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ABSTRACT

The turbulent boundary layer in a conical diffuser, with 

the inlet airflow oscillating sinusoidally, was studied 

experimentally and theoretically. The diffuser

inlet diameter is 100 mm and the flow is characterized 

by an entrance Reynolds number on the order of 12.0000.

The 3-degree (half-angle) diffuser flow is in the turbu­

lent regime throughout the test section, and no separa­

tion occurs. Oscillation frequencies span the range of 

5-30 Hz with amplitudes approximately 10 percent of the 

time-averaged velocities.

Mappings of the oscillatory response were made by a hot 

wire anemometer, and the signals were processed on-line 

by a laboratory computer to obtain the phase average of 

the unsteady velocity field. The oscillatory response 

pattern of the streamwise velocity component in the 

outer region of the boundary layer crosses over between 

amplification and attenuation, and between phase lead 

and lag, along the test section length, at a rate re­

lated to the oscillation frequency. A phase lead is 

established in the inner region throughout the test 

section.

In place of a direct attack on the 3-dimensional (x,y,t), 
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time-dependent boundary layer equations, the equations 

for the oscillatory component were derived and solved 

numerically. The oscillatory Reynolds shear stresses 

are modeled as the product of the time-invariant (time­

average) local eddy viscosity and the local oscillatory 

velocity gradient. The strongly coupled flow requires 

that the core flow response be used as a boundary 

condition. The eddy viscosity modeling scheme is capa­

ble of simulating the boundary layer response qualita­

tively in that the inner phase lead is reproduced 

throughout and the pattern crossovers are established 

in the outer region., However, the predicted pattern 

crossover rate and the predicted magnitudes of the 

pattern excursions exceed the experimental values.
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1. INTRODUCTION

Boundary layer development in the presence of periodic 

oscillations is not uncommon. Two such instances where 

sophisticated design requires a knowledge of the os­

cillatory response are the external flow over the sur­

face of a helicopter rotor blade in flight, and the 

internal flow in the blade passages of rotating turbo­

machinery. The work of this report was stimulated by 

an interest in the problems of determining the flow on 

the blade surfaces and passage walls in turbines and 

compressors. For internal flow the blockage caused by 

the boundary layer is determined by the oscillatory 

response, and the amplitude and phase change of the os­

cillation in the core flow, along the length of the flow 

path is, in turn, coupled to the boundary layer block­

age pattern.

The results of several studies are available in the lit­

erature in which the time-dependent flow field in the 

blade passages of turbomachinery test equipment was 

measured experimentally. Evans (l)1 measured the flow 

field oscillations between the rotor and stator of a 

^Underlined numbers in parentheses designate citations 

in the REFERENCES section.
3



single stage experimental compressor with a hot wire 

anemometer. Figure 1.1 shows a portion of the results 

obtained. The passing of the pressure surface of the 

rotor blade causes the steep drop in U , and the passing 

suction surface is indicated by the more gradual rise 

which follows. Evans reported the results of oscil­

lating boundary layer measurements in the same facility 

(2) which show that there is a shift between the laminar 

and turbulent regimes during each cycle at the 30 per­

cent chord location. This phenomenon produces a 180 deg 

phase difference between the boundary layer and core 

flow oscillations. Similar behavior was reported by 

Gostelow (2) for measurements in a cascade of aerofoils 

mounted in a gust tunnel. Hirsch and Kool (4) extended 

these techniques to measure the 3-dimensional flow 

field behind an axial compressor stage using a rotating 

slant wire probe.

Unsteady diffuser flow work was begun at Lehigh Univer- 

siety in 1971 under the direction of Prof. A. H. Sten- 

ning. In 1973 Stenning and Schachenmann (£) published 

the results of measurements in a conical diffuser for 
3 4

10 < ReD <10 . The work reported here is the second

phase of a project begun jointly by the author and 
4



Schachenmann to study the dynamic response in oscilla­

tory diffuser flow for Re^'v 150,000. Schachenmann* s 

work was directed primarily at measuring and modeling 

the core flow response, and he has proposed simplified 

representations of the required boundary layer input 

for the limiting cases of very high and very low fre­

quency. He has published the initial set of experi­

mental data and his theoretical results in.references 

(6), (£), (8).

The objective of the follow-on work reported herein 

is to study in detail the oscillatory response of the 

turbulent boundary layer developing in the diffuser 

test section. Very limited experimental information on 

oscillatory turbulent boundary layers has been made 

available in the literature to this point in time, and 

no controlled study for an internal flow in a non-zero 

pressure gradient has been reported. This study has 

produced a set of mappings of the boundary layer re­

sponse for a range of input frequencies. A theoretical 

model was developed for the purpose of evaluating the 

performance of a time-invariant eddy viscosity closure 

scheme. The data are used for comparison with the 

theoretical predictions.

5



This study does not address the subjects of separation 

or transition between the laminar and turbulent regimes. 

For the boundary layer model the converse situation from 

that of the Schachenmann study applies, in that the core 

flow response is required as input to the boundary layer 

calculation. A complete solution of the oscillatory 

diffuser flow field would be an iterative process com­

bining a core flow model and a boundary layer simulation, 

but this was not attempted.

6



2. BACKGROUND

2.1 GENERAL

The equations of motion governing the oscillating tur­

bulent flow in a conical diffuser are derived in this 

chapter in order to provide a framework for the report 

which follows. The phase-averaging procedure is des­

cribed and the format used in the presentation of the 

results is discussed. • The development of the equations 

for the modeling study is continued in Chapter 5• The 

final section in this chapter presents a review of the 

literature related to this area of study.

2.2 THEORETICAL BACKGROUND

Basic Equations

Coordinate System

The time dependent equations governing the flow can be 

written (see Ref. (_9_) ) , for a general, orthogonal, 

curvilinear coordinate system, in the following form 

continuity

(2.1a)

7



x^-momentum

rau, Uàij! + U», au, Uj au, 
Lat ax, "Sx». axa 

-

=KT^3 &; (khjO^)-^ (h,h, %) fh, h^)]

Xg-momentum 1

=h, Kh, [&, h%l7^)]

■ ôha_ \2i£ ôV\,_ _ KJTs 8h% Vâ ^hA 
hih3 sx5 hxh, ex( h^3 ax^\A axj2-ic)

x^-momentum 

raus, u, au3. au^ , Us au$
^Lat h, ax, axx. h5 ax3

_n/aK _ U3 3h?\ m / Uv ahi\l
ax3 hTK axj* 2 axx axvJ

=KK3,
-hB_ ah, .77? _ dh3 _Ùh _ dhi _E^_ âh> ( o i
T7K; ax. XKLôxt hjhi ax? h3h^ ax3^,J

8



For the following assumption;

► incompressible flow regime (div V = 0) 

the components of the stress tensor are given by

PT

VU --P*

=- p  *

r» =/{ . (

The axisymmetric coordinate system within which the 

diffuser flow field is described is shown in Figure 2.1. 

The Xj-coordinate lies along a generatrix of the inside 

surface of the conical flow passage, the Xg-coordinate 

is normal to this surface, and x^ is the angular distance 

in the circumferential direction, mutually perpendicular 

to the x^ and y^ axes. The following notation applies:

x1 = x, U1 = U

x2 = y, U2 = V 

x^ = 9, = W.

9



The distance r , in the plane of the flow cross­

section, from the passage centerline to a specified 

point ( X, y, G ), is given by

r = R(x)-^ (Los X (2.3)

where

R(x) = R (o) + X 5m PC (2.4)

P( — const. (conical diffuser 
half-angle).

Ideally, the flow in a conical passage has spherical 

symmetry with the origin located at the vertex of the 

cone. The axisymmetric coordinate system used here 

approximates the spherical flow surfaces by conical sec­

tions; however, the deviations are negligibly small for 

the small angle of divergence of the test section studied. 

The metric coefficients ( kpk^.and k?) are specified in 

the definition of arc length,d S , given by

ds2" = h?dx2 + kidy1 + d9 ,

so that

hi = 1 

ht = 1 

s r. (2.5)

(Note that this system accommodates streamwise diver­

gence and transverse curvature. For the more general 

case of streamwise curvature and transverse curvature, the 

angle X is a function of X , and dx/dx =-/fô» where

10



followsis the streamwise radius of curvature (10). It 

that h, = L + for the general case.)

Substituting equations 2.2 and 2.5 into equation 

and applying the assumptions listed:

► axisymmetric flow (a/ae =0)
► incompressible, constant properties (□, 

gives the following results:

2.1,

= Const

continuity

4 —r

x-momentum

ax

= -dP 
ax

y-momentum

(2.6a)

(2.6b)

(2.6c)

11



9-momentum

à (^))+?%ÿ(r^

+ + (2-6d)

Phase-averaging

The standard procedure used to permit calculations for 

turbulent flow involves decomposing the flow properties 

and separating the random fluctuating component due to 

the turbulence from the time-averaged component. The 

equations of motion are then expanded to incorporate 

this decomposition,and a final time-averaging is done 

term by term. For steady flow, the x-component of velo­

city can be written as the sum of a time-averaged com­

ponent and a fluctuating component,

LtU.y,!) = ÛU,y) + (2.7)

where

° (2.8)

The | denotes the time period over which the average is 

taken.

If the flow is non-steady, the decomposition takes the 

form of the sum of an ensemble-averaged component and a 

12



fluctuating component,

U'(x,y,-L) (2.9)

where

u(x,y,t)n.

The n denotes the nth data record, and N is the total 

number of data records used in determining the average. 

If the non-steady flow properties vary periodically 

with time, the ensemble-averaging process (which ex­

perimentally would require a large number of data 

records) can be replaced by phase-averaging (which is 

accomplished experimentally with a single data record 

containing a large number of complete cycles of the os­

cillation) ,

\ * -LJ-, 

where T is the period of the oscillation. The phase­

averaging process is illustrated in Figure 2.2.

The decomposition (2.9) is applied, followed by phase­

averaging each of the terms of equations (2.6). The 

rules listed below are used when phase-averaging com­

binations of the components in the terms of the equa­

tions:

13



The Ô -momentum equation is eliminated by the following 

assumption:

► zero swirl velocity = o),

and equations(2.6) become

continuity

(2.12a)

x-momentum

3 x d y

+ <U> Hv} + Zvy à<v> 
at bx



Base Flow Equations

Oscillatory Component Equations

The phase-averaged flow properties of (2.12) are further 

decomposed into a time-average component and an oscil­

latory component,

<u(x,y,t)> = ü(x,y) + Q(XjY,t) (2.13)

where U is de filled by (2.8) .

Time-averaging the terms of (2.12) after substitution of 

the decomposition (2.13) produces the base flow equa­

tions. The following rules and nomenclature apply :

U = Oj Ü V = o

<üv> =5^ + 5^ ..
Sv♦St=Sv
<av>-Sv= nv.

Subtracting the base flow from (2.12) gives the oscilla­

tory component equations.

The equations can new be written in two sets,

15



Boundary layer (time-averaged base flow);

continuity

— (r u) + ( r v \ - O
dx 1 dy 1

x-momentum

(2.14a)

Lt + v ~ P
d X 3 y ? SX

w2-
(2.14b)

7 (2.14c)

(Note: The shaded circle symbols denote terms retained

in a subsequent boundary layer approximation 

analysis.)

16



l^^<^X^ay5r_(.osçW ) :

. coHÉjjiyitnr •

’ x-momentum • • e e

• A,

«-Làf 
pHx

(2.15a)

‘(^4
W) +

• VA' * ■ v J \ / \ \ J

y-momentum

=4W

(Note: The significance of the shaded circle symbols is 

defined with equations 2.14)
17



Core Flow

The core flow equations are developed by the same pro­

process of phase-averaging, decomposition, and separa­

tion of the time-averaged and oscillatory components. 

The phase-average momentum equation is given as follows :

(216)

Decomposition to <UCL>= UCL +UCL , time-averaging, 

and separating the base flow and oscillatory component 

gives,

Core flow (time-average):

□TL  aücl, l a (uct uct)_ _j _ a pcl  

ax - ? 3A (2.17)

Core flow (oscillatory component) :

] +1 a //ticL üSTrâ 
Ou L o A o A J * oA \ * * *

- -± apcL
Ç SX . (2.18)

Boundary Layer Equations/Small Amplitude Linearization

In the boundary layer, because the gradients of the flow 

properties perpendicular to the solid surface are much 

larger than the gradients parallel to the surface, some 

of the terms in equations (2.14) and (2.15) can be ne­

glected. The order of magnitude ((9) of U is UCL ,

18



X = (9Cl ) , and r = #CL), so that â(r u)/8X ■ @(UCA.).

