2 2) (4 2 2) (2 4 0) (3 3 T) (3 3 T)

(2 2 2) (I 2 2) (4 2 0)

(1 3 1) (2 4 2) (2 4 2)

(1 3 T) (2 4 2 ) (2 4 2)

(3 1 1) (2 4 2) (2 4 2)

(3 1 T) (2 4 2) (2 4 2)

(2 22) (42 2)

(2 2 2) (4 2 2)

(T 0 0)
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TABLE 16

GENERATORS OF S.C.P.W.’S IN UNITS OF

POINT A4 : | .

,4 ,4
A1 A3

(0 0 0) (T 0 0) (1 T Ï) (4 2 0)

(T T T) (4 0 0) (T 1 1) (0 4 2)

(1 T Ï) (I 3 3) (2 0 0) (3 3 Ï)

(T 1 1) (1 3 3) (2 0 0) (T 3 3)

(2 0 0) (4 2 0) (0 2 2) (3 3 1)

(1 1 1) (3 3 T) (2 2 0) (1 3 3)

(2 0 0) (3 3 1) (0 2 2") (4 2 0)

(0 2 I) 2 0) (0 2 2) (0 4 2)

(2 2 0) (Ï 3 3) (3 I T) (Ï 3 3)

(0 2 2) (4 2 0) (3 1 Ï) (4 2 0)

(3 T I) (1 3 3) (Ï 3 1) (0 4 2)

(3 1 T) (4 2 0) (3 1 1) (1 3 3)

(2 2 2) (4 2 2) (3 T Ï) (4 2 0)

(3 1 1) (T 2 2) (2 2 2) (0 4 2)

(3 ï I) (4 2 2) (3 1 I) (4 2 2)

(2 2 2) (4 2 2) (T 3 1) (4 2 2)

(3 1 I) (3 3 3) (3 1 1) (2 4 2)

(3 1 1) (4 2 2) (2 2 2) (4 2 2)

(2 2 2) (5 T I) (4 0 0) (4 2 2)

(2 2 2) (4 0 0) (4 2 2)

(I 3 3) (2 4 2)

(1 3 3) (5 T I)
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II-4. The double group T^.

The double group Tj contains 48 elements. To each 

element R of the single group there correspond two opera­

tions in the double group, usually denoted by R and R, where 

(cf. Eq. 1-37)

R = D (R) R and R = -D(R)R . (H-17)

The 2x2 matrix D(R) was defined in Eq. (1-36) in terms of 

the Euler angles a, 8, and y. The character tables for the 

irreducible representations of the double group at all 

points of interest are given by Parmenter [Par 55] and 

Dresselhaus [Dre 55]. Slater gives the full matrices of the 

additional representations at F [Sia 65, Table A9-11] and 

the basis functions [op. cit., Eq. (A9-76)].

The basis functions for the additional representa­

tions of the double group are two-component spinors (cf. 

Sec. 1-4). A function of this kind can be written 

fn (r) 
* =

An operator R (Eq. 11-17)r acting upon ip, will produce the 

following effect:

/ D,/R) i? D,/R) R \ / f( (i) \
R -d/ = I I I J

' \ D„ (R) R R / \ / (11-19)

/ OJR) f,^) + C>/R) \

- I Dt| (R) ( (<•'«) * Dit(R) ( (^) / *
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An equivalent way of writing Eq. (11-18) is

Y = ^5) G) + Oz) GJ, (11-20)

where (q ) and (°) are column matrices operated upon by D(R). 

If we denote these matrices by a and g, respectively, [cf. 

Sia 60] Eq. (11-20) becomes

ip = f^a + fg 6 . (11-21)

It is easy to see that the result of operating on a and g 

with D(R) is

D(R)*  = D, * + k, f ?
(11-22) 

D -

Eq. (11-22) shows that the constant spinors a and g form a 

basis for the two-dimensional representation of the 

double group (cf. Sec. 1-4).

In Table 17 we give the character table and basis 

functions for the additional representations of the double 

group at r. We give only one type of basis functions 

(Bloch functions) and one point (D, because this is all we 

need for our spin-orbit splitting calculation in the next 

chapter. The compatibility relations connecting the repre­

sentations of the single group with the extra representa­

tions of the double group (cf. Eq. 1-38) are also given. We 

see that in the presence of spin-orbit interaction a state 

r15 splits into r?+r8. The difference in energy between
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these two states will give the spin-orbit splitting.
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Chapter III

THE VALENCE BANDS

III-1. The tight-binding approximation for an ionic crystal.

We begin our investigation of the energy bands of the 

CuC& crystal by studying the valence bands in the "tight- 

binding" approximation [Bio 28; see also Fow 63, 63a and Bas 

65]. In this approximation the trial function f?(r) (Eq.1-33) 

is expanded in terms of Bloch functions (Eq. II-7):

f. (1) — X CL.
* % **•

62),
(III-l)

where

fa)

* X JL- (III-2)

and

< = z
TH. =

M mw,

In Eq. (III-3) Pn£(r') is the solution of the radial equa­

tion for an ion in the spherically averaged Madelung field 

(cf. Eq. III-25) . Sm'°nm'Un&m' is a symmetrized combina­

tion of atomic orbitals, as given in Table 8.

The tight-binding method has been applied with suc­

cess to the calculation of the valence bands of "tightly- 

bound" solids, such as rare gases or ionic crystals. One 
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argues that in such solids the crystal wave function for 

core and valence states should not differ too much from an 

atomic wave function, taking into account the crystal sym­

metry. Furthermore, the core functions are rather compact 

around the nuclei and they do not change considerably going 

from the free atom (or ion) to the crystal, except for a 

shift in energy equal to the Madelung energy. Also the 

Bloch functions formed from excited atomic states are not 

expected to mix very much with those formed from valence 

states, since they correspond to much higher energies. Thus 

one restricts the sum in Eq. (III-1) to Bloch functions 

coming from the outermost occupied atomic states. The 

choice depends on the particular atoms (or ions) forming the 

crystal. We will give and justify our choice for CuC£ in 

the next section. In this section we derive the matrix ele­

ments of the secular determinant (cf. Sec. 1-3) and in the 

next section we consider the approximations involved in cal­

culating them.

We may choose the coefficient in Eq. (III-2) so 

that the functions Fa are normalized to start with. Thus, 
n 

we put

< = <m-4)

where

\ ~ Sv)> (III-5) 
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and N is the number of lattice sites in the crystal. The 

quantity 6^ is real, since, as it can be easily seen, it is 

equal to its complex conjugate. We assume that the v^'s are 

normalized.

The Hamiltonian and overlap matrix elements (cf. Eq. 

1-23) are

I Hl I % > / (III-6)

where we dropped the superscript a, which is obviously the 

same for all the elements of a secular determinant (cf. Eq.

the overlap matrix elements first. From 

(III-2) we obtain

X * * * (i * 5 v»-<£.

x <^> (HI-7)

The possible values of are 0,1, 

. the types of atoms on which the func­

tions v and v are centered, remembering that d is the dis- 
n p ~

atom B in the same unit cell

<A(A> < B | B > y

(III-8)

<810/

1-33). We consider

Eq. (III-6) and Eq.

= 1. 7, ? ?

= ?

where y = 6 - 6 .
np p n

and -1, depending or

placement vector from atom A t 

(cf. Sec. 1-5). We have

X - O
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If we define a quantity as follows :

xi g
(III-9)

i v- *
n - <<^)| v/L^-2v~^ ^)>/ *1^  y + &)
* A * *A

we can write the overlap matrix element as

0 .

In Eq. (III-10) we have used the fact that

; (III-ll)

since v and v are normalized and belong to different 
n p

representations, or to different rows of the same represen­

tation , of the full rotation group. For n - p, Eq. (UI-10) 

gives 0^ = 1/ as we expect, since the Bloch functions are 

normalized.

We now examine the Hamiltonian matrix elements Hnp« 

We have (cf. Eq. III-7)

= (AehV^ x H I > • (in-12 )

By using Eqs. (1-12) and (1-44), we can write

H dDfm-13)
*A *

where Ma(r) and [S *U] Q are defined in Eqs. (1-45) and (1-46) 

respectively. The ionic-like potential (r) was discussed 
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in Sec. 1-5. We now assume that v (r) satisfies the equa­

tion

= £*  < «r es, । . (III-14)

In other words, we assume that <vn(r)| is an eigenvector of 

the central field Hamiltonian

(III-15)

corresponding to the eigenvalue £n. It is obviously pos­

sible, in principle, to find a function vn (r) satisfying 

Eq. (III-14), since v^ is a linear combination of orbitals 

which have the same quantum numbers n£ (cf. Eq. III-3) , and 

therefore degenerate in a central field problem. By making 

use of Eq. (111-14) and neglecting the non-spherical terms 

of M (r) (cf. Eq. 1-48), Eq. (111-13) becomes 
a

H = (tfJ*  * **'*'[£<%&  |^^^-^^(iu-18)

If in Eq. (UI-13) we operate on the function vp at 

the right with the operator H (r-R -y d)(cf. Eq. UI-15), 
u a a » fwy np~

we obtain a result similar to that of Eq. (UI-16), with

replaced by and [Z’U] replaced by [S'U]^ + r where 
~ \) up ~

denotes the sum of all short-range potentials

excluding the one around Rv+Ynpd. Thus, by operating on the

left, we obtain Eq. (III-16); by operating on the right, we 

obtain



+ «fi) I
(III-17)

In an exact calculation the two expressions of H (Eqs.

UI-16 and 17) should yield the same numerical result, but 

the approximations used in the actual calculation may make 

the two results slightly different. We then take the aver­

age of the two expressions and write

-- # eK • Tr 17
[-V6 ?

To simplify the notation, we introduce two new quan­

tities f and g , according to the following definitions : 
np np

(UI-19)

and
* k' R

9^ ■ x " I I y^~ ° !

, (III-20)

In Eq. (UI-19) , <S is the Kronecker 6 symbol: 6 = 1,
'np 'np

if y = 0; 6 = 0, if y / 0. The Hamiltonian matrix
np * oynp ' np /

element can now be written

H = 0_. + J'"*  -VL • (HI-21)
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We have expressed the matrix elements O and Hn^ in 

terms of three types of quantities : f^y ^np*  gnp*  The 

quantity fn (Eq. III-19) does not depend explicitly on a, 

the symmetry of the Bloch function. Since the only opera­

tions that leave [S *U] Q invariant are those of the point

group of the crystal the functions v and v must be ex- n p

pressed in terms of basis functions for the irreducible 

representations of this group. Then, f can be different 

from zero only when vn and vp contain parts transforming 

according to the same row of the same representation of the 

point group of the crystal. From Eq. (111-19) we see that 

f is a sum of two-center integrals ; but, as we will see in 
np

the next section, in some cases it can be reduced to a 

single one-center integral. The quantities h^ (Eq. III-9)

and gnp (Eq. UI-20) depend on a and are far more difficult 

to calculate than f , since they contain both two- and 

three-center integrals and a sum over all lattice vectors

R . All three quantities, f__, h , and 5 , satisfy the
«v v

relation 

t = C 
b*  1 (III-22) 

where ç is either f or h or g; that is, they are elements 

of a hermitian matrix. Thus, from Eqs. (III-10) and (III-21)

we see that 

(UI-23)
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as we expect, since the unity and Hamiltonian operators are 

hermitian operators.

In the next section we apply the previous results to

CuC£ and see how, through some approximations, the quanti-

ties fnp, hnp, and gnp, can be expressed in terms of a few

types of integrals that are relatively easy to compute.

II1-2. Application to copper chloride.

The considerations in the preceding section can be 

applied to any ionic crystal with two ions per basis, since 

they do not depend on a particular type of symmetry. We 

would now like to look closer at the point symmetry of the 

crystal potential V(r). To do this, we restrict ourselves 

to the zinc blende structure, which has the point group T^ 

(cf. Sec. 11-1). The crystal potential V(r) must transform 

according to the representation of T^ (cf. Table 3). If 

we expand V(r) in a series of spherical harmonics (cf, Eq. 

1-47), we obtain

veil - X ♦ V) * J
(III-24)

+ ( "&VWO £ - 6 ) y

since only the combinations of spherical harmonics trans­

forming according to Fcan be present in the expansion.

Expansion (III-24) is also valid for Ma(r) and [E'U]O, since 

both these terms have the same point symmetry as the total

crystal potential V(r). In matrix elements of the type 

<v (r)|V(r)|v (r)>, 
U * P

where v and v are s- n p
p-, or d-like
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functions (£=0,1,2), those terms with £>4 in Eq. (UI-24) 

give zero contribution [cf. Kno 64, Chap. 11]. If only s 

and p functions are involved, then only the spherically 

symmetric term ^(r)^° can give a nonzero contribution.

It has been found that, for the 3d function of cop­

per, the contribution of the £=4 term in the expansion of 

Ma(r) is about 0.01 eV in a crystal of symmetry Oh and near­

est-neighbor distance 4.4 Bohr radii (NaF) [K.L. Yip, pri­

vate communication]. This contribution is about three 

orders of magnitude smaller than that of the spherical part 

of M (r). This justifies the approximation of Eq. (1-48), 
a ~ 

in which we retain only the spherically symmetric (£=0) term 

in the expansion of M (r) in spherical harmonics. (The 

Madelung potential for CuC£ in the spherical approximation 

is calculated in Appendix B.) However, the contribution to 

the nonspherical terms due to the first and second nearest 

neighbors will be included in the parameters f^ (Eq. 111-19) 

by explicit calculation of the two-center integrals, and a 

comparison with the spherical approximation will be made.

In applying the tight-binding method to CuC£ we re­

strict the sum in Eq. (III-1) to Bloch functions coming from 

the orbitals 3s and 3p of C£~ and 3d of Cu+. In Table 18 we 

give the atomic parameters (cf. Eq. III-14) for all the 

occupied states of Cu+ and C£ . These parameters were ob­

tained by solving the radial part of Eq. (UI-14) , which is
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TABLE 18

ATOMIC PARAMETERS e*  FOR Cu+ AND Cl". VALENCE

SCREENING POTENTIAL. RYDBERG UNITS. (KUT = 0).

