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ABSTRACT

A mathematical analysis of oxygen transport to
tissue is presented. A conceptual model is used that
consists of a single capillary surrounded by a concentric
cylinder of tissue. Due to the non-linearity of the
relationship governing the dissociation of oxygen from
hemoglobin, a non-linear system of coupled equations
results. These equations describe'the convection of
oxygen by the blood in the capillary and its diffusion
in the surrounding tissue. An analysis of these equa-
tions for steady state conditions, using the techniques
of matched asymptotic expansions, is presented. The
solutions obtained in this way are applicable when the
mean capillary spacing is small compared to the capillary
length. A corresponding linear problem has been solved
exactly and the solution used to examine the accuracy of
the perturbation solution. This linear problem was
analyzed previously by Blum (1960). It is shown that
Blum's method of solution is incorrect, and the correct

analysis of the problem is presented.

Iy



1. INTRODUCTION

Oxygen transport is one of the most vital processes
in the living body. The transport mechanisms for oxygen
in the microcirculation and tissue are important physio-
logically and essential to normal 1life functioning.
Oxygen enters all parts of the body with exchange occur-
ring through capillaries. When oxygen dissociates from
the blood, it diffuses out into the surrounding tissue
(Guyton 1976), and supplies each cell with oxygen for
normal life function. Although the recent experimental
results by Duling and Berne (1970), and Sejrsen and
Tonneson (1972) indicate that some oxygen loss occurs
from the arterioles, the capillaries are still the pri-

mary exchange site.

The conceptual model of a single capillary surrounded
by a concentric cylinder of tissue has played a central
role in the mathematical study of oxygen transport to
tissue. It was originally introduced by Krogh (1919)
for the study of oxygen distribution in the highly
regular capillary beds of skeletal muscle. The idea
is that oxygen delivered to tissue by a capillary is
consumed only in the tissue immediately surrounding the
capillary. Conversely, the tissue in the immediate
vicinity of a capillary receives its oxygen requirements

from that capillary. Krogh proposed that this conceptual
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model could be treated as a functional unit for the
entire capillary bed. Although not all tissues show
the geometric regularity of skeletal muscle, the Krogh
cylinder has been used in studies of oxygen transport
in several organs (for example, Knisely et al. 1969,
Middleman 1972, Guilbeau et al. 1973, and Reneau et al.
1974). It has also been applied to such irregular
capillary beds as cerebral gray matter of the brain
(Opitz and Schneider 1950, Thews 1960, Reneau et al.
1967, 1969, 1970, and Reneau et al. 1977). In Krogh's
initial work only a rather elementary mathematical
analysis of the model was presented. Since that time,
however, considerable attention has been given to the
development of more elaborate analyses. Summary of
some of these works can be found in Reneau et al. (1967),
Middleman (1972), Lightfoot (1974), Davis et al. (1974),
Leonard and Jorgensen (1974), Reisdrof (1975), Lih
(1975), Fletcher (1975), and the proceedings of recent
symposiums on oxygen transport to tissue (Bruley and
Bicher, eds. 1973, Grote et al., eds. 1976) contain
numerous -accounts-of mathematical studies of the Krogh
cylinder, as this model is now known. The very complex
nature of the governing equations-has always resulted
in significant simplicaticns being .made at the outset,

so that the mathematics become tractable. Therefore,
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the analytical treatment is still far from complete.
There are a number of numerical analyses which deal with
the full equations (for example, Reneau et al. 1967,
1969, 1970, Hyman et al. 1975, Fletcher 1973, 1975, 1976,
Artigue and Hyman 1976, and Hyman and Artigue 1977), but

such studies are inherently of limited value.

Mathematical studies of oxygen distribution in a
Krogh cylinder are presented in this thesis. The full
equations are considered, including axial diffusion in
the tissue and the blood, and an arbitrary oxyhemoglobin
dissociation relationship is used. A detailed formula-

tion of this problem is presented in the next section.

In section 3, some of the previous studies are
briefly reviewed and discussed. An analysis, given by
Blum (1960), of a model with finite permeability at the
capillary wall is shown to be incorrect. The correct
analysis is presented in section 4. Several numerical
examples of the solution for substrate concentrations
are given for various values of permeability and tissue
diffusivity.

The problem of determining the steady state oXygen
distribution when a linear oxyhemoglobin dissociation re-
lationship is used and axial diffusion in the capillary
is neglected can be considered as a speciéiliimitinguc;g;

of the model considered by Blum (1960), by taking the
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permeability of the capillary to be infinite. This case
is also presented in section 4.

In section 5, a nonlinear oxyhemoglobin dissociation
relationship is used. The methods of asymptotic analysis
are used to obtain solutions applicable when the diame-
ter of the Krbgh cylinder is small compared to its
length. A perturbation solution for the region bounded
away from the ends of the Krogh cylinder, and boundary
layer solutions at both ends are presented in sections
5.1, 5.2 and 5.3, respectively. The solutions are ob-
tained in the form of an infinite series involving
infinite eigenvalues. The accuracy of this expansion
is examined in section 5.4. A uniformly valid composite
solution is given in section 5.5. An exact numerical
solution is given in section 5.6. The analysis of a
modification of the Krogh model is presented in section
5.7.

Numerical examples are presented in section 6.
Using the linear theory in section 6.1, it is shown_that
the perturbation method is a good approximation to the
exact solution. In section.6.2, the effect of axial
diffusion is studied, and it is ascértained when this
effect can be neglected and when it must be taken into
account.. Several-numerical examples are presented. In

section 6.3, numerical examples of the modified Krogh
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model with outflux of oxygen through the ends of the
Krogh cylinder are presented. The results are compared
with the corresponding results of the isolated Krogh

model shown in section 6.2.



2.

FORMULATION OF THE PROBLEM

The physical model, which is illustrated in fig. 1,

consists of a single capillary of length L

and radius

Rc surrounded by a concentric cylinder of tissue having

radius Rt

The tissue cylinder is bounded at the

arterial and venous ends by planes normal to the capil-

lary, so that its length is

also L . The mathematical

simplification of axial symmetry is assumed, so that

only two space dimensions are considered.

denote the distance along the capillary axis

and T

the distance normal to the axis

Let z
(0<z<L)
(0<r<R,)

Oxygen is transported in the blood dissolved in the

plasma and chemically bound
The rate of dissociation of
negligible in comparison to
fusion in the plasma (Thews
saturation of hemoglobin is
equilibrium with respect to

plasma.

to hemoglobin molecules.
oxygen from hemoglobin is
the time required for dif-
1960), so the degree of
assumed to be in chemical

the oxygen dissolved in the

The amount of oxygen bound to hemoglobin is a

function of the concentration of oxygen dissolved in

the plasma, but also depends on the pPH, carbon dioxide

concentration and temperature of the blood.

dissolved oxygen,

Here, the

Cb » 1s defined as the amount of oxy-

gen physically dissolved in plasma per unit volume of

blood. The oxygen bound to

the hemoglobin per unit volume

-7-



of blood is given by QS* , where Q is the oxygen capac-
ity of the blood at 100% saturation, and S* is the
degree of saturation. As noted, S* is a function of

Cb » and may be approximated by the empirical formula
(Reneau et al. 1967, 1969, 1970, Hyman 1973, Hyman et

al. 1975)

ch
s*(C,) = (2.1)
1+Kc§

for a suitable choice of the constants K and x
These constants depend on the pH, carbon dioxide con-
centration, and temperature of the blood. Typical
oxyhemoglobin dissociation relationships are shown

in fig. 2 for various values of K and X . The
characteristic shape of these curves have important
physiological significance. At higher blood oxygen
concentrations, the shape of S*(Cb) is rather flat
so that only a small amount of oxygen is released from
hemoglobin even for a large drop in blood oxygen con-
centration. At lower blood oxygen concentrations,
small changes in blood oxygen concentration causes
large amounts of oxygen to dissociate from hemoglobin.
Therefore, in this region large quantities of oxygen

can be supplied to the tissue with only a small drop in

the concentration, Cb .

The oxygen concentration, Cb » varies with both

-8-



radial and axial location within the capillary. However,
the radial variation may be neglected, as it is insig-
nificant. A number of previous studies (e.g. Reneau et
al. 1967, 1969, 1970, Davis et al. 1974) have consid-
erably complicated the problem by attempting to consider
a radial variation in oxygen concentration based on the
assumption of laminar homogeneous flow within the cap-
illary. The passage of red blood cells single file
through the capillary, separated from each other by a
bolus of fluid (Prothero and Burton 1961), precludes
such an assumption. In addition, the recirculating

flow within each bolus results in convective mixing
(Bugliarello and Hsau 1970, Gross and Aroesty 1972),

so that a uniform radial oxygen distribution is a more
reasonable assumption (Hyman et al. 1975). Keller and
Friedlander (1966) and Spaeth (1970) have demonstrated
that oxyhemoglobin diffusion is negligible. Therefore,
when oxygen is convected in the capillary by blood only
dissolved oxygen diffuses across the capillary

wall into the surrounding tissue. The governiﬁg equa-

tion for oxygen concentration within the capillary is

2 9 = 5 -
a2C
= - 2 b >0 0<z<L 2.2)
= ZTI'RCJ + 'Il'RcDb -3-32— ’ T ’ <z<L , ( .
where Cb = Cb(r,i) (cm302/cm3 blood)}, since the oxygen
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concentration is radially independent, and Tt is time
(sec.). This equation states that the oxygen in any
small volume of blood moving through the capillary
changes as a result of axial diffusion within the cap-
illary and radial diffusion into the surrounding tissue.
Here q is the volume blood flow rate (um>/sec) , Q
is the oxygen capacity of the blood at 100% saturation
(cm302/cm3 blood) and is proportional to the hematocrit,
J 1is the oxygen flux across the capillary wall into the
tissue (cm302/cm2 capillary wall - sec), and Db is
the oxygen diffusivity of blood (umz/sec) , which is
assumed to be constant. The oxyhemoglobin dissociation
relationship, S*(Cb) » 1s given by eqn. (2.1). The
particular form of this relationship makes no difference
to the present analysis, and eqn. (2.1) may be replaced

by a tabular or graphical representation if desired.

The initial condition for blood oxygen concentra-

tion is given by
cbco,i) = csci) » 0<z<L , (2.3)

where CS(E) is a known steady state solution,

The blood‘oxygen concentration at the arterial end

is prescribed by

Cb(T,O) = CA(T) s, for all =t . (2.4)
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It is assumed that tissue oxygen consumption is
uniformly distributed throughout the tissue cylinder.
Oxygen diffuses from the capillary into the tissue,
where it is consumed. The consumption rate is a func-
tion of tissue oxygen concentration. Michaelis-Menten
Kinetics is generally used to describe the dependence
of oxygen consumption rate on tissue oxygen concentra-
tion ¢, . This leads to the formula

t
Ac

M(c,) = pre (2.5)
t

where A and B are constants that depend on physio-
logical conditions. For ct+0 ’ M(ct) ~ % Ci s which
is referred to as first order kinetics. For C ™,
M(ct) ~ A , and is independent of tissue oxygen concen-
tration. Fig. 3 shows a typical form for the relation-
ship M(ct) , taken from Guyton (1976). At normal
tissue oxygen concentration the tissue oxygen consump-
tion rate is fairly constant, but at very low tissue
oxygen concentration the tissue oxygen consumption rate
decreases rapidly to zero as tissue oxygen concentration

drops to zero (Forster 1964, Duling and Pittman 1975,

Reneau et al. 1977).

Inside the tissue, oxygen is transported by radial
and axial diffusion (Blum 1960, Thews 1960), with no

convection (Krogh 1919). Therefore, the governing
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equation for tissue oxygen concentration, Cy » is

2
aC _ oc 9 c _
a—_Ft =D ‘%‘a—_ T —-—_—t + D —_2—t - M(Ct) ’ >0 » R iriRt ’
roar ar Z 3z ¢
0<z<L , (2.6)
where ¢, = ct(T,f,i) (cm302/cm3 tissue) . This states

that the time change of tissue oxygen concentration is
due to diffusion and consumption of oxygen. Since the
tissue may be anisotropic (Blum 1960), radial and axial
oxygen diffusivities are not necessarily equal, and
these two constants are denoted by Dr and Dz

(umz/sec) » respectively.
The initial condition for the tissue oxygen con-
centration is given by

ct(O,f,E) = cs(f,i) , Rciigkt , O0<z<L , (2.7)

where cs(f,i) is a known steady state solution.

By definition of the isolated Krogh cylinder, no

oxygen diffuses across the tissue boundary, so that

Bct _
— =0, O<z<L , 10, (2.8)
or ;=Rt
act _
;: =0, R SIERt s T>0 , (2.9)
z -
z=0
act _
" =0, Rg<r<R., 0. (2.10)
A -
z=L
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The capillary wall consists of endothelial cells
which are highly permeable to small molecules such as
oxygen (Krogh 1930), and no resistance to the diffusion
of oxygen at the capillary wall occurs (Blum 1960).
Therefore, the oxygen concentration of the blood and

the tissue are equal at the capillary wall,
c, =C , r=R , O0<z<L , T>0 . (2.11)

The oxygen that crosses the capillary wall is convected
away from the capillary by the radial gradient of the

tissue oxygen concentration. Therefore,

J=-D —t . (2.12)
r=R
C
Substituting eqn. (2.12) into eqn. (2.2), the
governing equation for oxygen concentration within the

capillary becomes

2 9 5 ° =
"Ry e [0S (G + q %= [C,+Q8*(C,)]
act 5 32Cb
= 2R D — + TR”D, ——" , 0<z<1 , 1>0. (2.13)
cr 81-‘ ¢ b 322 —_—
r=R

c
This completes the formulation of the mathematical

problem of oxygen transport to tissue.
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3. HISTORICAL REVIEW

The number of works on mathematical studies of
oxygen transport to tissue has grown considerably in
recent years, and in this section, some of these will be

briefly discussed.

In 1919, Krogh studied steady state oxygen trans-
port, considering only radial diffusion and constant
oxygen consumption, Mo » in the tissue. His elementary
mathematical model can be obtained from eqns. (2.6),

(2.8) and (2.11):

°C
T 9T 9T ©
9cC
—t =0, (3.2)
of |- _
r—Rt
Cy = Cb , at r = Rc s (3.3)

where the oxygen concentration, Cb , at the capillary
wall is given. Krogh ignored all aspects of oxygen
carried by blood in the:capillary and axial diffusion in

the tissue.

Bloch" (1943) modified Krogh's model by assuming a
finite permeability to oxygen at the capillary wall. The
oxygen concentration at the tissue side of the capillary

boundary is therefore related to that in the blood by
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-D, —" = H(C,-c,) , at Tt =R_, (3.4)

where H 1is a mass transfer coefficient (permeability)
(ym/sec).

Bloch accounted for both dissolved oxygen in plasma
and bound oxygen with hemoglobin. These two forms of
oxygen are convected by the blood flow, q , and balanced
by the amount of dissolved oxygen diffusing across the
capillary wall into the tissue. The blood phase equa-
tion is

-q L(c +Qs*) = 2nR H[C,-c, | 1, 0<i<L, (3.5)
dz r=Rc

where the variable S* represents the fractional satura-
tion of oxyhemoglobin. Combining eqns. (3.4) and (3.5)
gives the same equation as (2.13) for steady state and
without axial diffusion. Bloch did not solve these
simultaneous partial differential equations because of

their mathematical complexity.

Opitz and Schneider (1950), Kety (1957), and Thews
(1960) developed the necessary equatioh for takiﬁg into
account axial diffusion in the tissue. Through applica-
tion of the equation, Thews (1960) indicated that axial
diffusion did have a significant effect on the results.
Kety assumed a linear axial oxygen concentration profile

in the blood, with fixed arterial and venous oxygen
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concentration, CA and Cv » respectively. The equa-

tion was

Cy - C, = (C,-Cy) z/L , o0<z<L . (3.6)

This analysis is questionable, since the analysis should

permit one to predict the venous oxygen concentration.

Blum (1960) extended the works of Krogh, Bloch,
Kety and Thews and agreed with the appropriateness of
using infinite permeability of the capillary wall for
oxygen transport to tissue. For large molecular dif-
fusion, such as glucose, lactic acid, etc., the capillary
wall offers finite resistance. Blum followed Bloch's
format for the capillary equation, but he failed to in-
clude a major function in oxygen distribution, the pro-
duction of oxygeh in the blood from dissociation of
oxyhemoglobin. In the capillary, the equation, confined
to the steady state, for the substrate without chemical

reaction with blood is

- Lc, = 2R H[C,-c,|_ 1, 0<i<L . (3.7)
dz Ar=Rc

The substrate coming in at the arterial end was pre-

scribéd

Cb = CA s, at z =10. (3.8)

Eqn. (3.4) was also prescribed at the capillary wall.