I— is a reference dimension which is defined as the test

section length. The continuity equation (2.14a) then 

requires that ^(r^/dy = (D (ÙC*l ). Since y = (£> (6^ 

this gives v = (9(UCLK Ô/L),

In the time-average x-momentum equation (2.14b) all of 

the terms which are marked with shaded circles are 

of the order (P(UCL^ Those which are unmarked are 

at least 100 times smaller in magnitude and they are 

omitted in the boundary layer approximation. The 

pressure variable, P , is the order of magnitude of 

(f )(uci?) tutcL "V = (OeLKyREL. It can be shown that, in 

the boundary layer, the inertia force per unit volume, 

(P^UC^/L) , and the viscous force per unit volume, 

are of the same order of magnitude. It 

follows then that

or

The viscous shear stress term "v^ r ayir =

( L7ax re l ) which, by using (2.19), is 

©(ÛCL7L) , and the term is thus retained.
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The terms SinX and do s K are respectively Æ) (0.1) and 

(9 (l«0) for small K . It is assumed that U y(-(9(dUE)) 

is the relevant scale for the turbulent motion (see(11)) 

so that L([Ut = (9 (. oi U£) . The oscillatory velocity 

U* (9 (. 1 UE) and, assuming that the continuity 

equation (2.15a) applies over the transverse scale 6 , 

the oscillatory component V = (9(-l UE 6/Q. The compo­

nent W is assumed to be no larger in magnitude than V .

Applying these definitions to the time-average y-momen- 

turn equation (2.14c) gives the result that all of the 

terms are at least an order of magnitude smaller than 

- '4 a P/dy (= SCik -l Yl  « L/s)) , so that, in the 

boundary layer, _

ay = 0 * (2.20)

In the phase-average equations of motion, oscillatory 

components are assumed to be (9 (.1 x time-average compo­

nent) , e.g. U-ÆGiÜ~E)j 0[Ut=(9(.0OI Û£ ) , and 

U V = (9 (. ÛO I U £^<ô/L ) . The terms marked with a 

shaded circle in equations (2.15) are retained and the 

others are omitted in the boundary layer equations. The 

y-momentum equation (2.15c) becomes

’ (2.2i)
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The core flow equations, (2.17) and (2.18), are treated 

similarly so that terms which are quadratic in the 

oscillatory component UCL are omitted.

The equations of motion are now given as,

Base Flow, Boundary Layer and Core Flow: 

continuity

A;(raU^O-v)=o
(2.22a)

momentum

+ V

P

Ç dx

(2.22b)

core flow__
UCL 4"

(2.22c)

Oscillatory Component, Boundary Layer and Core Flow:

continuity

0
(2.23a)

momentum

(2.23b)

core flow, ~

X. L A J \ 3 A • (2.23c)
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Presentation of the Oscillatory Response

The experimental and theoretical oscillatory response 

of the boundary layer will, in general, be presented in 

terms of the amplitude ratio and phase difference of U 

with respect to a reference oscillation. Figure 2.3 

is an illustration of the measured response in the 

boundary layer at a single x-station. The U oscillation 

is superimposed on the time-average Ü profile. The line 

segments indicate the amplitude, A U , and the position 

of the data point shows the phase relationship to the 

centerline oscillation which is represented at the 

outermost point. These data translate into the amplitude 

ratio and phase difference patterns shown in Figure 2.4. 

The amplitude amplification in the outer region, and 

attenuation close to the wall is shown. A phase lead 

pattern is established across the boundary layer with 

a maximum in the region closest to the wall.
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2.3 HISTORICAL BACKGROUND

The oscillatory laminar boundary layer has been studied 

extensively from a theoretical point of view. The 

first important paper was that of Lighthill (12) 

who treated the case of a boundary layer flow around a 

circular cylinder. Lighthill developed a low and a 

high frequency model, and he predicted a crossover 

frequency at each point on the body surface. Nicker­

son (13.) refined Lighthill's low frequency analysis. 

The asymptotic solutions of several authors, which are 

essentially extensions of Lighthill's solutions, are 

discussed by Pedley(14). Details of the high fre­

quency solution are reported by Lin (1£).

Experimental data were obtained by Hill and Sterming 

(16) for laminar flat plate (Blasius) flow, and for 

diffusing (Howarth) flow. They developed an improved 

model for the intermediate frequency range which is 

based on the shear wave (high frequency) solution and 

accounts for first order convective effects by a suc­

cessive approximation procedure. Recently, Patel (1?) 

has measured laminar boundary layer response with a 

traveling wave imposed on the freestream velocity, and 

he has developed an analysis which is similar to the 
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Lighthill theory.

Several studies of the oscillatory response in fully- 

developed, turbulent channel or pipe flows have been 

reported. Hussain and Reynolds (18) compared the 

measurements of the interaction between weak, orgainzed 

waves generated upstream by a vibrating ribbon and the 

background turbulence,in a 2-dimensional channel, with 

predictions from modified Orr-Sommerfield equations. 

The same apparatus with a new cylindrical pulser was 

used by Acharya and Reynolds (1£) to measure the 

channel response to oscillations on the order of 3% 

of the average velocity. They tested several levels 

of Reynolds stress modeling with limited success, con­

cluding that adequate modeling of the pressure strain 

correlations is a crucial step.

Brown, et al, (20) compared predictions of a high fre­

quency model with high frequency data for the attenua­

tion and velocity of wave propagation in small diameter 

(^10 mm) fluid lines with imposed oscillations. A time­

invariant eddy viscosity modeling of the Reynolds 

stresses worked well in this regime. A low frequency 

model and a transition band prediction were also de­

veloped but not tested. Margolis and Brown (21) 
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reported the completion of the experimental work show­

ing good agreement between low frequency data and a 

quasi-steady, friction factor-based model. Unexpected 

and dramatic peaks in attenuation and phase velocity 

were found within the predicted transition band.

Theoretical modeling of the oscillating turbulent 

boundary layer has progressed from the use of integral 

methods, e.g. McDonald and Shamroth (22), to the use 

of differential methods with multi-equation turbulence 

models. Singleton, et al (2£) adapted a differential 

method originally developed for 3-dimensional, steady 

flow. A one-equation Reynolds stress closure model was 

used to predict zero and positive pressure gradient 

flows. An algebraic eddy viscosity (zero-equation mo­

del) modified for unsteady flow was tested by Cebeci 

(24) and the results agreed reasonably well with the 

flat plate data of Karlsson (see below, and (27)). 

Cousteix, et al (2^) have compared the results of four 

different types of models with detailed measurements 

they have made in a zero pressure gradient boundary 

layer flow at 43 Hz and amplitudes up to 37%. The mo­

dels included*(1) integral method, (2) mixing length, 

(3) /mixing length, and (4) k- 6 /low Re (see 
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Chapter 5 for a classification of these methods). 

Theory vs data comparisons were generally satisfactory 

with the more sophisticated models giving more detailed 

information. Patel (26) has extended his earlier 

laminar work (see above and (1£)) to the turbulent 

boundary layer regime. He devised low and high fre­

quency models, following the strategy used by Lighthill 

on laminar layers, and compared his results to response 

data for a traveling wave oscillation. The original 

detailed oscillating turbulent boundary layer data was 

reported by Karlsson (2%) in 1959, and it was the only 

data available until very recently. His flat plate 

data spanned a frequency range of .33-48.0 Hz-for ÜË 

~ 5 m/sec, and measurements were made at one x-station.

Heat transfer measurements for a flat plate oscillating 

turbulent boundary layer were reported by Miller (28). 

An excellent review on transition in oscillating 

boundary layers was written by Loehrke, et al (2£).

Two of several reviews of unsteady fluid dynamics, which 

include oscillatory shear flows, have been authored by 

McCroskey (^O) and Brocher (^1).
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3. EXPERIMENTAL EQUIPMENT AND PROCEDURE

3 • 1 INTRODUCTION

A periodic velocity oscillation is introduced into the 

flow at the inlet of the conical flow passage where the 

wall boundary layer is very thin. The objective is to 

measure and compare the amplitudes and phase orienta­

tions of the corresponding oscillations produced in 

the boundary layer as it develops in the test section. 

A hot wire anemometer system produces an analog (volt­

age) output which is related to the velocity in the flow 

field at the point where the wire probe is positioned. 

The output signal is decomposed into its time average, 

oscillatory, and fluctuating components. The probe can 

be traversed in the streamwise and transverse directions 

to accomplish a full mapping of the test section flow 

field. The velocity data are further processed as 

necessary in order to present a characterization of the 

oscillatory response of the test section flow.

Subsection 3.2 presents a description of the equipment 

used, outlines the test procedure, and discusses pro­

blems associated with the data acquisition phase. Sub­

section 3.3 follows a similar format for the data reduc­

tion phase.
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Preliminary test data and results are 

presented in this Chapter where appropriate, and the 

main body of the test results, together with discussion, 

are presented in Chapter 4.

3.2 DATA ACQUISITION

Equipment

Air Flow Circuit

The air flow test circuit is shown in Figure 3.1. Air 

is supplied by an 18-bladed, 11.2 kW centrifugal fan. 

The air is drawn in from the ground floor of the building 

through a residential furnace filter and sliding throttle 

valve, and is delivered to the third floor laboratory 

through 304.8 mm (12.0 in.) diameter, sheet metal duct­

ing. The air is taken into a plenum box which is 750 x 

750 x 750 mm. The plenum exit is located 3500 mm up­

stream of the test section inlet. A sliding valve is 

located in the roof of the plenum box which is used to 

bleed air out of the flow circuit to control the velocity 

at the test section inlet. At the exit of the plenum 

there is a 152.4 mm (6 in.) length of plexiglass duct 

152.4 mm in diameter with a screen filter insert which 

serves to back pressure the box for better flow uniform­

ity. The plexiglass plenum outlet tube is connected to 

the wave-maker valve assembly by 304.8 mm (12 in.) 

diameter sheet metal ducting.
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The wave-maker valve is 2585 mm upstream of the test 

section inlet. The assembly includes the three-plate 

valve with a plywood-flanged, 304.8 mm diameter plexi­

glass duct section on both the upstream and downstream 

sides. Located at the exit of the assembly is a screen 

and plywood insert whose pattern was tailored to produce 

uniform flow in the test section.

One sheet metal duct and one plexiglass duct, both 

304.8 mm diameter connect the wave-maker valve assembly 

to a machined, steel nozzle which contracts to 101.6 mm 

(4.0 in.) at its exit. Just upstream of the nozzle a 

honeycomb insert 76.2 mm (3 in.) long with 3•2 mm(l/8in.) 

hexagonal cells is used to insure non-swirling flow in 

the test section. A plexiglass cylindrical tube, 

101.6 mm (4 in.) in length, connects the nozzle exit to 

the test section inlet.

Test Section

The test section is a conical diffuser constructed of 

fiberglass and epoxy resin (see Figure 3»2). The inlet 

diameter is 101.6 mm (4.0 in.). The outlet diameter is 

165.4 mm (6.51 in. ) , and the length is 609.6 mm (24.0 in.) 

The diffuser angle included between the centerline and 

one wall (half-angle) is 30• The centerline distance is 

divided into 25 x-stations (0-24) which are spaced 
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25.4 mm (1 in.) apart; X-station=O is located at the 

point where the 3° divergence "begins, and there is a 

constant diameter section which extends 32 mm upstream 

of this location. X-station=24 is 6 mm from the end of 

the diffuser duct. The inside walls of the test sec­

tion are very smooth to eliminate any effects of wall 

roughness on the boundary layer behavior. Five wall 

pressure taps are located in a row at x-stations 

0,6,12,18 and 24.

The experimental results are represented within a 

cylindrical coordinate system as shown in Figure 3.2. 

The x-coordinate is parallel to the test section center­

line. The y-coordinate defines the transverse direc­

tion in the boundary layer and it lies in a plane per­

pendicular to the center-line. R(x)is the local radius 

of the test section, and r(= R-y) is the distance from 

the centerline to the point (x,y). This coordinate 

system differs from that described in Chapter 2 within 

which the equations of motion are derived. Spatial 

locations differ between the two systems on the order 

of 1.25 mm at the outer edge of the boundary layer for 

the 3-degree diffuser angle.
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Wave-maker Valve

The sliding plate, wave-maker valve is constructed of 

three aluminum sections and two plywood flanges as shown 

in Figure 3-3 The upstream, stationary plate has a 

pattern of twelve, 19.0 x 50.8 mm slots (16% open area). 

The center, sliding plate has an identical pattern of 

slots. The downstream, stationary plate serves to retain 

the center plate on its sliding track and its flow area 

is 100% open except for two horizontal guide strips each 12.7 mm 

in height Teflon strips are inserted between the sliding 

track and the top and bottom of the sliding plate to act 

as bearing surfaces. The sliding plate attaches by con­

necting rod to an adjustable camshaft assembly. Adjust­

ing the cam controls the length of stroke and the open 

slot area remaining at T.D.C, which in turn controls the 

amplitude of the oscillation. The camshaft is belt 

driven from a Master, 0.37 kW shunt wound, D.C. motor. 