Cu+ Cl"

Is -648.87 Is -206.98

2s -78.698 2s -20.142

2p -69.487 2p -15.961

3s -8.8244 3s -1.5387

3p -5.8767 3p -0.66486

3d -0.88927
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~h * * kWfM.wJP/4 = C Pz w, (III-25)

where VQ(r) is the atomic potential defined in Eq. (1-58) 

and Mq (r) is the Madelung potential obtained in Appendix B. 

Eq. (111-25) was solved for all occupied states in the ion 

by the self-consistent field method (Har 57; see also Her 

63], which yields, besides the radial functions (r), 

to be used in Eq. (III-3), and the potential V&(r). A FORTRAN 

program, ATOM, was used. This program, together with all 

other programs used in connection with the present work, is 

described in Appendix G.

The FORTRAN variable KUT [Her 63, p. 7-6] was set 

equal to zero, which means that the potential Va(r) used in 

Eq. (III-25) is that given by Eq. (1-59), where VQ(r) is now 

the screened-valence potential given in Eq. (1-58). Thus, 

the one-ion potential used in determining the parameters en 

and the radial functions P^fr) is slightly different from 

the other one-ion potentials used in constructing our model 

crystal potential V(r)(Eq. 1-40) [cf. Bas 65].

"This is justified for valence elec­
trons , because if one were to use the 
exact Hartree-Fock expression for ex­
change , with the crystal density ma­
trix constructed in terms of atomic 
functions with small overlap, one 
would see that the contribution to the 
Coulomb potential which comes from the 
wave function [of the electron in con­
sideration] would be canceled by an 
equal term in the exchange. This 
amounts to saying that an electron 
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sees only the potential due to other 
electrons, but not due to itself. On 
the other hand, contributions to the 
potential due to other ions are well 
represented by the model potential, 
since this resembles the potential 
that an extra electron sees due to the 
ions."

We have quoted from the paper by Bassani, Knox, and Fowler 

[op. cit.]. Even though they use the Hartree-Fock atomic 

eigenvalues for the parameters e^, their argument is valid 

in our case too. We may add that, in a way, our calculation 

is more consistent, since we use essentially the same type 

of potential for all the ions, while they use a Hartree- 

Fock potential for the ion on which the atomic orbital in 

consideration is centered and a screened Hartree-Fock-Slater 

potential, similar to that of Eq. (1-58) with pac=0, Pav=Par 

and k ->°° , for the other ions.

From Table 18 we see that the energies of the states 

that we use in the expansion of our valence band wave func­

tions are all within one rydberg range, separated by more 

than four rydbergs from the next lower state (3p of Cu ). 

Thus, all the orbitals that we have neglected should be 

fairly compact and should not overlap in an appreciable way 

the neighbor orbitals. Therefore, their contribution to the 

valence bands should be negligible. Our calculation in the 

next chapter confirms this assumption.

Going back to the quantities fnp, hnp, and gnp, de­

fined in the preceding section (Eqs. III-9, 19, 20), we
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first notice that, because of our choice of atomic states 

made in this section, we can write

L ' C • (III-26)

This is true because, in our case, the only states that 

could mix are the p and d states which transform according 

to r15 (cf. Table 8), but they are centered on different 

kinds of ions (Ynp^0) , therefore f^=0 (cf. Eq. UI-19) . 

Thus, inspection of the basis functions for the small repre­

sentations of T (Table 8) shows that we can have only four 

different quantities of the type fnp: ^es fpp ^15^ ' 

fdd(ri5)r and fdid,(T12). Furthermore, by the considerations 

at the beginning of this section, in calculating fgs and f 

it is sufficient to retain the spherically symmetric part of 

[E'U]O.

In calculating the quantitites f^, hnp, and gnp, we 

introduce the following approximations : (a) two-center in­

tegrals : we retain only those involving first and second 

nearest neighbors [cf. Fbw 63a, Bas 65]; (b) three-center 

integrals : will not be explicitly calculated; however, some 

three-center contribution will be included in the two-center 

terms involving second nearest neighbors, by taking a spher­

ical average of the short-range potentials due to nearest 

neighbors.

With these approximations, the quantities f^, hnp, 

and g can be written 
np
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(III-27)C = <^(t) | [T'UJ, IT ;

(UI-28)

/ x 1c • Rg / ■ ""
5 « £ ■« “ kirrtiiud-”.) tij'uyiv-a-R^

l&l = l&l _____ 2"

+ * p'ujjvj.a-£„)>], e/

a , (ixi-29)

1*̂  I * *4  J

fî)| UC2) /14 fi-gy-r I / -
r J ' n

In the above equations the subscript 1 in [21U^J R means 
— V

that the sum is restricted to the nearest neighbors of the

ion centered at ; the bar means spherical average ; a^ is 

any one of the three basic lattice translation vectors de­

fined in Eq. (11-1) ( | ajj = ^V2~) .

We have to compute essentially three types of two-

center integrals :

/1 vV*)T  U (ll-SO = /

J ~ * t (UI-30)

j ir*(2)  U (*)  dv, ■

where, for nearest neighbors, |a| = |d| = ^/T~, Ü(r) = U(r); 

for second nearest neighbors, |a| = |a^| = ^/2", Ü(r) = U(r) 

+ Es'U,] . An integral of the type /v *(r)Ü(|r-al)v (r-a)dr 
xo n *•  p*****

can be reduced to the third type of Eq. (III-30) by a 
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translation of coordinates. It is convenient to expand the 

functions and vp in terms of spherical harmonics space- 

quantized with respect to the axis containing the two centers. 

Any of the above integrals can then be expressed in terms of 

two-center integrals involving functions of the type o, it  , 

or 6, where a, tt , 6 refer to the component of the angular 

momentum along the direction of the axis (m=0,1,2 for a, it , 

and 6, respectively). Slater and Koster [Sia 54] have tab­

ulated the coefficients of this expansion in terms of £,m, 

n, the direction cosines of the vector a. As an example, 

let E (£,m,n) represent an overlap integral (Eq. III-30, 
x ,xy

2nd type) between a ux and a u^ function; then, Table I of 

Slater and Koster gives

p (X = VTZ 4- nvfl-zZ ) (f-ohr^ (III-31)

where, in this case, (pda) and (pdir) represent the follow­

ing integrals :

(III-32)

- I (l ) r  • .

For convenience, we introduce the following notation :

5^ = (III-33)



where p stands for o , it  , or 6. A subscript 1 or 2 will be 

added when necessary, to indicate whether the integral is 

between first or second nearest neighbors.

Quantities of the type written in Eq. (UI-31) are

listed in Tables 19 and 20 for all of the first- and second 

nearest-neighbor positions in the zinc blende structure.

The four quantities of the type f are given here:

The quantities h^ and gnp are too extensive to be listed

here. The quantities of the type h^ are given in Appendix

C. The quantities g can be obtained from the correspond­

ing h by making the following substitution :

(UI-35)

where and are the orbital quantum numbers of vn and

This is all the theory we need; what is left is nu­

merical computation. We have to calculate the quantities 

U , S o , and U Q . defined in Eq. (UI-33) . The radial 
ap ' a£p ' app '

part of the function (r) is r (r) (cf. Eq. III-3) , 

and Pn&(r) is obtained from the solution of Eq. (III-25). 

The short-range potential can be obtained from Eq. (1-42),
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TABLE 19

QUANTITIES Ea b FOR NEAREST-NEIGHBOR POINTS IN 

THE ZINC BLENDE STRUCTURE. ORIGIN Cu\
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once Va(r) is known. The contribution to the average short­

range potential due to the yth shell, containing n ions of

type a, is

--

(UI-36)

Rysi n & j

where R is the radius of the shell (cf, Table 1). The 

first two shells contain, respectively, 4 ions at a distance

a
T

and 12 ions at a distance 

tion is

2 l) sin 0 

o

Thus, their contribu-

(UI-37)

£ = f

The two-center integrals defined in Eq. (UI-33) were

computed numerically, by using the program DOUB (see Appen­

dix G). For the integrals given in Eq. (III-37) we have 

used program AVERPOT. All the single integrals were per­

formed by Simpson's rule. Once we have the quantities U , 

and U^, we can calculate fm, h^, and g^, insert 

them in O and H , and solve the secular equation for the 
np np

energy E?(k). For a given representation along A or A, we 

have to solve a secular equation for every value of k(p), 

where 0<p<l (cf. Sec. 11-2). If we let p = 0, we have the 

point r; while p = 1 gives X and L, respectively. We have 
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solved the secular equation at 21 points in the zone: F, 10 

points along A (including X), and 10 points along A (in­

cluding L). We have done this by letting p vary between 0 

1 
and 1 with an increment Ap

To solve the secular equation (I-27), we multiply 

both members of this equation by |O | and diagonalize the 

matrix 0-1H. The program VALENCE computes the quantities 
s a 

f , h*?  , gO and the elements (D and H of the secular 
nn' np' ynp np np

determinant, and then solves the secular equation by call­

ing the subroutine DI AG. All the programs used in connec­

tion with the present work are described in Appendix G.

The potential used in the tight-binding calculation 

was the one with valence screening (Eq. 1-58). The valence 

density p^, was that of the 3s and 3p electrons for C& , and 

that of the 3d electrons for Cu+. In Table 21 we give the 

parameters U^, S^, and U^. The quantities fnn can 

be obtained from Eq. (III-34), once the values of are 

known. Their values are (in rydbergs)

£ C - 0. 1 O l*  8 f — -O.S691S.
Lss '

(III-38)

P = -0.5Z5S6. £ = -o. £1 ^70.
hi

If in Eq. (III-19) we take the spherical average of [Z'U]O, 

from the first two shells of nearest neighbors, we obtain

£ = -o. 41*47  £ = -o.StllS"
*« / (III—39 )

£ - £ = - o. sz xz .
hi W
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TABLE 21

TWO-CENTER INTEGRALS: U , S o , U _ . 
ap agy ’ agu

"si ■ -0.04292 Sss - 0.00626 "ss = -0.00712

Us2 ' -0.02073 Sppa“ -0.10370 %Pa = 0.11195

-0.15011 SpPir" 0.02608 ^PP^ -0.02151

°p.r -0.03176 Sdda= 0.00217 Udda = -O.OO3O4

-0.03284 Sdd7T = -O.OOO92 Udd7T = 0.00124

UPtt 2 = -0.01919 Sdd6 = 0.00010 Udd6 = -0.00012

Udol= -0.14011 Ssp ■ 0.04096 "sp = • -0.07164

"d,r -0.12782 Ssd = 0.04262 "sd = -0.08363

-0.11472 Spd< -0.04849 "pda = 0.08273

^do2 = -O.OO2O6 spd„= 0.03957 "pda = -0.03114

Ud«2= -0.00179 Ups 0.02354

Udô2= -0.00157 "ds = -0.02649

"dpa -0.05259

"dp„ = 0.03211
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By comparing Eqs. (UI-38) and (UI-39) , we see that 

the nonspherical terms of [E’U]o make no contribution to 

f and f , as discussed previously in this section. For 
ss pp

the d terms, however, there is a splitting of about 0.01 Ry 

in the tetrahedral field. This is connected to the fact 

that the representation of the rotation group splits into 

the representations and of the group [cf. Kos 63] . 

Neglecting the nonspherical terms of the short-range sum 

[S’U]O is equivalent to taking a weighted average of the two 

values fdd(r15) and fd,d.(r12^ remembering that r15 is 

triply degenerate and is doubly degenerate. Thus,

" 7 + 2 (UI-40)

If we would use f^ for f^ or fd,dU we would introduce an 

error of less than 1.3%, as it can be seen from Eqs. (III-38) 

and (III-39). We expect the error introduced by neglecting 

the nonspherical terms of M (r) to be of the same order. 
a ~

The energy bands and a discussion of the results are 

in Chapter V. In the next section we consider the spin­

orbit splitting at the top of the valence bands in the 

tight-binding approximation.

III-3. Spin-orbit splitting.

In the tight-binding approximation the two scalar 

components of a spinor are Bloch functions. The overlap 

matrix element between two spinors and ip j of the form
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(11-21) is (cf. Eq. F-3)

oit = *çp> (III-41)

= <fJC> + •

Since the f's are Bloch functions, the calculation of 0..

proceeds as in Sec. III-l (see Eq. III-10). The Hamilto 

nian matrix element is

Hil - < P' I f,,' * * f.J P >

+ <^*1  * < f.t P / W,.l f j “>

The matrix elements involving the classical Hamiltonian Hq  

are identical to those considered in Sec. III-l (see Eq.

HI-21). The matrix elements of the spin-orbit interaction 

are derived in Appendix F. There, we assume that the atomic 

orbitals vn centered on different ions do not overlap and 

replace VV(r) with VV&(r). The same approximation can be 

used if there is a little overlap between the v’s, due to 

the fact that W (r) is large near the nucleus and drops off

much faster than V&(r) [cf. Fow 63]. However, in Eq. F-22 

we must include a factor (see Eq. III-5) which

accounts for the overlap of the v's.

We limit our analysis to the top of the valence 

bands, which occurs at if spin-orbit interaction is not 

included (see Fig. & ). In the presence of spin-orbit
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interaction, this state splits into 1? and Fg (see Table 

17). The basis functions for these representations are 

given in Table 17. Only the orbitals 3p of CO, and 3d of 

Cu‘ are involved. Thus we have to calculate only two inte­

grals of the type (see Eq. F-19): ^3pz and

At F7 or Fg, a basis function can be written

X = X ? < h - S, - < 4. t ) , (HI-43)

where the v’s are now spin-orbitals (cf. Eq. 1-6). If we 

express the angular part of v in terms of spherical harmo­

nics , from Table 17 and Table 7 we obtain 

c-.