For oxygen transport, the permeability H becomes
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infinite and eqns. (3.7) and (3.4) become

d act _
q E? Cb = 2ch — s 0O<z<L , (3.9)
z or F=R
(o]
ct = Cb , T = Rc R OiigL . (3.10)

Blum considered that oxygen might be transported by
the radial and axial diffusion in an anisotropic tissue.
Confining his analysis to the steady state, Blum at-
tempted to solve eqn. (2.6) for zero order kinetics,
M(ct)==Mo » and by neglecting axial diffusion, for first

order kinetics, M(ct)==Mlct . The equations were

(i) zero order kinetics,

ocC 9 ¢C
2 r_—ta.p towM

- — ” (3.11)
or T 9z

D

r

[

with zero flux boundary conditions, eqns. (2.8),

(2.9) and (2.10),

(ii) first order kinetics,

dc
2r—*=Mc, , (3.12)
ar or

D
r

Ho =

with eqn. (2.8).

Unfbrtunately, his method of solution for zero order
kinetics (constant tissue oxygen consumption rate) was
incorrect, and he failed to obtain meaningful results.

The correct analysis will be presented in the next
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section.

Reneau et al. (1967,1969,1970) presented numerical
solutions to the steady state and unsteady state problem
of oxygen supply to the brain. In their works, the
Krogh cylinder model was used. The capillary equation
included the nonlinear oxyhemoglobin dissociation rela-
tionship, S*(Cb) » in the capillary equation. They
assumed both plug and Poiseuille blood flow, and allowed
radial gradients in the capillary due to radial diffu-

sion. Therefore, they replaced eqn. (2.2) by

2[C,+G5*(C,)] + v 2[C +Q5*(C,)]

9z
15 - 3C,  a%c _ _
=D [— — 1T — + ] s t>0, 0<r<R , 0<z<L, (3.13)
b|= L= - -2 = R
T 3r arTr a2 :

where Cb = Cb(T,f,i) , and v is the velocity of blood
flow.
The symmetry property at the capillary axis was

prescribed

=0 . (3.14)

An isotropic tissue with constant tissiue oxygen

consumption was assumed. Eqn. (2.6) becomes

2
act 1 3 - act a Cy
w % s T ozl Mo
T or or oz
>0, R<r<R,, 0<z<L, (3.15)
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where Dt is an isotropic tissue oxygen diffusivity.

The boundary conditions eqns. (2.8) and (2.9)
were used. A finite, nonzero flux tissue boundary condi-
tion at z = L was assumed. This finite value was
chosen to fit arterial oxygen concentrations and the
corresponding venous oxygen concentrations of the experi-
mental data of Opitz and Schneider (1950). This data
dependent flux is questionable on mathematical grounds.
At the capillary wall, eqn. (2.11) was used and an addi-

tional condition was prescribed

. (3.16)

The numerical works of Reneau et al. required a large
amount of computer time not only for the final results
but also for checking the stability and convergence prop-
erties of the numerical method. Any change in the para-
meters required repeating the computations, so that it is
inconvenient and too time consuming to examine the
significance of the various parameters. The radial
gradient which Reneau et al. considered inside the cap-
illary not only unnecessarily complicates the problem but
also gives computational difficulty at the arterial end
where the oxygen concentration is flat. Therefore, they
were forced to assume a shape for the incoming arterial

oxygen concentration similar to what they would expect
-19-



to find some distance from the arterial end.

After the numerical works of Reneau et al., many
investigators attempted to solve this problem analyti-
cally. Stewart and Morrazzi (1973) approximated the
slope of oxyhemoglobin dissociation curve by a simple
exponential function. They solved the steady state prob-
lem without axial diffusion in the capillary and the
tissue, and obtained approximate analytical solutions for
tissue oxygen concentration and the space averaged blood
oxygen concentration. This problem can be solved exactly
(Hyman 1973, also see section 5) without approximating
the nonlinear oxyhemoglobin relationship. Davis et al.
(1974) followed the format of Reneau et al. (1967) and
attempted to solve the steady-state problem analytically
by'neglecting axial diffusion in the blood and lineariz-
ing the oxyhemoglobin dissociation relationship. They
pointed out that the errors resulting from the linear-
ization causes the oxygen profiles to fall more slowly
with distance over the first part of the capillary and
‘more rapidly further along, as compared to the results of
Reneau et al. (1967). They also studied the difference
between plug flow and Poiseuille flow to .the overall trans-
port process and concluded that the mathematical model of
the blood flow has rather little effect on the results.

A unidirectional blood flow with a constant average
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velocity is a reasonable assumption. A linear solution,
similar to the work of Davis et al., for the well mixed

blood phase model will be presented in the next section.

Fletcher (1973,1975,1976), Hyman (1973), and Hyman
et al. (1975) used a well mixed capillary model which
assumes no radial oxygen gradient. Hyman et al. (1975)
strongly defended their use of this model. Fletcher
(1973,1975,1976) formulated a more complicated mathemat-
ical model in the capillary by considering nonequilibrium
kinetics of oxyhemoglobin dissociation. The equations in

the capillary were

2 5t(6 %) + Ay Losaeledy - gpcl®)c{My

ﬂRc 0z

- (3.17)
(™) N
oC oC oc
2 b b _ t 2= (e) ~(N)

st *a —— = 2D, — * TRLQBIC,"T-C T,

9z or |-_

. r—Rc

(3.18)

where Cée) and CéN) are equilibrium and nonequilibrium
blood oxygen concentration, respectively, and B 1is the
release frequency of oxyhemoglobin (sec'l) . When the
equilibrium kinetics of oxyhemoglobin is assumed, B+«
(Cée)=CéN)=Cb) , and eqns. (3.17) and (3.18) become eqn.
(2.13) with D =0 '

Fletcher studied eqn. (2.6) and used three forms

for tissue oxygen consumption rate, M(ct) ,
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Mo » 2ero order kinetics

M(ct) = Mlct » first order kinetics (3.19)
Ac
Brc_ ° Michaelis-Menton kinetics.
t

Due to the mathematical complexity, Fletcher solved
this problem numerically for a linearized oxyhemoglobin
dissociation relationship. The equilibrium kinetics of
oxyhemoglobin dissociation (B+») is a reasonable
assumption compared to the normal blood with nonequilib-
rium kinetics (B=5000/sec, based on the data of Staub
et al. 1961) over most of the blood flow range, as in-
dicated in Fletcher (1976). Fletcher (1976) also studied
the effect on oxygen transport of shifts in the oxyhemo-

globin dissociation curve.

Hyman et al. (1975) studied the oxygen transport in
skeletal muscle subject to periodic occlusion. The pro-
duction and transport of lactic acid was included in
their mathematical model. Eqn. (2.13) with Db=0 , and
eqn. (2.6) with constant tissue oxygen consumption rate,
Mo , were used. Boundary condition were prescribed as in
the previous section. The concept of the oxygen debt was
formulated and included in the model in terms of the
mechanism of lactic acid production and removal. 1In the
absence of oxygen, lactic acid is produced according to

the following equation
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dC

LA
a—,? =ML, Cb=0
=0 , Cb >0, (3.20)
where CLA is the lactic acid concentration, and ML

is constant lactic acid production rate. They solved
their problem numerically and demonstrated the signifi-
cance of a local oxygen debt as a factor in recovery from
the ischemic condition. In contrast to the works of Hill
(1928), and Reneau and Lafitte (1973), Hyman et al. did
not allow local lactic acid to diffuse through the tissue

or out into the bloodstream.

No analytical solutions have been obtained for the
model which includes axial diffusion and the nonlinear
oxyhemoglobin dissociation relationship. All studies of
this type have been done numerically (Reneau et al. 1967,
1969, 1970, Hyman et al. 1975, Fletcher 1973, 1975, 1976).
Only a few investigators (Blum 1960, Davis et al. 1974)
attempted to obtain analytical solutions by neglecting or

linearizing--the oxyhemoglobin dissociation relationship.
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4. LINEAR PROBLEM

In this section, steady state oxygen transport with
a linear oxyhemoglobin dissociation relationship is
studied. The linear oxyhemoglobin dissociation rela-

tionship is taken to be of the form
* =
S (Cb) S:TCb + Sg ’ (4.1)

where Sf and Sg are known constants. Axial oxygen
diffusion in the capillary is neglected, D.=0 , and a
constant tissue oxygen consumption rate, MO » 1s used.

Therefore, the governing equations (2.6), (2.8)-(2.11),
(2.13) and (2.4) reduce to

2
ocC 9 ¢C _ _
D=7 —t+p P -M ,R<IR, , 0<ic<l, (4.2)
T ror or 2 sz °© c
Bct _
— =0, 0<z<L , (4.3)
or ;=R
(o4
acC _
— =0, R<r<R , (4.4)
°z |-_
z=0
act _
> e— — t
90z | =-_
z=L
c, = C, T = R, » 0<z<L , (4.6)
d _ Bct _
q — [C,*QS*(C )] = 27R D — » 0<z<L, (4.7)
dz T 1R
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c, =C, , z=0, (4.8)

where c, = ct(f,i) » C = Cb(i) and C, is the known

arterial oxygen concentration.

Substituting eqn. (4.1) into eqn. (4.7), we have

dCb ac, -
q* _— = 27TR D _— s OiZiL > (4.9)
dz ¢ T oar -
r=R
C
where
qQ* = q(1+Qs}) . (4.10)

This linear model, which includes eqns. (4.2)-(4.6),
(4.9) and (4.8), can be considered as a special case of
Blum's model (1960) with infinite permeability of the

capillary wall (H+~ , as described in section 3).

Since Blum was interested in the concentration
profiles of substrates which experience a finite resist-
ance at the capillary wall, he considered a finite
capillary permeability, H . In this case eqn. (4.6)

is replaced by

Blum did not take the oxyhemoglobin dissociation
(chemical reaction with red blood cells) into account

in his model, so the capillary equation was
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q —° = 2mR D, — , 0<z<L . (4.12)
r=R

c
Eqn. (4.9) differs from eqn. (4.12) only in the use of

q* instead of q .

Therefore the analyses of the linear oxygen trans-
port model and Blum's model are similar, and the solu-
tion for an infinitely permeable capillary can be
obtained from Blum's solution as a special limiting
case. Unfortunately, Blum's solution is incorrect,
and his results are not meaningful. The error in Blum's
analysis has never been realized, and the paper is
widely quoted in the literature, including a number of
textbooks on microcirculatory physiology (Middleman
1972, Lih 1975, for example). Lih (1975) devoted an
appendix of his book to a detailed explanation of Blum's
solution, and Fletcher (1975) appears to have recently
obtained the same solution independently. Since the
problem describes an interesting physiological process,
it is important to provide the correct analysis, and
this is done in .the present section. A brief descrip-
tion of Bluﬁ's analysis is given in appendix A, where
it is shown why his solution is wrong. Numerical
examples are presented for a particular choice of
physiological data. No examples were given by Blum,
presumably because of the contradictory nature of his

results.
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4.1. Analysis

The equations can be put into dimensionless form
by normalizing the concentrations with respect to Cp »
the arteriole concentration, and normalizing the radial
and axial distances r and z with respect to R,
and L , respectively. Therefore, the non-dimensional

c r 7

C
1 = ._b = .......t = £ =
variables are C = T s C T s T R and z T -

A A t
The governing equations (4.2)-(4.5), (4.11), (4.12) and

(4.8) are then

2
1 2 9C 9°¢c _
ror Tar TP .2 s O<z=l, Rercl, (4.13)
o -
ar| ., - 0 Osz<l (4.14)
%E =0, R<r<l, (4.15)
Z 2=0 — —
%9- =0, R<r<l, (4.16)
YA z=1 " —
§—§ = -h[C(z)-c(R,2)] , 0<z<1, (4.17)
r=R
dC _ 9c
B3z = 57 g 0<z<1 , (4.18)
c(o) =1, (4.19)
where
R RZD RZM HR
R = _c R g = t 2z , M = t , h = _—t
R L2Dr DrCA Dr



Eqn. (4.13) is the two dimensional diffusion equa-
tion with constant sink. Methods of solution may be
found in Carslaw and Jaeger (1959), and Crank (1975).
The solution to eqns. (4.13)-(4.17) will be obtained in
terms of C(z) , and this solution will be substituted

into eqn. (4.18) to obtain a single equation for C(z) .

A solution to eqn. (4.13) satisfying the boundary
conditions, eqns. (4.15) and (4.16), is given by the

eigenfunction expansion

2
c(ryz) = H—+y +yanr

(=]

+ nZl[AnIo(pnr)+BnKo(pnr)]cos(mrz), (4.20)
where. Ko and Io are the modified Bessel functions
of order zero. Yys Yo» Rn and ﬁn are constants,
and p = ve nm . Using the boundary condition eqn.

(4.14) gives

2 2

T _ _R )
5 Anr > +4n RJ + BO

c(r,z) = %

o188 7~

Bn[Kl(pn)Io(pnr)+11(pn)Ko(pnr)]c05(nw2) ’
(4.21)

2
where constant Y1 has been written as Bo"%(% - &n R)

B
for convenience, and B_ = T_T%—T . These constants
1*n

n=1

n

are determined by substituting the solution into the

remaining boundary condition, eqn. (4.17). Writing
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u, = p [K (o )1, (p RI-I (p JK; (o R)] , (4.22)

and'“

v, = K () (o R) *+ I (o )K (p,R) 4 (4.23)

n

this substitution yields
v 1 M 1
Bo+n£1Bn(vn-H un}cos(nwz) = C(2) + 3¢ (R.-FJ . (4.29)

From this equation and the orthogonality properties of

cos(nmz) , it follows that

1
B, = ¥ (R-3) + IOC(z)dz , (4.25)
and
2 1
Bn = ;——_I_;— f C(z)cos(nmz)dz . (4.26)
n h 'n °

Substituting eqns. (4.25) and (4.26) into eqn. (4.21),

we have

1 2 2
ctn) = Yr ®-F) + [cwar + Y3 -amr-F +an )
v It K (0T (p,T)*1, (0 )X, (p,7)]

1
cos (n7wz) J C(z)cos(nmg)dr . (4.27)
(o]

This gives c(r,z) explicitly in terms of the capillary

concentration C(z)

Substituting eqn. (4.27) into eqn. (4.18) yields
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an integro-differential equation for C(z)

1

1
+ 7 = cos(nnz) J C(z)cos(nmzg)dg. (4.28)
o]

n=1 B(Vn - H un

Integrating with respect to 2z and applying the

boundary condition, eqn. (4.19), yields a Fredholm

integral equation of the second kind with separable

kernel, for the function C(z)

M_

C(z) =1 + T3 (R-'%)z

L 2u

1
+ Z s sin(nwz) J C(z)cos(nmz)dr .
(o]

1
n=1 gam(v_-§ u

(4.29)

Multiplying eqn. (4.29) by cos(mwz) and integrating

from z=0 to z=1 , gives

a =b_+ ) e a8 » m=1,2,3,.
n=1
where
1
a = J C(z)cos(mwz)dz ,
[0}

b =_[1[14-¥§ (R-%Jz]cos(mnz)dz

0 , m=2i , i=1,2,3,...

Bm2ﬂ2
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and
2un 1
e = an(v —I - ) J051n(nwz)cos(mnz)dz
n h “n

0 s M=n or m+n even

il

4un

B(vh -% un)(nz-mz)nz s m+n odd . (4.33)
Eqn. (4.30) represents an infinite set of linear alge-
braic equation for the infinite set of unknown constants
a, . The corresponding truncated or "reduced" system

of equations,
A N A
a =b + Je a , m=1,2,3,...,N, (4.34)

can readily be solved for the N unknowns am » and
it can be shown that the am converge to the desired
constants a Z as N»e~ (Kantorovich and Krylov 1958,
Mikhlin 1964). Therefore, a solution of any desired
accuracy can be obtained by choosing N sufficiently
large. Once the a_ have been determined, C(z) and
c(r,z) are found from '
2a_u

C(z) =1 + %ﬁ-(k-—%}z + ) A

sin(nmz) ,
n=1 Bnn(vn-

(4.35)

n
1
u
n

and
1 2 2

c(r,z) = %H [R-—%} + f C(z)dg + %(% - %n r-% + 4n R)
(o]

0 2a
n
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where

1
f C(g)dg = 1 + Mg R-3)
(e

o 2a_u
) 5T [1-cos(nm)] , (4.37)
n=1 B(nw) (vh-H un)

is used in eqn. (4.36).

For the linear problem of oxygen transport to
tissue, an infinitely permeable capillary wall is con-

sidered and eqn. (4.17) must be replaced by
c(R,z) = C(z) , 0<z<1 . (4.38)

It can be shown that the corresponding solutions C(z)
and c(r,z) for the linear problem of oxygen transport
to tissue are obtained directly from eqns. (4.36) and
(4.37) by setting 1/h = 0 and using q* instead of

q in the definition of non-dimensional parameter B8 .

