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ABSTRACT

Holographic interferometry is a technique for measuring small 

displacements, using holographic wavefront reconstruction. It can be 

used for stress analysis, by measuring strain-induced displacements. 

Theoretically, this can be done with either reflecting or transpa­

rent specimens. However, the use of non-transparent objects is often 

limited by unwanted rigid body displacements of the object, induced 

in the loading process. These displacements can alter the fringe 

patterns and often cause the fringes to disappear completely. A 

technique of compensation for this deterioration of the fringe pat­

tern therefore is needed and is developed in this work. It is shown 

that the influence of rigid-body displacements can be eliminated 

almost completely by translations of the hologram and by rotations 

of the object illumination beam. The resulting fringes are then 

related to strains only.

As an application of this method, the out-of-plane component 

of the surface displacement is measured around a circular hole in a 

plate loaded in tension in its plane. The experimental results are 

compared to those obtained theoretically from the two-dimensional 

generalized plane stress analysis, and from a three-dimensional 

analysis. Both theories give the same results away from the hole. 

But they differ significantly close to the hole boundary, where 

three-dimensional effects are induced. The experimentally measured 

displacement is found to be in good agreement with both theories
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away from the hole. Close to the hole, a large departure from the 

two-dimensional analysis and good agreement with the three-dimensional 

theory are observed.

The results obtained by reflection holographic interferometry 

are then compared to the results of transmission holographic inter­

ferometry. The comparison of these results is shown to provide a 

measurement of the through-the-thickness average value of the normal 

stress This technique is applied to the circular hole problem. 

The experimental results thereby obtained again match well the three­

dimensional analysis, but depart from the two-dimensional one close 

to the hole.

The application of holographic interferometry to fracture 

mechanics problems is finally considered. As an example of applica­

tion, the out-of-plane surface displacement is measured along the 

crack line extension in an aluminum single-edge cracked specimen. 

This result is compared to a transmission test performed on a thin 

plexiglas model of the aluminum sample.
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CHAPTER T. INTRODUCTION

Holography is a wavefront reconstruction technique that is 

best known for its spectacular application to the production of 

three-dimensional pictures. The principle of holography was devised 

in 1948 by D. Gabor [1] as a way to improve electron microscopy. 

Because of the lack of coherent light sources, it had very little 

use for many years. A very strong revival of holography began in 

the 1960*8  when the first lasers were developed which provided 

powerful sources of highly coherent light. The first "off axis" 

holograms were obtained in 1962 by Leith and Upatnieks [2] ini­

tiating a considerable amount of research in this field. The possi­

bility of using holograms as optical elements in interferometers 

was soon recognized. The first applications were made by Hildebrand 

and Haines [3] for measurements of static displacements, and Powell 

and Stetson [4] for vibration measurements. Holographic interfero­

metry has also been used increasingly as a tool for stress analysis 

in the past few years. Most of these applications have been made 

with transparent materials [5,6,7]. The method has also been used 

with non-transparent specimens [8 to 12]. In spite of its great 

potential, however, the use of this technique for nontransparent 

objects is limited by its sensitivity to extraneous rigid body 

motions of the object to be studied. When a stress analysis experi­

ment is performed, rigid body displacements of the specimen are

- 3 -



generally induced by the loading process. In some cases, these rigid 

body displacements can be much larger than the displacements produced 

by strains in the specimen. The data of interest (those related to 

strain) can then become difficult or impossible to retrieve. Rigid 

motion has only a minor effect when large strain-related displace­

ments can be obtained with a relatively low driving force. One can 

make rigid body displacements negligible or relatively easy to take 

into account under this condition, through appropriate design of the 

loading system. Typical examples are the measurement of the normal 

component of displacements for thin plates or beams in bending [8, 

12], and of the in-plane displacements of thin specimens having a 

low elastic modulus [9,10,11]. When the components of displacements 

to be measured remain very small, even with a large driving force, 

then rigid body displacements severely limit the application of the 

technique. An example is the measurement of the change in thickness 

of a thin plate subjected to in-plane loading. Because of the small 

thickness of the plate, the strain in the thickness direction results 

in a very small displacement normal to the specimen surface. The 

influence of the large rigid body displacement is thus dominant in 

the fringe pattern that is obtained. The information related to 

the strain-induced displacement can then become difficult or impos- 

sible to retrieve. In these cases, it would be desirable to devise 

a technique that would permit one to compensate for the rigid body 

displacements without altering the information related to the strains.

- 4 -



A technique for altering fringe patterns to make data pro­

cessing easier was demonstrated by E. Champagne [13], It has been 

applied successfully by Kersch [14] for qualitative nondestructive 

testing applications. Following the same basic principle, a fringe 

compensation technique is developed in this work for quantitative 

strain analysis. This technique is applied to the aforementioned 

problem of thickness change of a thin plate loaded in its plane. 

Fundamental results of holographic interferometry are first recalled. 

Then, the principles of the fringe compensation devices are presented. 

The technique is tested by the quantitative analysis of the out-of­

plane surface displacement around a circular hole in a plate loaded 

in uniaxial tension in its plane. This example is chosen because of 

the availability of complete analytical solutions to the problem, 

which provide bases of comparison with the experimental results.

The experimental results obtained by reflection holographic 

interferometry with fringe compensation can also be compared with the 

results of transmission holographic interferometry. As a first appro­

ximation, the interference fringes can be interpreted physically as 

lines of equal change in thickness of the specimen, in transmission 

as well as in reflection. However, a departure from this approxima­

tion occurs in transmission. This departure can be attributed to 

the influence of the normal stress o on the index of refraction of z 

the material, through the stress-optical effect. This fact suggests 

that an evaluation of (averaged through the thickness) may be 

obtained by comparing the fringe orders in reflection and transmission.

5



The analysis of the fringes is thus made in transmission holographic 

interferometry. The validity of the results is checked in the example 

of the circular hole. The analysis of the fringe orders in transmis­

sion and reflection is then further developed into a form that would 

permit a direct estimation of 3% in terms of the fringe orders. The 

experimental results obtained by this method are also compared to 

the analytical results in the circular hole example. In cases where 

cannot be estimated explicitely, a method is also developed to 

determine at least the regions where is approximately equal to 

zero, which is a necessary condition for a generalized plane stress 

analysis of thin plates to be valid.

The potential applications of holographic interferometry to 

fracture mechanics are explored in the last chapter. Holography is 

first compared to other techniques, and especially to photoelasticity, 

as far as applications to crack problems are concerned. Brief 

examples of application to fracture mechanics are then presented. 

The profile of the normal surface displacement is estimated along 

the crack line extension in an aluminum single-edge cracked speci­

men. An attempt is also made to estimate the extent of the region 

where generalized plane stress conditions prevail, in conjunction 

with the use of an auxiliary transparent specimen.

6



CHAPTER II. BASIC PRINCIPLES OF HOLOGRAPHIC INTERFEROMETRY

A. Introduction

Before the fringe compensation technique and stress analysis 

methods are presented, the basic principles of holographic inter­

ferometry are first outlined. The bases for the analysis of fringes 

will be presented in terms of static displacements. Two very dif­

ferent approaches can be used to study hologr-hic interferometry. 

One approach uses the diffraction theory a the concepts of physical 

optics, and the other is more related to Biometric optics. The two 

methods are entirely consistent and give the same results. The geo­

metrical approach is principally used here because of its greater 

simplicity of use and physical interpretation. Although the geo­

metric optics concepts are emphasized, a brief introduction to dif­

fraction theory is also given. The Huyghens-Fresnel principle[15] is 

used as a basis for the equations of holography. The formulas for 

the Fraunhofer diffraction through a circular aperture are also 

presented, because of their importance for the understanding of 

speckle patterns [16]. These speckle patterns are shown to be 

related to the visibility and depth of localization of the fringes. 

On the other hand, the purely geometrical concept of "homologous 

rays" is used for the interpretation of the fringes and the deter­

mination of the fringe orders.

7



B. The Huyghens-Fresnel Principle [151

The basic physical principle used to account for diffraction 

phenomena in general and particularly for holography is the 

Huyghens-Fresnel principle. This principle can be stated as follows : 

"Given a light source A inside a closed surface S, this 
light source induces at any point M on the surface a light 
vibration characterized by a phase and amplitude. Each 
elementary part of the surface S around a point M can be 
considered as a derived light source with the phase and 
amplitude created at M by the primary source A. Then the 
light vibrations propagating from A outside S are identi­
cal to those that would be created by all the derived 
sources distributed on the surface S."

C. Basic Equations of Holography

The hologram, or three-dimensional picture of an object, is 

obtained in the following way: The laser beam is split into two 

parts. One is used to illuminate the object in front of a photogra­

phic plate (figure 1). The other part is called the "reference 

beam", and is used to illuminate the plate directly.

The plate is exposed and developed. Then it is set back 

in its original place and illuminated with the reference beam alone, 

and the object is removed. The light from the reference beam is 

diffracted by the hologram plate, yielding a reconstruction of the 

beam that was previously coming from the object. A virtual image 

of the original object is thus produced; an observer looking through 

the plate can see this virtual image behind the hologram as a 

three-dimensional picture of the object.

— 8 —



1. Relation to Huyghens-Fresnel Principle

The light vibration coming from the object can be defined by 

its time-independent complex amplitude:

U = u exp(i@ ) (11-1)

where 4» is the spatial phase of the light wave. The holographic 

process can be explained on the basis of the Huyghens-Fresnel prin­

ciple. The "object beam" and "reference beam" are mutually coherent 

and give a high spatial frequency stationary interference phenomenon 

in the region in space where they overlap. If a high resolution 

photographic plate is set in this interference volume, it records 

interference fringes on its surface that can be considered as a gen­

eralized diffraction grating. When the plate is illuminated by the 

reference beam after processing, the light from this beam is dif­

fracted by the "holographic grating". It will be shown that the 

amplitude and phase of the diffracted light emerging from the holo­

gram are identical to those for the incident light coming from the 

object onto the plate during the recording process. Thus, the holo­

gram in the reconstruction step can be considered as a set of 

derived sources on the plate surface, identical to the ones that 

were created on this surface by the source in the recording step. 

So according to the Huyghens-Fresnel principle, the diffracted light 

wave emerging from the plate is identical to the one that was ori­

ginally coming from the object that is being optically reconstructed. 

The foregoing physical concepts may be formalized by the following 

simplified analysis.

- 9 -



2. Elementary Analysis f161

Let Aq and A^ be the scalar complex amplitudes of the light 

at a point on the plate coming from the object and reference beams, 

respectively. The total amplitude at this point is

A = A + A o r

The intensity of light (I) resulting from a complex amplitude A is 

given by

I = A A*

**Assuming, for this discussion, that a "positive" print is used.

where A*  is the complex conjugate of A. So, the intensity becomes

I = (A + A ) (A * + A *)  
r o r o

I = AA*+AA*+AA*+AA*  (II-2)r r o o or r o

By definition, the first two terms are the intensities of the refer­

ence and object beam, respectively. Therefore,

1 = :r + + Mo  + Mr  (11-3)* *

If a photographic plate has been exposed to this light, then after 

processing, the amplitude transmittance (t) of the plate is approxi­

mately a linear function of the intensity during the exposure**:

t « l + I 4-AA*+AA*  (11-4)
orroor

10



when the developed hologram is re-illuminated with the reference beam, 

the transmitted complex amplitude (A^) then becomes:

At = tAr (II-5)

A « (I + I ) A + A A * A + A A * A t o r r ror or r

A « (I + I ) A + A A * A + I A (II-6)
t o r r ror r o

Examination of equation 11-6 shows that no useful information is 

stored in the first term. It is just a part of the reference beam 

that is transmitted straight through the plate. The second term 

represents a wave diffracted in an oblique direction, and is also 

without any practical interest. The last term is the one of interest. 

Its phase and amplitude distribution in the plane of the plate are pro­

portional to Aq , therefore this term reconstructs the original object 

wave. According to the Huyghens-Fresnel principle, this term gives 

the optical reconstruction of the object.

D. Holographic Interferometry: Measurement of Static Displacements

1. Real Time Interferometry

Once the wavefront from the object is reconstructed through 

the holographic process, it can be used for interferometric purposes. 

The hologram is processed and set back in its original position. The 

light diffracted from the reference beam yields a virtual image of 

the object that can be seen through the hologram. Instead of being 

removed in the viewing process, the original real object can be left 

11



in the system. Then, the real and reconstructed objects are seen 

simultaneously through the hologram exactly superimposed. If the 

real object is then given a little displacement or deformation, a 

small change is introduced in the optical path of the light coming 

from the real object; interference fringes can then be produced by 

optical comparison of the real and reconstructed beams.

A hologram interferometer can thus be considered as a dual 

output optical system [17]. One of the output waves is the recon­

structed wave which is equivalent to the wave that was coming from 

the undisturbed object at the time of recording. The other output 

wave is the one that is coming from the real displaced object at the 

time of observation. The fringes that are produced give information 

about the present state of the object at the time of observation as 

compared to the "frozen" state when the hologram was recorded. This 

procedure is thus called "real time" interferometry.

2. Double Exposure Interferometry

The same type of experiment can be carried out in a slightly 

different way — the hologram can be recorded in two steps. A first 

exposure is made for half the nominal exposure time with the object in 

a given state. Then the object is deformed or displaced and a second 

"half-exposure" is made on the same holographic plate. In the viewing 

process, the hologram reconstructs simultaneously the object in both 

the original and the displaced (deformed) states. This procedure 

yields the same type of interference fringes as in real time inter­

ferometry and is called "double exposure" interferometry. Either 

method can be used for the measurement of static displacements.

- 12



E. Diffraction Phenomena

Diffraction phenomena occur whenever a wave is not free to 

propagate in empty space but has to pass through a finite aperture.

To define the optical disturbance beyond the aperture, it is then 

necessary to use the Huyghens-Fresnel principle; the value of the

optical disturbance at a point P is related to its value over the

whole aperture, created by the source S (figure 2). This relation

is expressed mathematically by the Kirchoff integral formula [18,

page 108]:

UP
1

4 TT
(U grad^ — 

A

ikp eikP
------- grad U) dA 

P nP

where Up is the value at the point P of a scalar quantity such that 

2
U = I (intensity)

k = spatial frequency =

4) = the unit vector normal to the aperture

£ = the vector from P to the point of integration on the 

aperture

The finite aperture of viewing systems sets a limit to their optical 

resolution. This limit is caused by diffraction phenomena, and can 

be quantified through the use of the Kirchoff integral formula. An 

example of this study is given in the simple, but common case of dif­

fraction through a circular aperture illuminated by a parallel beam. 

The results obtained in this case are used to obtain an order-of- 

magnitude estimate of the resolution of an optical system with a 
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circular aperture for imaging a point source at a finite distance.

1. Optical Resolution of an Imaging System

The purpose of an imaging system is to yield a one-to-one 

correspondence between points in the object and image spaces. How­

ever , this correspondence would be possible only for a perfect lens 

having an infinite aperture. For a finite size lens, the light 

from one point on the object is diffracted by the aperture and most 

of the light from the source is scattered over a finite sized zone 

of the image plane called the "Airy disk". This imaging of a point 

source onto a finite sized zone limits the resolving power of the 

system. The size of this zone will be considered for the case of 

illumination by a parallel beam, which is identical to light coming 

from a point source at infinity.

2. Fraunhofer Diffraction by a Circular Aperture f18, page 1171 

The aforementioned diffraction phenomena can be given a simple 

mathematical formulation in the case of a collimated beam that is 

diffracted through a circular aperture of radius R. The light coming 

from a point source on the axis of the aperture is collimated by a 

lens in front of the aperture. A second lens behind the aperture 

focuses the light onto the image focal plane (figure 3). For a focal 

plane at a sufficiently large distance from the aperture and an image 

point P angularly close to the axis, the Kirchoff integral formula 

reduces to the simple form:

Up = C elkp dA (II-8)

-J A
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The integration is taken over the area (A) of the aperture. Equation 

11-8 can be derived also directly from the Huyghens-Fresnel principle.

The light diffracted at a point P in the image plane is now 

considered (figure 3). The point P is defined by the angle 0 , 

such that parallel rays of light at an angle 0 from the optical axis 

would be focused onto the point P. Then, from equation 11-8, the 

light intensity at P can be shown to be [18]:

2(kR sin © )

1 ■ t sin e 3 di-»)

where is the Bessel function of the first kind, order one, and 1$ 

is the maximum intensity (at 0 =0). Plotting the intensity I/I^

versus kR sin 0 (figure 4) it is seen that the intensity distribu­

tion of light in the image focal plane gives a bright disk sur­

rounded by rings of rapidly decreasing intensities. The bright cen­

tral area is called the Airy disk. The angular radius of the Airy 

disk (from the lens center) is 8 & and is given by the first zero of 

the Bessel function:

kR sin 0 = 3.832

Taking k = and R = ^ , then

sin

sin 0 
A

0 = 1^2X
A D

3.832 
kR

3.832
2 TT D

X 2

(D = diameter of aperture) (11-10)

15



This result can now be used to estimate the apparent diameter of a 

point source at a finite distance, when it is viewed through an 

optical system of finite aperture.

3. Imaging of a Point Source at a Finite Distance [19]

A point source S is imaged through a lens of finite aperture 

(D) onto the associated focal plan (figure 5). The light from S is 

diffracted over the surface of the Airy disk of angular radius 0 .

Assuming the source is far enough for equation II-8 to be applicable, 

1 • 22X 
then, 0^ ° g from equation II-10. If f is the focal length 

of the lens, p and p* the image-to-lens and object-to-lens distances, 

respectively, then:

f ■ p+ ? ■

I 
The magnification of the lens is M, where M = — 

P

p’ = f (1 + M) 

The apparent radius of the source 

tution yields

is rA = p'^ (figure 5). Substi-

rA - ©A f (1 + M) 

rA = 1.22X (1 + M) £

Since F = f/D is the numerical value of the lens aperture (ratio of 

the focal length to the aperture of the lens), the apparent radius of 

the source becomes :
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rA - 1.22X (1 + M) F (11-11)

This influence of the finite aperture of the system on the imaging 

of a source will now be related to the "granular" aspect of objects 

illuminated with laser light. This granularity is often referred to 

as "speckle pattern".