3P r VT L

-U = [- V

The matrix elements 

two representations are 

Ç : /

0» - 

% = Kt ( co, 

C ' °U. - Ou CCr),

- ’ - • / 

(III-44)

'«L

M-
of the secular equation for these

i ' ir-
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We have used atomic units in Eq. (UI-45), thus c = 274.074 

(cf. Eq. 1-39) . By we mean the dd overlap matrix

element at The rest of the notation is evident. All

the quantities in Eq. (Ill-45) , except and can be

obtained from the tight-binding calculation without spin­

orbit interaction (see Sec. III-1 and 2). The integrals 

and £ must be computed numerically (cf.
dd 3d, 3d pp 3p,3p ■

Appendix F). The numerical values of these quantities are 

given here in rydbergs :

%/%) = %,%) = ', q/1?,) =

(Cr) = -'.4'?^

(III-46)

eÀ (I?,) -- '.^34, » = o- wt,

J- K - o. oo^8o Lt = .

By solving the secular equation, we obtain 

E(r) = -0.^%, E^rç) = -'432^

(UI-47) 

Et 6Ç ) = -/.^4Z Ejr) = - /. 4 (-7^ .

Thus, the spin-orbit splitting at the top of the valence 

bands is

E ( E \ - E ( r } - 0. 0 104 R y x 12.14 eV , 
1 8 ' 7 /

(III-48)

This result will be discussed in Sec. V-3.
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Chapter IV

THE MIXED-BASIS METHOD

IV-1. The mixed-basis method.

In this chapter we undertake the study of the valence 

and conduction bands of CuCA by a method which essentially 

involves no other approximation besides the use of a model 

crystal potential. This is the "mixed-basis" (MB) method, 

developed by Kunz [Kun 69], based on an idea first suggested 

by Brown [Bro 62]. in this method, the advantages of the 

linear variation function technique (cf. Sec. 1-3) are fully 

employed, and the number of functions in the truncated basis 

set can be increased until a "satisfactory" convergence is 

achieved.

In the MB method the truncated basis set for the ex­

pansion of the trial function f?(r) (cf. Eq. 1-33) consists 

of two types of functions : Bloch functions and plane waves. 

We have performed the symmetry analysis for these two types 

of functions in Sec. 11-3 and here we assume that they have 

the correct symmetry. Thus, we can write

< F'(r) <•£„ L Sji), (iv-D

where (r) is a symmetrized Bloch function, as in Eq. (II- 

7), and S° (r) is a symmetrized combination of plane waves, 
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as in Eq. (11-15). We assume that all the functions in the 

expansion (IV-1) are linearly independent and normalized, 

but not necessarily orthogonal. According to the results of 

Sec. 1-3, we will have to solve a secular equation, whose 

determinant is of order N+M and is schematically of the form

< F|H-EIF>

(Nxn )

<S I H-E I F> <5|H-e15> 

X M)

(IV-2)

where the number of elements in each block is shown.

The tight-binding approximation, described in Chap. 

III, can be considered a special case of the MB method in 

which all coefficients b?m in Eq. (IV-1) are put equal to 

zero. The main difference is that in the tight-binding 

approximation we restrict the sum to a small fixed number N 

of Bloch functions (cf. Sec. III-1). In this way, we are 

not making full use of the characteristics of the linear 

variation function method. To do this, we should increase 

the number N, by adding Bloch functions coming from excited 

atomic states of increasing energy, and study the conver­

gence of the band energy E^ versus N. This is possible, in 

principle, but a rigorous calculation of the tight-binding 

matrix elements is extremely hard, because of the large num­

ber of two- and three-center integrals involved [cf. Sia 54], 

Therefore, we are forced to introduce some approximations 

(cf. Sec. III-2) and it is not always possible to estimate 

how much they affect the results. Besides, it is not clear 
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how meaningful a study of the convergence of E vs N is, if 

the matrix elements of the secular determinant are not cal­

culated exactly. This is the reason why we call the tight- 

binding an "approximation." It will soon become clear why, 

on the other hand, we call the mixed-basis a "method."

In the MB method we Jeep N, the number of Bloch func­

tions , fixed, and vary M, the number of sets of plane waves. 

Plane waves are mathematically much easier to handle and 

matrix elements between plane waves can be calculated rigor­

ously with little (computer) effort. Furthermore, with a 

"good" choice of Bloch functions, we may need only relative­

ly few plane waves to obtain a satisfactory convergence. On 

the other hand, the computation of matrix elements between 

Bloch functions can be greatly simplified by choosing ato­

mic-like orbitals which do not overlap, thus reducing all 

three-center integrals to zero. If we can choose the orbi­

tals so that they do not overlap the atomic potential at a 

neighboring site, even the two-center integrals will be eli­

minated. We have a large freedom in the choice of the atom­

ic-like orbitals v(r) from which the Bloch functions are 

formed. There are only two practical restrictions: first, 

that they have the correct symmetry; second, that they do 

not require a very large number of plane waves to yield a 

good convergence for the states of interest.

If the Bloch functions used in Eq. (IV-1) are ortho­

normal core eigenstates of the crystal Hamiltonian, the MB 



98

method is equivalent to the OPW (orthogonalized-plane-wave) 

method.*  To show this [of. Bro 62, 58], assume that the N 

functions Fn in Eq. (IV-1) satisfy the following equations :

*See Woo 57 or Cal 64 for a description of the OPW method.

< FJ F,> = ;

(IV-3)
>/ •

That is, they are orthonormal and they are eigenfunctions of 

the crystal Hamiltonian corresponding to the lowest N eigen­

values En (E1<E2<...<En ). We note, in passing, that the 

orthogonality condition is a consequence of the second of 

Eqs. (IV-3) [cf. Dir 58, §9]. For f^ (Eq. IV-1) to be an 

eigenfunction of the same Hamiltonian H, corresponding to 

an eigenvalue E^>EN, it must be

{h-ej/ff> = ° • (iv-4)

Substituting Eq. (IV-1) for f, we obtain

■Za1„(e.-E1)/F,> = -S (iv-5)

where we have made use of the second of Eqs. (IV-3). Mul­

tiplying both sides of Eq. (IV-5) by <Fn,|, and making use 

of the first of Eqs. (IV-3) and of the conjugate imaginary 

of the second, we get
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Thus,

ain Zm bn. <Fn.|Sm> (IV-7)

Putting this result into Eq. (IV-1) yields

fi<£> " Vim 'Sm<£) " VFnlWf)!,

which is a well known form of the OPW wave function [cf., 

e.g.f Bas 63; Fow 63, 63a].

The result of the preceding paragraph is a trivial 

consequence of the orthogonality theorem of quantum mecha­

nics [Dir 58, §9], since we imposed that f^(r) be an eigen­

function of H corresponding to an eigenvalue different 

from all eigenvalues E^ of the core states F^. The point to 

note, according to Brown [Bro 62], is that "the orthogonali­

zation condition [which is explicit in Eq. (IV-8)] need not 

be invoked a priori... Omitting the orthogonalization condi­

tions achieves a great simplification in form without any 

loss of accuracy" [loc. cit.]. The most important advantage 

of the MB method over the OPW method is that the Bloch func­

tions in Eq. (IV-1) need not be exact core eigenfunctions of 

the crystal Hamiltonian, while the OPW method strongly re­

lies upon this assumption. As Callaway has shown [Cal 55], 

the OPW method may lead to serious errors if the core (Bloch) 

functions are not good eigenfunctions of the crystal Hamil­

tonian . These errors reflect the fact that the trial func­

tion is restricted to the wrong subspace of Hilbert space.
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The MB method has no such drawback, since the wavefunction 

in Eq. (IV-1) is not restricted to any subspace. The varia­

tional method applied to this function will then yield all 

the core states, as well as the valence and conduction 

states.

Another advantage of the MB method is that relativ­

istic effects can be included in a "nonperturbative" way 

[see Kun 69]. We have not calculated relativistic effects, 

but in Appendix F we show how the spin-orbit interaction 

can be incorporated in this method.

In the next section we describe a method to construct 

nonoverlapping atomic-like orbitals for the Bloch sums. In 

Section 3 we form the matrix elements of the secular deter­

minant (Eq. IV-2). Finally, in Section 4, we apply this 

method to CuC£. The results and a discussion of them are in 

Chapter V.

IV-2. Cutoff orbitals.

The atomic-like orbitals v, from which the Bloch 

functions are formed, can be written (cf. Eq. III-3)

= r" P/O % Q~ (f) • (IV-9)

While the angular part Zc^,is determined by the sym­

metry of v^, the radial function Pn^(f) can be chosen at our 

convenience, provided that the following conditions are 

satisfied [cf. , e.g., Per 39]:



101

(IV-10)

We can then choose P , (r) so that it satisfies Eq. (UI-25) 

for r<rc and joins on smoothly to a smooth function which 

goes to zero at r = rm>rc [cf. Bro 62]. The parameter rm 

can be chosen so that orbitals centered on different sites 

do not overlap. When there is mixing between functions 

coming from both types of atoms, this condition implies that

1 dAB- t™"111

where r^ and r^ are the cutoff radii for type A and B ions, 

respectively, and d^ is the nearest-neighbor distance. 

Deegan and Twose [Dee 67] have used similar cutoff functions 

in their modified OPW method, and we use their method to 

construct such functions, as described in Appendix C of 

their paper [loc. cit.].

The unorthogonalized cutoff (CO) radial function, 

denoted by (r), is defined as follows :

~Z (IV-12)

QC° (v) E b J । + 7
°» A

where P 0 (r) is the solution of Eq. (UI-25) , corresponding 

to the eigenvalue The three parameters b, q, and r^are

chosen to satisfy the three conditions that the tail match
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Pn£(r) continuously with continuous first derivative at rQ 

and vanish identically at r^. Specifically,

b = --------------- q = —I— , (IV-13)
1 + co^q (re-ro)J rm-rQ

and r is determined by a trial-and-error procedure, so that

= - L q si*  (r - re)J .

The CO function is then orthogonalized to the inner- 

core functions, so the final (orthonormal) CO function is

and the summation is over inner-core states of angular mo- 

CO
mentum £. 0^ is a normalization factor, so that the second

condition in Eq. (IV-10) is satisfied. Explicitly,

0, - C^z) • (IV-17)
'"Z J U -*  -n1

In Eq. (IV-17) we have made use of the orthonormality of the 

inner-core radial functions Pn^(r).

We have chosen the parameter r^ to be approximately
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rc .lt.. (IV-18)

Since in general both types of atoms contribute to the basis 

functions, the parameters r^ and r" can be varied, subject 

to condition (IV-11), so as to optimize the basis functions, 

that is, to minimize the eigenvalues of the secular equa­

tion . In cases such as Fi2 for CuC£, in which only one ion 

(Cu+) contributes to the basis functions, rm for Cu+ can be 

as large as half the Cu+-Cu+ distance and Eq. (IV-11) be­

comes meaningless.

Obviously, we do not need to apply the cutoff to 

those functions that do not extend beyond r^. The choice of 

the functions to which to apply the cutoff is sometimes ar­

bitrary . We first solve Eq. (III-25) for all occupied 

states, for each type of ion, to obtain radial functions and 

potentials. If the potentials centered on two nearest­

neighbor ions do not extend too far into each other’s region, 

we might apply the cutoff to all those functions that over­

lap the nearest-neighbor potential. If this is unpractical 

or impossible, as in our case, we must content ourselves 

with nonoverlapping orbitals. In this case, the following 

criterion may be used. Define a value of r, say rmax, for 

each function n(r), such that for r>r the value of the 

function is negligible (say, <10 3). Then discard functions 

for decreasing rmax, starting with the one corresponding to 

the largest r , until there are no overlapping functions 
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left. These non-overlapping functions can be left unchanged 

and we refer to them as the core functions. The remaining 

functions are cut off, so that they do not overlap.

The overlap and Hamiltonian matrix elements for the 

core functions are similar to those derived in Chapter III 

(cf. Eqs. 111-10 and 21), but, due to the fact that func­

tions centered on different ions do not overlap, the quanti­

ties h^ and g^ are identically zero. We then obtain

/ (IV-19)

H - S f f . (IV-20)

The matrix elements involving CO functions require 

particular care. The overlap matrix element is the same as 

in Eq. (IV-19), since we have explicitly orthonormalized the 

CO functions (cf. Eq. IV-15). For the same reason, the 

Hamiltonian matrix element between a core and a CO function 

can be written in the form (IV-20). For the Hamiltonian 

matrix elements involving only CO functions, on the other 

hand, we cannot use Eq. (III-21), because this implies Eq. 

(III-14) , which is not valid for CO functions. Therefore we 

have to start with Eq. (III-13), which for nonoverlapping 

functions becomes

6°Ynp is the Kronecker 6 symbol (cf

(IV-21)

where Eq. III-19) and
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np is defined by Eq. (III-8). Eq. (IV-21) can be written

(IV-22)

where fn , if we neglect the nonspherical terms of (r) is

defined as in Eq. (III-19). Substituting Eq. (IV-9) for 

v(r) yields

H. = [ * V/r) t Mm] <Zr]

(IV-23)

The factor Ô& m comes from the integration over the 

angular coordinates 6 and and expresses the fact that the 

two functions must belong to the same row of the same repre­

sentation of the full rotation group (cf. Sec. 1-2).

If all the CO functions centered on the same ion cor­

respond to different angular momentum quantum numbers I, Eq. 

(IV-23) reduces to

w = [ r?>) (- * x « -

(IV-24)

The integral in Eq. (IV-24) is calculated in Appendix D (see

Eq. D-8). Accordingly, we obtain
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If we retain only the spherical part of [ElU]o, in consis­

tency with retaining only the spherical part of the Madelung 

potential, we can write f in Eq. (IV-25) as

4 = 4 """
• o

In our CuC£ calculation we have applied the cutoff to 

the 3s and 3p functions of chlorine and to the 3s, 3p, and 

3d functions of copper. Thus, Eqs. (IV-24 and 25) are valid 

in our case.