We have
M 1 2 lau,
C(z) =1+ 555 R-glz + } gupry— sin(amz) , (4.39)
n=1 n

and

1 2 2
c(r,z) = j C(g)drg + %(% - &n r-% + 4n R)

o

© 2an

! nzl F; [Kl(pn)lo(pnr)+Il(pn)Ko(pnr)]cos(nnz) ’

(4.40)

where a are the solutions of an infinite set of
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linear algebraic equations

a =b + Z e 8 » n=1,2,3,..., (4.41)
k=1
with
1
a = J C(z)cos(nnz)dz , (4.42)
(o]
0 , n=2i , i=1,2,...,
bn =
o R-3), m=2i-1, is1,2,..., (4.43)
B*n“w
0 » n=k or n+k even
e = 4un
nk =55 » 0tk odd , (4.4)
B*vn(k -n°)w
*
B* = Z—ﬂ%D—rL , (4.45)
and
Tc(oyde = 1+ M R -3)
o IOE 787 R°R
o 2a_u
+ —22  [1-cos(nm)] , (4.46)

n=1 B*(nn)2Vn

is used in eqn. (4.40).
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4.2. Numerical Results and Discussion

Numerical examples will be presented for a 110 um
diameter Krogh cylinder surrounding a 10 uym diameter
capillary 1000 um long. The axial and radial diffusiv-
ities are both 900 umz/sec » and the capillary blood
flow rate is 3.1416XIOh um3/sec . To determine the
normalized concentrations C(z) and c(r,i) , it 1is
necessary only to specify the ratio MO/CA » and not
both quantities separately. The examples correspond to

= -1
Mo/CA = 0.002 sec .

The results are illustrated for a range of capil-
lary permeabilities, including an infinitely permeable
capillary wall. It can be shown that the solution for
infinite h 1is obtained directly from the above solu-
tion for finite h simply by setting 1/h = 0 . Some
available data on capillary permeability for certain
substrates can be found in Landis and Pappenheimer

(1963) and Crone and Lassen (1970).

Figure 4 shows the substrate concentration in the
capillary for various values of H . 1In all cases,
C= 0.4 at z=1 , since the amount of substrate con-
sumed is independent of the capillary permeability.
For the large values of H , the concentration decreases

more rapidly at the arterial end. The more permeable
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capillary permits a rapid entry of substratevinto the
capillary at the arterial end, and this substrate
reaches other regions of the tissue by axial diffusion.
The limiting case =o is approximated fairly closely

by the solution for finite H when H > 50 um/sec .

Figures 5-7 show the tissue concentration, as a
function of axial position, at the capillary wall,
midway between the capillary wall and the outer edge
of the Krogh cylinder, and at the outer edge of the
Krogh cylinder, respectively. The concentration
decreases with decreasing H , since less substrate
enters the tissue when the endothelium of the capillary
wall is less permeable. At a value slightly less than
H=2 , the substrate concentration becomes negative over
some portion of the tissue. Since this is physically
impossible, the solutions obtained are not valid for
such values of H . Below some critical value of cap-
illary permeability, it is impossible for sufficient
substrate to enter the capillary to be consumed at the
uniform rate M, . A new solution must be obtained in
which regions with zero substrate concentration appear
in the tissue. An approximate analysis of this type
has been given recently for oxygen transport to tissue

(Salathé and Beaudet 1978).

The concentration profiles show zero slope at z=0
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and z=1 , in accordance with the boundary conditions,
eqns. (4.15) and (4.16). An exception occurs at r=R
for H=w , since c(R,z) = C(z) , and 2=0,1, r=R

are singular points for this solution.

Figures 8-10 show the concentration profiles as a
function of radial position, at 2z=0 , 2z=0.3 and
z=1,0 . These profiles are rather flat, as a result
of the relatively large tissue diffusivity. Not only
does large diffusivity permit radial diffusion into
the tissue from the capillary to occur at low concen-
tration gradients, but also permits substrate delivery
by axial diffusion from the arterial end. When the
diffusivity is low, the radial gradients are steeper.
However, each section of the capillary then supplies sub-
strate mainly to the tissue surrounding it at that
location, since axial diffusion is of less significance.
The result is an approximately linear profile in the
capillary. This can be seen in figure 11, for fixed
permeability H=50 um/sec and varying tissue diffusivity.
The capillary substrate concentration for Dr=Dz=900
um2/sec has been shown in figure 4. "Decreasing the
diffusivity to 300 um2/sec results in a concentration
profile in the capillary that is approximately linear.
Increasing the diffusivity to 2700 um3/sec- results in

a rapid decrease in concentration at the arterial end.
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Much of the substrate leaves the capillary at the arter-
ial end and is delivered to the tissue through axial
diffusion. 1In all three cases, C=0.4 at z=1 , since
the amount of substrate consummed is independent of

tissue diffusivity.

Since the solution is obtained as an infinite series,
it must be truncated after a finite number of terms for
numerical computations. In addition, the truncation of
the infinite set of algebraic equations at N terms,
leading to eqn. (4.34), means that the N numbers an
only approximate the correct values a . Therefore, the
accuracy of the solution should be examined. Since all of
the governing equations except eqn. (4.17) are satisfied

exactly, the error can be determined by calculating

sS| . _g*hIC(2)-c(R,2)]

hiC(z)-c(R,z}] )

In the example shown, 100 terms were used in the expansion.
and the error was exceedingly small. Only at z=0 , for
H=w , did the error rise to a few percent. By choosing

2

N=120 , the above ratio was 4.7x10 at this singular

point, but at 2z=0.01 , it had already decreased to

6.2x10" % .

The solutions C(z) and c(r,z) ,. from eqns.:. (4.39). .

and (4.40), respectively, for the linear problem of
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oxygen transport to tissue will be presented in section
6.1, figures 20-25, and compared with the method of
solution which is used in solving oxygen transport with
nonlinear oxyhemoglobin dissociation relationship. The
analysis of nonlinear problem of oxygen transport will be

presented in the next section.
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5. NONLINEAR PROBLEM

Although linearizing the oxyhemoglobin dissociation
relationship for the oxygen transport problem makes the
mathematics tractable, the results do not describe
important characteristics of oxygen transport. Accord-
ing to the oxyhemoglobin dissociation .relationship,
fig. 2, a significant drop in blood oXygen concentration
occurs at the beginning of the capillary for a high
incoming arterial oxygen concentration. As blood
oxygen concentration decreases, more oxygen is released
from hemoglobin, slowing the drop of blood oxygen con-
centration. Using the linear oxyhemoglobin relationship,
this phenomena can not be described properly (see the
results of Davis et al. 1974). Therefore, a nonlinear
oxyhemoglobin dissociation relationship (see Roughton
1964, Lambertsen 1974) must be used, and the mathemat-
ical model for the steady state oxygen transport to
tissue discussed in section 4 becomes a nonlinear prob-
lem. The analysis is much more difficult than the
linear problem, and the method used in section 4 results
in a complicated nonlinear Fredholm integral equation,
where the reduction to an infinite set of linear alge-
braic equations cannot be applied. The analysis will
be more complicated when we consider axial diffusion

in the capillary. No analytical solutions have been
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obtained for such a model including axial diffusion
and nonlinear oxyhemoglobin dissociation relationship,
even for the steady state problem. Based on the geo-
metrical property of the Krogh cylinder and the diffu-
sional nature in the tissue, the analytical solutions
for this nonlinear problem can be obtained by using
perturbation methods. This method will be presented

in the present section.

Axial diffusion in the capillary is generally less
important than axial diffusion in the tissue, but it
can be included in the present analysis without any
difficulty. Therefore, the governing equations for
this nonlinear problem of steady state oxygen transport

to tissue are

135 - act 32ct , _ _
D =— 1 —"4+D — =M , R ir:Rt » 0<z<L, (5.1)
Yroar ar Z a3z © ¢ -
act -
— =0, 0<z<L , (5.2)
or P=R,
ac, _
— = > RciriRt > (5‘3)
92 10
ac -
a—_ = 0 N Rcir_gRt s (5.4)
2 lz=1
ct(Rc,i) = cb(i) » 0<z<L , (5.5)
2
ac d=C
d 55 * - T o b -
q di[cb+QS (Cb)] Z-chDr = | 4—1chDb EEE » 0<z<L
T=R. (5.6)
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Cb(O) = CA ’ (5.7)

where the oxyhemoglobin dissociation relationship,
S*(Cb) » 1s considered to be a nonlinear function of
blood oxygen concentration, Cb . Reneau et al. (1967,
1969, 1970), Hyman (1973), Hyman et al. (1975) used the
empirical formula for S*(Cb) which is given by eqn.
(2.1), while Middleman (1972), Fletcher (1975, 1976)
used a graphical representation. Lambertsen (1974)
suggested a more complicated formula for S*(Cb) ,

3
(1+wl cb) -~
1D

1+w.C. \*
1D +W_-1
W | W
1*b

where Wl and W2 are constants and depend on the pH,

carbon dioxide concentration, and temperature of the

S*(C,) = : (5-8)

blood. The particular form of this nonlinear relation-

ship makes no difference in the present analysis.
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5.1. Method of Solution

C
In terms of the non-dimensional variables C = éb
C - = A
c = Eﬁ s T = % and z = % » the governing equations

A t
(5.1)-(5.7) become

2
13 2 3
T3’ %% + € ;;% =M, Rir<l, 0<z<1, (5.9)
3¢ =0, 0<z<l (5.10)
or ’ == *
r=1
3¢ =0, R<r<l, (5.11)
z=0
as =0, Re<r<l, (5.12)
z=1
c(R,z) = C(z) , O<z<1, (5.13)
2
d 5
B gz [C+Qs(O)] = 3 + &% &L, o0zl , (5.14)
r=R dz
c(o) =1, (5.15)
where
2
R, /D R RZM
- & Z _ _ to
e*r Yp » R=g » M=yp5¥¢,
r r
- RD
= = Q - __b
B=2m1Ir> A=¢ » §=35 >
r A A
and

S(C) = S*(CAC)

The Krogh cylinder is an appropriate model for
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capillary beds consisting of regular parallel arrays of
vessels, in which the distance separating the capillaries
is small compared to their length. The Krogh cylinder
is therefore long and slender and e is a small param-
eter. Alternatively, when the tissue axial oxygen
diffusivity is small compared to the tissue radial
oxygen diffusivity, € 1is small. The parameter ¢
therefore indicates geometric and diffusional properties
of the Krogh cylinder. The above eqns. (5.9)-(5.15) may
be solved for small € by using perturbation methods
(Cole 1968, Van Dyke 1975). The dominant behavior is
found by setting e=0 , and corresponds to neglecting
axial diffusion in the tissue and the capillary; the
higher order terms in the expansion give the effect of
axial diffusion. Previously, analytical solutions have
been obtained only by neglecting the axial diffusion
terms (Hyman 1973). Although Blum (1960) and Davis et
al. (1974) attempted to obtain the analytical solution
including axial diffusion in the tissue, they failed

to include the nonlinear oxyhemoglobin dissociation
relationship in their model. As pointed out in section

4, Blum's method of solution was incorrect.

For extremely small capillary spacing, neglecting
axial diffusion provides a sufficiently good approxima-

tion, but significant errors will be introduced for
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less dense capillary networks. In this section, the
effect of axial diffusion will be examined analytically,
and it will be possible to ascertain when these effects
can be neglected and when they must be taken into
account.

The solutions for C(z) and c(r,z) will be
obtained in the form of an asymptotic series, applicable

for small ¢ :
C(z;e) ~ C_(z) + e2cl(z) oo, (5.16)
c(r,z;e) ~ co(r,z) + ezcl(r,z) + ... . (5.17)

The oxyhemoglobin dissociation relationship S(C) can
also be expanded in the form of asymptotic series by

using the Taylor series expansion,
. - 2 '
S(C;e) S(Co) + € ClS (Co) + L. . (5.18)

The leading terms, Co - and c, > satisfy eqns. (5.9)
and (5.14) with €=0 . Therefore the equations for

Co(z) and co(r,z) are

1 9 aco
T 3T T 3T =M, Riril ’ 0§_Z£1 ) (5.19)
aco
3T =0, 0<z<1 , (5.20)
r=1
co(R,z) = Co(z) » 0<z<1 , (5.21)
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oC

B & [C+Q5(C)] = 52°| . 0sacl,  (5.22)

r=R

CO(O) =1, (5.23)
The solution to eqns. (5.19)-(5.21) is

2 2
M R
co(r,z) = Co(z) + 7(—% - 2n r-> + 2n R) . (5.24)

Substituting this into eqn. (5.22) and using the

boundary condition, eqn. (5.23), it follows that
c. +qQs(c) =2 (R-Dz+1+qsc1) (5.25)
o o 28 R * .

Eqn. (5.25) gives =z explicitly in terms of Co

For any choice of S(Co) , z(Co) can be computed,
starting at Co=1 » where z=0 , and continuing until

z=1 1is obtained. It can be shown that this function

is monotonic, and so gives, by inversion, the function
Co(z) . In the absence of a region of anoxia (and there-

fore failure of metabolism) in the Krogh cylinder, eqn.

(5.25) may be used as a simple mass balance equation
to determine the venous end oxygen concentration

(Lightfoot 1973).

Equations for Cl(z) and cl(r,z) are obtained
by substituting the expansions, eqns. (5.16)-(5.18),
into eqns. (5.9), (5.10), (5.13)-(5.15) and retaining

terms of order €2 . This gives
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1 3 acl 0 co
T3 T 3F - =% » Rr<l, 0<z<1, (5.26)
9z
3c1
3T =0, 0<z<1 , (5.27)
r=1
cl(R,z) = Cl(z) » 0<z<1 , (5.28)
d acl d2Co
! = —_—
B I [C1+QClS (CO)] 8T r=R+ () d22 » 0<z<1 , (5.29)
Cl(O) =0, (5.30)

respectively, and includes the axial diffusion terms.
The solution to eqn. (5.26) is easily found, using the

boundary conditions, eqns. (5.27) and (5.28), to be

Cg(z) r2 R2
cl(r,z) = Cl(z) - > > - in r-- + 2n RJ, (5.31)

where Co(z) is already known from eqn. (5.25). Sub-
stituting this into eqn. (5.29) and integrating with

respect to z gives

C; () [1+QS' (C (2))] - C (0)[1+QS'(1)]

= 5 [6-7®R-B] e 2)-c: (011 . (5.32)

Using the boundary condition, eqn. (5.30), in
eqn. (5.32) completes the solution for Ci(z) . It
is not correct to use this boundary condition, however,
because the solutions obtained in the form of the

expansion given by eqns. (5.16) and (5.17) are not
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valid at the end 2z=0 . The assumption that axial
diffusion is a small effect which can be included as
a perturbation method is not correct at the ends of

Krogh cylinder 2z=0 and z=1 .

It has not been possible in the present analysis
to satisfy the boundary condition expressed by eqns.
(5.11) and (5.12), and the solution co(r,z)+52cl(r,z)
gives non-zero oxygen flux through the ends of the
cylinder. In the end regions the character of the
solution changes radically from that obtained above,

and radial and axial diffusion are of equal importance.

In order to determine the unknown constant Cl(O)
and complete the solution for Cl(z) » eqn. (5.32), it
is necessary to examine the solution in the region near
z=0 . The procedure for doing this involvés the tech-
nique of matched asymptotic expansions (Cole 1968, Van
Dyke 1975). The expansion must be joined in an appro-
priate sense to the solution already obtained for the
region bounded away from the ends. The matching of

the two expansions will yield the required constant

Cl(O) .
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5.2. The Boundary Layer Solution Near 2z=0

The solutions obtained in section 5.1 are based
on the assumption that as e+0 axial diffusion becomes
negligible compared to radial diffusion. This assump-
tion is valid everywhere except near the ends, where no
matter how small e is, there always exists a narrow
region, or boundary layer, in which radial and axial
diffusion are of equal importance. In these regions,
the character of the solution is entirely different
from that already obtained and satisfied the boundary
condition of no flux through the ends of the Krogh
cylinder. The solutions in these regions must joint
smoothly at the outer edge of the boundary layers to

the solutions obtained previously.

