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ABSTRACT

The purpose of this research is the develop­

ment of nonlinear solid waste management models that 

more accurately approximate reality than previous 

attempts. Since the literature reviewed indicates 

that the operating of solid waste management systems 

do not pay for themselves, only cost minimization 

models are investigated. The nonlinear phenomena 

of economies of scale and diseconomies of scale per­

vade the cost structure of municipal solid waste 

models. Therefore, each mathematical model is a 

nonlinear programming problem which is solved by 

geometric programming. The nonlinear objective 

function models the fixed and variable costs of the 

solid waste system while the constraints impose 

technological, legal, and social restrictions upon 

the system. In general, the resulting geometric 

program can have reversed constraints, inactive 

constraints, and large degrees of difficulty. A 

solution procedure with a hueristic rule is devel­

oped and then utilized to obtain solutions to the 

geometric programs.

A case study of a solid waste system for

1



Lehigh and Northampton Counties is modeled and 

solved. For certain structures of municipal solid 

waste systems, the accompanying geometric program 

has degree of difficulty zero for which a global 

minimal solution is uniquely determined. One of 

the most advanced and efficient municipal solid 

waste systems in the United States is shown to 

have this structure.
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CHAPTER 1

OVERVIEW

1.1 Purpose and Contributions of the Research 

The purpose of this research is the develop­

ment of nonlinear solid waste management models 

that more accurately approximate reality than 

previous attempts. Since the literature reviewed 

indicates that the operation of solid waste manage­

ment systems does not generate profits, only cost 

minimization models will be investigated. Each 

mathematical model is a nonlinear programming 

problem whose objective function is to be minimized 

subject to several constraints. The objective 

function reflects the fixed and variable costs of 

the solid waste system while the constraints mirror 

the technological, legal , and social restrictions 

imposed upon the system.

Previous attempts at solving the solid waste 

problem include forming a linear programming model of 

the system. Although the linear program can be effi­

ciently solved by various software codes, the well 

documented nonlinear phenomenon of economies of scale 

in these solid waste management models is ignored.
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Another attempt attacks the nonlinearity of economies 

of scale by piecewise linear approximation (96). This 

approximation technique can appreciably augment the 

size and complexity of the linear program to be solved. 

The proposed research will employ posynomial geometric 

programming which can more naturally accommodate the 

nonlinearities found in solid waste management models.

The contributions of this research are :

1) Modeling solid waste systems in a natural 

way with multiplicative relationships and 

economies of scale in order to obtain more 

accurate solutions to solid waste systems 

than LP (linear programming) approximations.

2) Solving these models in a more computation­

ally efficient manner with geometric pro­

gramming.

3) Obtaining a global optimum to the mathemat­

ical models corresponding to certain struc­

tures of solid waste management models.

4) Developing and computerizing an algorithm 

to solve the nonlinear models.

5) Modeling and solving a case study of a 

solid waste system for a region in the 

Lehigh Valley of Pennsylvania.

4



1.2 General Background

Solid waste management is an increasingly 

complex problem confronting intermediate and large 

cities throughout the world. Some of the topics that 

come under the study of solid waste management are 

refuse collection, recycling systems, disposal sys­

tem analysis, mathematical programming, mathematical 

modeling, law, economics, and politics. Because of 

the extensive variety of components in solid waste 

management systems, these systems are frequently 

developed on an nd koo. basis ( 1, 2). A brief over­

view of the solid waste management problem will be 

presented here. '

Municipal solid waste is composed of residential 

and commercial solid waste generated within a community 

where :

a) residential solid waste comprises all 

solid waste that normally originates in 

a residential environment.

b) commercial solid waste comprises all solid 

waste generated by stores, offices, and 

other activities that do not actually pro­

duce a product.

Two general classes of solid waste materials are 

combustibles and noncombustibles. Thermal energy is
5



stored in solid waste combustibles such as paper, 

leaves, plastics, and tires. Noncombustible resources 

from solid waste include ferrous and nonferrous metals, 

carbon black from tires, and glass. The table below 

illustrates the valuable energy and material components 

derived from solid waste in Tampa and New Orleans (3).

Tampa
New 

Orieans

Combustibles 76.0 85.1

Ferrous Metals 7.0 4.9

Aluminum 1.0 .8

Other Nonferrous Metals <1.0 .3

Glass 3.0 6.0

Plastic 12.0 6.1

Ash and Dirt 0 0

(The above values in the table are percentages by 

weight.) 

Hereafter, references to waste or solid waste should 

be interpreted as municipal solid waste unless specif­

ically stated otherwise.

When designing solid waste management systems, 

collection, recycling, and landfilling define the 

major subsystems. First, the waste must be collected.

6



The most common method of collection is by compactor 

trucks. However, in Sweden there is a trial system 

consisting of a network of pneumatic tubes leading 

from drop-off points directly into the disposal plant 

(4). Second, the solid waste may be processed for 

recycling and/or disposal at a landfill site. Some 

systems merely mass burn the solid waste for reduction 

through incineration with a stoker. Although the 

stoker may be gas fired, the solid waste generates 

additional thermal energy, all of which could be used 

for firing a boiler for an electricity generating 

turbine (3). About 10.9 per cent of the electrical 

energy produced in the United States by steam could 

be produced by solid waste which burns with one-tenth 

of the sulphur content of coal (5). St. Louis' Union 

Electric Company has been obtaining 20 per cent of its 

power from solid waste (3). The noncombustible wastes 

such as ferrous metals, nonferrous metals (especially 

aluminum), carbon black from tires, and glass can be 

extracted and recycled (3, 6, 7, 8, 9). In fact, in 

Connecticut a statewide resource recovery system 

including collection, recycling, and landfilling sub­

systems is currently being implemented (7).

By utilizing a process called pyrolysis 

(heating in the absence of air) to recycle tires, an 

7



organic fuel is one of the products (3). Goodyear 

Tire and Rubber Corporation and the Oil Shale Corpora­

tion are utilizing the pyrolysis technique with scrap 

tires at a test facility. Goodyear proposes a plant 

that will produce 10 million pounds of steel , 14 million 

gallons of oil, 63 million pounds of carbon black (a key 

ingredient in the production of tires), and enough 

energy to run itself from 11 million tires (9). Re­

cycling of the tires' components results in a volume 

reduction of between 95 and 98 per cent. Furthermore, 

the remaining slag residue (2 to 5%) could be used for 

road surfacing (3).

The sanitary landfill is not only where most 

of the residue from recycling solid waste is dumped, 

but in many cases where the raw refuse is deposited. 

Pulverizers and shredders are used to reduce the volume 

of solid waste for landfill dumping (3). Some of the 

problems with landfill dumping are ground water pollu­

tion and gas generation.

System analysis and solid waste management 

direct the flow of solid waste with control and feed­

back systems which involve close interactions with 

people. Here are eight constraints about which solid 

waste management systems are developed :

8



1) The physical state of the area

2) Laws and ordinances

3) Control and monitoring agencies

4) Processes of disposal 

5) Composition of refuse 

6) Collection services 

7 ) Economics 

8) Societal preferences 

Notice that some of the constraints can be easily 

quantified while others cannot. Therefore, measures 

of effectiveness not only include an analysis of 

economic benefits, but they must also involve intan­

gible benefits. The proposed research will investigate 

intangible and tangible economic consequences of solid 

waste systems through the solution of mathematical 

models.

Solid waste recovery can be economically 

desirable. Recycled aluminum needs less than 5 per 

cent of the energy required to make it from virgin 

material (8). As a consequence, reclaimed aluminum 

was selling for over 200 dollars per ton in 1974 (8). 

However, the net benefits of reclaiming the aluminum 

must be greater than the next best alternative for 

processing aluminum in order to be economically 

attractive. In a Connecticut study, resource recovery 

9



has economies of scale that favor reclamation over 

dumping in landfill sites, but that depends upon stable 

market conditions. Projections in this study indicate 

that for a 2,000-ton-per-day facility, fuel recovery 

costs are less than a nearby landfill facility and 

material recovery costs are less than a remote landfill 

facility (7). Another study points out that 6 million 

dollars are spent to dispose of 220 million tons of 

urban waste which contains 990 million dollars of 

metals, glass, and paper (3). For example, the solid 

waste plant at Lowell , Massachusetts, which was erected 

by Raytheon, processed a ton of refuse worth $15.76 for 

$4.06 where the capital investment for this 250-ton- 

per-day plant is estimated at 1.4 million dollars (3).

The legal environment encourages resource 

recovery. Some recently passed acts are :

a) Resource Conservation and Recovery Act 

of 1976 , which includes provisions to 

eliminate substandard land disposal sites 

and to promote resource recovery.

b) Clean Air Acts of 1965 and 1970, which 

prohibit substandard incinerators from 

operating.

c ) Ocean Dumping Act of 1972 , which prohibits 

ocean dumping to a large degree.
10



d) Federal Water Pollution Act Amendments 

of 1972, which reduced the amount of wastes 

that can be deposited into streams.

The effectiveness of this legislation has been recently 

challenged. The United States sued West Chester County, 

New York, for the restoration of the streams and tidal 

marshes surrounding the county's Croton Point landfill 

site. In addition, five municipal incinerators in 

Nassau County, New York, were closed because of pollu­

tion control violations.

Presently, many areas cannot support a large 

enough facility to economically warrant refuse reclama­

tion over landfilling. Yet as natural resources become 

increasingly scarce and pollution laws become more 

stringent, reclamation sites will become economically 

attractive as they will become legal necessities. Even 

if solid waste recovery is not economical, the refuse 

must be disposed by some solid waste system. In this 

research, cost minimization models of solid waste man­

agement systems are investigated to determine the 

minimum total cost of these systems regardless of their 

economic attractiveness.

11



CHAPTER 2 

THE SOLID WASTE MANAGEMENT PROBLEM

Part 1 - Resource Recovery

2.1 Introducti on

"Resource recovery is a general term used to 

describe the extraction of economically usable materials 

or energy from waste materials" (10). The historic 

trend of resource recovery indicates that man will be 

recycling the lowest proportion of domestic solid 

waste--less than one per cent in the 1970's--than ever 

before in mankind's history. With the advent of the 

industrial revolution and the rise of the standard of 

living, the proportion of domestic solid waste re­

cycled has plummeted (See Figure 2.1). However, the 

percentages of certain materials being recovered from 

all solid wastes are not as low as for domestic solid 

wastes (See Figure 2.2).

Using secondary materials instead of virgin 

materials often results in lower energy use, less 

air and water pollution, and less solid waste to 

dispose (11). For a fair comparison of secondary 

versus virgin materials, one must look at the mining,

12
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FIGURE 2.1. Estimate of Domestic Waste Recycled.

Source : Wilson, David Gordon, Handbook of Solid 
Waste Management. Van Nostrand Reinhold 
Company, (1977), p. 275.
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Material

Short Tons 
Available for

Recycling
Per Cent 
Recycled

Short Tons
Recycled

Steel 141,000,000 -----26% 36,700,000

Copper 2,456,000 ---------- 61% 1,489,000

Alumi num 2,215,000 -------- 48% 1 ,056,000

Lead 1,406,000 ------ 42% 585,000

Zi nc 1,271,000 -14% 182,000

Stainless
Steel 429,000 ------------- 88% 378,000

Nickel 106,000 -------40% 42,100

Paper 46,800,000 —19% 11,400,000

Textiles 4,700,000 —17% 800,000

Troy Ounces

Precious
Metals 105,000,000 ------------75% 79,000,000

FIGURE 2.2. The Percentage of Materials Being 
Recycled (1971 Estimates). Source : 
Glyson, Eugene H., et al., The Problem 
of Solid Waste Disposal. College of 
Engineering, University of Michigan, 
(1972), p. 10.

14



processing, fabrication, manufacturing, and disposal 

demands for each type of material. The collection and 

recovery of waste material is equivalent to the mining 

and processing of virgin materials, respectively. If 

environmental and societal costs could be associated 

with virgin materials, resource recovery may prove to 

be far superior economically.

Only 25 per cent of the United States consump­

tion of some of the most heavily recycled materials 

such as metals, glass, paper, and rubber are being 

recovered from solid waste (19). Most of these re­

cycled materials come from manufacturing processes 

which generate homogeneous wastes. The industrial 

community finds that virgin materials from distant 

lands are economically more desirable than processing 

municipal solid waste (19).

2.2 Resource Recovery Incentives

The most prevalent resource recovery incentives 

stem from the current economic and legal scenarios. 

The scarcity and rising costs of virgin materials and 

the diminishing cost of resource recovery processes 

are two economic incentives. In the United States, 

higher proportions of virgin materials with higher 

transportation costs are imported (12). Furthermore, 

15



major technological advances in recovery processes 

are lowering the recovery costs and increasing the 

recovery yields. Even though resource recovery 

technology is in its primitive stages as compared 

to virgin material technology, current studies (166, 

172) indicate that resource recovery can be economic­

al ly desirable.

Increasing amounts of solid waste, as shown 

in Table 2.1, are being produced each year, while 

conventional disposal capacity is being radically 

reduced. The amount produced per person and the popu­

lation are growing. New legislation prohibits open 

dumping and may force closure of many landfills (14). 

Moreover, dumping at sea is prohibited, and many 

incinerators must cease operations (14). Nevertheless , 

over 90 per cent of the solid waste generated in the 

United States is handled by landfilling, ocean dumping, 

and incineration.

2.3 Availability and Costs of Materials 

The potential demand for several nonrenewable 

minerals cannot be met with virgin materials (10). 

Coal as a principal fuel resource will be available 

for at least 2,300 years at 1970 rates of utilization, 

or 111 years if the consumption rate increases by the
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Year

1920

1969

Per Capita Production of Municipal and 
Industrial Solid Waste

2.0 pounds/day

5.3 pounds/day

TABLE 2.1. Per Capita Production of Municipal and 
Industrial Solid Waste for Two Cities 
in the United States.

Source : Government Publication PB 233178, April , 
1974.
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expected rate of 4.1 per cent. Conservative consump­

tion growth estimates listed in Table 2.2 predict that 

most major resources will be depleted in less than 200 

years. In terms of mineral value, the United States 

is producing substantially less than what it consumes, 

and the gap is widening.

^For detailed accounts of the status of the 
world's natural resources, see the following tables :

a) Abundance, Mass , Reserves , and Resources 
of Some Metals in the Earth's and United 
States Crust (15)

b) World Production and Consumption of 
Selected Minerals (16)

c) Net Supply of Principal Minerals by 
Components (17)

d) Comparisons of the World and United States 
Production and United States Imports of 
Principal Minerals and Mineral Fuels in 
1976 (17)

e) Value of Selected Minerals and Minerals 
Products Imported and Exported by the 
United States in 1970, by Commodity Groups 
and Commodities (17)

f) United States Exports of Principal Minerals 
and Products (17).
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2.4 Reclamation Industry and Waste Systems

The complex interactions of the different 

components in the reclamation industry are shown in 

Figure 2.3. The alternate paths for wastes to pass 

from consumers (sources) to scrap-consuming industries 

can make the development of reclamation systems com­

plex. For illustrative purposes, the movement of 

ferrous scrap in the steel industry will be analyzed 

(See Figure 2.4). There are two types of scrap--"home" 

scrap which is scrap produced from production runs and 

milling operations, and "obsolescent" scrap which is 

scrap from consumers of steel (10). The home scrap 

tends to be of high purity, since segregation of 

different grades of steel in mass production is profit­

able. However, obsolescent scrap is mixed with other 

materials when discarded; thus the value of the ferrous 

scrap plummets. A proportion of .02 per cent copper 

contamination in the ferrous scrap can render the scrap 

worthless (10) (See Figure 2.5). Therefore, separating 

the ferrous metal from the heterogeneous waste mixture 

is the ferrous-solid waste problem.

The current solid waste industry outlook is 

encouraging. The Environmental Protection Agency (EPA) 

estimates that the volume of residential and commercial 

solid wastes generated in the United States is increasing
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Refuse 
Hauler 
It-------

Broker

Smal 1 
Dealer

Dealer­
Processor

Scavenger 
Junkman

Special 1 st 
Deal er

Social Service
Organi zati ons

Sources

Chari tabie 
Organizations 

and Schools

Scrap-Consuming Industries

FIGURE 2.3. Structure of the Salvage Industry and 
Flow of Commodities.

Source : Arsen Darnay and William E. Franklin, 
"Salvage Markets--For Materials in Solid 
Wastes," U.S. Environmental Protection 
Agency, Report (SW-29c), 1972.
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RESOURCES RESOURCES

Coal

Not Recycled

Mill Products
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Obsolescent Scrap
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Consumer 
Products

Iron 
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Steel Products
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Products

Ferrous Solid 
Waste

Production of 
Iron and Steel

FIGURE 2.4. The Scrap Cycle and Ferrous Solid Waste.

Source : W. J. Regan, R. W. James, and T. J. McLeer, 
"Identification of Opportunities for In­
creased Recycling of Ferrous Solid Waste," 
U.S. Environmental Protection Agency, Re­
port (SW-45-d. 1), 1972.
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Company, (1977), p. 288.
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at an annual rate of 3 per cent. Currently, the 

United States is generating 300 million tons of solid 

waste annually. Browning-Ferris Industries, the 

largest publicly held company engaged in providing 

solid waste collection, processi ng/recovery, and 

disposal services to commercial, industrial, residen­

tial , and governmental customers throughout the United 

States and Canada, expects the waste systems to main­

tain a growth rate of 8 per cent annually (20). 

Furthermore, a recent Columbia University survey 

for the National Science Foundation concluded that 

private firms provide lower cost collection services 

than municipalities (10).

2.5 Specifications of Recycled Materials 

Quality standards for recycled materials are 

by agreement between buyer and seller in the United 

States, whereas in Europe the standards are determined 

by legislation. The principal associates for recycling 

standards are the National Association of Recycling 

Industries and the Institute of Scrap Iron and Steel. 

The National Association of Recycling Industries for 

paper, cotton and synthetics and nonferrous scrap can 

be found in Tables 10.9, 10.10, and 10.11 of reference 

10. The Institute of Scrap Iron and Steel recycling 
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standards for iron and steel scrap can be found in 

Tables 10.12 and 10.13 of reference 10. For European 

standards, see Tables 10.14 through 10.21 of reference 

10. These standards explain in detail the different 

qualities and the conditions of sale for each mater­

ial . Some outdated purity specifications should be 

updated to reflect the current technology of recycling.

2.6 Reclaimed and Virgin Material Use and Availability 

A large proportion of aluminum is supplied by 

imports making recycling more attractive ( 16). The 

United States imports nearly all of the virgin ores 

needed to manufacture aluminum (24, 25). Since 1946, 

the United States has been importing more bauxite than 

it produces ; in fact, 89 per cent of it (21, 22). 

Furthermore, the United States is a net exporter of 

scrap aluminum to West Germany, Italy, and Japan (23). 

Aluminum is the most valuable commodity on a per unit 

per weight basis in municipal waste (24, 25), even 

though only 1/4 to 1-1/2 per cent of municipal waste 

is composed of nonferrous metals such as aluminum, 

copper, zinc, and lead (26). United States production 

of beryllium, cobalt, chromium, and copper falls far 

short of domestic demand ; there is no domestic produc­

tion for some minerals, for example, columbium (16).
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One-half of the United States' steel and copper 

production is from scrap. It has been estimated that 

every lead molecule is recycled 100 times before ulti­

mate disposal, or equivalently, twice as much lead is 

recycled as is mined (24). It also has been estimated 

that 90 per cent of ferrous metals could be recovered 

from industrial and municipal wastes (24, 26). Indus­

trial scrap is one major source, but reclamation of 

municipal solid waste can be another (27).

Soda ash which is needed to manufacture glass 

from virgin materials is in short supply, thereby 

creating a demand for recycled glass (28). Furthermore, 

more energy is used to manufacture glass from virgin 

materials than from reclaimed glass. However, manu­

facturers want color sorted glass, and the recovery 

of such glass is not cost effective with current 

technology.

Waste glass has a multitude of uses in addition 

to being a substitute for raw materials used in the 

production of glass. Waste glass can be utilized to 

make road paving material which is more resilient to 

studded tires (29 ). Building materials manufactured 

from glass have desirable properties such as high 

strength and low water absorption (11, 30). Further­

more, glass rubble structural panels yield handsome 
26



and inexpensive finishes with decorative marble and 

granite facings (31 ).

The paper industry is deriving 20 per cent of 

its raw materials, which is equivalent to 200,000,000 

trees, from waste paper (24). Most of this recycled 

paper is used in the production of boxboard (32). 

Nevertheless, recycled waste paper constitutes a meager 

0.3 per cent contribution to the production inputs over 

the 1956 to 1974 period, while virgin materials use 

claims the balance (33). Even though the growth rate 

of virgin material use is 6 per cent annually, re­

cycled paperboard capacity is expected to be 3.6 per 

cent for the years 1975 through 1977 (33). Recycling 

of newsprint is a "potentially explosive area for 

waste paper use in the future" (32). The United States 

Forest Service released a report in December of 1972 

stating that the demand for timber could exceed the 

supply in the 1980's (34).

In lieu of using expensive animal feeds, spent 

grains utilized in the production of beer can be dried 

and dewatered for feed. Hog feed can be obtained from 

waste food of restaurants, institutions, residences, 

and markets (24). Cement dust filtered out of the air 

during the production of portland cement can be fed to 

cattle that not only gain weight faster, but also 
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produce tastier meat (35).

For detailed statistics on important resources 

such as carbon black, paper products and paper, plas­

tics, peat, rubber, sand, gravel ash, slag, and glass, 

see Chapter 10 of reference 10 for reproductions of 

charts, many of which are. from the Minerals Yearbook 

of the United States Bureau of Mines, or consult the 

most current yearbook. Other information discussed 

in Chapter 10 of reference 10 is the environmental 

impact, the change and trend in America's demand, and 

the uses of various materials.

2.7 Separation of Mixed Waste for Reclamation 

After mechanical separation of residential 

solid waste into combustibles and noncombustibles, 

the combustibles can be incinerated to produce thermal 

energy, pyrolyzed (thermal decomposition in the absence 

of oxygen) to produce organic fuels, and fermented to 

produce alcohol. Further separation of the noncom­

bustibles such as the metals and glass can be effected 

by manipulating existing or induced differences in the 

physical properties of the materials being separated. 

A well developed mining technology includes the sepa­

ration techniques that key on such properties as color, 
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luster, size, shape, tenacity, brittleness or friabi1 - 

ity, structure, texture, surface characteristics, 

specific gravity, magnetic susceptability, electrical 

conductivity, radioactivity, and decrepitation (11). 

Differences in the properties of materials can be 

chemically induced by drying to improve electrical 

conductivity, by oxidation to affect magnetic proper­

ties , and by the application of a vacuum to porous 

materials to change their specific gravity (11). 

Now, separation techniques that key off the induced 

properties can be applied to the altered materials.

Eight unit processes utilized in solid waste 

separation are:

1) processes incidental to separation

2) mechanical and hand separation

3) washing and scrubbing 

4) gravity concentration 

5) magnetic separation 

6) electrical (electrostatic) separation 

7) flotation.

Processes incidental to separation of municipal 

solid waste include alteration of the waste's chemical 

properties, size reduction, sizing, and fluid-solid 

separation. Chemical alteration techniques were 
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previously mentioned. Size reduction of the waste 

occurs through the application of three mechanical 

forces: tension forces, compression forces, and shear 

forces (36). Some of the equipment designs employed 

in size reduction, sizing, and fluid-solid separation 

are crushers, cage disintegrators, shears, shredders, 

cutters and clippers, rasp mills, drum pulverizers, 

disk mills, wet pulpers, and hammermills. Of the four 

types of crushers used in mining--jaw, roll, impact, 

and gyrating--the impact crusher is found to be better 

adapted to municipal solid waste (36). Cage disin­

tegrators apply a compression force to the input 

material, but as for most crushers, cage disintegra­

tors are restricted to brittle materials. Shears have 

direct applicability to solid waste by reducing the 

input to one-foot cubes. Shredders, cutters, and 

clippers apply both tension and shear forces to the 

input waste. The cutting type is vulnerable to damage 

by unsorted solid waste. The pierce-and-tear type is 

best suited for fibrous and ductile wastes.

Rasp mills apply all three mechanical forces 

to the solid waste through the movement of large arms 

which move the waste over rasping pins to obtain a two- 

inch product; the irreducible input items are rejected. 

Rasp mills are primarily used for composting. Drum
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pulverizers may have contrarotating beaters or baffles 

that force the solid waste through holes inside of the 

drum. The effect is similar to the rasp mill. A disk 

mill is a precise machine consisting of a contraro­

tating disk especially designed for pulpable materials 

whose material input size is limited to two-inch 

diameters. These machines literally tear the solid 

waste "to bits" (36). Wet pulpers are especially 

adaptable to fibrous wastes where unpulpables such as 

cans and tires are rejected. Hammermills are used in 

the largest percentage of municipal waste size reduc­

tion systems since they can accommodate the widest 

range of feed with respect to material composition. 

All three mechanical forces are applied to the accept­

able materials ; materials too bulky are rejected.

Preliminary separation and sizing can be per­

formed by vibrating screens even though most size 

reduction designs produce a relatively homogeneous 

size output (11, 36). Fluid-solid separation can be 

accomplished by centrifuges (11). Hand and mechanical 

sorting are the two general classes of sorting. For 

hand sorting to be successful, the material to be 

removed must have a readily distinguishable quality 

(11). Darnay et al discovered that no class of mater­

ials can repay the cost of hand sorting with respect 
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to the economic conditions of the United States in 

1972 (37).

Gravity separation methods sort materials 

according to their specific gravities. Heavy media 

or sink/float separation employs a heavy liquid medium 

that separates materials whose specific gravities are 

greater than the liquid medium from those that are 

not (11, 38).

Jigging consists of shaking a basket in water 

that is filled with materials of different specific 

gravities. The materials will separate according to 

their specific gravities--the heaviest at the bottom. 

Table separation is similar to jigging; however, a 

table is shaken in lieu of a basket (11).