In this section we have considered the matrix ele­

ments of the form <f |h - E|F>, appearing in Eq. (IV-2). The 

remaining matrix elements, involving plane waves, are con­

sidered in the next section.

IV-3. Matrix elements of the secular equation.

In the MB method we have to calculate three types of

matrix elements [cf. Kun 69]:

type 1 : < F*  | 0^ I Fn, > /

type 2 : < ] Op | > /

type 3: < S^\ Op I > /

(IV-27)

(IV-28)

(IV-29)

where Op = H for Hamiltonian matrix elements, and Op - 1 for 

overlap matrix elements. A Bloch function F^(r) will be 

written (cf. Eqs. III-2, 4, 5)

F(r)= iZ N ‘ X (IV-30) 
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where the phase factor has been introduced for conveni­

ence. In Eq. (IV-30) we have used the fact that 6n = 1 

(see Eq. III-5), since the orbitals v centered on different 

sites do not overlap (cf. Sec. IV-2). A S.C.P.W. will be 

written (cf. Eq. 11-15)

-m ~ nil

where we have made use of the unitary property of the repre­

sentation matrices (^(R) = F-1 (R) ) . 0 is the volume of the 

primitive cell (see Sec. II-1) and ©m is obtained by impo­

sing the normalization condition on Sm« Specifically,

(IV-32)

It is easy to see from Eq. (IV-32) that 0^ - ©m; thus ©m is 

real.

Type 1: The matrix elements between Bloch functions 

of the form (IV-30) are the same as those derived in the pre­

ceding section. We rewrite them in the form:

< F„ | F,, > = £ , (IV-33)

<^1H|F.> = (£<, • (IV"34)

The quantity in Eq. (IV-34) is defined as follows :

eA en£
for core functions,
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< q J * 4 ✓

for C £u n e t i on $ .
(IV-35)

All the quantities in Eq. (IV-35) have been defined in the

preceding section (cf. Eq. IV-25).

Type 2 : The matrix elements between Bloch functions 

and S.C.P.W. 's (Eq. IV-28) are derived in Appendix D. We 

report here the results :

< £ I S- > = * "• J /

(IV-36)

3 Ck'.O Q~U K 99 *♦ ” X

‘ oo

X (IV_37)

where

Ka = a„a K r . (IV-38)

(p) is the spherical Bessel function of order 1 The

first three j1s are given here [cf. Sch 68, p. 85]:

(e) 3 
e

(t) =
cos ?

~e (IV-39)

“ (p " - ) sin P — dos p . 
f / Ç L
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Type 3: The matrix elements between S.C.P.W.*s  are

also derived in Appendix D. The result is :

< u J- > -- < W ? $ çrf , (iv_40)

+ 5 Ç‘(V

where K = K„ = a'^(k + h ,) (cf. Eq. IV-38). In Eq. (IV- 
•vil "v k  n •v un

41), u(K) is the Fourier coefficient of the crystal poten­

tial V (r), defined as follows :

= 6^^) ' / V<£) (IV-42)
c

where / means that the integral extends over the entire

crystal, whose volume is NÎ2. As shown in Appendix E, Eq.

(IV-42) can be written

V (K ) = + c (IV-43)

where

' J c ' ’ (IV-44)

e

Separating VQ(r) in its long- and short-range parts (cf. Eq.

1-42), Eq. (IV-44) becomes (see Appendix E)

V ) = V (K) : - 8 * f r sin (kv ) U (r) Ar fov K> oa ~ ' = q K' AK 1 ' * '
V (o) = AZI f U rr) r . (IV-45)
* n J »
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Now that we have obtained all matrix elements in the 

mixed-basis method, it may be interesting to review the 

assumptions and approximations made in deriving them. At 

the beginning of this chapter, we claimed that "essentially" 

the only approximation in this method was the use of a model 

crystal potential. Actually, we have also assumed that the 

crystal potential can be written as a sum of spherical po­

tentials centered around each ion (cf. Eqs. 1-40, 41). We 

believe that this is the only assumption intrinsic to the MB 

method in its present form. In deriving the matrix elements 

involving Bloch functions, we have also neglected the non- 

spherical terms in the expansion of the crystal potential in 

spherical harmonics (Eq. III-24) . This approximation is not 

intrinsic to the method, but it reduces considerably the 

labor of computation, without introducing any serious error 

in most cases. In our case, we believe that the error intro­

duced by the spherical approximation is negligible, as dis­

cussed in Section III-2.

As an improvement to the present form of the MB 

method, we suggest consideration of some of the nonspherical 

terms of the potential V(r), which in some cases might give 

a non negligible contribution. In the matrix elements of 

type 1, this can be done through the quantity f (cf. Eq.

IV-34),which can be redefined to include the nonspherical 

terms of the Madelung potential, as follows :

£„ = <^^1 - MJ Vr>> • (iv-«)
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In Eq. (IV-46), by M^S(r) we denote the nonspherical part of 

the Madelung potential (cf. Eq. 1-48):

M^Cr) - M fT ) - M (r) = X a *(r)  ] (®, •
a - a - a £>0 -1^^ (IV-47)

In the matrix elements of type 2, we have to add to Eq.

(IV-37) the following term:

MS , 
<FJV CD I S„>, (IV-48)

where ^(r) is the nonspherical part of the total crystal 

potential. As shown in Appendix D, the matrix element in

Eq. (IV-48) is given explicitly by

MS . - T . % K *
<FJV = M) (A%.) 5

x J. r,, 2 4 *̂4,

------------------ (IV-4 9)

In Eq. (IV-49), c^m are the coefficients of the expansion of 

vn(r) in spherical (not cubic!) harmonics (cf. Eq. II-8) and 

(&i&2mim2|&m) are Clebsch-Gordan coefficients. These co­

efficients are tabulated in Condon and Shortley’s book [Con 

64, Tables I3 ,23,33,43]. They use the notation (j i januma | 

j132jm)t which corresponds to (jijamima|jm) in our notation.
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All other quantities in Eq. (IV-49) have been defined pre­

viously.

In the following section, we apply the MB method to 

the calculation of the band structure of CuC£.

IV-4. Application to CuC£.

In applying the MB method to CuCA, we first solved

the atomic problem (Eq. III-25) to obtain radial functions

atomic energy parameters and potentials V&(r).

The program ATOM (see Appendix G) was again used for this 

purpose, but the variable KUT was this time set equal to 1 

(cf. Sec. III-2). This ensures that the Hamiltonian H is 

the same in all MB matrix elements. The resulting atomic 

functions, energies, and potentials are given in Tables 22 

and 2 3.

The atomic potentials V&(r) obtained from the solu­

tion of Eq. (III-25) were used to construct the crystal po­

tential, according to Eq. (1-40), although this is not a 

restriction of the MB method [cf. Kun 69]. The Fourier co­

efficients u (K) were then obtained by using Eq. (IV-45). 
a

This is done in program PAULI, described in Appendix H. In 

calculating the average short-range potential [E'U]Q, we con­

sidered only the contribution of the first three shells of 

nearest neighbors. The contribution of the first two shells 

is given in Eq. (III-37). The third shell contains 12 ions 

at a distance a/TT/4 (cf. Table 1); its contribution can be
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TABLE 22

RADIAL FUNCTIONS, ENERGIES AND POTENTIAL FOR Cu\

VALENCE SCREENING POTENTIAL. ATOMIC UNITS. (KUT=1)

E3d= -0.7439

r P3s M P3p« P3dW rV(r)

040000 0.0000 0.0000 0.0000 -58.000
0.0065 0.1946 0.0105 0.0001 -56.^66
0.0137 0.3275 0.0422 0.0006 -55.156
0.0209 0.3918 0.0885 0.0021 -53.680
0.0281 0.4037 0.1441 0.0049 -52.263
0.0418 0.3280 0.2614 0.0142 -49.747
0.0562 0.1687 0.3833 0.0304 -47.329
0.0706 -0.0213 0.4896 0.0532 -45.129
0.0850 -0.2096 0.5727 0.0822 -43.134
0.1124 -0.5010 0.6574 0.1519 -39.809
0.1412 -0.6724 0.6473 0.2402 -36.789
0.1700 -0.7055 0.5549 0.3369 -34.133
0.1988 -0.6270 0.4047 0.4361 -31.768
0.2536 -0.2871 0.0390 0.6155 -27.878
0.3112 0.1689 -0.3587 0.7751 -24.405
0.3689 0.5926 -0.6990 0.8968 -21.478
0.4265 0.9241 -0.9554 0.9811 -19.051
0.5360 1.2679 <1.2158 1.0547 -15.397
0.6513 1.3178 -1.2515 1.0454 -12.465
0.7665 1.1933 -1.1519 0.9862 -10.258
0.8818 1.0019 -0.9959 0.9040 -8.6097
1.1008 0.6415 -0.6870 0.7345 -6.5086
1.3313 0.3680 -0.4325 0.5734 -5.1490
1.5619 0.2015 -0.2620 0.4418 -4.2627
1.7924 0.1073 -0.1552 0.3386 -3.6558
2.2304 0.0311 -0.0555 0.2033 -2.9475
2.6915 0.0081 -0.0183 0.1191 -2.5490
3.1526 0.0021 -0.0060 0.0703 -2.3317
3.6136 0.0005 -0.0019 0.0421 -2.2093
4.4896 -0.0002 0.0184 -2.1037
5.4118 e, =-8.6845 0.0091 -2.0609
6.3339

DS e„ =-5.7387 0.0045 -2.0371
7.2561

3p 0.0022 -2.0224
9.0081 -2.0000
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TABLE 23 . -

RADIAL FUNCTIONS, ENERGIES, AND POTENTIAL FOR Cl".

VALENCE SCREENING POTENTIAL. ATOMIC UNITS. (KUT=1).

r P3sW P3p« rV(r)

0.0000 0.0000 0.0000 -34.000
0.0077 0.0898 0.0026 -33.327
0.0164 0.1624 0.0110 -32.544
0.0250 0.2111 0.0238 -31.754
0.0336 0.2399 0.0400 -30.974
0.0499 0.2517 0.0772 -29.553
0.0671 0.2210 0.1212 -28.159
0.0844 0.1625 0.1660 -26.870
0.1016 0.0884 0.2091 -25.681
0.1343 -0.0661 0.2800 -23.676
0.1687 -0.2165 0.3338 -21.880
0.2031 -0.3349 0.3641 -20.329
0.2376 -0.4143 0.3721 -18.952
0.3030 -0.4619 0.3357 -16.686
0.3719 -0.3968 0.2454 -14.683
0.4407 -0.2576 0.1251 -12.969
0.5096 -0.0821 -0.0074 -11.459
0.6404 0.2626 -0.2521 -9.5974
0.7782 0.5605 -0.4632 -7.9511
0.9159 0.7585 -0.6118 -6.4666
1.0536 0.8633 -0.7024 -5.1472
1.3153 0.8843 -0.7585 -3.1276
1.5908 0.7803 -0.7261 -1.6301
1.8662 0.6414 -0.6575 -0.6182
2.1417 0.5092 -0.5812 0.0635
2.6650 0.3150 -0.4488 0.8218
3.2159 0.1854 -0.3367 1.2278
3.7669 0.1069 -0.2453 1.4552
4.3178 0.0583 -0.1656 1.6099
5.3645 0.0156 -0.0663 1.7981
6.4663 0.0040 -0.0263 1.8909
7.5681 0.0010 -0.0107 1.9390
8.6700 0.0003 -0.0045 1.9654
10.763 -0.0009 1.9886
12.967 -0.0002 2.0000
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obtained by using Eq. (III-36) with n = 12 and = a/ 11/4 : 

____ ir
[z’vj - 6 9 Aet £ = (0,0, Vu) * (IV-50)

»

The contribution of the first three shells of nearest neigh­

bors to the average short-range potential is given in Table 

24 for C£~ at the origin, and in Table 25 for Cu+ at the 

origin.

All the quantities obtained so far depend only on the 

type of potential used (of. Sec. 1-5), but they are inde­

pendent of the particular representation, the cutoff para­

meter, the number of basis functions used, etc. It is then 

convenient to store them, while in the process of testing 

for the best cutoff parameters or studying the convergence 

of the variational energies.

As mentioned in Sec. IV-2, we applied the Deegan and 

Twose cutoff to the 3s and 3p functions of CA and to the 3s 

3p, and 3d functions of Cu+. We have used the same cutoff 

parameter rm for all functions centered on the same atom, 

which is a logical thing to do for a given representation. 

Obviously, we can use a different cutoff parameter when 

solving a secular equation for a different representation. 

However, we must be careful when comparing the results, and 

pay special attention to the convergence curves, as we will 

see in Chapter V. In Fig. 5 we show a CO function (3p~) and 

the corresponding function without cutoff. The value rm = 

2.2a.u. was chosen for both C£” and Cu+ (nearest-neighbor
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TABLE 24 .

AVERAGE SHORT-RANGE POTENTIALS OF THE FIRST THREE SHELLS 

OF NEAREST-NEIGHBORS OF Cl". VALENCE SCREENING POTENTIAL.