The boundary layer at the arterial end occupies a
vanishing small region about z=0 in the 1limit e+0
Therefore, it cannot be described in terms of physical
variable =z , since no matter how small =z is, it 1is
possible to choose € sufficiently small that 2z is
not in the boundary layer. The appropriate boundary
layer variable is 2Z = g » which has the property z-+0
as ¢€*0 for fixed Z . 1In terms of this variable the

governing equations (5.9) and (5.14) are

= 3. =M, Rer<l, 2>0 ,  (5.33)

M
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- 2- .
B %Z [C+QS(E)] = € 2¢|  + es &, 750, (5.34)

or r=R de

where C(Z) = C(eZ) and c(r,Z) = c(r,eZ) . In these
variables, the radial and axial diffusion terms in
eqn. (5.33) are of equal importance. The boundary con-

ditions are

2 =0, >0, (5.35)
r=1

%%, =0, R<r<l, (5.36)
Z2=0

c(R,z) = C(2) , 2>0, (5.37)

C(0) =1 . (5.38)

These must be supplemented by the requirements imposed
by matching these solutions with the solutions obtained

earlier. The matching conditions are

C+C, c+c , as Z+o ., (5.39)

In order to construct solutions to these equations
in the form of an asymptotic series in € which join
properly to the previous solutions, it is necessary to
examine the behavior of those solutions as z+0 . Since
z>0 1is equivalent to the limit e+0 , Z fixed (c.f.
z=eZ ), this can be done by rewriting the solutions

C +e°C sy C +ec in terms of r and Z , and
o] 1 o 1
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expanding the results in a series in e (Taylor series

expansion at z=0 ). This gives

C~1+ eaZ + 52[¢22+cl(031 +0(e3) , (5.40)

Mfr? R®
c~1+ \7 -4n T "> +4n R} + ealZ

C'"(0) /. 2 2
+ €2[?22 +Cl(O) -—37——(% -4n r -% + 4n R)] + 0(53) ,
(5.41)

where

M( -3
@ = 7prrrgs (T = Co0) (5.42)

Cy (0)

2Qs" (1
s = _zalgqsg % S . (5.43)

It follows from these expressions that the boundary

layer expansions for C(Z) and c(r,Z) are of the

form

C~1+ eaz + €2P(2) , (5.44)

- M(r? R® 2y
c ~ 1 + 7 7 -n T ‘7 +2n R} + eU(I‘,Z) + € (T,Z) >
(5.45)

where equations and boundary conditions for P, U and
V are found by substituting eqns. (5.44) and (5.45)
into eqns. (5.33)-(5.38), comparing eqns. (5.40)-(5.41)
and eqns. (5.44)-(5.45) and using eqn. (5.39) yields
the matching conditions for P, U and V . We then

have the following problem:
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(1) 8 g7 [P aves' )+3arlesm ()] = 3 250,

r=R
(5.46)
P(0) =0, (5.47)
with the matching condition

P(Z) + ¢Z° + C,(0) , as Z+w . (5.48)

13 3U | 3°U
(II) 'I—_' -a—r- T —? + 322 = 0 > Riril > Zz_O > (5.49)
%% =0, 250, (5.50)

r=1
& =0, R<r<l, (5.51)

7=0
URR,Z) = aZ , 250 , (5.52)

matching condition:
U(r,2) - 0aZ , as Z+» , R<r<1 . (5.53)
@y L& L% o i s (5.54)
r 9T or 572 ’ — " ? - 2 '
oV _

§;|r=1 =0, 20, (5.55)
A =0, Re<r<l, (5.56)

Z=0
V(R,2) = P(Z) , 12>0 , (5.57)

matching condition:
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C"(0) /.2 2
V(r,zZ) -+ ¢z2+c1(03 - °2 (g - 4%n r-% + 4n R) ,

as Z»» , R<r<l . (5.58)

Eqns. (5.46) and (5.47) of Problem (I) can be

solved for P(Z) , and the solution is

pA
P(Z) = ¢z 1 f U (r, Z) dz . (5.59)
(o]

r=R

T BITFQS (DT 5T
Substituting eqn. (5.59) into eqn. (5.48), we have

dz , (5.60)
r=R

- 1 © U
©1(0) = gy |, i

where U(r,Z) is the solution of problem (II). It is
‘therefore necessary to solve problem (II) for U ,
which is defined on the semi-infinite strip Z>0 ,

R<r<l . By introducing
U(r,Z) = oZ + au(r,Z) (5.61)

into problem (II), we have

1 3 Ju a-u _
T ﬁ' T ﬁ + '5? =0 > Riril ’ ZiO ’ (5-62)
ou =0, 250 5.63
‘a—? - ’ el » ( . )
r=1
= = -1, R<r<l (5.64)
Z=0
u(R,2) =0, 2>0, (5.65)
u(r,zZ) >~ 0, as Z+o , R<r<1 . (5.66)
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A solution to this problem can be obtained by an eigen-
function expansion of the composite Bessel functions.

The solution for U(r,Z) is

-AnZ
% Wn(r)e

(5.67)

u(r,z2) = -47
’ a=1 A3w2y2(1y-an
n n n

where eigenfunctions Wn(r) are defined in terms of

the Bessel functions J0 and YO by

Tn(r) = Yo(AnR)JO(Anr) - Jo(AnR)Yo(Anr) s N=1,2,3,...
(5.68)

and the eigenvalues An » n=1,2,3,... , are the roots

of
JO(AR)Yl(A) - YO(AR)Jl(A) =0 . (5.69)

Here, Jo, Yo and Jl, Yl are zero and first order
of the first and second kind of Bessel functions,
respectively. It has been shown (Watson 1952) that
eqn. (5.69) has no imaginary or repeated roots, and

it has an infinite number of positive Toots, An R
n=1,2,3,... . These roots do not exist in the litera-
ture for the values of R which are of physiological
interest, except for a few that were calculated and
presented by Apelblat et al. (1974). In our numerical

examples, additional eigenvalues will be calculated and

used for different values of R .
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Substituting eqn. (5.67) into eqn. (5.61) gives

-AnZ
o ?n(r)e

(5.70)

U(r,z) = oZ - 47a . .
’ n=1 A3n2v2(1)-4x
n n n
The integrations in eqns. (5.59) and (5.60) can
be calculated by using eqn. (5.70) and the property

de(r)

—— = -%ﬁ » for all eigenvalues Ay - (5.71)

r=R
This property can be found in Watson (1952). We have

Nt “A_Z

Z
oU(r
f {r,c) _dr=8a [ A (1-e ™), (5.72)
r=R n=1
and
f = dZ = 8a g A, (5.73)
0 r=R n=1
where
- 2,4 2 _ 2,-1

A, = (RTA_¥5(1)-4RAY) . (5.74)

Substituting these into eqn. (5.59) and (5.60), yields

P(2) 22 +C. (0) 4M(R -% 7oA a? (5.75)
] + - e [
’ 1 B°[1+QS' (1)1 n=1 ®
and
aM (R -%) o
C,(0) = A . (5.76)

8%[1+QS" (1)]? n=1
Eqn. (5.76) provides the required constant Cl(O)

To solve problem (III) for the higher order tissue
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boundary layer solution V(r,Z) , which is defined on
the semi-infinite strip Z>0 , R<r<l , it is necessary

to introduce a proper transformation which is of the

form
5 oo -2 Z
V(r,2) = v(r,2) + ¢2° + C,(0) - & ] Ae ©
n=1 X
2 2 .
- ¢(§ - 2n r-% + 2n R) s (5.77)
where
1
am(r - 1
£ = ( R) (5.78)

B2[1+Qs" (1)]2
Applying eqns. (5.43), (5.75), (5.77) and (5.78) to
problem (III) yields Poisson's equation for v(r,Z)

2 oo -A_Z
10 ov_ 3 Vv 2 n
T T —ar+_a 5 = gnzl A A e » R<r<1 , 2>0 , (5.79)

with homogeneous boundary conditions with respect to

radial direction

v =0, >0, (5.80)
r=1
v(R,2) = 0 , >0, (5.81)

and inhomogeneous boundary condition at 2Z=0

Vv - . v
3z, £ nZl A A, Rer<l, (5.82)
as Z+» , R<r<1l , v(r,Z) -0 . (5.83)

Since the boundary condition are homogeneous in
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the r direction, a solution in the form of an eigen-
function expansion with respect to r for the related
homogeneous problem can be found similarly to the
solution u(r,Z) . It is proposed to‘find a solution
of Poisson's equation (5.79) with eqns. (5.80)-(5.83)
in the form of a series of the form eqn. (5.67), but
in which the function e-}tnz are replaced by a more

general function En(Z) . The solution will be a series
[~

v(r,z2) = ¥ E, (2)¥, (x) . (5.84)
k=1

The orthogonality property of the eigenfunctions ¥ (r)

are (see appendix B)

1
[ er(r)Yn(r)dr =0, for m}n, (5.85)
and

1
11,2
J r‘yi(r)dr = z[q;k(].) -;g_é-] ] k=1’2’3’o--
k'ﬂ'

) R (5.86)

]
~
hd

Applying this drthogonality property to eqn. (5.84),
the coefficient functions Ek(Z) are related to the
(still unknown) solution v(r,Z) by the formula
1
Ek(Z) = Qk erv(r,Z)?k(r)dr . (5.87)

32V
Assuming that = is a continuous function in the

0Z
region R<r<l , Z>0 , we obtain, referring to eqn.

(5.79),
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1
E"(Z) =- & f 2 r ¥y (r)ar
R
@ 5 "A_Z\rl
+ @k(g YA A e )J r¥, (r)dr . (5.88)
n=1 ¢ R

It can be shown that (see appendix B)

1 2

er?k(r)dr =-;§; . (5.89)
The first term on the right hand side of eqn. (5.88)
will be transformed by using Green's formula and
applying the homogeneous boundary conditions and the

properties of eigenfunctions ¥ (r) . We have

1
-2, f %— aV v, (x)dr

1
2
. Akék Irrv(r,z)wk(r)dr

2
ALE (2) (5.90)

where eqn. (5.87) for Ek(Z) is used.

Substituting eqns. (5.89) and (5.90) into eqn.
(5.88) gives a second order nonhomogeneous ordinary

differential equation for E (z2)

280, © ,  -AZ

13 - = e ——

E}'(2) AkEk(Z) N I AAe . (5.91)
kﬂ n=1

The general solution for eqn. (5.91) is

AL Z Az
E (2) = c{Ve ® + ci2le "k

z n
Ed A -\, Z
k
-57- * Akﬂk Ze © (5.92)
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where Cél) and Céz) are arbitrary constants and
will be determined by boundary conditions. Taking the

limit of eqn. (5.87) as Z+» , we see that

1
Lim Ek(Z) = Lim ¢k J rv(r,Z)Wk(r)dr
7> A ) R
1
= o, f r(Lim v(r,Z))wk(r)dr . (5.93)
R Z-o .

Applying the boundary condition, eqn. (5.83), to eqn.

(5.93) gives

Lim B _(Z) = 0 . . (5.94)

Z->c0

Applying this property to eqn. (5.92) gives

cit = 0. (5.95)
Differentiating eqn. (5.87) at 2=0 yields

vy = a [FofB
Ey(0) = o JRr(§§lz=o)wk(r)dr . (5.96)

Applying the boundary condition, eqn. (5.82), to eqn.
(5.96) and using eqn. (5.89), gives

2EQ o0
k
E'(O) = — Z A A
k )\2,’T n=1 nn
k
or
28 © 280 A
k k' 'k
E!(0) = — AA o+ — =X (5.97)
k Ai“ nik n n Akw
n=1

From eqns. (5.92) with eqn. (5.95), we can obtain
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260, w A3aA Ed A
Ar ok A2-) k"

k i n k

n=1

' - (2)
E)(0) =-2,C %" +

Combining eqn. (5.97) and (5.98) yields

c(2) . Zgék( z Aot ) o B
( EE

A, 2 .2 2
k n¥k An_kk Akw
n=1
Therefore we have
[¢ 0] 2 -
_ ZEQk o lnAn —Akz AnAn AnZ
E (2) = — 55 |M&® - 2 .2 °©
ATT n¥k AT-A n¥k AT-A
k n 'k n k
n=1 n=1
£d. A -A. 7
+ g k (A 2-1)e & . (5.99)
Akn

Substituting eqns. (5.99) and (5.84) into eqn. (5.77),

yields
. m -2 2
V(r,2) = kzl B, (2)¥, (r) + ¢2° + C (0) - & kzl Ae
- ¢[§2-zn r-%2+-zn R] . (5.100)

This completes the boundary layer solutions at the

arterial ends.
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5.3. The Boundary Layer Solution Near z=1

The solutions which are valid away from both ends,
and the solutions of the boundary layer at the arterial
end have been solved by using the technique of matched
asymptotic expansions. Since the boundary condition
for c¢(r,z) at z=1 has not been satisfied, the solu-
tion in the neighborhood of z=1 must be obtained.
Following the same reasoning used in obtaining the
boundary layer expansions at the arterial end, a bound-
ary layer variable at the venous end must be selected.
The appropriate boundary layer variable at the venous
end is X = léi » which has the property z+1 as g+0

for fixed X . In terms of this variable the governing

equations (5.9) and (5.14) are

~ 2A
19 9cC 9°C _
. a oA
d a & ) d“C
-B ax [C+QS(C)] = ¢ 3—5" r=R+ €8 —d}E ’ XiO ’ (5.102)

where a(X) = C(1-€X) and E(r,X) = ¢c(r,1-eX) . 1In
these variables, the radial and axial diffusion terms
in eqn. (5.101) are of equal importance. The boundary

conditions are

L =0, X0, (5.103)
r=1
g—)cc-l =0, R<r<l, (5.104)



cR,X) = C(X) , X>0 . (5.105)

For simplicity, the oxygen concentration at the venous
end, 6(0) » may be assumed to be Co(l) » which can be
determined from the mass balance equation (5.25) if
axial diffusion in the capillary is not considered.

Therefore, Co(l) is given implicitly by
C. (1) +qQs(c (1)) =¥ (r-1) + 1+ qs) (5.106)
o o 28 R ' :
An additional boundary condition is therefore
C(0) = Cc_(1) . (5.107)
The matching conditions are

C+C , C+c , as Xow . (5.108)

10 co+62cl in

terms of r and X and using Taylor expansions at

Rewriting the solutions Co+€2C

z=1 gives € and ¢ as a series in ¢ :
A 2r2y2 3
C ~ Co(l) + gaX + e“[¢X +C1(1)] + 0(e”) , (5.109)

M r2 R2 ~
c ~ Co(l) * 5l -fnr-5 +2n R/ + eaX
. C"(1)¢(.2 2
+ e2[¢X2 + Cl(l) - .°2 ( -fnr -%— + 4n R)] + 0(53) ,
(5.110)

nojH

where
_1
M(R E)

® = TZErwesTe, T T %W, (5.1
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. afes"(c (1))  cr()

TSI, aNT T Tz (5-112)

It follows that the boundary layer expansions for

a(X) and E(r,X) are of the forms
C ~ C_(1) + eaX + P (X) , (5.113)

) > > . .
c ~cC_(1) + "24-(,} -%n r-3 +2n R) + eU(r,X) + eV(r,X) ,
(5.114)

where equations and boundary conditions for P, U and

V are found by substituting eqmns. (5.113) and (5.114)
into eqns. (5.101)-(5.105), and (5.107). Applying eqns.
(5.109) and (5.110), (5.113) and (5.114) into eqn.

N

(5.108) yields the matching conditions for P, 0 and

~

V . We then have the following problems:

(1) -8 S [P (1+as'(c (1)) + 3 a®x%s" (€ (1))]

with matching condition:

ﬁ(X) - $X2 + Cl(l) y as Xoow |

N 2/\
139 3U . 3°U
' —_— — —_——=
(I1') rarr3r+ax2 0, R<r<l1, X>0,
i) _
ar|__, -0 X0
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50 - 0
X X=0

s R<r<l ,

"N

U(R,X) = aX , X>0 ,

matching condition:

U(r,X) + oX , as X»= , R<r<l

~ 2/\
' 1y oV, %% _
(I11') r3r F a7t 32 0, R<r<l1, X>0,
oV _
—a?r=l =0 , XZO ’
X =0, R<r<l,
X=0

V@R,X) = P(X) , X20,
matching condition:

~ ~ C"(1) /.2 2
V(r,X) -» ¢X2-+Cl(1) - °2 (% - &n r-% + 2n R) s

as X»eo , R<r<l .

The problems (I'), (II') and (III') for P, U and V
are similar to problems (I), (II) and (III) for P, U
and V , respectively. The methods of solution for P,

U and V are used here for P, U and 6 » respec-

tively, without any further discussion.

The solution for U(r,X) can be found as a series

of eigenfunction expansions, this is
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-A X
~ “ A O Y (r)e B
U(r,X) = aX - 4ma ) 3n2 5
n=1 A372¥2(1)-42

n n n

, (5.115)

where eigenfunctions Wn(r) and eigenvalues An are

defined in eqns. (5.68) and (5.69), respectively.
In terms of ﬁ(r,X) » the solution for P(X) is

3l (r, )

o a2 1 X
P(X) = ¢x2 - P R eRdy jo = dz . (5.116)

r=R

Substituting eqn. (5.115) into eqn. (5.116), yields

1
) . AM(R -5 g “AX
P(X) = ¢X° + C, (1) - ( R) 5 Age 7
BI1+QS' (C_(1))1° n=1 (5.117)

where Cl(l) is determined from matching process in

problem (I'),

= e 1 w-gﬁ
c, (1) = B[1+QS'(CO(1))TIO or r=RdX
1
4AM(R - v
- ( R) . 7 A, (5.118)
BT[1+QS'(C_(1))]° n=1 *

and An is defined in eqn. (5.74).

The higher order tissue venous boundary layer solu-
tion V(r,X) , which is presented in problem (III'),
can be obtained by using the similar format of the

solution V(r,Z) , eqn. (5.100). We have
V(r,X) = E E, (X)¥, (r) + $x° + ¢, (1)

A © -A. X ~f..2 2
- £ z Ake k™ ¢[§ - &n r-% + 4n R],(5.119)
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) 2 2
k k k
n n
£6. A AL X
+ ——12‘—1‘- (A X-1)e ko (5.120)
AT
k
R 4M(R -111—)
£ = (5.121)

?
8%[1+Qs" (C_(1))]2
and ¢,  is defined in eqn. (5.86). The boundary layer

solutions at venous end are now completed.