The motor is connected to the power source through a 

Minarik, Model SH-56, Motor Speed Control which is used 

to set the frequency of the oscillation. Photographs of 

the valve assembly are shown in Figure 3-4 and a schema­

tic of the drive and control components is shown in 

Figure 3.5.
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Instrumentation

The instrumentation for data acquisition is shown in 

Figure 3-5. Instantaneous velocity data is obtained 

using a DISA, constant temperature hot wire anemometer 

system comprised of the following units:

55001 Anemometer

55D10 Linéariser

55F35 Right Angle Probe

55H21 Probe Support

The probe wire is platinum plated tungsten 5^m(.0002 in. ) 

in diameter, and 1.25 mm (.050 in. ) in length. The ane­

momet er/linearizer voltage output is proportional to the 

total velocity sensed at the probe tip. The total velo= 

city is the sum of the time-average, oscillatory, and 

fluctuating components.

The total signal is inserted into a DISA, 55030, D.C. 

voltmeter to obtain a readout proportional to the time­

average velocity component, Ü. A DISA, 55D35, r.m.s. 

voltmeter reading is proportional to . A Digi­

tal Equipment Corporation POP 8/E, laboratory computer 
AJ 

extracts the oscillatory component, U, from the total 

signal by phase-averaging.

Prior to processing by the laboratory computer the D.C. 

component is subtracted out of the anemometer/linearizer 
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output by a zero-suppressor. This is done to accommo­

date the * 1 V. limits for the analog input of the DEC 

computer. The zero-suppressor offsets the D.C. level of 

the input signal and passes through the A.C. signal com­

ponents unchanged. The resulting A.C. signal is dis­

played on an oscilloscope for monitoring purposes and 

is then processed into the computer.

For the phase averaging operation, the DEC computer also 

requires a triggering signal input which fires once 

during each cycle of the wave-maker valve oscillation at 

the same phase angle position each time. This signal is 

generated by a photocell circuit located at the wave­

maker valve camshaft drive. A notched disk rotates with 

the camshaft and allows the light from a flashlight bulb 

to energize the photocell once during each full cycle. 

The photocell circuit then generates a square wave 

signal which is used for triggering the sampling sequence 

of the computer-phase averaging operation. The fre­

quency of the photocell output (wave-maker valve fre­

quency) is monitored on a Hewlett Packard, Model 5216a , 

Electronic Counter.
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The phase averaging process is defined in detail 

in Chapter 2. The laboratory computer essentially sam­

ples , digitizes, and stores a large number of data re­

cords from the zero-suppressor output. Each record is 

one full oscillation of the input waveform (wave-maker 

valve oscillation) in length, all begun at exactly the 

same phase angle position. The computer then averages 

the data records, which, in principal, for a sufficiently 

large number of records will produce the pure oscilla­

tory component of the input signal. In practice, the 

D.C. component is not entirely removed- by the zero­

suppressor, and the fluctuating component is not entirely 

removed in the phase averaging process. The extraction 

of the oscillatory component from the total signal is 

completed by numerically processing the digitized data.

The analog input to the computer is routed through an 

8-channel multiplexer to an analog-to-digital (ATD) con­

verter. The computer’s sampling, calculation, and dis­

play functions are controlled by a user supplied program 

written in BASIC language. The control program is stored 

permanently on magnetic tape compatible with the compu­

ter's tape drive systems. The input parameters of sam­

pling rate (SR), number of samples per sweep set 

(NPPSWP), and the number of sweep sets (NSWEEP) are
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calculated to correspond to the wave-maker valve fre­

quency . SR (no. sec. between samples) x NPPSWP = the 

length of one data record. NSWEEP = the total number 

of records used in the average.

The analog signal levels are continuously digitized in 

the ATD converter. When the sampling sequence is ini­

tiated , the trigger signal causes the ATD to be sampled 

every SR msec for NPPSWP times. The array of sampled 

signal levels is retained in storage. The first trigger 

signal following the completion of the initial sweep set 

initiates the second set, followed by the third, fourth, 

etc. The signal levels from the second sweep set are 

added to the respective entries in the sampling array 

already in storage. Each point value in succeeding sweep 

sets is added to its respective sum in the array. The 

signal from the photocell circuit causes the (Schmitt) 

trigger in the lab computer to start the sampling se­

quence for each sweep set at exactly the same phase an­

gle position of the wave-maker valve oscillation.

When the specified number of sweep sets are completed, 

each of the NPPSWP sums are divided by NSWEEP. The array 

of the results is the point-by-point phase average of the 

input wave form.■
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The phase average is displayed on an oscilloscope, and 

it is output to punched paper tape and to printed format 

by teletype.

Traversing Mechanism

The hot wire probe is positioned in the flow through the 

open outlet of the test section. A traversing carriage 

which supports the probe rests on the tracks of an op­

tical bench which is positioned parallel to the test sec­

tion axis downstream of the exit. The probe support is 

fitted into a 6.4 mm di am. pipe mounting tube. The 

total length from the probe tip to the end of the mount­

ing tube is approximately 900 mm. The mounting tube is 

bolted into a fixture on the traversing carriage. The 

probe is traversed parallel to the axis by sliding the 

carriage along the tracks of the optical bench. A pointer 

fixed to the carriage marks the position of the probe 

(x-coordinate) on a scale fixed to the optical bench.

The mounting tube fixture is traversed perpendi­

cular to the test section axis by turning a lead screw 

on the carriage. The position of the probe (y-coordinate) 

i s monitored by a dial indicator with divisions of 

.025 mm (.001 in.). The traversing mechanism with the 

mounting tube and probe, and the test sectinn are shown 

in the photograph of Figure 3.2. An overview of the air­

flow circuit and instrumentation is shown in Figure 3-6.
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Numerical Fourier Decomposition

The punched paper tape output of the DEC laboratory com­

puter , together with a control tape are read into the 

university's CDC 6400 computer and the information is 

transferred to an internal temporary file via a compu­

ter center user library program. A computer calculation 

procedure then transfers the raw data on the temporary 

file to punched cards and printed output. The residual 

non-oscillatory component in the data is removed, and the 

data are converted from voltage to velocity units. A 

second computer calculation procedure decomposes the 

phase-average waveform into its sinusoidal harmonic com­

ponents by a numerical Fourier analysis.

Data Acquisition - Procedure

The data acquisition procedure is given in the following 

steps :

PRIOR TO THE TEST RUN

(1) Warm up the electronic units for a minimum of 4 hrs. 

(2) Clean and inspect hot wire probe.

(3) Check system for leaks, lubrication, etc.

(4) Check calibration of voltmeters and oscilloscope. 

(5) Check operation of triggering signal circuit.

(6) Align probe support tube. Adjust X and Y 

coordinate indicators.
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(7) Run air flow through the test circuit to bring 

the components up to operating temperature.

(8) Calibrate anemometer and linéariser.

(9) Set, record, and settle out the test section 

inlet conditions.

DURING THE TEST RUN:

(1) The test section inlet conditions are set imme­

diately following the anemometer system calibra­

tion. The linéariser voltage output (time­

average ) and the air stream temperature and 

pressure at the test section inlet are recorded. 

All test variables are monitored continuously 

throughout the run and the calibration of the 

anemometer system is checked periodically. A 

change in temperature of 2°C requires a re­

calibration of the anemometer system.

(2) For each data point, record the anemometer time- 

averaged signal component and X and Y coordinate 

distances. Process the oscillatory component 

of the anemometer output online through the 

laboratory computer obtaining punched paper 

tape and teletype, printed output.
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FOLLOWING THE TEST RUN:

(1) Recheck all of the instrumentation for cali­

brations and zero settings.

(2) Submit the paper tape output of the lab computer, 

together with a control tape, for conversion to 

punched card and printed output by the univer­

sity's CDC 6400 computer.

(3) Submit the punched card data decks' with a numeri­

cal Fourier decomposition computer calculation 

procedure to obtain the sinusoidal harmonic 

components of the phase-averaged wave form at 

each data point.

(4) Transfer the time-averaged data to punched card 

format for further data reduction.

Data Acquisition - Discussion

Test Section Conditions - Resonant Frequencies 

The resonant frequencies of the test section cavity 

were determined by introducing an acoustic wave with 

a signal generator/amplifier/loudspeaker system and 

measuring the response by traversing- with a condenser 

microphone. Standing waves were found to occur at
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170 Hz (fundamental), ]40 Hz (2nd harmonie), 510 Hz, 

etc. Original plans to use an air supply fan with a 

"blade-passing frequency of 3^5 Hz had to be altered 

since this unit caused an excitation of the 2nd har­

monic resonance. The replacement fan blade passing 

frequency of 525 Hz, although close to the third har­

monic , did not produce a detectable standing wave in 

the test section. Also, the wave-maker valve fre­

quencies , which were in the range of 5-35 Hz, were not 

in close proximity to the resonance points.

There will be, superimposed on the boundary layer 

response, an extraneous disturbance caused by acoustic 

feedback from the test section exit. The effect on 

the results is expected to be insignificant with the 

possible exception of x-station 24. No attempt was 

made to measure or to eliminate the problem.

Test Section Conditions - Flow Uniformity

A considerable amount of work was required to produce 

uniform flow in the test section. The flow symmetry 

under steady flow conditions is shown for the time- aver­

aged velocity, U, and the turbulence intensity, Urmg, in 
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Figure 3*7- The symmetry of the oscillatory velocity 

component, U, over the flow cross section is illustrated 

in Figure 3-8. The diffuser angle, plenum box config­

uration, the orientation and sizes of the ducting and 

the wave-maker valve design, were dictated, in part, by 

the flow uniformity requirements. Final adjustments were 

made by tailoring a plywood and screening insert at the 

exit of the wave-maker valve assembly section.

Hot Wire Anemometer Measurement

The accuracy with which the time-average or steady flow 

velocities (U) in the test section can be measured de­

pends primarily upon the accuracy with which the linear- 

izer output can be made to match the true value of a 

reference velocity over the range expected in the tests. 

Additional considerations include the probe spatial 

resolution, calibration drift, effects of wall proximity, 

and the directional sensitivity of the wire.

The reference airflow used for calibration was the 

centerline flow at the exit of the test section. During 

calibration a pitot-static probe and the hot wire probe 

are positioned side by side in the reference flow field. 

A mercury-in-glass thermometer is located in the flow 
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upstream of the test section. The true velocity is 

determined from the pitot-static and temperature data.

A constant temperature anemometer is essentially a 

Wheatstone bridge with the hot wire probe acting as one 

of the bridge arm resistances. An operating tempera­

ture is chosen for the wire depending on the oxidation 

limits of the material (e.g.^,315 C. for a tungsten 

wire). The resistance of the active (probe) branch of 

the bridge when the probe is at operating temperature 

can be calculated. The resistance in the passive branch 

is set to match the desired active branch resistance. 

When the anemometer is operating in still air it will 

supply just enough voltage across the wire to raise its 

temperature to the point where the bridge is balanced. 

When the hot probe is placed in an air stream, the flow 

will tend to cool the wire and to change its resistance. 

The anemometer circuit keeps the bridge in balance by 

varying the voltage across the probe to maintain the 

selected operating temperature. The voltage across the 

probe (X) is a function only of the velocity of the air 

stream (U) if the temperature remains constant at the 

calibration value.

According to King’s law (see Bradshaw(32) ) , which is

42



derived from a semi-empirical relationship for forced 

convection heat transfer from a wire in a crossflow,

sr - + Ciir
where

Vo ' V at U - O.
Solving for the velocity, U , gives

U= l]"

The anemometer output voltages ( V—► Vm , V,—^Vnq  

are nut into a linearizer (non-linear amplifier) which 

produces an output of the form,

Vou -t = C3 - il”1 
(linearized ) 5 LS Vimo  * J .

The system is calibrated over a selected range of refer­

ence velocities. The exponent vrt is adjusted at the 

control panel so that Vout  is a linear function of 

U ({.e. nt = ^/h). The air velocity across the wire is 

then directly proportional to the anemometer system 

output,
U = C 4 A Vô HT 

(LINEARISE R.) 

and the proportionality constant can be calculated from 

the calibration data. .

A linearizer calibration plot is shown in Figure 3.9.