ATOMIC UNITS. '

r r[ruj

0.0000 0.0000 . 0.0000 0.0000
0.0077 -0.0008 -0.0009 0.0000
0.0164 ■ -0.0016 -0.0020 0.0000
0.0250 -0.0024 -0.0030 0.0000
0.0336 -0.0033 -0.0041 0.0000 .
0.0499 -0.0049 -0.0060 0.0000
0.0671 -0.0065 -0.0081 0.0000
0.0844 -0.0082 -0.0102 0.0000
0.1016 -0.0099 -0.0123 0.0000
0.1343 -0.0131 -0.0162 0.0000
0.1687 -0.0165 -0.0204 0.0000
0.2031 -0.0199 -0.0246 0.0000
0.2376 -0.0233 -0.0288 0.0000
0.3030 -0.0298 -0.0368 0.0000
0.3719 -0.0368 -0.0452 0.0000
0.4407 -0.0440 -0.0538 0.0000
0.5096 -0.0513 -0.0624 0.0000
0.6404 -0.0657 -0.0789 0.0000
0.7782 -0.0820 -0.0968 0.0000
0.9159 -0.0994 -0.1152 0.0000
1.0536 -0.1186 -0.1343 -0.0005
1.3153 -0.1608 -0.1727 -0.0043
1.5908 -0.2166 -0.2170 -0.0093
1.8662 -0.2895 -0.2665 -0.0151
2.1417 -0.3875 -0.3226 -0.0218
2.6650 -0.6892 -0.4540 -0.0376
3.2159 -1.3348 -0.6434 -0.0599
3.7669 -2.9008 -0.9036 -0.0901
4.3178 -7.9493 -1.2711 -0.1323
5.3645 -1.9368 -2.6695 -0.2920
6.4663 -0.5155 -7.7510 -0.8275
7.5681 -0.1829 -12.446 -3.1348
8.6700 -0.0800 -3.8755 -10.468
10.763 -0.0139 -0.8755 -0.6264
12.967 -0.2471 -0.1056
15.171 -0.0733 -0.0134
17.374 -0.0184
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TABLE 25

AVERAGE SHORT-RANGE POTENTIALS OF THE FIRST THREE SHELLS 
OF NEAREST NEIGHBORS OF Cu+. VALENCE SCREENING POTENTIAL.

ATOMIC UNITS.

r r^'Uj rE= 'U J T^E'U^

- 0.0000 0.0000 0.0000 0.0000
0.0065 -0.0021 -0.0002 -0.0004
0.0137 -0.0045 -0.0005 -0.0007
0.0209 -0.0068 -0.0008 -0.0011
0.0281 -0.0092 -0.0011 -0.0015
0.0418 -0.0137 -0.0016 -0.0023
0.0562 -0.0184 -0.0021 -0.0030
0.0706 -0.0231 -0.0027 -0.0038
0.0850 -0.0278 -0.0032 -0.0046
0.1124 -0.0368 -0.0042 -0.0061
0.1412 -0.0463 -0.0053 -0.0076
0.1700 -0.0557 -0.0063 -0.0092
0.1988 -0.0652 -0.0072 -0.0107
0.2536 -0.0833 -0.0088 -0.0137
0.3112 -0.1024 -0.0102 -0.0169
0.3689 -0.1217 -0.0115 -0.0200
0.4265 -0.1411 -0.0129 -0.0232
0.5360 -0.1784 -0.0156 -0.0293
0.6513 -0.2185 -0.0186 -0.0358
0.7665 -0.2597 -0.0218 -0.0424
0.8818 -0.3021 -0.0252 -0.0492
1.1008 -0.3875 -0.0324 -0.0626
1.3313 -0.4860 -0.0408 -0.0776
1.5619 -0.5969 -0.0503 -0.0937
1.7924 -0.7250 -0.0611 -0.1112
2.2304 -1.0408 -0.0859 -0.1492
2.6915 -1.5513 -0.1196 -0.1982
3.1526 -2.4160 -0.1646 -0.2599
3.6136 -3.9449 -0.2301 -0.3394
4.4896 -9.4732 -0.4749 -0.5690
5.4118 -3.3243 -1.2001 -0.9879
6.3339 -1.4020 -3.7592 -1.8296
7.2561 -0.7307 -15.439 -4.0743
9.0081 -0.2570 -1.2551 -8.5473
10.852 -0.0925 -0.2291 -1.5536
12.697 -0.0331 -0.0597 -0.4976
14.541 -0.0102 -0.0023 -0.1766
18.045 -0.0232
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I

0

I

I

FUNCTION WITHOUT CUTOFF

FUNCTION WITH CUTOFF

2

r (Bohr radii)

Fig. 5 - Radial function 3p of Cl . The cutoff is introduced 

in the way described by Deegan and Twose [Dee 67]. 

The functions shown are normalized, so that
< CP3p(r)]2dr = 1. 



119

distance = 4.43a.u.). Other cutoff parameters have been 

tried, as discussed in Chapter V. The subroutine DTCO (see 

Appendix H) forms the CO functions and calculates the CO 

COenergy parameters £n (Eq. IV-35).

The quantities f can be calculated at this point 

and added to the energy parameters e^, since they are inde­

pendent of o, the symmetry of the wave function (cf. Sec. 

III-1). The matrix elements of type 1 (Eqs. IV-33,34) are 

then easily obtained.

The procedure to follow is now the following: choose 

a value of k; for every "interesting" representation (cf. 

Sec. 11-3) of the group of k select the Bloch functions and 

S.C.P.W.'s belonging to the same row of this representation; 

then compute the matrix elements and solve the secular equa­

tion. The computation of all matrix elements is done in 

subroutine BETA (see Appendix H). The secular equation is 

then solved in subroutine DIAG, as in the tight-binding cal­

culation (cf. Sec. III-2). To study the convergence of the 

roots of the secular equation, we may delete the last, say, 

n rows and columns before solving the secular equation.

These n rows and columns must correspond to plane waves with 

the highest values of |k + h |. 

secular equation, add a few rows

We then solve the remaining

and columns of increasing

li + Su I and solve the expanded secular equation, and so

forth until the last row and column have been included. It 

is advisable to write the S.C.P.W.'s in Eq. IV-1 in order of
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increasing |k + |, to make the convergence study easier.

We have obtained the energy bands of CuC& using two 

different types of exchange in the atomic potentials : the 

Slater exchange (Eq. 1-49), and the screened-valence ex­

change (Eq. 1-57). We have written the atomic potential in 

the form of Eq. (1-58), from which the two types of poten­

tials can be derived, as described in connection with that 

equation.

The results of the MB calculation are in Chapter V. 

We have not included any relativistic effects in our calcu­

lation. A prescription to include them in the MB method is 

given in Kunz's paper [ Kun 69]. In including spin-orbit 

effects in OPW or MB calculations authors generally assume 

that the matrix elements of the spin-orbit interaction in­

volving plane waves are negligible [cf. Liu 62, Kun 69]. 

This might not be a valid assumption in the MB method in its 

most general form, since the plane wave contribution may be 

determinant in the valence wavefunctions. The spin-orbit 

interaction can be included in a straightforward manner in 

the MB method, as shown in Appendix F.
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Chapter V

RESULTS, DISCUSSION, CONCLUSIONS

V-l. Tight-binding results.

The data used in the present calculation are given in 

Table 26. They are divided into two categories: the first 

category contains experimental data; the second, data derived 

from the first category. All other quantities needed in 

this calculation can be obtained from these data.

The valence bands of CuC& in the tight-binding approx­

imation are shown in Fig. 6. The top of the valence bands 

is at r15. At this point the wave function can be written

= (v -d
'if

where F% and Fyz are Bloch functions formed,respectively,

from the 3p orbital of symmetry x centered on CE and from

the 3d orbital of symmetry yz centered on Cu+. The coef­

ficients c^ and Cg for the normalized wave function can be 

obtained by the method described in Section 1-3. In this 

case we get, apart from a constant phase factor,

d( = o.qq 77 - - 0. 2 s 6Z . (V-2)



122

TABLE 26

DATA FOR CuCl.

Experimental

Crystal

Structure: zinc blende a

Lattice constant: 
°b

a = 5.41 A°

= 10.23 a.u.

Dielectric constant :

K = 3.57:..

Ions

Cl“ Cu+

Atomic number Z: 17 29

Ionicity (assu­

med) : -1 +1

Derived Madelung constant : 

a„ = 3.78293 C

Configuration

Cl~:ls22s22p63s23p6,

Cu+: ls^2s^2p^3s^3p^3d^°

a - jÏŸyc 4 sj 

b - [sia 65] 

c - |jos 6^
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Thus the 3p state of C£- contributes about 77% of the total 

wave function at the top of the valence band.

The first valence band is fairly wide (about 5.2 eV).

The width of a band depends on the overlap parameters hnp

and (Eqs. III-9, 20) . If there would be no overlap be­

tween atomic orbitals centered on different ions, all quan­

tities of the type h^ 9np would be zero and the bands

would have zero width; in other words, there would be no 

bands, but only a shifting and eventually a splitting of the 

atomic levels. The large width of the first valence band 

is related to the large overlap between p functions (cf. 

Table 22) and confirms the p character of this band. It 

must be added that, perhaps, we have overestimated some 

three-center integrals in taking the spherical average of the 

nearest-neighbor short-range potentials. The separation be­

tween the first two bands is about 0.2 eV.

The second and third bands are separated by less than 

0.03 eV and have a total width of about 0.4 eV. This clear­

ly shows their d character, since the overlap between d 

functions is relatively small.

The lowest valence band is the s band. Its width is

approximately 0.9 eV and it is separated by 7.0 eV from the 

higher valence bands.
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V-2. Mixed-basis results.

The MB valence and conduction bands are shown in Fig. 

7 for the HFS potential (Eq. I-50), and in Fig. 8 for the 

HFS-with-valence-screening potential (Eq. 1-58). Attention 

should be given to the fact that the points shown in these 

figures are upper bounds to the exact energies for the 

Hamiltonian used (cf. Sec. 1-3). How close these values are 

to the exact energies may be estimated by studying the con­

vergence curves. In Figs. 9 and 10 we plot the energy ver­

sus number of basis functions for those points where the 

convergence was the poorest. In the curves not shown, the 

energy varied by less than 0.1 eV when we added the last ten 

sets of plane waves (or S.C.P.W.’s).

We notice that the convergence curves for the two 

types of potentials are very similar; on the other hand, 

according to our experience, they depend strongly on the 

cutoff parameters used (cf. Sec. IV-2). In the bands shown, 

we have used the values rc = 1.5 and rm = 2.2 (in Bohr radii) 

for both cC and Cu+. We tried r^ = 2.0 for Cu+ and r^ = 

2.4 for C£“, rm = 1.8 for Cu+ and rm = 2.6 for C&"". Our 

conclusion was that, by ”compressing" the C£ functions, and 

consequently "expanding" the Cu+ functions, we were getting 

better convergence and lower energies. We have not tried to 

expand the positive ion functions beyond the value of 2.2 

a.u., except at F^ * where only the 3d orbital of copper
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Figs. 7 and 8 - Mixed-basis energy bands for CuCl. The 

superscript on A and A gives p (cf. 

Sec. II-2). The origin is on Cl . 

Fig. 7 : Slater potential. Fig. 8: Valence 

screening potential.

Figs. 9 and 10- Energy versus number of basis functions 

for some points of Figs. 7 and 8, respec­

tively. For each curve we give the number 

of basis functions corresponding to the 

first point in the curve and the irreduci­

ble representation. Each letter corresponds 

to a representation in the following way:

a: rl f : X4
k: A^

P :
4

2 2 4.4
b : r15 g : X5 £ :△ j+A^ q : 43 + A4

c : r12 h ; L1
2 - 

m : Aj r : 4

d: X1 i : L3
2 n : A% s : A A j

e : X3 j : 4 o : A j
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contributes to the basis functions. Here, by using rm = 3.6 

a.u., the valence state for the screened potential converged 

to -16.0 eV, with a change of less than 0.01 eV with the in­

clusion of the last 18 sets of plane waves. By comparison 

with the corresponding point in Fig. 8 (T.4 eV), we 

estimate that the second valence band is converged within 

less than 1 eV. Special care must be used in including all 

S.C.P.W.'s of low kinetic energy, as mentioned in Sec. IV-4; 

Otherwise, a study of the convergence curve is meaningless.

The bands in Figs. 7 and 8 have some similarities, 

apart from a shift of approximately 12 eV of the "screened" 

bands with respect to the "Slater" bands. This is comfort­

ing, since we should be skeptical about results that depend 

too strongly on the details of the potential used [cf. Fow 

63]. For convenience we, using the tight-binding language, 

call the lowest valence band the "s-band," the middle bands 

the "d-bands," and the highest valence band the "p-band." 

The most noticeable difference between the two potentials 

is that with the screened potential the d-bands are narrower 

and lowered by about 3 eV relative to the s and p-bands. 

This is a consequence of the fact that the 3d state of Gu 

is less screened than the 3s and 3p states of CA . As we 

recall from Chapter III (Sec. III-2), we have applied the 

screening factor only to the 3d state of Gu , and to the 3s 

and 3p states of C^~. The screening, as it is apparent by 

comparing the two figures, pushes the bands up.
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energy gap between valence and conductions bands 

is 1.0 eV for the Slater potential, and 0.3 eV for the 

screened potential. However, from Figs. 9 and 10 we see 

that the convergence of the top valence band is slower than 

that of the conduction band. Therefore, we expect the energy 

gap to widen with the use of a better and/or larger basis 

set of functions.

As can be seen from Figs. 7 and 8, the shape and 

relative position of the conduction bands are not too sen­

sitive to the form of the potential used. We also found 

that they do not vary too much by using different cutoffs 

for the atomic orbitals. Thus, we conclude that our con­

duction bands are very accurate.

We have also computed the effective mass at the bot­

tom of the conduction bands by simply fitting a quadratic 

curve to the points r^, A*,  and A*.  We use the equation

EQ) - Eo - (Ry), (v-3)

where Eq is the energy at r^, the bottom of the conduction 

bands, mQ = a.u. is the free electron mass, and m*  is the 

effective mass. The result is

-m* - o.ti (V-4)

for the Slater potential, and
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tn*  ~ o.\1 th , (V-5)

for the screened potential. In both cases, the values along 

A and A agree within 0.003 m^.

V-3. Comparison with Song's calculation and with experiment.