Magnetic separators remove ferrous metals from 

the influent waste. Hence, after the ferrous metals 

have been removed, a charged roll places an electro­

static charge on the nonconductors and lifts them away 

from the nonferrous conducting metals (11).

Flotation methods make use of a pulp for 

separation purposes by changing the surface chemistry. 

The pulp is aerated with air drawing the hydrophobic 

particles to the top in a froth. Nevertheless, the 

particle size must be between 20 mesh down to 5 microns.
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The previously mentioned unit processes are 

the most common in solid waste systems, but other unit 

processes do exist.

Material identification is necessary to deter­

mine the market price of the reclaimed material. 

Information on pages 406 through 414 in reference 10 

illustrate the methods of identification for metal 

alloys, plastic materials, and natural and synthetic 

fibers. Tables 10.156 through 10.157 on pages 406 

through 410 of reference 10 yield the identification 

procedures for metal alloys; pages 410 through 414 

contain tests for plastics and fibers.

2.8 Composti ng

Composting is the "biochemical degradation of 

the organic fraction of solid waste material, having 

as its end product a humus-substance that is used, 

primarily, for soil conditioning" (12). In addition 

to soil conditioning, compost can be used for clean 

landfill and cattle feed (11). A properly run compost 

system has a useful by-product that is produced 

naturally in the absence of obnoxious by-products (12). 

Seventy to eighty per cent of municipal solid waste 

can be composted ; however, it is one of the most ex­

pensive alternatives to solid waste disposal (39, 12) 
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in the United States. Composting has operated quite 

successfully in Europe because the market for compost 

is stronger in Europe than in America (12).

2.9 Energy Aspects of Reclamation: Energy Recovery 

“It seems apparent that the implementation of 

energy recovery systems in the near future is inevitable 

when the energy demands of this country and the world 

are considered" (page 440, 12). The Union Electric 

Company in St. Louis is not the only private corpora­

tion that views refuse fuel as an economically feasible 

alternative to fossil fuels (40). Furthermore, legis­

lation may force more communities to recycle solid 

waste (10, 41).

Incineration reduces the volume of municipal 

solid waste from 80 to 85 per cent, diminishes the 

weight by 60 to 65 per cent, and can produce thermal 

energy to generate steam to power turbines (10, 26). 

The technology utilized consists of pipes with fins 

to collect heat for the water. This system, called 

a waterwall, needs much less air than the non-energy­

collecting refractory incineration technology; there­

fore , less heat and fewer particles are expelled into 

the atmosphere (26). However, markets for the steam 
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must be close, even at 1975 fuel prices. Some disad­

vantages of incinerating solid waste are : high capital 

equipment costs including pollution abatement equip­

ment, operating costs which are higher than landfills, 

and generation of residue that must be landfilled (12).

Solid waste can be chemically converted by 

pyrolysis, hydrogenation, wet oxidation, and hydroly­

sis. Biochemical energy recovery processes include 

anaerobic digestion and biological fractionation (41). 

Hydrogenation converts cellulose waste into a low- 

sulfur fuel oil by heating the material under pressure 

in the presence of water and carbon monoxide. At the 

Bureau of Mines Research Center in Pittsburgh, two 

barrels of low-sulfur fuel oil have been derived from 

one ton of dry municipal refuse at 380°C and 5,000 psi. 

Wet oxidation converts cellulose at 160-320°C and 

1,000-2,000 psi into carbon monoxide, carbon dioxide, 

a mixture of organic acids and a fibrous sludge; 

these gases are used to drive a turbine (11 ). In a 

University of California at Los Angeles study, Golueke 

et al reports that wet oxidation is not a very good 

method (42). Hydrolysis converts cellulose waste into 

fermentable sugars by heating the material with acid 

at elevated temperatures. Ethanol, citric acid and 
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animal fodder can be produced from the fermented 

sugars (10, 11, 43). Anaerobic digestion enlists 

anaerobic bacteria to convert cellulose waste at an 

elevated temperature in an anaerobic environment to 

methane (natural gas), carbon dioxide, hydrogen sul­

fide, and solid residue (10, 11). Golueke et al 

reports that hydrolysis is not a desirable method 

either (42).

Pyrolysis of solid waste yields a low BTU 

gas containing hydrogen, methane, carbon monoxide and 

carbon dioxide; a liquid fuel including tars and gums; 

and a solid fuel from the char residue (10, 11, 14). 

The major benefits of the process are:

a) a drastic reduction in the volume of the 

solid waste in a way that the residue is 

less hazardous than incineration.

b) the production of an energy product.

In fact, Union Carbide utilizes a high temperature gas 

pyrolysis upon municipal solid waste to produce a gas 

so similar to natural gas that the only modification 

necessary for burner conversion is a larger nozzle 

due to its lower BTU content (44). Goodyear Tire and 

Rubber Corporation and the Oil Shale Corporation are 

employing the pyrolysis technique with scrap tires at 
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a test facility. As a result, Goodyear has proposed 

a plant that will produce 10 million pounds of steel, 

14 million gallons of oil, 63 million pounds of carbon 

black (a principal ingredient in the production of 

tires), and enough energy to run itself from 11 million 

tires (45).

Solid dry fuel called refuse derived fuel (RDF) 

appears to be an "...immediate potential for full-scale 

application...of an energy recovery system" (12 ). The 

Union Electric Company of St. Louis obtains 10 per cent 

of the energy requirements for a generating plant from 

RDF (46). A planned regional RDF system for St. Louis 

is expected to be competitive with landfilling (47). 

A 7,000-10,000 tpd (tons per day) regional RDF system 

in Connecticut and a 7,400 tpd RDF system for the 

Tennessee Valley Authority (TVA) are planned (48, 47); 

a 200 tpd RDF plant is operating today at Ames, Iowa 

(47). RDF recovery process appears to be the pre­

ferred technology in northern New Jersey (49). In 

fact, in northern New Jersey, 11 per cent of the 

electric power could be derived from RDF, saving 23 

per cent of that region's fuel oil consumption (50).

An RDF recovery system usually includes: 

1) receiving and primary shredding operations
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2) separation of light and heavy organic 

materials

3) secondary shredding of the organic portion 

for fuel

4) magnetic separation of ferrous metals

5) further classification.

Such a recovery system in Illinois produces:

Per Cent 
Material by Weight

Boiler Fuels 60

Ferrous Metals 7

Aluminum 5

Paper (newsprint

and corrugated) 8

Moisture (loss) 10

Residue 15

The boiler fuel, a low sulfur content RDF, has an 

energy value of between 40 and 50 per cent of that of 

coal.

There are indeed some disadvantages of utilizing 

RDF systems. Converting conventional boilers to RDF 

burning boilers can be very costly (49). Even though 

the RDF has a significantly lower sulfur content than 

coal, the particulate emissions slightly rise and the 
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gaseous emissions are only negligibly reduced when 

burning the RDF-coal mixture (46). Moreover, a possi- 

ble nuclear energy preference in the future could 

reduce the market for refuse fuel.

One advantage of RDF use is that the conversion 

for municipal solid waste to RDF could approach 80 

per cent. Also, the capital cost of RDF systems is 

lower than incinerators and in northern New Jersey, 

they seem to be competitive with landfilling (26). 

Additionally, RDF displaces fossil fuels for alternate 

uses such as the production of plastics.

2.10 Energy Aspects of Reclamation: Energy Consump­

tion in Production of Virgin and Secondary 

Materials

"In general, the production of a given quantity 

of metals, in particular, and to a lesser extent, of 

glass and paper, requires more energy for the produc­

tion of virgin materials than for the same grade of 

material recovered from wastes" (10). This energy gap 

between production requirements of virgin materials 

and secondary materials seems to be widening. For 

example, since 1950, the use of mechanical power in 

United States mines has increased by several multiples
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(21) due to increased mechanization and productivity 

and the extraction of poorer grades of ore (10). 

Energy requirement comparisons between the production 

of some important metals from virgin materials and 

secondary materials is shown in Table 2.3 The numbers 

in the table represent the equivalent coal energy in 

kilowatt hours (kwh) per ton of the metal produced 

from either virgin or secondary materials. These 

numbers reflect assumed transmission and electrical 

generation efficiency of the conversion from coal to 

electricity for the most efficient generating station 

at 40 per cent and 29.8 per cent for today's average. 

A detailed breakdown of energy requirements for each 

process in the production of a ton of the five metals 

above can be found in reference 51.

"The energy cost of retrieving scrap glass 

from waste is far higher than the energy cost of mining 

raw materials, and that therefore, from an energy 

standpoint, it makes little sense to recycle, in the 

sense of remelt, either returnable or throwaway bot­

tles. The only energy savings are realized in reuse 

of the container: retrieving it as raw material is 

wasteful of energy. Substantially more (60 times) 

energy is used to obtain waste glass as a replacement 

for crushed stone in making road-pavement materials"(52).
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These observations concerning the reuse of glass for 

paving materials were taken from the Black-Clawson 

municipal solid waste plant. Comparatively speaking, 

the Black-Clawson plant is a high-energy-use system 

(10). Throwaway glass bottles and aluminum cans con­

sume three times the energy necessary for returnables 

assuming that 30 per cent of them are filled eight 

times. A bimetal can only consumes about two times as 

much energy (53).

Less energy demanding processes may be more 

attractive, especially if the separation processes 

require only a small incremental energy use. Never­

theless, general statements cannot be made; each 

situation must be analyzed as a specific case.

2.11 Economics of Resource Recovery

The cost versus capacity relationship of owning 

and operating a comprehensive resource recovery opera­

tion such as the Black-Clawson possesses the property 

of economies of scale (pages 11-13 of 11 ; page 139 of 

54). Without exception, the unit processes reviewed 

in this paper also exhibited this economic property 

with respect to cost versus capacity. However, this 

author discovered that "RELIABLE and MEANINGFUL cost 

and performance data on unit processes for the
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recovery and utilization of mixed municipal solid 

waste are not generally available from existing opera­

tions owing to : the limited application of many 

equipment designs and processing techniques, the 

failure to collect meaningful data on the applications 

that do exist, and the proprietary nature of much of 

the available cost and performance data" (page 945 of 

36). Furthermore, additional "...data that concern 

the relationships between particle size, capacity, 

and efficiency of separation for processing solid 

waste and various component and byproduct streams__ " 

are desperately needed (page 33 of 36). Similar 

laments have been voiced by other authors (page 328 

of 12; page 232 of 55). Hence, the cost relationships 

to be discussed are from the scant few sources that 

this author discovered after arduous researching.

2.12 Size Reduction

Performance and cost data on 27 solid waste 

size reduction machines manufactured by 21 companies 

can be found in Figure 12 on page 15 of reference 36. 

The purchase prices of these machines exhibit economies 

of scale with respect to their capacities (pages 15 

and 19 of 36). (See Figures 2.6 and 2.7.)
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The machines consist of various combinations 

and configurations of crushers, cage disintegrators, 

shears, shredders, cutters and clippers, rasp mills, 

drum pulverizers, disk mills, wet pulpers, and hammer­

mills (36). "Although the data are...scattered, the 

trend indicates that the capital cost of size reduc­

tion equipment in general does not increase Iinearly 

with capacity, but follows the classical 0.6 exponent 

relationship" (page 18 of 36). The "six-tenths rule 

for capital costs is:

Purchase pricey Capacity2 °*®

Purchase pricey Capacityj

where Purchase price^ is the cost to purchase a 

machine with a processing capacity of Capacity.., i =1,2.

The shape of this relationship is illustrated in 

Figure 2.7. The operation costs, including mainten­

ance, power, and labor costs also illustrate economies 

of scale. (See Figure 2.8.)

The total product cost versus product size 

curve for size reduction machinery from twelve manu­

facturers exhibits the property of increasing costs 

as the product size diminishes. The data corroborating
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the above property was obtained from either the manu­

facturers or demonstration projects (pages 12-17 of 

36). "Here again, the increasing cost trend with 

smaller product size roughly follows the 0.6 exponent 

relationship" (page 17 of 36). (See Figure 2.9.) 

However, the Madison, Wisconsin demonstration project 

data indicates an exponential relationship of -0.45 

for the unit process. Unadjusted cost data versus 

product size (Table 2.4) for the Gondard hammermill 

in Holland exemplifies diseconomies of scale pri- 

marily because the hammermill's "...power requirement 

increases sharply in inverse proportion to the size 

of the final product" (page 150 of 10). The dis­

economies of scale phenomenon is described almost 

exactly by a -0.19 exponential relationship in Table 

2.4. This exponential factor reflects the effects of 

product size on running the entire mill at Madison, 

Wi sconsin.

2.13 Separation 

Separation equipment such as magnetic separators, 

vibrating screens, flotation and wet separators, and 

optical separators demonstrate economies of scale with 

respect to purchase price versus capacity (pages 26,
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34, 41, 50 of 36 ; page 327 of 12 ; page 81 of 57). 

(See Figures 2.10 and 2.11).

The literature reviewed indicates that product 

cost versus the efficiency of separation exhibits 

diseconomies of seale. First, the efficiency of many 

of the separation processes depends upon the degree of 

size reduction as a preliminary step to separation. 

For example, "...efficient magnetic separation is 

affected by the degree of size reduction provided and 

the extent to which ferrous materials are physically 

liberated from other types of materials" (page 26 of 

36). Efficient separation by flotation requires 

finely divided material between 20 and 200 mesh (page 

36 of 36 ). Efficient gravity separation by dense 

media, by size stoners, and by mineral jigs demands 

material sizes from 10 mesh to 3 inches, from 1/16 to 

2 inches, and from fines to 1-1/2 inches, respectively 

(36). A second cause for increasing costs associated 

with the efficiency of separation equipment is the 

unit processes of separation themselves. For example, 

a nonferrous metals separation technology based upon 

eddy current techniques is such a process. "The effi- 

ciency of operation is basically related to force 

magnitude and size effects. Efficiency is higher for
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those techniques exhibiting greater forces and less 

restrictive size limitations"(page 80 of 54 ).

An eddy current system called PULSORT (See 

Figure 2.12) removes nonferrous metals from municipal 

solid waste at a greater efficiency when operated at 

a lower mode setting. (See Figure 2.13. ) However, 

the power requirements and hence the costs rise at an 

increasing rate with respect to mode number or effi- 

ciency. (See Figure 2.14.)

"It is seen that recovery falls with increasing 

mode number, especially for the smaller aluminum." 

(See Figure 2.15.) "Reference to Figure 2.16 shows 

that recovery of mixed nonferrous metals also falls 

with increasing mode number. This relationship has 

been found to be true for all cases studied" (page 84 

of 54).

The efficiency of an eddy current separator 

also depends upon the feed rate of a nonmetallic 

separator such as a trommel and the belt speed through 

the electrical field of the eddy current separator. 

Assuming that the output of trommel feeds directly 

into eddy current separator, the efficiency of re­

moving aluminum from the municipal solid waste de­

creases as the load to trommel and the eddy current
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FIGURE 2.12. Flow Diagram for System Designed to 
Recover Separate Aluminum and Mixed 
Nonferrous Fractions.

Source : Figures 2.12 to 2.16: Aleshin, Eugene, 
ed., Fourth Mineral Waste Utilization 
Symposium, U.S. Bureau of Mines. (1974), 
pp. 77-84.
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2.13. Aluminum Recovery Dependence upon 
Size and Operating Mode Number. 
Source : See Figure 2.12.
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FIGURE 2.14. Typical Input Power Requirements for 
Various PULSORT Operating Modes. 
Feed throughput is I ton/hour of 
heavy fraction (30 lb/ft3) of shredded 
and air classified municipal refuse. 
Source : See Figure 2.12.
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FIGURE 2.15. Aluminum Recovery as a Function of 
Mode Number. Nominal Size of Shredded Aluminum 
Can Pieces is 1-1/2" for Data Represented by 
Circles and 1/2" for Data Represented by Squares. 
Source : See Figure 2.12.
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FIGURE 2.16. Mixed Nonferrous Metals Recovery 
for Various Values of Mode Numbers.
Source : See Figure 2.12.
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separator increases.

In fact, Blayden (56) reports that when feed 

rates to the trommel were increased from 0.1 to 0.2 

tons-per-hour, the recovery efficiency decreased from 

99 to 80 per cent of the weight of aluminum in the 

waste stream. (See Figure 2.17 ) Since the feed rate 

is doubled, the cost per ton processed for this unit 

process must decrease by 50 per cent. (See Figure 

2.18.) Notice that a 50 per cent decrease in speed 

only yields a 25 per cent increase in recovered . 

aluminum which, depending upon the price of aluminum, 

may prove to be cost effective.

2.14 Composting

In addition to separation equipment, the total 

cost of composting systems possesses economies of scale 

with respect to total costs and plant capacity (page 64 

of 36).

2.15 Heat Recovery Systems

The conventional refractories with or without 

heat recovery and the water wall with waste heat re­

covery follow the "six-tenths" rule; consequently, they 

adhere to the economies of scale property (pages 162-
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163 of 39; page 83 of 18, 36, 50, 55, 56, 71). (See 

Figure 2.19.) "The most completely developed device 

for pyrolyzing municipal waste is the Lantz Converter" 

(page 78 of 36). It also exhibits the "six-tenths rule 

for the capital costs. The net disposal cost for this 

pyrolysis system has been found to have the economies 

of scale property (56).

As previously stated, an RDF system includes 

shredding and separation operations. Hence, the effi- 

ciency and quality of the RDF is a direct relationship 

of the fraction and quality of the organic materials 

removed from the waste stream by the interrelation of 

these unit operations. Both separation and shredding 

operations were shown to exhibit economies of scale 

with regard to input capacity and diseconomies of scale 

with regard to efficiency.

2.16 Resource Recovery Projects in the United States 

Various resource recovery plants across the 

United States are being tested for technical and eco­

nomical feasibility. Even though these projects differ 

according to location, technology, and stage of devel­

opment, their success or failure aids in defining the 

state of the art for feasible resource recovery 
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systems. Brief statements will be made concerning 

the more prominent recovery systems.

Frankl in, Ohio Recovery Project : A 150 tpd 

(tons per day) test facility has recovered low-grade 

paper fiber, ferrous metals, glass, and aluminum, 

while operating at a 35 tpd rate. Of the incoming 

solid waste, 50 per cent of the paper, 95 per cent of 

the metals, and 60 per cent of the glass were re­

covered. The low-grade paper has been sold to a 

roofing manufacturer, while the rejected paper was 

incinerated with sewage. The EPA (Environmental Pro­

tection Agency) estimates that the gross cost of a 

similarly sized and designed facility operating at 

150 tpd without aluminum and glass recovery is $24.60 

per ton while generating $12.20 in revenues from the 

sale of recoverables. Therefore, a net cost in 1975 

dollars is $12.40 per input ton of solid waste (40).

Houston, Texas Recovery Plant: Browning-Ferris 

and ERDA (Energy Research and Development Administra­

tion) are currently operating a 500 tpd plant where 

metals and a refuse derived fuel with the trademark 

of REF-FUEL are converted. The plant is supposed to 

demonstrate that REF-FUEL is a low cost alternative 

to fossil fuels (20 , 16 ).
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Washington, D.C. Recovery Project: A proposed 

650 tpd plant could not get funding (40).

Lowell, Massachusetts Incinerator Residue 

Separation Project: Raytheon Service Company and the 

United States Bureau of Mines have proposed a 250 tpd 

plant that is expected to recover 75-85 per cent (39) 

of the incinerator residue and possibly recover up to 

95 per cent at a net cost of $0.55 per ton in 1975 

dollars (40). The implementation never materialized 

because Lowell withdrew support in July 1975 (40).

St. Louis, Missouri/Union Electric Company 

Project : A government funded 650 tpd project termi 

nated in June 1975 was deemed a success by Union Elec­

tric Company. A proposed 8,000 tpd recovery system 

at a cost of $70 million would recover ferrous metals, 

refuse derived fuel to burn in Union's electric 

generating system, and nonferrous metals (40, 58). 

Union's RDF plant has been eulogized as the most cost 

effective plant of its kind (59). After investing 

$14 million in the project, political problems have 

thwarted it:

a) Local zoning ordinances have killed the 

building of a necessary transfer station.

b) A recently approved Missouri referendum 
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precludes an electric company from including 

carrying costs on funds invested in new facil- 

ities not fully operational.

The Missouri/Illinois Bi-State Department Agency may 

resurrect the project through monetary support and 

condemnation of transfer station sites. Since the 

landfills could be exhausted by 1980 and the inciner­

ators are rather decrepit, the Union project may be 

the only alternative (40).

Delaware Material and Energy Recovery Project: 

The state of Delaware and the EPA are planning to 

design and build a resource recovery facility that 

will process 485 tpd of municipal solid waste, 15 tpd 

of industrial solid waste, 230 tpd of digested sewage 

sludge (39, 40). The plant is expected to recover 

ferrous and nonferrous metals, glass, gas from pyro­

lysis, and RDF at a net cost of $13.00 per ton, which 

includes revenues and gross costs of the recovery 

and the disposal of residue. The plant is anticipated 

to be completed three years after the full service 

contract has been signed by a contractor. Since the 

contract is still under negotiation, the net cost 

of resource recovery may be highly competitive with 

current landfill costs (40).
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Saugus, Massachusetts Energy Recovery Project: 

Wheelabrator-Frye, Incorporated and DeMatteo Construc­

tion Company have formed a partnership called RESCO 

(Refuse Energy Systems Company) to build a 1,200 tpd 

waterwall system which was financed with tax-exempt 

pollution control bonds. General Electric is under a 

long-term contract with RESCO to buy the steam pro­

duced by the waterwall system; 16 municipalities in 

the Boston area have long-term disposal contracts 

with RESCO at $13 to $14 per ton in 1976 , with in­

creases adjusted by an economic indicator (40). The 

system focuses upon energy recovery; however, material 

recovery is planned. The waterwall incinerator 

possesses pollution abatement equipment which removes 

over 99 per cent of the particles in the exhaust 

smoke. The President's Council on Environmental 

Quality, the EPA and the Environmental Industrial 

Council awarded Wheel abrator-Frye with the "Premier 

Award for Excellence" for its role in this plant (40).

Baltimore, Maryland Pyrolysis Project : In mi d- 

1975, Monsanto Enviro-Chem systems, Incorporated , 

designed, built, and initially operated the 1,000 tpd 

plant. Monsanto has abandoned the project and recom­

mended that Baltimore follow suit. Nevertheless, the 
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city has continued to operate the plant and is 

currently violating air pollution laws. Maryland 

is currently applying pressure to Baltimore to add 

the needed $6 million pollution abatement equipment 

(40).

Ames, Iowa Resource Recovery Project : This 

currently operating 200 tpd facility has 25-year 

disposal contracts with 14 communities. Eighty-four 

per cent of the solid waste is converted to RDF, 9 

per cent is recovered materials such as ferrous and 

aluminum, and 7 per cent is landfilled. The net cost 

of disposal is $14.30 per ton (40).

San Diego, California Pyrolysis Project: A 

200 tpd plant is jointly sponsored by the EPA and 

Occidental Research Corporation, who is the plant 

designer. The plant is being designed to recover 

materials and oil with a BTII rating that is 75 per 

cent of number 6 fuel oil. This recovered oil will be 

sold to San Diego Gas and Electric Company. Although 

the economics of this plant are not competitive with 

landfill costs (in 1975 dollars), a 1-1/2 year obser­

vation period should determine whether there exists 

potential economics competitive enough to favor 

recovery (40).
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Hemps^eacÇ^JNew,^^

Project : Construction of the 1,500 to 1,800 tpd 

resource recovery plant commenced in June 1976. Ac­

cording to a long-term agreement, the Long Island 

Power and Light Company has assented to purchase 

steam generated by the plant to drive electricity 

generating turbines. Similar agreements with mater­

ial buyers have been consummated for the purchase 

of recovered ferrous and nonferrous metals and color 

sorted glass (40).

Baltimore County, Maryland Resource Recovery 

Project : Teledyne National is the prime contractor 

for the 1,500 tpd facility. The facility is cur­

rently operating at 625 tpd and recovering ferrous 

metals, nonferrous metals, and RDF (27 , 40).

New Orleans, Louisiana Materials Recovery 

Project: The 650 tpd facility designed by the 

National Center for Resource Recovery reclaims ferrous 

metals, aluminum, and mixed glass, and processes or­

ganic residue for open landfilling. For New Orleans, 

resource recovery is the least cost disposal method 

(40).

MJj2#ai£kee2 JM-s£onsjjT J^esmn2ce^ 

ject: "With the 1977 start-up of its Americology 

Plant, Milwaukee becomes the largest city in the United
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States to begin a comprehensive resource recovery 

program... [and]... to process all of its municipal 

solid waste for resource recovery" (60). The contract 

to process all of Milwaukee's waste terminates in 15 

years. "Contracts for the sale of newspapers, fer­

rous metals, glass, aluminum and air classified refuse 

have been negotiated and shipments should begin in 

January 1977" (61 ). Ninety per cent of the incoming 

solid waste is being recovered (60). The city is 

currently paying only $10.00 per ton for disposal , 

which in the future will be adjusted according to the 

consumer price index (40).

Summary :

Many of the projects have encountered technical 

marketing, institutional, and political problems which 

have negatively affected the expected economies of 

scale. The successful projects have been in areas 

where the alternatives to resource recovery possess 

higher costs, usually where land is scarce or non­

existent , for instance, in New Orleans. Political co­

operation appears to be the last major obstacle for 

successful resource recovery systems, for example, 

Milwaukee and St. Louis. Three reasons why the 
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momentum for the development of comprehensive resource 

recovery systems such as Milwaukee's may be gaining 

strength are :

1) The legal environment is restricting 

and contracting the capacity of non­

recovery disposal systems throughout 

the United States (14, 62, 63).

2) The disposal cost of nonrecovery disposal 

systems is rising, for instance, the cost 

of land for landfilling.

3) The prices of the recovered materials 

are rising to greater offset the re­

covery costs (61).