The reference velocities spanned a range of 25.0-5.5 m/sec,

43



and velocity measurements were made over a range of 

30.48-1.5 m/sec. It is permissible to make moderate 

extrapolations of the calibration of a hot wire against 

a Pitot tube (see(^2). Sect. 8.3) except for speeds less 

than .3 m/sec where linearity cannot be maintained and 

special calibration methods must be used. The position 

and slope of the line in Figure 3•9 are both important 

for absolute velocity measurements. Bradshaw (32) 

maintains that the uncertainty in the slope can be ex­

pected to be on the order of ±10%. With care in cali­

bration the linearizer output could be made to match 

the reference velocity over the calibration range to 

the accuracy with which the voltmeter could be read. 

The finest division on the voltmeter scale was 

0.002 V.D.C. (0-10 V.D.C. range); however, during cali­

bration the uncertainty in the reading is estimated to 

be t 0.03 V.D.C. because of the motion of the scale. 

This band translates to ± .18 m/sec for the scale 

factor being used, and the overall uncertainty in U is 

estimated at ± 15% near the wall to ± 2% in the core 

flow.

The hot wire probe tip is constructed to minimize its 

interference with the flow field. The probe prongs are 

0-5 mm diameter and they are tapered to the point where 
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the wire is welded. The prongs extend 5 mm at a right 

angle from the probe support body. The platinum plated, 

tungsten wire is m diameter and 1.25 mm in length. 

The question of adequate spatial resolution arises where 

very small scale turbulence measurements are being made 

and the eddy wave lengths may be of the same order as 

the wire length. The wavelength of the 30 Hz oscilla­

tion used in these tests is many times greater than the 

1.25 mm wire length.

During operation of a hot wire anemometer the calibra­

tion can "drift" from its original setting for a number 

of reasons. Dirt buildup was minimized in these tests 

by the installation of three filter screens at three 

different locations in the airflow circuit. The probe 

wire was washed before each test by brushing carefully 

with acetone. An inspection under a microscope 

followed the cleaning. Another cause of drift is a 

change in temperature of the test section airflow. The 

absolute level of the calibration is affected to a 

much greater degree than the linearity by changing 

temperature so that this is more important when measuring 

U than when measuring U. The airflow temperature indi­

cator was closely monitored during the course of a test 

and a recalibration was performed for a change of more



than 2°C.

Tests with a 5/4 m wire in fully developed channel flow 

(23) indicated that increased heat transfer from the 

wire due to the proximity of the channel wall gave in­

accurately high velocity readings for y+<5. This effect 

appears in the steady flow data for 5 < y+ <15, and it is 

shown in the Law-of-the-Wall plots in Chapter 4.

The hot wire probe senses the vector sum of the xi y 

and 6 velocity components. The test circuit was de­

signed to provide non-swirling flow (W = 0). It was 

shown in Chapter 2 that V and V are on the order of 10 

to 100 times smaller than U and U respectively. Compari­

sons in steady and oscillatory flow with the probe in 

several different orientations showed no significant 

effect of the y and 8 velocity components on the data 

for Ü and (I .

Phase-Averaging

The accuracy of the oscillatory data depends primarily 

on the accuracy of the slope of the linearizer calibra­

tion curve, the frequency response of the instrumenta­

tion train, and the phase-averaging procedure. The 

accuracy of the linearizer calibration was discussed in 

the previous section. An amplitude measurement for a 
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single boundary layer y-station utilizes only a small seg­

ment of the linearizer curve ( 4 U— u//o ) ; however, each 

y-station is located on a different part of the curve 

and amplitude ratios are calculated with respect to the 

centerline oscillation. If the assumed calibration curve 

is flatter than the true curve, the reported amplitudes 

would be inaccurately high; and if the curve is too 

steep, the amplitude data would be low. Amplitude ra­

tios are affected similarly but to a lesser degree.

The limit of the true phase-averaging (requiring an in­

finite number of data samples) can be approached in 

practice by increasing the number of samples used to a 

point where any changes in the average become insigni­

ficant. At the centerline of the duct, where the tur­

bulence level is low, the oscillatory component is easily 

extracted as shown in Figure 3.10. There is little 

change in increasing the number of samples above 200, 

and the amplitudes of the higher harmonics are less than 

5 percent of the fundamental. Figures 3.11 and 3.12 

show more obvious effects for y-stations at the edge and 

in the middle of the boundary layer, respectively. A 

larger number of samples is required to eliminate the 

fluctuating component. Figure 3.13 shows the amplitudes 

of the fundamental and the higher harmonics corresponding 
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to the previous two figures. At .916 the Fourier 

fundamental can adequately define the oscillatory 

component using ,^500 samples as shown by the approach 

to a constant amplitude. The picture at .485" is not 

so clear. Using less than 500 samples is obviously 

inadequate. Above 500 samples an amplitude band is 

defined that is ± 8% of the average. The higher har­

monics are 5 percent or less of the fundamental.

The hot wire anemometer is adjusted during calibra­

tion so that negligible phase shift or amplitude 

modulation occurs out to 3 kHz. The zero suppressor 

and lab computer components were checked and adjust­

ments made in operation to minimize errors.

Based on an anlysis of the errors associated with 

specific operations, as discussed above, and an exam­

ination of the results of a number of sensitivity and re­

peatability checks, the estimated maximum uncertainty, 

with 95% confidence, in the oscillation amplitude is 

± 10%, and for the phase difference is ± 7 deg. The
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uncertainty is greater near the wall and smaller in 

the core flow. The higher harmonics are considered 

to be insignificant, and the response is adequately 

defined by the Fourier fundamental.

X and Y Coordinate Distances

The x-distance alignment is accomplished by positioning 

the traverse mechanism such that the probe tip contacts 

an alignment fixture which is inserted into the test . 

section with its front surface coincident with x-station 

0. A graduated-scale which is fastened to the base of 

the optical bench track is then adjusted to line up the 

zero with a pointer attached to the traversing carriage. 

The x-distance accuracy is a function of how well the 

pointer can be visually lined up with the scale divi­

sions.

The measurement of the distance of the hot wire probe tip 

from the wall is made difficult by the conical geometry 

of the test section.

49



A determination of one reference distance at each x-sta- 

tion is made in the following way: A strip of tape of 

known thickness,which is an electrical conductor,is 

installed along the length of the inside of the test 

section where the traversing will take place.

A dummy probe of the same dimensions as the probe to be 

used in the data run is placed in the probe support and 

aligned. The probe is traversed in toward the wall to a 

point where it is just touching the tape. Contact is de­

tected by an ohmmeter connected to the circuit from the 

probe electrical connector through the prong tips and 

through the conductor tape. At this point the probe dis­

tance from the wall is equal to the thickness of the tape. 

A dial indicator reading on the traversing mechanism is 

recorded and matched to the y-distance. The finest scale 

divisions on the dial indicator are 0.001 in. When the 

tape is removed and the run-probe is installed and 

aligned, the initial y-distance can then be determined 

using the dial indicator reading recorded as described 

above. As a final check before a data run, the probe 

distance from the wall is checked visually at x-station- 

24. Subsequent y-positions are set by the dial indica­

tor on the traverse mechanism.

At each x-station, an error in the initial y-distance 
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calibration will be propagated unchanged to all subse­

quent y-distances. Based on the repeatability of the 

calibration and the matchup of time averaged boundary 

layer profiles it is estimated that the uncertainty band 

in the y-distance is *0.125 mm.

3.3 DATA REDUCTION ■

Data Reduction - Procedure

Time Average (and Steady Flow) Velocity

From the time average and steady flow velocity data the 

boundary layer thickness parameters ôT and H are calcu­

lated, and the wall friction coefficient,0^,determined. 

These parameters serve to characterize the base flow, and 

the information is required in the theoretical study 

which follows. Law-of-the-wall and velocity-defect-law 

profiles were developed to further define the base flow. 

Boundary layer equilibrium parameters were determined. 

The core flow streamwise velocity gradient, dlLCL/dx was 

calculated numerically in order to define the pressure 

gradient conditions.

Oscillatory Velocity Data

The primary reduction of the oscillatory velocity data 

was accomplished in smoothing the phase averaged wave 

forms by numerical Fourier analysis as described above in 

the data acquisition procedure. The response patterns
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in the boundary layer are presented in terms of ampli­

tude ratios and phase differences with respect to refer­

ence oscillations on the diffuser centerline.

Data Reduction - Discussion

Boundary Layer Thickness Parameters

The axisymmetric boundary layer displacement thickness,

is defined as follows :

^dCL Qit Rx 81^ = Zv j^(u^L-U)(R-y)dy

The right hand side (RHS) is the deficit in mass flow

rate through a cross section of the diffuser caused by 

the retardation of the flow in the boundary layer. This 

is equated (LHS) to the mass flow rate of the fluid with 

a uniform velocity, UCL, through a cross section of area 

2irRHAx. The ZirR SlAxcan be considered to be the part 

of the cross sectional area which is blocked off due to 

the boundary layer resistance. The effective flow area, 

AEFF, is then

AE FF = tt Rx-Zit RS1ax

and the volume flow rate, Q, at a cross section of the 

diffuser is

Q = UCL * AEFF
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The axisymmetric momentum thickness, 0 2^, is defined by

% ÛCL1 xitfR * S2ax  = 2mr j U(ÛLCL-ll)(R-x)dy 

where the right hand side is the deficit in momentum 

flux through a cross section caused by the boundary layer 

velocity gradient.

The boundary layer displacement thickness, 61^ the momen­

tum thickness, 62^, and the shape factor, H*, are calculated 

for the axisymmetric coordinate system of the test sec­

tion, as follows:

^,1 )

<3-2 )

° m » 01^/52^ (3.3 )

Note that in the definition (3.1) the di** is not physi­

cally the distance that the annular blocked area extends 

inward along a radius from the wall of the test section. 

The equation which does define this physical distance is 

given by
___ r8

x UCL * Ztt  (R- ) % 61 = 2-.lt J^( HCL-Ll)(R-y) dy

and
“'2^ * £ ( I -5cl X \ 

so that

^lAx = 81-

For the case where R»ô , the boundary layer geometry may 

be approximated to be 2-dimensional, and:



The experimental velocity profiles are numerically inte­

grated to obtain the boundary layer thickness parameters. 

This involves curve fitting and smoothing the data points. 

The primary requirement is that the methods are consis­

tent where comparisons are to be made. The 

difficulty lies in making the calculations very 

close to the wall where data points are few and 

the velocity gradient very steep.

One of the most extensive projects for reducing boundary 

layer data was carried out by Coles for the 1968 Stanford 

University, Boundary Layer Conference (see (^4)). Coles 

published results using two methods. The first involved 

a parabolic curve fitting of sets of three points 

with smoothing by overlap-averaging. In the second, 

the data were fitted by a Law-of-the-Wake profile and 

this curve was integrated analytically from the wall to 

= 50, beyond which the integration scheme continued 

numerically by the first method. The first method of 

Coles was followed in this study for the calculation of 

the axisymmetric thickness parameters for both the time 

averaged and steady flow data. A variation on the second 

method using the Law-of-the-Wall was used to calculate 

the 2-D thickness parameters required for profile 

fitting in the theoretical study.
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In the curve fitting, overlap averaging method, a 

polynomial of degree 2 is fitted through three 

data points. The required integrals are evaluated for 

the intervals between points #1 and #2 (= A12(I)), and 

between points #2 and #3 (=A2^(I)). The whole process 

is then moved outward away from the wall by one data 

point so that the new set of three points includes the 

previous #2 and #3 points (now #1 and #2) and one addi­

tional point. The integrals are again evaluated for the 

intervals between points and the values for the repeated 

interval are averaged

A = An(1) * Avx Cl41) 
" 2 -

The calculation begins at the wall (y=0, U=O) so that the 

interval between the wall and the first data point is 

not repeated and averaged. The same is true of the last 

interval which is bounded by the first data point at 

which U=UCL.

In the profile fitting method, the data points are fitted 

with the Law-of-the-Wall profile :

sublayer
0^ y + <4 U* = 'y* (3*4)

buffer ,
AS y* <30 LT = Co + Ct (in y*) ♦ Ci. (in y*)1--*. C3 (in w) 

fully turbulent . "

30 S y* LC -â+Hny' + 5.00 (3.6)

where U/= Q/U.^ y* = y 11^/^ and Ut  - U.CL V Cp / Z 1 •
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The constants in the buffer profile are determined by 

matching slopes and ordinates with the sublayer on one 

end and the log region on the other. The determination 

of Cp from the data is discussed below.

The Law-of-the-Wall profile is integrated analytically 

from the wall (y=y+=O) to the first data point in the 

fully turbulent region. From this point on, the inte­

gration is continued using the curve fitting, overlap­

averaging method described above.