Song has done a theoretical study of the energy bands 

of copper chloride [Son 67, 67a]. His approach is semi- 

empirical, since he uses some experimental parameters in his 

calculation. He uses the tight-binding method for the val­

ence bands and the orthogonal!zed-plane-wave (OPW) method 

for the conduction bands. In the OPW calculation he intro­

duces an adjustable parameter in the exchange potential so 

as to fit the experimental value of the energy gap. He also 

uses the experimental values for the atomic energies of 

Cu+ and of 017 (without Madelung potential) . His treat­

ment of the crystal potential is not too accurate, especially 

for the Madelung part, which we treat almost exactly.

As we mentioned at the beginning of this chapter, our 

calculation involves no other experimental data besides the 

structure of the crystal, the lattice constant, and the kind 

of ions constituting the crystal. However, the idea of using 

an adjustable parameter in the potential should be taken in 

consideration, since, as our mixed—basis results show, the 

fundamental energy gap and the overall structure of the 

bands depend on the potential used.
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Due to the nature of the different approaches, it is 

hard to compare our results with those of Song’s calcula­

tion . Nevertheless, we want to compare the main features. 

Song finds that the highest valence band is very narrow 

(~0.6 eV) and is formed mainly from the 3d orbital of Cu+, 

with a contribution of the 3p orbital of C& which is of the 

order of 21% at r15. In our tight-binding calculation we 

obtain a very wide band (5.2 eV), probably due to an inac­

curate approximation of the three-center integrals, and we 

find that the contribution of the 3p orbital of Ci is ap­

proximately 77% at . However, our mixed-basis calcula­

tion , which is considerably more accurate, still yields a 

fairly wide band (3.5 eV for the Slater potential, and 4.3 

eV for the screened potential). The wavefunction at , 

in the top valence band, has a determinant contribution of 

plane waves, due to the drastic cutoff of the 3p orbital of 

Ci~. Comparison of the two MB bands (see Sec. V-2) leads us 

to conclude that the top valence band is mainly p-like, while 

the second band is mainly d-like.

Song finds a separation of about 3 eV between the 

first two valence bands. We obtain a separation of 0.01 eV 

for the Slater potential and 4.1 eV for the screened poten­

tial . The first value is not too meaningful since it is one 

order of magnitude smaller than our convergence error.

The bottom of the conduction bands is at in 

agreement with Song’s speculation. The separation of the 
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first two conduction bands is 1.1 eV for the Slater poten­

tial , and 1.7 eV for the screened potential, as compared to 

the value of -2 eV obtained by Song's qualitative interpo­

lation .

Our spin-orbit splitting does not agree in sign with 

Song's and is almost doubled in value. He obtains AECr^-r?)= 

= -0.08 eV ; our result is 0.14 eV (see Sec. Ill-3) .

Song also reports some experimental results related 

to the energy bands of CuC£. We will use some of these data, 

but refer to his work [Son 67] for a more detailed discussion 

and a presentation of the experimental curves.

Bonnelle has investigated the absorption and emission 

of soft X rays for some compounds of copper [Bon 67]. For 

CuC&, he evaluates the width of the fundamental energy gap 

to be approximately 3 eV, as compared to our "first-prin­

ciple" results of 1.0 eV and 0.3 eV with the Slater and 

screened potential, respectively.

The width of the first valence band, according to 

Bonnelle, is approximately 1.5 eV. We obtain 3.5 eV and 

4.3 eV with the two potentials. Our results also disagree 

with his interpretation of the first valence band as coming 

mainly from the 3d orbital of Cu+, as we already mentioned.

The emission experiments give a value of approxi­

mately 3.7 eV for the separation between the first two val­

ence bands. We obtain 4.1 eV with the screened potential 

and a negligible separation with the Slater potential.
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The absorption measurements show a separation of 

about 2 eV between the first two conduction bands. Our 

values are 1.1 eV and 1.7 eV with the Slater and screened 

potential, respectively.

Considering other experimental data, the value of 

the snin-orbit splitting deduced from the exciton spectra 
‘ eV

is AE (r?-r8) = 0.072A[Car 63;. Nik 62]. We obtain-0.14 eV.

Song evaluates an adjusted experimental value of the 

effective mass of the electron as 0.28 m^. His calculated 

value is 0.50 m . We obtain 0.23 mQ and 0.17 mQ with the 

two potentials, respectively (cf. Sec. V-2).

V-4. Summary and Conclusions.

We have calculated the energy bands of CuC£ by using 

two different methods : the tight-binding method for the 

valence bands r and the mixed-basis method, which yields 

core, valence, and conduction bands. We have shown how the 

mixed-basis method is a rather general and rigorous method 

within the one-electron approximation. Since the MB matrix 

elements can be computed quite rigorously, the results can 

be directly associated with the potential used and several 

effective one-electron potentials can be tested. We have 

also compared the MB method to the OPW method and have shown 

how the latter is a special case of the MB method, but has 

some disadvantages that are not present in the MB method. 

In the OPW method, for instance, it is important that the
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Bloch functions be exact eigenfunctions of the crystal 

Hamiltonian, otherwise serious errors might occur. In the 

MB method there is no such restriction. The two methods, 

however, share the advantage of allowing a rather general 

form of the crystal potential. In both methods it is also 

easy to study the convergence of the energy versus number of 

basis functions by adding more plane waves in the expansion 

of the wavefunction.

In the matrix elements involving Bloch functions we 

neglected the nonspherical terms in the expansion of the 

crystal potential in spherical harmonics. However, we 

showed how these terms can be included in the MB method.

We have not included any relativistic effects in our 

MB calculation, but we derived the matrix elements of the 

spin-orbit interaction involving plane waves, which are 

usually neglected in OPW or MB calculations.

A FORTRAN program, originally written by Kunz for 

calculations on alkali halides, was modified by us so that 

it could be applied to any ionic crystal. This program per­

forms most of the MB calculation and allows us to study 

the convergence of the energy.

We solved secular equations of order up to 70 and 

found that the convergence was often within a few tenths of 

an electron-volt. It is important to examine the conver­

gence curves when comparing the results with the experiment.
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The comparison with the experimental data showed a 

general qualitative agreement, but the quantitative agree­

ment was sometimes poor. However, we believe that this 

agreement can be improved by using a better effective po­

tential. If not, we must conclude that either some of the 

data used and assumed are not correct, or the one-electron 

approximation does not describe the system accurately enough 

to give good quantitative agreement with experiment.
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SYMMETRIZED COMBINATIONS OF BLOCH FUNCTIONS

Let

Hl) = Ç e1"8'' (A-l)

be a Bloch sum of atomic-like orbitals centered at R + 6d 
. ~ V -V

(cf. Eq. II-7) . * For F (r) to belong to the row of the 

(unitary) irreducible representation of the group of k, 

it must be

*In Eq. (A-l) we have eliminated those superscripts and sub­
scripts that are not relevant to the following discussion.

P„ F(r) = F(r) ! (A-2)

where is the projection operator for the yth row of rQ 

(cf. Sec. 11-3). Explicitly,

£ = 1 VxW R ’ (A-3)
it 3 M

Operating on F(r) with the operator R yields (cf. Eq.

R F (r) = e ~ v

i «< ^ • * 5 „
=z % e tr («TV - R„ ~ ) » (A-4)
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In the last step of Eq. (A-4) we made use of Eq. (11-14).

If we now define

P =*/? (A-5)
J v' - * 1

and recall that (cf. Sec. 1-2)

a k = % + , (A**)

where h is a reciprocal lattice vector, Eq. (A-4) can be 
~U

written

R F (£) = - 8. • <A-7)

In Eq. (A-7) we used the fact that expCih^.R,,) = 1, since 

K^f is a lattice translation vector (cf. Eq. A-5). We now 

notice that to each R^, there corresponds another lattice 

translation vector R , such that
~ P

P * sC - R + » (A-8)
2 v' — - f "

By substituting Eq. (A-8) in Eq. (A-7), we obtain 

RPfr) = ,, -S^

If (A-9 )

With the use of Eq. (A-9), application of the pro­

jection operator (A-3) to F(r) now yields

p‘ Ffr) = .Z/"'-" 4 5
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By comparing Eq. (A-10) with Eq. (A-l), we see that, for Eq.

(A-2) to be satisfied, it must be

V(r) = i J r^(K) . (A-ll)

That is, for F(r) to belong to the yth row of the representa­

tion r , v(r) must belong to the yth row of the representation 
a ~

Fg, where

Ç^) = Ç(t) (A-12)

It is easy to show that Fg is an irreducible repre­

sentation of the group of operators R, if Fq is. From Eq. 

(A-8) we see that ô (d - ad) is a lattice translation; thus, 

for any two rotations an and am in the group,

-ï £Ci) -i k 4 )
e = e . (A-13)

Then, the product of the two matrices of Fg corresponding to 

the operators Rn and R^ is

- (A.14)

- Ç c -
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Eq. (A-14) proves that the matrices (R) form a represen­

tation of the group of k. That this representation is ir­

reducible is obvious from Eq. (A-12), since we assumed that 

r is irreducible, a

The result in Eq. (A-12), although independently 

derived, agrees with a result derived some time ago by Bell 

[Bel 54].
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Appendix B 

MADELUNG POTENTIAL IN THE SPHERICAL APPROXIMATION

In this Appendix we assume that the origin is on a po­

sitive ion. The yth shell of nearest neighbors contains n^ 

ions of charge (-l)^ez , where z is the ionicity of the 

positive ion. In the spherical approximation, these point 

charges can be replaced by a uniform distribution of charges 

over the surface of a sphere of radius r^, the radius of the 

shell. Thus, inside the first shell the Madelung potential 

is constant and equals the Madelung energy E#, where

Em = , (B-1)

and a is the Madelung constant referred to the lattice 

parameter a [cf. Tos 64]. The Madelung constant depends 

only on the crystal structure. For example, for the zinc 

blende structure a& = 3.78293 [loc. cit.].

As is well known from electrostatics, if we have a 

distribution of charges which is spherically symmetric about 

the origin, the potential energy at a distance r from the 

origin is the sum of two contributions : the contribution of 

the charges inside the sphere of radius r, which is the same 

as if all these charges were concentrated at the origin; and 



the contribution of the charges outside the sphere, which is 

constant inside the sphere. Thus, the Madelung energy (Eq.

B-1) must be equal to

(B-2)

where the dimensionless quantity x is defined as x = r/a.

In Eq. (B-2) we have assumed an infinite crystal.

In the region between the yth and y+lth shells, the 

potential can be obtained by subtracting from EM the con­

tribution at the origin due to the first y shells, and add­

ing their contribution at r (r^r^r^^) . Thus, if we denote

by My (r) the Madelung potential inside this region, we have

a (B-3)

By using Eq. (B-1), Eq. (B-3) can be written

y * y*  £
Myfr) = (-•) ~ i 2.. (-1) TiJ . (B-4)

The quantity in brackets in Eq. (B-4) depends only on

the crystal structure and it is shown in Fig. 11 for the 

zinc blende structure. The quantities n^ and x^ are given 

in Table 1.
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Fig. 11 - Spherical Madelung potential for the zinc blende 

structure. a is the lattice constant. The quanti­

ties on the axes are dimensionless.
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Appendix C

TIGHT-BINDING QUANTITIES

The quantities , defined in Eq. (III-9)r reduce to 

the form (III-28) if we restrict the summation to those two- 

center integrals involving first or second nearest neigh­

bors (cf. Sec. III-2) . By using Tables 19 and 20, these 

quantities can be expressed in terms of a few parameters 

of the form S o , defined in Eq. (III-33). We list here the 
app 

quantities h^ for those representations used in the tight- 

binding calculation. For each representation we also give 

the basis functions belonging to a particular row of that 

representation (cf. Table 8). The origin of the coordinates 

is taken at Cu\

P : X - °

C ; s

L s 11 -

% : ""

= 4 - 2

" 3 \* 4
= ± (Sr4, - )
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Ct :

= i + f

X ; k = ■ (loo)

x,;

Sr = "4 \r- 

S'/ = * * i

^rx’ - "f Sn*

X.:

S'4'= ww«r

«M it

hrr = -4 Sr-

Sx - Sx, " Sxz

S^ =
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A : k = f ('°6) , 0 < f < i

U 1

h
rr

=

hM = "Ï

4 V& i a:M r^f)

L, 7- ^)
o

A = »» 

hrr:

11 « ‘

h., 

\z

-f Ù-/")

0

+■8 5 C®^ (ir »)>ir * '

. + 4(^+ ® j C^f)
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Appendix D

MIXED-BASIS MATRIX ELEMENTS

The basis functions for the mixed-basis expansion 

are, as in Eqs, (IV-30) and (IV-31),

F(r) = i2 v. Cï-S.-Cîï ), (d -d

5„fl) = (NfiS-Vz V'cct) e*  (D-2)

where the F’s are Bloch functions and the S's are combina­

tions of plane waves. As stated at the beginning of Sec. 

IV-3, we have to calculate three types of matrix elements 

(see Eqs. IV-27, 28, 29). We derive them here.

Type 1: <F^|Op|F^,>. According to Sec. IV-2, we

need only to calculate the following integral (cf. Eq. IV- 

24)

£<O = [ P'%) t|/ (r)^ (r)|p>) dr (D-3)

* J n I r1 < J * '
o

where the orthonormal cutoff function Pn (r) is defined in 

Eq. (IV-15) as

(D.4)
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The angular momentum quantum number A is the same for all 

functions appearing in Eq. (D-4). The unorthogonalized cut­

off function S^°(r) is defined in Eq. (IV-12) as

$<\r) E p (v) for c i y

= 6 [ I + eoj Cr-r,)Jj for r * < S .