Part 2 - Sanitary Landfilling

2.17 Introduction

"The process of sanitary landfilling is an 

engineering construction project for the burial of 

solid waste at the optimum compaction in sealed cells 

of earth, designed to produce a minimum impact on the 

environment" (64). The Committee on Sanitary Landfill 

Practice of the Sanitary Engineering Division of ASCE 

(American Society of Civil Engineers) defines Iand- 

filling as : "...a method of disposal of refuse on 
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land without creating nuisances or hazards to public 

health and safetys utilizing the principles of 

engineering to confine the refuse to the smallest 

practical volume, and to cover it with a layer of 

earth at the conclusion of each day’s operation, or 

at such more frequent intervals as may be necessary" 

(65).

Site selection requires the adherence to 

planning goals and zoning laws of the municipality; 

an analysis of the climate, topography, natural fea­

tures , and cost considerations ; and the acceptance 

of the public. The master plan for a proposed land­

fill site should be consulted for future zoning of 

adjacent land. For example, a landfill site should 

not be constructed near a present or future airport 

since accidents can be caused by the birds attracted 

to the airport (10, 26). An insight to some landfill 

characteristics such as odor generation, water table 

pollution, blowing litter, erosion, and frost-penetra­

tion depth could be obtained by studying the climate. 

The topography is also closely related to the water 

table pollution, and other characteristics such as 

landfill capacity, drainage, and ultimate site use. 

The pertinent cost considerations are the develop­

mental costs and the cost of land per ton of waste
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disposed. The suitability and volume of soil cover 

must satisfy government regulations to avoid costly 

importation of cover soil. A recommended soil cover 

is called sandy loam, which is 45 to 80 per cent sand 

and the remainder clay (66). A table for suitability 

of soil types can be found in reference 67.

2.18 Site Planning and Design

A sanitary landfill operation incorporates 

the interaction of many facilities. Therefore, com­

prehensive site data should be collected corroborating 

the planning of:

1) detailed drainage facilities, all­

weather access roads, fencing, buildings, 

sanitation, water, lighting, telephone, 

scales, equipment-maintenance yard, and 

all other site improvements ;

2) a series of cut-and-f111 plans presenting 

the landfill at various stages of comple­

tion ;

3) a detailed description of daily operating 

procedures ;

4) a phased analysis of equipment and man­

power requirements for the life of the 

site;
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5) an estimate of projected capital and 

operating costs including final finished 

landfill landscaping improvements ; and

6) an ultimate land-use plan for the site (10). 

This planning procedure is constrained by technolo­

gical , legal, and economic restraints.

The equipment and manpower requirements depend 

upon the solid-waste flow. For example, Table 2.5 

illustrates the landfill site personnel used in Los 

Angeles County. Equipment requirements not only 

depend upon the daily volume, but also the character­

istics of the landfill. The most common landfill 

site equipment includes crawler or rubber tired 

tractors with ancillary attachments such as dozer 

blades and buckets. At large landfill site opera­

tions , more specialized vehicles and equipment are 

employed: draglines, scrapers, and steel-wheel 

compactors (10). For data concerning landfill equip­

ment needs as a function of solid waste handled, 

consult references 67 and 173.

2.19 Environmental Factors

Leachate, gas generation , odors , fires, vectors, 

noise, aesthetics, dust, and air pollution compose the
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Solid-waste flow, 200 500 1000 4000
tons/day

Equipment 
operator 1 2 4 12

Laborer 0 0 1 2

Weighmaster 1 1 1 3

Foreman 0 0 1 1

TABLE 2.5. Landfill Site Personnel Used in
Los Angeles County.

Source : Wilson, David G., Handbook of Solid Waste 
Management, Van Nostrand and Reinhold 
Company, (1977), p. 229.
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critical environmental factors in landfill design.

Leachate is a "liquid emanation from a land 

disposal cell that contains dissolved, suspended, 

and/or micro bi al contaminants from the solid waste" 

(page 729 of 10). The primary cause of leachate is 

the inflow of water, although organic decomposition 

and the compaction of the solid waste also contributes 

(39, 10). Excessive saturation of the landfill by 

rainfall or a high water table can cause water pollu­

tion. Table 2.6 presents the range of pollutant con­

centrations in leachate from typical domestic refuse 

(page 234 of 10). A comparison of leachate and 

sewage is shown by Table 2.7. A treatment plant 

constructed at the landfill site can treat the di - 

verted leachate (39, 26). In any event, the following 

measures can reduce the water inflow to the landfill:

1) Locate the landfill so as to avoid 

direct groundwater or surface-water 

contact.

2) Use proper surface-cover grading to 

increase rainwater runoff.

3) Plant final fill site-cover with vegeta­

tion which will avoid erosion while en­

hancing runoff and evapo-transportation.
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Ion
Concentration-mg/1i ter 

Range

Iron 200 - 1700

Zi nc 1 - 135

Phosphate 5 - 130

Sulfate 25 - 500

Chloride 100 - 2400

Sodium 100 - 3800

Nitrogen 20 - 500

Hardness 
(as CaCOg) 200 - 5250

Chemical oxy­
gen demand 100 - 51,000

Total residue 1000 - 45,000

Ni ckel 0.01 - 0.8

Copper 0.10 - 9.0

pH 4.00 - 8.5

TABLE 2.6. Range of Pollutant Concentrations in 
Leachate from Typical Domestic Refuse.

Source : Wilson, 0. G., Handbook of Solid Waste 
Management. Van Nostrand and Reinhold 
Company, (1977), p. 234.
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Component Leachate Sewage
Potable 
Water

Iron 1,600a - 0.3
b 

Hardness 2,500 - 150

Suspended 
Sol ids 750 300 1

Total Solids 10,000 to 28,000 500 -

Biochemical 
Oxygen Demand 
(BOD) 25,000 200

aAH units are milligrams per liter (mg/1).

^As measured in calcium carbonate.

TABLE 2.7. Water Quality of Leachate.

Source: F. Flower, "The Refuse Landfill," 
Executive Housekeeper, Vol. 22, No. 2, 
February 1474, p. 24.
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4) Use a nonpermeable cover material with 

maximum lateral-flow characteristics.

5) Delay leachate generation by placing 

solid waste and soil cover with low 

moisture contents and high compaction 

densities.

6) Install drainage facilities to divert 

off-site surface and subsurface waters. 

It is possible to determine the local 

rainfall and solid-waste parameters in 

order to calculate the estimated field 

capacity which will cause leachate 

generation.1 

Many of these measures are regulatory rules in New 

Jersey (66).

The decomposition process of solid waste 

generates a series of gases such as carbon dioxide, 

hydrogen sulfide, methane, and nitrogen. The major 

gaseous products for landfills in Los Angeles comprise 

55 to 60 per cent methane and 40 to 45 per cent 

carbon dioxide (pages 15-25 of 39). This methane

^Taken from Government Publication PB 233178, 

April , 1974.
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buildup can cause fires. Another study in Southern 

California illustrates the different proportions of 

gases generated with different methods of operation. 

(See Table 8.9 of 10). Better absorption of odor 

causing gases in landfills has been shown in more 

recent investigations (page 236 of 10).

Other environmental problems such as noise can 

be alleviated by careful routing of the vehicles. 

Aesthetics of the site can be enhanced with a hand­

some facade and natural fences of trees and shrubbery 

to absorb noise and block the landfill site from 

public view. Air pollution can be avoided by spreading 

the solid waste with proper soils.

2.20 Public Acceptance

Public opposition of a sanitary landfill opera­

tion could come from one or more groups:

1) nearby property owners

2) citizens against the additional costs

3) citizens who desire the status quo

4) citizens in favor of resource reclamation

5) neighbors concerned about environmental 

polluti on

6) politically opposed citizens (pages 239­

240 of 10).
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Some points to be stressed in a public relations 

program to help thwart opposition are :

1 ) accurate information about successful 

existing landfills

2) comprehensive plans for vehicular 

regulation

3) utilization of public-opinion survey 

to pinpoint opposition

4) citizen involvement in the development 

5) marketing the site through well trained 

personnel and media (page 240 of 10).

The major obstacle is usually the public hearing where 

a poorly run presentation could cause termination of 

the project. A good presentation should explain both 

positive and negative aspects of a proposed landfill 

site by :

1 ) defining a landfill

2) presenting all reasonable alternatives

3) recommending a prototype landfill 

4) proposing a proforma analysis, and 

5) complying with statutory regulations.

2.21 Operating Procedures

The area method and the trench method comprise 
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the two basic methods of landfilling. The area method 

is best suited for concave topology and the trench 

method for relatively flat topology. For the area 

method, cover soil is obtained from the walls of the 

concave area, whereas in the trench method, the cover 

soil is obtained from the soil excavated to create the 

trench. In both methods, the open working face should 

be minimized, the collection vehicles should not have 

to travel over uncovered waste, and the cover soil 

should be close to the working face. Furthermore, 

waste receiving, spreading and compaction, type of 

covering, and site maintenance are similar in both 

methods.

The waste is accepted at a receiving station 

where truck scales weigh the amount of incoming waste 

for the billing computation and the gathering of sta­

tistics . Receiving time should be kept at a minimum 

to avoid losing haulers to other sites.

After dumping the waste near the working face, 

a dozer spreads the waste on a slope of 20 to 30 

degrees in layers no thicker than two feet. To reduce 

fires and potential harborage for rodents, the dozer 

passes over each two-foot layer from two to five times 

preferably five times.
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At the end of each day, the previously 

mentioned sandy loam soil cover of not less than six 

inches must be applied to the active surface. A min­

imum of one foot of cover should be placed on areas 

not to be used for 30 days, and two feet of cover for 

areas that are inactive for more than six months. 

These guidelines for a sanitary landfill are becoming 

laws. For example, in New Jersey, the active area is 

limited to 1/3 of an acre, daily cover is required, 

and two feet of final cover is compulsory for in­

definitely inactive areas (68).

2.22 Special or Processed Wastes 

Crushable bulky items such as automobiles, 

demolition debris, and tires tend to work their way 

to the surface and therefore should be disposed at 

the toe of the working face. Pipe, rolls of cable, 

reinforcing bars, and coils of wire should be 

immediately covered with soil to avoid damaging 

landfill equipment. Dead animals should be buried 

immediately.

Shredded wastes accelerate the decomposition 

process and increase the efficiency of the landfill. 

The increased landfill density causes fewer fires 
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because of fewer voids for methane pockets, reduces 

the disease vector such as rats and flies, requires 

less cover soil per ton of waste, and lengthens the 

life of the landfill (69).

High density bailing of solid waste possesses 

more benefits than landfilling shredded waste. The 

higher density bails are stacked to yield a virtually 

settlement free landfill mass (64). Furthermore, 

bailing results in reduced haul and transfer costs 

(10).

2.23 Moni tori ng

Leachate and gas monitoring can be effected 

by utilizing wells drilled into the landfill. For 

groundwater monitoring, one well should be drilled 

upstream and two downstream. At a properly run land­

fill site, leachate is treated and does not pollute 

the groundwater. Gas monitoring exposes the direc­

tion of gas flow and the rate of decomposition.

2.24 Final Land Use

Reclamation of the landfill should be a part 

of the master plan. Reclamation projects include 

parks, golf courses, and parking lots. Construction 
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of buildings is discouraged since the load bearing 

capacity is relatively low, the landfill is composed 

of corrosive soil for subsurface utilities, and the 

landfill generated gases could enter the buildings.

2.25 Economics of Sanitary Landfilling

For many areas, landfilling is the least cost 

method of disposal. In Ohio and New York, the sum 

of the landfill operating costs and the direct costs 

such as land and equipment have been relatively in­

expensive as compared to the available alternatives. 

In addition, the landfilling method of disposal is a 

proven technique which is probably a safer bet than 

the new recovery technologies. The common measures 

of landfilling costs tend to be underestimated ; i n- 

tangible costs such as the economic impact upon rental 

rates and land values are omitted from the cost analy­

sis since they cannot be easily quantified (page 212 

of 12). Because of shortages of virgin materials 

and more stringent environmental laws, the opportunity 

cost of burying recoverable materials is becoming 

posi ti ve.

As illustrated in Figures 2.20 and 2.21, the 

cost of owning and operating equipment for landfill
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Based on 6-day work week, 
average of 4.5 1bs/person/day

rfl 
3 
C 
C

v> 
o 
o

Tons/Year 0 100,000 200,000 300,000 400,000 500,000
Tons/Day 0 320 640 960 1280 1600
Population 0 122,000 244,000 366,000 488,000 610,000

FIGURE 2.22. Six-tenths Rule of Average Annual 
- Disposal Costs at Landfill Sites

Source : Wilson, D. G., Handbook of Solid Waste 
Management, van Nostrand and Reinhold 
Company, (1977), p. 233.
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si tes exhibits economies of scale (pages 154-157 of 

39, 56; Tables 4-6 and 4-10 of 70). Moreover, the 

annual disposal cost at a landfill has the property 

of economies of scale following the "six-tenths" 

rule (page 46 of 18; page 214 of 12; page 222 of 55; 

page 111 of 70, 71 ; page 105 of 24). (See Figure 

2.22.) .

Part 3 - Collection and Transportation

2.26 Introduction: Types of Waste 

About four billion tons of solid waste have 

been generated in 1972. Of that amount, 3.7 billion 

tons are agricultural and mining wastes which are 

easily disposed in rural areas. The remainder is 

composed of urban solid waste, of which 110 million 

tons are industrial and 250 million tons are muni­

cipal solid waste. "Municipal waste is a collective 

term referring to residential, commercial and demoli­

tion solid wastes" (Chapter 4 of reference 10). 

Residential wastes are comprised of household 

wastes whose composition might be : 35-45 per cent 

paper, 10-20 per cent food wastes, 5-10 per cent glass 

and ceramics, 5-10 per cent metals, 5-15 per cent
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grass and leaves, 2-6 per cent textiles, and less 

than 4 per cent wood, plastics and rubber. Commercial 

wastes are similar to residential wastes, with possibly 

more food from restaurants and more textile wastes 

from hotels. Demolition wastes are created from the 

razing and the construction of buildings. Demolition 

and industrial wastes are usually handled by private 

contractors and will not be analyzed in this work.

2.27 Collection System Parameters

Crew size can be minimized while still offering 

excellent service and high cost savings. No more than 

a two-man crew is necessary for curb or alley pickup. 

Similarly, no more than a three-man crew is necessary 

for the backyard pickup (72). New developments in­

clude a mechanical pickup apparatus for single crew 

operation.

Equipment needed for collection should be 

watertight for all weather service. The optimal size 

of the vehicle can be determined by charts in refer­

ence 73. The equipment should be maintained by the 

system and should be discarded when beyond its useful 

life. For instance, Hartford, Connecticut reported 

savings in equipment cost by reducing the replacement

period (10). 85



Compactors are the preferred solid waste 

collection equipment. Side-loading vehicles are pre­

ferred for driver participation. Manual front loaders 

are dangerous and manual rear loaders make communica­

tion between loaders and driver difficult. Mechanical 

handling of the solid-waste containers is the most 

efficient where uniform containers are utilized and 

vehicle access is unburdensome (Figures 4.3 and 4.9 

of reference 10).

For transporting solid waste over long dis­

tances , rail and barge hauling is the most economical. 

It is not recommended unless: at least 1,000 tpd are 

transported over round-trip distances greater than 

100 miles; baling occurs at the transfer station; and 

the railroad cars are exclusively for solid waste. 

Tractor-trailer hauling is the most economical for 

round trips under 100 miles and if barge hauling is 

available under 60 miles (74).

A pneumatic pipeline system in Sweden has been 

operating for more than ten years without clogging 

(page 115 of 10). Refuse is transported through under­

ground pipes to the resource recovery plant at a rate 

of 27.4 tpd (75). The waste must be less than 20 

inches in size in order to pass through the pipeline.
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The system is claimed to be more economical in the 

long run, since it is totally automatic and requires 

no vehicular collection fleet with crewmen (75). How­

ever, the pneumatic system becomes impractical and 

uneconomical for distances greater than a couple of 

miles or for excessive volumes (page 115 of 10, 76).

A slurry (a fluid mixture of water and fine, 

insoluable particles) pipeline becomes less costly 

per ton-mile as the haulage and volume increase; how­

ever , size reduction of the solid waste is required 

before entering the system. Since the cost of pur­

chasing and maintaining size reduction equipment at 

each generation point is economically prohibitive, a 

centrally located reduction site is necessary. If a 

pipeline system is most desirable, a pneumo-slurry 

system could be developed. A pneumatic pipeline 

system from the generating sources to a central size 

reduction operation which is less than a couple miles 

away, a size reduction operation, and a slurry pipe­

line system from the reduction site to the ultimate 

disposal site comprise this long distance pipeline 

transportation system. A semi-automatic slurry system 

consisting of trucks collecting and removing the waste 

from the sources to the size reduction sites may be
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more economical than using the pneumatic system for 

collection and removal. The pneumo-slurry transport 

system appears to be technologically feasible with 

present transport technology (pages 116-120 of 10, 76, 

77). Furthermore, for Philadelphia, a pneumo-slurry 

transport system is expected to be cheaper than truck 

collection when the distance to the disposal site is 

greater than 50 miles.

2.28 Economics: Collection and Transportation 

For a specific area and fixed distance, as the 

population density increases, the cost of collecting 

solid waste per person decreases (page 39 of 71 ; page 

59 of 42). This implies that as the population den­

sity increases, the collection cost per ton decreases, 

or the cost per person decreases, assuming that each 

person generates the same quantity of solid waste on 

the average. This economies of scale relationship, 

depicted in Figures 2.23 and 2.24, is corroborated by 

the fact that as the population density increases, 

fewer collection stops are made. Furthermore, larger 

and more efficient collection vehicles can be employed 

(page 82 of 26, 64). Some actual data taken from 

'eference 55 on collection costs for the "Best-Known
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Collection Productivities" is shown in Table 2.8.

Assuming a nonlinear exponential relationship such as 

(Cost/Ton)2 

(Cost/Ton)]

' Tonsg/Crew Hour

e Tons-j/Crew Hour
9

where a < 0, to reflect decreasing average costs, the 

values of a for crew sizes of 1, 2, and 3 are -0.78, 

-0.75, and -1.17, respectively.

Economies of scale is also observed for long 

distance transport of solid waste from transfer sta­

tions (page 45 of 57; page 61 of 42, 78). Table 2.9 

illustrates the decreasing average costs associated 

with railroad hauling for 50 miles. The decreasing 

average costs follow a negative exponential relation­

ship between average cost and tons hauled.

An analysis of the direct haul costs to the 

disposal site versus transfer costs and haulage costs 

to disposal site determines whether a transfer station 

is needed. Transfer stations tend to be favored when 

environmental characteristics include traffic conges­

tion , large quantities of solid waste, and a distant 

disposal site. A breakeven analysis comparable to the 

one illustrated in Figure 2.25 is recommended before 

deciding upon transfer stations. Furthermore, total
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Crew 
Si ze

Tons Collected 
per Crew-Hour

No. of People 
Served/Truck/Wk

Cost/ 
Ton 

Col- 
1ected

1 2.2 7763 8.44

1 1.3 3636 12.71

2 2.1 7517 11.82

2 1.2 5130 18.00

3 3.8 7060 10.34

3 3.0 6316 13.65

TABLE 2.8. Best-Known Collection Productivities.

Source : Page 242 of Reference 55.
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Cost/Ton
Tons Shipped by 

Rail for 50 Mi 1 es

50 $5.00

100 2.65

1000 1.90

2500 1.30

Variables: T U

Remarks :

U2 T2 )a
Let — = — be the assumed relationship

«1 T1

between U and T. Then ae [-.34, -.22].

TABLE 2.9. Decreasing Average Costs Associated 
with Railroad Hauling.

Source : Page 45 of Reference 57.
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transfer station costs exhibit economies of scale 

with respect to capacity (pages 158-161 of 39 ; page 

44 of 57). (See Figure 2.26.)

Part 4 - Legal Environment

Although the Resource Conservation and Recovery 

Act of 1976 (PL 94-580) is a group of amendments to 

the Solid Waste Disposal Act of 1965, the 1976 Act, 

hereafter referred to as the Act, basically replaces 

the 1965 Act. Included in the lengthy and complicated 

Act are provisions to eliminate substandard land 

disposal sites such as open dumps and to encourage 

resource recovery (20, 79). A timetable for compliance 

of the Act is shown in Tables 2.10 through 2.13.

Some earlier federal laws also encourage re­

source recovery systems. The Clean Air Acts of 1965 

and 1970 caused many incinerators to be closed (20). 

The Federal Ocean Dumping Act of 1972 prohibits ocean 

dumping to a large degree (20). The Federal Water 

Pollution Act Amendments of 1972 reduced the amount 

of waste that can be dumped into streams (20).

The effectiveness of the new legislation has 

been recently challenged. The United States govern­

ment sued Westchester County to preserve streams and 
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tidal marshes at its landfill site at Croton Point, 

and to separate reusable materials (12). Five muni­

cipal incinerators in Nassau County were closed in 

June 1975 because of state and federal law violations. 

These closings are causing overloading of nearby land­

fills and encouraging resource recovery. For example, 

in North Hempstead, New York, the local incinerator 

was closed because of air quality violations forcing 

an existing landfill to be filled in four years in­

stead of lasting a decade (22). In 1971, the Hacken­

sack Meadows Development Commission of northern New 

Jersey forbade filling any virgin wetlands (80).

Since a case study of a municipal solid waste 

system in Pennsylvania is presented in Chapter 6, the 

prominent solid waste acts of that state are briefly 

reviewed. The two principal solid waste acts of 

Pennsylvania are PA ACT 241, entitled Pennsylvania 

Solid Waste Management Act, and PA ACT 198, entitled 

Pennsylvania Solid Waste Resource Recovery Act (62, 

63). Enacted in 1968 and revised in 1970 and 1972, 

ACT 241 contains provisions for environmental planning 

and for regulating solid waste disposal (62, 79). 

ACT 198 basically recognizes solid waste as a resource 

(63, 79).
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CHAPTER 3

COST MINIMIZATION MODELS FOR SOLID WASTE MANAGEMENT 

3.1 Introduction

The solution to solid waste management problems 

includes the assessment of many complex interactions 

in terms of transportation systems, land use patterns, 

urban growth and development, political and social con­

cerns , and public health considerations. "A necessary 

step in the process of developing a systems analysis 

approach to solid waste management is the establishment 

of a mathematical modeling structure" (page 137 of 39). 

The three major areas of a solid waste management sys­

tem are collection including storage, transfer and 

transportation of solid waste, and disposal including 

any accompanying treatment such as resource recovery 

and/or incineration. The three alternatives normally 

considered in such a system are :

1) Direct shipment from municipalities 

to an ultimate disposal site.

2) Direct shipment to a transfer station 

where solid waste is transferred to large 

vehicles and then shipped for ultimate 

di sposal.
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3) Direct shipment from municipalities to 

a processor (incinerator or recovery system) 

where waste is processed and the residue 

is shipped for ultimate disposal.

"The political and social factions of a region 

may be hostile to the least costing system and more 

interested in the equity of the system. The cheapest 

system often involves one giant incinerator or Iand- 

fill with the nearby residents receiving all the 

adverse impacts from the region's waste" (page 156 of 

81). A pure equity model might be one where everyone 

disposes their own waste ; however, the cost and over­

all environmental impact would be prohibitive. In 

Milwaukee, Americology, Inc. , a subsidiary of American 

Can Company, processes all of the city's waste at one 

resource recovery plant which does not adversely im­

pose upon nearby Milwaukee residents and which has 

promising economics (60). Therefore, the desired 

design should be equitable when : no single area 

receives an unreasonable share of the system's impacts ; 

it is efficient to keep costs low; and no changes 

could be made that would improve the design in favor 

of one community without hurting another (81).

The objective of the solid-waste mathematical

model is to obtain the most economically efficient
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solution subject to equity and technical constraints. 

A mathematical model that minimizes the aggregate 

cost subject to equity and technical constraints can 

give an indication of the best system. A preliminary 

screening of as many possible choices of facilities 

to ones technically feasible and potentially equitable 

can appreciably reduce the dimension of the problem; 

only the most economically efficient model needs to 

be determined. These simpler models will be the only 

ones that will be analyzed in detail by this work. 

However, a more general model with equity variables 

which was adapted from two recent articles will be 

presented.

The choice of a suitable variable for measuring 

equity is difficult, since such nebulous forces as 

utility preferences come into play. For illustrative 

purposes, assume that a more equitable system disposes 

its waste near its source, leading to a larger number 

of small facilities (81). The two measures of equity 

used are the total ton-miles of waste shipped during 

the planning period and total tonnage shipped over 

political boundaries.

There are many solid waste facility models 

illustrated in the literature (See references 82 

through 98) that may stress certain points, but in 
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general, they are similar. The dynamic facility 

location and waste haul model partially taken from 

page 540 of reference 10 and page 538 of reference 

81 illustrates such a model.

The objective function, equation 3.1, is the 

total cost to construct and to operate over the entire 

planning period. is a discount factor in order 

that the analysis is performed with respect to net 

present value. A term could be added to reflect the 

estimated net present value of the salvage value of 

the system. Any revenues generated by a resource 

recovery process are assumed to be embedded in the 

cost function as negative costs. The cost functions 

F i t (Y i t ) ’ Titbit)' C i j t (X i j t ) and Cght(Tght) are 

usually concave functions that represent the prevalent 

economies of scale nature of all the costs. t(Y^) 

often displays an initial charge which is independent 

of capacity.

For any feasible system, all the waste gener­

ated must be handled by the system. Equation 3.2 

forces the system to have the correct level of capa­

city throughout the planning period.