Boundary Layer Wall Friction

The shear stress at the wall of the test section is ex­

pressed in terms of a friction coefficient,

(3.7)

The friction coefficient was obtained from the boundary 

layer velocity data by use of the Law-of-the-Wall. The 

Law-of-the-Wall profile in the logarithmic region is 

given by equation (3 >5)• After substitution and re-

arrangement , this equation becomes

(3.8)

For each data point (y.U.ÜÜL) a solution is obtained for

The method for selecting Op is illustrated
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in Figure 3.14. The coordinates are the U/ÜCL and

^y)(UCL)^V^of equation (3.8) , and the loci of constant

Cy are the solid straight lines in the logarthmic region 

of the boundary layer. The curved portion of the solid, 

constant Cp curves are plots of equation (3.4), repre­

senting the sublayer region of the Law of the Wall.

The logarithmic, or fully turbulent region, of the 

boundary layer is defined where the data points fall 

along a straight line parallel to a line of constant 

Cp. The value of Cp in this region is the correct solu­

tion for the profile data points. As an example, for the 

data shown, for x-station 22, Up=.00105. This method was 

proposed by Mauser (35) and has been used extensively 

for calculating Cp from boundary layer velocity profiles. 

The results of a sensitivity study indicated that the un­

certainty associated with the calculation of Cp is ± 5%.

Numerical Differentiation

The time-averaged centerline velocity data are numerically 

differentiated in order to characterize the diffuser per­

formance in terms of the pressure gradient profile

HE = ÜCL 
dx ' d. X • 

In the theoretical study it was required to obtain stream­

wise derivatives for the time average boundary layer
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thickness parameters and for the oscillatory component of 

the centerline velocity. The numerical differentiation 

procedure involves fitting a smooth curve to the data 

points and obtaining the derivatives from the equation 

of the curve.

The time-average, centerline velocity data were fitted by 

a least squares, polynomial regression. The procedure is 

to minimize the sum of the squares of the differences be­

tween data and curve fit by adjusting the polynomial coef­

ficients. The curve fits for a range of polynomial de­

grees were computer plotted against the data for visual 

examination. Centerline velocity data were obtained at 

four additional points,extending 100 mm both upstream and 

downstream of the test section, to insure the smoothness 

of the curve fit at the inlet and exit. A choice of the 

degree of the polynomial which gave the best fit was based 

on visual examination and a comparison of tabulated curve 

fit values of ÛCL, dÛCL/dx, and d2UCL/dx2, and the 

apparent concavity and location of an inflexion point 

in the data.
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4. EXPERIMENTAL RESULTS

4.1 TEST VARIABLES

Definition

The test variables which were controlled during the 

study are the following:

. Test section geometry:

Inlet diameter (D(O))

Diffuser half-angle (X ) 

Centerline length (L) 

. Inlet centerline velocity (UCL(O)) 

. Inlet oscillation amplitude (AUCL(0)) 

. Oscillation frequency (FREQ).

The non-dimensional test parameters listed below are 

derived from the test variables, and they are 

used to characterize the test conditions reported. These 

parameters represent ratios of forces acting on the 

fluid particles, in oscillatory viscous flow. They are 

useful in discussing the response patterns, and they are 

the measures of dynamic similarity which allow the re­

sults to be compared with those from other studies:

. Inlet Reynolds number (ReD = (UCL(O))(D(O))/0) 

. Pressure Gradient parameter ( ^ = (ôP/dx)) 
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. Oscillation amplitude ratio (At/CL (X)/UCL(X))

. Reduced frequency (c3x = «2.1Y(FREQ)(x)/ÜC7l (X)).

The experimental tests were run in two separate sets. 

The first set was conducted jointly with A. A. 

Schachenmann. The data from this set will be referred 

to as Data Set-1 (DS-1). The tests run and the condi­

tions for each run are listed in Table 5.1. The DS-1 

results have been reported by Schachenmann (_6_). These 

were used primarily to show the response of the dif­

fuser core flow to the oscillations. Boundary layer 

response was measured at five x-stations (0,6,12,18,24) 

in the test section.

The tests from which have come the results of Data Set-2 

(DS-2) are an extension of DS-1 and they were per­

formed by the author. The tests and conditions are 

listed in Table 5•2, and the results are reported and 

discussed herein. The primary objective of the DS-2 tests 

was to determine the boundary layer response. Modifica­

tions made in the testing equipment and procedure allowed 

the measurement of the oscillatory response at thirteen 

x-stations in the test section. The DS-2 results give a 

complete picture of the velocity response in a conical 

diffuser to oscillations in the core flow. It was de­

sired to test as wide a range as possible of each para­

meter which might affect the response, and it 



was desired to vary each parameter independently as far 

as was possible. The extent to which these goals were 

met is discussed in the following paragraphs.

Test Section Geometry

A single test section geometry was used for all of the 

tests of DS-1 and DS-2. An inlet diameter of 101.6 mm 

(4.0 in.) was chosen to provide, together with the in­

let velocity, a Reynolds number, Re^, on the order of 

magnitude of 150,000 which is comparable to a portion 

of the Re^ range for turbomachinery blade passages. The 

30 diffuser half-angle gave a stable, attached flow 

throughout the test section. The angle was selected in 

order to avoid the transitory or continuously separated flow 

regimes. A 60 diffuser was tested and found to be unsatis­

factory . The walls of the test section were made hydro­

dynamically smooth so that wall roughness was elimi­

nated as a variable.

Inlet Centerline Velocity

Inlet centerline velocity, UCL(O), ranged from 18.29­

30.48 m/sec (60-100 ft/sec). It was desired that a fully 

turbulent boundary layer be already established in the 

flow at x-station 0. A constant diameter duct section 

134 mm in length was built into the airflow circuit up­

stream of x-station 0 to accommodate the laminar to 
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turbulent transition. Pen recorder traces of the 

boundary layer velocity profiles, taken during prelim­

inary testing, indicated that 18.3 m/sec was a safe 

lower limit to assure that the turbulent flow regime 

was established at the test section inlet. The maxi­

mum capacity of the fan was 42.1 m/sec. Upon estab­

lishing the fact that the dependence of the oscillatory 

response on Re^ could not be shown within the limited 

range available with the test facility, most of the 

DS-2 tests were run at UCL(O) = 18.3 m/sec. These 

velocity levels represent a Mach number range of, 

.05-.12, which is well within the incompressible regime.

The streamwise pressure gradient in the test section is 

characterized by the dimensionless parameter 

(3 =(Sl/Tw)(dP/dx). This quantity can be shown to be a 

measure of the ratio of local pressure and shearing 

forces. The values of range from .14 to 17.07 over 

the test section length. This range can be described as 

a mild pressure gradient and the flow is one of decreas­

ing severity.

Oscillation Amplitude

The inlet oscillation amplitude (zero-to-peak) was 

varied in the range of 2-10% of the inlet centerline 

velocity. The maximum for each run was limited to the 
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point where"excessive vibrations occurred in the valve 

mechanism. The lower limit corresponds to the higher 

frequencies.

Oscillation Frequency

The oscillation frequencies ranged from 5 Hz to 30 Hz.

At 5 Hz the sinusoidal quality of the oscillation at the 

test section inlet began to show some deterioration.

The maximum of 35 Hz was the mechanical limit of the 

valve mechanism.

The reduced frequency parameter CUx - 
ncL(x)

physically expresses a ratio of local oscillatory accel­

eration to convective acceleration in the flow field 

(see Section 4.3). Characteristic values for the tests

OXL)/UCL(0)ranged from 0.5 to 7-3» while local

values, CD* , spanned .09 to 11.7.

Six categories of tests were run for DS-2: (1) Steady 

flow, boundary layer velocity profile tests; (2) time­

mean, boundary layer velocity profile tests ; (3) 7-8 

point, boundary layer oscillatory velocity tests taken 

at 13 x-stations; (4) 20-point, boundary layer oscilla­

tory velocity tests, taken at 5 x-stations; (5) boundary 

condition tests of velocity oscillations, taken on the 

test section centerline, at 13 x-stations; and 
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(6) initial condition tests of velocity oscillations, 

taken at 20 points through the boundary layer, at 

x-station 4.

4.2 EXPERIMENTAL STEADY FLOW

Characterization

Centerline Velocity

The centerline velocity profiles through the test sec­

tion, and the streamwise velocity gradient profiles 

for UCL(O) = 18.3 and 30.5 m/sec are shown in Figure 4.1. 

Note that in the conical geometry the velocity gradient 

increases in magnitude very sharply from the inlet to 

approximately x-station 3. At this point the boundary 

layer growth begins to counteract the wall divergence, 

and the centerline velocity profile then progressively 

flattens out through the remaining length of the test 

section. On the centerline the turbulence intensity 

ratio U / UCL(0) was on the order of 1^.

Boundary Layer

Steady flow, boundary layer velocity profiles at thir­

teen x-stations are shown for UCL(O) = 18.29 m/sec in 

Figure 4.2, and for UCL(O) = 30.48 m/sec in Figure 4.3. 

The normalized profiles, U/UCL vs Y, are virtually iden­

tical for the two inlet velocities. The classic shape 

of a turbulent boundary layer developing in an adverse 
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pressure gradient is illustrated. The velocity has a 

very steep gradient just adjacent to the wall. The fluid 

near the wall is retarded to a progressively greater 

degree, with respect to the free stream velocity, at 

each x-station further downstream in the test section. 

At x-station 18 the profile begins to show the approach 

to separation as it develops a shape with two inflection 

points. The boundary layer thickness, Ô , ranges from 

5 mm to 45 mm for UCL(O) = 18.29 m/sec, and,30.48 m/sec.

The profiles of axisymmetric displacement thickness, 

61Ax » shape factor, H, and wall friction coefficient, 

Gp, are shown for UCL(O) = 18.29 m/sec and 30.48 m/sec 

in Figures 4.4 and 4.5 respectively. Since the normal­

ized boundary layer velocity profiles for the two inlet 

velocities match so closely, the profiles for the thick­

ness parameters, 01*% and H, are also nearly identical. 

The value for H reaches 2.3 at the end of the test sec­

tion giving a measure of the approach of the flow to 

separation. The skin friction decreases as the boundary 

layer thickens. A comparison of the wall shear stress 

profiles for the two inlet velocities is shown in 

Figure 4.6.
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More detailed information is provided for the primary 

base flow of UCL(O) = 18.29 m/secs

For descriptive reasons a turbulent boundary layer is 

generally divided into two regions, inner and outer 

(see Figure 4.7), because the mechanism of the flow 

near the wall is distinctly different from that 

near the free stream boundary. In the inner layer 

the presence of the solid boundary is felt through the 

fluid viscosity. The outer layer flow is intermittent. 

The turbulent eddies form a distinct, but continuously 

and randomly moving boundary with the irrotational free 

stream flow. At a given point location in the outer 

layer, the flow varies with time between free stream 

irrotational flow and turbulent eddy flow.

The inner layer is viewed, with even greater resolution, 

as being itself composed of three distinct 

regions. Viscous forces dominate in the viscous sub­

layer adjacent to the wall. The flow here is not iden­

tical to laminar flow but it has a highly ordered, time­

dependent turbulent structure in which turbulent fila­

ments are periodically ejected outward from the sub­

layer . The buffer layer is a transition between the sub­

layer and the fully turbulent region. The flow pattern 
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in the fully turbulent region is a very complicated, ap­

parently random, turbulent motio n over the entire plane of flow.

The universal nature of the inner region is illustrated 

by the Law of the Wall. The Law of the Wall describes 

the velocity profile of the inner layer in terms of the 

wall shear stress, 'Tyy. A characteristic velocity 

(friction velocity), , is defined by,

pU ÿ  = %v , or U? = (4.1)

A characteristic length is given by "Wu-y

The x-momentum equation for a two dimensional, incom­

pressible turbulent boundary layer is given by

where T is the laminar plus turbulent shear stress

The original derivation of the Law of the Wall was 

apnlied to a zero pressure gradient flow, d P/dx - 0 , so 

that, in the very thin film of the viscous sublayer, 

where U—> 0 , V—> 0 as the wall is approached,

T az Const = Yw 

and
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also , as y—>0then u'v'—> 0, and 

» A)(au/dy).

Integrating this equation and introducing the character­

istic velocity and length scales to non dimensionalize 

both sides gives

U4 = y4 0 £ 4
viscous sublayer. (4.2)

where

U* = Ü/Uvy 

y4 - y/W/u-r).