The boundary layer solution at the venous end
differs from that at the arterial end in an essential
manner. The venous boundary layer starts at z=1 >
where the capillary oxygen concentration is known and
is given by Co(l) » determined from eqn. (5.106).

As part of the boundary layer solution and the matching,
Cl(l) is determined (eqn. 5.118) in a manner analogous
to Cl(O) (eqn. 5.76). However, Cl(O) was an unknown
to be determined from the arterial boundary 1layer
analysis, but Cl(l) is known. It is the value of
C,(z) at z=1 and is found from eqn. (5.32). It is
therefore necessary to establish that Cl(l) determined
from eqn. (5.118) is the same as Cl(l) determined

from (5.32). This will be done in the next section.
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5.4. Consistency of the Solutions

We have already solved boundary layer solutions
at both ends independently by using the technique of
matched asymptotic expansions. The solutions C°+e2Cl ’
co+92cl are uniquely determined when the unknown con-
stant Cl(O) is determined by the arterial boundary
layer analysis. Then Cl(l) can be calculated from
eqn. (5.32) with 2z=1 . This can also be calculated
independently from solving the boundary layer solutions
at the venous end, and is given in eqn. (5.118). 1In

this analysis, for simplicity, the axial diffusion in

the capillary is neglected.

As noted at the end of the previous section, no
matter how Cl(l) is determined, the two methods must
be consistent. Combining eqn. (5.32), with z=1 , and
eqn. (5.118), yields a consistency equation

¢, (0) [1+QS' (1) 1-z5(R-3) [C2 (1) -C! (0)]
TFQ5 7 (C, (1))

= aU

- 1 g U
B B[1+QS'(CO(1))]fO 5r| 4% - (5.122)

r=R

Since Cl(O) is given in eqn. (5.60), substituting
this into eqn. (5.122), we have the following consist-

ency relationship

* ol _ 1.1 \ R
= r=Rclz +fo T dX = T[E'R)'[Co(o)‘co (1)] . (5.123)

r=R
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This relationship will now be proven.

The function U(r,Z) is a solution of the pure
diffusional problem for oxygen in the tissue without
consumption. The problem for U(r,Z) is defined on
the semi-infinite strip Z>0 , R<r<l , and is given
in section 5.2, problem (II). The total oxygen flux
across the capillary wall at r=R into the tissue from

Z=0 to Z-»eo is

dz .

o]
2R [ aU(r,2)
r=R

orT

The total oxygen flux through the edge of the boundary

layer (Z»») from r=R to r=1 is

1
2T j T QH%%LZQ dr .
R YA ]

According to Laplace's equation for U(r,Z) with
zero-flux boundary at Z=0 and r=1 ; no oxygen is
consumed in the tissue, and the total flux coming in
across the capillary wall must be equal to the total
flux going out through the edge of the -boundary layer.

Therefore, we must have

) 1
2R | QL)1 gz = gy [T 2 AUELD| g (5.124)
o] r=R R Zre

Differentiating eqn. (5.70) with respect -to -Z at

Z+» -, we get
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oU(r,Z)
9%

7,0
Substituting this into the right hand side of eqn.

(5.124), yields -

i _ ol
f 5r| 4z = >(g-R) - (5.125)
0 r=R
Using eqn. (5.42), eqn. (5.125) becomes
o C'(0)
U _ 1
f 57| 42 = ~>—(z-R) - (5.126)
o r=R

The problem for ﬁ(r,X) » which is given in section
5.3, problem (II'), is equivalent to that of U(r,2)

Similarly, we should have

® ol arl

f 5| 4X =3(g-R) . (5.127)
o r=R

Using eqn. (5.111), eqn. (5.127) becomes
o ~ C'(l)
oU _ 1 _
f 37| dx -—————°2 (k-R) . (5.128)
o r=R

Adding eqns. (5.126) and (5.128), the relationship in

eqn. (5.123) is proven.

Physically, this consistency relationship states
that the difference between the oxygen flux across the
capillary wall in the arterial boundary layer and the
venous boundary layer is equal to the difference between
the oxygen flux through the edges of the arterial

boundary layer and the venous boundary layer.
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Substituting eqns. (5.126) and (5.128) into eqns.
(5.60) and (5.118), respectively, yields
(z - R)C! (0)
Cl(O) = ZBITFQS (DT ° (5.129)
and
1 _ '
(g -RIC. (D)
C (1) = 55 T+QST(C_(T . (5.130)
Comparing eqns. (5.129) and (5.130) with eqns. (5.76)
and (5.118), respectively, and using eqns. (5.42) and
(5.111) for Cé(O) and Cé(l) » respectively, we always
have

=1 (1.
. A = 15g-R) - (5.131)

o~ 8

n
From this equation we find that the summation of the
infinite series An , which involve R dependent eigen-
values A, » can be replaced by a known function of

R

R =~Ec » F(R) . Here F(R) is defined as
t

F(R) = Ig(g -R) - (5.132)
We now define

A, (5.133)

n

Il o~

Fy®) = ]

n
where N eigenvalues An » n=1,...,N , are used in
summing the series. The error in the calculation of

FN(R) is dependent on N , and is defined as
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|F(R)-F, (R) |
F(R) .

Error(N) = (5.134)

For example, at R=0.,1 , the error is negligible
(0.092%) using 40 eigenvalues, and the error is still
small (0.46%) even using 8 eigenvalues. The physio-
logical interesting region of R is selected as
0.05<R<0.20 . 1In this region, F(R) , FN(R) and
Error(N) are calculated for N=8 , and the graphs of
F(R) and FN(R) » and Error(N) , as a function of R
are plotted in figures 12 and 13, respectively. Figure
13 shows that the error increases linearly as R

increases, but the maximum error is still less than 1%.

From now on, the calculations made by Cl(O) and
Cl(l) will be found using the exact form, F(R) ,
instead of summing the series. Thus, Cl(O) and Cl(l)

are of the form

M(R -3)2
C.(0) = - , 5.135
2 T s (01? o)

. 142

M(R - &
C, (1) = - R &) (5.136)

48%[1+Q5" (C_(1))]°
These not only simplify the computation but also make

the results more accurate.
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5.5. Composite Solution

The perturbation solution presented in section 5.1
is valid in the region bounded away from both ends, but
it fails in the end regions, where the boundary layer
effect occurs. In these regions, the boundary layer
solutions can be obtained by introducing appropriate
boundary layer variables, Z = = and X = léi s as
shown in sections 5.2 and 5.3, respectively. This oxygen
transport problem, which is represented by these differ-
ent solutions, may raise practical questions of where
the solution shifts from one to the other. For-
tunately, the perturbation solution has common regions
of validity with both boundary layer solutions. In
these common regions, they have some terms in common,
namely those terms that are matched. We can construct
a single uniformly valid solution from thém by adding
them together and subtracting the common terms. This
uniformly valid solution throughout the whole region is
called a composite solution. The purpose of this sec-

tion is to obtain a uniformly valid composite solution

for normalized blood and tissue oxygen concentration.

It can be found by inspecting eqns. (5.40), (5.44)
and (5.75) that the common part of both C and € ,

say Ccp » in terms of arterial boundary layer variable

Z,1s
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C,p = 1+ caz + 62[¢22+C1(0)] ) (5.137)

Similarly, inspecting eqns. (5.109), (5.113) and (5.117),
the common part of both C and C » Say Ecp , in terms
of venous boundary layer variable X , is

Ecp = C (1) + eaX + e2[$x2+cl(1)] i (5.138)

The composite solution for normalized blood oxygen con-

centration is given by

C(z) ~ C_(2) + ezcl(z) oo+ [E(Z)-Ccp]

* [E(X)-ecp] . (5.139)

Substituting eqns. (5.44), (5.75), (5.113), (5.117),
(5.137) and (5.138) into eqn. (5.139), yields
1
4M(R - %) o A -A,2
5 > ©
B[1+QS'(1)]° n=1

n
-2 X
Ae B +
1 n

This composite solution C(z) is uniformly valid every-
-1 2
where. In the region away from both ends e * and

-2 X
e " become exponentially small, the dominant behavior

C(z) ~ C_(z) + EE[Fl(z) -

M(R - ¢}
B%[1+QS " (C_(1))1% n

le~18

(5.140)

is CO(Z)+€2C1(Z) . In the arterial boundary layer
-2 X
e © becomes exponentially small, and in terms of

arterial boundary layer variable Z
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M(R - §) = e-Anz]
n

C (e2) + €2|C. (e2) -
o (€ € [1(6 82[1+QS'(1)]2 -y

becomes the boundary layer solution at the arterial end.

-A_Z
Similarly, in the venous boundary layer e "  becomes
exponentially small, and
1
4M(R - 3) m -2 X
C,(1-€X) +e®[C, (1-eX) - — R > 1 Ae ©
B5[1+Q8" (€, (1))]1% n=1

becomes the boundary layer solution at the venous end.

The composite solution for normalized tissue oxygen
concentration can be obtained by using the same method as

used for the normalized blood oxygen concentration. The

common parts Ecp and ECP for ¢ and ¢, and c-
and ¢ s respectively, are
2 2
= - M{r~ _ _R )
ccp =1+ 7(7 &n T =% +4n R} + eal
2 2
+ e2l}22 +C1(0) -¢(§- -4n T -% +4n R)] s
(5.141)
C _=C_ (1) + M(ra -n r —52-+2n R) + eaX
ep o 2\2 2 o

- .2
+ se[;xa +C, (1) -¢(§ -%n T

0] 2

2'+szn'R)] .

The composite solution for normalized tissue oxygen con---

centration is given by
c(r,2) ~ c (r,2) * g (r,2,X) + €°[c, (r,2)+g, (r,2,X)] ,
where
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-Anz
o Wn(r)e

g (r,Z,X) = €| -4mwa
° n=1 A3n2¥2(1)-42
n n n

-2 X
. @ Tn(r)e n
- 47qa 355
n=1 A7 ¥~ (1)-4x
n n n
(5.142)
1
4M(R - 3) w -A_2
gl(r,Z,X) = - 2 R 2 Ane n
B7I1+QS'(1)]" n=1
MR -3) w -2

X w A
- A no o, E (Z)+E (X)]v¥ .
82[1+st(co(1))]2 nzl n® nzl [E,( o (K1Y (1)

Here, En(Z) and En(X) are defined in sectiomns 5.2
and 5.3, respectively, and are given by eqns. (5.99)

and (5.120), respectively.

The analysis for the nonlinear steady state problem

of oxygen transport to tissue is now completed.
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5.6. An Exact Solution

In the beginning of section 5, we noted that the
analysis of the nonlinear oxygen transport problem is
much more difficult than the linear problem. Inside
the tissue, the governing equation and boundary condi-
tions are the same for both linear and nonlinear problems,
so that the solution for normalized tissue oxygen con-
centration, c¢(r,z) can be taken from eqns. (4.40) and

(4.42). We have

1 2 2
c(r,z) = f C(z)dr + %(% - 4n r-% + 4n R)
o]

+
n

lie~18

1 %; [Kl(Dn)Io(pnr)+Il(pn)Ko(pnr)]

1
cos (nmz) j C(z)cos(nwz)dc , (5.143)
o

where Ko » Kl and Io R Il are the modified Bessel
functions of order zero and one, respectively. C is
the normalized blood oxygen concentration, which must

satisfy the following non-dimensional equations:

8 &= [C+QS(C)] = 2 v 0zl
r= (5.144)
ceo) =1 .

Applying eqn. (5.143) to eqn. (5.144) yields

C(z) + QS(C(z)) = 1+ QS(1) *+ ¥ (R- )z

g 2u 1
* Z Eﬁﬁ%‘ sin(nmz) f C(z)cos(nwg)dc, (5.145)
n=1 n o
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where u and v, are defined by eqns. (4.22) and
(4.23), respectively. This is a nonlinear Fredholn
integral equation for C(z) . The method, used in
section 4, of reducing the integral equation to an
infinite set of linear algebraic equations cannot be
applied here. The method of solution for this nonlinear
Fredholm integral equation is suggested by using succes-
sive approximations. Let C(o)(z) be the starting

solution, which is given implicitly by
clol vescelely =1+ 05y + Mo ®-Dz . (5.146)

Once C(o)(z) is known for 0<z<1 , the first iteration

solution C(l) can be solved from
¢t rosey s 1 v s+ ®-D)2

1
+ f K(z,0)c®) (0)az

o

2u

where K(z,z) = } sin(nwz)cos(nmz) , is a
n=1

degenerate kernel.

n.
iin'a
Bn a

In general, we have
i+l (i+l1 . M 1
cli*1) 4 gsci*)y 2 1 + qs(1) + 75 R-g)z

1 .
+ [ K(z,z)c i) (yar . (5.147)
(s}

It can be shown that the integrand K(z,;)C(i)(;)

satisfies a Lipschitz condition
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1X(z,2)¢ ) () -k (z,00¢ P (2) | < 1] i* ) ()¢ gy

where L is a upper bound of K(z,z) . It can be
proven that the solution C(z) of eqn. (5.145) is the
uniform limit of the successive approximations C(i)(z)
>defined by eqns. (5.146) and (5.147) (Ref. Saaty and
Bram 1964, Saaty 1967).

Once C(z) is determined for 0<z<1 , the normal-
ized tissue oxygen concentration can be determined from
eqn. (5.143) for 0<z<l and R<r<l . An exact solution
for this nonlinear problem of oxygen transport to tissue

can therefore be obtained.
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5.7. A Modification of the Krogh Model

The isolated Krogh cylinder is treated as a func-
tional unit of entire capillary beds which begin from
arterioles and end at the venules. The regularity of the
capillary beds provides this conceptual physical geometry.
However, near the arterioles and venules there are tissue
regions which are not included in the Krogh cylinder but
still require oxygen for metabolism. The oxygen supply
to these tissue regions may be from the nearest Krogh
cylinder where oxygen diffuses through the tissue bound-
ary. Therefore, the isolated Krogh tissue cylinder can
be madified by assuming non-zero flux through the tissue
boundary at 2z=0 and 2z=L . Then the boundary conditions

eqns. (5.3) and (5.4) become

t - -
D, — = £, R <r<R, , (5.148)
3z |-
z=0
act _
D, — =-f, , R <r<R,_, (5.149)
0z 7=1,

where fl and f2 (cm302/cm2tissue boundary-sec) are
constant oxygen fluxes through both the arterial aﬁd ven-
ous ends of the tissue boundary, respectively. The sign
indicates the direction of oxygen flux according to

Fick's first law.

e
H
]

Ll
-

In terms of nondimensional variables gz =
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(g]

and c==E£ » eqns. (5.148) and (5.149) become
A
oC _
52| = fo » Rer<l, (5.150)
z=0
ac -
32l £, » Rer<l, (5.151)
z=1
flL " f2L
where fA:=ﬁ;CZ and fv==DZCA . These two boundary

conditions replace eqn. (5.11) and (5.12). The perturba-
tion analysis in the region bounded away from the ends
does not change, because the method of solution did not
employ these two boundary conditions. But the perturba-
tion solution involved the constant Cl(O) , Which will
be changed when we solve the boundary layer solution and
apply non-zero flux at the arterial end of tissue bound-
ary, eqn. (5.150). 1In terms of the arterial boundary
layer variables Z==§- and c(r,Z) =c(r,eZ) , eqn. (5.150)

becomes

= ef, , R<r<1 . (5.152)
z2=0

vl
N[O

We use this instead of eqn. (5.36) in the boundary layer

problem at the arterial end. We then obtain

2 8(()‘--':EA) T -Anz
P(Z) = dJZ + Cl(O) = _B—[F_Q_S'—(i_ﬂ- nzlAne ’ (5.153)
8(a-fA)
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-A 7
E ¥ (r)e n
U(r,Z) = aZ - 4w (a-f,) .
’ A n=1 3r%2 () -4

(5.155)

The higher order tissue boundary layer solution, V(r,Z),

has the same form as eqn. (5.100), obtained in section

5.2, except & in eqn. (5.28) is changed to 8(a-fA)/S[1+QS'(1)] .
For simplicity, we do not consider axial diffusion

in the capillary. The amount of oxygen lost from the

capillary is equal to the oxyéen consumed in the tissue

and the oxygen diffused out through the tissue boundary,

z=0 and z=L . We have the mass balance equation for

oXygen transport
TR%q[C, +QS*(C,) -C-QS* (C.)] = M_w (R2-RZ)L
by Al by vl T M TR =R,
+ (£.+£.)7(R2-R?) (5.156)
1 2 t el ¢ ‘

We define a nondimensional constant Co(l) ’

Cy

C0(1) = q .