F. Speckle Patterns

1. Objective Speckle

Let a diffusing object be illuminated with a coherent (laser) 

light. The roughness of the surface makes every point of the object 

behave as minute independent light sources with a random phase dis­

tribution. However, the phase difference between any two points on 

the surface is time-invariant. Therefore, all these independent 

sources give a stationary interference pattern in the field of the 

diffused light. A photographic plate placed in this field would 

record a stationary fluctuation of light intensity, with a high spa­

tial frequency, which is called the "speckle pattern". This pattern 

is called "objective" because it is independent of any imaging 

system. It appears as a juxtaposition of bright spots on the photo­

graphic plate. At a sufficient distance from the object, the phase 

distribution is a function of the angle (figure 6) and the approxi­

mate size of the spots is S = XL/D' where L is the distance from 

the object to the plane of observation and D' is the diameter of the 

illuminated area [19].
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2. Observed Speckle

The objective speckle pattern has a high spatial frequency. 

However, when the object is observed through an imaging system (eye, 

camera objective), its surface exhibits a granular appearance with a 

much lower spatial frequency. This new speckle pattern is called the 

"observed" one and its characteristics depend on the imaging system 

that is used. The size of the "grains" is approximately equal to the 

size of the Airy disk corresponding to the imaging of a point source 

on the object surface when viewed through the imaging system. It is 

recalled that this size is :

rA = 1.22X (1 + M) F (11-12)

A conclusion of great practical importance is that the size of the 

speckles increases when the aperture of the viewing lens is reduced. 

This property will be shown to be connected to the visibility of the 

object displacement interference fringes.

G. Influence of the Imaging System -- Visibility of the Fringes

The object is viewed through an imaging system in two dif­

ferent states simultaneously. In each of these states the object
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would produce a given observed speckle pattern in the image plane of 

the viewing system. These speckle patterns are approximately similar, 

but they can be slightly shifted with respect to one another by a 

vector d. The fringes come into focus in regions where the images of 

these two speckle patterns are superimposed on the image plane. This 

condition is satisfied when the lens is focused on the surface where 

the fringes are localized in the object space. However, when the 

object is strained and displaced, this surface of localization can 

have a complicated shape and it often becomes impossible to have all 

of this surface in focus ; the fringe visibility is then reduced over 

some parts of the field. This visibility is defined by:

I - I .,, max min 
V = I + I

max min

Where I is the light intensity at the center of bright fringes, 
max

and I , at the center of dark ones. The visibility depends on the 
min

correlation of the speckle patterns on a given region. It has been 

seen that the average size of the speckle grains is approximately 

the size of the Airy disk that would be observed when a point-source 

localized on the object is viewed through the imaging system. The 

apparent size of this disk on the object is, from equation 11-12

d - 2r ~ 2.4A (1+M) F (U-13)
o A

If the relative displacement of both speckle patterns is d, 

the fringe visibility is maximum (unity) when d - 0; it decreases as 

(d/d ) increases and goes to zero when (d/dQ) £ 1. Then the speckle 
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patterns are no longer correlated and the fringes disappear. For a 

given relative displacement of the object, the speckles shift depends 

on the lens focusing and the speckle size depends on the aperture F 

of the lens. In practice, the fringe visibility increases when the 

lens aperture is reduced, the ratio d/dQ being then increased. The 

focusing is then adjusted to get the best possible visibility in the 

region of interest. However, the fringes are no longer resolved by 

the system when the speckle grain size approaches the spatial fre­

quency of the fringes. In practical cases, a compromise must thus 

be found between the resolution of the system and the area over which 

fringes are visible.

H. Concept of Homologous Rays

In the real-time interferometric procedure, it has been shown 

that the optical comparison of the real light wave from the object, 

and of the holographically reconstructed one, can produce some inter­

ference fringes. The existence and visibility of these fringes has 

been related to the observed speckle patterns. The question now 

arises as to how to relate these fringes to the relative displacement 

of the real and reconstructed objects. The physically simple concept 

of "homologous rays" was proposed in 1968 by Vienot et, al.. [20] to 

answer this question through the use of geometric optics concepts. 

A very complete and more sophisticated analysis was made by Sten 

Malles [21], using the theory of diffraction. By a completely dif­

ferent method, this theory confirms Vienot's approach which is now 

going to be presented.
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The fringe formation process is closely related to the speckle 

pattern of the two waves that are to interfere. The amplitude and 

phase of the light wave reflected by a scattering object have been 

shown to be randomly distributed with a high spatial fluctuation 

frequency which causes the speckle patterns that were discussed pre­

viously. The wavefronts, or surfaces of equal phase, are very com­

plicated. However, Vienot assumed that when the object is slightly 

moved, the new wavefronts still have a great similarity with the 

undisturbed ones (figure 7). They are simply rotated and translated 

with the object.

With the object in a position "1", a direction of observation 

X| is defined. and are two points on the axis x^, respectively, 

on the object surfaces and on a diffracted wave front Ep The object 

is moved into a position "2", with the corresponding wavefront E^. 

Let Mg be the point corresponding to on the object and Pg corres­

ponding to on the new wavefront Eg, then, M^P^ and Mg Pg are called 

"homologous rays". Only couples of homologous rays can give an inter­

ference phenomenon. This interference will occur in the region where 

both homologous rays intersect; this is the only place in space where 

the speckle patterns of both scattered waves have a similar shape. 

In this region, the phase difference between both waves has a rela­

tively small spatial frequency variation related to the object dis­

placement . At any other place in space, the phase difference is 

randomly distributed and no constructive interference can occur.
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1. Relations Between Homologous Rays

Although homologous rays or waves have been defined, no 

relation between them has been defined so far in terms of the dis­

placement of the object. A model introduced by B. Howell [22] can 

be used very conveniently for that purpose. The scattering surface 

is considered as a juxtaposition of infinitely many minute mirrors 

randomly oriented. So, whatever direction of observation is chosen, 

it is always possible to find some of these mirrors that will reflect 

the light from the illumination source into the direction of obser­

vation (figure 8). Only rays of lights reflected on corresponding 

facets in two different states of the object can interfere. Indeed, 

these rays are the "homologous" ones according to Vienot’s defini­

tion [20]. This approach also lets one see that these homologous 

rays are shifted and rotated according to the simple laws of geome­

tric reflection. Homologous rays can thus be easily constructed 

from the geometry of the system defined by the position of the source, 

direction of observation and positions of the object. The place 

where interference occurs can be easily determined at the point of 

intersection of the corresponding rays. Conversely, when a static 

displacement is to be determined from the interference fringes, the 

localization of the fringes can be determined by this method. They 

can be focused on with a short depth-of-field viewing instrument. 

It is also possible to use paralax effects to determine the locali­

zation of the fringes, as was proposed by Aleksandrov and Bonch- 

Bruevich [23]. The localization of the fringes being defined, the 

fringe order can be determined through the use of the same concepts.
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2. Order of Interference F241

The order of interference can be defined only at a point 

where interference occurs. This happens in regions of localization 

as previously defined, such as at the point I in figure 8. It also 

happens at points such as F in figure 9, where F is the image of I 

through an imaging system. In figure 9, the optical distance along

a line such as SPCF is called ^(SPCF)' The optical path difference

along two different trajectories of the light from the source S to

the point of interference F is called 6:

5 (SQDF) “ (S PCF)

Then the fringe order at the point F is

(11-14)

(11-15)

Since F is the image of I through the lens, a property of the imaging 

system is that two different optical paths from the object to the 

image point be equal:

^(IPCF) " (IQDF)

f' (SQDF) SQ + L - IQ

(SPCF) SP + L - IP

6 = SQ - SP - IQ + IP (11-16)
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The unit vectors along AP, IP, SQ IQ are designated as ii , i2, i

and 1^, respectively. Since

IP - IS + SP

IP - i2 • IS + i2 ’ SP - i2 • IP

IQ = IS + SQ

IQ « i4 ’ IS + i4 • SQ = i4 • IQ

then,

6 = (i3 • SQ) - (i^ • SP) - (i4 • IS + i4 • SQ) + (i2 • IS + i2 • SP)

Letting

L) = i[ + ûii and

6 = i, • SQ+Ai1 • SQ - ix • SP - i2 IS - ûi2 • IS - ig • SQ

- Ai2 • SQ + i2 • IS + ig »

= (ij - i^) (SQ - SP) +ùiL • SQ-ûi^ (IS + SQ)

Hence

6 = (ii - i2) (SQ - SP) +Aii * SQ - Ai2 * IQ (11-17)

When the distances from the object to the source S and to the lens 

are large enough compared to the displacement PQ, then All • SQ -
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Aig" IQ ■ 0, and this path difference is reduced to

6 - (ii - i2) (SQ - SP) = (£1 - £2) • PQ (11-18)

3. Determination of Static Displacement

Along with the localization of the fringes, the formula 

giving the fringe order can be used to determine the components of 

displacements of an object. Many different techniques have been pro­

posed to process the results according to particular cases to be 

studied. The particular configuration of normal directions for both 

illumination and viewing will be studied in detail in the next chapter.

I. Conclus ions

The applications of holographic interferometry to measure­

ments of small displacements and deformations have been steadily 

developed in the past few years. The major advantages of this tech­

nique are its great sensitivity, resolution power, and ability to 

yield whole field measurements, in contradiction to some other 

measurement techniques which can only provide discrete data. Although 

it is an advantage in itself, the sensitivity of the technique makes 

its use often delicate. Very severe requirements are imposed onto 

the experimental system. The most important one is that it be 

highly vibration free. When very small displacements are to be 

measured, some difficulties also arise from unwanted displacements 

that tend to interfere with the one to be measured. This problem is 

especially acute in strain analysis. It can be solved, in some cases, 

by the fringe compensation technique presented in the next chapter.
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CHAPTER III. FRINGE COMPENSATION TECHNIQUE

A. Purpose of Fringe Compensation

As stated in the introductory chapter, the purpose of the 

technique is to eliminate the rigid body displacements influence from 

the fringe pattern obtained during strain analysis by holographic 

interferometry. Holographic interferometry provides an optical com­

parison between the reconstructed object in its initial state and 

the real object at a different load. This loaded state can be con­

sidered as being reached in two imaginary steps (figure 10); the 

object would first be rigidly displaced and then strained in this 

new position. A surface point P would be displaced to Q in the 

rigid displacement, then to Q*  by straining. Then:

PQ*  = PQ + QQ' (III-1)

The displacement vector of interest for stress analysis is QQ1. 

The purpose of fringe compensation is to introduce optical modifi­

cations in the system for eliminating the influence of PQ from the 

fringe pattern.

For this goal to be achieved, the first imaginary step (dis­

placement without straining) is first considered a lone. This rigid 

displacement would induce some fringes that could be interpreted 

through the use of equation 11-18, where i^ and i2 are given by the 

initial geometry of the system. It will be shown that these fringes 

could be cancelled by an adjustment of the optical system geometry.
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The fringe order would thereby be reset to zero over the entire sur­

face of the specimen. The second imaginary step (i.e., pure 

straining) would then be performed. The resultant fringes would 

then be attributable to strain only. For a first approximation, 

these fringes could be interpreted again through equation 11-18. 

However, the vector 1% involved in this equation represents the unit 

vector in the direction of illumination. This direction would be 

changed in the compensation technique. This modification in the 

direction of Illumination must be taken into account in the analysis 

of the fringes, which will be done in the following analysis. .

B. Initial Geometry of the System

The displacement to be measured is normal to the surface of 

the specimen. To maximize the sensitivity to this component of the 

displacement vector PQ in equation 11-18, a normal direction for both 

illumination and viewing was selected. A semi-reflecting plate 

(beam-splitter) must be used for that illumination and for viewing. 

Both the illumination beam and the reference beam used in the holo­

graphic process are collimated; this is a necessary feature for the 

fringe compensation technique that is used. The complete system is 

illustrated schematically in figure 11. A photograph of the actual 

set-up is shown in figure 12. The initial vectors 1^ and 12 are 

indicated in figure 13; 1^ is normal to the surface of the specimen, 

and 12 makes a small angle 6 with the normal. The angle 9 depends on 

the distance r from the optical axis of the viewing system, and on 

the distance L between the object and the viewing lens.
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e ~ tan e - r/L (III-2)

The rigid body motion is defined by its three translational 

and three rotational components. If one defines Oz as the direction 

of the optical axis, the three translations can be reduced to one 

component along Oz, and another in the plane of the specimen. Simi­

larly, one can choose to consider only two rotations, one about Oz 

and the other about an axis in the plane of the specimen.

C. Compensation for Translations

When a collimated reference beam is used, the fringes caused 

by translation of the real object can be readily eliminated by an 

equal translation of the hologram. The reference wave is plane and 

the hologram is translated parallel to itself. Thus, the object is 

always reconstructed at the same position with respect to the holo­

gram and is translated together with it without any distortion. Only 

a uniform phase difference is introduced, which produces no fringes. 

The plate holder is thus mounted on a micro-positioner giving trans­

lations along three mutually perpendicular axes. The rigid body 

translations of the object are simply eliminated by giving the holo­

gram a translation equal to that of the object.

D. Compensation for Rotations

1. Rotation about the Axis Oz

By the use of normal incidence for illumination and viewing, 

the system is made theoretically insensitive to this component of 

the rotation. From figure 13, it is seen that the displacement of 
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the point P in a rotation about Oz is perpendicular to both i^ and 

i^. So, the scalar product in equation 11-18 gives a zero path dif­

ference. However, it will be seen later that a slight change in the 

direction of i^ is introduced in correcting for the other rotations, 

so that this result no longer holds rigorously. Nevertheless, the 

sensitivity to a rotation about Oz remains very low. In practical 

cases, no further correction is required, provided that the optical 

axis Oz properly matches the initial direction of illumination ip

2. Rotation about an Axis Perpendicular to Oz

It is now supposed that the rotation about Oz and the trans­

lations have been corrected, so that the point on the real object 

and its homologous point on the reconstructed one coincide on the 

optical axis of the system. Then, only a rotation about an axis 

0Ç perpendicular to Oz remains, and the fringes caused by this rota­

tion are to be eliminated. The procedure for this compensation is 

considered below.

In figure 14, the axis 0Ç is taken to be perpendicular to 

the plane of the figure. For a point P that is moved to Q in the 

displacement, the path difference due to the rotation is :

Ôp = (ii - £2) ’ P? (III-3)

The triangle OPQ for the computation of 6 is shown in more detail in 

figure 15. The path difference related to the pair of points (P,Q) 

is :

0p = SQ + QR (III-4)
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(p to
5p " OP [sin cp + 2 sin cos (8 + y ) ] (III-5)

Setting OP » r, and considering the fact that cp and 8 are small 

angles, then

cp (e + y y?

Ôp = r [cp + 2 - [1---------- - ------- + . . . ] } (III-6)

or

6p ~ 2 cp r (Hi-7)

Approximate compensation of these fringes introduced by rota­

tion of the object about 0Ç may be made by a rotation of the illumi­

nation wave by an angle a about the same axis. This is actually 

achieved by granting the beam-splitter two degrees of freedom in 

rotation about two perpendicular axes in its plane. The illumination 

beam can thus be made to rotate about any axis in the plane of the

specimen. The illumination beam being parallel, O and P can be con­

sidered as illuminated by two identical sources 5^ and S*  with the 

following conditions (figure 16): OS % and PS' are oriented along the 

direction of illumination; S^S^ is perpendicular to this direction, 

and OS is equal to the

source. Likewise, when

distance, called , between 0 and the real

the object is rotated by an angle cp, and the

illumination beam by a,

defined. Sg and Sg are

another pair of sources Sg and Sg can be 

in the new direction of illumination, SgSg

is perpendicular to this direction, and OSg = is the new optical

distance between 0 and the real source.
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In the new real-time interferometric process the fringes cor­

responding to the point 0 are located at some point J on the optical 

axis OC (figure 16). The fringes corresponding to the couple of 

points P,Q are located at a point I on the line PC. The fringe order 

for the point 0 is computed from the optical path difference:

6o = S]0 - OJ - (S20 - OJ) (III-8)

6o = S^O - S20 - - t2 (HI-9)

The optical path difference for the pair of points P and Q is com­

puted from equation 11-16 which is modified according to the new 

geometry.

6p = (S^P - PI) - (S2Q - QI) (III-10)

5p = (S^P - PM - MI) - (S2N + NQ - QI)

Since MI = QI and PQ = 20P sin cp/2 = 2r sin cp/2 , then

ôp ■ - 2r sin cp/2 cos (8 + cp/2) ]

-[ (^2 - r sin cr) + 2r sin cp/2 cos (8 - cp/2 ) ]

cp cp cp
5p = t^-tg+r sin a-2r sin y [cos (6 +y ) + cos (8 - y ) ]

cp cp
6p = - tg +r sin « - 4r sin ycos 8 cos y (III-ll)

6p = - €2 +r (sin a - 2 cos 8 sin cp) (III-12)
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ôp ■
The new number of fringes between 0 and P is ( —- ----  

tions II1-9 and III-12:

6p - 6q ■ r (sin a - 2 cos 9 sin cp)

). Using equa-

(III-13)

The desired correction is achieved when (ôp - 6Q) - 0 for any r. Close 

to the optical axis, cos 9 ~ 1. So, the correction is obtained by 

adjusting the tilt of the beam splitter so that:

at = 2 cp

Since cos 9 is not exactly equal to unity over the whole 

field, a small error is made in the correction. This error has to be 

estimated in terms of the distance r after setting a = 2cp. In equa­

tion 111-13, the remaining path difference is called c .