The assumption Tw is carried over to the fully tur­

bulent region where"V ay is small compared to ü/V 

and therefore

Uy =- - u'v'. (4.3)

The turbulent shear stress term on the RHS of the equa­

tion above can be modeled by a Boussinesq eddy viscosity 

equation (a detailed discussion of this level of turbu­

lence modeling is included in Chapter 5)

-UV - 3)t  dU/dy.
The eddy viscosity, "\)t  , is proportional to the product 

of a characteristic turbulence velocity and a character­

istic turbulence length,

On a flat plate the eddy viscosity has been shown to 

vary linearly with distance y from the wall.
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Using y oc^T and U*Y oc "Vf gives

"Ot  =
where

= Cons+cLnt"

Substituting into (4.J) gives

(J'y = 'XyU'y(^Û/3Y) *

Integration and nondime ns i onali zing yields

y+ + cons+ y* 30
fully turbulent 

region. (4.4)

The buffer profile is a third degree curve fit in (J^ y* ) 

which matches the ordinate and slope of the U"*" = f(y+) 

profile of the sublayer on one end, and of the fully 

turbulent region on the other,

U+= Co+ Ct (In y+)+ Ci (in C) (£n y+)3 4^ y+ < JO
buffer, (4.5)

A composite of the Law-of-the-Wall profiles for the thir­

teen x-stations of the UCL(O) = 18.29 m/sec run, DS-2/

Run 1 is presented in Figure 4.8. The wall shear stress, 

Q*w, at each x-station was determined as described in 

Section 3.3» and the solid curves are the corresponding 

Law-of-the-Wall profiles as described above. The extent 

of the fully turbulent region of the boundary layer is 

shown where the data points coincide with the straight 

line, logarithmic portion of the curve. The growth of
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the outer region is shown as the data points progressive­

ly deviate to a greater extent from the curve at each 

successive x-station. Deviation of the data point near­

est the wall from the profile curve is believed to be 

caused by experimental error. The wall proximity pro­

duces effects which result in an inaccurately high velo­

city reading from the hot wire anemometer. This source 

of error is discussed in Chapter 3.

A universality of the outer region of a turbulent bounda­

ry layer exists only for special cases where the ratio of 

pressure forces to shear forces, as expressed by the para­

meter 0, remains constant at every point in the flow. 

Only a few of these self-preserving or equilibrium flows 

have been measured experimentally: =0, flat plate ; 0 = 

1.8 and 8.0, Clauser (1954); £ =-0.35 and -0.53, Herring 

and Norbury (196?) (see (36), p. 122). The x-dependence 

of p for the non-self-preserving flow of DS-2/Run 1 is il­

lustrated in Figure 4.10. It can be shown that a self­

preserving boundary layer will have a universal velocity 

defect profile,

-S' Ue- vs fCy/j).

The function T will differ for each type of self-preserv­

ing layer, but, when the proper conditions are met, f is 

not a function of length Reynolds number or of surface 

roughness. The dissimilarity of a streamwise series of 
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velocity-defect profiles is then a measure of the devia­

tion of the flow development from equilibrium. The pro­

files for the 13 x-stations of DS-1/Run 1 are shown in 

Figure 4.11. The effect on the development of a non-equi­

librium pressure gradient profile is clearly seen in the 

changing shape of the defect profiles.

Diffuser Flow

The test section pressure recovery for UCL(0)=18.29 m/sec 

is characterized in Figure 4.11. The pressure recovery 

coefficient is defined as

c p = PCXCL)- P(o)/i p UCL.\o)»

From the Bernoulli equation, in the inviscid, 1-D core flow, 

P (XCL) - P(Q) «4*pÏÏCL^(O) - 4? Ûc L^QCCL).

Pressure recovery calculated from ÜCL data is shown as a 

solid curve in Figure 4.11.

Alternatively (see Chapter 3), 
AEFF = TR=--2irRSlAx 

UCL = Q./AEFF.

As a test of the consistency of the experimental results, 

Cp was calculated from 61^ data (open symbols). Volume 

flow rate, Q, was not measured directly but was calculated 

from UCL and AEFF data at x-station 0.

The diffuser inlet blockage parameter,8(d), is defined as
- AEFF^)_ 4 _ AEFF^ 

AW Acoy.
B(o)= .0191 for the UCL(0)=18.29 m/sec test.
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4.3 EXPERIMENTAL OSCILLATING FLOW

Results

Karlsson Data

The Karlsson (2%) data for an oscillating turbulent 

boundary layer on a flat plate are shown in Figures 

4.12 and 4.13. The main stream flow is given

by

UE (t) = UEtAUEeosœt.

The response of the velocity in the boundary layer is 

shown as a function of the main stream amplitude and 

frequency for a single x-station. The amplitude and 

phase in the figures are referenced to the local, main 

stream values.

The boundary layer exhibits a surprising variety of re­

sponses &r the frequency range of 0.33 to 7.65 Hz, 

and free stream amplitudes, aue /ue , on the order of 10 

percent. The amplitude ratio profiles, dU/AUE vs y/ô , 

clearly show that as frequency is increased the oscilla- 

bion penetrates unchanged deeper into the boundary layer, 

An amplification peak moves progressively from the outer 

region of the boundary layer closer to the wall as the 

frequency is increased over the range. The phase angle 

profile shows a lead (with respect to the local
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centerline oscillation) in the outer region for the 

lowest frequency. This gradually changes to a lag for 

1.33 Hz, and then changes to a zero phase angle for 

higher frequencies. Very near the wall AU/hUE-*0, and 

there is a phase lead over the entire frequency range. 

One test at a high frequency of 48 Hz showed that the 

oscillation penetrated unchanged all the way to the data 

point nearest the wall.

Data Set-1

The Karlsson study, like the experimental studies of 

Cousteix (2£ ) and Patel (26 ) show the response of the 

turbulent boundary layer to main stream oscillations 

which are independent of that response. For the internal 

flow of a diffuser, the boundary layer response is 

strongly coupled to the main stream oscillations. The 

main stream oscillation pattern cannot be considered as 

an independent forcing function which is simply defined 

as was done for the Karlsson tests. For an internal flow, 

the inlet velocity, oscillation frequency, oscillation 

amplitude and passage geometry are the independent test 

variables. The main stream (core flow) pattern is 

measured together with the boundary layer response.

A sample of the DS-1 results is presented in Figures
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4.14a and 4.14b to provide an historical perspective. 

Because of the coupling discussed above, a mapping of 

the whole test section is required to define the response. 

The variation in the response patterns along the test 

section length for a constant frequency can be seen. 

There is an obvious amplitude amplification at x-sta- 

tion 6 and switches between weak amplifications and 

attenuations at x-stations 12, 18, and 24. There are 

phase lag patterns in the outer region of the boundary 

layer at x-stations 6 and 12, no discernible pattern at 

18, and a phase lead bulge in the inner half of the layer 

at 24. The shortcoming of the DS-1 boundary layer 

results is that the evolution of the response pattern 

in the test section could not be determined since the 

mappings were done at an insufficient number of x-sta- 

tions.

Data Set-2

The principal portion of the DS-2 results are presented 

in Figures 4.15a and b to 4.20a and b. These are boun­

dary layer response mappings done at 50 mm intervals 

along the test section length. The inlet velocity was 

held constant at 18.3 m/sec for these six runs and the 

oscillation frequency was varied from 5 Hz to 30 Hz.
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At 5 Hz, near the inlet of the test section, the oscilla­

tion amplitude is attenuated in the inner half of the 

boundary layer, i.e. the amplitude ratio, &U(x,y)AUGL(x) , 

is less than 1.0. There is zero amplitude, 

of course, at the wall. In the

outer half of the boundary layer, a pattern of amplifi­

cation develops, beginning at x-station 12 and increasing 

to an amplitude ratio maximum of approximately 1.55 

at x-station 22. The phase difference exhibits a simi­

lar pattern of development. A phase lead maximum occurs 

at the data point just adjacent to the wall (the oscilla­

tion is damped out right at the wall so that no phase 

angle relationship exists). The closest data to the wall 

are at 0.15. At this y-location the phase lead increases 

from +8 at x-station 2, to +65 degrees at x-station 24. 

Across the boundary layer thickness, the phase angle 

relationship is nearly linear, from a maximum lead at 

the wall, to zero at the outer edge of the boundary 

layer.

The mappings for 10 Hz in Figures 4.16a and b show a 

pattern development similar to the 5 Hz data. It is 

obvious, however, that the 5 Hz type of pattern has moved 

upstream in the test section, and that a crossover of 

the pattern occurs further downstream. The increase in 
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amplitude ratio over the outer region of the boundary 

layer begins at x-station 2 and continues downstream to 

a maximum amplification at x-station 14. The amplitude 

ratio then begins to swing back in the opposite direc­

tion until it crosses over from amplification to atten­

uation at x-station 22. A similar response is shown for 

the phase angle. The maximum phase lead pattern occurs 

at x-station 8. Beyond this, the phase pattern swings 

back in the opposite direction until it crosses over 

from lead to lag, in the outer region, between x-stations 

12 and 14. In the inner region of the boundary layer, 

it appears that there exists always a phase lead.

The-response patterns move still further upstream for 

the 15 Hz case as shown in Figures 4.1?a and b. The 

amplitude ratio shows an amplification peak near x-sta­

tion 6, crosses over between x-stations 12 and 14, and 

shows an attenuation peak at x-station 22. Phase lead 

in the outer region persists only until a crossover 

occurs at x-station 6. There is a phase lag peak between 

x-stations 14 and 16, and a second crossover near 

x-station 24.

Beyond 15 Hz, the patterns can be easily identified only 

in the upstream one-half or one-third of the test section.



In the downstream portion of the test section, the 

response patterns at first appeared to vary randomly be­

tween amplification and attenuation, and phase lead and 

lag. A closer look established the fact that the number 

of crossovers in the patterns increased with frequency 

so that even the 50 mm mapping intervals used in DS-2 

did not provide sufficient resolution.

At 20 Hz the amplitude ratio pattern crosses over three 

times and the phase difference pattern four times. There 

are four each for the 25 Hz patterns and five each for 

30 Hz. The response patterns are illustrated and dis­

cussed in detail in a later subsection of this chapter.

The core flow response corresponding to the six tests 

just presented is shown in Figures 4.21a and b. In 

these figures the response is shown relative to the in­

let, centerline oscillation. It is evident that the 

core flow response is coupled to the boundary layer 

response. For the amplitude ratio, a best-fit curve is 

drawn through the data points and this is super­

imposed onto a second curve representing the 

slope of the time-average, core flow velocity 

decay.
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The phase difference patterns exhibit a number of 

crossovers corresponding to the amplitude ratio 

patterns for the same tests. Data points 

from several test runs at similar conditions 

are included in Figures 4.21a and b to illustrate 

repeatability.

Within the boundary layer, repeatability is illustrated 

in Figures 4.22a and b. The test runs shown were widely 

separated in time, and the procedure and equipment were 

modified to some extent between DS-1 and DS-2. The fact 

that the response patterns from each of the tests are 

nearly identical is an argument for the validity of the 

data.

A more detailed look at the data across the boundary 

layer is presented in Figures 4.23a through 4.23b. These 

are plots of the phase averaged data for the oscillatory 

component (= U(x,\/,t) ) vs time, in one cycle. Two x-sta­

tions (8 and 22) are shown for the 20 Hz runs. The linea­

rity of the oscillatory response is illustrated in the fig­

ures . The data points are well represented by the solid line,
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fundamental sinusoidal Fourier curves at all the y-loca­

tions shown. The scatter in the data points is caused 

by the fraction of the random turbulence velocity com­

ponent remaining in the data when a finite number of 

cycles is used in the phase averaging process. This 

subject is discussed in detail in Chapter 3. The re­

sponse at all locations is defined by a sinusoidal os­

cillation» of the identical frequency as the input fre­

quency , which is symmetrically superimposed on the local 

time-average velocity.

Discussion

Effect of Frequency

The oscillatory response pattern across the outer region 

of the boundary layer crosses between amplification and 

attenuation, and between phase lead and lag along the 

test section length at a rate related to the oscilla­

tion frequency. The pattern crossovers can be seen most 

clearly in the data plots of Figures 4.24a through f. 

These Figures show the amplitude ratio and phase differ­

ence (with respect to the inlet centerline oscillation) 

plotted vs x-station location. The core flow response 

is shown as a solid line, and the boundary layer data 

are plotted with curves showing the best smooth approxi­

mation to the points.
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The pattern crossover rate, and consequently the number 

of crossovers which occur in the test section length,can 

be related in an approximate way to the oscillation 

frequency and the effective residence time of the 

fluid in traveling from the inlet to the exit. The 

mechanism postulated is one in which the strongly 

coupled internal flow is characterized by a profile 

of cross-sectionally averaged velocities and a single 

residence time, and in which the pattern cross-overs 

are related to the number of oscillation cycles seen " 

by the fluid within the test section. As an example, 

if the boundary layer velocity at y/5 = 0.5 is chosen 

as a characteristic fluid velocity for the cross 

section at each x-station, the characteristic resi­

dence time for a particle of fluid obtained by inte­

grating over the test section length is 0.067 sec. -

The number of cycles which the fluid will see during 

its time in the test section can be obtained by divid­

ing the residence time by the oscillation period 

( T = 1/FREQ ). The results of such a calculation 

are shown tabulated below:
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X-Station^ 0 - 24

No.
Residence No. measured

FREQ T time calculated pattern
(1/sec) (sec) (secî) cycles cycles

5 .200 .067 .33 .3
10 .100 . 66 .6
15 .06? • 99 • 9
20 .050 1.33 1.7
25 .040 1.66 1.9
30 .033 I 2.02 2.2

The calculated number of cycles corresponds roughly 

with the number of cycles in the response pattern.