Equation 3.3 states that all waste shipped to 

a processing plant must be treated.
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DYNAMIC FACILITY LOCATION AND WASTE HAUL MODEL

Minimize:

m r r n m
% Yit (Pit) + J J *t Cijt(Xtjt) *

1=1 t=l t=l J=1 1=1

mr 
s 

t=l
.s Fi t 
1=1

(Yit)
r m-a a

+ 2 S Z At Cght(Tght) 
t=l h=l g=l (3.1)

Subject to :

n
2 Xjjt > Gjt, for all j,t

m
2 Xijt-^it S0» for all i,t 

j = l

PgT 2 Ygt - Ag S 0

ge{l,2

(3.2)

(3.3)

(3.4a)

T 
z 

t»l
(pht “ Yht) - < 0, for all tg {1

he{l,...,m-a} (3.4b)

m-a 
agpgt - z Tght < ° 

n= i
for all g ,t (3.5)
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r n
Z Z 

t=l j=l

m r m-a a
i=l d,j Jl 9 = 1 d=h '9^ ' A

(3.6)

r n m 
e<3 Xiit£B (3-7)

(3.8)

x i j t > 0, for all i »j ,t (3.9)

Tght > 0, for all g,h,t (3.10)

Yit > 0, for all 1 ,t (3.11)

Pit > 0, for all i.t (3.12)

where :

Xjjt = units of waste shipped from generating

area j to site i in time period t.

Yjt = capacity added to facility i at the

beginning of period t.

P.f = units of waste processed at site i in

period t.
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Tght = units of waste shipped from treatment

site g to final disposal site h in 

period t.

cost of expanding capacity of site i 

by Y.t units in period t.

= cost of processing units at site i

in period t.

C i j (X i j t ) cost of shipping X... units from 

generating area j to i in period t.

Cght (Tght) = cost of shipping Tght units from 

treatment site f to final disposal 

site h in period t.

= financial factor for period t.

G. = units of waste generated in generating
J t

area j in period t.

qg = initial capacity of treatment site g.

= initial capacity of final disposal 

site h.

ag = weight reduction factor of treatment

site g.
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e.j = equity coefficient: 0, if site i is

in area j, and 1, otherwise.

djj = distance between site i and generating

area j.

dgh = distance between treatment site g and

disposal site h.

A = maximum allowable ton-miles of waste

shipment.

B = maximum allowable tons of waste shipped

over district boundaries.

Si = total possible expansion capacity of

site i.

m = number of feasible facility sites i.

n = number of generating areas (districts) j.

a = number of intermediate processing sites

g.

m-a = number of final disposal sites h.

r = number of time periods t.
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Equations 3.4a and 3.4b are the processing 

capacities of the intermediate sites and ultimate 

sites, respectively. Constraint 3.4a states that 

the amount of waste processed at intermediate site g 

during period t cannot exceed the initial period 

processing capacity of the facility plus all of the 

capacity expansions ; analogously, for the ultimate 

sites represented in constraint 3.4b.

Constraint 3.5 is the balance constraint 

between the treatment site and the ultimate disposal 

site.

The equity constraints are represented by 

constraints 3.6 and 3.7 where equation 3.6 limits 

the total ton-miles of waste shipments and equation 

3.7 limits the number of tons of waste shipped across 

political boundaries.

The constraint that limits the level of site 

expansion is 3.8.

3.2 Computer Programming Models and Algorithms 

Skelly (99) and Walker (100) view the solid 

waste management problem as primarily a capacitated 

warehouse location problem with the variable costs 

illustrating economies of scale. Stated verbally,
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the problem i s:

MINIMIZE:

(TRANSPORTATION COSTS + VARIABLE WASTE 

DISPOSAL COSTS + FIXED FACILITY OVERHEAD 

AND CAPITAL COSTS - REVENUES FROM RECLAIMED 

MATERIALS)

SUBJECT TO:

1) ALL REFUSE GENERATED AT A SOURCE IS 

ASSIGNED TO SOME SITE

2) THE REFUSE SHIPPED TO A DISPOSAL SITE 

DOES NOT EXCEED THE SITE'S CAPACITY

3) ALL REFUSE SHIPPED INTO A TRANSFER 

STATION OR AN INTERMEDIATE SITE IS 

SHIPPED TO A FINAL DISPOSAL OR ANOTHER 

INTERMEDIATE SITE (WITH A POSSIBLE 

REDUCTION IN WEIGHT)

Generally speaking, the cost minimization mod­

els of solid waste systems fall within the framework 

of the verbal model above (1, 2, 81, 101, 102, 103, 

104).

The complexities involved in attempting to 

obtain an optimal solution to the problem are the 

nonlinear variable cost curves coupled with the 
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fixed charges. Mixed integer programming algorithms 

yield exact solutions to the fixed charge problem 

with linear variable cost curves for small problems, 

but become computationally prohibitive for large 

problems (100, 105-109). Of the available hueristic 

algorithms, none can guarantee a global optimum 

(100, 106, 110, 111, 112).

The fixed charge problem is encountered when 

there is a fixed cost associated with an activity. 

The variable cost can be proportional to the level 

of the activity, or it can be non-linearly related. 

Let x_, j = 1, 2, . . . n, denote the level of 

activity, say, the number of units processed per 

unit of time. Assume that the variable cost is pro- 

protional to xH with proportionality constant Cp 

Let kj be the fixed cost of activity j which is only 

incurred when Xj is greater than 0. Assuming that 

all of the constraints upon the x.1s are linear, the 
1 

mathematical formulation of the fixed charge prob­

lem is:

^Taken from references 100 and 113.
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Minimize:

n 
E 

j = l
(cjxj + Mj)

n 
Z = E MxJ 

j = l J J

Subject to :

hx < b_, and 

x > 0

f 0, when Xj = 0 ]
Where 6j = j i, when Xj 0 /

j * 1 s 2, • • • j n.

Figure 3.1 illustrates the type of concave 

objective function in a linear fixed charge problem.

f i (%i

Units, xj

c2 Variable Cost

Total 
Cost

Fi xed 
Cost = k-i

FIGURE 3.1. Cost Function With Fixed Charge
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Some solution techniques to the linear fixed 

charge problem are briefly described below. Efroymson 

and Ray (114) have developed a branch and bound tech­

nique where a large number of IP's must be solved and 

where there are no limits on the facilities' capacity. 

This method can only handle simple plant location 

problems (103 ). Spielberg developed an exact algo­

rithm similar to Efroymson and Ray's which can handle 

some additional constraints (103, 114). Gray's exact 

algorithm which is a mixed integer algorithm required 

more than 10 minutes on the average and as much as 22 

minutes on a Burroughs B5500 system to solve a 5x7 

problem (100, 103, 107). Kuehn and Hanberger (115) 

Kuhn and Baumol (108), Manne (116), and Bal inski (109) 

developed hueri sties and approximations that they say 

produce good solutions to the fixed charge problem 

(103).

This author did not find any hueristic algor­

ithms or references to any that surpassed Walker's 

hueristic algorithm in reference 100. When tested 

against Spielberg's and Gray's exact algorithms, 

Walker's procedure yielded the optimal solution in 

almost all test cases attempted (100, 103). In fact, 

all solutions were achieved in from 0.50 to 0.0012 

of the time needed by Gray1s algorithm; only two 
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inconsistent solutions were off by less than two 

per cent (100). Furthermore, in reference 100, 

Walker tested his algorithm against hueri sti c algor­

ithms developed by Cooper and Drebes (110), Steinberg 

(106), Denzler (111), and Cooper (112). For the test 

cases exhibited in reference 100, only Walker's 

hueri Stic converged upon the global solution. Further­

more , barring differences in programming skills, 

Walker believes hi s algorithm appears to be faster 

and to obtain the optimal solution a higher percentage 

of the time (100). A major drawback of Walker's 

algorithm is that it can only guarantee achieving a 

local optimum which he surmises could be the optimal 

solution or at least a good solution (1, 2, 103).

Many of the previously mentioned solution 

procedures require large sophisticated computers and 

long running times which are costly. A rather simple 

computer model written by McNamara (117) requires only 

60000g words of memory on a CDC6400 computer for a 

problem whose waste sources and landfill sites sum 

to 30. The FORTRAN coded computer model executes in 

less than a minute and comprises a deck with fewer 

than 300 cards. The program utilizing Walker's 

algorithm required 8.9 minutes to solve a 25-city, 

9-site problem on an IBM360/65 computer (page 594
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of 100). McNamara's solution procedure involves 

some manual interventions to circumvent some of the 

complex programming necessary to model the fixed 

charge aspect of the problem. Since the algorithm 

assumes the facilities are operating at full capacity, 

facilities with low utilizations are removed from the 

problem and a new problem is solved. The solution 

procedure ends when no more facilities can be removed. 

In the literature reviewed, only Walker's 

algorithm attacks the problem of the fixed charge 

type with nonlinear costs. In his treatment of 

concave disposal costs to reflect economies of scale, 

the nonlinear cost functions are estimated by piece­

wise linear approximation. This approximation pro­

cedure vastly increases the number of variables in 

the LP. Hence, the size and complexity of the LP 

problem is immensely augmented. The FORTRAN program, 

WRAP (101), which is designed to aid in solid waste 

planning, utilizes Walker's algorithm (100). It is 

currently being distributed by the Systems Management 

Programs, United States Environmental Protection 

Agency under the direction of Donna Krabbe. In WRAP, 

nonlinear cost curves are approximated from data 

input of the intercepts and slopes of the approxi­

mating linear segments (See Figure 3.2).
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FIGURE 3.2. Piecewise Linear Approximation.

(See following page for Legend)
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LEGEND FIGURE 3.2.

The curve à. (x. ) is approximated with 3 linear 
J J

segments, where

c.. = the slope of the ith segment of ip { (xj, 
I J J J

= y- intercept of the ith segment of (x.). 
' J J J

By concavity, c-j . c3j> =2j >

f3j > f2j > flj’

3
Let xi = Z A•.. Then the approximating function, 

J i=i iJ

ip'., of *;(xj) can be written J d J

3 3
’P-(x-) = MIN Z • (x - ) = Z (c. - A- • + f^ô^), 

J J i = l 1* i= 1 ” 1 v 1 d

j = 1, 2, . . ., n (= number of 
processes),

3 
Subject to Z A44 = X;, 

i = 1 J

Where ^jj=
if Ajj = 0

if A.j > 0
and

Ajj 1 0, j = 1, 2, . . . , n.
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3.3 Summary

The WRAP program can only guarantee approximate 

local optimal solutions. The only nonlinear cost 

curves analyzed by WRAP are the processing costs ; all 

others are assumed to be linear or fixed. However, 

variable and fixed costs exhibit economies of scale 

for haulage, for processing at resource recovery plants 

and landfill sites, and for capital equipment (36, 

118). Moreover, resource recovery plant processing 

costs also have the diseconomies of scale property.

Geometric programming can handle posynomial 

nonlinear cost functions and constraints in a natural 

way. Therefore, geometric programming should be a 

computationally more efficient and more accurate 

solution technique for solid waste management prob­

lems. The proposed research will investigate the 

utilization of geometric programming to aid in solving 

the nonlinear concave disposal costs directly without 

linear approximations, and the development of more 

efficient or better methods of handling the fixed 

costs which exhibit economies of scale in solid waste 

management problems.
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CHAPTER 4

GEOMETRIC PROGRAMMING

Part 1 - An Overview of Geometric Programming

4.1 Introduction

Since the middle Eighteenth Century, differen­

tial calculus and calculus of variations have been 

applied to certain types of optimization problems in 

geometry and physics. Since the late 1940's, a new 

class of optimization problems called mathematical 

programming problems has attracted increasing interest. 

Mathematical programming problems are classified as 

optimization problems in Economics; chiefly, problems 

in the allocation of scarce resources. With his 

development of the simplex algorithm for solving 

linear programs, G. B. Dantzig has spurred the great 

impetus for the growth of interest in mathematical 

programming. The simplex algorithm is an efficient 

computation scheme that can be readily applied to 

many real world problems. Furthermore, the duality 

theory of linear programming has provided a vast 

store of economic information from the dual variables
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whose values represent shadow prices. A global 

optimum is guaranteed by the simplex procedure for 

consistent programs. Only excessively large prob­

lems cannot be solved with this algorithm on modern 

computers.

Unlike linear programming, few nonlinear 

programs can be solved for any solution, let alone 

global solutions. The small subset of the class of 

nonlinear programs for which solutions or approximate 

solutions seems obtainable is studied most exten­

sively. These programs are usually comprised of 

objective functions that are separable or quadratic 

with linear constraints. The solution technique 

utilized most often is a transformation of the ob­

jective function into a linear function, followed 

by the application of linear programming to the 

transformed program. Solutions to nonlinear pro­

grams with nonseparable objective functions and/or 

constraints can sometimes be attacked with calculus. 

However, many computational problems usually arise 

when calculating solutions with calculus. If the 

rare incidence of the nonlinear program satisfying 

the Kuhn-Tucker conditions occurs, a global optimal 

solution can be obtained for reasonably sized 

problems.
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4.2 Historical Development of Geometric Programming 

C. Zener wrote the first paper (119) where a 

degree of difficulty zero and an unconstrained posy- 

nomial geometric program was solved. R. J. Duffin 

utilized theory concerning the geometric inequality 

(120) and duality theory to develop the theoretical 

basis for Zener's technique. C. Zener removed the 

zero degree of difficulty constraint by first pro­

posing a perturbation procedure (121) followed by a 

further extension employing overlapping subsystems 

(122). Constrained geometric programs were intro­

duced by A. Charnes and W. W. Cooper in 1962, and 

by R. J. Duffin and E. L. Peterson in 1964 ( 123 ). 

In 1966, Duffin and Peterson constructed a compre­

hensive duality theory for posynomial geometric 

programming (124).

Some extensions of posynomial geometric 

programming included stochastic geometric programming 

developed by M. Avriel (125). U. Passy first ana­

lyzed geometric programs with negative coefficients 

called signomials (126, 127).

4.3 Solving Signomial Programs

There are three basic approaches toward 

obtaining a solution to signomial programs. First, 
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the primal program could be directly attacked with 

an algorithm such as the one developed by Reklaitis 

(128) or Staats (129). Second, several authors 

(130 through 135) have developed algorithms to take 

advantage of the dual structure of a primal program. 

Third, R. J. Duffin suggests transforming the sig- 

nomial program into a posynomial program (136, 137). 

Several algorithms that solve si gnomial programs 

have appeared in the literature (133, 138 through 

141). Since a geometric program with reversed con­

straints is equivalent to a signomial program, it 

can be solved by the above methods.

A geometric program with degrees of diffi­

culty and loose constraints can be approached by 

the surrogate constraint (129) and augmented pro­

cedures (140, 142).

Since its inception, geometric programming 

has been applied to problems which cut across many 

science and engineering disciplines. Mechanical 

engineering problems such as the optimal design of 

journal bearings (143), gas transmission compressors 

(144), welded beams (144), and pressure vessels 

(145), were solved by geometric programming. The 

Williams-Otto process (146) and alkylation process 
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optimization (141) were analyzed with geometric 

programming. Concerning the subject of biochemistry, 

geometric programming was applied to a model of the 

chemistry of the human respiratory system (144). 

In the business arena, the mathematical programming 

technique was applied to the marketing mix problem 

(147) and the minimization of capital investment 

for batch processes (148). In civil engineering, 

such problems as the optimal design of cofferdams 

(149) and industrial waste treatment plants (150) 

were attacked by geometric programming. Furthermore, 

problems in tool engineering (151, 152), ship de­

sign (153, 154), nuclear engineering (155), modular 

design (156), gas production facilities design (159), 

reliability engineering (157), and resource alloca­

tion engineering (158) were analyzed by geometric 

programming.

4.4 Basic Geometric Programming Theory

The notation and theorems used to present 

the basic geometric programming theory in this section 

are from reference 160. First, the primal program and 

its respective dual are presented with a statement of 

the relationships between the primal and dual vari­

ables. Using the notation presented on pages 78 and
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79 of reference 160, the primal and dual programs 

are now described.

Primal Program A

Minimize :

sod)*
Subject to :

91(t) £ 1.

g2(t) < 1,

(4.1)

(4.2)

9p(t) £ 1. 

t > 0, (4.3)

Where : 
„ /il ai 2 /im

3k 1 ’ ujk '1 1 2 " m ’

k = 0,1,2,...,p , (4.4)

J [k] {m^, m^+ % , m ^+2 »•••» n ,

k = 0,1,2,...,p,

mQ = 1, m1 = nQ+l, m2 = n^l

np = n

(4.5)

9

(4.6)
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a^j & {real numbers}, for all ie {1,2,... ,n}

and for all je {1,2,...,ml, (4.7)

ci > 0, for all ie {l,2,...,n}. (4.8)

Equation 4.1 is called the primal function. 

The vector t. is comprised of the primal variables. 

The primal constraints are composed of two classes: 

forced, which are illustrated by 4.2 and natural, 

which are illustrated by 4.3. The restrictions of 

4.7 and 4.8 force the functions in 4.4 to be posy- 

nomials. The matrix (aj ) is the exponent matrix.

Dual Program B

Maximize:

v(5) =

c^^i9 p xk^

5] 4(1) , (4.9)
n 
n

Subject to:

i eJ [0]
6 = 1, (4.10)
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n
2 a . 6. = 0, j = 1,2.........m, (4.11)

1=1 1J 1

È 1 0, (4.12)

Where:

~ 2 Sj, k = 1,2,.. . ,p , (4.13)
i eJ [k]

and

(4.5), (4.6), (4.7), (4.8) hold.

Equation 4.9 is called the dual function. 

The vector £ is comprised of the dual variables. 

Each dual variable corresponds to a term in the 

primal program. The factors c^ in the dual are co­

efficients in the primal program. There is one 

Xk(S.) factor in the dual objective function for 

each constraint in the primal. The normality con­

dition, 4.10, the orthogomality condition, 4.11, 

and the positivity conditions, 4.12, comprise the 

dual constraints.

The following theorem is the main theorem 

of geometric programming which is called the first
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duality theorem of geometric programming. It states 

the relationship between the primal and the dual 

variables. However, the theorem requires that the 

primal program be superconsistent: there exists a 

t* such that gk(t*) <1 for all kc{l,2,...,p}.

Theorem 4.1

Suppose that Primal Program A is supercon­

sistent and that the primal function gQ(t) attains 

its constrained minimum value at a point that satis­

fies the primal constraints. Then

(i) The corresponding Dual Program B 

is consistent and the dual function 

v(6j attains its constrained maximum 

value at a point which satisfies the 

dual constraints.

(ii ) The constrained maximum value of the 

dual function is equal to the constrained 

minimum value of the primal function.

(ii i) If t/ is a minimizing point for Primal 

Program A, there are non-negative 

Lagrange multipliers such that the 

Lagrange function
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Mk[9kW - g (4.14)

has the property

L(t', h ) £9o(t*) = L(t\ p') < L(t, p') (4.15)

for arbitrary tj > 0, j = and arbitrary

P^ >. 0, k = 1,2,... ,p. Moreover, there is a maxi - 

mi zing vector 6/ for Dual Program B whose components

are

(4.16)

where X = i.' ^nd £ = £'. Furthermore, 

uk‘
^k(D = g^7) . k = 1,2........ p. (4.17)
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(iv) If is a maximizing point for

Dual Program B, each minimizing point 

t.' for Primal Program A satisfies the 

system of equations

Ô j v (&' ), isJ[0]

«i / Xk d'), ieJM "

(4.18)

where k ranges over all positive 

integers for which Xk(ô_*) > 0.

Notice that when the degree of difficulty

n - (m+1) equals zero, a unique solution to the dual 

can be easily obtained by solving the m+1 equations, 

4.10 and 4.11, in n(=m+l) unknowns. To obtain the 

primal solution vector, first take the logarithm of 

4.18 obtaining

m
Z ajj&n tj = An + An v (5/ ) - An Cj , i eJ [0] ,

j = l

(4.19)
and

- An Ak(6' ) - An Cj , i eJ [k] , 

(4.20)
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then solve the linear system of equations for £n tj, 

j = 1,2........ m. More often than not, the degree of 

difficulty is greater than zero ; hence, an applica­

tion of the above procedure yields an underdetermined 

linear system in variables £n tj, j = 1,2,...,m. 

The factors ^(0/ ), k = 1,2........ p, in the dual ob­

jective function are Lagrange multipliers multiplied 

by the constant factor [gg(l' )]........

The second duality theorem of geometric 

programming states sufficient conditions for the 

hypothesis of the first theorem to be true.

Theorem 4.2

If Primal Program A is consistent and there 

is a point 6.* with positive components which satisfies 

the constraints of Dual Program B, the primal func­

tion 9q (^) attains its constrained minimum value at 

a point t/ which satisfies the constraints of 

Primal Program A.
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Part 2 - Some Properties and Limitations of 

Geometric Programming

4.5 Introduction

Several properties and limitations of geo­

metric programming are now illuminated. Global 

optimality and geometric programming, geometric 

programs with reversed constraints, geometric pro­

grams with loose constraints, degenerate geometric 

programs and canonical geometric programs are the 

primary topics to be discussed. Since the investi­

gation of global optimality depends upon the notion 

of convexity, a brief review of some definitions 

and properties concerning convex functions and con­

vex sets can be found in the Appendix.

4.6 Global Optimality and Geometric Programming 

The underlying structure of Primal Program 

A is revealed by forming an equivalent transformed 

program (160). For the posynomials

«k(D • . = c, tî’1 4i2 ...tr,
i e J [k]

k = 0,1,2,... ,p, (4.21)
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of Primal Program A, let 

z •
tj = e J , j = 1,2........ m. (4.22)

Then the transformed functions

' ij j •

k = 0,1,2,... ,p, (4.23)

are positive exponential functions where

z- elreal numbers} and t. > 0, j = 1,2,...,m. J J

The transformed primal program is now presented :

Transformed Primal Program Az

Minimize:

90^>

Subject to :

91(z) < 1.

g2(z) < 1,

9p(z) x. 1.

(4.24)

(4.25)
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where :

k = 0,1,2,...,p, (4.26)

J [kJ = {m%, m^+l, m^+2,...,n^l, 

k = 0,1,2..........p, (4.27)

m0 “ 1» ®i “ nQ+l, m2 = n^l.........mp = np-1+l

np = n, (4.28)

aij e {real numbers} , for all ie{l,2,...,n}

and for all je{l ,...,m}, (4.29)

c. > 0, for all 1e  £ 1,2,...,n} , (4.30)

ZjE (real numbers}, for all je{l,2,...,m}.

(4.31)

Duffin, Peterson, and Zener show that any non­

trivial primal program can always be formulated such 

that its exponent matrix (a^j) has rank equal to the 
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number of primal variables, m, which is strictly 

less than the number of terms» n (page 84 of refer­

ence 160). All geometric programs discussed in 

this research are assumed to be nontrivial.

The following theorem states the most import­

ant property of Transformed Primal Program Az.

Theorem 4.3 (160)

Transformed Primal Program Az is a convex 

program. Each positive exponential function 

gk(z), k = 0,1,2,...,p is convex. Even though the 

posynomials in Primal Program A may not all be 

convex, all functions 4.24 through 4.25 of Program 

Az are convex. Therefore, Transformed Primal Program 

Az is a convex program where every local minimum of 

go(z.) is also a global minimum of g^zj.

4.7 Geometric Programs with Reversed Constraints 

The minimizing stationary point for Primal 

Program A is also the global minimizing solution ; 

this cannot be said for posynomial programs with 

reversed constraints. In general, a geometric 

program with reversed constraints is no longer a 

convex program even when transformed, as illustrated 
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in Section 4.6. There is no guarantee of optimality 

at the saddle point of the Lagrangian, since it is 

no longer composed of a positive linear combination 

of convex functions.

A posynomial program with reversed constraints, 
D

Primal Program A , is now defined:

D
Primal Program A

Minimize:

90(t.)

Subject to :

91(t) < %,

9g(1) — 1 »
. >

9p(t) < 1, .

(4.32)

(4.33)

9p+l<^ - 11

Sp+2^ - 11

(4.34)

9p+q<l) i 1 

where:
ai 1 a . aim 

lm (4.35)
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k = 0,1,2... ,p , p + 1, p+2,— ,p+q (4.36)

J [k]= (m^, m^+l, m%+2,..., n^}, 

k = 0,1,2..........p, p+1, p+2......... p+q (4.37)

mg = 1, mj = ng+1, mg = nj+1,..., mp+q =

Mp+q-1 » Mp+q " n (4.38)

a.jE {real numbers), for all ie {1,2,...,n) 

and for all je {1,2,... ,m), (4.39)

c . > 0, for all 1e {1,2,...,n) , (4.40)

t > 0 . (4.41)

p 
To form the transformed Primal Program , let 

z . 
= e J , j = 1,2,...,m, (4.42)

p 
then all the posynomials in have the form:

2^. ajjZj
g(z) = Z c.e 3-1 3 3 . (4.43)
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D

Hence, the Transformed Program is:

Transformed Primal Program

Mi ni mi ze:

Subject to :

9f(z) £ 1. '

92<z ) < 1. 
• F

9p(z) < 1. .

(4.44)

(4.45)

9p+%(z) i 1.

9p+2(z) i 1.

9p+qCz) > 1.

where :

9k(z) = = l
ieJ[k]

(4.46)

k 0,1,2,...,p, p+1,..., p+q,
(4.47)
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JM= <mk, mk+l, mk+2........

k - 0jl,2j...,p, p+1,..., p+g (4.48)

mg = 1, m2 = nQ+l, m2 =

Mp+q ’ "p+q-i+l, "p+q = ", (4-49)

a^jS {real numbers}, for all ie{l,2,... ,n}

and for all je{1,2........ m} (4.50)

Cj > 0, for all ie{1,2.........n), (4.51)

ZjG {real numbers}, j = 1,2,...,m. (4.52)

Assume that £ has real valued components.

Then , g%(zj, k = 0,1,2.........p, p+1,..., q+p, can be 

shown to be convex. Now the respective complements 

of the sets

{z : 9k (z.) < 1} , ke {p+1, p+2,.. . , p+q} , 

which are convex are the sets

{z: 9k (z) > 1}, ke {p+1, p+2........ p+q} ,
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called reverse convex sets which are not necessarily 

convex. Program consists of minimizing a convex 

object function gQ(z) over the feasible region which 

is the intersection of the convex sets

(z: gk(z) £ U.ke (1.2.........p}, (4.53

and the reverse convex sets

9k(^ - ll'ke <P+1, P+2,..., p+q], (4.54)

Hence, the convexity of the feasible region of z 

may have been destroyed by the presence of reverse 

constraints. Since A* may not be a convex program, 

a local minimizing solution to A* need not be a 

global minimizing solution.