Cg = r [sin 2 cp - 2 cos 9 sin cp]

For 9 ~ r/L << 1, « 
o

may be given approximately by:

2
». ~ r [sin 2cp - 2 sin cp (1 —) ]

° 2l

or, for very small values of cp,

3
<6 ~ (UI-14)

The corresponding fringe order is called cM: N

21 r3
*N " X " XL T
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To estimate this error (c^) the value of the angle of rigid rotation 

of the specimen (cp) must be known. It can be derived in two different 

ways. The first method consists of recording the tilt angle a of the 

beam splitter that is required to compensate for the rotation cp of 

the specimen. Then, according to equation III-14, cp ” a/2. The 

second method to determine cp consists of counting the number of 

fringes Np prior to compensation, between the origin 0 and a point P. 

This number is:

6P 
NP " X

According to equation III-7, 6p ~ 2 cp r. Thus,

XN 
cp ~ (UI-15)

The error on the fringe order after correction is usually 

very small. Its order of magnitude can be evaluated for the follow­

ing typical example. At a distance r = 0.5 in. (12.7 mm) from the 

optical axis, where the fringe order prior to correction would be Np = 

50 fringes and with L = 10 in. (254 mm), the correction error would 

be:

2 
. 50 x (0.5) ~ o.w fringe

(ior * 2

Because of simplifications in its development, the foregoing 

error analysis holds only for points along the axis Or, which is per­

pendicular to the axis of rotation 0Ç in the plane of the specimen.
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However, this analysis can be readily extended to an arbitrary axis 

Or*.  The rotations cp and a about OÇ are then decomposed along the 

axes Or' and OÇ’ (normal to Or1). The same results are obtained 

showing that the compensation is valid over the whole field.

E. Compensation for an Unknown Rigid Body Displacement

When the fringes are to be eliminated without any prior know­

ledge of the nature of the displacement, an apparent ambiguity occurs. 

Lateral translation and rotation about an axis in the plane of the 

specimen both give the same type of fringes represented by straight 

parallel and equidistant lines. This ambiguity, however, can be 

eliminated by considering the location of the fringes. For rotation, 

the fringes appear very close to the surface, whereas for transla­

tion , they are located at infinity. For combined rotation and trans­

lation, the fringes are located at some distance from the object. 

The procedure for a good correction consists of first reaching a 

state where very few broad fringes localized very close to the sur­

face are left. This is controlled by focusing the viewing lens on 

the object surface and checking that the fringes are clear over the 

whole field even with a large lens aperture. This state cannot be 

reached unless the translations are properly corrected. Then the few 

remaining fringes are nulled by a small, final angle correction.

F. Case of Strains Combined with a Known Displacement

The rigid body displacement is assumed to be known and to 

have been corrected as indicated previously. Then the object is
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strained in its displaced position which induces new displacements 

from Q to Q*  (figures 10 and 17). The new optical path difference is 

(figure 17):

ôp - (S^P + PC) - <s ”q ’ + Q*C)  (III-16)

6p = L (S^P + PC) - (S^Q +QC)] +[ (S^Q +QC) - (S^Q1 +Q*C)]  (III-17)

The first term in square brackets results from the rigid displacement 

alone and has the value ôp given by equation 111-12. The second term 

is the usual term of interference for the displacement QQ' with the 

direction of illumination ij along S^Q, and can be computed from 

equation 11-18:

(SgQ + QC) - (S^Q’ + Q'C) = (h - i2) * 99'

Equation III-17 thus becomes:

6*  = -tg) + r (sin of - 2 cos 6 sincp) + (i^ - i^) ' QQ*  (III-18)

The strain-related displacement can be resolved into its com­

ponents along the r and % axes:

QQ * = ur ir + w iz

The in-plane displacement component perpendicular to i^, is neglected 

since it induces no fringes. Based on the following dot products of 

unit vectors:
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it • ir ■ - sin a 

i^ " iz = - cos a 

ij ' ir = - s in 0 

ij ’ iz = cos 9

the term (i, - i^ • QQ*  in equation III-18 can be written as follows :

(1^ - ig) • QQ* = ur (- sin a + sin 0) + w ( - cos a - cos 9) (III-19)

From equations III-18 and III-19, the path difference is then given 

by: 

6 1 = (t ) + r (s in a “ 2 cos 9 s in cp ) + u^ (s in 9 - s in a)

- w (cos 9 + cos a) (III-20)

For initially normal directions of illumination and viewing 

of the specimen and for small rigid-body rotation and angular compen­

sation:

cos 9 ~ cos a ~ 1

sin 9 ~ r/L 

sin of ~ a?

s in y ~ cp
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Then, equation 111-20 becomes:

«' " ~ + r ~ 2 cp) 4-u^ ( ^ - a) - 2w (III-21)

The fringe order is N = 6'/X. The constant term (4^ -tp can be 

dropped since it introduces only a uniform fringe order shift. In 

equation HI-21, the term cmr can be considered to be negligibly 

small. Thus, the fringe order is given by:

I u
N=-[-2w+r(a-2cp + ■" ) ] (HI-22)

When the rigid body displacements are perfectly corrected, 

equation HI-14 is satisfied:

a - 2 cp =0

Furthermore, if the radial displacement u? does not have a greater 

order of magnitude than w, then:

ur << w (HI-23)

The fringe order in equation HI-22 then simply gives an 

evaluation of the displacement component normal to the surface; that 

is :

2w
N = - y (HI-24)

This relation shows that the fringes are lines of equal nor­

mal displacement. The zero order fringe usually cannot be determined; 

thus, the absolute displacement w remains unknown. The difference in
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through the directional gradient of the

If the distance along a

X dN
(III-25)

elevation between any two points, however, is known through the dif­

ference in fringe order. The slope of the surface in any direction 

is thus given at every point 

fringe order at that point, 

is measured by s, we have:

dw 
ds

In order for the absolute displacement to be determined over 

the whole field, it must be known at some point on the surface. In 

the case of a thin plate subjected to remote loading in its plane, 

for instance, the displacement may be deduced from the known stress 

"at infinity". The stress through the thickness is con­

sidered to be zero away from regions of stress concentrations. The 

absolute displacement normal to the surface in these regions is 

readily obtained from the equations of elasticity. Then, a simple 

fringe count, together with the use of equation HI-24, gives the 

normal displacement at any point on the surface.

G. Case of Strains Combined with an Unknown Displacement

This is usually the case that is encountered in practical 

applications. For pure rigid body motion, the criterion for exact 

angle correction is that the fringe order is nulled over the whole 

field. This criterion is now useless since some of the fringes are 

produced by strains. Equation HI-21 is still used to compute the 

fringe order, but equation HI-14 cannot be assumed to be satisfied. 

Keeping the approximation of equation HI-23, we have:
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N ■ - 2w + r(or -2qp)]

This relation shows that the fringes still give a "map" of the lines 

of equal normal displacement. The plane of reference, however, is 

no longer perpendicular to the optical axis ; it is inclined by a 

small unknown angle (a - 2 cp ) about an unknown axis 0Ç in the plane 

of the specimen. This angle must be made as small as possible. A 

variety of methods can be used to achieve this goal. The most con­

venient methods take advantage of the symmetry of the system, if 

any, or of special boundary conditions. It is also possible to use 

an auxiliary mirror.

1. Symmetry of the Sample 

Whenever the specimen and the associated loading have an axis 

of symmetry, the fringe pattern also should be symmetric with res­

pect to this axis. The illumination beam is then adjusted accord­

ingly. The remaining uncorrected rotation would be about an axis 

perpendicular to the axis of symmetry. If there are two axes of sym­

metry , the double symmetry of the fringe pattern ensures a complete 

correction of the rigid-body rotation. This is the case for a rec­

tangular specimen, with a central hole, loaded in remote tension 

that is used to illustrate the technique.

2. Special Boundary Conditions

In many cases the stresses are known to be uniform over some 

parts of the specimen. This is typically the case for a plate under 

simple remote tension, where a uniform tensile stress is considered 
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to be applied "at infinity". Then the normal displacement w is con­

stant where the stresses are uniform. The illumination beam is thus 

adjusted to get a constant fringe order over these regions of the 

specimen. This technique is used for the second illustrative example - 

a specimen with a single-edge notch crack loaded in remote tension. 

Since only one axis of symmetry is present, an addition condition is 

needed to cancel (a - 2 cp) .

3. Use of an Auxiliary Mirror

If neither of the previous techniques can be used, an auxi­

liary mirror can be fixed on the surface through a three-point base. 

This base defines a plane of reference. The adjustment is made to 

cancel the fringes from the mirror. Then the fringes on the sample 

give a measurement of the normal displacements with respect to the 

above reference plane.

H. Applications of the Technique

The technique developed in this chapter was used to obtain 

the normal displacement component in the strain analysis of thin 

plates with in-plane loading. Examples of the fringe patterns that 

were obtained are shown in figure 18. Figure 18-a was obtained from 

a rectangular strip in tension with a central hole. Figure 18-b was 

obtained with an aluminum single-edge notched plate. These pictures 

give only a qualitative idea of the results that can be obtained. A 

quantitative analysis of the interferogram of figure 18-a is given in 

the next chapter. The interferograms of figure 18 give qualitative 
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evidence of the efficiency of the fringe compensation in the produc­

tion of reflection holographic interferograms. Both were indeed 

obtained after compensation of rigid body displacements that were 

large enough to cause the fringes to disappear completely prior to 

compensation.
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CHAPTER IV. NORMAL SURFACE DISPLACEMENT AROUND

A CIRCULAR HOLE IN A PLATE

A. Introduction

In the last chapter, a fringe compensation technique for 

reflection holographic interferometry was presented. The purpose 

of this technique was to eliminate from the interferograms the 

influence of the rigid body displacements of the object. The equa­

tions to be used for interpretation of the fringes were derived in 

detail for the special case where the quantity to be measured is 

the normal, or out-of-plane, component of the surface displacement. 

Two fringe patterns obtained with this compensation technique were 

shown, one around a circular hole, the other around the tip of a 

notch in an aluminum plate. The first interferogram is analyzed 

numerically in the present chapter. The specimen was made of poly­

methylmethacrylate (PMMA) painted on its front surface to make it 

reflecting. The geometry of the specimen is shown in figure 19. 

The diameter (2a) of the hole is equal to the thickness of the spe­

cimen (figure 19). The optical and mechanical properties of PMMA are 

given in table 1.

The data were processed to obtain the displacement component 

w normal to the surface along two diameter extensions Ox and Oy, and 

around the circle r = a / i . The component w gives the average 

value of the transverse strain component through the thickness.
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The experimental results were compared to the classical two-dimen­

sional, generalized plane stress analysis. A discrepancy was found 

close to the hole boundary, which is accounted for by comparison to 

the three-dimensional analysis made by Alblas [25]. To avoid ambi­

guity in the following study, the difference must be stated clearly 

between this complete three-dimensional analysis, and the two-dimen­

sional generalized plane stress analysis. This difference will be 

first recalled, and the results of both analyses will be presented. 

Then, the data processing procedure will be explained, including the 

various steps related to the fringe compensation. The experimental 

results will be given along the x and y axes (figure 19) and around 

a circle of radius a / $ around the hole.

B. Analytical Results

The analysis that is most commonly used in the study of thin 

plate problems is based on the assumption of generalized plane stress. 

In this analysis, the transverse stress is assumed to be zero 

everywhere and the in-plane stresses u% and are assumed to be 

independent of the z-coordinate. Although this stress analysis 

involves only the two coordinates x and y, it implies also some dis­

placements in the z-direction. Their computation is straightforward, 

since the strain in the z-direction is uniform and is equal to:

ez = - (ax + Oy) (IV-1)

The z-component of the surface displacement for a plate of thickness 

h (refered to the mid-plane of the plate) is thus:
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W - - 2Ë (ax + Oy) (IV-2)

On the other hand, the three-dimensional solution takes into account 

the existence of a non-zero transverse stress and a change in ox 

and Oy through the thickness of the specimen. Physically, the condi­

tions of generalized plane stress can be expected to be satisfied 

for thin plates, away from stress concentrations. But a three-dimen­

sional analysis is necessary in regions close to stress concentra­

tions. Both solutions, however, should be equivalent in the far 

field. This is what actually occurs in the case of a circular hole 

in a plate under tension. The two-dimensional solution is found in 

any textbook on the theory of elasticity. A three-dimensional analy­

sis is proposed by Alblas [25]. When the results of both methods are 

compared, a discrepancy is observed close to the hole boundary, which 

is referred to as "three-dimensional effect", or "thickness effect" 

due to the hole. According to the Alblas analysis, this thickness 

effect vanishes when the distance from the hole boundary is greater 

than r ~ 2a. The results of the two and three-dimensional analysis 

then become identical. This property will be assumed to be true for 

the data processing. Its consistency will be checked a^ posteriori 

from the experimental results. The results of both theories will now 

be presented in terms of the out-of-plane surface displacement they 

predict, since this is the quantity that is measured experimentally.

For convenience in the presentation of the results, the sur­

face displacement is characterized by the quantity:
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w - w
CD

w œ
(IV-3)

where Wœ is the normal surface displacement in the area of uniform 

stress "at infinity". The derivations, given in Appendix I, provide 

the following results:

1. Two-Dimensional Analysis

‘ W 2a2
—y----- = —Y cos 2 8 (IV-4)

œ r

2• Three-Dimensional Analysis

W= " W , 2a2 \ r

—Ü----- = C —T - - T] ( - ) ] cos 2 9 (IV-5)
œ T

In this expression, 7) ( r/a ) is a quantity introduced by Alblas [25] 

to define the average value (through the thickness) of the stress 

in the z-direction, (? );

r 5z
" (â> - „ cos 2 e 

CD

where

h 
2

a 
z "z dz

h 
2

The quantity T| (r/a ) is plotted versus r/a in figure 20 which is 

a reproduction of figure 3 in reference 25.
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c. Fringe Compensation and Data Processing

The normal surface displacement W is given approximately by 

equation II1-24:

N = - 2W/X

For better accuracy, equation 111-22 must be used; hence,

I u
N = — [-2W + r (a - 2 cp + —- ) ]

- — - N - E («-2,)- (IV-7)

Theoretically, the fringe order N should be determined at 

any point by counting the number of fringes from the one of zero 

order. Unfortunately, there is usually no way to determine this 

"zeroth" order fringe a priori. The fringe order N is thus defined 

within an unknown additive constant T|c. If the fringes are counted 

from a fringe "at infinity", then the relative fringe order is 

defined as :

N ’ = N - N 
00

where Næ is the fringe order corresponding to the state of uniform 

stresses away from the hole. Equation IV-7 can thus be rewritten as :

2W y ru
- — = N*  +Nœ - (a - 2<p) -

■ T = ^^c^ ~ x - ~XE ~ ^c (IV-8)
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The quantity that is readily available from the fringe pattern is :

N’ + T|c = N (°) (IV-9)

The reference for Nis chosen arbitrarily such as is as close 

to zero as possible for the fringe "at infinity". For the remaining 

angle of tilt and radial displacement, corrective terms are defined 

as :

7^ = - (a - 2 cp) (IV-10)

ru
X = - (IV-11)

Equation IV-8 thus becomes : 

+ N + T| + T] - 71 (IV-12)
X ■» 't T lC

Starting from the initially given value of from the fringe pat-

tern, the following quantities are defined:

N<1) . „<O)
^t (IV-13)

N<2> -
^r (IV-14)

Nr - N(2^
’ ^c = - ~ - N (IV-15)

X 00

The normalized normal displacement to be determined then becomes:

(IV-16)
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In equations IV-10 through IV-15, the fringe order is 

determined directly from the interferogram (figure 18-a), which is 

projected onto radial graph paper for more accuracy in the location 

of the fringes. Then the terms 7)^, 7^, and (-7)c) are added, yielding 

the fringe orders N^\andN . The principal steps for determining

these quantities are summarized here, and are derived in more detail 

in Appendix II.

1. Correction for Tilt Angle: ^t

After correction of rigid body rotations of the specimen, by 

adjustment of the beam splitter (Chapter III.D.2), a slight uncor­

rected rotation (a - 2 cp) may remain. The uncorrected rotation angles 

about the x and y axes are determined from the remaining asymmetry of

the fringe pattern. These angles are called (a - 2 cp)% and (a “ 2 cp )y •

In cartesian coordinates, the corrective term T| becomes:

(or - 2 cp) (a - 2cp)%
T|t (x,y) - - X --------—1 - y -------- ------

Numerically, it is found (Appendix II) that:

(a - 2 cp) 
------ - ---- -- % 0.045

(»*  2 cp)
------ ------% » -0.031

(IV-17)

(IV-18)

2. Correction for Radial Displacement: ^r

This corrective term is given by equation IV-11:

XL

ru
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The displacement is estimated from the two-dimensional theory which 

gives :

aœ 2
ur (r,8) ■ 2e [[1-v -(1+v ) cos  2 9 1 r + [ 1 + v - 4 cos 2 6]

4 
+ [ ( 1 +v ) cos 2 9 ] ~ } (IV-19)

r

The numerical value of 7) is computed from this expression along the 

lines where the data are processed. The results are reported in 

tables 2 and 3. These first two corrections (T)t and T| ), together 

with the original fringe order N^°\ give the value of which 

will be used in the determination of 7) :

+ 7|[ f (IV-20)

3. Correction for Uniform Shift (^c )

Once all the corrections have been made, and assuming that 

the condition of generalized plane stress are indeed satisfied 

away from the hole (cf. Chapter IV. B) , N should approach zero "at 

. . (21infinity". All the values of Nare thus shifted by an amount 7] 

such as this result can be achieved. Practically, the values of 

(2) .
N are first plotted in terms of r along the axes. Then the or i­

. (2)gin of the values of Nx is simply shifted by the desirable amount, 

such that

\ - r - nc ] 

approaches zero as r approaches infinity.
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hv 
XE

x _P_ 
2bh

vP 
2b X E (IV-21)

between the

D. Determination of the Fringe Order at Infinity

From equations UI-24 and IV-2, the fringe order at infinity 

is: 

N = 
CO

Where P is the difference

hologram is recorded and the current load when the picture of the 

interferogram is taken (see Chapter II.D.l). Numerically:

P = 175 ± 5 lbs. (779 ± 22 N)

Using the mechanical properties and geometric data given in table 1 

and figure 19, the fringe order at infinity is found to be

Ng = 3.5 ± 0.5 fringes (IV-22)

This result will be used in the data processing along the diameter 

extensions and around the circle r = a J"T in the following sections.