In addition, it can be seen from the figures that the 

crossovers are more closely spaced in the downstream por­

tion of the test section where the velocities are re­

duced . The calculated residence time for the upstream 

half of the test section (x-stations 0-12) is 0.025 sec. 

This means that the fluid would see slightly less than 

one-third of the total number of cycles in the first 

half of the test section and approximately two-thirds 

in the remaining half. Again, this corresponds roughly 

with the measured pattern crossover behavior.

In the boundary layer, the phase difference patterns lead 

the amplitude ratio patterns by 90 degrees. Illustra­

tion A, shown below, demonstrates the relationship.
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AMPLIF.

PHASE DIFFERENCE 
AMPLITUDE RATIO

LEAD

A. Relationship of boundary layer 
response patterns

As the phase pattern crosses from lead to lag the 

amplitude pattern passes through a maximum. During the 

half cycle that the phase is lagging, the amplitude is 

being attenuated. When the phase crosses from lag to 

lead the amplitude passes through its minimum. During ' 

the half cycle that the phase is leading,the amplitude 

is being amplified.

The boundary layer patterns are 180 degrees out-of­

phase with the core flow patterns. Illustration B, shown 

below, shows the relationship.

BOUNDARY LAYER AMPLITUDE

AMPLIF.* .
W AMPLITUDE

B. Relationship of boundary layer 
to core flow response
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The Figures 4.24a to 4.24f clearly show the crossover 

pattern that is established with respect to the stream­

wise direction as discussed above. The scatter in the 

data, however, obscures the details of the pattern with 

respect to the y-direction in the boundary layer. All 

of the data shown (0.2^y/ô^ 0.6) are in the outer or 

intermittent region. It does appear that the cross­

over patterns at all the levels shown in the boundary 

layer have approximately the same wavelength; however, 

it is not clear whether the patterns cross over in-phase, 

as shown in illustration C below, or out-of-phase, as 

shown in illustration D.

C. In-phase patterns D. Out-of-phase patterns

The out-of-phase crossover pattern is evident in the up­

stream portion of the test section especially for the 

first crossover, whereas, in the downstream portion, 

where for higher frequencies the oscillations are closer 

together, the pattern approaches the in-phase type.

It is also not clear from the data shown whether a speci­

fied y-location maintains its relative position in
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magnitude as it swings through the changeovers as shown 

in illustration E below, or whether the relative posi­

tions vary on the changeovers as shown in illustration F.

E. Relative position 
maintained

F. Relative position 
varies

These properties of the response patterns will be 

further discussed together with the presentation of 

the theoretical results in Chapter 6.

The data near the edge of the boundary layer

( yÆ = .6, .8, 1.0, C.L.) for the 10 Hz case are shown 

in Figure 4.25. The 0.63" location exhibits the maxi­

mum magnitude in amplitude over the length of the test 

section, and the maximum magnitude in phase difference 

in the downstream half. The 0.83" and 1.03" curves show 

a progressive approach towards the core flow response.

The data point nearest the wall in all cases is at 

0.13". In all but a few cases the phase at this loca­

tion is leading with respect to the local centerline.

Data from the inner region of the boundary layer are
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shown in detail in Figure 4.25b for the 15 Hz case 

(DS-2/Run 13). The viscous sublayer extends from the wall 

out to approximately .016". No data were obtained in this 

region. The buffer region lies approximately between 

.016 and .066, and the fully turbulent region extends 

from . 06ô to .206. The oscillation amplitude can be seen 

to be damped out only very close to the wall, in the sub­

layer . The data show the phase lead pattern which is 

established in the inner region.

Between the outer edge of the boundary layer and the near 

wall region the amplitude ratio and phase difference pat­

terns change dramatically with frequency and location in 

the test section. The mechanisms which produce the bound­

ary layer patterns are not well enough understood to pre­

sent a complete explanation.

The relationships of the free stream forces acting across 

the boundary layer can be illustrated by considering the 

components of the two-dimensional, unsteady boundary 

layer equation,

For an imposed oscillation of the form,

= UE + AU E sin (cot) f
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then

-JL <UE> _ △ UE co sin (cut + ^0) 

^(^7 = A + B sin (cot) +■ C Sin^cot) 

where
A = ÛB 3u£/ax

B = UË azxuE/dx 4-^UE bTTë/ô  X 

C = AUE 3AUE/3X .
The force exerted by 3<UE^/dt always leads oscillations 

in ^U^by 90°. The unsteady component of ^UE^{UE)/3X 

will be in phase with UE(f)for a favorable pressure gra­

dient ( + ) and 180° out of phase for an adverse pres­

sure gradient (B= - ). In laminar flow the opposing 

forces are the inertia terms and the viscous term 

3/ayW^(u>/dy ). The response in turbulent flow is com­

plicated by the addition of a time-dependent Reynolds 

stress term ^y(<uV>). The response patterns are 

a function of relative amplitudes and phase angles of 

all of the terms at a point in the flow. For turbulent 

flow, since the eddy structure does not adjust instan­

taneously to imposed perturbations, the upstream history 

effect is important.
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Reduced Frequency

The dynamic similarity parameter in oscillatory flow is 

the reduced frequency, co . Following Owczarek (37). 

a similarity parameter is defined as the ratio of 

a general force, F, to an inertia force,

F

where V and JL are a characteristic velocity and length, 

respectively. The acceleration , cl  , in oscillatory motion 

is proportional to the product of the square of the fre­

quency and the amplitude. The amplitude can he ex­

pressed as a length proportional to JL ,

F Wd. __ . FRE^T"
fVT pvV fvV/ V1 .

The reduced frequency parameter is taken as the square 

root of this ratio

qj  , UffXFgEQ)(£) 
Z V *

Physically CD expresses a ratio of local oscillatory 

acceleration to convective acceleration in the flow 

field.

Figure 4.26 shows the variation in ,

with x-station for all the frequencies tested. The simi­

larity of the oscillatory response is shown as a func­

tion of CD* for y/ô" = 0.6 in Figure 4.27. The 5 Hz test 
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covers a range of cu% from 0 to 1.95 and the 30 'Hz test 

covers a range up to 11.69. Similarity of the response 

is approached at the higher frequencies, 20-30 Hz, while 

the curves for 5, 10 and 15 Hz show dissimilar patterns. 

An upstream history argument can be made to explain 

these results. Figure 4.26 indicates that each of the 

frequency runs has a different co* development pattern, 

but that the curves become more closely spaced for the 

higher frequencies. The response similarity matchup 

follows the trend of the cox development matchup.

A comparison of two test runs with identical £ox devel­

opment is shown in Figures 4.28a and b. For one run, 

FREQ = 10 Hz and Re^ = 120,000, and for the other, 

FREQ = 16.6 Hz and Re^ = 200,000. The oscillatory re­

sponse is virtually identical across the, entire test 

section length.

Effect of Oscillation Amplitude 

Oscillation amplitude AUCL(0)/UCL(0) was varied only in 

the range of 0-10% for all of the test runs of DS-2. 

Within this range, the effect of varying amplitude is 

shown by the data plots of Figures 4.29 and 4.30. Three 

sets of test data are plotted, for amplitudes of 2.7%, 

5.6%, and 8.6%, and no systematic variation in the re­

sponse can be seen.
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Effect of Re^ and Pressure Gradient

The ranges of Re^ (120,000 to 200,000), and the resulting 

pressure gradient (single test section geometry with 

diffuser half-angle = 3 degrees) were not sufficient to 

reso.lve specifically the dependence of the oscillatory 

response on these parameters. The extent to which these 

effects were tested was discussed in the previous sec­

tion on reduced frequency.

Comparison of Time-average and Steady Flow 

Steady flow boundary layer data (no oscillations imposed) 

are compared with time-averaged data (with oscillations 

imposed) in Figure 4.Jl. The base flow in all cases was 

for ReD = 120,000 and UCL(O) = 18.29 m/sec. The time­

average data was taken from two runs in which the oscil­

lation amplitude was at the high end of the range used in 

DS-2: △UCL(O)/ÜCL(O) = 9.2% for 15 Hz, and AUCL(O)/ÏÏCL(O) 

= 10.6% for 5 Hz. Within the range of the variables 

tested, the thickness parameters, ô"T and H, and the wall 

friction coefficient, Op, for the steady and time­

average flows are virtually identical. This property 

of the oscillatory response will be utilized in un­

coupling the base flow and oscillatory components in 

the theoretical study.
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5. EDDY VISCOSITY MODELING

5.1 PHILOSOPHY

The modeling of the core response in the previous study 

of oscillating diffuser flow by Schachenmann (6) re­

quired the boundary layer response as input. Schachen­

mann proposed simplified representations for the limit­

ing cases of very high frequency and very low frequency. 

The detailed boundary layer data acquired in the cur­

rent study makes more practicable an attempt at model­

ing the boundary layer response directly. The converse 

situation from that of the Schachenmann study applies, 

in that the core flow response is required as input to 

the boundary layer calculation. A complete solution 

of the oscillatory diffuser flow field would be an 

iterative process combining a core flow model and a 

boundary layer model.

In place of a direct attack on the three-dimensional 

(x,y,t), time-dependent, boundary layer equations, 

the equations for the oscillatory component are derived 

and solved numerically. The oscillatory flow cannot be 

completely uncoupled from the time-averaged flow however, 

as the convective terms in the momentum equations are 

mixed products of oscillatory and time-averaged components.
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Based on the experimental evidence that the base flow is 

essentially unaffected by the oscillation, the time-aver­

age boundary layer solution is obtained separately by a 

profile fitting technique and the results are input to 

the oscillatory calculation. This separate solution 

method serves to isolate the performance of the turbu­

lence modeling within the oscillatory flow. The response 

is obtained using a well-tested finite differencing and 

solution technique.

The goal of the theoretical study was to test the valid­

ity of the use of a specific eddy viscosity model in an 

oscillatory flow situation. The oscillatory Reynolds 

shear stresses are modeled as the product of the time-in­

variant (time-averaged) local eddy viscosity and the local 

oscillatory velocity gradient. A complete linearized mo­

del would add to this the product of the local eddy visco­

sity perturbations (ensemble-averaged) and the local time 

invariant (time-averaged) velocity gradient. This second 

component has been shown to be of comparable magnitude as 

the first in pipe flow (20), so its neglect should be ex­

pected to be serious. It is omitted, nevertheless, be­

cause of difficulties it would introduce, with the hope 

that the comparison of the data with the results of the 

model will at least enhance qualitative understanding of 

the behavior.
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5.2 DERIVATION OF THE EQUATIONS

The boundary layer equations for the time-average base 

flow and for the oscillatory flow component were derived 

in Chapter 2. Combining the core flow, (2.22c) and 

(2.23c), and momentum equations, (2.22b) and (2.23b), 

gives the following set:

.Boundary Layer Equations - Base Flow:

continuity

^r^) + ^ÿ(r^ = 0 (5.1a )

momentum

.Boundary Layer Equations - Oscillatory Component:

momentum

= ^gL + fûCL^- + UCL^:

The oscillating flow properties can be represented by

a cosine series:

A u^(x,y) eos (x,y)). ( 5.3 )
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Following the simplification which was imposed in de­

fining the response measured experimentally, the theore­

tical response is limited to the fundamental by setting 

n=l,

= A U Cos (out + (5.4 )

It is convenient to the solution procedure to substitute 

the exponential form for the RHS of ( 5.4 ),

6 U Cos (cut + 4>) = 6^e
-6?e {zxue^e8^}

= <Re {4^}. ( 5.5 ;

The quantity is a complex amplitude,

,= ûllcos 4>+ Mu. Sind?
’Ur HUj  ( 5*6 )

and

au  = i/u777v  ( 5.7 )

d) = tan"1 (( 5«8 )

The convention is used that since the real component

( 5•5 ) is a solution to the linear equations ( 5,2 ), 

the complex function is also a solution, and it

is this quantity that is substituted into (5.2 ). The 

time dimension is eliminated from the solution by can­

celing the common factor giving
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Oscillatory Component;

continuity

(5.9a )

momentum

= icu^CL -b^(L4CL^(CL)

(5.9b )

where is the complex amplitude of V and {ü'vJ is the 

complex amplitude of RuV)-ü'vJ .