The Lagrangian for Program A^ is not composed 

of a positive linear combination of convex functions 

Let

' 9k(z) , k = 0,

Gk(z) • < 9k(z) - 1, k = 1,2........ .. (4.55)

^“9k(£) s k = p+1........ p+q,
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Then the corresponding Lagrangian for Program is

L(z, h ) = 90(z) +
P
L 

k=l
uk[gk(z) - f

p+q
+ Z 

k=p+l
yk 1 (4.56)

Notice that for p >. 0, the Lagrangian is a convex 

function in terms of gk(z), k = 0,l,2,...,p, but 

concave in terms of gk(z), k = p+1,...,p+q. Thus 

the saddle point solution to the Lagrangian need 

not be the global optimum.

4.8 Degenerate and Canonical Programs

A geometric program is said to be degenerate 

if any of the primal terms can approach zero without 

causing at least one other primal term to approach 

positive infinity; otherwise, the program is said 

to be canonical (160). Degenerate programs cannot 

be solved by the method of geometric programming; 

the associated dual (equation 4.9) is undefined 

because the dual variable associated with the van­

ishing primal term is also zero. The degenerate 
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terms should be removed such that a canonical program 

can be formulated. Peterson (161) indicates that 

naturally occurring design problems will be canonical. 

A properly formulated geometric programming model 

should always be canonical because of the underlying 

opposing cost relationship that pervades economic 

allocation problems.

4.9 Loosely Constrained Programs

Loosely constrained geometric programs present 

formidable computational problems because all of the 

dual variables associated with a loose (inactive) 

constraint at optimality are zero. The Kuhn-Tucker 

complementary slackness property of optimal solu­

tions requires that the Lagrangian multipliers 

accompanying a loose constraint equal zero. Since 

the dual variables corresponding to terms in loose 

constraints are directly proportional to the Lagran­

gian multiplier of that constraint (equation 4.16), 

all of the dual variables associated with that con­

straint are zero. Hence, the dual objective func­

tion is undefined.

Recall that the Lagrangian function for Primal 

Program A is:
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P P •
L(t, u) = g0(t) + Z Pk|_gk(t) - 1 (4.57)

If jt* is a solution to Primal Program A, then the 

Kuhn-Tucker theorem necessitates that there exists 

a vector jj * that satisfies the following relations:

a) gk(t) - 1 S 0 , for al 1

b) uk[gk(t) -1=0, for all

c) — 0 ’ al 1

.. asod) 5 d9k(D
d) —— + 3. “k ——

ke{l ,2,... ,p}. (4.58)

ke{ 1,2.........p}. (4.59)

ke{l ,2,...,p}. (4.60)

= 0 ,
j

for all je {1,2,... ,m}. (4.61)

Therefore, if gk(jt) < 1 for some ke{l,2,... ,p}, then 

by the complementary slackness relation 4.59, pk = 0.

But

“k = 0 *

6j = 0 for all ie J [k] by relation 4.16 

v(6.) is undefined.
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The loose constraints at optimal1 ty should 

be removed from the Primal Program A. Since it is 

often not obvious whether a constraint will be loose 

at optimality, some authors have developed solution 

procedures that add slack variables to all con­

straints to assure that the constraints remain 

tight (142, 130). Such a procedure by McNamara is 

subsequently discussed.

Part 3 - Solution Procedure

4.10 Introduction

This part reviews two of the current solu­

tion procedures for solving geometric programs with 

nonzero degrees of difficulty, reversed constraints, 

and negative coefficients. The solution procedures 

developed by J. R. McNamara and R. J. Duffin are 

explained in some detail, since they are incorporated 

in the hybrid solution procedure utilized to solve 

nonlinear solid waste models developed in Chapters 5 

and 6.

4.11 Geometric Programs with Degrees of Difficulty: 

J. R. McNamara's Solution Procedure

J. R. McNamara (142) developed an algorithm to
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solve geometric programs with degrees of difficulty. 

If the geometric program satisfies certain condi­

tions, an augmented geometric program with degree of 

difficulty zero can be constructed by adding slack 

variables to the constraint equations and by con­

straining these variables in a particular fashion. 

Furthermore, these slack variables prevent any con­

straints from becoming inactive, which can lead to 

computational difficulties.

Suppose that Primal Program A comprised of 

equations 4.1 through 4.8 has a degree of difficulty 

greater than zero, 1.e. , n-m-l > 0, where n and m 

are the number of terms and the number of primal 

variables, respectively. Without loss of general­

ity, assume that :

a) the objective function, gq (jt) contains 

m terms, and its exponent matrix

........ m) has rank m, and

b) there exists an active forced constraint 

in Program A at optimality (page 18 of 

142).

Assumption a) guarantees that the augmented program 

constructed has the degree of difficulty equal to 
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zero, while assumption b) forces all constraints in 

the augmented program to be active (equalities) at 

the optimal solution.

To form the augmented program from Primal 

Program A, each term in the system of p forced 

constraints is multiplied by a slack variable 

tp ic{m+l,m+2,... ,n} followed by appending a 

constraint imposed upon the product of the slack 

variables. The resultant program is illustrated 

below:

Primal Program A0

Minimize:

90(^ = j ej Qq J C i 11 1 V2 ’ (4'62)

Subject to :

Skd'V = iEj[k]Citl^ "" tmim ti - 11

k = l,2,...,p

g (t ) - t bm+1 t
*p+l -s m+1 m+2

(4.63)

t> 0j ...j t> Oj (4.64)
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Where :

b j £-1, for all ie {m+1, m+2........ n) , (4.65)

and t,s is a vector of primal slack variables. The 

degree of difficulty is (n+l)-m-l=(n+l)-n-l=0, since 

m=n.

McNamara proves that if (X'solves Program 

A° and t' satisfies 
—s

t^ £ 1, for all ie{m+l, m+2,... ,n), (4.66)

then X' solves Program A. Condition 4.66 guarantees 

that no constraints are violated, and represents the 

stopping mechanism for the solution procedure.

The Solution Procedure

Given the augmented Primal Program A0, form 

its respective Dual Program B°, as shown by equations 

4.9 through 4.13. To satisfy condition 4.11, the 

transpose of the exponent matrix of Program A0, A?, 

is right multiplied by the dual vector X» and equated 

to zero, i.e., A? 6 = 0. However, the central matrix
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of this solution procedure, %, is computed by 

applying several elementary row and column opera­

tions to A? to obtain the form below.

term
4- 0

1== 0

variable •

0

1 . . 0 ?l,m+l " • • Y1 ,n 0

1 . Yji

. . 1 ^m,m+l * • • ym,n 0

. . 0 1 0 bm+l

0 • • 1 •

. . 0 0 .... . 1 "n

(4.67)

Certainly,

X = 0 +

ATS' = 0. (4.68)
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Furthermore, condition 4.10,

Z 6 . = 1, and 4.68
i eJ [0] 1

(4.69)

5 1 = ô ’ . i Z j  b ! , j £ {1,2 ,.. . , m} , ( 4.7 0 )
J 4 -m-H J 1 1

and

5^1 , i£{m+l,... ,n}. (4.71)

Notice that the program remains canonical if 

the uniquely determined vector, , is strictly 

positive. The restriction of

Z y4b> 0, j£{l,2,...,m} (4.72)
i =m+l J1 1

along with

bl £ -1, i e{m+l, m+2,...,n}. (4.73)

ensures that the problem remains canonical. However, 

if there exists Je{1,...m} such that Yji > ° for all 
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ie{m+l,...,n}, then there does not exist a which 

satisfies 4.72. Thus the problem is not canonical, 

and cannot be solved by this method.

The solution procedure is:

a) Determine a preliminary exponent 

vector b1 which satisfies 4.72 

and 4.73.

b) Compute 6J by utilizing 4.69, 4.70, 

and 4.71.

c) Calculate v(5/ ) with formula 4.9.

d) Solve the linear system of 4.19 and 

4.20 for (t, tg).

e) if l - for e sufficiently 

small, stop ; the solution vector t/ 

solves Program A within an e neighbor­

hood of a forced constraint. Other­

wise, continue.

f ) Find t^ = min ftj| t^< 1, i e {m+1,.. . , n}}.

Let b” = b^/t^ , re{m+l,... ,n}. (4.74)

g) Go to b).

The solution obtained by this procedure, say 

t°, is approximately the true optimal solution, t*, 
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depending upon the size of the stopping criteria, e, 

i.e. , g0(t°) = gq (t*). However, the procedure may 

fail to converge while utilizing rule 4.74. Further­

more , condition 4.72 may not be satisfied. McNamara 

states that this procedure has worked well in the 

past and that "it has always been possible to modify 

rule 4.74 and achieve convergence"(142). One modi­

fication that he mentions is

b; = b; + (i-tp b; (4.75)

If by fails to satisfy 4.72, then the following rule 

is invoked :

b; = b; + w; - bp (4.76)

where

b" mi n
{Yjj>0, j=l

i=n
i =m+lr

(4.77)

Whenever an infeasible b^ vector is generated by either 

rule 4.74 or rule 4.75, the procedure must continuously 

employ rule 4.76.
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4.12 Geometric Programming with Reversed Constraints 

and Negative Coefficients: R. J. Duffin's 

Condensation Procedure

Many nonlinear engineering problems cannot 

be modeled without negative coefficients and reversed 

constraints. In reference 162, Duffin reviews his 

calculation technique to transform a signed geometric 

program with possibly reversed constraints to an 

approximating posynomial geometric program in stand­

ard form. The calculation procedure consists of 

solving a converging sequence of posynomial programs 

in accord with a rule to adjust certain weights at 

each interaction. The condensation method is now 

exempli fi ed.

Let gk(t), k = 0,1,2 be posynomials. Then 

define the signed program:

Program As

Minimize :

g0(t) (4.78)

Subject to :

91(t) - g2(t) 1. (4.79)
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Since gk(jt) > 0 for k = 1,2, and 4.79 holds, there 

exists tm+i > 0 such that

91(1) i tm+l i 92(t) + 1

‘^1 91 Mi 1 i ^11 s2 + ‘mil

or

*■+1 91 M X 1 and ^11 «2 M + ‘mil -

Define a new posynomial

G2^‘l*‘2......... ‘m’ ‘m+11

* ‘m+1 82 M + ‘mil à 1

which has the form

(4.80)

62^1»^2 * %m+l)
N

Z Ui 
i = l 1
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Since

N rUnÇi
vi- vp i & H ■ vp

for

N
E Ç. » 1 and ç. > 0, for all 1e{1,2,...,N}, 

1=1 1 1

constraint 4.79 can be approximated with the posy-

nomial constraint

g 2 (1* tm+l^ (4.81)

The point £° satisfies 4.81, then

e2(t) > G2(t) > 1.

The new posynomial program i s:

Program Ac

Minimize:

g0(t) (4.78)
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Subject to :

tm+1 9i(t) < 1

g 2 (1* %m+l) 1

(4.82)

(4.83)

Given a feasible point _t that is consistent 

with 4.82 and 4.83 defined by

Çj = U j (X^ )/G^(^),

ie{l,2,...,N}, (4.84)

solve Ac with parameters, 51 , ie{1,2,... for a 

minimum t^. Recompute the 5^ , ietl,2,..., par­

ameters until for j=n-l

g0(tn) - goft"-1) < e (4.85)

for a given tolerance e. When condition 4.85 is 

satisfied, the procedure terminates, since, if t* 

is the true optimum, then
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g0(t*> < 90(tn) < ggtt1).

4.13 A Solution Procedure for Geometric Programs 

with Degrees of Difficulty, Reversed Con­

straints, and Loose Constraints 

The nonlinear solid waste models solved in 

Chapter 6 are formulated as geometric programs which 

are characterized by large degrees of difficulty, 

reversed constraints, and loose constraints. The 

solution procedure utilized for solving these pro­

grams is a hybrid composed of the solution procedures 

developed by McNamara and Duffin (142, 162). The 

procedure involves condensing the reversed con­

straints followed by augmenting the program with 

slack variables to create a geometric programming 

problem possessing degree of difficulty zero. The 

solution to the original program, Program P, requires 

the iterative estimation of certain parameters asso­

ciated with the condensed and augmented program, 

Program CA.

Assume that Program P is in standard geometric 

programming form except for reversed constraints such 

as 4.80. Condense the reversed constraints in
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Program P as illustrated by equations 4.80 through 

4.81 to form Program C. Since the condensed program 

should be in standard form, alter the condensed 

program as necessary to satisfy conditions a and b 

of McNamara's procedure. Now construct the aug­

mented program, Program CA, as illustrated by 

relations 4.62 through 4.64. Given a feasible 

primal vector t. , compute the initial components of 

the weight vector £ with formula 4.84. The itera­

tive solution procedure is:

Phase 1

Solve Program CA with McNamara's 

procedure.

Phase 2

If 4.85 is satisfied, stop ; otherwise, 

revise the weight vector with formula 

4.84 and go to Phase 1.

A geometric program in standard form is solved 

in Phase 1 for each vector of weights calculated in 

Phase 2. Even though the solutions to the geometric 

programs computed in Phase 1 are global minimums, 
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there is no guarantee that the sequence of geometric 

programs solved by the solution procedure will con­

verge upon the global minimum. (Refer to Section 

4.7. )
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CHAPTER 5

MODELING NONLINEAR SOLID WASTE MANAGEMENT MODELS 

WITH GEOMETRIC PROGRAMMING

5.1 Introduction

In this chapter, the components of a general 

nonlinear model for municipal solid waste manage­

ment are developed. This model is intended to deter­

mine the preliminary design of municipal solid waste 

systems from socially and politically acceptable 

alternatives. The nonlinear model consists of an 

objective function and several constraints which 

transform the verbal model in Chapter 3 into a quan­

titative format. The solution to the model describes 

the routes through the solid waste system for which 

a specified number of tons per day of municipal solid 

waste should be handled in an optimal fashion.

5.2 Description of the Proposed Nonlinear Solid 

Waste Management Model

The following model illustrates process selec­

tion at the resource recovery plant and material 

handling of the waste through a transportation net­

work. The capital and operating costs represented 
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in the objective function are generated by the 

resource recovery plant, the landfill sites, and 

the hauling of the waste throughout the transporta­

tion network. Landfill capacity, technological, 

legal, and balance constraints comprise the four 

classes of restrictions imposed upon the model.

The nodes of the transportation network 

consist of the resource recovery plants, the land­

fill sites, and the generating centroids. The 

landfills and resource recovery plants are restricted 

to areas which are politically and socially accept­

able as nuisance sites while the generating cent­

roids are determined by the municipal solid waste 

analyst. Computation of the generating centroids 

requires the analyst to partition the study area 

into several regions which include towns, cities, 

and boroughs each assigned a geographical location 

or map coordinates, and a solid waste factor. The 

quantity of waste is assumed to be concentrated at 

coordinates representing the town, city, or borough 

geographically, or at the center of population. 

The calculation of the location of the generating 

centroid is now shown:
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r EU
Z Uidj 

i =1
*EW

aNS

r
E u) •

1 = 1 1

r NS
E Wfd*

1 = 1 1 1

r
E Wj

1 = 1 1

(5.1)

(5.2)

where (aEW, are the waste centroidal coordinates, 

and where :

EW
dj = the distance from the origin in the 

east-west direction for town 1.

NS
dj = the distance from the origin in the 

north-south direction from town i.

w.j = the tons per day of solid waste 

generated at town i.

r E the number of towns in the region.

a En = the map coordinate for the east-west 

centroid location.
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aNS = the map coordinate for the north­

south centroid location.

The solid waste that flows from the generating 

centroids to the resource recovery plant is reduced 

by a series of processes such as magnetic separation 

and/or pyrolysis and/or pulverization at the plant. 

The nonrecycled residue from the resource recovery 

plant along with the remaining unprocessed waste at 

the generating centroids is shipped to the landfill 

site(s). For illustrative purposes, Figure 5.1 de­

picts the overall structure of a solid waste manage­

ment model composed of one resource recovery plant, 

two generating centroids and two landfill sites; 

while Figure 5.2 portrays the sequential nature of 

the modeling for the resource recovery processes.

The mathematical expressions for the non­

linear solid waste model will be illuminated by 

deriving an example model for a system composed of 

two sources, one resource recovery plant, and two 

landfills (Figure 5.1). The underlying structure 

of this model is comprehensive enough to expose 

the mathematical relationships present in larger 

systems without burdening the reader with the more
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RR

2R

GC%

"1R

,WR2

gc 2

WR1

Legend

GC- = generating centroid i, i = 1,2.

LFi = landfill site i, i =1,2.

RR = resource recovery plant.

Wjj = tpd of solid waste at i shipped to j.

FIGURE 5.1. Solid Waste Management Model : Two 
Generating Centroids, One Resource 
Recovery Plant, Two Landfill Sites.
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cumbersome notation present in the general model.

After the derivation of the small example, the gen­

eral model will be stated.

5.3 A Solid Waste Model Comprised of One Resource 

Recovery Plant, Two Generating Centroids 

(Sources), and Two Landfill Sites

Landfill Capacity Constraint

Let

D^p = capacity of the ith landfill site 

in tons per day, i = 1,2, and

W.j = the tons per day of solid waste at 

i shipped to j.

The amount to be sent to the ilandfill site must 

be less than or equal to its capacity. Therefore, 

the constraints are

2
Wji + WRi - °LFi '

i = 1,2. (5.3)
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Technological and Legal Constraints

Let

L. = the implicit lower bound on X j which 
J J

is due to the current technology only 

being capable of feasibly removing the 

fraction 1 - Lj by the process, or 

is due to the fraction of the material 

in municipal solid waste that is treat­

ed by process j being equal to 1 - L j; 

Lj must be between 0 and 1, 

and

U. = the upper bound on X. which is due to 
3 3

a legal maximum remaining of the par­

ticular solid waste that process j does 

not remove and that can be dumped at 

the landfill site ; it also must be 

between 0 and 1, and greater than L j , 

where j = 1,2,...,NP.

Recal 1

Xj = fraction of solid waste entering process 

3 that is remaining after process j,

3 = 1,2,...,NP.
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Then for the lower bound constraints, we have

j-1
(1 - X.) H X. < 1 - L.

J i=l i - J

or

j-1 j
n Xi < (1 - LJ + n X. , 

i=l J i=l 1

for all j e{1,2,... ,NP}. (5.4)

The upper bound constraints are simply written

uf X . < 1,

for all jc{1,2,... ,NP). (5.5)

Balance Constraints

Let

Sj = tons per day of municipal solid waste 

generated at the i source, i=l,2.

‘ To insure that 100% of the solid waste is removed 

from the generating centroids and the recycling plant,
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: > S, , for i = 1,2, (5.6)
jç{l,2,R} ’° '

and

NP
+ W2R^ Xj - WR1 + WR2* (5.7)

respectively.

Daily Processing and Capital Equipment Costs at 

the Resource Recovery Plant

At a given level of technology and for fixed 

Xj, j = 1,2,...,NP, the capital equipment costs 

and operating costs illustrate economies of scale 

with respect to increases in capacity. This is 

true for separators, grinders, shredders, and a 

host of other equipment (36). (See Figures 5.3 and 

5.4. )

On the contrary, the processing costs 

exhibit diseconomies of scale when increasing 

fractions of the waste stream are removed by some 

process j. (See Figure 5.5.) The total daily 

processing and capital equipment cost relationship 

is now shown.
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Let

total daily processing and capital 

equipment cost

dR, dp.- = fixed constants greater than zero,

6r , = fixed constants where e^^, e^ e(0,1);

their range guarantees the economies of 

scale property, and

fixed constants less than zero for

diseconomies of scale with respect to 

the fraction removed and the cost of 

equipment, i - 1,2........ NP.

Define the cost relationship as :

NP 
+ I 

k=l
(5.8)

The first cost term models the building and

land costs associated with the plant; it, therefore, 

follows the economies of scale property with respect
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FIGURE 5.5. Processing Costs versus Level of 
Efficiency at Resource Recovery Plant.

Source : Liebman, Jon, "Mathematical Models of 
Solid Waste Collection and Disposal ," 
presented at the 38th National Meeting 
of the Operations Research Society of 
America (1970), p. 17.
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FIGURE 5.6. Total Landfill Costs versus Capacity.

170



to the plant size. The second term includes the 

economies of scale property for the capital equip­

ment, amortized purchasing costs, and equipment 

operating costs. It also contains the diseconomies 

of scale factor for the increasing cost phenomenon 

associated with reclaiming higher fractions of the 

municipal solid waste.

Total Daily Landfill Site Costs

Let

K. c = daily operating and owning costs 

of the itn sanitary landfill, 

i = 1,2.

The cost function has the property of 

economies of scale which is illustrated in Figure 

5.6 (page 86 of 71 ; pages 68-69 of 36).

Let

d = fixed constant strictly greater than 

0, i = 1,2, and

eLF = fixed constant where 0 < e^p < 1, 

i = 1,2.
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Now,

1 e
"t-F, ° dLFi "11 + «21 + WR1

LF1
1 - 1,2.

(5.9)

Daily Transportation Costs

For a specific area, as the population den­

sity increases, the cost per person decreases 

(page 39 of 71). This implies that the collection 

cost per ton decreases as the population density 

increases, assuming that each person generates the 

same quantity of solid waste on the average. The 

long distance transport of solid waste from trans­

fer stations exhibits economies of scale (page 45 

of 57; page 61 of 42, 78). Little is said con­

cerning the direct hauling of municipal solid waste 

to the resource recovery plants of landfills from 

their respective collection areas, except that 

larger capacity trucks are more efficient. Given 

that the compactor truck sizes are fixed, the total 

daily transportation costs may exhibit increasing 

costs to a landfill when experiencing heavy traffic 

conditions at the landfill because of the longer
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time spent in a queue at the landfill. Since the 

resource recovery plant is being specifically designed 

for a specific waste load, a slight economies of 

scale could be experienced both at the unloading 

platforms for unprocessed waste and at the loading 

platforms of the unreclaimed residue waste.

The total daily cost relationship for trans­

porting municipal solid waste is now illustrated 

where for economies of scale e (0,1) (See 

Figure 5.7), while for diseconomies of scale, 

%jj > 1 (See Figure 5.8).

Let Tj  • be the daily cost relationship for • J 
transporting solid waste from i to j.

Let ajj = fixed constants greater than 0, and 

Tjj = fixed constants where 0 < < 1.5,

all i, j.

Then .

Tij
Tij ' «1j "ij (5-1°)

for all ie {1,2} , for all je{l,2,R}, and

TRi
TRi = aR1 WR. , for all ie{l,2}. (5.11)

173



in 
o 
O

Tons/Day Generated in 
Centroid i

FIGURE 5.7. Total Daily Transportation Cost 
versus Tons Hauled, Exhibiting 
Economies of Scale.

in 
O 
o

r— C
•r- O 
nj r­
a +j  

«3

m s- 
4-» o 
O Q.

I— in 
c 
<d 
$_

Tons/Day Generated in 
Centroid i

FIGURE 5.8. Total Daily Transportation Cost 
versus Tons Hauled, Exhibiting 
Diseconomies of Scale.

174



The mathematical model is:

Minimize:

2

k r  + E
i = 1

Subject to :

2
E 

k = l
Wki

KLFi + TRi + E T
j e{1,2,R } 1J

+ WRi ^DLF^

j-1 j
n x. < (1 - L.) + n x., 

i = l 1 - J i =1 1

for all jE{l,2,...,NP},

Xj £ 1, for all NP)

1 1,2, and

2
\ "iR

NP 
n 

j=i
xj

2

- j-1

(5.12)

(5.3)

(5.4)

(5.5)

(5.6)

(5.7)
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The objective function (5.12) and the 

constraints (5.4), (5.6), and (5.7) are not in 

standard geometric programming form. Therefore, 

the following transformations and condensations 

are necessary.

Transform (5.9) to :

= ^LF. ^i >i=l»2 (5.13)

subject to 

— 1
Z. ( E W..) < 1, i = 1,2. (5.14)

1 je{1,2,R} J1

Transform (5.8) to

e NR
k R = dR Z3 + kZ1 dRk

k-1
lz3 A Xj

eRk 

X

f 
Rk

(5.15)
k

subject to

, 2
Z3 WjR] 1 1 (5.16)
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Constraint (5.4) needs to be condensed by Duffin's 

procedure ( 176). Therefore, by condensation, we 

obtain

Y 

i = l

X

1

T
9

 
C

M
 

W
1

II

X 1 

ro
 

C
-i

.

M 1

-n
 

C
M

 
W

Ç2j-1 + Ç2j “1# for 311 J" £U,2,. .. ,NP}. (5.17)

Condensation is also necessary for constraints

(5.6) and (5.7). Therefore, for (5.6), we have

W11WJ fW12]-^ WlR]-%3
< 1, (5.18)

s2
’^22) "^5 

.^5 .

and for (5.7) we obtain

177

^2R)~^6
TT < 1. (5-19) 
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where

(5.20)

3 
Z 

i = l

8
= S Çi = 1. 

1=7 1

The model in standard geometric programming 

form is

Minimize:

+ z T. . 
j e{1,2,R} 1J

(5.21)

Subject to :

2
k5, "ki + WR1 i DLF. • 1 ■ <5'3>
K™ 1 1

for all je{l,2,...,NP), (5.17)
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-1
U. X < 1,

for al 1 je{l,2,...,NP}, (5.5)

Si
Wil -Ç3i-2 3i

i = 1,2, (5.22)

where

WR1 WR2 -ç:NP 
z_ n 

3 j = i
(5.23)

3 6 8
Z q = Z = z Ç ' = 1, 

i = l 1 i =4 1 1=7 1

i Je{l,2,R}
< 1,

i = 1,2,

-1 2
3 WJR < 1.

(5.24)

(5.25)
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5.4 The General Model

The development of the general nonlinear 

municipal solid waste model is identical to the 

previous example, except for limits of summation 

and some appended subscripts. The presentation of 

the general case exposes the nature of a municipal 

solid waste system comprised of NS sources ; NRR 

resource recovery plants with NP^ processes in the 

£th plant, 1 = 1,2,...,NRR; and NLF landfill sites. 