E. Experimental Results Along the Diameter Extensions

The data along the diameter extensions are determined as 

follows. The intersections of bright and dark fringes with the x 

and y axes are determined from figure 18-a. At these points, the 

fringe orders N are equal to integer number of half-fringes. N 

is plotted in terms of r along the four semi-axes (figure 21). The 

various corrective terms 1^,7^, and T]c are then added to each one of 

these original data points. The first correction 7] is obtained from
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equations IV-17 and IV-18, giving the fringe order according to 

equation IV-13. The corrective term 1^/Næ is given by table 2. 

After Næ has been computed, the fringe order is given by:

n <2) Nd)Jr 

— - —+ r 

CO CO oo

The values of these quantities are also given in table 4 and / 

2 2 
is plotted versus a /r in figure 22.

The correction term is determined from the asymptotic 

behavior of the normal displacement for large values of r(r/a 2), 

where the two- and three-dimensional theories give the same results. 

Before this is done, however, a comment has to be made regarding the 

experimental data along the axes. The normal surface displacement 

that is measured is considered to be due only to change in thickness 

of the specimen, once the influence of rigid body motions has been 

eliminated. Other displacements, however, may also arise from pos­

sible bending of the specimen. Actually, there is a physical reason 

to expect a small amount of bending in the direction of loading of 

the plate: any slight misalignment of the loading frame grips intro­

duces a bending moment in that direction (i.e., the y-axis). Because 

of the sensitivity of the measurement technique, this bending can 

introduce a significant perturbation in the remote data along the y- 

axis. There is no physical reason, however, for any significant 

bending in the x-dfreetion. Thus, the far-field data along the x- 

axis can be considered to be more reliable than those along the y- 

axis. The far-field data along the x-axis are therefore used in the 

determination of .



Two assumptions are made in the determination of 7] , and will 

be considered in more detail in the discussion of the results. The 

first one, already mentioned in Chapter IV.B, is that be equal to 

zero away from the hole, when t approaches infinity (or, a2/r2 

approaches zero). In this case, equation IV-16 would give:

N
( n " )r - 0 as | I | “

CO

(IV-23)

Equation IV-23, however, cannot be used directly because the range 

of distances where data are collected is bounded, and hence experi­

mental point "at infinity" is, of course, not available. The most

2 )

remote experimental points are at r/a ~ 3 (or, a /r ~ 0.1). The 

second assumption is therefore needed. It is assumed that the 

experimental curve obtained for N^/N (figure 22) may be extra­

polated from values of a /r greater than 0.1, down to a /r = 0.

By making this extrapolation for the points along the x-axis, one 

obtains

N
CD

(IV-24)

From equations IV-15 and IV-23,

N 
N

c 
N 0N cor (IV-25)

r

Substituting equation IV-24 into equation IV-25 gives:

0.105N (IV-26)
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This result is finally used in equation IV-15 to determine N^:

N . N<2> 1.
N" >r ‘ ~ T
00 CD 00

These results are reported together with the previous ones in table 

4, and are also plotted in terms of a /r in figure 23. Because of 

the aforementioned uncertainty associated with specimen bending, the 

remote points along the y-axis (r/a > 1.4) are not included in this 

graph (figure 23).

F. Data Around the Quarter Circle (r = a /T, 0 < 9 < tt /2) 

Figure 18 is used to determine the angle 0 in terms of the 

fringe order around the quarter circle. The results are given in 

table 5. The correction for tilt is given by equation IV-17:

(a - 2 cp) (a - 2 cp)
nt (x’y) ' -x —x—* "y —x—

Using the results of equations IV-18,

T]t (9) = /T [0.031 cos 0 - 0.045 sin 0]

(9) = 0.044 cos 9 - 0.064 sin 0

For the radial displacement, the correction is given in table 

3. Finally, the uniform shift 7] is the same as given in equation 

TV-26. The results of all the corrections are reported in table 5, 

and the final result is plotted in figure 24 together with the 

theoretical results of the two- and three-dimensional analyses.
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G. Discussion of the Results

In figures 23 and 24, the experimental results are compared 

to the surface displacements computed from the two- and three-dimen­

sional analyses. These analytical results are derived from equations 

IV-4 and IV-5, where | cos 2 6 | « 1 along the axes, and a2/r2 = 0.5 

around the quarter circle. Figure 23 shows that agreement with the 

plane stress analysis is good at large distances from the hole 

(r/a > 2). The experimental results, however, depart considerably 

from the two-dimensional theory when the hole boundary is approached. 

This discrepancy increases as the distance from the hole decreases, 

and reaches nearly fifty percent of the experimental result, at the 

hole boundary. In the region close to the hole, results from the 

three-dimensional analysis are in good agreement with the measured 

surface displacements. The maximum discrepancy between the experi­

mental and the analytical results occurs at the hole boundary and is 

about seven percent when the three-dimensional analysis is used. 

The three-dimensional analysis results are also in good agreement 

with the experimental data at large distances away from the hole 

where both analyses give the same result. The three-dimensional 

analysis thus appears to give good results over the whole field; 

whereas the two-dimensional one fits with the experiment only at 

large distances from the hole. This conclusion is not surprising, 

since the generalized plane stress hypotheses, used in the two­

dimensional solution, are quite doubtful close to the hole boundary.
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In this conclusion, however, the hypotheses made to determine 

T]c in the data processing have to be remembered. The agreement that 

is observed in the far field indeed arises partly from the hypotheses. 

In order for the experimental curve to fit the analytical ones, it 

must have the two following features. The curve (N/t^) versus 

a /r must be a straight line with a slope equal to two in the far 

field, and it must go through the origin. The first one of these 

features clearly does not depend on restrictive hypotheses. A 

straight line with a slope of two is actually obtained experimen­

tally, prior to the determination of 7] (see figure 22). But the 

assumption for the determination of 7] thereafter is indeed that the 

curve goes through the origin. This hypothesis is not based 

on any experimental evidence from the present set of data, but only 

on the physical reason that the state of stress "at infinity" is

expected to be a = a = 0 and a » a . 
X Z y 00

This assumption, used in

data processing will have to be kept in mind when the results of 

reflection and transmission tests are compared in Chapter VII.

Prior to this comparison, however, the analysis of the fringes in 

transmission has to be examined and will be discussed in the next 

chapter.
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CHAPTER V. TRANSMISSION HOLOGRAPHIC INTERFEROMETRY

A. Introduction

In transmission holography, the object beam is no longer 

reflected by the object as was shown in figure 1. Instead, a trans­

parent object is used and the object beam now passes through that 

object as shown in figure 25. The principle of transmission holo­

graphic interferometry is otherwise basically the same as that for 

reflection. In the interferometric process, comparison is made 

between the optical paths of the object beam through the object in 

two differently stressed states. This optical path difference is 

now caused by the thickness change of the specimen due to strains, 

as well as by the change in its index of refraction produced by the 

stress-optical effect. It is noteworthy that in this process, rigid 

body displacements of the specimen are not nearly so disturbing as 

they were in reflection. If rigid body displacement of the object 

reduces the optical path behind the object, for instance, it also 

automatically lengthens the path by the same amount in front of the 

object. The influence of the displacement is thereby practically 

self-compensating. Thus, the transmission technique is much easier 

to use than the reflection technique, and has now become a fairly 

standard procedure [6,7]. It is often used in connection with photo­

elasticity as a means for the separation of stresses [6]. This 

technique has been thoroughly investigated with photoelastic mater­

ials in connection with generalized plane stress problem. In the
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present study, the influence of non-zero stresses will be taken 

into account. However, a simplification is introduced by the use of 

Plexiglas (PMMA) instead of a highly biréfringent (photoelastic) mater­

ial. Although Plexiglas does exhibit a significant stress-optic 

effect, one stress-optic coefficient is sufficient to characterize 

it, instead of the two coefficients needed to describe photoelastic 

materials. The corresponding stress-optical law will be derived. 

Then, an interpretation of the fringes will be given for the case of 

illumination perpendicular to the surface of the specimen, as shown 

in the interferometer sketch (figure 26). A photograph of the com­

plete experimental set-up is shown in figure 27.

B. Stress-Optical Law in Three Dimensions

1. Secondary Principal Stresses

The optical effect related to the transmission of light

through stressed transparent objects is related to the concept of 

secondary principal stresses. In an arbitrary set of axes x,y,z,

the state of stress is defined by the six stress components o,

°z*  xy' Txz’ Tyz‘ secondary principal stresses for a direction 

z are defined as the principal stresses resulting from the stress 

component in the plane perpendicular to the z-direction. Denoting 

them by o^ and

°1« 2~1 + 2

(v-l)

°2z = -*-2^  - I
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2. Propagation of Polarized Light Through a Biréfringent Medium 

When a beam of polarized light enters a biréfringent material, 

it is resolved into two components polarized in orthogonal directions, 

and transmitted at different velocities. A photoelastic material has 

the property of becoming biréfringent when it is stressed. When a 

polarized beam enters a stressed photoelastic medium, it is thus 

resolved into two perpendicularly polarized components. When the 

direction of the incident light beam is along the z-axis, the new 

directions of polarization correspond to the directions of the secon­

dary principal stresses and . The velocity of propagation 

of the two components of light depend on the indices of refraction 

n^ and n^ for these two components. If az is the normal stress in 

the z-direction, and nQ the index of refraction of the material in 

the unstressed (stress-free) state, then the stress-optical law 

gives [26]:

”1 - no * C1 ’1, + C2 <’s + ’2%)

(V-2) 
n2 ' "o * Cl a2z » C2 <°s + ’1;)

where and Cg are the two stress-optical coefficients of the mater­

ial . The behavior of the material will now be examined in cases 

where the values of and Cg are practically equal.

3. Stress-Optical Law for Non-Birefringent Materials

The stress-optical coefficients and Cg in equations V-2 

are significantly different for materials used in photoelasticity 

[26]. Although stress-optically sensitive, plexiglas exhibits very
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little birefringence. This means that the propagation of light 

through plexiglas has little or no effect on its polarization, and 

that the coefficients and Cg in equations V-2 are almost equal. 

Assuming that:

Cl " c, - C

then equations V-2 show that n^ and n^ are also equal, with a common 

value n, such that:

" ~ "o = % (olz + o2z + az)

Using the definition of the secondary principal stresses a, and a 
Iz 2z

given in equations V-1, this becomes :

n " % “ C (a% + + *z) (V-3)

This value of the index of refraction, together with the changes in 

thickness of the material due to the strains, will now be used to 

analyze the process of fringe formation.

C. Analysis of the Fringe Orders

The interference fringes introduced by stressing a plate of 

thickness h are now to be interpreted for the case of an incident 

light perpendicular to the specimen surface. The basis for this 

interpretation is the comparison of the optical paths through the 

specimen in its stressed and unstressed states. Each of the two 

paths will be first compared to the optical path length with the
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sample completely removed ; the latter value being used as a common 

reference. The difference between the two results that are thereby 

obtained gives the optical path difference between the stressed and 

unstressed states. Following this procedure, the optical path incre­

ment due to the presence of the unloaded specimen is:

ph
2

= (nQ - 1) h = 2 (nQ - 1) dz

J 0

In the stressed state, the optical path increment is:

d^ = 2 (n - 1) dz

Jo

where w(h/2) is the out-of-plane surface displacement. The expres­

sion for d^ may be rearranged as follows:

)

2d2 o 1 + (n - nQ) ] dz 

y +)

(n - nQ) dz ]

h
2

h
2

60



The difference in optical path between the stressed and unstressed 

states is thus:

Ô = dg - d^

6 = 2 [

rh
2

(n - nQ) dz +

Since (n - nQ) and w(^) are very small quantities, the third integral 

may be neglected in comparison to the first two integrals. The 

second integral is a simple product, since (nQ - 1) is a constant. 

Therefore:

ph

2 .
6 = 2 (n - nQ) dz+2 (nQ - 1) w( — ) (V-4)

Jo

Substituting equation V-3 for (n - nQ) into equation V-4, 6 then 

becomes :

ph
2 .

6 - 2C +0^) dz +2 (ny - 1) w( — ) (V-5)

^0

The surface displacement w(y ) may be computed from the theory of

elasticity; that is:

«(^)
2

*z dz

0

Ë Co,-v<ax+oy) ] dz
2
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2

Using this expression for w(—), equation V-5 becomes:

az } dz

(V-6)

w(^)

The sum of the principal stresses is called E:

E - + a2 + a3 = ox + oy + oz

The average values of E and cr through the thickness of the plate

are E and a^; where:

h

— 2E = E (z) dz

^0

2 
h

□  z a (z) dz z

Equation V-6 thus gives:

(n - 1) v _ (n -l)(l+v)
6 = h { [ C----------- ------- ] E +---------- - ---------- az } (V-7 )

From equation 11-15, the fringe order is :
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N À
X

N * h { [ ^ -
(no "I) v

XE ] Z +
(% " +

XE (V-8)

The stress state "at infinity" is defined by uy = Qæ , and 

ax “ oz “ 0. The corresponding fringe order "at infinity" is thus

N = F haœ (V-9)

where

<no " 1) v

XE
(V-10)

A constant H is also defined as :

(nQ - 1)(1 + \>)

XE (V-ll)

Equation V-8 then becomes :

h [F E + H (V-12)

The constants F and H depend on the mechanical and optical 

properties of the material, and on the light wavelength. The con­

stant H can be easily computed from readily available data. But the 

constant F involves the stress-optic coefficient C, wich is seldom 

used and may not be available. A calibration test is thus usually 

necessary to determine F. In the case of a plate under tension, the 

experimental data are obtained by counting fringes from the fringe
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"at infinity". As in the case of reflection holographic interfer­

ometry, this procedure gives only the relative fringe order (N - Nœ) = 

N*.  It is convenient to normalize it with respect to Næ. The rela­

tive normalized transmission fringe order will thus be defined as:

. N . ""L

( iT >t ■ 15 (V-")

œ co

Using equations V-9 and V-12, equation V-14 becomes: 

which is the final form that will be used in the presentation of the 

results obtained in the circular hole problem. Before presenting 

these results, however, it is appropriate to check more closely the 

physical meaning of the equations that have been derived.

D. Physical Interpretation of the Fringes

From the fringe order equation V-12, it is seen that the 

fringes represent lines where the linear combination of the average 

stresses has a constant value. This definition of the fringes is 

more general than in the standard formulation for the separation of 

stresses in photoelasticity, where the problem is considered to be 

one of generalized plane stress. In which case = 0, and the in­

plane stresses are considered to be constant through the thickness:

a = o = 0 z z

Ë - G*  + ëy + âx) - âx + ôy - ox + oy
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S " *1+^2

Equation V-12, for generalized plane stress, is thus reduced to:

N = Fh(c1+a2) (V-15)

which gives the sum of the principal stresses. Since the photo­

elastic technique gives their difference (o^ - a2). two independent 

equations are available to determine the principal stresses and 

a 2 • lo this procedure, the interference fringes are referred to as 

"isopach" lines, which are lines of constant change in thickness, 

and of constant sum of the principal stresses. However, this 

approach is valid only when the generalized plane stress conditions 

are realized. In particular, its legitimacy is questionable when 

stress concentrations in plates are to be studied, since a very 

significant departure from the generalized plane stress conditions 

usually occurs in these cases. Equation V-12 should then be used 

instead of V-15, which will be done in the following study of stress 

concentrations around a hole in a plate.
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CHAPTER VI. ANALYSIS OF STRESSES AROUND A CIRCULAR HOLE 

BY TRANSMISSION HOLOGRAPHIC INTERFEROMETRY

A. Introduction

The transmission technique described in Chapter V was applied 

with the same Plexiglas sample used in the reflection test of Chapter 

IV. (This transmission test was in fact carried out before the 

reflection one, since for the latter experiment the specimen surface 

had to be painted). The interferometer that was used is illustrated 

in figures 26 and 27. The interferogram that was obtained is

shown in figure 28. Equation V-14 was used for the interpretation of 

the fringes. The constants F and H in this equation were first 

determined; by direct computation for H, and by a calibration test 

for F. This value of F was used to compute the fringe order at 

infinity Næ. Then, the data from the hologram were processed on the 

diameter extensions, along the x and y axes (figure 19).

B. Determination of the Constants F, H and

1. Determination of H

The coefficient H in equation V-14 is given by equation V-11. 

All the quantities on the right-hand side are known and reported in 

table 1. The constant H can thus be computed directly:

(n - 1)(1 + v)
H = ----------- —----------- = (0.081 ± 0.009) fringe - in./lb.

AL

(VI-D 

= (0.79 i 0.08) fringe - m/N
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2. Determination of F

The coefficient F is given by equation V-10:

F . Ç "
X XE

Unlike H, however, F could not be computed directly, because the con­

stant C is seldom used, and its numerical value was not available. 

A calibration test had thus to be made. For this test, a four-point 

bending specimen, made from the same PMMA sheet used for the 

circular hole specimen, was used (figure 29). The procedure is des­

cribed in detail in Appendix III and gives the following result for 

the absolute value of F:

| F | = (0.034 ± 0.003) fringe - in./lb.