Substituting this into eqn. (5.156), gives Co(l) im-

plicitly by

M L+f_+f_ -

c, (1) + Qs(c_(1)) =?—267:%§f§~(R-%D-?1-+QS(1);IS.157)

This normalized venous oxygen concentration, Co(l) , can
be used in solving the boundary layer problem 'at venous

end with a non-zero flux boundary.
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Similarly, in terms of venous boundary layer var-

iables ==lé£ and c(r,X) =c(r,1-eX) , eqn. (5.151)
becomes

3¢ _ _

3% x=0_ efv , R<r<1 . (5.158)

This can be used instead of eqn. (5.104) in the boundary
layer problem at the venous end. Then the solutions for
ﬁ(x) , ﬁ(r,x) and G(r,X) , and the constant Cl(l)
can be obtained as follows:

s(&ffv) -2 X

P(X) = ¢X2 + c, () + ST QST ()] nZlAne n° o (5.159)
8(&-fv)
c,(1) = " BTIRGST(C, (177 F(R) , (5.160)
-A_X
~ ~ ~ o ¥ (r)e o
U(r,X) = oX - 4m(a-f)) } L , (5.161)

n=1 A372¥2(1)-42
n n n

The higher order tissue boundary layer solution, V(r,X) , has the
same form as we have already obtained in section 5.3, eqn. (5.119),

except E in eqn. (5.121) is changed to -8(&-fv)/8[l+QS'(Co(1))].

The consistency relationship for this modified model
can be obtained by directly applying the results for
Cl(O) and Cl(l) » eqns. (5.154) and (5.160), respec-

tively. It is given by

dZ-+J %H
r=R o

r r=R

_ 1.1 .
dX = S(RRIIC,(0)-C_(1)-(£f,+£))]

(5.162)
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The composite solution for C(z) and c(r,Z) are

of the form

, 8(a-£,) = -A_2
C(Z) = CO(Z) + € [Cl(Z) - m.nzl!\ne
8(a-£,) ® A X
LT LA ] s

(5.163)

c(r,2z) = c (r,2) + g (r,2,X) + e’[c, (r,2)+g, (r,2,X)]+ ...

where
-2 Z
oo W (r)e n

g, (r,2,X) = e[-4w(a f ) ) 5
n=1l A o7 W (1)- 4A

-2 X
o ¥ (r)e n
-4n(a-f ) 5 ]
n=1 A 2y (1) -4
n n
(5.164)
8{a-f ) © A2 8(a -f ) o -AnX

g, (r,2,X) = —szquT‘j]‘ z Ase B[l+QS'(C EDD) I

+ Z [E_(2) +E (O1¥_(r) .
n=1

The previous analysis in sections 5.1-5.5 can be
considered as a special case of the present model by
taking f1=f2=0 . As noted in section 3, Reneau et al.
(1967;1969) assumed zero. flux at the arterial tissue
boundary and non-zero flux at venous tissue boundary.

However, they chose the wrong direction for-oxygen flux,
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taking it to be influx. This made axial diffusion less
important, as shown in their results. The numerical
examples of the effect of the outflux from tissue cylin-

der will be given in the next section.
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6. NUMERICAL RESULTS AND DISCUSSION

Numerical examples are presented in this section.
Using the linear theory, in section 6.1 it is shown that
the perturbation method is a good approximation to the
exact solution. Several numerical examples for the non-
linear problem are presented. In section 6.2, the effect
of axial diffusion is studied, and it is ascertained when
this effect can be neglected and when it must be taken
into account. In section 6.3, numerical examples of a
modified Krogh model with outflux of oxygen through the
ends of the Krogh cylinder are presented. The results
are compared with the corresponding results of the

isolated Krogh model shown in section 6.2.
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6.1. Comparison of the Perturbation Solution -with the

Exact Solution Obtained by Using Linear Oxyhemo-

globin Dissociation Relationship

From the normal oxyhemoglobin dissociation curve
shown in fig. 2(II), we pick up two points (0.00323
cm30,/cm3blood, 0.958) and (0.00162 cn>0,/cn3b1o0d,
0.829) and use the straight line which passes through
these two points, instead of the nonlinear relationship.

The equation is
S*(Cb) = Si‘Cb + Sg R (6.1)

where Si=80 and Sg=0.7 . In terms of normalized blood

oxygen concentration C , we have

S (C)

sic,C + s* (6.2)

and

S'(C) S;‘_CA . (6.3)

We can see that S'(C) is a constant and is independent
of C . Then,
s"(C) = 0 . (6.4)

Substituting eqn. (6.2) into eqn. (5.25), gives Co as
a linear function of 2z . For given 0<z<1 , the corre-

sponding value of Co can be calculated from

z+1 . (6.5)

C,(2) = ZB(1+Q53C,)
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Once Co is known, the oxygen distribution in the
tissue, C, » can be determined from eqn. (5.24) as a

linear function of 2z for a given radial location r

From eqn. (6.5), we can see that

e
Cé(z) = ZB(1+QSiCAj" independent of z, (6.6)

and

Cg(z) =0 . (6.7)

By applying eqns. (6.3) and (6.6) to eqn. (5.32), o

can be found to be a constant, given by

1.2
M(R-%
(R-3) 6.8)

C.(z) = C.(0) =-
. . 487 (1+Qs3c,)

Substituting eqn. (6.7) into eqn. (5.31) yields
cl(r,z) = Cl(z) , independent of r.

The boundary layer solutions at the arterial and
venous ends, C, c, and 6, 8, from sections 5.2 and
5.3, respectively, can be simplified by using the follow-

ing results

@ =-a=Cl!(z) ,
o 4M(R-F)
g=g=2 2’
8° (1+Qs*C,)
and
$=6=0.

For this linear problem, the matched constant Cl(l) is
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equal to Cl(O)

Numerical examples are given for two sets of data,
shown in table I. To determine the solutions, 40 eigen-
values, An » Nn=1,2,...,40 , are calculated and used. 1In

R
these particular examples the ratio ==§5 is equal to

0.1 . A list of 40 eigenvalues for R= d?l is shown in
table II.

Example (1) corresponds to a short capillary, high
diffusivity, and high metabolic rate. The results of the
perturbation solution using the linear oxyhemoglobin dis-
sociation relationship are illustrated in figures 14-16.
Figure 14 shows the normalized oxygen concentration in
the capillary. The perturbation solutions without and
with axial diffusion, for the region bounded away from
the ends, Co(z) and Co(z)-Feecl(z) , respectively, are
linear functions of axial position 'z because of the
use of a linear oxyhemoglobin dissociation relationship.
The boundary layer solutions, € and 6', provide the
description in the regions near 2z=0 and 2z=1 , respec-
tively. These boundary layer solutions can be seen to
be very close to the composite solution, which is uni-
formly valid over the whole region. Figures 15 and 16
show the normalized oxygen concentration in the tissue

without and with axial diffusion, for the region bounded

away from the ends, co(r,z) and co(r,z)4-82c1(r,z) .
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They are seen to be linear functions of 2z . The figures
are shown for a location midway between the capillary
wall and the outer edge of the Krogh cylinder, and at the
outer edge of the Krogh cylinder, respectively. These
solutions are not valid near 2z=0,1 , and it can be seen
that they do not have zero slope there. The boundary
layer solutions at arterial and venous end are shown in
the figures. These solutions have zero slope at z=0,1 ,
so that no oxygen diffuses out through the ends of the
tissue cylinder. Again, these boundary layer solutions
can be seen to be very close to the uniformly valid com-

posite solution.

Figures 17-19 show similar results for the second
set of data, example (2), in table I, which corresponds
to a long capillary, low diffusivity, and low metabolic

rate compared with example (1).

The exact solution of the oxygen transport problem
with a linear oxyhemoglobin dissociation relationship,
which has been obtained in section 4.1, eqns. (4.39) and
(4.40), can be compared with the composite solution to"
check the accuracy of the perturbation’method. The
results are shown in figures 20-25. Figures 20-22 show
good agreement between the composite solution and the
exact solution even when the diameter of the Krogh cylin-
der is one third of its length (e==%3 . Figures 23-25
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show better agreement between the two solutions for

- L
10 -

tion methods are a good approximate solution to the

smaller € , € These indicate that the perturba-

problem with small parameter ¢ .
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6.2. Numerical Examples of Nonlinear Problem

Numerical results for the nonlinear problem can
easily be obtained from the perturbation solutions which
are presented in section 5. For given Coil » the corre-
sponding value;of z>0 can be computed directly from
eqn. (5.25) fo; any choice of S(CO) » even if this func-
tion is given graphically or in tabular form. Once Co
is known, the normalized oxygen concentration in the
tissue, c, » can be determined from eqn. (5.24) as a
function of r at the corresponding location z . To
determine Cl(z) from eqn. (5.32), the constant Cl(O)
must first be calculated from eqn. (5.135). Then Cl
can be found at the location 2z corresponding to Co by
substituting CO into eqn. (5.32). To facilitate the

computation, Cé has been derived as a function of Co ,

and is given by
M(R-3)

“t#) * BImETC, T (69
where the empirical formula, eqn. (2.1), is used for the
oxyhemoglobin dissociation relationship, and S'(Co(z)) is

KxCFCE™1 (2)

(6.10)
[1+KCFCX(2) ]2

5 (C,(2)) =

The slope of the oxyhemoglobin dissociation curves
in fig. 2 are shown in fig. 26 as a function of blood

oxygen concentration. It can be seen that the slope of
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the oxyhemoglobin dissociation curve increases as blood
oxygen concentration decreases in the higher concentra-
tion region. When the slope reaches its maximum value
at a certain low blood oxygen concentration, it then
decreases rapidly to zero as blood oxygen concentration
decreases to zero. The maximum value of the slope dif-
fers considerably for the different curves, and depends

on the physiological constant K and x .

Eqn. (5.31) gives c, as a function of r at the
given axial location 2z . The function Cg(z) appearing
in this equation can also be determined as a function of
CO , and is given by
M(R-§)QS" (C_ (2))C., (2)

28[1+QS" (C_(2))]?

c(z) = - , (6.11)

where
-2 2 2x-2
Kx (x-1)C3CE™2(2)-K x(x+1)C§xCox (z)
XAX 3
[1+KCACO(z)]

s"(C,_ (2)) =
(6.12)

The oxygen distribution in the capillary and the
tissue have been calculated for the three sets of data
shown in table III. The first set of data shown in table
III corresponds to a long capillary under a hyperﬁaric
oxygen condition and large volume blood flow rate, and the
corresponding results are illustrated in figs. 27-29. The
high arterial oxygen concentration, 400 mm Hg , used in

this example is typical of 02 levels used for therapeutic
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purposes, as, for example, in oxygen tents and masks.
The eigenvalues shown in table II have been used in this
example since the ratio ==§f is equal to 0.1 . Fig.
27 shows the normalized blood oxygen concentration, with
and without axial diffusion, corresponding to Co(z) and
Co(z)4-82Cl(z) ,» respectively. The solution with axial
diffusion provides an accurate description except in the
boundary layers. Keeping higher order terms does not
improve the accuracy of the solution inside the boundary
layer, since the expansion is not valid there. The oxygen
concentration near both ends are determined by the expan-
sions given in sections 5.2 and 5.3, and these solutions
are indicated in the figure by a dotted line. It can be
seen that the venous boundary layer is negligible com-
pared with the arterial boundary layer, because S'(Co(l))
is much larger than S'(1) , so that 8201(1) is much
smaller than €2Cl(0) . A detailed discussion of this
will be given later. A uniformly valid composite solu-
tion given in section 5.5 is shown in the figure by the
dashed line.

Figs. 28 and 29 show the oxygen distribution in the
tissue, with and without axial diffusion, as a function
of axial position 2z at a radial location midway between

the capillary wall and the outer edge of the Krogh

cylinder, and at the outer edge of the Krogh cylinder,
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respectively. Again, these solutions are not valid near
z=0 , and it can be seen that they do not have a zeroslope
there. The venous boundary layer is negligible, since
the solutions show an approximately zero slope there. The
proper solution in the arterial boundary layer is given
by the expansion shown in section 5.2, and the solution
is also indicated in the figure. The arterial boundary
layer solution has a zero slope at z=0, so that no oxygen
diffuses out through the end of the Krogh cylinder. A
uniformly valid composite solution is also shown in the
figure.

Corresponding results for the second set of data in
table III are illustrated in figs. 30-32. Tﬁis set of

data corresponds to a low tissue metabolic rate and low

R
c

volume blood flow rate. The ratio ==§; is 0.1 , so
that the eigenvalues shown in table II are again used.
Fig. 30 shows the nonlinear oxygen distribution over the
length of the capillary. The arterial boundary layer is
seen to be more important than the venous boundary layer.
This indicates that axial diffusion has a more significant
effect at the beginning of the capillary. The arterial
boundary layer solution and composite solution are shown

in the figure. Figs. 31 and 32 show that a small boundary

layer exists at the venous end, since the solutions

2

co(r,z) and co(r,z)-Pe cl(r,z) do not have zero slope
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at 2z=1 . The boundary layer solution at the arterial
end does not join smoothly with the solution with axial
diffusion and only the value of c(r,z) at 2z=0 , deter-
mined by the boundary layer solution is shown in the
figure. For fig. 31 this is indicated by the short dash
at ¢c=0.78 , and in fig. 32 by the short dash at c=10.76.
The inaccuracy of the boundary layer solution away from
the immediate neighborhood of z=0 for this case will be
discussed later.

The third set of data shown in table III is taken
from Hyman et El. (1975), except CA=0.002 cm302/cm3blood.

The ratio R==§5 is equal to f%" The eigenvalues

corresponding tg this R have been calculated and are
shown in table IV. The results for this set are shown

in figs. 33-35. Fig. 33 shows that the difference between
the oxygen concentration in the capillary with and with-
out axial diffusion is small and the composite solution

is close to the solution without axial diffusion. Figs.
34 and 35, illustrating the oxygen distribution in the
tissue, show two significant boundary layers. The bound-
ary layer solution is indicated by the dashed lines in the
figure. Both boundary layer solutions have azero slope at
the ends, so that no oxygen diffuses out through the ends
of fhe Krogh cylinder. The tissue oxygen concentration at

z=0 can be accurafely determined by the arterial boundary

layer solution.
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The exact solution of the nonlinear oxygen trans-
port problem, which has been obtained in section 5.6, can
be calculated numerically and compared with the composite
solution. The results, illustrated in figs. 36-38 for
the three sets of data, show that the exact solution is
close to the composite solution, verifying that the per-
turbation method is a good approximation. In fig. 38,
the exact solution and the composite solution are so
close together that their difference cannot be seen in
the figure. Therefore these solutions are indicated by
one solid line.

The oxygen distribution in the capillary and the
tissue in the region bounded away from the arterial and
venous ends can be calculated very simply even when axial
diffusion is included, but the solution depends strongly
on the conditions at the arterial end. Although the
solution in that region is much more complex, it affects
the oxygen concentration outside the arterial boundary
layer only through the constant eZCI(OJV. This constant
is the difference between the oxygen concentration in the
capillary without and with axial diffusion, Co(z) and
Co(z)-*ezcl(z) » respectively, at z=0 , and therefore
plays an essential role in ascertaining the importance of
axial diffusion. Since Cl(O) is given by the simple

expression in eqn. (5.135), it is very easy to determine
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the influence of various physiological parameters on its
magnitude,vand therefore their influence on the impor-
tance of axial diffusion. Fig. 26 shows that the slope
of the oxyhemoglobin dissociation curve, S'(1) , in-
creases as arterial oxygen concentration, Cy > decreases.
The larger S'(1) , the smaller €2Cl(0) . The effect of
axial diffusion is therefore less important as C, de-
creases. This is shown in fig. 39 for four different
arterial oxygen concentrations, CA==O.0032 , 0.003 ,

0.0025 and 0.002 (cm’0,/cm’blood) . In all cases, the

venous boundary layer is seen to be less important than
the arterial boundary layer. This is because S'(Co(l)) is
much larger than S'(1) , so that e2c1(1) is much smal-
ler than seCl(O) . Because of the nonlinear oxyhemo-
globin dissociation relationship, the blood oxygen profile
is nonlinear. It is interesting to see that each decrease
of CA makes the blood oxygen profile without axial dif-
fusion flatter. This phenomenon is due to the character-
istics of the oxyhemoglobin dissociation relationship,
fig. 2, which has been described in section 2. - The
amount of oxygen being consumed in the tissue is locally
constant. Starting from a high CA», a large drop in
blood oxygen concentration can be seen near the arterial
end. because only a small amount of oxygen is released

from hemoglobin. This makes the profile steep. It can
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be seen that during hyperbaric oxygen conditions

(QA> 0.0032 cm302/cm3blood) » axial diffusion has a sig-
nificant effect at the beginning of the capillary. The
difference between the arterial and venous oxygen concen-
tration is very large. Starting from low CA , small
changes in blood oxygen concentration cause large amounts
of oxygen to dissociate from hemoglobin. This makes the
blood oxygen profile rather flat. It also can be seen
that during arterial hypoxia (CAf<O.001 cm302/cm3blood),
the effect of axial diffusion is negligible. The differ-
ence between arterial and venous oxygen concentrations is
then relatively small.

The initial difference in the curves with and without
axial diffusion, €2C1(0) » 1s also affected by the tissue
oxygen comnsumption rate, the tissue oxygen diffusivity, the
volume blood flow rate, the blood hemotocrit, and the shift
of the oxyhemoglobin dissociation relationship. This can
be seen from the formula for Cl(O) » eqn. (5.135).