When applying the general model to actual municipal 

solid waste management problems, some terms and/or 

constraints may be inapplicable and should be 

omitted. The general model is now stated :

Landfill Capacity Constraints

Let

X& = fraction of solid waste entering 

process j at plant £ that is remaining 

after process j, j = l,... ,NP^ where NP& 

is the number of processes at plant £.

D^p = capacity of the i*h landfill site in 

tons per day (tpd), i = 1,2,...,NLF, 

where NLF is the number of landfills.
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j = tons per day of municipal solid waste 

shipped from source i to landfill j, 

where i £<1,2,...,NS> and j e{l,2,... ,

NLF }.

5 tons per day of municipal solid waste 

shipped from resource recovery plant

R& to landfill j, where £e{l,2,...,NRRJ,

NRR is the number of resource recovery 

plants, and je{l,2,...,NLF}.

W.D = tons per day of municipal solid waste 
1Ka

shipped from source i to resource re­

covery plant R^ where ie{l,2,...,NS} 

and £e{ 1,2........ NRR).

The set of constraints to prevent violating the 

landfills' daily capacities is:

NS NRR
i=l + 2=1

je{l,2,...,NLF). (5.26)
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Technological and Legal Constraints

Let

L^ = the lower bound on X& which is due to 
J J

the current technology only being cap­

able of feasibly removing 1 - Lj by 

the jth process, or is due to the frac­

tion of material in municipal solid 

waste that is treated by process j 

being equal to 1 - L^; it must be 

between 0 and 1,

and

= the upper bound on x| which is due to 

a legal maximum remaining of the par­

ticular solid waste that process j 

does not remove and that can be dumped 

at the landfill site; it must also be 

between 0 and 1 and strictly greater 

than L^ for all je{1,... ,NP0} and 
J x

£e{1,...,NRR}.

Then the lower bounded constraints are :
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(1 - x*) Jii1 j‘ < i - l S 

J 1=1 i - j

j “ £ 0 J n
,n x < (i - i ) + n x* , 
1=1 1 J 1=1 1

for all Jê{l,2»...,NPX} and

for all U{1,2.........NRR}. (5.27)

The upper bound constraints are simply written

4 < i.

for all jell ,2.........NP£} and

for all £e{1,2........ NRR}. (5.28)

Balance Constraints

Let

= amount of solid waste generated at the 

1th' source in tpd, i = 1,2,...,NS, where 

NS is the number of generating centroids.
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To insure that 100 per cent of the solid waste is 

removed from the generating centroids and the re­

cycling plant,

NLF NRR
A + A “iRt i si «

for all i e{l,2,...,NS}, and

for al 1 2e{1,2,...,NRR}.

(5.29)

(5.30)

Daily Processing and Capital Equipment Costs at 

the Resource Recovery Plant

Let

s = total daily processing and capital

equipment cost,

dR/ dR£i fixed constants > 0,
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and

e , e = fixed constants in the open inter­
R Ri

val (0,1) ; their range guarantees

the economies of scale property,

fD . = fixed constants < 0 for diseconomies
R£i

of scale with respect to the frac­

tion removed and the cost of equip­

ment, i e{1,2.........NP^}, £e{1,2,...,

NRR}.

Define the cost relationships as :

NPn 
E 

k=l
dR£k

for all £e{1,2,... ,NRR}. (5.31)
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Landfill Site Costs

Let

Klf  = daily operating and owning costs of 

the isanitary landfill,

d^p = fixed constant strictly greater 

than 0,

and

eLF a fixed constant where 0 < e^ < 1, 

i = 1,2,...,NLF.

Now

for all

" NS 
2 W

Lk=l

NRR
KI ' &

.,NLF}.

WRoi 
*

LFi

(5.32)

e

Total Daily Transportation and Collection Costs

Let Tjj, T%&j, and TiR^ be the daily cost relation­

ships for transporting solid waste from i to j, from

R£ to j, and from i to.R&, respectively.
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Let “ip “R&j and a-R be fixed constants greater 

than 0,

and T,j, TR&j, and be fixed constants where

0 < t . . < 1.5, i e{ 1,2........ NS}, je{l,2......... NLF} , 
• J

££{1,2,... ,NRR}.

Then

Ti j
Ti; = “i i W.• , ie{1,2,...,NS),I J IJ 1J

je(l,...,NLF), (5.33)

t r z j
TRJ 

aR i WR i .de{l»2 . ,NLF},

££{1,2,...,NRR} (5.34)

T1R£ = aiR£ WiR£ ’ ÎE{1,2........ NS},

£e{1,2,...,NRR}. (5.35)

187



Therefore, the general nonlinear model is

Minimize:

NRR NLF NS NLF
+ iSl + fîl Tij +

NRR NLF NS NRR
th A Tv ' «h t’r. (5-")

Subject to :

NS 
Z 

i = l

NRR 
Z 

2= 1
WR^j ^3,W_..

for all je{l,2,...,NLF}, (5.26)

NLF NRR
j = l W^' * 2=1 ’

for all ie{1,2,...,NS}, (5.29)
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(NS
S 

1=1
W1R£

N P o c NLF 
n x. < z 

j=i J j=i
WR£j  ’

for al 1 £e{1,2,3,...,NRR}, (5.30)

J ~ 1 O p j p
n Xj < (1 - in + n X, , 

1=1 J i=i

for al 1 je{1,2,... ,NP&1,

for al 1 £e{l,2,...,NRR},

uj]'1 X} <1.

for ail je{l,2.........NP&},

for al 1 £e{l,2,...,NRR}.

(5.27)

(5.28)
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Analogous to the small sample model of one 

resource recovery plant, two sources and two land­

fills, the landfill costs (5.32) and the resource 

recovery costs (5.31) need to be transformed into 

standard geometric programming form by a change of 

variable, while the constraints (5.27), (5.29), and. 

(5.30) require the application of R. J. Duffin's 

condensation procedure.

The landfill costs, KLp , will be transformed 

into proper geometric programming form by a change 

of variable, as shown :

Let 

ei p 
k LF. = dLF. Zi 1 ’ 

1 1

for all ie{l,2,... ,NLF}, (5.37)

subject to

NS NRR 1 LFi

for all ie{1,2,...,NLF}. (5.38)
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The resource recovery plant costs will also

be transformed into proper geometric programming form

by a change of variable.

Let

KRt

subject to

1 [NS

for all £c{1,2,...,NRR}. (5.40)

Constraints (5.27), (5.29), and (5.30) will 

now be condensed. For the constraints of (5.27), 

we have:
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.< 1. (5.41)

where

£

2j-l
£

1

for all je{l ,2,... ,NP£} ,

and for all £e{l,2,...,NRR}. (5.42)

For constraints (5.29), the associated condensed 

constraint is

NLF

A
-NRR

J n
£= 1

(5.43)
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where

NLF NRR
j = l ?vij + Jl 1

for all ie{l,2,... ,NS}. (5.44)

For constraint (5.30), the proper transformed 

equation is

NRR 
E 

£=1

NP£ 
n 

j=i

< 1, (5.45)

NLF

for all £e{1,2,...,NRR). (5.46)
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Therefore, the general model in standard

geometric programming form is

Minimize :

NRR NLF NS NLF
Jl % + i = l + i£i jh Tij +

NS NRRNRR NLF 
E Z 

£=1 j=l

Subject to :

5.26, 5.28, 5.38, 5.40, 5.41, 5.42, 5.43,

5.44, 5.45, and 5.46.

5.5 A Small Example Illustrating the Impact of 

Different Starting Parameters Upon the Final 

Solution

A small numerical example, Program 5.1, will 

be analyzed for the sensitivity of different choices 
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of the condensation weights upon the final solution 

to the problem. Basically, the effects of choosing 

condensation weights for balance constraints 5.6 

and 5.7 are examined. This example problem models 

a solid waste system composed of two sources, two 

landfill sites, and one resource recovery with two 

processes. (See Figures 5.9 and 5.10.) The cost 

expression of the resource recovery plant for 

Program 5.1 is identical to that of the Lehigh 

Valley Case Study, namely Problem 6.1 in Chapter 6.

The transportation costs for the three types 

of routes which are source-to-recovery plant, source- 

to-landfill, and recovery-plant-to-1andfil1 are 

randomly selected from the cost matrix of Table 

6.3. The exponents for these costs are similarly 

chosen from the transportation cost equation 6.9. 

The two sources are assumed to generate 1000 tpd 

jointly. Program 5.1 is now stated :

Program 5.1

Minimize:

16 W^’05 + 14 W12L1 + 11 W1R*9 + 15
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RR

W22

WR2

WR1

S. = generating source i, i = 1,2.

LFj = landfill site i, i = 1,2.

RR = resource recovery plant

W.. = tons per day of municipal solid waste
J shipped from i to j, ie{l,2,R}, 

je{l,2,R}, i = R * j / R, j = R i / R.

FIGURE 5.9. Solid Waste Management Model for 
Problem 5.1: Two Generating Centroids, 
One Resource Plant, Two Landfill Sites.
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16 + 6 + 40 Z*65 +
44 • 4K

62^ -1.62+ .68^ -1.58

14 WR1’78 + 13 WR2‘85. (5.48)

Subject to :

Z W,. > 600 (5.49)
js{l,2,R} “

Z W_ . > 400
je{l,2,R} 2a (5.50)

2
Z W.D < Z (5.51)

1=1 1K

"1^2 i \1 + «R2

Since constraints 5.49, 5.50, and 5.52 are

not in standard geometric form, condensation of the 
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constraints is necessary for the application of the 

solution procedure. After condensing 5.49, 5.50, 

and 5.52, Program 5.2 is formed :

Program 5.2

Minimize:
16 W^-05. 14 + 11 W1R’9 +

15 + 16 + 6 W2R'95 +

40Z*65 + 15 Z'S^Xi . 68y  
X2

-1.58

14 "RI 78 + 13 Wp?'88 
A L (5.53)

Subject to :

3 -Si -So "So
600 n Ç1 1 Wn 1 W12 * W1Rd < 1 (5.54)

5 Si "Sd “Se -Sc400 €l 1 W21 4 W22 5 W1R6 < 1

i= 1

(5.55)

%1R % 1 * W2R Z 1 < 1 (5.56)
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11 Si
n Si z XjX2 

i = 10

■ç10 -%11
WRi Wr 2 < 1 (5.57)

where

3 6
Z Si = % Si = 

i = 1 1=4

11
Z Si- = 1. 

i =10
(5.58)

In general, geometric programs with negative 

terms and/or reversed constraints lose the property 

that every local minimum is also a global minimum 

(144, 138, 163, 164). Notice that the system costs 

generated from different initial condensation weights 

are not identical; yet they are within 8.5 per cent 

of one another. (See Exhibits 5.1, 5.2, and 5.3.) 

This author does not infer that these disparities 

are due to the numerical approximation error of the 

solution procedure, but presents a possible method 

of checking a local minimum with several other 

local minimal solutions. An exhaustive search over 

all the weights, , ie{1,2,...,11}, would reveal 

the global optimal solution; however, this could be 

expensive and time consuming. A suggested procedure
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EXHIBIT 5.1

Program 5.1 Solved With Non-Polarized Initial Weights

a) Solution

Destinations

LF1 LF2 LF3

w S1
<u
“ S2

28 21 551

8 13 379

5 RR 167 16 -

Tons per day shipped to resource recovery plant: Z=930

Fraction of Waste Input to 
I Process i Remaining After Processing

1 X] = 0.21

2 X2 = 0.94

System Cost = $12,534 per day 

b) Initial Condensation Weights

?! = 0-33 C2 = 0-33 =

C4 = 0-33 ç5 = 0.33 ç6 =

?10 = 0.50 = 0.50

0.34

0.34

Final Condensation Weights

0.05 Ç2 - 0.03 ^3 = 0.92

Ç4 = 0.02 5g = 0.03 ç6 = 0.95

%10 = 0.91 = 0.09
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EXHIBIT 5.2

Program 5.1 Solved With Partially Polarized Initial

Weights

a) Solution

Destinations

LF1 LF2 LF3

3 S, 56 7 537
u I

= s2 2 3 394
00 

RR 233 5 -

Tons per day shipped to resource recovery plant : Z=931

Fraction of Waste Input to 
1 Process i Remaining After Processing

1 X] = 0.24

2 X2 = 1.08

System Cost = $11,969 per day

bj Initial Condensation Weights

c)

= 0.80 C2 = 0.10 §3 = 0.10

S4 = 0.33 Ç5 = 0.33 Ç6 = 0.34

§10 = 0-.50 Çn = 0.50

Final Condensation Weights

q = 0.09 C2 = 0.01 53 = 0.90

C4 = 0.01 S5 = 0.01 Ç6 = 0.98

Ç10 = 0.98 = 0.02
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EXHIBIT 5.3

Program 5.1 Solved With Polarized Initial Weights

a) Solution 

Destinations 

LFi LF2 LF3 

Sx 74 11 515

S2 16 7 376

RR 2 170 -

Tons per day shipped to resource recovery plant: Z=928

Fraction of Waste Input to 
i Process i Remaining After Processing 

1 = 0.21

2 X_ = 0.92

System Cost = $13,089 per day

b) Initial Condensation Weights

= 0.80 Ç2 = 0.10 Ç3 = 0.10

54 = 0.80 Ç5 = 0.10 Ç6 = 0.10

Ç10 = 0.10 ÇX1 = 0.90

c) Final Condensation Weights

5X = 0.12 §2 = 0.02 Ç3 = 0.86

ç4 = 0.04 ç5 = 0.02 ç6 '= 0.94

510 = 0-01 Su = 0-99 
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for comparing the solution would be to initially 

solve the problem when the elements in each set of 

the weights corresponding to a condensed constraint 

have identical values. Then resolve the problem 

with the initial weights having opposite polariza­

tion to the final weights computed in the previous 

solution. In practice, this method appears to 

expose the widest range of local optimal solutions.

This problem of not having every solution 

computed being a global optimum is shared by the 

linear programming models WRAP and RECOVR.
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CHAPTER 6

TWO APPLICATIONS OF GEOMETRIC PROGRAMMING 

TO MUNICIPAL SOLID WASTE SYSTEMS

Part 1 - Lehigh Valley Case Study

6.1 Introduction

Regional solid waste management plans are not 

only important social concerns, but are becoming legal 

necessities as well. In fact, one provision of the 

recently passed Resource Conservation and Recovery 

Act (1976) requires that every state develop a 

solid waste plan. Since the passage of Pennsylvania 

Act 241, the Department of Environmental Resources 

(DER) has acquired the responsibility of developing 

solid waste disposal plans for all areas of the 

state except for very sparsely populated regions.

The DER subsequently has delegated this 

responsibility to local governments or local re­

gional planning agencies such as the Joint Planning 

Commission of Lehigh and Northampton Counties (JPC). 

Over the last few years, the JPC has responded to 

this responsibility by compiling and publishing a
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solid waste plan in 1971 (165), followed by several 

supplemental updates in the years 1974, 1975 , 1976 , 

and 1977 (166). This plan comprises a collection 

of existing data and descriptions of existing facil­

ities, accompanied by future extrapolations of waste 

generation rates and disposal requirements.

This author knows of only one study attempt­

ing to determine an optimal solid waste management 

plan for the Lehigh and Northampton County region. 

Vincent Viscomi, who is a professor at Lafayette 

College, and Aurel Arndt, who is the business man­

ager of the Lehigh County Authority (LCA) and also 

a resident expert in waste disposal systems for the 

region, have utilized the linear programming model 

RECOVR written by J. R. McNamara (117) of Lehigh 

University to obtain the optimally designed solid 

waste system. In this study, the optimal solution 

is determined by minimizing a linear function repre­

senting the aggregate costs of the waste system 

subject to several linear constraints.

To better approximate reality, this case 

study will present a nonlinear mathematical program­

ming model that includes the diseconomies of scale 

and the economies of scale properties represented 
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by the solid waste system costs. Furthermore, 

specific recovery processes and their levels of 

operation are described by this model, but are not 

included as design variables in Arndt's linear 

model.

The goal of this case study is to examine 

the economics of a regional approach to solid waste 

management for the Lehigh and Northampton Counties 

for the year 1990. A transportation network model 

is constructed of nodes representing generating 

centroids, landfills, and a resource recovery plant 

and of arcs representing the flow of municipal 

solid waste. Since only politically and socially 

acceptable nuisance sites are considered in the 

model for landfill sites and the resource recovery 

plant, the measures of effectiveness will be ag­

gregate costs which include collection and trans­

portation costs, resource recovery plant costs, 

and landfill costs. Therefore, the minimization 

of a nonlinear cost function subject to several 

constraints determines the optimal solid waste 

plan for the region.

The Lehigh and Northampton County region is 

located in the eastern portion of Pennsylvania, 
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approximately 50 miles north of Philadelphia. 

Sixty-two municipalities, including the three large 

population centers of Allentown, Bethlehem, and 

Easton, are situated within the region's borders. 

The population growth of Allentown, Bethlehem, and 

Easton is relatively stable, while the adjacent 

suburban areas have experienced growth.

The case study consists of three separate 

phases :

1. Collection of the data.

2. Development of the nonlinear computer 

model.

3. Analysis of the solution. 

Much of the data has been obtained from Aural Arndt 

of the LCA and from a consulting study completed 

for the LCA by Malcolm Pirnie (174). The computer 

model of this two-county region exemplifies the 

application of geometric programming to a solid 

waste management system composed of eight genera­

ting centroids, four landfill sites, and one re­

source recovery plant.

6.2 Collection of Data for Waste Generation Rates 

The data for solid waste generation rates in 

tons per operating day (tpd) have been obtained 
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from the JPC Solid Waste Plan (165). Although 

the report contains data for residential, institu- 

tional/commercial, agricultural, and industrial 

solid wastes, only residential and institutional 

wastes are included in this research. The genera­

tion estimates have been taken from Tables 29 and 

37 of the report. Table 29 contains the projected 

yearly tons of household solid waste, while Table 

37 contains data on commercial/institutional solid 

waste. To obtain the daily tonnage of municipal 

solid waste, the values of Tables 29 and 37 are 

summed, divided by 300 operating days per year, 

and then reduced by 12 per cent, as recommended 

by the JPC, to reflect source separation and source 

recovery efforts.

For the case study model , eight generating 

sources are formed by partitioning the study region 

into eight areas ; the generating rates are computed 

by summing all the waste generated by the municipal­

ities in those areas. For generation rates beyond 

1975, a growth rate of 8.5 per cent per five-year 

period, which is the geometric mean for the figures 

that the JPC Plan reports (165), is applied to the 

1975 base levels. (See Table 6.1.)
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To insure that all the municipal solid waste 

generated at each of the eight sources is removed, 

the following constraints are constructed :

Let

J = {1,2,3,4,R}; then

&w-
> 83, (6.1)

jL > 218, (6.2)

0^ > 401, (6.3)

j:/4j > 65, (6.4)

> 68, (6.5)

> 74, (6.6)

jeJ
> 213 , (6.7)
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j SJ "% > 102. (6.8)

6.3 Landfill Capacity and Costs, Collection and 

Transportation Costs

The daily maximum capacities for various 

operating landfills are difficult to determine. 

The JPC 1977 Supplement (166) and Arndt of the LCA 

report widely differing figures for the daily maxi­

mum capacities of regional landfills. This author 

has telephoned a few of the landfills and discov­

ered that they do not refuse anyone except when 

there are severe weather conditions, or when the 

waste has been generated outside of the region. 

However, if there is an increase in the inflow of 

municipal solid waste to a properly run landfill, 

customers will spend longer times in the landfill 

service queue, which will drive up their cost per 

ton. Therefore, the combined collection and trans­

portation costs are modeled with a nonlinear func­

tion adhering to the property of diseconomies of 

scale with respect to the tons per day. This in­

creasing cost relationship acts somewhat as a

constraint upon a congested landfill by inducing 
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haulers to go elsewhere. This author feels that 

the above approach better estimates reality than 

utilizing poor estimates of landfill site capaci- 

ties.

Conversely, the haulage costs to and from 

the resource recovery plant are assumed to have 

slight economies of scale. Since the resource 

recovery system has not been constructed, it is 

assumed that the costs of this system will exhibit 

economies of scale with respect to capacity. 

Hence, the exponents of all variables, & and W^, 

representing the tons per day of waste entering and 

leaving the recovery plant, are slightly less than 

one, while all other transportation cost terms 

have exponents that are slightly greater than one. 

The transportation and landfill cost data 

are taken from the work papers associated with the 

Malcolm Pirnie report (174). Collection costs are 

not included; transportation and landfill costs are 

combined. The transportation costs are calculated 

under the assumptions that:

1. Compactor trucks are fully loaded at 

the geographical center of a partitioned 
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section of the region.

2. Distance from the geographical center 

to the destination is measured by the 

crow-fly method.

3. The standard speed of 35 miles per hour 

and a turnaround time of ten minutes at 

the landfill sites are used.

Although there are disparities in the landfill 

disposal costs between Arndt and Viscomi's paper 

(167) and the JPC report (165), the former paper's 

figures are used because they are combined with 

the only transportation costs that could be found. 

The cost values are assumed to be in 1976 dollars; 

therefore, the costs are inflated at a rate of 7.5 

per cent for 13 years. This rate is obtained by 

computing the geometric mean of the most current 

annual inflation rates for the consumer price 

index of all commodities (168). (See Tables 6.2 

and 6.3.)

Therefore, the transportation and disposal 

cost relationships for the entire system are:

+ Tg, where
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Year
Consumer Price Index

(All Items)_____ Growth Rate

1974 147.7
1.09140/year

1975 161.2
1,05769/year

1976 170.5
1.07097/% year

1977 July 182.6

Since the Geometric Mean = (1.09140)(1.05769)*^ 

(1.07097)'2

= 1.07372, 

a 7.5% Inflation Rate from the end of 1976 to the 

beginning of 1990 is assumed.

TABLE 6.2. Inflation Rate Calculation.

216



Lehigh County Northampton County
Resource

Generating Helena Oswald Bethlehem Chrin Recovery
Centroid LF1 LF„ LF, LVA Plant
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16.44
1.1

W11 + 14.39
1.11 

«12 + 23.89
1.05 

«13 +

26.91
1.05 

w14 + 10.91
.95

«1R + 15.34
1.1

«21 +

15.80
1.1

W22 + 18.82
1.06 

«23 + 20.92
1.04 

«24 +

6.04
.98

W2R + 15.52
1.1

«31 + 15.98
1.1 

«32 +

17.49
1.09

W33 + 20.46
1.04 

«34 + 4.46
.97

«3R +

14.82
1.1

«41 + 19.82
1.09 

«42 + 18.82
1.09 

«43 +

20.51
1.05 

«44 + 5.89
.99

«4R + 25.17
1.05 

«51 +

31.08
1.05 

«52 + 23.74
1.05 

«53 + 22.05
1.06 

«54 +

12.42
.96

«5R + 20.25
1.07 

«61 + 23.38
1.05 

«62 +

15.39
1.08 

«63 + 15.21
1.09 

«64 + 4.28 I
.95

W6R +

17.9 1
1.08 

^71 + 19.28
1.07 

«72 + 15.72
1.09 

«73 +

16.87
1.09 

«74 + 1.46 1
.96

«7R + 22.07
1.05 

«81 +

24.94
1.05 

«82 + 16.90
1.09 

«83 + 13.90
1.1

«84 +

.97
6.25 W8R

(6.9)
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and where 

14.31 WR1*78 + 13.98 WR2*90 + 12.70 WR3‘85 + 

14.03 WR4'79

= T2. (6.10)

6.4 Economic Factors in Materials Recovery

"At present, ferrous metals and paper are the 

only materials recycled from municipal solid waste in 

substantial amounts" (page 64 of reference 169). The 

consulting study (174) completed in May 1976 for the 

LCA suggests a resource recovery system with refuse 

derived fuel (RDF), ferrous metals, and glass recov­

ery. Another recent study (169) reports that the 

recovery of aluminum and other nonferrous metals is 

technically feasible. Since readily available markets 

exist in the region for ferrous and combustible ma­

terials , only the recovery of these two materials is 

analyzed (See Figure 6.1.) An important caveat in 

considering a materials recovery system is that no 

system has yet been fully implemented. "Recovery 

efficiencies and product specifications will not be
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reliably known until a system has a background 

of operational experience" (169). Therefore, the 

costs and credits for these operations are esti­

mated from extrapolations of test results.

The resource recovery model in this research 

includes the recovery of RDF and ferrous metals, 

where approximately 80 per cent of the waste could 

be used to produce RDF (pages 2-12 of references 

165, 174; page 7 of reference 170), while only 

about 7 per cent of the waste is ferrous scrap 

(page 75 of 170, 171). The mathematical model 

consists of a RDF recovery process, process 1, 

and a ferrous metal recovery process, process 2, 

each of which can consist of several unit pro­

cesses. The first two unit processes of the 

proposed resource recovery plant in Figure 6.1 are 

shared by recovery processes 1 and 2 at the assumed 

rates of 80 per cent for the RDF process 1 and 

20 per cent for the ferrous metal process 2 for 

cost assignment purposes. The former percentage 

estimates the fraction of combustible materials in 

the waste stream, while the latter percentage 
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approximates the fraction of noncombustible materials 

processed by the shared unit processes.

The unit operations costs for the primary and 

secondary shredders, air classifier, and magnetic 

separator of this recovery plant are obtained from ref­

erence (169), but need to be inflated from the end 

of 1976 to the beginning of 1990. An inflation 

rate of 10 per cent per annum is assumed for waste 

processing equipment which has been the inflation 

rate experienced by the LCA. The 10 per cent per 

annum inflation rate is also assumed for land and 

building costs. Operating costs are assumed to 

escalate at the rate of the consumer price index 

of 7.5 per cent per annum. (See Table 6.4.) The 

unit processing costs which are based upon a 15- 

year amortization at 7 per cent interest rate 

include all equipment and ancillaries for each 

unit operation not including the building and land 

costs (170). Operating costs include purchased 

power, supplies, and maintenance costs predicted 

on a plant processing 1,000 tpd of municipal solid 

waste for 330 days per year, while removing 70 per 

cent of the input stream as RDF and 5 per cent as
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ferrous scrap ( 167, 170). The building and land 

costs are assumed to equal the capital equipment 

cost because this was the experience of the now 

defunct LCA recovery plant (171 ).