(VI-2) 

= (0.30 ± 0.03) fringe - m/N

Since it is physically impossible to determine the sign of fringe 

orders in the test, this procedure does not give the sign of F, 

which has to be determined separately. The sign is determined by 

considering equation V-10 again. The stress-optical coefficient C 

has basically a negative value [5]. The index of refraction nQ is 

always greater than unity. Therefore, both terms in the right-hand 

side of equation V-10 are negative, and F has to be negative. The 

final result for F is thus :

F = - (0.034 ± 0.003) fringe - in./lb.
(VI-3) 

= -(0.30 ± 0.03) fringe - m/N

- 67 -



3. Comparison with Other Reported Data for "F"

It would now be interesting to check this value of F against 

values of the same quantity obtained from other sources. As it was 

said previously, the value of C would be needed for a direct compu­

tation of F; but it is not available. It is recalled (see Chapter 

V.C) that the coefficient C has the common value of the stress-optic 

coefficients C^ and C^ in equations V-2, in the case of a material 

with little or no birefringence. In this case, which occurs for 

Plexiglas, ~ C^, and C can be taken approximately as :

Values of and are reported by Nisida and Saito [5] for some 

Plexiglas illuminated with a light of wavelength X = 0.546 pm 

(Mercury vapor lamp). These values may not be appropriate for the 

wavelength of light and Plexiglas used in the present test. However 

they can be used to check the order of magnitude of the calibration 

test results. According to reference 5:

C^ = -33.1 Brewsters

Cg = -28.2 Brewsters

Taking C = (C^ + C^)/2, then

C = -30.65 Brewsters .

It is recalled that:

1 Brewster = 10 cm^/dyne = 0.6897 % 10 in^/lb.

68



Using these numerical values, equation VI-1 gives:

F - -0.028 fringe - in./lb. = -0.25 fringe - m/N

which is seen to have the same order of magnitude as the calibration 

test result. The value of F given by equation VI-3 will thus be 

used to determine the fringe order at infinity (N ).

4. Determination of Nœ

The fringe order N° is determined from equation V-9;

N = F h a CD CD

The stress is determined from the difference F between the "refer 

ence" load (when the reference hologram was made), and the current 

load for producing the real-time interferogram (see Chapter II.D.l). 

In the present experiment, this difference was P = -350 lbs. The 

width of the specimen is 2b. Then:

o = P/2 b h 
CO

N« = £

Numerically:

F = -0.034 fringe - in./lb. = -0.30 fringe - m/N

P = -(350 ± 5) lbs. = -(1560 ± 20) N

b = (1.00 ± 0.005) in. = (25.40 ± 0.13) mm
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Which gives :

Næ = (5.95 ± 0.6) fringes (VI-5)

This value of N* , together with the values of F and H given by equa­

tions VI-3 and VI-2, is now used to process the data along the dia­

meter extensions.

C. Data Along the Diameter Extensions

The data processing procedure in transmission is much simpler 

than it is in reflection, since no correction for tilt angle or 

radial displacement is necessary. As it was done for the reflection 

interferogram (figure 21), the transmission fringe order is plotted 

in terms of the distance along the four semi-axes. Smooth curves are 

fitted through the experimental points. The average absolute value 

of the fringe orders along the four semi-axes is then determined for 

a number of values of r/a. The fringe order is then determined 

along each of the four semi-axes by interpolation from the fitted 

curves. The values of r/a chosen for this procedure are those where 

the reflection fringe order is already available (from Chapter IV), 

so that a comparison of reflection and transmission data can be made. 

The average values of the fringe order are then normalized with 

respect to Næ, which gives the normalized fringe order | (N/N^)? | 

in terms of the distance r/a. These results are reported in table 6. 

For convenience in making comparison with the analytical results, 

the fringe order is then plotted versus the inverse square of the 

? ? 
distance (a /r ) (figure 30).
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D. Comparison with the Analyses and Discussion of the Results

In figure 30, the experimental results are compared to the 

fringe orders computed from the two- and three-dimensional analyses 

These analytical results are obtained as follows.

!• Transmission Fringe Order from the Generalized Plane Stress 

Analysis

In the two-dimensional generalized plane stress analysis, g  

is assumed to be zero. The transmission fringe order in equation 

V-15 thus becomes :

(VI-6)

Using the analytical stress distribution of equations A-l in Appen-

dix I, equation VI-6 gives:

n " \
2a2
—y cos 2 9 (VI-7)

Along the axes, | cos 2 9 | = 1, and the normalized fringe order 

becomes :

I ( ÎT \ ।  (vi-8)
« r

2• Transmission Fringe Order from the Three-Dimensional Analysis 

For comparison with the experimental results, the same appro­

ximation, as in the reflection case, is made regarding the three­

dimensional theory. The average in-plane stresses are considered to 

be practically the same in the three-dimensional analysis as they are 
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in generalized plane stress, The significant difference between the 

two analyses comes from . The average value of through the 

thickness is given by equation A-8 in Appendix I:

az = [aœ cos 28] T|(r/a)

Using this expression for o% and the generalized plane stress expres­

sions of equations A-1 for a*  an^ a , equation V-15 becomes:

Along the axes:

2
I ( > J " + (vi-9)

œ r

The values of F and H in equation VI-9 are given by equations VI-1 

and VI-3. These values are substituted into equation VI-9, and the 

result is plotted in figure 30.

3. Discussion of the Results

The results obtained from this transmission test lead to con­

clusions somewhat similar to those of the reflection test. In the 

far field where the two- and three-dimensional analyses give identi­

cal results, the experiment is in very good agreement with this 

common analytical result. When the hole boundary is approached 

(r/a < 2), the experimental result departs increasingly from the two­

dimensional analytical result. This discrepancy is maximum at the 

hole boundary, where it is about thirty percent of the experimental 
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result. In the region close to the hole, results from the three­

dimensional analysis are in good agreement with the experimental 

data. The discrepancy that is observed does not exceed five percent.

These observations give further support to the validity of 

the generalized plane stress analysis in the far field only, and to 

the necessity of using a three-dimensional analysis close to the 

hole. This difference between the close and the far field is empha­

sized in the next chapter, where the stress â is estimated by com- 
z

paring the results of the reflection and transmission tests.
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CHAPTER VII. COMBINATION OF REFLECTION AND TRANSMISSION 

HOLOGRAPHIC INTERFEROMETRY

A. Introduction

The fringe patterns obtained by reflection and transmission 

holographic interferometry have been presented and analyzed in Chap­

ters IV and VI. As seen from figures 18-a and 28, the fringe patterns 

obtained with the two techniques look fairly similar. Indeed, the 

fringes are, in first approximation, lines of equal change in thick­

ness in each case. In the reflection procedure, a systematic discre­

pancy arises from radial displacements due to strains and an acciden­

tal one from imperfect correction of rigid body displacements, as 

seen in Chapter IV. These discrepancies between the actual fringes 

and the lines of equal change in thickness are small close to the 

hole, and increase with the distance away from the hole. In the 

transmission technique, rigid body displacements and radial displace­

ments have little or no influence, but a discrepancy comes from the 

variation in the index of refraction caused by stress in the thick­

ness direction. This discrepancy increases as the distance to the 

hole decreases. The interpretation of the fringes is thus not quite 

the same in the two cases, and it is possible to take advantage of 

this difference to obtain some additional information about the 

stresses. As it will be shown, it is actually possible to evaluate 

separately the through-the-thickness average values of the z-stress 

(oz), and of the sum of the principal stresses (cPTo +o^.
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It will be shown first that the fringe orders in reflection 

and transmission, and (^- )^, can be expressed then provide two 

unknowns, and (a*  +0^). These expressions then provide two

independent equations that can be used to determine these two 

unknowns. This procedure will first be analyzed and applied numeri­

cally in the case of the circular hole. An attempt will then be 

made to develop a procedure to test the regions of a plate where the 

generalized plane stress hypotheses are valid. It appears that at 

least a necessary condition can be defined which is that a be zero, 
z

The practical methods to test for this condition will be presented, 

and these methods will be applied to the circular hole problem. It 

be seen at that stage that two conclusions are reached, from 

the comparison between the experimental results and the three-dimen­

sional analysis: (1) the experiments confirms the analytical results 

regarding the distance from the hole where the plane stress analysis 

becomes valid; and (2) the experiment also confirms the trend pre­

dicted by the Alblas analysis for the stresses and displacements 

close to the hole.

In the last part of this chapter, attention will be focused 

on the region near the hole. The purpose of this part is to deter­

mine whether the results of the Alblas analysis are consistent with 

the experimental results. However, a new approach will be used in 

this section. Thus far, measurements were made over the whole range 

of distances from the hole boundary to the far field. The values of 

N, used were determined independently and were then used in data 

processing as normalization factors to give (N/N^ and (N/N )^.

- 75



The experimental data obtained by this first approach were found to 

be close to the analytical results. In the new approach, the analy­

tical solution will be assumed to be exact in the far field; i.e., 

for r/a > 2. The value of Næ will be selected for each interferogram 

so that the experimental points best fit this far-fieId analytical 

solution. The values of found by this method can be expected to 

be slightly different from the ones that were determined previously 

by independent computation or calibration. This procedure represents 

a "self-calibration" of the experiment, since the value of N is 

obtained from the fringe pattern data only. Uncertainties related 

to the previous independent determination of Næ are thus eliminated, 

and the value of thereby obtained can be expected to be more 

accurate.

B. Measurements of Stresses from the Fringe Orders

In the approach used so far, the fringe order was analyzed in 

terms of average stresses for the transmission technique, and of sur­

face displacement for reflection. An equation for the reflection 

fringe order in terms of the stresses will be derived first in this 

section. This new reflection equation, together with that for trans­

mission, can then be solved to obtain the two quantities 0% and L = 

(a*  + Oy + Og). The expressions thereby obtained for the stresses will be 

presented, and their coefficients computed numerically for the material 

(PMMA) that was used. The quantities and E will finally be

76



evaluated along the x-axis by this method and compared to their pre­

dicted values from the two- and three-dimensional analyses,

1" Interpretation of the Fringes in Terms of the Stresses

a• Transmission Interferometry

The analysis of the transmission fringes is given in Chapter 

V in a form that is readily usable for the present purpose. From 

equation V-14, the normalized transmission fringe order is:

< n" >t - + I £ (VII-1)

Where:

(VII-2)

b. Reflection Interferometry

In reflection, the analysis of Chapter IV has to be extended 

to provide a useful comparison with the results of the transmission 

technique. From equation IV-16, the reflection fringe order has been 

shown to be:

W - W 
00

w 

00

(VII-3)

The normal surface displacements W and W» can be computed in terms 

of the average stresses, from equations A-7 and a -8 in Appendix I:

W - W
CD (VI1-4)

vh a

h. - sr (VII-5)
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Equations VII-3, VII-4 and VII-5 yield;

Z _ 1 + y %

°o= ’ V (VII-6)

Equations VII-1 and VII-6 give two independent relations between the 

stress-related quantities and E, in terms of the reflection and 

transmission fringe orders. Solving these two equations for □ and Ë 

gives :

WI-7)
CO CD 00

CO CD 00

The coefficients in these equations are now to be evaluated numeri­

cally.

2. Numerical Coefficients in the Equations

The constants F and H in equations VII-7 and VII-8 have been 

defined in Chapter V, by equations V-10 and V-11. Their numerical 

values have been given in equations VI-1 and VI-3. Using also the 

value of v in table 1, equations VII-7 and VII-8 become:

” = °-61 C ( fF \ - ( iF 1 (VII-9)
03 CD CO

E -a

CT

= 2.44 ( ip \ - 1.44 ( )
00 00

(VII-10)
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These equations can now be used to evaluate the stresses along the 

axes, using the results of the transmission and reflection tests for 

(N/N )_ and (N/N ) . 
co t co r

3. Stresses along the x Axis

Equation VII-9 provides a way of estimating the average value 

of °z in terms of the transmission and reflection fringe orders. 

Using in equation VII-9 the results plotted in figures 23 and 30 for 

(N/Nœ)r and (N/N^)^, the experimental values of were determined 

along the x-axis, and are plotted in figure 31. For comparison, the 

results of the Alblas analysis [25] are also plotted in terms of the 

distance along the x-axis. The Alblas result is represented by the 

dashed curve in figure 31. This curve is the same as that given by 

figure 20, with only a change in the distance-related variable, from 

r/a in figure 20 to a /r in figure 31. For generalized plane stress 

ôz/oœ is zero by definition. This value is also shown in figure 31 

for comparison with the experiment. The results show, once again, 

good agreement between the experiment and the three-dimensional 

analysis over the whole distance range, whereas the agreement with 

the two-dimensional analysis is good only at large distances away 

from the hole.

For reference, equation VII-10 was also used to determine 

the sum of the principal stresses at the two points of intersection 

of the hole boundary with the x-axis. At these points, the Alblas 

analysis gives:

(Ô + ct )/o = 3.02
x y co
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Ct /c = 0.17 Z 00

From these results, the left-hand side in equation VII-10 is found 

to be:

-------- = 2.19 (VII-11) 
00

The generalized plane stress theory, on the other hand, would give:

+^y>/%e = 3-00

CT =0 z

and hence:

-------- = 2.00 (VII-12) 
00

Using the experimental values of the fringe orders in equation VII-10, 

the experimental result is found to be:

The nominal experimental value is indeed very close to the result of 

the three-dimensional analysis. However, the uncertainty on this 

experimental value will be seen to be very large (see the following 

section D), so that the range of uncertainty might also include 

the result of the two-dimensional analysis, equation VII-12. So, 

the experimental determination of 2 cannot be considered to be con­

clusive , as far as the comparison between the two- and three-dimen- 
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sIona1 analyses is concerned. The result of the determination of 

oz/aœ is much better and can be used more usefully to explain the 

problem of the validity of the generalized plane stress hypotheses, 

which will be done in the next section.

C. A Condition of Validity for the Generalized Plane Stress 

Hypotheses

Two interferograms, obtained by reflection and transmission 

holographic interferometry for a circular ho'e in a plate,have been 

analyzed in Chapters IV and VI. In both cases, the results were 

found to be consistent with the generalized plane stress analysis in 

the far-fie Id region, however, a three-dimensional analysis was neces­

sary to account for the observed fringe orders close to the hole 

boundary. These observations are in agreement with the assumption 

that is often made in the analysis of relatively thin plates sub­

jected to in-plane loading [27]. In these cases, the hypotheses of 

generalized plane stress are usually considered to be valid away from 

regions of stress concentrations (i.e., holes, notches, cracks, etc.); 

but in regions close to stress concentrations, the generalized plane 

stress hypotheses becomes more and more doubtful when the plate 

thickness increases. The validity of these hypotheses can be checked 

analytically only by comparison to the results of a complete three­

dimensional analysis. But such results are available only in a very 

limited number of cases. The technique developed in the present 

work provides a useful way for testing the generalized plane stress
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analysis experimentally. The criterion that is retained involves 

the average z-stress Satisfaction of this criterion, however,

will be seen to constitute only one necessary condition for the 

hypotheses of plane stress to be valid. The practical testing 

methods using this criterion will then be explained in the case of 

either transparent or reflecting materials. The circular hole data 

will finally be used to illustrate the application of these techni­

ques .

1. The Average z-Stress Criterion

As it has been stated previously, the basic assumptions for 

generalized plane stress analysis are that all the stresses involving 

the z coordinate (in the thickness direction) be zero, and that the 

in-plane stresses be constant through the thickness (i.e. , indepen­

dent of z) :

°z = T 
XZ " Tyz = 0 (VII-14)

ax = °x (x,y) (VII-15)

CTy = CT 
y

(x,y) (VII-16)

T 
xy

= T 
xy (x,y) (VII-17)

Among these six stress components, the holographic interferometry

technique is sensitive only to the three normal stresses a , a and 
x y

Og. The fringe orders in reflection and transmission are related to

the through-thickness average value of these stresses, equations
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VII-1 and VII-6. Although the fringe order depends on and ay, 

this dependence cannot be used to check the validity of equations 

VII-15 and VII-16, because a knowledge of and ô does not give

any information on the distribution of these stresses in the thick­

ness direction. The only useful information that can be obtained 

about the validity of equations VII-14 to VII-17 comes thus from o . 
z 

If ct = 0, in equation VII-14, then ÿ = 0. The condition ct = 0 is z z z

thus a necessary but not sufficient condition for the generalized 

plane stress hypotheses to be valid. The distance from the stress 

concentration, within which a three dimensional analysis is necessary 

is thus greater than or equal to the distance where 3% becomes zero. 

The practical ways to determine where this condition is satisfied is 

now going to be examined for the cases of transparent and nontrans­

parent materials.

2. Case of a Transparent Material

In the case of a transparent material, both the reflection 

and transmission techniques can be used, the specimen being painted 

for the reflection test. The procedure described in the last section, 

B, can be used directly to estimate ct , as was done for the circular 

hole problem (figure 1).

3. Case of a Nontransparent Material

The aforementioned direct procedure, however, cannot be used 

with a reflecting specimen, because the transmission fringe order is 

not available as no transmission test can be made with the sample. 

The quantity (N/N ) in equation VII-7 thus remains unknown, and ct oo t Z
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cannot be evaluated directly. However, it is still possible to make 

a transparent model of the actual specimen to run a transmission test.

It can be shown that

used for the present

the result of such a transmission test can be 

purpose, provided that the transparent specimen

is thin enough. The transmission fringe order equation (equation

VII-1) is recalled to be:

F >t
Z - a

o

H
F

% 

a

When a 
z

0, this equation becomes :

E - a
n " ’t

°=

Likewise, the reflection equation (VII-6), when = 0, becomes :

N
N oo

The condition a = 0 is thus z equivalent to the condition that the

C

normalized fringe orders in reflection and transmission be equal:

N
N
CO

r \
00

(VII-18)

The reflection and transmission tests are thus made and the fringe

orders are compared. As soon as the stress concentration is

approached closely enough for the fringe orders to be different, then

az is no longer zero for at least one of the samples. It then

remains to make sure that the departure from = 0, when approaching
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the stress concentration, occurs first in the reflection specimen. 

This can be achieved by making the transparent model much thinner 

than the actual specimen. In other words, the transmission fringe 

order for the thin model can then be considered to give the gener­

alized plane stress fringe order. This value is the same in reflec­

tion and transmission. Comparison with the reflection fringe order 

shows the point of departure from plane stress in the reflection 

sample. This method will be used in chapter VIII in the case of 

a cracked sample. The aforementioned method of direct evaluation 

of q z is now going to be illustrated by the circular hole example.