CO
Eq. (D-3), by using Eq. (D-4) for Pn (r), becomes

where use was made of the orthonormality of the core func­

tions Pn,(r). The e^,'s are the core energy eigenvalues and 

is defined in Eq. (IV-16). By using Eq. (D-5), the in­

tegral in Eq. (D-6) yields

+ 
j  <- tv r v n

* (b
* Jk4

Thus, we obtain (cf. Eqs. IV-25 and 35)

(D"'

r e
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Type 2 : <Fn|Op|sm>. For this type of matrix element 

we will make use of the following expansion [cf. Mes 68, 

App. B]

' (D-9)

where ,(£) is a spherical Bessel function (see Eq. IV-39).

The overlap matrix element, introducing the abbreviation

K = a”1(k+h ), is 
*w I\ *w ** P

< F | $_> =

= X r;>ï el. (D.1O)

In the last step we made use of the fact that KR - k is a 

reciprocal lattice vector [cf. Cal 64, Sec. 1.6]. By using 

Eq. (II-8) for v (r) and Eq. (D-9) for , we obtain

f . rr ’

j Il /(&/$) / 9 J. 4
» z JJ i r

= (0-11)
"r •
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which, after replacing the spherical harmonics with the 

cubic harmonics (cf. Table 7)f yields Eq. (IV-36). Notice 

that the coefficients cnm in Eq. (D-11) and in Eq. (IV-36) 

are not the same, even though we have used the same notation 

for simplicity.

The Hamiltonian matrix element is

(D-12)

= xt<F.is_> *

where K = |K | is independent of R:Sm is an eigenfunction 

of the kinetic energy operator with eigenvalue K (in a.u.). 

The matrix element of the crystal potential, by going through 

the same steps as in Eq. (D-10), yields

< F„ I Wr)| 5„> 2

By writing the crystal potential as in Eq. (1-44) and retain­

ing only the spherical terms, we obtain

•o __
X (Kr) [v/') <■ [Z'u],] Ar . (D_14) 
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In Eq. (D-14) we used the fact that M&(r) is constant inside 

the first shell (cf. Appendix B) and that vn(r) is zero out­

side . Thus we can replace M (r) with the Madelung energy 

E^, The Madelung energy is positive around a positive ion 

and negative around a negative ion, but the absolute value 

is the same. Substituting Eq. (D-14) into Eq. (D-12), and 

replacing spherical harmonics with cubic harmonics, yields 

Eq. (IV-37).

Type 3 : <8^|Op I^m'>' The calculation of the overlap

matrix element is straightforward. From Eq. (D-2) we obtain

is„.> = --1 , (0-15)

where K = K„ = a1(k+h ) and K , = a }(k+h ,). Since

K , - K is a reciprocal lattice vector and 
~n *vii

e ~ ~ dT = Na ào h (D-16)
e ' *

if h is a reciprocal lattice vector [cf. Zim 64, Sec. 1.2],

Eq. (D-15) becomes

< 5m * > = J 5 Çr W <Ç * ' J (D-17)

which is the same as Eq. (IV-40).

To calculate the Hamiltonian matrix element we expand

the crystal potential as a Fourier series,
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V<r) = -u^K) e*  ~ ~ (D-18)

K

where, due to the periodicity of V(r), the sum is restricted 

to reciprocal lattice vectors [cf. loc. cit.]. We obtain

= ivh_r<5js„.> {d-w

+ (Nfiï'(a_®,iï2’î Çtü .

Use of Eq. (D-16) now yields

< I H | s_, > = I Is * h/*  । < -L )

(D-20)

which is the same as Eq. (IV-41).

Matrix element <F |vNS(r)|S >: This matrix element, 
n1 m

considered in Eqs. (IV-48 and 49), involves the non-spheri- 

cal terms of the crystal potential, which have been neg­

lected in Eq. (D-14). If we expand V(r) in spherical har­

monics (cf. Eq. III-24), VNS(r) contains all the terms with 

£>0:

ui * V
v %) = a w 1 (6,4) ■ (D-21)

“"l • I * I
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As in Eq. (D-13), we obtain

— Nf , _ t _k  iZ k  • d ns i k • r
r(-i) rn®.) ~ V^j/6 " ~ > . (D-22)

By writing vn(r) as in Eq. (II-8), and using Eqs. (D-9) and 

(D-21), the integral at the right hand side of Eq. (D-22) 

yields

Cd j (Kr)^r (e,t)dQ
, JZ ' Z« (D-23)

where dO = sinOdOd*.  The integral involving three spherical 

harmonics can be expressed in terms of Clebsch-Gordan co­

efficients as [cf. Ros 57, Eq. 4.34]

■m V **i .

l
(a A**)  (a 4+0 ’ 

4ïr (iL*ù
’"x I & *" J ^^'^(^(B-24)

The indices in the Clebsch-Gordan coefficients are restricted 

by the following relations [see, e.g., Tin 64, Ch. 5]

tn = w, + j (D-25)

which are equivalent to

(/■(H//. + . (D-26)
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From Eqs. (D-24) and (D-26), Eq. (D-23) becomes

Substituting Eq. (D-27) into Eq. (D-22) yields Eq. (IV-49).
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Appendix E

FOURIER COEFFICIENTS OF THE CRYSTAL POTENTIAL

In Eq. (D-18) the crystal potential is written in 

Fourier series as

V CO = % ~ / (E-1)
k '

where the sum is over reciprocal lattice vectors. If we 

multiply both sides of Eq. (E-1) by e”1-*-,  integrate over 

the volume of the crystal, and use Eq. (D-16), we obtain

v(K) = («si)' //verier . (E-2)
c

The crystal potential can be written, as in Eq. (I- 

40) ,

Vit) = Ç ; (E-3)

then, Eq. (E-2) becomes 

v(K) = (ivnf'x fje’1- - V
v u e d B
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- W * e"1 ve(£) ;

where

\ (K) = a" VfrJ^r.
a (E-5)

If we recall that V (r) is spherically symmetric around the 

origin and separate it into its long-and short-range parts 

(cf. Eqs. 1-41, 42) , Eq. (E-5) becomes

V(K) . (E-6)
a ~ Q a

We first consider the case K/0. The first integral

in Eq. (E-6), if we take the z axis along the direction of

K and use polar coordinates, yields

e

R.

V
-i Kt  e«* 6 

e

- fR‘. , 

—— s»r» Kr dr
K J 

» (E-7)

In Eq. (E-7), we have put an upper limit to the radial inte­

gral because of the finite size of the crystal. If the 

crystal had spherical shape, then Rc would be the radius of 

the sphere. Since by imposing periodic boundary conditions
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(cf. Sec. 1-2) we assumed that the crystal is a parallele­

piped, the radial integral in Eq. (E-7) does not have a well 

defined upper limit. This integral is generally calculated 

by introducing a screening factor e”^r in the integrand, where 

1 is a positive, arbitrarily small number, and letting the 

upper limit go to infinity. Thus,

K
60

OQ
( C fin Kr r 

o

sin Kr t K e*s

In the last step of Eq. (E-8) we let X+0, which implies 

X«K.

The second integral in Eq. (E-6) can be calculated 

by following the same steps as in Eq. (E-7). Since U&(r) is 

a short-range potential, the upper limit in the r-integra­

tion can immediately be replaced by ”. Thus,

00
("- U fr) cLt = ff sin Kr Ar , (E—9)

Js. k J
c »

By introducing Eqs. (E-8) and (E-9) into Eq. (e -6) , we 

obtain the first of Eqs. (IV-45).

We now consider the case K=0. From Eq. (E-2) it is 

evident that u(0) is the average of the potential V(r) over 
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the entire crystal. By using Eqs. (E-4) and (E-5) , we ob­

tain

V W = V M * u Co) - Qv f [v (r) V fr)"]

-i f r , । i (E-10
= <2 J LUflM f UgCr)]^ f

e

since the long-range terms cancel each other. Thus, we can 

redefine UQ(K) for K = 0 as

4 IT 

P
1 (E-ll)

Eq. (E-ll) can also be obtained from Eq. (E-9) by letting

K*0.
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Appendix F 

MATRIX ELEMENTS OF THE SPIN-ORBIT INTERACTION

A two component Pauli spinor can be written (cf. Eq.

11-21)

/y> = f/r) h> + £pK)lp> , (F-l)

where fQ and f^. are scalar functions of position, and | a>

and |g> are two-component column matrices:

= (D , ip = (?) • (F-2)

Clearly, |a> and |B> satisfy the following relations :

<*  I * > = < p I p > = • /

<« | = < p I «■ > = .
(F-3)

The spin-orbit interaction (Eq. 1-35) can be written

(F-4)

where are the 2x2 Pauli spin matrices [Sch 68

41-3],
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CT 
I

(F-5)

and V V * - - i 7 V x V .
(F-6)

The Pauli matrices operate on |a> and |P> in the following 

way [loc. cit., Eq. 41-5]:

cr I /*  > z - -H6^/ lp> = "/p> •

By using Eq. (F-7), the following relations are easily 

proved:

< = < U W '

- < Ç I I '

< = < LI /» - ' /y I gp > /

<Çpl£-Slj«> = < fpl * K r ” 3 *

(F-7)

(F-8)

Thus, evaluation of matrix elements of the spin—orbit inter­

action between two functions of the form (F-1) reduces to 

calculation of the following quantity:

mi9> / (F-9 )

where Z is given in Eq. (F-6) and f and g are scalar func­

tions of position.
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We now assume that the functions f and g are Bloch 

sums F (cf. Eq. II-7) or linear combinations of plane waves 

S (cf. Eq. II-9). We can then have three types of matrix 

elements of the form (F-9):

type 1 : < F I £ ( F > , .

type 2 : < 5 I £ ) F > / (F-10)

type 3 : < S I £ I S > .

For simplicity, we neglect the normalization factors in F

and S, and write them in the following way :

ibR

5.

' I? (F-ll)

i K • r 
e " (F-12)

In Eq. (F-ll), + ôd (cf. Eq. II-7). In Eq. (F-12)

k + h (cf. Eq. II-9), where h is a reciprocal lattice 
~P ~u

vector.

Type 1: We assume that the orbitals v centered on

different atomic sites do not overlap. Thus (cf. Eq. IV-21)

< F. 111 F. > = 11 vi<V> (F-13)

where -y^ is defined in Eq. (III-8) . Due to the fact that 

VV is very large near a nucleus and drops off much faster 

than V [cf., e.g. , Fow 63], Eq. (F-13) can be written
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(F-14)

where VQ is the atomic-like potential centered at the origin

(cf. Sec. 1-5). Remembering that V (r) is spherically sym- a ~

metric about the origin, we obtain

< FJ I Z I F > = f 4^ L I V. fr) > J" (F-15)
~ 3 * T 4r - J " ov '

U

where l  = ; x p (F-16)

is the angular momentum operator [Sch 68, Secs. 14 and 27]. 

It is convenient to write the angular part of and Vj in 

terms of spherical harmonics (cf. Eq. II-8); for example,

•W = 2 X/M) •

Introducing Eq. (F-17) into Eq. (F-15) yields

< F. U l F-> = 5 ? (F-18)
* - 3 oy 3; m W J" 7 /. ~ Z. ' .

*j J

0Ô
where f ~ f r" * (F—19 )

We can now make use of the following equations [loc. cit.]:

Lg y (6,4) = X (6,4),
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w 1 ♦*
L y = rz-w t y

Z i Z^/ ' (F-20)

where

From Eqs. (F-18) and (F-20) we obtain

where, in analogy to Eq. (F-21), we have defined

The integral defined in Eq. 

numerically [see Fow 63, App. F]

(F-19), can be computed

Obviously, due to the S

function 6„. 0 in Eq. (F-22), only 
i j

needed, where is equal to &j.

Type 2. Since the operator

those parameters Ç.. are

y has the same transla-

tional symmetry as the crystal potential V(r), we obtain 

(cf. Eq. D-13)

< S. I £ ( F, > - £ £ e * * ~r ~ < e* I X I (r ) > .
1 - 3 VS. v*-  - 3 (F-24)
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By the same argument used in connection with Eqs. (F-14) and

(F-15), we can write

(F-25)

Expanding the plane wave in terms of spherical harmonics

(cf. Eq. D-9) and using Eq. (F-17) yields

lv.fr)> = 4ft Z % 1^,
(F-26)

By making use of Eq. (F-20), we obtain

tn f I

</

(F-27)

where we have defined

(F-28)

lv.fr
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The superscript i in Eq. (F-28) reflects the fact that Jj 

depends only on the magnitude of K^f which is the same for 

all plane waves in (cf. Sec. II-3).

From Eqs. (F-24) and (F-27), we obtain, for the 

matrix elements of type 2,

< Vh o
'i- " % I

< S. I t I F. > = 1*3

(F-29)

Type 3. From Eq. (F-12) we obtain

< S J y I S'. > = — T Z Z A. , Z . (F-30)
1 ~ j Mn /  X /  j /» -* **

If we expand the crystal potential in Fourier series, as in

Eq. (D-18), the operator becomes

y = Î 2" V C K ) e f< * p • (F-31)

Recalling that a plane wave of wave vector K is an eigen­

function of the momentum operator p with the eigenvalue HK, 

the result of operating with T on e^~v! ~ will be



1 > = it X 1 (VV1 * > * (F-32)

~ -

Then

<ex-rL Ipe1^ >

= it? (kx K^CkJ 
K

- it Z 6k X K /) vdc} Nn & (F-33)
K * ~ 5,^-^,

- it /v^ c^x v r^-^) .

In Eq. (F-33) we have used Eq. (D-16). Substituting Eq.

(F-33) into Eq. (F-30) yields

<SJï\S.> = s (F-34)

or, explicitly,

< I I ; <Kr <<)v(v V /

<S.U15.>=

< 5; | Z_ I Sy > = Ü •
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Appendix G

SOME FORTRAN PROGRAMS USED IN CONNECTION 

WITH THE PRESENT WORK

What follows is a list of some of the programs used 

in connection with this calculation. We have not listed 

those short programs that we have written for special pur­

poses , since most of them would not be of much interest to 

the reader. All programs are written in FORTRAN IV and are 

available from the author’s files.