Based upon LCA experience at its recovery 

plant, ferrous scrap generates a revenue of $22 

per ton FOB recovery plant. Therefore, if in­

flated to 1990 prices at a rate of 7.5 per cent 

per annum for 13 years, the revenue is $56.33 per 

ton, FOB recovery plant. The RDF produced by 

process I is assumed to be salable for $9.50 per 

ton delivered to the Martins Creek Generating Plant 

of Pennsylvania Power and Light Company. From work 

sheets that have accompanied the LCA consulting 

report (174), the cost to transport the RDF to the 

generating plant is approximately $2.66 per ton. 

Hence, the net revenue is $6.84 per ton recovered. 

(See Exhibit 6.1.) After inflating at 7.5 per cent 

per annum for 13 years, the net revenue is $17.51 

per ton RDF received at the generating plant in 

1990 dollars. Assuming that the recovery plant is 

recovering 70 per cent of the input stream in RDF 

and 5 per cent of the input stream in ferrous
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EXHIBIT 6.1

Calculation: Net Revenue from RDF Recovery

20 minutes each way at 25 mph = 96 minutes
Turn Around Time 30 minutes

Total Time 126 minutes

126 minutes at $0,019 per ton-min hauled = $2.39/ton 
RDF received.

Assume the cost of the driver is $8/hour or $0.16/min- 
ute, and the large trucks used to haul the RDF carry 
approximately 75 tons of RDF; then the labor cost per 
ton of RDF received is:

$0.16 min x p x
75 tons

126 min 
tri p $0.27/ton RDF

received.

Therefore, the total cost is $2.66/ton RDF received.

The Net Revenue per ton RDF received is:

$9.50/ton - $2.66/ton = $6.84/ton
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EXHIBIT 6.2

Calculation: Net Revenue per ton of Municipal Solid 
Waste

Assumptions :

1000 tpd plant operating 330 days per 
year with 70 per cent recovery of msw 
as RDF and 5% recovery of msw as ferrous 
scrap.

Ferrous Metals:

$56.33/ton ferrous metals

x 5% recovered per ton msw

$ 2.82/ton of msw

RDF:

$17.51/ton RDF delivered

x 70% recovered per ton msw

$12.26/ton of msw

226



metal s, the net revenues can then be computed on 

a dollars-per-ton-munici pal-sol id-waste basis, 

yielding $12.26 RDF revenues and $2.82 in ferrous 

material revenues per ton of Municipal Solid 

Waste (msw). (See Exhibit 6.2.)

Let

Cj = a fixed positive coefficient for the 

1th term, 1=1,2,3,

= a fixed positive parameter for the 1*^ 

term, 1 = 1,2,3,

Xj = fraction of msw remaining after passing 

through process j, j=l,2,

@. = a fixed negative parameter for xj, 

j = l ,2, and

Z = tons per day of municipal solid waste 

that enters the resource recovery plant.

Then,

c, zai + c2 I1 x/1 + CnfZXj^ x2^

will be assumed to be the cost relationship with
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dj,«2 e(O,l) and £(-2,-1) and where

8
Z > WiR. (6.11)

This mathematical expression is the assumed 

relationship that describes the resource recovery 

plant costs. The exponents a., i = 1,2, model the 

economies of scale property for building, land, and 

capital equipment costs with respect to capacity. 

The exponents 3^, i = 1,2, model the diseconomies of 

scale property for processing costs versus level 

of efficiency. The fixed cost for process i, i = 1,2,

1-1
with a capacity of Z II X- tons per day can be 

j=l J

defined by letting X.=l. 
a.

Let Z ■L be the net cost for the building 

and land. 
a2 BiLet CgZ Xj be the net cost for process 1 

while letting

C3(ZXj)a3X2^2 be the net cost for process 2. 

If we assume that all costs are computed for a 1000 

tpd plant removing 70 per cent of the input stream 
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as RDF (process 1) and 5 per cent of the input 

stream as ferrous metals (process 2), then, if X 

is defined as the fraction of input municipal solid 

waste remaining from process i,

1 - Xx = .70 * X1 = .30 

and

X^l - X2) = .05 + X2 = .833".

Furthermore, we will assume that the cost 

relationships above approximately follow the six- 

tenths rule of decreasing average costs associated 

with increasing capacity. Hence, = . 65,

a2 = .62, and ag = . 68.

The property of increasing costs with respect 

to removing higher fractions of materials from muni­

cipal solid waste will be assumed to be approximately 

-1.60. An illustration of aluminum separation in 

Chapter 2 illustrates that these exponents could be 

at most -1.00, and are probably less. Hence, let 

62 = -1.62 and 3g " -1.58.

The coefficients for the terms in the re­

source recovery cost relation are computed by
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equating each term to the net-cost-per-ton value 

computed in Exhibit 6.3. Since the net costs in 

Exhibit 6.3 are computed with respect to a 1000 tpd 

plant, let Z = 1000. For the land and building 

cost term,

.65 . .65
C^Z = Ci 1000 = $3.59/ton x 1000 tpd

Ci = $40.30/day--ton.

For process 1, 

a g .62 -1
C2Z 2 XT 1 = C2 1000 .3

= $0.52/ton x 1000 tpd

* C 2 = $1.02/day--ton.

For process 2,

a 6
CJZX ) 3X 2 =

.68 -1.58
C 300 .83

= $.98/ton x 1000 tpd

■* C3 = $15.08/day--ton.

Therefore, the resource recovery plant cost
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relationship is

.65 .62 -1.62
40.3 Z + 1.02 Z X1

.68 -1.58
+ 15.08 (ZXT) X2

' ' (S-")

6.5 The Mathematical Model of the Case Study 

Problem

In this section, the mathematical model for 

the Lehigh and Northampton study is formulated and 

solved. First, the technological and balance con­

straints will be presented, followed by the mathe­

matical program for this model consisting of eight 

sources, four landfills, and one resource recovery 

plant with two processes.

For two processes at the recovery plant, 

the technological constraints are :

1 - Xj < 1 - .20, or

.2 X/1 < 1 (6.13)

for process 1, and
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(1 - Xg) Xj £ (1-.93), or

X] < .07 + X^2 (6.14)

for process 2.

To insure that all of the residue at the 

resource recovery plant is removed, let

r 8 4
WiR X1X2 i «RJ- (6-15)

The mathematical program for the Lehigh

Valley regional solid waste management system is:

Minimize:

T1 + t RR + t 2 (6.16)

Subject to :

(6.1) through (6.8), (6.11) and (6.13) 

through (6.15).

As described in Chapter 5, the above program 

is not in standard geometric programming form, and 
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therefore, transformations by change of variable 

and by condensation must be performed upon con­

straints 6.1 through 6.8, 6.14, and 6.15. Hence, 

from constraints 6.1 through 6.8, we obtain

83 : <53

1=1

-Sc

W1R 1 1. (6.17)

218
10 
n

i = 6
W21 '6 W22"£7 W23-£8 W24-S9

w 2R-£io (6.18)

401
15 
n

i = 11
M31

w "^12 y "513 y ^!4
32 W33 N34

"3R (6.19)

65 n° £i
i = 16

W42
517 W w "519

43 W44
i

(6.20)

235



68 JI "52''" <?23 V524

25 < 1. (6.21)

74
30 
n

1 = 26
"61

"S26 „ -Ç27 
"62

W6R (6.22)

213
35 
n 

1=31
Ci W71

"S31 w -%32 
72

"73^3 w/34

and

102
40 
n 

1=36

W7R
"Ç35

(6.23)

^1
Çi W81

"£36

(6.24)1
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Constraint (6.15) is transformed to

47
n

i =44

Si
ZX,X2 WR1

-S44
WR3

46

(6.25)

where

WiR*

The proper form of (6.14) is

0/^ s." X,1’548 x^48
< 1. (6.26)

s-

1

Z
8 
£

i = 1

-C

Finally,

. 5
^5(1-1) fj ' 1» (6.27)

for all i e{l,2,...,8},
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47
Z gj = 1, (6.28)

i =44 1

and

49
Z %. = 1. ' (6.29)

i =48 1

The mathematical program in standard geometric 

programming form is:

Problem 6.1

Mi ni mi ze:

Subject to :

(6.17) through (6.29), (6.11), and (6.13).

Problem 6.1 has 18 degrees of difficulty, and 

satisfies conditions a and b of McNamara's procedure 

in Section 4.11 of Chapter 4. Hence, the program can 

be solved with the hybrid solution procedure 
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developed in Chapter 4. The solution to Problem 

6.1 is shown in Table 6.5, where a run is defined 

as one iteration of the solution procedure. The 

computer resources necessary to solve the problem 

are illustrated in Table 6.6.

A second problem, Problem 6.2, with 50 per 

cent higher resource recovery costs is solved to 

reflect an economic scenario that is more hostile 

to material reclamation. Problem 6.2 is formed 

by replacing equation (6.16) in Problem 6.1 with

(6.30) 

where

.65 .65 -1.62
TTrr ' = 60.5 Z + 1.53Z X1

.68 .68 -1.58 (6.31)
+ 22.6Z X] X2

The solution shown in Table 6.7 indicates that 

resource recovery is still favored, but not to the 

degree of the previous solution. Furthermore, the 

fact that Xg > 1 indicates that recovery of ferrous
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S 
o 
u 
r 
c 
e 
s

Destinations

LF1 lf 2 LF3 LF4 RR

S1 12 17 8 5 44

S2 21 21 20 20 152

S3 25 22 21 26 314

S4 12 6 7 7 35

S5 8 5 10 10 41

S6 6 6 12 12 46

S7 8 7 8 8 205

S8 8 9 14 8 68

RR 86 58 32 79 -

X1 = 0.24, X2 = 1 . 09, Z = 911

System Cost = $20,955/day or $17.12/ton

TABLE 6.7. Solution to Problem 6.2.
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metals should not be considered. To avoid having 

X., i =1,2, driven to values above unity, the con­

straints

X. < 1, i =1,2 (6.32)

may be appended to the mathematical program.

Since the solution of Problem 6.2 indicates 

that the ferrous recovery process should be dropped 

from the plant, the appropriate cost terms are re­

moved from the model and a new problem, Problem 6.3, 

is solved. Problem 6.3 is formed by replacing ex­

pression 6.30 in Problem 6.2 with

T1 + TRR^ (6.33) 

where

[2] .65 . 62 -1.62
Trr = 60.5 Z + 1.53 Z X]

and by deleting constraint 6.26. The substantial 

reduction in the total system cost from $17.12 per 

ton for Problem 6.2 (Table 6.7) to $12.45 per ton 
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for Problem 6.3 (Table 6.8) reflects the costs 

savings of not owning and operating the capital 

equipment that comprises the ferrous metal recov­

ery process.

Reflecting upon Problem 6.1, we should 

realize that process 2 is operating at a relatively 

low level of efficiency, that is, recovering only 

6 per cent of the waste input to the process. 

Therefore, it may be more economical to operate 

the resource recovery plant without process 2. 

To determine whether process 2 should be eliminated 

from the resource recovery plant, Problem 6.4, 

which is equivalent to Problem 6.1 sans process 2, 

will be formed and solved. Problem 6.4 is con­

structed from Problem 6.1 by replacing 6.16 with

[3]
T1 + TRR + T2 (6.34)

where

m [3] .65 .62 -1.62
= 40.3 Z + 1.02 Z X1

and by deleting constraint 6.26. The total system
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Destinations

LF1 lf 2 LF3 LF4 RR

Si 5 7 1 1 69

S2 2 2 2 2 217

s S3 2 1 1 1 409
0 
u S4 2 0 0 1 65
r
c S5 1 1 3 3 58
e
s S6 0 0 1 1 73

S7 0 0 0 0 214

S8 0 0 1 3 99

RR 178 54 7 117 —

X1 = .297, Z = 1204

System Cost = $15,235.56/day or $12.45/ton

TABLE 6.8. Solution to Problem 6.3. 
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cost of Problem 6.4 (Table 6.9) is slightly less 

than that of Problem 6.1 (Table 6.5). Since the 

system costs vary by less than 6 per cent, one 

could infer that the system costs for Problems 

6.1 and 6.4 are approximately identical, and that 

the ferrous recovery process is essentially breaking 

even at an efficiency rate of about 6 per cent when 

the process' capacity is 245 tpd.1

1 From Table 6.5, note that the input capa­
city to the plant Z is 1169 tpd and that the fraction 
of municipal solid waste remaining from process 1, 
XI, is 0.21. Therefore, the capacity of process 2 
should be: ZX] = 1169 tpd x 0.21 = 245 tpd.

In conclusion, for the cost data utilized 

in Problems 6.1 and 6.4, the recovery of refuse 

derived fuel by process I appears to be economically 

desirable, while the recovery of ferrous metals by 

process 2 breaks even. Assuming the level of effi­

ciency does not diminish, a small increase in the 

waste input to this process would decrease the 

average cost per ton below that of the alternative 

of not including the process. This is because 

process 2 exhibits economies of scale with respect 

to capacity. As for Problems 6.2 and 6.3, the
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Destinations

LF1 LF2

S1 1 1

S2 2 2

S S_ 3 3
o J
u S. 1 1
r
c S5 1 1
e
s S. 0 0o

S7 0 0

S8 1 1

RR 187 37

LF3 LF4 RR

1 1 78

1 1 215

2 2 400

1 1 62

1 1 64

0 0 72

1 1 212

1 1 99

4 84 —

X] = .250, Z = 1209

System Cost = $12,697.15/day or $10.37/ton

TABLE 6.9. Solution to Problem 6.4.
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system cost disparities are substantially separated 

to conclude that the ferrous recovery process should 

not be included in the resource recovery plant.

6.6 Optimality Analysis of the Solution Model 

Since Problem 6.1 has reversed constraints, 

the solution procedure computes a solution that may 

not be a global minimum. Except for constraint 

6.26, the elements in each set of condensation 

weights corresponding to a reversed constraint ini­

tially had identical values. (See Table 6.10.) 

However, after several iterations of the solution 

procedure, the weights diverged substantially from 

their initial settings. (See Table 6.11.) As 

suggested in Section 5.5 of Chapter 5, the values 

of the starting weights for constraints 6.17 through 

6.25 are polarized away from the dominant column of 

weights, Ci+j> jc(0,5,10,15,... ,35} , ie{1,2,... , 5}, 

for run 5, Problem 6.1. (Compare Table 6.11 with 

Table 6.12.) Now the solution procedure is ap­

plied to Problem 6.1A, which is Problem 6.1 with 

the starting values for the condensation weights 

taken from Table 6.12. Notice that the final con­

densation weights for both problems depicted in 
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Tables 6.11 and 6.13, and the solutions for both 

problems illustrated in Tables 6.5 and 6.14 are 

nearly identical. Thus, it would appear that their 

respective solutions may represent multiple global 

minimums or solutions close to the global minimum. 

The only significant disparities in the solutions 

of the two problems resulted from the level of the 

ferrous recovery process operation and from the dis­

tribution of resource recovery residue to the four 

landfills. The level of ferrous recovery for Prob­

lem 6.1A is about twice that recommended by the 

solution of Problem 6.1, while the landfill sites 

2 and 3 receive the bulk of the residue from the 

resource recovery plant in Problem 6.1A, but receive 

the least of the residue in Problem 6.1.

Notice that for Problems 6.1 and 6.1A, both 

sets of initial starting weights corresponding to 

constraint 6.26 are identical. (Compare Table 6.10 

with Table 6.12.) Unlike the sets of condensation 

weights associated with constraints 6.17 through 

6.25, the condensation weights for constraint 6.26 

cannot range freely over the interval (0,1) when 

subject to its normality condition 6.29. For ex­

ample, visualize the condensation of constraint 6.14
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Destinations

Si

LF1 

4

lf 2 
6

LF3 

1

LF4

1

RR

70

S S2 2 2 1 1 213

o S3 2 2 2 1 389
U

r S4 3 0 1 1 60
c
e S5 1 1 2 3 61
S

S6 1 0 2 2 75

S7 1 1 1 1 211

S8 0 0 1 3 93

RR 3 113 126 3 —

X = .21, X2 = .89, Z = 1178 I U

System Cost = $13,517/day or $11.04/ton

TABLE 6.14. Solution for Problem 6.1A.
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which is approximated with

X 1

'XlX2p48 

$48

fXlX2l’548

%48

.07)%49

.^49.
-9-

.07]"^49

€49 < 1

?48 ^49 -%49 l-%48 -%48
?48 ?49 .07 XT X2 < 1.

(6.26)

where

?48 = ■ — X2—
.07+X1X2 (6.35)

and

.07
^49 ’ .O7+X^X2 • (6.36)
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From 6.35, 6.13, and 6.14, we obtain

. 2 < Xi < .07 + —........
’ " 1-Ï48

«07 C48
.2 < .07 + -y—=-----  

■

€48 2 0.65. (6.37)

Since 54g = .90 is feasible and represents a greater 

polarization than £^g = .65. Problem 6.IB, composed 

of Problem 6.1A with Ç48 = .90 will be solved. In 

this case, the final solution value of the objective 

function for Problem 6.IB (Table 6.15) is consider­

ably higher than the solutions of Problems 6.1 

(Table 6.5) and 6.1A (Table 6.14). The previous 

fact corroborates the belief that Problems 6.1 and 

6.1A represent good solutions.
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Destinations

LFi LF2 LF3 LF4 RR

S1 12 17 3 2 51

S2 5 11 13 8 193

S Sn 4 4 4 4 382
o °

S4 15 3 7 7 37

S5 4 1 7 8 49

s S6 6 2 16 15 36

Sy 1 1 1 1 209

S_ 2 2 6 14 78o
RR 1 135 140 1 -

C
D
 O

 -I

X1 = .28, X2 = .95, Z = 1035

System Cost = $17,841/day or $14.48/ton

TABLE 6.15. Solution for Problem 6.IB.
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6.7 Reasonableness of the Solution to the Model 

Based upon initial cost estimates utilized 

in Problem 6.1, the total system cost computed from 

Problem 6.1 is $13,501 per day, or $11.03 per ton 

processed. The solution values of the design var­

iables indicate that 96 per cent of the municipal 

solid waste generated in the Lehigh Valley should 

be processed at the resource recovery plant. Fur­

thermore , 79 per cent of the incoming waste should 

be recovered as RDF (refuse derived fuel ), while 

1.3 per cent of the waste should be recovered as 

ferrous metals. However, the total system cost is 

slightly less when ferrous metal recovery is omitted 

from the system. The total system cost of Problem 

6.4 is $12,697 per day, or $10.37 per ton. In this 

case, all of the total waste generated should be 

processed at the resource recovery plant, where 

75 per cent of the waste is reclaimed as RDF.

When the net costs of Problem 6.1 for pro­

cessing municipal solid waste at the resource re­

covery plant are unilaterally raised by 50 per cent 

to form Problem 6.2., the total system cost for 

Problem 6.2 is $20,955 per day, or $17.12 per ton.
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In this case, less than 75 per cent should be processed 

at the recovery plant, where 76 per cent of the input 

is recovered as RDF and where no ferrous recovery is 

recommended. The total system cost when ferrous metal 

recovery is omitted declines appreciably to $15,235 

per day, or $12.45 per ton. Furthermore, it is rec­

ommended by this solution of Problem 6.3 that all of 

the Lehigh Valley's municipal solid waste should be 

processed at the resource recovery plant, where 70 

per cent is recycled as RDF.

Since the resource recovery is favored in 

Problems 6.1 through 6.4, then the alternative of 

a municipal solid waste system where all waste is 

deposited at landfills should have a higher total 

system cost. Therefore, an estimate of the cost 

of such a landfill system will now be computed. 

Since all paths in the landfill system lead directly 

from a waste generating centroid to a landfill site, 

the cost expression for a particular path is

TSjLFj
as Lp Ws Lp » i e{1,2,... ,8}, j£{1,2,3,4} ,

i j i j

(6.38)
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where the values for can be found in Table

6.16, and the values for Tg |_p can be found in 
i j

Table 6.17.

A lower bound for the landfill system cost 

can be computed by assuming the least cost combina­

tion of parameter values from Tables 6.16 and 6.17 

for the parameters of each source. Therefore, de­

fine the parameters associated with each route 

emanating from source Sj to a landfill LFj :

&S .LF = MIN { otg . l  p . I J = 1,2,3,4}

and

T&.LF = MIN<TsiLFjI j = 1,2,3,41.

(6.39)

(6.40)

Because of the increasing cost trend for each route, 

that is Tg Lp > 1, for all ie{1,2 ,... ,81, the min­

imum system cost can be obtained by equally appor­

tioning the waste from each source Sj to each 1 and- 

fi11 LF\. Obviously, the total system cost under 

these assumptions is strictly less than the cost 

computed with the parameter values of Tables 6.16
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Destinations

LF1 lf 2 LF3 LF4

S1 16.44 14.39 23.89 26.91

S2 15.34 15.80 18.82 20.92
5
O S3 15.52 15.98 17.49 20.46
u
r S4 14.82 19.82 18.82 20.51
c
< 85 25.17 31.08 23.74 22.05
s

S6 20.25 23.38 15.39 15.21

S7 17.90 19.28 15.72 16.87

sn 22.07 24.94 16.90 13.90
8

TABLE 6.16. Estimated Transportation and 
Landfill Costs Measured in 
1990 Dollars.
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Desti nations

S1

LF1

1.10

LF2 

1.11

LF3

1.05

LF4 

1.05

S S2 1.10 1.10 1.06 1.04

0 So 
u

1.10 1.10 1.09 1.04

: s4 1.10 1.09 1.09 1.05

: s= 1.05 1.05 1.05 1.06

S6 1.07 1.05 1.08 1.09

S7 1.08 1.07 1.09 1.09

S8 1.05 1.05 1.09 1.10

TABLE 6.17. Transportation Cost Term 
Exponents.
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and 6.17. Thus, as illustrated in Exhibit 6.4, a 

lower bound for the cost of the landfill system is 

$23,018.85 per day, or $18.81 per ton processed. 

One should conclude from this analysis that a re­

source recovery facility should be included in the 

solid waste system for the Lehigh Valley.

6.8 Dimensionality of the Computer Model

The size of the nonlinear mathematical pro­

gramming problem depends upon the number of com­

ponents and their respective relationship with one 

another in the system being studied. Using the 

notation of Chapter 5, a formula for computing the 

size of the problem by the measures of the total 

number of terms and the total number of decision 

variables will be constructed. Assuming that the 

transportation and landfill disposal costs are com­

bined as in the case study, the formula for calcu­

lating the number of terms, N?, in the problem is :

NRR
Nt  = NS(2NRR+NLF+1) + E (2+2NP )+(NRR)(NLF) 

&=1 %

(6.41)
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where

NS = number of sources,

NRR = number of resource recovery plants, 

NLF = number of landfill sites, and 

NP& = number of processes at resource 

recovery plant 2., &=1,2,...,NRR.

For the case study,

NS=8, NRR=1, NLF=4, NP]=2

NT=8(2+4+1) + (2+2(2)) + 4 = 66.

The number of variables in this computer model is 

equal to the number of terms in the objective func­

tion, which is

NRR
Nu = NS(NRR+NLF) + Z (1+NP) + NRR(NLF) 

&=1
(6.42) 

where

My = 8(1+4) + (1+2) + 1(4) = 47

for the case study problem.
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The size of the FORTRAN program used to 

solve the case study problem is directly related 

to the number of terms, NT. A forty-term problem 

needs 16,354 words of memory, while a seventy-term 

problem needs about 26,624 words of memory on the 

CDC6400 computer at Lehigh University. Hence, 

approximately 341 additional words of memory are 

needed for each new term as computed by the formula 

represented by Furthermore, this program, 

which is composed of about 300 lines of FROTRAN 

code, required approximately 1.5 seconds of central 

processor time for compilation on the CDC6400 com­

puter.

Part 2 - A Nonlinear Municipal Solid Waste Model 

with Global Solutions

6.9 Introducti on

A solid waste management system that processes 

all of a municipality's solid waste will now be in­

vestigated. This system consists of multiple sources, 

one resource recovery plant and one landfill site 

(See Figure 6.2.) The locations of the resource 

recovery plant and the landfill site are assumed to 

have been determined by a preliminary study of
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LEGEND FOR FIGURE 6.2

GC- = waste generating centroid i, i=1,2,... ,NS, 
where NS is the number of waste generating 
centroids.

Wj R = tons per day of municipal solid waste trans­
ported to the resource recovery plant from 
waste generating centroid i, i = 1,2......... NS.

Xj = fraction of solid waste entering process j
that is remaining after process j, 
j=l,2,...,NP, where NP is the number of 
processes.

_ NS

S = 2 W. D, the total amount of municipal
i = l 1 K

solid waste generated less source separation.

= fraction of solid waste entering the resource 
recovery plant that is remaining after pro­
cess k, i.e. .

k
= n X ., k = 1,2,... ,NP.

k j = i J

M = NP-1. 
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available nuisance sites surrounding the munici­

pality. The proper capacity of the recovery plant 

should be computed from an analysis of the expected 

volume of waste generated by the municipality. The 

purpose of this investigation is to determine the 

minimal cost design of the described municipal solid 

waste system.

6.10 The Mathematical Model

The costs associated with this system are 

the capital and operating costs associated with the 

hauling, recovery processing, and landfilling opera­

tions . Since the capacity, Z, of the recovery plant 

has been predetermined and the waste generating 

centroids are assumed to be generating a fixed amount 

of municipal solid waste per day, namely GC^, 

i = l,2........ NS, their respective costs are fixed and 

can therefore be eliminated from the objective cost 

function. The method of modeling the landfill con­

straints is very similar to the Lehigh Valley case. 