4. Application to the Circular Hole Problem

The possibility of using a zero-value test on ? was envi- 
z 

sioned in the beginning of this section as a possible method for 

determining the regions where the generalized plane stress analysis 

is valid. It was seen that a necessary condition for this validity 

is that âz be equal to zero. The practical ways of performing the 

test were discussed in the case of either a transparent or a non­

transparent material. The results that have been obtained for the 

circular hole problem can be readily used for an example of appli­

cation to a transparent material. The value of a /a has been 
Z OO 

determined experimentally along the x-axis, and are shown in figure 

31. This determination shows that is zero in the far field, for 

r/a > 2. A comparison of the fringe orders in reflection and trans­

mission gives the same result:
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for r/a > 2, as can be seen from figures 23 and 30. The same result 

is thus obtained from both testing procedures, either direct determi­

nation of oz> or comparison of the reflection and transmission fringe 

orders. This common result agrees with the Alblas three-dimensional 

analysis, whose results become identical to the generalized plane 

stress analysis at r/a > 2. The test for the zero-value of seems 

thus to give a good estimate of the regions of generalized plane 

stress, at least in the particular case that was studied. In this 

case, the condition that = 0 seems to be not only necessary, but 

also sufficient. In the next section, the generalized plane stress 

analysis will thus be assumed to be exact for r/a > 2. The results 

obtained from this assumption will be used for a more accurate evalu­

ation of , in order to define the stresses close to the hole more 

precisely. An estimate of the confidence interval on the displace­

ments and stresses will also be given.

D. Data Processing with Self-Calibration

In chapter IV (sections E and G), it was emphasized that the

expected relationship between (N/N ) and 
oo r

2 2
/r was a straight line

through the origin, with a slope of two. The linearity and slope

were observed to be fairly well satisfied. The zero value for the 

2 2
intercept at a /r =0 (that is, at r = «»), however, could not be 

verified independently, and had to be forced by the adjustment of an 

otherwise unknown constant (T) ) during data processing. Together with 

the intercept, the slope of the linear portion of the curve in the
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far-fieId region is now going to be forced to assume its theoretical 

value. The legitimacy of this procedure is supported by the identity 

of the results of both analyses in this region, and by the fairly 

good agreement of the experimental results with these two analyses. 

The very slight discrepancy between theories and experiment can thus 

be attributed to experimental errors. The largest of these is expec­

ted to be the systematic error on N°, introduced by the independent 

calibration or computation for . This systematic error can be 

reduced by determining N*  directly from the fringe pattern. The 

remaining error in the far-field region is then assumed to be only a 

random experimental error. The random experimental error on the 

fringe order in the linear (far field) part of the N/N*  versus a2/r2 

curve is also used, to determine a confidence interval on the slope 

of this linear part. This, in turn, provides the confidence interval 

on the new value of N . 
CO

This data processing procedure will be used to analyze both 

the reflection and transmission test results. The new values of N 
CO 

obtained by forcing the slopes will be used to reprocess the data 

presented in figures 23, 30 and 31. The confidence intervals on N 
09 

will also be used to determine the confidence intervals on the new 

experimental results, for fringe orders (figures 32 and 33) or 

stresses (figure 34). In the case of the reflection hologram, first, 

the aforementioned procedure gives the following results.

I• Self-Calibration for the Reflection Test

The numerical values plotted in figure 23 are reported in 

table 4. The points used to force the slope are the points beyond
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r/a = 2 along the x-axis (6 = 0,n). From table 4-a, the coordinates 

of these points are:

r/a

2.02 0.245 0.508

2.28 0.192 0.411

2.37 0.178 0.371

2.77 0.130 0.286

3.00 0.111 0.244

The best fitting straight line through these points has a slope of 

1.97, which is indeed fairly close to the slope 2.00 that is expected. 

The value of used in the original data processing of chapter IV 

is = 3.5. In order for the slope to be forced to assume its 

theoretical value of 2.00, N has to be readjusted to N ~ 3.45. 
00 00

The entire data processing procedure of chapter IV is then repeated 

with the new value of N , for the points along the x-axis. The new 

coordinates of the remote points are:

r/a a?/r2 (N/NJr

2.02 0.245 0.488

2.28 0.192 0.389

2.37 0.178 0.349

2.77 0.130 0.262

3.00 0.111 0.220
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The slope of the best fit straight line through these points is now 

1.995, and the 95% confidence interval on the slope is 0.15 (i.e., 

7.5% of the nominal value of the slope). This, in turn, gives a 95% 

confidence interval on N° of approximately 0.25. The self-calibration 

procedure therefore gives:

%» - 3.45 ± 0.25 (VII-19)

The results obtained with this nominal value and confidence interval 

on Næ are plotted in figure 32.

2. Self-Calibration for the Transmission Test

The slope forcing procedure for the transmission test is 

roughly similar to the reflection one. In the far field (r/a > 2), 

the fringe orders are given by the five last values presented in 

table 6:

r/a a2/r2 1 N |

2.02 0.245 2.90

2.28 0.192 2.29

2.37 0.178 2.15

2.77 0.130 1.56

3.00 0.111 1.31

The resulting slope with a 95 percent confidence interval is :

AN 
2 

A(^) 
r

- 11.84 ± 0.49
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The slope of the normalized fringe order is forced to be:

û(^)

2
)

2.00

This condition requires that:

N
CO

5.92 ± 0.25 (VII-20)

The results of figure 30 are thus processed again with this value of 

Nœ, and plotted in figure 33, along with the two- and three-dimen­

sional analytical results. The new reflection and transmission data 

with slope forcing can now be compared for the determination of c . 
z 

3• Comparison of Reflection and Transmission Data

The comparison of the fringe orders to determine is 

exactly the same as described in chapter VII.B.3. Equation VII-9 is 

used again:

- 0-61 [ (£-)t - (^-) ] 

00 00

The only change that is introduced is in the numerical values of the 

fringe order. These results can be expected to be more accurate, 

assuming that the far-field analytical solutions are exact. The new 

results obtained by this method are shown in figure 34, with their 

confidence interval. The analytical results are also plotted on this 

graph.
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4. Conclusions

From figure 34, it is seen that the results of the Alblas 

analysis are clearly within the 95% confidence interval for the 

experimental result, whereas the generalized plane stress result is 

not within that interval in the near field. This provides more 

evidence for the failure of the generalized plane stress analysis 

to predict the stresses close to the hole. As far as the three­

dimensional analysis is concerned, its results are fairly close to 

the measured ones. Considering the uncertainty on the experimental 

measurements, the agreement can be considered to be quite good. 

Within their accuracy, the set of data that were obtained can thus 

be considered to be quite consistent with the Alblas analysis.
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CHAPTER VIII. APPLICATION OF HOLOGRAPHIC INTERFEROMETRY

TO FRACTURE MECHANICS

A. Introduction

A new technique of stress analysis by holographic interfer­

ometry has been developed in this work, and an example of its use 

has been given in the case of a circular hole in a plate. This 

example was chosen because of the availability of complete two- and 

three-dimensional solutions that were used for comparison with the 

experimental results. The good agreement between the experimental 

and analytical results demonstrates the reliability of the techni­

que. However, other experimental stress analysis methods could 

indeed have been used for the same problem. Among the most straight­

forward possibilities, strain gages can provide useful informations. 

Photoelasticity can also be used ; the "stress freezing" technique 

has long been proven to be a valuable tool for the study of three­

dimensional stress distributions. In some problems, however, the 

experimental requirements are so severe that the conventional techni­

ques can give only very doubtful results, if any. The analysis of 

stresses around crack is most typical in this regard, because of the 

very high strain gradients that are involved. It would thus be parti­

cularly interesting to investigate possible applications of hologra­

phic interferometry to problems in fracture mechanics. This is the 

purpose of the present chapter.
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Before fracture mechanics applications are investigated, a 

brief comparison between holographic interferometry and other tech­

niques will be presented. Then,special questions in the stress 

analysis of crack will be reviewed. It will be seen which ones of 

these questions can or cannot be possibly answered by holographic 

interferometry. Among the results that can be obtained are the dis­

tribution of the out-of-plane surface displacements, and the minimum 

extent of the region where a plane stress analysis is not sufficient. 

The experimental results that were obtained for these problems will 

be presented.

B. Comparison of Holographic Interferometry with Other Techniques 

Among the available methods of experimental stress analysis, 

strain gages and photoelasticity are the most commonly used. It is 

apparent at once that because of their physical size, strain gages 

are inadequate in regions of high strain gradient. Photoelasticity, 

on the other hand, is indeed much more interesting. Furthermore, 

its feature of producing fringe patterns, as in interferometry, 

invites a comparison of these two techniques. The comparison will 

be particularly aimed at the nature of the measurements that can be 

made, the materials requirements, and the sensitivity of both 

methods.

The nature of the measurements, first of all, is quite dif­

ferent. It has been seen that the basic output of reflection holo­

graphic interferometry is a surface displacement. Emphasis has been 
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placed on the out-of-plane component in the present work, however, 

in-plane components can be measured as well [9,10,11]. In trans­

mission, holographic interferometry provides a means for measuring 

a linear combination of the average stresses through the thickness. 

This combination turns out to be the sum of the principal stresses 

when the conditions of generalized plane stress are satisfied. The 

use of the reflection and transmission techniques in combination 

allows one to determine the average values (through-the-thickness) 

of the normal stress (a^), and of the sum of the three principal 

stresses. Photoelasticity, on the other hand, gives basically the 

difference of the principal stresses and their directions. One of 

its great advantages is its ability to provide measurements within 

the thickness of a specimen, by the use of the "stress-freezing" 

technique, whereas holographic interferometry can provide only sur­

face, or through-the-thickness average measurements. However, photo­

elasticity places a severe restriction on the mechanical properties 

of the material.

These restrictions on the materials for photoelastic tests 

are commanded by the requirement that the material must indeed have 

a proper stress-optical behavior. A model of the piece to be tested 

has thus to be made from a photoelastic material. This procedure can 

sometimes be a serious handicap, when the mechanical or geometric 

properties of the model cannot match those of the actual piece 

properly. A mechanical mismatch is especially likely when the 

Poisson's ratios of the piece and the model are different, which can 

94



alter the stress distribution. This restriction is particularly 

drastic when the stress freezing technique is used, because the 

Poisson's ratio of photoelastic materials at their critical tempera­

ture is usually very close to 0.5. Mechanical problems arise also 

when local yielding occurs, in regions of high stress concentrations. 

Besides these mechanical problems, geometric difficulties can also 

be raised. Besides the uncertainties inherent to any modeling, some 

features of the actual piece can be difficult or impossible to repro­

duce. This is especially true when cracks are involved. It is very 

difficult to produce a sharp crack in most photoelastic materials, 

and relatively blunt notches have to be machined instead. Even more 

specific features of a crack, such as its tunneling, are practicably 

impossible to reproduce. Although some interesting results can 

indeed be obtained in fracture mechanics by photoelastic methods [28], 

these results remain subjected to the aforementioned restrictions.

A considerable advantage of holographic interferometry is that 

it is free of these restrictions, at least as far as the reflection 

technique is concerned. The tests can be performed directly on the 

pieces of interest, which removes all the problems arising from 

modeling. This feature is indeed of great interest when the crack 

behavior is expected to depend on features that cannot be reproduced 

on a model, such as the nature of the material or some details of 

the crack geometry. Holographic interferometry can then provide some 

information that could not be obtained from photoelasticity. Another 

advantage of holographic interferometry also comes from its sensiti­

vity, which will now be compared to the sensitivity of photoelasticity.
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The sensitivities of both techniques can be compared from two 

view points. The first one is the number of fringes that are obtained 

at a given stress level. The second one is the distribution of these 

fringes in the regions of interest, which is related to the ease of 

data processing in these regions. The sensitivity in terms of fringe 

numbers can be defined as the number of fringes per unit stress , for a 

unit thickness of the material. This quantity will thus be expressed 

in fringe -in/lb (fringe -m/N). The greater that number, the more 

fringes are produced. The sensitivity of photoelastic materials is 

typically of the order of magnitude of 0.01 fringe - in/lb (0.1 fringe 

- m/N). For holographic interferometry in transmission with PMMA, 

it was seen to be 0.034 fringe - in/lb (0.30 fringe - m/N). In 

reflection, it is close to 0.01 fringe - in/lb (0.1 fringe - m/N) for 

PMMA and of the order of 0.001 fringe - in/lb (0.01 fringe - m/N) for 

aluminum. These figures show that the sensitivities for the two 

techniques have the same order of magnitude for PMMA and photoelastic 

materials. The absolute sensitivity is lower in aluminum, but this 

lower value is compensated by the higher stress levels that are 

applied on metal specimens. Both techniques thus can be expected to 

perform about equally for the number of fringes that are produced. 

However, the distribution of the fringes is quite different from one 

method to the other. In first approximation, the holographic inter­

ferometry fringes, or isopachs, are lines of constant sum of the 

principal stresses. The photoelastic fringes, or isochromatics, are 

lines of constant difference of these stresses. This property of
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the photoelastic fringes is rather unfortunate in the study of crack 

problems. A most interesting region to study in these problems is 

around the direction where the crack is most likely to propagate. 

But the principal stresses usually turn out to be almost equal in 

that direction. Since the fringe orders in photoelasticity are pro­

portional to the difference of principal stresses, very few fringes 

are usually produced in the direction of crack propagation. In 

mode I type of loading [28] in particular, no fringes at all are pro­

duced on the line of expected crack extension. Just the opposite 

happens in holographic interferometry. In mode l loading, the 

directional gradient of the fringe order at a given distance away 

from the crack tip turns out to be maximum in the direction of 

expected crack propagation.

Summarizing the comparison of photoelasticity and holographic 

interferometry, it thus appears that those methods are complementary. 

Holography has the shortcoming of providing only thickness-averaged 

quantities, whereas stress-freezing photoelasticity has the ability 

to yield measurements inside the specimen. But this ability cannot 

be utilized without a severe restriction being imposed on the type 

of material to be used for modeling. The sensitivities of both 

techniques are of the same order of magnitude. But the fringe distribu­

tion is different in the two techniques: photoelasticity is better suited 

to measure shear stresses, whereas holography is most sensitive to tensile 

stresses. Together with the information expected from the experi­

ment, these characteristics of both methods have to be taken into
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account in the choice of the technique to be used. It appears, 

however, that holographic interferometry has the potential of provi­

ding some measurements in fracture mechanics that could not be made 

by other methods. Before examples of applications are given, how­

ever, it is suitable to review briefly some relevant parts of the 

background for the analytical study of crack problems.

C. Analytical Solutions of Crack Problems

The tests that were performed in the case of a plate with a 

circular hole provided a useful way to evaluate the validity and the 

accuracy of measurements made by holographic interferometry. The 

available results from two- and three-dimensional analyses gave a 

useful basis for comparison with experimental results. The situation 

is quite different in fracture mechanics problems, because of the 

lack of adequate analytical solutions. The solutions that are avai­

lable are basically of three types, two-dimensional analyses, using 

either plane strain or generalized plane stress hypotheses, and some 

three-dimensional (plane stress) analyses. Unfortunately, it turns 

out that all of the aforementioned analyses fail to give a useful 

prediction of the quantity measured by reflection holographic inter­

ferometry; that is, basically a whole field measurement of the out- 

of-plane surface displacement. The reasons why the analytical methods 

fail to provide this quantity will be examined for each analysis 

separately.
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The plane strain, two"dimensional analysis, first of all, is 

obviously not suitable for the present purpose. Its basic assump­

tion is that the strain in the thickness direction is zero. If it 

would hold rigorously, this would in turn give a zero normal surface 

displacement over the whole field, and no fringes at all would be 

observed. The fringes that are actually observed reveal some depar­

ture from the plane strain condition. This departure may originate 

only in a thin surface layer close to the crack tip. But it probably 

also extends into the thickness of the specimen when the distance 

from the crack tip increases.

The stress and displacements analysis can also be made by 

using the hypotheses of generalized plane stress. This assumption 

is usually considered to be quite valid for thin specimens, at a 

sufficient distance from the crack tip. But it is unrealistic 

close to the crack tip, where the actual conditions are close to 

plane strain. The plane stress analysis thus cannot give a whole 

field solution. Furthermore, no theoretical criterion is available 

to determine the distance from the crack tip where the plane stress 

analysis can become acceptable. Finally, even with the generalized 

plane stress hypothesis, the analytical solution is still quite com­

plicated and exact solutions are available only for very few geome­

tric configurations.

Between the generalized plane stress region away from the 

crack tip, and the near-tip region of nearly plane strain, no two­

dimensional analysis can be used. A three-dimensional approach would 
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then be necessary, but no analysis of this type has yet been made in 

this region. The only three-dimensional analyses available still 

assume the strain in the thickness direction to be zero [29], and 

are applicable only in the very near-tip region, as is the two­

dimensional plane strain analysis. The difference between the 

analyses is that the stresses are assumed to be constant through the 

thickness in the two-dimensional plane strain analysis, whereas they 

are functions of the thickness coordinate in the three-dimensional 

analysis. In either case, however, the out-of-plane surface dis­

placement would be expected to be zero, from the basic hypothese 

used in the analysis. Small displacements that could however be 

induced in a thin surface layer are physically expected, but not pre­

dicted quantitatively from the analysis.

From this brief overview of the analytical solutions of crack 

problems, it thus appears that the analyses, whether two- or three­

dimensional, that assume a state of plane strain, cannot be used to 

predict out-of-plane surface displacements. They would necessarily 

predict a zero surface displacement, except for the unpredictable 

influence of a thin "boundary layer". Furthermore, these analyses 

are restricted to a very small near-tip region. The generalized 

plane stress solution, on the other hand, can be used throughout the 

far field for relatively thin plates. But generalized plane stress 

solutions are available only for a limited number of geometric con­

figurations. Furthermore, these solutions fail to be valid when the 

crack tip is approached, and their range of validity is not defined.
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A generalized plane stress solution is valid "far" from the crack 

tip, but one does not know how far. This information could be 

obtained by comparison to a complete three-dimensional analysis. But 

no complete solution is available that would give the three-dimen­

sional stress distribution at any distance from the crack tip. The 

holographic interferometry technique seems quite suitable to obtain 

some experimental informations about this problem, that could be 

used in further developments of analytical solution. An example of 

the type of results that can be obtained will be presented in the 

next section.