1. PROGRAM ZNS

This program has been written by the author. It 

calculates the coordinates and the distance from the origin 

of the first eight shells of neighbors in the zinc blende 

structure. 

INPUT : Lattice parameter a.

OUTPUT: Coordinates of the lattice sites. Distance from the 

origin of the two ions in the basis.

2. PROGRAM MAD

This program has been written by the author. It 

calculates the spherical Madelung potential (cf. Appendix B) 

numerically for CuC£ in the 441 point mesh used by Hermann 

and Skillman [Her 63]. The potential is calculated in 

either one of the two forms : M_(r) and rM (r), and for both
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Cu+ or cC at the origin.

INPUT : Atomic number Z. Madelung energy EM. Radii of 

first y shells.

OUTPUT : R mesh. Madelung potential.

3. PROGRAM ATOM

This is essentially the "Hartree-Fock-Slater Self- 

Consistent Atomic Field Program" used by Hermann and Skill­

man [Her 63], with a few modifications and with the inclu­

sion of a screened exchange of the form (1-57). Input and 

output are mostly as described in Hermann and Skillman’s 

book [op. cit., Chap. 7], except that we allow for the in­

clusion of an external potential.

4. PROGRAM DOUB

This program was originally written by A. Barry 

Kunz and modified by the author. It calculates two-center 

integrals of the form of Eq. (III-33) by a direct numerical 

integration [see Kun 67b, Fig. 1].

INPUT: Atomic numbers Z& and Zg. Radial functions and po- 

. tentials in the form rf(r) and in 441 mesh points.

For each integral: function at origin; functions at 

other center; quantum numbers Jim for each of these 

functions; two-center distance.

OUTPUT: Value of the integral.

5. PROGRAM AVERPOT

This program, written by the author, is a variation 



of program DOUB. It calculates the contribution of the yth 

shell of ions to the average short-range sum [E*UJ O, as de­

fined in Eq. (III-36).

INPUT: Atomic numbers Z& and Z^. Potentials in the form 

rV(r) and in 441 mesh points. For each shell: kind 

of ion at the origin; kind of ions on yth shell; 

radius of shell; number of ions on shell.

OUTPUT: Average short-range potential in the form rV(r) and 

in 441 mesh points.

6. PROGRAM VALENCE

This program, written by the author, computes the 

tight-binding matrix elements defined in Eqs. (III-10 and 

21) .

INPUT : Parameters e&, U , and , and U^^.

OUTPUT : Matrix elements and 0^. These usually are not 

printed, but are transferred to subroutine DIAG (see 

Appendix H), which solves the secular equation.

7. PROGRAM SINGLE

This program, written by the author, performs the 

radial integration in one-center integrals.

INPUT: Atomic numbers. Radial functions and potentials in 

the form rf(r) and in 441 mesh points. For each 

integral: functions forming the integrand.

OUTPUT: Value of the integral.
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8. PROGRAM CONV

This program, written by the author, studies the 

convergence of the eigenvalues of the MB secular equation 

by diagonalizing matrices of increasing dimension. It also 

allows to delete some rows and columns to study the effect 

of eliminating some functions from the basis set. 

INPUT : Number of matrices corresponding to different repre­

sentations . For each matrix: Maximum dimension of 

matrix; number of Bloch functions in the basis ; in­

crement in number of basis functions ; row index of 

the basis functions to be excluded (when it applies); 

matrix elements.

OUTPUT: The modified matrices are transferred to subroutine 

DIAG, which gives the eigenvalues (see Appendix H).

9. PROGRAM WFCF

This program has been written by the author. It 

calculates the coefficients of the wave function by solving 

Eq. (1-26). The set of linear inhomogeneous equations is 

solved by using subroutine LEQ (see Appendix H).

INPUT : Dimension of matrix. Numbers of states whose wave­

functions are desired. Matrix elements.. Eigenvalues. 

OUTPUT: Coefficients of the wavefunctions.
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Appendix H 

DESCRIPTION AND USE OF THE MIXED-BASIS PROGRAM PAULI

The FORTRAN IV program PAULI performs most of the MB 

calculation, as mentioned in Sec. IV-4. This program was 

originally written by A. Barry Kunz in 1969, but the ver­

sion described here (Revision B: 9/2/1970) reflects several 

modifications introduced by the author. We give here a 

list of all the subprograms in the order in which they 

appear in the deck. The symbol S stands for subroutine, and 

F for function subprogram.

a 1. PAULI (Main program)

b 2. ATOM (S)
3. SCHEQ (S)
4. CROSYM (S)

c 5. DTCO (S)

d 6. GRAFICO (S)

e 7. BETA (S)
8. CPNN (S)
9. XJL (F)

10. CONN (F)
11. CPPN (S)

f 12. DIAG (S)
13. LOWER (S)
14. LEQ (S)

g 15. QREIGEN (S)
16. QR1 (S)
17. SUBDIA (S)
18. DTSHIFT (S)
19. BALANCE (S)
20. TREGUA (F)

The subprograms listed above can be grouped into 

seven major sections, which we label a, b, ..., g. We now 

describe the operations of these sections.

Section a contains the main program which calls the 



177

subroutines ATOM, DTCO, GRAFICO, and BETA, and computes the 

Fourier coefficients of the potential.

Section b contains the subprograms 2 to 4 and is 

essentially the Herman and Skillman program with a few modi­

fications (cf. Appendix G, no. 3).

Section c contains the subroutine DTCO, which forms 

CO 
the cutoff functions and calculates the cutoff energy 

parameters as described in Sec. IV-2.

Section d contains the subroutine GRAFICO, which is 

not an essential part of the program. It just plots the 

three outermost atomic functions and lists their numerical 

values.

Section e, which contains the subprograms 7 to 11, 

computes the MB matrix elements. The group-theory data are 

read in by the subroutine BETA, which also performs most of 

the calculations. Function CONN yields the quantity 

^m^nm^ Eqs. (iv-36 and 37). Subroutine CPPN computes 

the integral /rPn(r)j£(Kr)dr in Eq. (IV-36). Subroutine 

CPNN computes the equivalent integral involving the potential 

as in Eq. (IV-37). Function XJL yields the spherical Bessel 

functions j&(Kr).

Section f contains the subprograms 12 to 14. It 

forms the matrix 0-1H, calls the subroutine QREIGEN, and 

prints the roots of the secular equation. The subroutine 

LEQ is used to find the inverse of the overlap matrix O.

Section g, which contains the subprograms 15 to 20, 
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diagonalizes the matrix A = o"^H.

For our calculations we used the CDC 6400 computer at 

Lehigh University and the CDC 6600 at New York University. 

These computers operate under the SCOPE system [Con 69], and 

we utilized some of the features of this system in handling 

the program PAULI. The deck contains approximately 2,400 

cards and the field length required for the execution of the 

program is 233000g central memory words, when the largest 

matrix to diagonalize is of order 70 x 70.

The SCOPE program UPDATE was used to put the MB pro­

gram PAULI on a tape and to make modifications and correc­

tions , so that we did not have to handle a large number of 

cards. We list here the control cards for some jobs using 

UPDATE. For more information on UPDATE and on the SCOPE 

system we refer to the SCOPE Reference Manual [Con 69] and 

to some notes recently written by the author [Cal70].

1) To put the program on the tape (with UPDATE), com­

pile, obtain a list of the data, and put the binary on the 

tape :

Job card
UPDATE(N=ECUPDAT) 
RUN(S,,,COMPILE,,ECBIN) 
COPYSCF(COMPILE,OUTPUT) 
REWIND(ECUPOAT,ECBIN) 
REQUEST (ECWRITE , HI ) WRITE RING.
REWIND(ECWRITE) 
COPYBF(ECUPDAT,ECWRITE) 
COPYBF(ECBIN,ECWRITE) 
UNLOAD(ECWRITE)
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*DECK PAU
PROGRAM PAULI (...)

END
*DECK ATO 

SUBROUTINE ATOM (...)

END
*DECK DTC 

SUBROUTINE DTCO (...)

END
*DECK BET 

SUBROUTINE BETA (...)

END
*DECK CON 

SUBROUTINE CPNN(...)

END
*DECK DIA 

SUBROUTINE DIAG (...)

END 
*DECK DAT 
*CWEOR

Data 
EOF

The tape now contains :

File Mode Contents
1 Binary MB program (UPDATE)
2 Binary MB binary

2) To make modifications, use the binary unmodified 

decks, execute the program, and obtain a list of the data 

used
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Job card
REQUEST(ECREAD,HI) NO RING.
REWIND(ECREAD)
COPYBF(ECREAD,ECUPDAT)
COPYBF(ECREAD,ECBIN)
UNLOAD(ECREAD)
REWIND(ECUPDAT,ECBIN)
UPDATE(Q,P=ECUPDAT)
RUN(S,,,COMPILE)
COPYCF(COMPILE,DATA)
REWIND(DATA)
COPYSCF(DATA,OUTPUT)
REWIND (DATA)
LOAD(LGO)
ECBIN(DATA) 

*IDENT MODI
Modifications

j Decks modified

INPUT FORMAT FOR PROGRAM PAULI (SCHEMATIC)

Heading card (1X,71H)

2) AA , C , BX, BY, BZ, VALM (6F12.6)

AA = a (lattice constant in Bohr units) 
3

C = Q/a (volume factor)

(x component of basis in units of ^) 

(y component of basis in units of j) 

(z component of basis in units of ^)

VALM = a (Madelung constant referred to the
lattice parameter a)

a x
2 j
a y 
2 ,

XK, RNEF, F (6F12.6)

XK = k (dielectric constant)

RNEF = —|d| (nearest-neighbor distance in 
~ units of a)
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F = 1 (screening coefficient)

4) Data for subroutine ATOM [see Her 63, p. 7-3], 

positive ion.

5) NDTF, RC, RM (I4,2F8.4)

NDTF = No. of positive ion functions to which 
the cutoff is applied.

RC = rc (left cutoff parameter in Bohr units)

RM = rm (right cutoff parameter in Bohr units)

6) Same as No. 4, for negative ion.

7) Same as No. 5, for negative ion.

8) NORUN (14)

NORUN = No. of points in k space to be 
computed. ~

The rest appears NORUN times.

9) XKPRX, YKPRX, ZKPRX (3F12.6)

XKPRX = k (x component of k vector in 

units of^—) ‘ -
a . .

YKPRX = k (y component of k vector in 

'units of

ZKPRX = k (z component of k vector in 
z  2t r ~

units of

10) NOP, NIR (214) •

NOP = g (No. of operations in the group of k)

NIR = No. of irreducible representations to 
be used.

11) ZM(J,I); J = 1,9; 1=1, NOP (9F4.0)

ZM(J,I)»a~l (inverse of rotation matrix cor- 

~ responding to operator R)

J = 1,2,3+first row; J = 4,5,6+second row;
J = 7,8,9-»third row.
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12) INOBAS (14)

INOBAS = No. of generators of S.C.P.W.*s to 
be read in.

13) XNN(I,J); J = 1,3; 1=1, NOBAS (3F8.2) 

XNN(I,J)-^  h (generator in units of ~^) 

J = l->x component; J = 2+y component; J = 3+ 
z component.

*

The rest appears NIR times. ,

14) ZK(I); 1=1, NOP (12F4.0)

ZK(I) = r® (R.) (matrix element of irreduci- 
'' ble representation)

15) IDENTI(I); 1=1, INDBAS (8011)

IDENTI = 0, if particular generator not used 
in this representation; = 1 other­
wise.

16) NOX,NOA,NOBAS,NOXO,NOAO,NOTHER (614) 

NOX = No. of negative ion functions in the 
basis set.

NOA = No. of positive ion functions in the 
basis set.

NOBAS = No. of S.C.P.W.1s in the basis set 
(NOX+NOA+NOBAS = dimension of secu­
lar determinant).

NOXO = No. of negative ion functions to be 
orthogonalized to. .

NOAO = No. of positive ion functions to be 
orthogonalized to.

NOTHER = No. of S.C.P.W.'s requiring alter­
nate generator.

(NOXO=NOAO=NOTHER=0 in our calculation)

No. 17 and 18 appear NOX times.



17) NX1,LLX,AX1,AX2,AX3,AX4 (2l4,4F12.6)

NX1 = A (orbital quantum number)

LLX = n (ordering number of radial function; 
ex. : n=l+ls, n=2->2s, n=3-*2p  , ...)

AX1 = Cg (coefficient of normalized cubic 
harmonic proportional to 1)

= cx (coefficient of normalized cubic 
harmonic proportional to x)

AX3 = c (coefficient of normalized cubic 
Y harmonic proportional to y)

AX4 = Cg (coefficient of normalized cubic 
harmonic proportional to z)

18) DX1,DX2,DX3,DX4,DX5 (5F12.6)

DX1 = c3Z2-r2 (coefficient of normalized 
cubic harmonic proportional 
to 3z2-r=)

DX2 = c 2_ 2 (coefficient of normalized cubic 
x harmonic proportional to

x2-y2)

DX3 = c (coefficient of normalized cubic 
Y harmonic proportional to xy)

DX4 = cxz (coefficient of normalized cubic 
harmonic proportional to xz)

DX5 = c (coefficient of normal cubic 
y harmonic proportional to yz)

No. 19 and 20 appear NOA times.

19) NA1,LLA,AA1,AA2,AA3,AA4 (Same as No. 17, for posi­
tive ion)

20) DAI,DA2,DA3,DA4,DA5 (Same as No. 18, for positive 
ion)

No. 21 appears only if NOTHER > 0
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21) ZK(I); I=NOP+1, NOP+NOP (12F4.0)

ZK(I) = (R^) (matrix element of
irreducible representa­
tion)

For normalized cubic harmonic proportional to 3x^-r^ use

DX1 = -0.5, DX2 = 0.866025.

For normalized cubic harmonic proportional to y^-z^ use

DX1 = -0.866025, DX2 = -0.5.
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