However, in this case the increasing cost relation­

ship is assumed to represent the escalating costs 

of overburdening the chosen landfill with the muni­

cipality's solid waste. This relationship discourages 
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filling up the landfill too rapidly, where only 

more expensive alternatives exist. Neglecting 

inflation, the rising costs associated with dis­

posing waste at different sites over a fixed horizon 

are illustrated in Figure 6.3. These rising costs 

are attributed to greater transporting distances 

and/or less efficient landfill sites.

The cost equation is now developed.

Let

Ci
' 1-1 )ai ^i
s n X. x.

1 >1 Jj 1
(6.43)

be the net cost per day for processes i = 1,2.........NP. 

For the NP processes,0^e(0,1), i = 1,2.........NP, repre­

sents the decreasing net processing costs that ac­

company higher input capacities for process i, 

i = 1,2........NP. Concerning the landfill site, 

could be slightly less than one to reflect the 

economies of scale associated with hauling and Iand- 

filling of larger quantities of municipal solid 

waste. The parameter gj, 1=1,2,...,NP represents 

the increasing processing costs related to removing
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higher fractions of recoverable materials from the 

waste stream; hence $< 0, for all ie{1,2 ,... ,NP). 

The parameter 3Np+1 for the landfill cost relation­

ship is also negative to reflect the costs of 

burdening the single landfill with the municipality's 

solid waste. The parameter , i = 1,2,...,NP+1 is 

a positive fixed design coefficient, while S is the 

total amount of solid waste input to the processing 

plant in tons per day. Therefore, for a system 

with NP processes, the total system cost relation is

NP+1

A c'
■ i-1 pi Bi r A'd (6.44)

To assure that all of the municipality's 

solid waste is reclaimed at the recovery plant or 

buried at the landfill site, let

NP+1
n X, < e

j = l J "
(6.45)

where e is a positive and negligibly small real 

number.
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Therefore, the mathematical program is

Mi nimize:

NP+l
S

i = 1
Ci

i -1 
n 

j=i
xi

“1 y Si (6.44)S

Subject to :

NP + 1 
n 

j=i
XJ (6.45)£ .

Since the program comprised of minimizing 

6.44 subject to 6.45 is a standard geometric program 

with zero degrees of difficulty, the solution ob­

tained by geometric programming is a unique global 

optimum. Let

Xj* , j = l,2,...,NP+1, 

be the optimal solution to 6.44 while satisfying 

6.45. If for some j, X.* > 1, then the process is 
j — 

too costly and should be deleted from the processing 

system. If for a process j, the fraction removed
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of a material in the municipal solid waste input 

stream, namely 1-Xj*, exceeds the actual content of 

that material in the municipal solid waste, simply 

set Xj at its maximum feasible level and resolve 

the problem.

6.11 Example Problem With Two Processes

A small example problem composed of a resource 

recovery facility with two processes will exemplify 

the applicability of the general model. Suppose the 

quantity of municipal solid waste entering the re­

covery plant, S, is 1000 tpd, and that the correct 

exponential parameters are :

a = (.8, .8, 1.0) 

and

B = (-2, -3, -.1).

Furthermore, suppose the net cost per ton for process 1 

is $3.00 per ton and for process 2 is $4.00 per ton when 

the processes are respectively reclaiming 45 per cent 

and 11 per cent of the 1000 tpd waste stream. The trans­

portation cost from the resource recovery plant to the
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landfill is combined with the landfill disposal 

cost. It is assumed that when 440 tpd are shipped 

from the recovery facility to the landfill, the 

cost per ton is $10.00. Hence, the vector of the 

objective function coefficients is:

Ç = (3.61, 7.23, 5.01). (See Exhibit 6.5.)

Finally, the constraint tolerance parameter, c, is 

0.001 ■* C4=1000.0. The example, Problem 6.5, is 

now stated :

Minimize:

- 2 -. 8 - 3
907 X] + 1816 X1 X2

+ 5010 X1X2X3
-.1 (6.46)

Subject to :

1000 x1x2x3 < 1 (6.47)

The dual program of Problem 6.5 is:
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EXHIBIT 6.5

Calculation: Objective Function Coefficients

Process 1 Cost Term

a-i Bi
cost/day for Process 1 Cj S 1 Xj 1

tons/day input to Process 1 $

Ci 1000'8 (1 - .45)~2
- ------------------------------------ = $3/ton

1000

C1 = 3.61, since X] = 1 - .45 = .55.

Process 2 Cost Term

cost/day for Process 2 CgfSX])^2 X^

tons/day input to Process 2 sx^

C2[1000(l-.45)l '8 (.8)"3
= ----------------------------------------- = $4/ton

1000(1 - .45)

C2 = 7.23, since .11 = X^l-Xg) * X2 = .80.

(See next page.)
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EXHIBIT 6.5 (continued)

Transportation and Landfill Cost Term

cost/day for transportation and disposal 

tons/day disposed

a 3 63
C3(SX1X2) x3 

(SX^)
= C3(0.001)‘-1

= $10/ton

C3 = 5.01.
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Maxi mize:

v(S) "90716i[1816]«2[5010]6

*1 52 53

1000)0
V4

(6.48)

Subject to :

-2 .8

-3

0

-. 1

1

1

1

Ô1

s4 (6.49)

and

0. (6.50)

Notice that this geometric programming problem has

degree of difficulty equal to zero. Hence, a unique

0

0 0

1

Ô

3

1

1

I «4

global

system

minimum can be obtained by solving the linear

6.49 (page 12 of reference 160). The solution

to the dual program is:

6* = (0.33, 0.18, 0.49, 0.049).

Therefore, v(5j = 9275.
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By utilizing the primal-dual variable rela­

tion 4.3.16, we obtain

( , , 1-1/2
Xx = 51 v(6.)/907 = . 54

.8.-1/3 
v(£)/1816X1 = .87

1-10
v(^)/15010 X^Xg = 0.00139

Hence, process 1 and process 2 should respectfully 

reclaim 460 tpd and 70 tpd of the input waste, 

while the remaining 480 tpd should be disposed at 

the landfill site. The total system cost per day 

for this optimally designed system is $9,275. The 

corresponding cost contributions of each process 

and of the landfill to the total system can be 

directly obtained from the dual variables, namely, 

33 per cent for process 1, 18 per cent for process 

2, and 49 per cent for the landfill disposal. 

These relative contributions are invarient regard­

less of the values of the coefficients of any of 

terms.
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6.12 Case Study: MiTwaukee-AmericoTogy

"Americology Division of American Can Company 

has designed, engineered, and constructed a new $18 

million plant, and has a 15-year contract with the 

city to dispose of 100 per cent of Milwaukee's city 

collected solid waste" (page 1 of reference 60). 

"Milwaukee is the largest American city to process 

all of its municipal solid waste for resource re­

covery" (page 12 of reference 60). "The clean, non­

polluting operation of Milwaukee's Americology 

resource recovery plant permits the facility to be 

located near the center of the city" (page 1 of 

reference 60 ). The process utilized by Ameri cology 

is depicted in Figure 6.4. The net cost of $10 

per ton for processing the municipal solid waste 

at the Americology plant approximately equals the 

cost of landfill disposal in the area (172). The 

plant is currently processing about 1000 tpd of 

municipal solid waste, but it is designed for a 

maximum future load of 1500 tpd. About "... 90 per 

cent of the city's waste is being recovered for new 

uses..." (60). Based upon the current input to the 

Americology facility, the following percentages of
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Milwaukee's municipal solid waste can be recovered 

each year:

a) 65 per cent in fiber fuel for electric 

power generation by the Wisconsin 

Electric Power Company, 

b) 7 per cent in ferrous metals, 

c) 0.5 per cent in aluminum, 

d) 5 per cent in newspaper and corrugated

paper, and

e) 10 per cent glassy aggregate. 

The remaining unrecovered solid waste, which amounts 

to 12.5 per cent, or 125 tpd, can be hauled to the 

nearest landfill in about five round trips per day 

when utilizing a compactor tractor trailor (pages 

2-23 of reference 165).

Notice that the Americology disposal system 

natural 1 y fits the model composed of 6.44 and 6.45. 

All flows of municipal solid waste from the waste 

generating sources converge at the resource recovery 

plant, where 100 per cent of the solid waste is 

processed. Although not stated, it can be reason­

ably assumed that the 125 tpd residue from the 

recovery plant is shipped to the least cost landfill 
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site. For example, all but two of the nine land­

fills in the Lehigh Valley can easily handle a 

125 tpd load (Table 3 of reference 165). An analy­

sis analogous to the Lehigh Valley case study in 

Part 1 could be effected to apportion the several 

unit operations depicted in Figure 6.4 into pos­

sibly four material recovery processes : a fuel 

recovery process, an iron and steel recovery pro­

cess , a glass recovery process, and an aluminum 

recovery process.

There are indications that municipal solid 

waste systems composed of either one resource re­

covery plant and one landfill, or simply one land­

fill, are not only recommended for Milwaukee, but 

recommended as the best alternative in other areas 

of the United States. A solid waste system where 

all of the waste is deposited at a single landfill 

is the least cost county solid waste system for six 

counties in Southwestern Indiana and Northern Ken­

tucky (page 80 of reference 70). However, only 

landfill disposal was studied. A single resource 

recovery plant coupled with these single landfill 

solid waste systems may prove to be economical if 
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the amount of solid waste generated in the area 

is great enough to achieve the benefits of economies 

of scale.
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CHAPTER 7

SUMMARY, CONCLUSIONS, AND FUTURE STUDY AREAS

From existing data, transportation, landfilling 

and resource recovery costs of municipal solid waste 

systems are shown to exhibit the nonlinear phenomenon 

of economies of scale and/or diseconomies of scale. 

Little work has been done on the nonlinear solid waste 

management problem. Only one paper could be found 

that indirectly models the economies of scale property 

with piecewise linear approximation. No papers could 

be discovered that model the nonlinear phenomenon of 

diseconomies of scale or that directly solve the non­

linear solid waste models with a nonlinear programming 

technique. In this research a nonlinear solid waste 

management model is developed which includes the non­

linear phenomena of economies of scale and diseconomies 

of scale to reflect reality.

The general nonlinear solid waste model in this 

dissertation quantitatively illuminates the economic 

relationships from both macro and micro viewpoints with 

respect to municipal solid waste management systems. 

From a macrosystem viewpoint, the municipal solid 

287



waste system can be modeled with an interconnecting 

network of waste generating centroids, resource re­

covery plants, and landfills. The economic interac­

tions of these entities are represented with nonlinear 

cost functions. From a microsystem viewpoint, the 

internal multistage process structure of a resource 

recovery plant is effectively modeled with multiplica­

tive relationships between certain plant design var­

iables. The nonlinear cost relation for each process 

contains economic information describing the inter­

acting costs for operating at different levels of 

efficiency and capacity. Therefore, the solution to 

the model exposes the design characteristics for both 

the underlying macrosystem and microsystem comprising 

the nonlinear solid waste model. For certain types 

of nonlinear solid waste models, this solution can be 

shown to be a global optimum.

This author believes that resource recovery 

and/or volume reduction of municipal solid waste at 

a processing plant will become overwhelmingly favor­

able in the near future. The results of the Lehigh 

Valley case study indicate that resource recovery is 

favored even when the estimated net costs of recovery 

are increased by 50 per cent. This finding appears 

to be valid, since the volume of municipal solid waste 
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processed at the plant is commonly regarded to be 

high enough for resource recovery to be competitive 

with other alternatives such as landfilling. More­

over, the system cost of the Lehigh Valley system 

with resource recovery is substantially lower than 

that of a pure landfill system. Since collection and 

transportation costs constitute the largest component 

of the solid waste management system cost (page 34 

of 56), they will be a major determining factor towards 

favoring resource recovery. The transportation costs 

will be rising rapidly due to the escalating costs of 

labor and the tendency of landfills to be located 

greater distances from the waste generating centers. 

Available land for landfilling operations is becoming 

scarce and costly to purchase. For example, the cost 

for the Croton Point landfill in Westchester County, 

New York, should include the costs of land, the costs 

of daily operations, and the costs associated with 

refurbishing the environment which was mandated by a 

recent United States government suit against the 

county. Resource recovery is in its infancy of tech­

nological development; therefore, advances in cost 

saving recovery processes can be expected in the near 

future. Furthermore, as daily generation rates of 

municipal solid waste increase in future years, the 
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average cost to recover waste will diminish for the 

resource recovery plants possessing the property of 

economies of scale with respect to capacity. Recently 

passed legislation is requiring both landfill and 

incinerator owners to adopt new expensive operating 

procedures and to purchase expensive pollution abate­

ment equipment. Since the public is becoming aware 

of the external costs of disposal practices which 

pollute the environment, social costs are being levied 

in the form of pollution abatement equipment and pro­

cedure costs. All these factors contribute toward 

encouraging resource recovery.

The nonlinear mathematical model developed in 

this paper only investigates the minimization of 

positive net costs, even though some studies including 

Arndt's study of the Lehigh Valley region suggest that 

the solid waste system with resource recovery can 

possess negative net costs (profits). A current re­

view of the well known and operating resource recovery 

systems unveils the reality that they are operating 

at positive net cost levels which, in many cases, are 

much higher than expected (183). If the scrap values 

of certain recoverable materials in municipal solid 

waste are profitable to extract, then the material 

concentration of these valuable materials may be 
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reduced by source separation. Higher scrap values 

for certain materials such as aluminum and newspaper 

have already induced source separation and reclama­

tion. Moreover, legislation that causes source 

recovery can also diminish the amount of valuable 

recoverable materials in municipal solid waste. For 

example, Vermont has instituted a return deposit fee 

on all beverage containers sold in the state. Further­

more, the future markets for the recovered materials 

are volatile. For the Lehigh Valley, reclamation of 

refuse derived fuel (RDF) generates substantially more 

revenue per ton of solid waste than the ferrous metal 

recovery, but the existing market could weaken if 

Pennsylvania Power and Light converts to an alternate 

energy source such as nuclear, solar, or geothermal 

energy. Although negative net costs can be modeled 

with geometric programming by utilizing condensation 

techniques (138, 144, 163, 164), the merits of in­

cluding the negative costs do not outweigh the dis­

advantages of greater computational difficulties 

resulting from negative terms in the objective function.

This author believes that the nonlinear pro­

gramming technique geometric programming is a natural 

mathematical tool for solving municipal solid waste 
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management models because of their inherent nonlineari­

ties. The nonlinear phenomenon of economies of scale 

can be accommodated directly with geometric programming 

sans linear estimations. Piecewise linear approxima­

tion procedures for estimating this nonlinear phenom­

enon result in very large and complicated linear 

programs. However, when the economies of scale, the 

diseconomies of scale, and the multistage processing 

properties are included in a municipal solid waste 

management model , the resulting mathematical relations 

are nonseparable functions which do not lend themselves 

to be solved by piecewise linear approximation tech­

niques. Furthermore, a global solution can be obtained 

with geometric programming for certain types of solid 

waste problems which are not required to be convex 

mathematical programs. In fact, one of the most suc­

cessful municipal solid waste systems with resource 

recovery, Americology, Inc. , falls within the constructs 

of this model. Geometric programming yields useful 

economic information: the dual variables corresponding 

to the primal terms in the objective function equal the 

fractions of the total cost that each term contributes. 

This research has demonstrated that geometric program­

ming is an appropriate technique for solving these 

nonlinear programs.
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In Chapter 4 a hybrid solution procedure

composed of two previously developed algorithms is 

constructed to calculate solutions to mathematical 

models of solid waste systems. The FORTRAN program 

of the solution procedure comprises about 300 lines 

of code and compiles in less than two seconds on a 

CDC6400 computer. The time and memory requirements 

for the FORTRAN program are related to the size of 

the solid waste management model ; the Lehigh Valley 

case study problem could have been solved on a small 

computer with only 27,000 words of memory. Further­

more, with the addition of an unsophisticated data 

preparation routine, the resulting FORTRAN program 

could be employed by a solid waste management prac­

titioner who is unfamiliar with geometric programming. 

Therefore, after the practitioner has modeled a 

reasonably sized solid waste management system and 

has completed the data analysis for the system, only 

a small office computer and the FORTRAN coded algorithm 

are needed to solve the model. This practicality of 

the solution procedure suggests a new outlook when 

designing municipal solid waste systems.

Some applications of the general nonlinear 

programming model derived in Chapter 5 may require 

reversed constraints in the mathematical model. Since 
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global optimality to geometric programs with reversed 

constraints cannot be guaranteed, this paper presents 

a hueri Stic procedure to aid in determining the optimal 

solution or a solution believed to be near the optimal 

solution. The hueristic rule determines a method of 

revising initial values of condensation weights to 

expose what is believed to be the widest range of 

local optimums. In practice, only a few problems need 

to be solved where the minimum of the solutions to the 

problems appears to be the optimum or at least very 

close to the optimum.

Although techniques for solving geometric 

programs with reversed constraints and negative terms 

exist, to the author's knowledge, none can guarantee 

global optimality. This research analyzes the effect 

of different choices of certain parameters upon the 

solution to these programs. It is suggested that 

these types of geometric programs be investigated to 

determine if there exist special structures for which 

global solutions can be easily obtained.

It has been the experience of this author and 

others that good cost data for unit operations of 

municipal solid waste management systems are either 

not available to the public or do not exist. It is 
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suggested that the current government supported 

projects provide extensive and detailed data to the 

public to encourage further research of municipal 

solid waste management systems.

One possible extension of this research is to 

investigate a dynamic version of the static model 

presented in this paper. The solution to a dynamic 

model could produce information such as :

a) When and how much to expand a facility 

or process ;

b) When to delete and add certain facilities, 

processes, and capital equipment; and

c) When to refinance an existing system if 

interest rates change or if some debt 

instruments are coming due.

The data utilized to compute the input para­

meters is stochastic in nature. Hence, the general 

model could be extended to reflect the stochastic 

nature of the data. Stochastic geometric programming 

has been developed and could possibly be embedded in 

the hybrid solution procedure developed in this 

research to solve the stochastic model. However, an 

extensive statistical analysis of the study area is 

required to generate probability distributions for 

the input parameters.
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APPENDIX

CONVEXITY

The purpose of this appendix is to present 

those properties of convex sets and convex functions 

that are necessary to expose the underlying theory 

and structure of geometric programming. The theorems 

and definitions of this appendix have been adapted 

from reference 160.

Let x.» X cE^, the N dimensional Euclidean 

vector space. Define the line segment, xy, joining 

x and £ as all points 6^x + 52X» where 6^ + 63 = 1, 

and 6j, 62 > 0.

Definition A.1

A set S of points in E^ is said to be convex 

if the line segment xy joining any two points and 

of S is contained in S.

Theorem A.1

If A and B are convex subsets of E^, their 

intersection A A B is also a convex subset of E^.
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Definition A.2

A function f defined on a convex subset S 

of En is said to be convex if f satisfies the in- 

equali ty

f(«1 x + 52 %) < f(x) + 62 f(x)

for each point 6^ x + 62 x belonging to an arbitrary 

line segment xy contained in S. A convex function 

is said to be strictly convex if the inequality

f(51 x + 62 %) < f(x) + ô2 f(x)

is satisfied when x / X and ôp ô2 / 0.

Theorem A,2

A function f which has continuous partial 

derivatives of the second order on a convex subset 

S of is convex on S if the related function

4>(S) = f([l-s] x + s^)

satisfies the inequality

d^<|)
—- > 0, 0 < s < 1, 
ds2 ~ - -

for arbitrary points x. and in S. Furthermore, f 

is strictly convex if the preceding inequality is 

strict when x. and are distinct points of S.
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Corol1 ary A.1

A function f which has continuous partial 

derivatives of the second order on a convex subset 

S of is convex on S if the quadratic form

. . N 32f
Q(<bl) = 2 ------------ q.q.

i,j=l 9z. dzi 1 J
I J £*

is positive semi def i ni te for each point z, belonging 

to S. Furthermore, f is strictly convex if this 

quadratic form is positive definite for each £ in S.

Notice that

d^

ds2
! *2f

i ,j = l 3Zj 9Zj
(yj-Xj)(yj-Xj),

where

z = [l-s]x + sx •

Let

g, = X - x.* then

, . d
Q(liz) = 7^2 i 0 f is convex.
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The hyperplane tangent to the hypersurface 

representing the convex function f lies below the 

hypersurface. This is the property stated in the 

next theorem.

Theorem A.3 .

If f is a convex function on a convex set S 

and if f is differentiable at a point y belonging 

to 5, then

f(x) + Vf(x)- [y.-x] £ f(x)

for each poi nt in S.

Theorems A.4 and A.5 indicate how convex 

functions can be generated from other convex func­

tions . Theorem A.4 states that the family of convex 

functions is closed under composition, while Theorem 

A.5 states the closure relationship for linear com­

binations of convex functions.

Theorem A.4

If h is a monotone nondecreasing convex 

function defined on Ei and if f is a convex function 

defined on a convex subset S of E^, the composite 

function h(f) is a convex function with domain S.
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Theorem A.5

If the functions fj, 1=1,2,...,M, are convex 

on the same convex domain S of , the linear com­

bi nation

M

i-l

is also a convex function on S when the coefficients 

c-j are non-negati ve constants.

Convex sets can be formed by convex functions 

constrained in a certain fashion. This property is 

stated by Theorem A.6.

Theorem A.6

If f is a convex function defined on a convex 

subset S of En and c is an arbitrary number, then 

all points zeS' which satisfy the inequality f (z.) £ c 

form a convex subset of S.

The definition of concave functions can be 

obtained from the definition of convex functions 

simply by reversing the sign of the function f, i.e. 

a function f is concave if, and only if, -fis con­

vex. Therefore, the concave functions possess 

theorems analogous to the previously mentioned 

properties of convex functions.

317



Definition A.3

A function f defined on a convex subset S 

of is said to be concave if f satisfies the in­

equality

f(^ + > 0T f(x) + 62 f(x)

for each point x + belonging to an arbitrary 

line segment xy contained in S where x. and are in S 

51 + ô1 = 1, and 1 °- A concave function f is

said to be strictly concave if the strict inequality

f(<51 x + 62 y.) > f(x ) + 6g f(z)

is satisfied when x. = X and 6 , 62 = 0.

Let f be a convex function. Then for each 

convex set S in the domain of f, a convex program 

can be defined:

minimize f over S.

If x.' eS and f (x.' ) £ f (x) for each £eSANe, where Ne 

is some sufficiently small neighborhood, then x* is 

said to be a local minimizing point for f over 5; 

x/eS is a global minimizing point for f over S if 

f(x*) £ f(x) for all yeS. Clearly every local 

318



minimizing point x.' is also a global minimizing 

point for x* over S. Since if x.' is a local mini­

mizing point and ^eS, then for 0 < s < e ,

f (x1 ) £ f ( [1-s] x' + sx) £ [1-s] f(x') + sf(^)

* f(x' ) £ f (X)

x' is a global minimizing point for f over S. More­

over , if £] and x^ are global minimizing points for 

f over S, then f(Xj) = f(x2) » since f(x^) £ f(x2 ).

Theorem A.7

The set of minimizing points for a convex 

program is convex.

If M is the minimizing value, let £ e Sm, 

then SM is the set of minimizing points for f over S 

if f(z) _< M. The result follows directly from 

Theorem A.5. Furthermore, if x,^ e S^, then

+ ô2Z e SM and

f(6 x £+ a2 %) = 6^ f(x) + 62 f(%) 

for f convex over S and S^ the set of minimizing 

points for f over S.
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Let f be a convex function on a convex set 5. 

Then x'eS is a stationary point for f if f is differ­

entiable at xj and Vf(xJ) = 2'

Theorem A.8

Each stationary point for a convex function 

on a set 5 is also a minimizing point for f over S. 

This theorem follows immediately from Theorem A. 3. 

However, the converse is not true.

Let Gk(z), k=O,l,2,...,p be convex functions 

on E - GJz) < 0 for k=l,2........ p. The set of points m k —

z that satisfy some constraint G^(^) £ 0, ke{l ,2,... ,p} 

is convex by Theorem A.6. Therefore, the set of points 

z that satisfy all Gk (z ) <_ 0, kc{ 1,2 ,... ,p) is convex 

since an intersection of convex sets is convex by 

Theorem A.1. The resulting convex program comprises 

minimizing G0(z) over a convex subset of Em. The 

program is said to be consistent if there exists a 

point that satisfies all its constraints. It is 

said to be superconsistent if there exists a point 

z_* satisfying G^ (jz*) < 0, Gg(z*) < 0,..., Gp(z*) < 0, 

i.e. , there is a point that can simultaneously sat­

isfy all constraints as strict inequalities.
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One method of solving the convex program is 

by Lagrange. Observe that the Lagrange function

p
L(z,u) = G0(z) + Z pk Gk(z) 

k=l

which is convex, since it is composed of a linear 

combination of convex functions. The uk's are called 

Lagrange multipliers.

Theorem A.9 (Kuhn-Tucker Theorem)

Suppose that the convex program of minimizing 

G0(z) subject to Gk (_z ) <_ 0, k=l,2,...,p, is super­

consistent where Gk(z_), k=0,1,2,. . . , p , are convex 

functions. Let Gk(zJ, k=0,1,2,... ,p , have continuous 

first partial derivatives on Em. Then z' is a solu­

tion to the program if and only if there is a vector 

(z1 » n' ) satisfying

(i ) Pk 0, k-1........p, .

(ii) Pk Gk(z/)=0, k=l,2,...,p, and

(i i i) L(z 1 , ) < L(z',K' ) £ L(z 1 )

for all z, £ Em and for all pk >. 0, where
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L(z,p) = G0(z)
P

+ (—) •
k=l k K

The superconsistency assumption in Theorem

A. 9 guarantees the existence of the Lagrange multi­

pliers. Suppose the convex program minimizes G^(z)

subject G](z) 0 is not 

is the only point in the 

d Gn(z' ) ,
----- --------/ 0, then there 

dz

superconsistent. If z' 

domain of this program and

is no p' > 0 such that

L (z ,p1 ) is stationary at z'.

Condition ( i i i) of Theorem A.9 unveils the 

duality nature of the convex program with the aid 

of the Lagrangian function.
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