The value of eECl(O) is proportional to the tissue oxy-
~gen consumption rate and the tissue oxygen diffusivity.
Their effects are shown in figs. 40 and 41, respectively.
The data used for figs. 40 and 41 are taken from the third
set of data in table III with C,=0.003 cm302/cm3blood
and varying Mo and Dr,DZ » respectively. Fig. 40

shows the effect of the tissue oxygen consumption rate
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on the blood oxygen concentration with and without axial
diffusion. Fig. 40(a) corresponds to normal tissue oXy -
gen consumption rate, Mo==0.0005 cm302/cm3tissue-sec.
Decreasing MO by one half, fig. 40(b), makes the arte-
rial boundary layer less important compared to fig. 40(a).
Because less oxygen is consumed in the tissue, the blood
oxygen concentration at the venous end is higher in com-
parison with fig. 40(a). Increasing M0 by 50%, fig.
40(c), results in a larger value of eZCl(O) and a

lower venous blood oxygen concentration. It also makes
the solution without axial diffusion steeper. Fig. 41
shows the effect of the tissue oxygen diffusivity on the
blood oxygen concentration with and without axial diffu-
sion. Since the tissue oxygen consumption rate is
constant in this example, varying tissue oxygen diffu-
sivity does not change blood oxygen concentration without
axial diffusion. >Fig. 41(a) corresponds to tissue oxygen
diffusivity, Dr=DZ=1300 ume/sec. Fig. 41(b) shows the
effect of decreasing Dr,DZ » by one half. This makes the
arterial boundary layer less important. The effect of
increasing Dr,Dz by 50% is shown in fig. 41(c). More
oxygen diffuses across the capillary wall into the tissue
at the beginning of the capillary. It then diffuses
rapidly in the axial direction in the tissue, making the

arterial boundary layer more important.
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The value of €2Cl(0) is inversely proportional to
q2 and approximately to Q2 . The effect of these para-
meters are shown in figs. 42 and 43, respectively. The
data used for figs. 42 and 43 are taken from the third
set of data in table III with CA==0.003 cm302/cm3blood
and varying q and Q , respectively. Fig. 42 shows the
effect of the vplume blood flow rate on the blood oxygen
concentration with and without axial diffusion. Fig.
42(a) corresponds to normal blood flow rate, q==1.131><101'L
um3/sec. Decreasing q decreases.the amount of oxygen
delivered to the capillary. Since the same amount of
oxygen has to diffuse into the tissue to supply the meta-
bolic needs, a lower venous blood oxygen concentration
results. A steeper blood oxygen concentration without
axial diffusion is also expected. More oxygen remains in
the capillary when q 1is increased, giving a higher
venous blood oxygen concentration. The value of ezCl(O)
is sensitive to the variation of q . A decrease in gq
of 25%, shown in fig. 42(b), causes a large increase of
eQCl(O) . Conversely, an increase of 25% in q , fig.
42(c), causes a large decrease of e2Cl(0) . Similarly,
the result of increasing or decreasing @ is almost the
same as that of increasing -or decreasing q , respectively,

because the amount.-of oxygen délivery by the capillary

almost equally depends upon the volume blood flow rate
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and the blood hematocrit. As noted in section 2, the
blood oxygen capacity is pfoportional to the blood
hematocrit. The effect of the blood oxygen capacity on
the blood oxygen concentration with and without axial
diffusion is shown in fig. 43.

Venous hypoxia (venous oxygen concentration less
than 0.001 cm302/cm3blood) occurs with a large increase
of tissue oxygen consumption rate, or a large decrease of
volume blood flow rate (or blood oxygen capacity). Dur-
ing venous hypoxia, the effect of axial diffusion is very
important at the beginning of the capillary.

The value of‘ e2Cl(O) is also approximately inverse-
ly proportional to [S'(l)]2 . As can be seen from figs.
2 and 26, the comparison of the slope for oxyhemoglobin
dissociation curves (I), (II) and (III) at CA= 0.003
cm302/cm3blood is (I)<(II)<(III). Using the third set
of data shown in table III, where the constants K and
x are referred to the normal physiological conditions of
curve (II), the corresponding result is shown in fig.
44(a). Shifting the normal oxyhemoglobin dissociation
curve (II) to the right, curve (III), increases the slope.
This makes eQCl(O) smaller, as shown in fig. 44(b).
Conversely, shifting the normal curve (II) to the left,
curve (I), decreases the slope. This makes 82C1(0)

larger, as shown in fig. 44(c).
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It has been shown that increasing tissue oxygen
consumption rate and tissue diffusivity, decreasing vol-
ume blood flow rate and blood oxygen capacity, or shift-
ing the normal oxyhemoglobin dissociation curve to the
left, a significant difference between blood oxygen pro-
file with and without axial diffusion can be seen at the
beginning of the capillary. 1In these conditions, there-
fore, the effect of the axial diffusion must be taken

into account.
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6.3. Numerical Examples for the Modified Krogh Model

The tissue regions near the arterioles and venules
can be regarded as being oxygenated by the initial and
final portions of the capillary, respectively, and an
appreciable portion of oxygen could diffuse into these
regions from the capillary. This can be accounted for by
a modification of the Krogh model, in which a given
amount of oxygen is assumed to diffuse out the ends of
the Krogh cylinder. The analysis of this modified model
was given in section 5.7, and numerical examples will be
presented here. Two different examples are illustrated
in figs. 45-50. The data used for figs. 45-47 are taken
from the first set of data in table III and the corre-
sponding eigenvalues in table II. 1In this example, the
total outflux of oxygen at each end of the Krogh cylinder
is taken to be 3% of the oxygen consumed in the Krogh

cylinder. We have
2 p2 _ 2 52 _ 2 2
'rr(Rt-Rc)f1 = -n(Rt Rc)f2 0.03 Mow(Rt Rc)L .(6.13)

The nondimensional parameters fA and fV » Shown in

eqns. (5.150) and (5.151), respectively, can be deter-

mined by

2
0.03 MoL

f =f = -——_° (6.14)
A v D, C,

Fig. 45 shows that axial diffusion has a greater effect
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on the blood oxygen concentration at the beginning of

the capillary than the corresponding case for the isolated
Krogh model shown in fig. 27. A small effect of axial
diffusion can be seen at the venous end. The blood

oxygen concentration at the venous end, z=1, can be
determined from eqn. (5.157), and it can be seen that

this value is smaller than the solution without axial
diffusion at z=1, because of oxygen diffusion through
the ends of Krogh tissue. The arterial boundary layer
solution and composite solution are shown in the figure

by the dotted and dashed 1lines, respectively.

Figs. 46 and 47 show the oxygen distribution in the
tissue as a function of axial position at a radial loca-
tion midway between the capillary wall and the outer edge
of the Krogh cylinder, and at the outer edge of the Krogh
cylinder, respectively. Again, it can be seen that axial
diffusion has a more significant effect in comparison with
the results of the isolated Krogh model shown in figs.

28 and 29. A small venous boundary layer can be seen in
the figure. According to eqns. (5.150) and (5.151), the
boundary layer solution at the arteriai and venous ends
have slope f and -fv , respectively. From eqn.

A

(6.14), we have fA==fv==0.926 , which indicates the quan-

tity and direction of the oxygen flux at both ends. The

transition to positive slope, required for oxygen loss
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from the arterial end of the Krogh cylinder, occurs very
close to z=0, as seen in figures 46 and 47. The slope
of the venous boundary layer solution is negative, since
oxygen diffuses out through the venous end. Due to the
outflux of oxygen through the ends of the Krogh cylinder,
the oxygen level at both ends can be seen to be lower
than for the corresponding isolated Krogh model shown in

the figs. 28 and 29.

The data used for figs. 48-50 is taken from the
third set of data in table III and the corresponding eigen-
values in table IV. In this example, the total outflux
of oxygen at each end of the Krogh cylinder is taken to
be 5% of the oxygen being consumed in the Krogh tissue.
Using similar expressions shown in eqns. (6.13) and
(6.14), the nondimensional parameters fA and fv ,
therefore, -can be determined by

0.05 M L2
o]

fA = fv = 'TC_- . (6.15)
z A

Fig. 48 shows that axial diffusion hasa more significant
effect on the blood oxygen concentration not only at the
beginning of the capillary, but also at the venous end,
in comparison with the result of the isolated Krogh model
shown in fig. 33. Therefore, both arterial and venous
boundary layers can be seen in the figure. The blood

oxygen concentration at the venous end, z=1, can be
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determined from eqn. (5.157) and it can be seen that this
value is smaller than the solution without axial diffu-
sion at z =1, because oxygen diffuses out through the

ends of the Krogh cylinder.

Figs. 49 and 50 show the effect of axial diffusion
on the tissue oxygen distribution, with outflux of oxygen
through the ends of the Krogh cylinder. As shown in the
figure, the slope of the composite solution is positive
at the arterial end and negative at the venous end. The
slope can be found from eqn. (6.15) to be fA==fv=11.178
Both arterial and venous boundary layers can be seen to
be equally important. In contrast to the results of the
isolated Krogh model shown in figs. 34 and 35, the
arterial boundary layer shows a non-zero (positive) slope
at z=0, while figs. 34 and 35 show a zero slope there.
The venous boundary layer shows not only a non-zero
(negative) slope at z=1, but also a much lower oxygen
concentration than the solution without axial diffusion,
while figs. 34 and 35 show-a zero slope and-a:higher.
oXygen concentration -than the solution :without:-axial

diffusion.
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6.4. Discussion

Since the perturbation analysis provides only ap-
proximate solutions, the results cannot be expected to be
good for all possible situations. When the effect of
axial diffusion is very large, the solutions will not be
accurate. It can be seen, however, that the linear
problem, figs. 14-16, and the non-linear problem with
hyperbaric oxygen conditions, figs. 27-29, show a fairly
significant effect of axial diffusion, but the perturba-

tion method still provides accurate results.

Another factor limiting the accuracy of the solu-
tions is the change in slope, in the boundary layer
region, of the oxyhemoglobin dissociation relationship.
The dissociation relationship, S(C) , was expanded in a
Taylor series about z=0 (c.f. eqn. (5.18)) to obtain
the arterial boundary layer equations, and the initial
slope, S'(1l) , is used throughout the boundary layer.

If oxygen enters the capillary at 95 mm Hg , for example,
and the rate of consumption is very large, S'(Co(z))

can change considerably from its initial value S'(1) ,
and the method of solution breaks down. This difficulty
does not occur for the solution near the venous ends. In
all cases it was found that either axial diffusion was
insignificant or that it could be’described very accur-

ately by the boundary layer solution.
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In general, the accuracy of the solution is indi-
cated by the manner in which the boundary layer solution
and the solution with axial diffusion join at their
common boundary, and by the extent to which the composite
solution agrees with them in their respective domains of
applicability. A much quicker indication of whether the
perturbation method will provide accurate results ban be
obtained by examining the capillary oxygen concentration
solution with axial diffusion. This is easily obtained
from eqns. (5.25) and (5.32). If the initial difference
between the solution with and without axial diffusion,
82C1(0) » is extremely large, axial diffusion is probably
too important to be regarded as a small perturbation. 1If
the initial slope of the curve with axial diffusion is
positive, as in figs. (39a) and (41c), for example, the
slope of the oxyhemoglobin dissociation relationship is
probably changing very fast, causing a very rapid conver-
gence of the solution to the result without axial diffu-
sion. Although the results still give a qualitative
indication of the significance of axial diffusion, for
accurate.quantitative results the exact solution must be

used in these cases.
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7. SUMMARY

The isolated Krogh model for steady state oxygen
transport to tissue with axial diffusion has been studied
analytically for both linear and nonlinear problems. The
perturbation method involving boundary layer theory and
the technique of matched asymptotic expansions has been
shown to be a good approximation for the linear theory.
Although the linear theory does not consider the non-
linear oxyhemoglobin dissociation relationship, it is
still applicable for determining the concentration of
certain substrates not having chemical reaction with red
blood cells. Physiologically, the nonlinearity of the
oxyhemoglobin dissociation relationship plays an impor-
tant role in oxygen transport to tissue. Several cases
have been studied using the nonlinear theory. These
solutions show the validity and smoothness of the bound-
ary layer analysis and indicate the effect of axial
diffusion. Axial diffusion has a greatér effect on the
oxygen’distribution in the blood and tissue when any of
the following conditions is satisfied: (1) high- incoming -
arterial oxygen concentration, (2) high tissue oxygen -
consumption rate, (3) high tissue diffusivity, (4) low
volume blood flow: rate; (5) low blood oxygen capacity,
(6) a-shift in the normal oxyhemoglobin dissociation

curve to the left (corresponding to low body temperature,
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or high blood pH value, or low blood carbon dioxide con-
centration). When a modification of the Krogh model is
considered, in which outflux of oxygen through the ends
of the Krogh cylinder occurs, the results show that axial
diffusion has a greater effect on oxygen distribution in
the blood and tissue than the corresponding results of

the isolated Krogh model.
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TABLE I

Values of Parameters used in Section 6.1

Parameter

Example (1)

Example (2)

Arterial blood oxygen concentration
3 3
CA(cm Oz/cm blood)

Tissue diffusivity Dr’Dz (um2/sec)

Oxygen capacity of the blood at

3 3blood)

100% saturation Q(cm 0,/cm

Tissue oxygen consumption rate

3

Mo(cm 02/cm3tissue—sec)
Capillary length L (um)
Capillary radius RC (um)
Tissue radius Rt (um)

Volume blood flow rate

q (um3/seCJ

0.003

2000

0.204

0.0008

150
2.5

25

7.854x10°

0.003

1500

0.204

0.0005

250

2.5

25

7.854x10°
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TABLE II

Eigenvalues for R= 0.1

n Eigenvalues An
1 1.102694
2 4.978842
3 8.554285
4 12.086804
5 15.602901
6 19.110740
7 22.613796
8 26.113821
9 29.611803
10 33.108342
11 36.603824
12 40.098509
13 43.592578
14 47.086161
15 50.579356
16 54.072233
17 57.564849
18 61.057248
19 64.549463
20 68.041521
21 71.533445
22 75.025255
23 78.516963
24 82.008584
25 85.500127
26 88.991602
27 92.483016
28 95.974375
29 99.465686
30 102.956953
31 106.448181
32 109.939373
33 113.430532
34 116.921662
35 120.412764
36 123.903842
37 127.394897
38 130.885931
39 134.378945
40 137.867942
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TABLE III

Values of Parameters used in Section 6.2

Parameter 1st set 2nd set 3rd set
Tissue oxygen diffusivity D_,D, (um/sec) 1000 1700 1300
Oxygen capacity of the blood at 100%
saturation Q (cm302/cm3blood) 0.204 0.204 0.204
Tissue oxygen consumption rate M
3 3. ° 0.0003 0.0002 0.0005
(cm 02/cm tissue-sec)
Capillary length L (um) 1200 700 350
Capillary radius Rc (um) 3 3 3
Tissue radius Rt (um) 30 30 35
Constant K in oxyhemoglobin dissociation T 6 6
. . 1.8695x10 6.6856x10 6.6856x10
relationship
Constant x in oxygemoglobin dissociation '
. . 2.3 2.2 2.2
relationship
Volume blood flow rate gq (um3/sec) 2.545><10ll 8.482x103 1.131x10h
Arterial oxygen concentration CA
0.014 0.00323 0.002

(cm302/cm3blood)




TABLE IV

Eigenvalues for R=3/35

Eigenvalues An

W
N

W (S N E RN WWNNNNINND NN NP b pd b b e e ped
S W0 oo [« 00, - N ¥ ] P—'O‘OOO\JO\U'IQLNNHOkDOO\IO’\U'I-P-LNND—'OLDOO\IO\U'I-PLNNI—'

N
~3

1.056554
4.882037
8.404731
11.884348
15.347278
18.801709
22.251159
25.697422
29.141517
32.584070
36.025486
39.466041
42.905928
46.345285
49.784216
53.222800
56.661097
60.099153
63.537007
66.974688
70.412220
73.849624
77.286917
80.724111
84.161220
87.598252
91.035216
94.472120
97.908969
101.345769
104.782525
108.2192472
111.655921
115.092568
118.529184
121.965772
125.402335
128.838874
132.275392
135.711889
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Figure 1,

Geometry of the problem:
surrounded by a concentri

a single capillary
€ cylinder of tissue.
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Cb (cm302/cm3 blood)
Figure Oxyhemoglobin dissociation curves as a func-

tion of blood oxygen concentration for various
values of physiological constants K and x .
(K,x) is (1.8695x107, 2.3) for (I),
(6.6856x10°, 2.2) for (II), and

(2.3908x10%, 2.1) for (III). Curve (II)

is for normal physiological conditions.
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Figure 3. Tissue oxygen consumption rate, M(Ct)

3

(cm302/cm tissue-sec), as a function of tissue

oxygen concentration, C, (cm302/cm3 tissue).
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Figure 4. Normalized capillary concentration as a

function of distance, for various values
of the permeability H .
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H=50 um/sec

H=10 wum/sec

Figure 5. Normalized tissue concentration at the
capillary wall as a function of axial
position, for various values of the per-
meability H
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Figure 6. Normalized tissue concentration midway
between the capillary wall and the outer
edge of the tissue as a function of axial
position, for various values of permeability

H. -119-
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Figure 7. Normalized tissue concentration at the

outer edge of the tissue as a function of
axial position, for various values of
permeability H .
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Figure 8. Normalized tissue concentration as a function
of radial position at z=0 , for various
-121- values of the permeability H
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Figure 9. Normalized tissue concentration as a function
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Figure 10. Normalized tissue concentration as a function
of radial position at z=1 , for various
-123- values of the permeability H .