D. Experimental Results

The fracture mechanics application that was made involved a 

single-edge cracked aluminum sample. Two sets of informations were 

to be obtained from this specimen. The first goal was to determine 

the out-of-plane surface displacement along the expected line for 

crack extension. The second one was to estimate the distance from 

the crack tip where the generalized plane stress analysis becomes 

valid. For this second step, a transparent PMMA model of the alumi­

num sample had to be made and tested. The procedures and results of 

the reflection test will be presented first. These results provide 

the surface displacements. The results of the transmission test will 

be presented next and will be compared to those from the reflection 

test. According to the procedure described in chapter VII.C, the 

results from the two tests will be used to estimate the extent of the 
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three-dimensional effect from the crack tip along the line of crack 

extension.

1. The Reflection Test

The geometry of the specimen used for the reflection test is 

represented in figure 35. The material is a 7O75-T6 aluminum alloy, 

the mechanical properties of which are reported in table 1. Interfero­

grams were made at several different loads, and the results were again 

normalized with respect to the fringe order at infinity. The expres­

sion for this fringe order is the same as for the circular hole pro­

blem, equation IV-21:

N = ——— 
CO 2b x E 

where P is the applied load variation, and b is the half-width of the 

specimen. From the data of table 1 and of figure 35:

N
— = 0.823 * 10 3 fringe/lb. - 0.185 x 10 fringe/N.

The normalized fringe order in reflection is thus :

________ N________
P x 0.823 x io"3

N
= | x 1214

Interferograms were recorded for various values of the load P. An 

example of these interferograms is given in figure 36. For every 

value of P, the fringe order was normalized according to equation

VIII-2, and plotted versus the distance to the crack tip (figure 37).

The distance r was normalized with respect to the crack length a. 

Most of the corrections introduced for the circular hole were not
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necessary in the crack problem, because the region of interest is

very small and close to the optical axis. The terms and T) given

in equations IV-10 and IV-11 are thus negligibly small. The only 

correction that was made was for the uniform shift 1] of the fringes. 

The fringe order is known again only within an unknown additive con­

stant. The sets of data points obtained for each load were thus 

shifted vertically in figure 37, so that all these sets might fit a 

single smooth curve as well as possible. Figure 37 thus gives the 

profile of the out-of-plane surface displacement along the crack line 

extension. The absolute displacement is given only within an unknown 

additive constant. This displacement is normalized with respect to 

its value "at infinity", that would be induced by the applied stress 

at infinity in conditions of generalized plane stress.

2. The Transmission Test

The geometry of the PMMA model used for the transmission test

is represented in figure 35. The crack length-to-width ratio was 

chosen to be the same as that of the aluminum sample, but the thick­

ness -to-wid th ratio is smaller for the PMMA model (h/2b = 0.10 versus 

h/2b = 0.17) than for the aluminum specimen. The PMMA that was used 

is the same as that for the circular hole. Its mechanical properties 

are given in table 1. One interferogram was made which is shown in 

figure 38. The fringe order was normalized with respect to its value 

at infinity given by equation V-9:

N = Fho 
00 00

(VIII-3)
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where

°» “ 2bh

Equation VIII-3, thus gives:

1 " 2b

Numerically, F = -0.034

2b = 1.00

Therefore, 

N 
— = -0.034 fringe/lb.

The interferogram was made with a load variation P = -22 lbs, which 

gives N*=  0.748 fringe. The resulting normalized fringe orders are 

plotted in figure 39, versus the normalized distance r/a. This graph 

can now be used for comparison to the results of the reflection test, 

given in figure 37.

3. Comparison of Reflection and Transmission Results

The normalized fringe orders on figures 37 and 39 can now be 

compared, according to the procedure described in chapter VII.C.3. 

Following that procedure, the normalized reflection and transmission 

fringe orders whould be equal in the remote field and are expected to 

deviate from one another close to the crack tip. In the comparison 

of the two fringe orders, however, it must be remembered that both 

of them are known within an additive constant. The two curves can 

thus be legitimately shifted with respect to one another. If the 
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argument about the equality of the fringe orders away from the crack 

tip is correct and assuming that the behavior of the material is 

lineraly elastic, then both curves should fit closely for a certain 

amount of vertical shift. It is seen that this actually happens, as 

shown in figure 40, where the experimental point of figure 37 and 

the smooth curve of figure 39 are shown simultaneously. As expected 

also, it is seen that the fringe orders depart considerably from one 

another close to the crack tip. It is noteworthy that whereas a 

proper fit can be obtained in the far field, it would not be possible 

to determine any vertical shift of the curves that would make them 

overlap in the near field. The point where the reflection fringe 

order departs from the transmission one is seen to be located at 

about ten percent of the crack length. It can thus be estimated that 

within that distance from the crack length, the normal stress a 

assumes a significant value compared to the other stresses. Beyond 

ten percent of the crack length, this stress, or at least its aver­

age value through the thickness, becomes practically negligible. It 

is not known for sure that the condition of generalized plane stress 

are satisfied beyond this distance. But it can be concluded that 

these conditions are certainly not satisfied at distances closer 

than ten percent of the crack length.

It should be noted, however, that the aforementioned results 

were obtained for relatively low loads. The experimental results of 

figure 37 were obtained at loads ranging from twenty to thirty percent 

of the expected failure load. At such low loads, the overall response 

105



of the specimen (load versus displacement between grips) can be consi­

dered to be lineraly elastic. When the failure load is approached, 

however, the load versus displacement curve may become non-linear 

for some materials. When such a non-linearity occurs, its charac­

teristics depend on the material that is used. Then the experimental 

curves obtained with various materials might be quite different in 

the region close to the crack tip.
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CHAPTER IX. CONCLUSIONS AND SUGGESTIONS FOR FURTHER RESEARCH

A. Conclus ions

The possibility of using holographic interferometry for 

stress analysis has been known and developed for a number of years. 

The technique was soon recognized to have the theoretical possibility 

for measuring a number of quantities. For the analysis of plates 

with in-plane loading, these quantities are the three components of 

surface displacements for reflecting specimens and a compound quan­

tity involving the change in thickness and the average z-stress for 

transparent specimens. The transmission technique was developed 

first, because it is the easier one to work out experimentally. The 

theoretical possibility of measuring in-plane displacement components 

on reflecting specimens was demonstrated next, starting with very 

thin or soft samples, in order to alleviate problems from rigid body 

displacements [9]. The range of applicability of the technique was 

then extended to thicker and stiffer specimens. The use of multiple 

hologram techniques and computer data processing allowed one to 

average out the unwanted rigid body displacement components. Although 

good results could be obtained by this method for the in-plane dis­

placement components, a considerable amount of data processing was 

involved and satisfactory results could not be obtained for the out- 

of-plane displacement component. The fringe compensation technique 

developed in the present work makes it possible to measure this out- 

of-plane displacement, thus making one of the earliest recognized 

potentialities of the technique practicable.
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Experimental measurements of the normal surface displacement 

being made possible, a further investigation was made to get as much 

information as possible from this quantity, by relating it to other 

available data. An interesting result of this investigation was the 

demonstration of the possibility to evaluate the average z-stress 

through the thickness of specimens close to stress concentrations 

in plates. This average z-stress can be evaluated explicitly for 

transparent samples. In the case of metallic samples, it is possible 

at least to detect the existence of such z-stresses, thereby locating 

regions where the generalized plane stress conditions fail to be 

valid.

The aforementioned techniques were applied to the experimen­

tal analysis of stresses around a circular hole in a plate in uniaxial 

tension. The experimental results were compared to those of the 

generalized plane stress analysis and to the three-dimensional analy­

sis made by Alblas. These two analyses give identical results in 

the far-fieId region (r/a > 2). But they are significantly different 

close to the hole boundary. In the tests that were made, three quan­

tities were evaluated experimentally. The out-of-plane surface 

displacement was obtained from a reflection test. A linear combina­

tion of the stresses was evaluated by a transmission test. Finally, 

the average z-stress was evaluated by comparing the results of the 

reflection and transmission tests. These three measurements were 

found to be in good agreement with both theories in the far-field 

region (where the theories agree). In the near-fie Id region, the
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experimental results departed consistently from the generalized plane 

stress analysis; but they were always in good agreement with the 

three-dimensional analysis. The small amount of discrepancy 

that was observed can be attributed to experimental errors. The 

three-dimensional analysis is thus quite satisfactory to account for 

the experimental results. The two-dimensional analysis, on the other 

hand, though satisfactory in the far-field region, clearly fails to 

be consistent with the measured stresses and displacements close to 

the hole.

Possible applications of similar techniques to some problems 

in fracture mechanics were finally examined, Holographic interfero­

metry appears to be a particularly suitable tool in this field. Its 

high resolution is interesting in regions of stress concentration. 

Furthermore, it can give results with specimen made from any material. 

As an example of application, the surface displacement was measured 

along the line of crack extension in an aluminum single-edge cracked 

specimen. The result of this reflection test was compared to a 

transmission test performed with a thin PMMA model of the aluminum 

specimen. Comparison of these results provided an estimate of the 

minimum extent of the region where a three-dimensional analysis would 

be required to account for the observed results close to the crack 

tip.

B. Suggestions for Further Research

The results that were obtained in this work suggest a number 

of other possible investigations of interest in three different
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directions: (I) further improvements of holographic interferometry, 

(2) development of more refined stress analysis techniques, and 

(3) application of the technique already developed in its present 

form to new problems. As far as the holographic technique is con­

cerned , the fringe compensation technique might possibly be used in 

the determination of in-plane components of the displacements also. 

Although some other methods are already available for this purpose, 

a fringe compensation procedure would probably reduce considerably 

the amount of data processing that is presently required.

When it comes to applications of these methods to stress 

analysis of plates, various further improvements are also expected 

to be possible. A combination of the technique in its present state 

with photoelasticity would seem to be of particular interest. Reflec­

tion and transmission holography were shown to provide two indepen­

dent equations for the average value of the normal stresses. Two­

dimensional photoelasticity is known to give a third equation 

relating the in-plane stresses. Transmission holography has already 

been used extensively as a method of "separation of the stresses" in 

connection with photoelasticity. In a plane stress analysis, trans­

mission holography gives the sum of the principal stresses, and 

photoelasticity gives their difference, thus making it possible to 

know both principal stresses separately. The introduction of a third 

equation from reflection holography should not only give the average 

third normal stress in the z-direction, but also make it possible 

to determine the average x- and y-stresses, taking into account the 

departure from generalized plane stress.

110 -



Without any further improvement, the technique in its pre­

sent form could be applied to a great variety of other problem, espe­

cially in fracture mechanics. The problem of three-dimensional dis­

tribution of stresses associated with cracks is still under investi­

gation and no completely satisfactory solution is known. An experi­

mental investigation of the effect of the plate thickness on the 

average z-stress distribution would be of great interest for the 

further development of analytical solutions. The techniques that 

were developed in this work would probably be very well suited for 

the solution of this problem. The few results that are presented in 

relation to fracture mechanics problems suggest that the holographic 

interferometry technique has interesting potential applications in 

this area.
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Table 2. Correction Factors for Radial Displacement Along the 

x- and y-Axes, for the Circular Hole in Reflection
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Table 3. Correction Factors for Radial Displacements

Around the Quarter-Circle r » a 

for the Circular Hole in Reflection

e rfc(6) «

0 -3.330 0.029

10 -2.968 0.026

20 -1.926 0.017

30 -0.330 0.003

40 1.628 -0.014

50 3.712 -0.033

60 5.670 -0.050

70 7.266 -0.064

80 8.308 -0.074

90 8.670 -0.077

114



T
ab

le
 4-

a.
 Res

ul
ts

 for
 th

e C
ir

cu
la

r H
ol

e in
 R

ef
le

ct
io

n,
 alo

ng
 th

e

=J

k
N

 'r 00

1.
35

0

1.
21

2

1.
07

4

0.
93

5

0.
79

8

0.
66

0

0.
52

6

0.
39

6

0.
27

1

m |s, Os o cn m sO

CM Z8
m

m
n- â o 

Os
\D cn 

sO
o 
m cn

* • • A A A A A A
H ft fl o o o o o

00 m 00 CM CM CM sO
ul CM CM CM m cn •d- tn sOE z8- o o o o o o O o o

n o o o o o o o o o

CD
cO <r CM ^4 Os Os OS o

m Os m fx» CM 00 -d- »-4
• * z8 CM 1-4 o 00 m cn

o z fl fl fl ft o o o o o

V
f— <r 00 CM fx cn o sO

X m m n xt- m vO f*x 00
o in o in o O m o

z m <r co co CM CM i-4 r-4

<r 00 CM fX cn o r-4 MD
m CO CO •d- ■d- in KO |X 00
o o o O O O O o o

• A A A A A A A A
o o o o o O o o o

fl fl m KO CM en 00 fx»

Pl «0 o H CM m in n- os CM Fx

r4 i-4 1-4 1-4 ft CM CM

Ei CO CO CM CM CM CM cn sO Os
n OS m f*x cn Os in CM

8 n r—< o Os fx» sO cn CMz ♦ A A A A A A A A
fl f-4 o o o o o O

00 00 fx fx fx» fx» 00 r-4 -d
co O' m f^X cn Os \O m

43 Z8 CM fi O oo fx» m cn
• A A • A A A A A

fl ft r4 ft o o o o o

Os CM in Os 00 -d cn m
CM CM CM n cn m fx.

o z8 o o O o o o O o o
A * A A A A A A A

H o o O O o o o o o

CD
Os k O CM oo m Os -d 00 Os

fx m oo cr- m o in
• * Z8 <r CM r-4 Os co sO in CM

o z fl fl ft o o o o o O

A
00 m ft k O m 00 fx fx»

X KO xD KO in m cn CM o
Os Os Os •d os Os

2 <r n on CM CM 1—4 fl O

CM m Os os m CM cn m
on co M m sO fx» OS
o o O o o o o o o

! * • A A A A A A A
o o O o o o O o o

1 1 1 1 1 1 1 1 1

CO cn m 00 00 CM fx_ o
m | co o r4 CM in Fx o cn o

p-4 1-4 H fl ^4 t-4 CM CM cn

o m o in o tn o m CD
• • A A • A A A A

z U*l CO m CM CM r-4 1—4

115



GO 
?

 

><u3
 

co 
<u 
od

1.317

1.191

CO 
s

0.915

0.785

0.662

0 .550

0.454

2
lx

'
1

z-s 
CMz

K
8

1.212

1.076

Mt 
O'o

o
 

co 
o

0 .680

0.557

i 0.445

0.349

3n/2
X

»

i

0 .056

0.061

o
o
 

M
D
 

OO

o
 

o

0.088

0.105

0.131

0.172

MCD
z

8 
Z

1.156

1.015

COooCD

0.733

0.592

0.452

0.314

0.177

y < 0

-N (1 >

4.047

3.552

In 
oco

2.564

2.072

1.584

1.099

0.620

-0 .0 4 7

-0 .0 5 2

in 
oo
 1

5
 

oo
 1

-0 .0 7 2

3
 

oo
 1

-0 .0 9 9

-0 .1 2 0

M
l cd

1.04

1.15

CM

1.42

1 .60
1 1 .86

2.21

2 .67

00

1.290

1.153

CM 
O

co 
coo

0 .744

0 .6 2 0

0.498

0.401
CM%

z
8

1.185

1.048

i—
4 

a
\

o

0 .776

0.639

m
 

in 
o

0.393

0.296  
|_______

CM tN

X
»

1

0 .056

0.063

o
 

o

co 
oo

0 .091

0.111

0.137

0 .190

CDO

z-sz
z

8
1

1.129

0.985

o
 

c
o
 

o

0.695

0 .550

0.404

0 .256

0 .106

y >

(I)

5 1

3.952

3.447

C
T
'

CM

2.433

1.926

1.412

0.897

0.371

_
U

0.048

0.053

a
s
 
m
 

o
 

d

0.067

oo

0.088

0.104

0.129

M
l CO

1.06

1.18

CM 
cn

1.48

1.65

1.95

2 .3 0

2 .8 6
(or

s

4 .0

3 .5

ocn

2 .5

2 .0

1.5

1 .0

0 .5

116



Table 5. Results Around the Quarter-Circle - = a

for the Circular Hole in Reflection

N<°) e
(degrees ) Nco

&

N
Co

p°l=
8 

1

00

3.0 13 0.028 3.028 0.865 0.023 -0.105 0.783

2.5 21 0.018 2.518 0.719 0.015 -0.105 0.629

2.0 28 0.009 2.009 0.574 0.016 -0.105 0.475

1.5 34 0.001 1.501 0.429 -0.095 -0.105 0.320

1.0 39 -O.OOu 0.904 0.284 -0.013 -0.105 0.166

0.5 44 -0.013 0.407 0.139 -0.012 -0.105 0.011

0.0 49 -0.019 -0.019 -0.006 -0.031 •0.105 -0.142

-0.5 54 -0.026 -0.526 -0.150 -0.041 0.105 -0.296

-1.0 59 -0.029 -1.029 -0.294 -0.048 -0.105 -0.447

-1.5 65 -0.035 -1.535 -0.439 -0.057 -0.105 -0.601

-2.0 72 -0.047 -2.047 -0.585 -0.066 -0.105 -0.756

-2.5 81 -0.059 -2.559 -0.731 -0.074 -0.105 -0.910
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Table 6. Results along the Axes for the Circular Hole 

in Transmission, Using the Calibration Test 

(N* = 5.95) and the Self-Calibration (Nœ = 5.92)

r 
a

1 N | 
average N = 5.95 CD N =5.92CD

1.01 10.20 1.714 1.723

1.03 9.80 1.647 1.655

1.04 9.66 1.624

1.06 9.47 1.592

1.11 8.64 1.452 1.460

1.13 8.41 1.413 1.421

1.15 8.10 1.361

1.18 7.78 1.308

1.23 7.18 1.207 1.213

1.25 6.88 1.156 1.162

1.27 6.65 1.118

1.32 6.22 1.045

1.36 5.93 0.997 1.002

1.41 5.55 0.933 0.938

1.52 4.84 0.813 0.818

1.58 4.53 0.761 0.765

1.70 3.96 0.666 0.669

1.78 3.62 0.608 0.612

1.93 3.06 0.514 0.517

2.02 2.90 0.487 0.490

2.28 2.29 0.385 0.387

2.37 2.15 0.361 0.263

2.77 1.56 0.262 0.264

3.00 1.31 0.220 0.221
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Figure 1. B asic  S e t t in g  fo r  a R e f le c t io n  Hologram
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Source

Figure 2. Diffraction of Light from a Source S to a Point P, 
Through an Aperture (A)

Figure 3. Diffraction of a Collimated Beam Through a Circular 
Aperture
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Figure 4. Distribution of the Intensity of Light Diffracted 
Through a Circular Aperture
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Figure 5. Relation Between the Airy Disk and the Apparent 
Angular Radius of the Source
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Figure 6. Phase Distribution of the Light Reflected by a 
Diffusing Object

Figure 7. Homologous Rays and Fringe Localization
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Figure 8. Geometric Construction of Homologous Rays

Figure 9. Determination of the Path Difference in the Fringe
Formation
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Figure 10. Two Steps from the Initial State to the Final State: 
Rigid Body Displacement, Followed by Straining
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Figure 11. Sketch of the Complete Interferometer
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Figure 12. Photograph of the Set-Up for Reflection Holographic
Interferometry
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Figure 13. Initial Geometry of the System
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Figure 14. Rotation of the Object Without Straining
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Figure 15. Path Difference for Rotation Without Straining
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Figure 16. Modified Geometry of the System after Compensation for 
Rigid-Body Rotation
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Figure 17. Modified Geometry for Combined Strain and Displacement
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by the Arrow); Magnification X5.6.