.0

300 umz/sec
8H 2
. 900 um“/sec
- 2
2700 um~/sec
.6
W
&
AP
2—.
0 0.2 0.4 0.6 0.8 1.0

Figure 11. Normalized capillary concentration as a
function of distance, for permeability
H=50 um/sec and various values of tissue
diffusivity.
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R
Figure 12. The function F(R) , defined by eqns. (5.132)
and (5.133). exact form,
— — — — — — approximate form, based on

eight terms in the eigenfunction expansion.
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Figure 13. Error in F(R) as a function of R ,

resulting from using an eight term
eigenfunction expansion.
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C(z)

0.4

Figure 14.

Normalized blood oxygen concentration as a
function of distance, for example (1) in
table I. (I) ———— without axial
diffusion, (II) ——— with axial
diffusion, (III) — — — — arterial boundary
layer solution, (IV) — ~— — — venous
boundary layer solution, (V) **®*==*=* >+
composite solution.
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Figure 15.

0.2 0.4 0.6 0.8 1.0
z

Normalized tissue oxygen concentration
midway between the capillary wall and the
outer edge of the tissue as a function of
axial position, for example (1) in table I.
(I) ——— without axial diffusion,

(I1)

(III) — — — — arterial boundary layer

with axial diffusion,

(IV) — — — — venous boundary

(V) =+ -~ - .
-128-
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layer solution, composite
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c(r,z) ¢,

0.4

Figure 16.

Normalized tissue oxygen concentration at
the outer edge of the tissue as a function
of axial position, for example (1) in table
I. (I) —— without axial diffusion,
(II) —— with axial diffusion,

(III) — — — — arterial boundary layer
solution, (IV) — — — — venous boundary
layer solution, (V) - *--+-+ composite

solution.
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0 0.2 0.4 0.6 0.8 1.0
z
Figure 17. Normalized blood oxygen concentration as a

function of distance, for example (2) of
table I. (I)
(I1)

(III) — — — — arterial boundary

without axial
diffusion, with axial
diffusion,
(IV) = — — — venous

(V)..-....

layer solution,
boundary layer solution,
composite solution.
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Figure 18. Normalized tissue oxygen concentration midway
between the capillary wall and the outer edge
of the tissue as a function of axial position,
for example (2) in table I. (I)
without axial diffusion, (II) — with

axial diffusion, (III) — — — — arterial
boundary layer solution, (IV) — — — =—
venous boundary layer solution, (V) -+ - -

composite solution.
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Normalized tissue oxygen concentration at
the outer edge of the tissue as a function
of axial position, for example (2) in

table I. (I) ™ without axial
diffusion, (II) with axial
diffusion, (III) — — — — arterial boundary
layer solution, (IV) - — — — venous
boundary layer solution, (V) =*:*-*-* - .

composite solution.
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Figure 20.

Normalized blood oxygen concentration as a

function of distance, for example (1) in
table 1I.

composite solution,
- — — -= eXxact solution.
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Figure 21. Normalized tissue oxygen concentration midway
between the capillary wall and the outer edge
of the tissue as a function of axial position,
for example (1) in table I. com=~
posite solution, — —=—— exact solution.
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Figure 22. Normalized tissue oxygen concentration at

the outer edge of the tissue as a function
of axial position, for example (1) in
table 1I. composite solution,

— — — — exact solution.
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Figure 23. Normalized blood oxygen concentration as a

function of distance, for example (2) in
table I.

composite solution,
— — — -— exact solution.

-136-



1.0r—,

c(r,z)

0.4

0.2—
0 1 I i l i | | ' 1 J
.0 0.2 0.4 0.6 0.8 1.0
z
Figure 24. Normalized tissue oxygen concentration midway

between the capillary wall and the outer edge
of the tissue as a function of axial position,
for example (2) in table I. com-
posite solution, — — — — exact solution.
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Figure 25. Normalized tissue oxygen concentration at

the outer edge of the tissue as a function
of axial position, for example (2) in

table I. composite solution,
- — — — eXact solution.
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Figure 26. Slope of oxyhemoglobin dissociation curves
as a function of blood oxygen concentration
for various S*(Cb) which are shown in

figure 2.
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Figure

27.

Normalized blood oxygen concentration as a
function of axial position =z , for the 1lst
set of data in table III. (I)
without axial diffusion, (II) with
axial diffusion, (IIL) *****-**+ boundary
layer solution, (IV) —m — ~— — — compdsite

solution.
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Figure 28.

Normalized tissue oXxygen concentration midway
between the capillary wall and the outer edge
of the tissue as a function of axial position
for the 1st set of data in table III.
without axial diffusion, (II)
with axial diffusion, (III)= =+
w)y— ===

Z ,

(1)

boundary layer solution,

composite solution.
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Figure 29. Normalized tissue oxygen concentration at
the outer edge of the tissue as a function
of axial position =z , for the 1st set of
data in table III. (I)
axial diffusion, (II) ~— with axial

without

diffusion, (III) = =*-°"-" *** boundary layer
solution, (IV) — — — — composite solution.
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Figure 30.

Normalized blood oxygen concentration as a
function of axial position for the 2nd
set of data in table III.

without axial diffusion,

4 ]
(1)
(I1)
(III) == = v v o
(Iv) — — — — composite solution.

with
axial diffusion, boundary layer

solution,
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0 0.2 0.4 0.6 0.8 1.0

Figure 31. Normalized tissue oxygen concentration midway

between the capillary wall and the outer edge

of the tissue as a function of axial position

z , for the 2nd set of data in table III.

(I) ————— without axial diffusion, (II)
with axial diffusion,—m — — — —

boundary layer solution.
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Figure

32.

0.2 0.4 0.6 0.8 1.0

z
Normalized tissue oxygen concentration at
the outer edge of the tissue as a function
of axial position =z , for the 2nd set of
data in table .III. (I) without
axial diffusion, (II) with axial
diffusion, — — — — boundary layer solution.
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0.6

C(z)

Figure 33.

Normalized blood oxygen concentration as a
function of axial position 2z , for the 3rd
set of data in table III. (I)
without axial diffusion, (II) — with
axial diffusion, ***'* '’ * boundary layer

solution, — =~ — — composite solution.
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Figure

34,

[ T N D I T I B
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0.2 0.4 0.6 0.8
z

0

Normalized tissue oxygen concentration midway

between the capillary wall and the outer edge

of the tissue as a function of axial position

z , for the 3rd set of data in table III,

(I) ———— without axial diffusion, (II)
with axial diffusion,— — — — —

boundary layer solution.
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Figure

35.
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z

Normalized tissue oxygen concentration at

the outer edge of the tissue as a function
of axial position =z , for the 3rd set of
data in table III. (I) without
axial diffusion, (II) with axial
diffusion, — — — = boundary layer solution.
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Figure 36.

0.2 0.4 0.6 0.8 1.0

Normalized blood oxygen concentration as a
function of axial position 2z , for the 1st

set of data in table III. °°*¢- °*°~ without

axial diffusion, — — — — exact solution,

composite solution.
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Figure 37,

Normalized blood oxygen concentration as a
function of axial position 2z , for the 2nd
set of data in table III, + =+« -~ without
axial diffusion, — — — — exact solution,

composite solution.
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Figure 38.
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Normalized blood oxygen concentration as a
function of axial position 2z , for the 3rd
set of data in table IIL. -°-°- -+ - without
axial diffusion, exact solution

and composite solution.
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Figure 39. Blood oxygen concentration, Cb (cm302/cm3

blood), as a function
for the values in the
table III and various
oxygen concentration,
blood.

— — — — without axia
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Figure 40. Normalized blood oxygen concentration as a

function of axial position, for CA=O.003
cm302/cm3 blood, the values in the 3rd set
of data of table III with various values of
tissue oxygen consumption rate, Mo , in

3

cm302/cm tissue-sec. ———— with axial

diffusion, — — — — without axial diffusion.
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(b) (c)

Figure 41. Normalized blood oxygen concentration as a
function of axial position, for €,=0.003
cm302/cm3 blood, the values in the 3rd set
of data of table III with various values of
tissue oxygen diffusivity, D=Dr=DZ , in
um2/sec. with axial diffusion,

— — — — without axial diffusion.
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Figure 42. Normalized blood oxygen concentration as a
function of axial position, for CA=O.003

cm302/cm3 blood, the values in the 3rd set
of data of table III with various values of
um3/sec.

volume blood flow rate, g , in

with axial diffusion,
without axial diffusion.
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Figure 43. Normalized blood oxygen concentration as a
function of axial position, for C,=0.003
cm302/cm3 blood, the values in the 3rd set
of data of table III with various values of
blood oxygen capacity, Q , in cm302/cm3
blood. ——————— with axial diffusion,

— — — — without axial diffusion.
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Figure 44.

0.5 1.0 0 0.5 1.0
Z Z
(b) (c)

Normalized blood oxygen concentration as a

function of axial position, for CA=0'003
cm302/cm3 blood, the values in the 3rd set
of data of table III, and various oxyhemo-
globin dissociation curves shown in figure
(a) Curve (1I), (b) Curve (III), (c) Curve
(I). with axial diffusion,

— — — — without axial diffusion.
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Figure 45,

0.2 0.4 0.6 0.8 1.0

A
Normalized blood oxygen concentration as a
function of axial position, for the outflux
Krogh model with fl=f2=0.03MoL , and the
1st set of data in table III. (I)
without axial diffusiom, (II) with
axial diffusion, **-*~---- boundary layer

solution, — — — — composite solution.
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Figure 46.

Normalized tissue oxygen concentration midway
between the capillary wall and the outer edge
of the tissue as a function of axial position,
for the outflux Krogh model with fl=f2=0.03MoL,
and the 1lst set of data in table III. (I)

(11)

with axial diffusion, **** >

without axial diffusion,

boundary layer solution, — — — — composite

solution.
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Figure 47.

0.2 0.4 0.6 0.8 1.0

Normalized tissue oxygen concentration at the
outer edge of the tissue as a function of
axial position, for the outflux Krogh model
with f1=f2=0‘03MoL , and the 1st set of data
in table III. (I) without axial
diffusion, (II) with axial
diffusion,** - *+*** boundary layer solution,

— — — — composite solution.

-160_

il 2



o
.
&

oo b 1 v 1 5 by ]

0 0.2 0.4 0.6 0.8 1.0
yA

Figure 48. Normalized blood oxygen concentration .as a
function of axial position, for the outflux

¥-- - Krogh model with £,=£,=0.05M L , and the
3rd set of data in table III. (I)

without axial diffusion, (II) with
axial diffusion, -~ — — — composite solution.
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Figure 49. Normalized tissue oxygen concentration midway

between the capillary wall and the outer edge

of the tissue as a function of axial position,

for the outflux Krogh model with fl=£2=Q.OSM°L,

and the 3rd set of data in table III. (I)
without axial diffusion, (II)

with axial diffusion, — — — — composite

solution.

-162-

»ar



1.

' N T R R R R R

0 0.2 0.4 0.6 0.8 1.0
A

Figure 50. Normalized tissue oxygen concentration at the

outer edge of the tissue as a function of
axial position, for the outflux Krogh model
with fl=f2=Q.OSMOL » and the 3rd set of data
in table III. (I)
diffusion, (II) with axial diffusion,
— -— = — composite solution.

without axial
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APPENDIX A

A brief description of Blum's analysis will be given
here, and it will be shown why his solution is wrong.
For simplicity, Blum's analysis will be discussed only
for Dr==Dz » and the notation of the present paper will

be used. Blum obtained a general solution to eqn. (4.13)

of the form

8 .

2 .
M
c(r,z) = ~%— ty, ty,tnr o+ Y42 * ) Fn(r)Gn(z),(A.l)
n=1
where
F (r) = e d (ur) + £y, ur), (A.2)
G (z) = gncosh(unz) + hnsinh(unz) , (A.3)

and e > fn, g, hn are constants. The appearance of
the Bessel functions Jo and Yo » instead of the modi-
fied Bessel functions I, and K, , and of the hyper-
bolic functions sinh and cosh , instead of the trigo-
nometric function. sin and cos » distinguish Blum's
solution from the present solution. It results from
using the opposite sign for the separation constant when

solving eqn. (4.13) by separation of variables, and the

choice made by Blum was incorrect for this problem.
Blum satisfied the boundary condition, eqn. (4.14),

by setting y, = ‘%, e = YoWR) , £ = -J_(uR)

n
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and determining Moo n=1,2,3,... , from the eigenvalue

equation

Yo(R)I (W) - J (uR)Y (W) = 0 . (A.4)

2
The choice of e fn results in c(R,z) = Mﬁ DAY

- % 2n R + Y32z » SO that the tissue concentration is a

linear function of 2z at the capillary wall. The

boundary conditions, eqn. (4.15) and (4.16), were sat-
hn(l—cosh un)

isfied by Blum by choosing g, = SInh & and
n

determining hn from

Z hnunFn(r)

: (A.5
. Ys )

n
The tissue concentration, c(r,z) , is now completely
determined, and the capillary concentration C(z) is
determined uniquely by eqn. (4.18) and boundary condi-
tion eqn. (4.19). No use has been made of eqn. (4.17)
in obtaining these solutions, and there is no way that
it can now be satisfied. In fact, substituting the
solutions for C(z) and c(r,z) into eqn. (4.17) shows

that it is not satisfied.
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APPENDIX B

In this appendix, the orthogonality relation for
the eigenfunctions Wn(r) » as well as certain proper-
ties of these functions used in the text, will be
derived. By using the method of separation of variables
in eqns. (5.62)-(5.66), the eigenfunctions Wn(r) ,

n=1,2,3,... , satisfy the ordinary differential equation

1d dwn(r) 2
T dr r —dr + }\n‘}’n(r) =0 > Rirf_l 2 (B.l)
dwn(r)
T - =0 > ‘yn(R) =0 s (B.Z)
where eigenvalues An » n=1,2,3,... , are the roots of

eqn. (5.69).

If o and o  ~are two different eigenvalues, we

have
dy_(r)
%afr- T ‘%r_— + ai‘i’m(r) =0 ’ (B.3)
and.
da¥_(r)
1d n 2 _
T dr r —ar + an‘i’n(r) =0 (B.4)

Multiplying eqn. (B.3) by Wn(r) and eqn. (B.4) by

Wm(r) and subtracting, we get
d¥y_(r) f d¥_ (r)
2_ 2 - d n _ d m
(oo ) ¥, (0¥, (1) = “’m(r)a“f(r_dr—) ‘”n(”af(r—ar—“)

Integrating both sides of this with respect to r from
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R to 1, and applying boundary conditions, eqn. (B.2),
we have
2 2 1
(am-an) erWm(r)Wn(r)dr =0 . (B.5)
Since am+an » and a >0 , a >0 . From eqn. (B.5),

we have proved eqn. (5.85).

d¥_(r)
Multiplying eqn. (B.1) by 2 ——%;—— » we find that

2 2
d 5 de(r) . 2.2 de(r) - 0
ar|f \Tar — nt Tdr
Integrating this with respect to r from R to 1 s

and using integration by parts, yields

211 1
1 d¥ (r)
2 - 1 27 n 1 2,2
erWn(r)dr > T [ T J t 5T Wn(r) . (B.6)
n

R R

Applying boundary conditions, eqn. (B.2), and eqn. (5.71)

to eqn. (B.6), this gives eqn. (5.86).

1
The integration, f rWn(r)dr » n=1,2,3,... , can
R
be calculated by directly using the definition of

Wn(r) , eqn. (5.68). We have

1 1
f r?n(r)dr = I r[Yo(AnR)JO(Anr)—JO(AnR)YO(Anr)]dr

R R (B.7)
Since
1 dJ_(z)
chJo(c)dc =l @) =t ——
and
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1 dYo(g)
chYo(c)dc - oY (1) =t —G -,
which can be found in textbooks of Bessel functions,

eqn. (B.7) becomes

Jl 1 [ dJ _(x r) dY (A r)J
T

b4 d Y (A o] J (A2 _R)
T, (1)dr OGR) —2q2— - I (A R) —°r 2

n
- l_(r d_wn_(rl)
Az dr
n

- Applying boundary condition, eqn. (B.Z)l, and eqn.

(B.8)

R

(5.71) to eqn. (B.8), this completes the calculation of
eqn. (5.89).
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