1 52



Figure 18.b Reflection Holographic Interferogram Close to the Tip 
of a Notch in a Plate under Tension (Loading Axis is 
indicated by the Arrow) ; Magnification X6.75.
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a (Radius)

Thickness h

Figure 19. Geometry of the PMMA. Plate

_____ TABLE OF DIMENSIONS

Dimensions, in. Dimensions, mm

Nominal Tolerance Nominal Tolerance

a 0.125 0.002 3.18 0.05

b|,b2 1.000 0.005 25.4 0.1 3

c 2.38 0.01 60.3 0.25
h 0.25 OOI 6.37 0.25
N 6.00 152.4

b.=: b2 ± 0.001 in. ( ±0.03 mm )
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Figure 20. Distribution of the Average z-Stress in Terms of the 
Distance (after Alblas, reference [25])
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Figure 21.a Fringe Order Distribution along the Semi-Axes (x > 0, 
y > 0), as Obtained from the Interferogram
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Figure 21.b Fringe Order Distribution along the Semi-Axes (x < 0,
y < 0), as Obtained from the Interferogram
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Figure 23. Normalized Reflection Fringe Order Distribution Along
the Axes after all Corrections
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Figure 24. Normalized Reflection Fringe Order Distribution Around
the Quarter Circle r = a /"T ; 0 < Q < n/2
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Figure 26. Geometry of a Transmission Holographic Interferometer
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Figure 27. Photograph of the Transmission Holographic Interferometer
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Figure 28. Transmission Holographic Interferogram for a PMMA Plate 
with a Central Hole under Tension; Magnification X6.4.
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along the Axes

146



r/o

-0.05-

0.2<

0.25

0.05

0

□

A

0.2 0.4 0.6

o

2

0.8

o

.0

2-D Theory

3- D Theory 

Experiment, 9-0 

Experiment, 8 = ”72 

Experiment, 8= ir 

Experiment, 9= 3*72

A 
□  .

ôx x ox

00 3.0 2 0 18 1.6 14

□

co
0.

Figure 31. Distribution of the Average z-Stress along the Axes 
in Terms of the Distance

.0

- 147 -



r/a

Figure 32. Normalized Reflection Fringe Order Distribution with 
Self-Calibration
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Figure 35. Geometry of the Cracked Specimens (Aluminum and PMMA)

TABLE OF DIMENSIONS

Dimensions, in. Dimensions, mm

Nominal Tolerance Nominal Tolerance

a
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m
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bhb2 
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bi = be * 0.001 in.
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Figure 36. Reflection Holographic Interferogram for a Cracked 
Aluminum Plate under Tension; Magnification X6.25.

152



12

8 

N\ 

Nodv

O P = 480lbs (2I40N) 

x P = 570 lbs (2540N) 

v P = 650 lbs (2890N) 

O P = 710 lbs(3l60N)

_____ । L 
0_____________ 0.1

r/a
0.3

_L_ 
0 2

Figure 37. Normalized Reflection Fringe Order Distribution along 
the Crack Line Extension
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Figure 38. Transmission Holographic Interferogram of a Cracked 
PMMA Plate under Tension; Magnification X38.
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Figure 39. Normalized Transmission Fringe Order Distribution 
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APPENDIX I. ANALYTICAL RESULTS AROUND A CIRCULAR HOLE IN A PLATE

The purpose of this appendix is to derive the equations 

giving the normalized out-of-plane surface displacement (Wæ-W)/^ 

(equation TV-3) around a circular hole is a plate under tens ion. 

The derivation is made using two different analyses. The first one 

uses the hypotheses of generalized plane stress. The second is the 

three-dimensional analysis made by Alblas [25].

A. Results of the Generalized Plane Stress Analysis

For the set of coordinates shown in figure 19, the stresses 

computed from the two-dimensional analysis are :

a = T = t = 0 (basic assumption) 
z xz yz

o 2 a , 2 q 4
a = (l - -—•(!- ~y~ + —y ) cos 2 6

r r r

aQ = -y- (1 + ^2 ) + -p (1 + ) cos 2 e

The normal surface displacement w(y) is referred to as W:

w(y) = W = - yy (a + z zd r o

2
W = - yy a [1 + ^7 cos 2 9] 

ZE. 00 Z
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At "infinity", the normal stresses are “ oæ; o% = = 0. This

gives a surface displacement Wæ:

Wœ = - 2E °-

The normalized surface displacement is thus :

W - W „ 2
co 2a „ _

B. Results of the Three-Dimensional Analysis

An estimate of the three-dimensional effect was obtained by 

using some results from the analysis by Alblas [25]. This Alblas 

analysis gives the variation of all the stress components through 

the thickness of the plate. The results are identical to those of 

the plane stress analysis at large distances from the hole; but the 

analyses differ significantly close to the hole boundary. The influ­

ence of this discrepancy on the change in thickness was evaluated 

numerically. For this evaluation, only the component of stresses 

was taken into account. The difference in □ and q between the two 

theories appears to have a negligible effect on the change in thick­

ness . At the hole boundary, the stress is zero in both cases, 

and the average value of a through the thickness is given in figure 

6 of Alblas1 paper. This result for the average value of from 

the three-dimensional analysis turns out to be the same as in the 

two-dimensional theory, within two or three percent. When multiplied 

by the Poisson's ratio, the final influence of this discrepancy on 

the change in thickness is less than one percent, which can be 

neglected.
161



The influence of the component is evaluated from the data 

given in figure 3 of Alblas1 paper. This figure is reproduced here

as figure 20 and gives the average value of az (Ôg) through the

thickness as a function of position through the quantity T| (^ ) .

where

CTz

H ( — ) = ---------------
^a^ o cos 2 9

2
oz dZ

(A-4)

The strain in the z-direction is :

*z = E " "^r + °0) 3

At a large distance from the hole, the z-strain is :

= - e °»

•z ’ ‘zw = i [^z " + *6  - )] (A-6)

Averaging through the thickness :

'z~*z=  = i Lcz-v(^ + ag - )] (A-7)

Since the average value of and Og is very close to what it is in 

the two-dimensional analysis:

2
% + "e" a« ~ ^2 °» cos 2 9
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Also using equation A-4, equation A-7 becomes:

a 2
<z - « = - [2v ~ - T|(-) ] cos 2 e

The normal surface displacement W, referred to its value "at infinity", 

is thus:

W -Wœ ’ I (A-8)

2
W = ~ ^^a

Using equation A-2, the normalized surface displacement is :

W - W Q 2
" ---- — T[ ( — ) ] cos 2 9 (A-9)

W 2 va
co r
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APPENDIX II. CORRECTION FACTORS FOR PROCESSING THE REFLECTION DATA

Three correction factors 1) , 7] and 7) are introduced in the 

processing of reflection interferome tic data. The numerical values 

of the first two, and T| are computed in this appendix.

A. Correction for Tilt Angle (Ht)

The correction factor 7] is given by equation IV-10:

T) (x,y) = - 7 (a -2cp) (A-10)

where (a - 2cp) is the component of the uncorrected tilt about an axis 

perpendicular to Or. Its use over the whole plane requires the rota­

tion components about two different axes to be known. Along the x 

and y axes :

\(X’°) = ~ (a - 2cp )y

T|t(0,y) = - (a - 2cp )*

(A-11)

From the symmetry of the plate, W(x,0) = W(-x,0). In equation IV-12, 

Næ and 7] are constants , and 7^ (x ,0) = T)r (-x,0) . Writing equation 

IV-12 at the points (x,0) and (-x,0), the following result is 

obtained by sus tract ion:

T]t(x,0) = - 1 [N(°) (x,0) - N(°> (-x,0) 1 (A-12)

Together with equation A-ll, equation A-12 yields :

(x,0) -^(O) (-x,0) (A.13)
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A similar expression would be readily obtained for (a -2cp)x» In

equation A-13, the best possible estimate of (a - 2 cp) is to be

obtained from the available experimental data. This is done by com­

puting the mean value of the right-hand side of equation A-13 over

the range of available data. This range is a < r < 3a. The estimate

can thus be taken as:
r 3a

(a*  - 2cp) 

X
1

2a

N^\x,0) - N<°)(-x,0) 
2x °X (A-14)

This mean value can also be computed approximately by picking m equi-

distant points Xj over the range of data. Then:

(a - 2 cp) 

X

N(°)(x.,0) - N(°)(-x.,0) 

2x .
J

(A-15)

(O' - 2 rp ) x 

X

N (0, y ) - N(°)(0,-y.)

Once the uncorrected tilt angle (a - 2 y) about the axes Ox

and Oy have been computed, the correction at a point of coordinates

(x,y) is simply:

Ik (x,y) -x
(a - 2cp)
------ :------1 - y

(a - 2cp)x 

X
(A-16)

1 
m

%
1 
m

a

j

j

m
E

m
E

l

1

Practically, the fringe pattern is projected onto radial 

graph paper. The fringe order along the axes Ox and Oy is 

plotted in terms of r (i.e., x or y, when 6 ■ 0, n/2, r,3n/2) in 
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figure 21. Smooth curves are fitted through the experimental points 

along the four semi-axes. The quantities that are needed for the 

correction are [(or - 2 (p)y/X] and [ (# - 2 cp)X/M • They are estimated 

from equations A-15, where the measurement intervals are chosen to be:

I Xj + i - xj I = I yj + fYj I ■ 0.1 a

The fringe orders N^fx^) to be used in equation A-15 are taken from

the fitted curve of figure 21, since there is generally no original 

data point at the distance x.. Numerically, this averaging process 

gives :

(or - 2cp)
------ - ----- % ~ .0.031

(or - 2cp)
------ :-------  ~ 0.045

(A-17)

These numerical values are used in equation IV-17 to compute the 

tilt angle correction.

B. Correction for Radial Displacement (^r)

The radial displacement at a point (r,6) is :

p
ur = ua + er dr (A-18)

where the displacement u q at the hole boundary is unknown, and:

er = | (a, - va6 ) (A-19)
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Using the two-dimensional solution (equations A-1) for the stresses, 

equation A-19 gives :

•r " 2E + ) cos 2 6 ]
r r r

- v[ (1 + — ) + (1 + ) cos 2 6]] (A-20)
r r

°œ 2
*r 3 2Ë 1-v- (1+v) cos 2 9] - ~ [l+v-4 cos 2 9]

r

- [ (1 + v) cos 2 9]]
r

r a2
or- «r = 2Ê [B + C -y + 3D ^ ]

r r

The radial displacement is then:

°. 2 4
ur = "a <8) + 2E [Br + C — + D ^ ]^ (A-21)

At a large distance from the hole, the displacements are the same as 

they would be without the hole. The stresses would then be uniform;

Of = -y [1 - cos 2 9]

%» ,
Cq = — [1 + cos 2 9]

The radial strain would be:

a

<r ■ 2Ë [ 1 " v - (1 + y) cos 2 9]
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and the displacement: 

o 
U? = Ll - v - (1 + v) cos 2 6] r

This expression gives the asymptotic behavior of in equation A-21, 

showing that;

ua (6) + 2Ë [B + c + DJ a = 0

The radial displacement is thus:

or a2
u^ (r, 9) = 2g" { [ 1 * v - (1 + v) cos 2 6]r + [l+v-4 cos 2 9] “

4
+ [(1 + v) cos 2 9] ] (A-22)

r

The data are to be collected along the horizontal and verti­

cal diameter extensions and around the circle of radius r = a . 

The numerical values of the corrective term at these locations come 

as follows:

1. Diameter Extensions

Along the horizontal diameter extensions, 9 = (0,n); cos 29 =

1. Equation A-22 becomes :

2 
a a

-rh - — «A'")

r 1 a2
f^(r) = -2v —y - (3 - v) — + (1 + v) (A-24)

a r

Along the vertical diameter, 9 = ( y , ); cos 9 = -1.
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2

where:

u 
rv

(A-25)

2- 
a

2 
a

3(5 + v) ~ - (1 + (A-26)

The contribution of u^ to the fringe order is given by equation IV-11 :

r u

XL
(A-27)

When normalized with respect to the fringe order at infinity, from

equation A-2, this contribution becomes:

2r
N

f XL

, °»
hv XË

&
N
CO

Er u%

vhL a
(A-28)

Using equations A-23 and A-25:

Er 
vhL

2 
a

2vhL
rf(r) (A-2 9)

where f(r) is identical to f (r) or f (r) along the horizontal and 
h v

vertical axes (equations A-24 and A-26) . For v — 0.33, the functions

[rfh(r)J and [rf^(r)J are computed in terms of r. The numerical

r
N

2

1
N
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results are given in table 2. In equation A-29, the coefficient of 

rf(r) is given by:

a ■ 0.125 in. (3.18 mm)

h = 0.25 in. (6.35 mm)

L - 10.7 in. (272 mm)

v - 0.33

= 8.85 x 10-3

Using this result, the normalized values of the fringe order 

sation (Tlr/Nœ) for radial displacement are also computed and 

given in table 2.

2. Around the Circle r = a / 2

Equations A-22 and A-28 give:

\ a2
ÎT ° " KhE r V*)

where

r fc(9) = 2[1 - v - (1 + v) cos 2 0]

+ [ 1 + v - 4 cos 20] + [ (1 + v) cos 20]

r fc(0) = [2(1 -v)+l + v] -[(2 -|)(l + v)+ 4] cos 20

r f (0) = (3-v) - (4r+^) cos 20 
c z z

(A-30)

compen- 

are

(A-31)

(A-32)

(A-33)
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For v = 0.33, this gives:

r fc(e) - 2.67 - 6.00 cos 29 (A-34)

Using also the result of equation A-30, the numerical values of the 

correction factor are computed in terms of 8, and given in table 3. 

As expected, comparison of the results of tables 2 and 3 shows that 

they both give the same results when their entries are the same:

[ - C >h\-a/T = °-029
00 co

„ TL
[ ■ [ < ÎT >v lr-a /T ' °-077

oo 2 oo
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APPENDIX III. CALIBRATION OF THE MATERIAL IN TRANSMISSION

This appendix describes the procedure for calibrating the 

material in transmission, using a four-point bending specimen (figure 

29). The bending moment along the central section of the specimen 

in uniform and is equal to:

M = QA (A-35)

where Q is the common value of all four loading forces,and A is the 

distance between the points of application of the forces at each end 

of the beam. In the central part of the beam, the state of stress 

is one of pure tension or compression in the x direction. At a 

point of ordinate y, the stresses are:

(A-36) 

ox = My/l

I is the moment of inertia of the cross-section of the beam about 

the plane of symmetry (x Oz) :

3
I - HF- (A-37)

where h and (2C) are the thickness and width of the beam, respec­

tively, equations V-15 and A-36 then give:

N = Fh Qy CA-38)
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The fringe order is thus seen to be a linear function of both y and 

the load Q. The fringes should therefore be equidistant straight 

lines parallel to the x-axis. Their spacing should be inversely 

proportional to the load Q. This is what is observed indeed. The 

total number of fringes from the upper to the lower edge of the beam 

is :

N (C) - N (-C) = QC (A-39)

The absolute value of the calibration constant is thus given by:

| F | =
| N (C) - N (-C) | i

(A-40)QC 2hA

Using equation A-37;

1 F|
I N (C) - N (-C) | c2

Q 3A

Numerically:

A = 1.00 in. (25.4 mm)

C = 0.5 in. (12.7 mm)

which gives :

| N (C) - N (-C) |
(A-41)r 12 Q

A count of the fringe number at various values of the load Q gives

the following results:
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Q (lbs) 2 4 6 8 10 12 14 16

l N (C) - N (-C) | 1 1.5 2.5 3.5 4 5 6 6.5

The slope of the curve N (C) - N (-C) versus Q is thereby found to 

be:

A | N (C) - N (-C) | ‘
--------------—--------------- = 0.411 ± 0.0032 fringe/lb.

= 0.0924 ± 0.0072 fringe/N.

Using equation A-41, this gives:

| F| = 0.0342 ± 0.0027 fringe - in/lb 

= 0.303 ± 0.024 fringe-m/N.
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