By use of equation ( 5.6 ), the oscillatory component 

equations are separated into a real and an imaginary set 

as follows:

(5.10a)

(5.11a)

momentum

+ vau*]

-œ(UCLi-Ui) + ^(ÜCL UCLr )

(5.10b)

(5.11b)
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5-3 SOLUTION OF THE TIME-AVERAGE FLOW

Profile Fitting

The time-average, boundary layer flow field is deter­

mined and represented mathematically by the use of a pro­

file fitting procedure which matches Thompson (^9 two- 

parameter velocity profiles to experimentally determined 

thickness parameters. The solution of the oscillatory 

component flow requires that Q ,dQ/dX, and dQ/dy be de­

fined (v is eliminated in a transformation of the two 

dependent velocity variables U and V to a single stream 

function variable, lp , through the continuity equation). 

The Thompson profile uses the Law-of-the-Wall formulation 

for the inner region of the boundary layer, and a blend­

ing of the Law-of-the-Wall velocity and the free stream 

velocity by an intermittency function for the outer region,

Q = ( u LAW-wall ) + ( I -'Y) UCL . (5.12 )

Figure 4.7 illustrates the composite form of the velocity 

profile. A turbulent boundary layer is composed of an 

inner region, whose structure is influenced by the inter­

action of turbulence eddies, the fluid viscosity and the 

wall, and an outer region, in which the turbulence eddies 

intermittently interrupt the main stream flow. The inner 

region velocity can, with a few exceptions, be universally 

described (independent of the streamwise location) by the
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Law of the Wall:

sublayer

o $ y+ < 4 U+ = y* (5.13a )

buffer (5.13b)

4 y* < 30 U^Co^.^y^C^ny^CA/)3
logarithmic

30$ y* U.4 = m Y^+ 5.00 (5.13c)

where U*- Ulawwmu /Uy , yu^/V, o-nj Ur= UCLV^F/z2, 

so that ÜLAw WALL = (ÜCÛ ) x (U+Cy+J) (5-14)

For the outer region the characteristic velocity is cho­

sen to be the free stream velocity, UCL. The character­

istic length is a boundary layer thickness parameter, & s . 

which is defined in the description of the intermittency 

function, 'X . A correlation for *X was made by Sarnecki(39) 

from a large collection of mean velocity profile data. A 

mathematical formulation, developed by MoD Galbraith and 

Head ( 40) to produce a smooth curve for d û/dy» is given by

0 < 0.05

0.05 <%s $0.3 

0.3 < %, 0.1 

0-7 < Vis ^015 

( /

1 - I

H -I-Z.otll^s-O.osy

H = 4.4053(y/is-0.5)'-/.8503(Vis-0.5)*-0.5

T * 2.U2l4(0.î5-Và3)1‘

Of - 0. (5.15 )
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The intermittency function T vs is shown in Figure 5.1. 

The correlating parameter 6S has no physical significance. 

The boundary layer thickness, 6 , is taken as the value of 

Y where Ü/ÜCL = 0.

Dividing equation (5.12) by UCL gives

(5.16 )

The Law-of-the-Wall velocity can be expressed in terms of

Cf and 5$ :

H LAW WALL

UCL
(5.17 )

where 
U* = (5". 13) (5'18

and

Re$s = ÇuCl/ôs ) (5.19 )

The velocity profile (5-16) can now be written in terms of 

the two parameters, Cp and 6$ (or Re ,

(C.F, Re^.Y (5.20 )

The profile fitting procedure involves the systematic ad­

justment of Cp and 5s (or Re£S) until the thickness parameters , 

W s 0120/02x0 and Re^2 - (^CL)(6Z2,d)/^ , of the 

Thompson profile,match the experimental data. For each 

Cp iteration the is adjusted until the A 's are 

matched, and then Cp is adjusted until finally the 
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Re ^2, R’s are matched

For a velocity profile representation which is to be in­

put to a numerical boundary layer calculation, the re­

quirements are that the points be closely spaced and nu­

merically smooth so that differentiation to obtain 

and is possible. Sixty-one points are calculated

in each profile. 4 in the sublayer, 9 in the buffer, 8, 

closely spaced, near the outer edge of the boundary layer, 

and the remainder are equidistantly spaced in between. 

A time—average velocity profile is generated at each x- 

location where a numerical solution for the oscillatory 

flow is performed. The thickness parameters K and 

for locations between the data stations are obtained from 

polynomial curve fits to the thickness profiles. The 

curve fitting procedure is outlined in Chapter 3.

The Thompson profiles are shown matched with the data in 

Figures 5•2 and 5•3 for UCL(O) = 18.3 m/sec. The match­

up between the two is excellent for the 18.3 m/sec case 

except for the data point nearest the the wall which 

falls below the Thompson profile. The experimental pro­

file defined by this last data point is steeper near the 

wall than the Thompson fit. The same problem iwas 
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apparent in the 30.5 m/sec case but to a lesser degree.

The fitting procedure was checked by testing a range 

of Law-of-the-wall constants cwty and a range of 

y+ limits on the sublayer, buffer, and fully turbulent 

regions. Since it appears that the match-up improves at 

the x-stations further downstream, a modification to 

the Law of the wall proposed by Simpson (41) was tested:

for Regx<6000, 

% = O.4O(^e%J^OOOV 

const = Regx*8 (7.^0-0,731 JLi 2)•

None of the modifications tested served to eliminate 

the mismatch at the first data point.

The possibility exists that the data value may be 

erroneously high because of increased heat transfer from 

the hot wire when it is in close proximity to the wall 

as suggested in an article by Oka and Kostic (^) .

Figure 4.8 lends support to this argument where it can be 

seen that the data points closest to the wall, at all 

the x-stations, fall above the Law-of-the-wall profiles, 

indicating too high a value. Excellent agreement between 

the Law-of-the-wall and the Thompson supports the

validity of the profile fitting procedure.

The profile fits are started at x-station 4 and the
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prediction calculations were begun at the same location. 

Difficulty with Thompson profile matching upstream of 

x-station 4 indicated that the "boundary layer develop­

ment was unsettled in this region. A detailed look at 

the Law-of-the-wall Cp calculation is given in Figure 5.4. 

It can be seen that the Cp calculation profiles for 

x-stations 0 and 2 differ significantly from those fur­

ther downstream. At x-station 0 there is no identifiable 

constant Cp region. The profile at x-station 2 dips 

downward a second time in the outer region of the boun­

dary layer. The convergent nozzle entry and the abrupt 

change to a diffusing passage produce a disturbed flow, 

and a standard pattern is established beginning at 

x-station 4.

Calculation of the Spatial Derivatives

The y-derivative of the streamwise velocity is gener­

ated analytically as follows: 

du
ay (5.21 )

where
dy U 3 fll LAW WALü\ U LAW 3

dy \ucl / " dy \ ctcl  / \ crcL / ay '

A sample of the smooth y-derivative profiles which are 

obtained is shown in Figure 5.5 >
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The x-derivative is calculated " "by a difference 

method. Thompson profiles are generated at 

Z^x/z- upstream, and ZXx/a. downstream of the 

specified x-station. The x-derivative for each y-point 

location in the boundary layer is then given by

(5.23 ) 
△ x

It is important that the magnitude of AX be chosen such 

that it is sufficiently small for the linear approxima­

tion to be valid over the interval, and yet sufficiently 

large for round-off errors to be insignificant. A nu­

merical check was performed on the variables used in the 

profile fitting calculation to assess the validity of a 

range of values for Ax • A linear extrapolation for the 

values of UCL , H and 6 Z , using a range of A X 's was 

compared with the true curve fit value. For example,

”<****) Eolation) - H (x-station).(^) 

H(X+ÛX) (curve fit = H (x-station.dX

-curve fit).

The linear extrapolations were found to be in good agree­

ment with the curve fit values for AX 2.54 mm 

(0.10 in.) and this value was used at all x-locations.

Sample profiles of du/dXare shown in Figure 5*6.
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5.4 SOLUTION OF THE OSCILLATORY FLOW

Modeling of the Turbulence.Stresses

Closure Methods

If the solution for U and V from equations (5.10) and 

(5.11) is to proceed, it is necessary to construct addi­

tional equations relating the oscillatory turbulence stress, 

W V' ), to the Cl and V velocity components. This is the 

classic closure problem which heretofore has primarily been 

addressed to solution of steady turbulent boundary layer development.

The following classification of closure methods for time 

average boundary layer development is used by Reynolds (42).

1. Zero-equation models : models using no turbulence 

transport equations.

2. One-equation models; models involving a trans­

port equation for a turbulence velocity scale.

3• Two-equation models: models incorporating an 

additional transport equation for a turbulence 

length scale.

4. Stress-equation models: models involving trans­

port equations for all components of the tur­

bulent stress tensor.

5• Large-eddy simulations: computations of the three 

dimensional time-dependent large eddy structure, 
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and a low level model for the small scale tur­

bulence .

Large-eddy simulations are in their infancy. These 

methods are not for practical calculations. Their pri­

mary value may be in their use as mathematical turbu­

lence experiments replacing very difficult physical ex­

periments . Stress equation models are the most elaborate 

that have been seriously tested over a range of flows. 

They are currently under intense development. The basic 

transport equations for the components of the turbulent 

stress tensor are derived directly from the Navier-Stokes 

equations. Triple correlations of turbulence velocity 

components appear, however, and higher order modeling is 

required which results in a set of 5-7 transport equa­

tions for the turbulent quantities.

There are several variations of closure models which fall 

in the two-, one-, and zero-equation categories. The 

role of the zero-equation model, which is used in this 

study, can be illustrated by specific examples of two-, 

one-, and zero-equation models which are related in that 

they each employ the "eddy viscosity" constitutive equa­

tion to define the Reynolds stress terms

. (5.2k)
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This gradient-diffusion model for momentum transport by 

the turbulence eddies was first proposed by Boussinesq in 

1877’ It is analogous to the Newtonian model for momen­

tum transport by molecular motion in a laminar fluid flow, 

Txy = y . The eddy viscosity, “ÇÇ , is propor­

tional to the product of a characteristic turbulence 

velocity and characteristic turbulence length,

OC Z? X VT. (5.25)

This formulation follows from the fact that the property 

of fluid viscosity is proportional to .a product of . 

molecular mean free path and molecular speed.

The "k-£" method is a two equation model which is being de­

veloped mainly on a research level. The eddy viscosity 

is a function of the turbulence kinetic energy, —

Y'* + , and the length-containing parameter, ( ,

which is equal to the dissipation rate of k ,

*^T - c k/r

The method has potential for broad application since it 

retains the transport mechanism for the Reynolds stresses 

by incorporating the differential equations for k and £ 

with the solution .of the mean field equations of motion.

A one-equation member of this family uses what is known
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as the Prandtl-Kolmogovov eddy viscosity 

^T= c m

The transport equation for k is derived from the Navier- 

Stokes equations just as it is for the two-equation 

model. The length scale, Z , is algebraically related 

to the mean field parameters just as it is for the zero­

equation model.

For the zero-equation modeling, which is used in this 

study, the eddy viscosity is related to the mean flow 

algebraically. Algebraic eddy viscosity models are gen­

erally of a composite nature with the outer region func­

tions based on the free stream velocity and/or the bound­

ary layer thickness parameters, and the inner region 

functions based on wall parameters such as the wall shear 

stress, Cp , and the fluid viscosity, "V .

Of the several different types of algebraic eddy visco­

sity equations, one of the most important is Prandtl's 

Mixing Length Hypothesis (MLH). The turbulence length 

scale of equation (525 ) becomes a mixing length,Z m , 

which is defined as the effective distance an eddy tra­

vels in the transverse direction before losing its iden­

tity. The turbulence velocity scale is given by

(5-26)
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and

The mixing length, J.m , is then defined in terms of the 

mean flow parameters. Many models have been formulated 

and tested and modifications for wall proximity, pressure 

gradient, low Re , etc, have been incorporated. Prandtl’s 

MLH is used in both the inner and outer boundary layer 

regions, with different formulations in each, by Patankar 

and Spalding ( 4^ ) and Crawford and Kays (44 ). The 

Cebeci and Smith model (^6 ), which is used in this study, 

employs the MLH model for the boundary layer inner region, 

and a non-MLH model for the outer region. Mellor and 

Herring (4£ ) are an example of workers who have used a 

non-MLH model in both the inner and outer regions.

Oscillatory Component of the Turbulence Stresses

The phase-averaged Reynolds stresses and eddy viscosity 

formulation are given by

(5.28)

The RHS is decomposed into time-average and oscillatory 

components as follows :

(5-29)
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Subtracting out the time-average components from both the 

LHS and RHS, and neglecting the second order oscillatory 

term gives

-?(<u'v'>-üt9 = ç(tT^ |a). (5.3o)

The model tested in this study is the "fixed eddy visco­

sity" model obtained by neglecting the second term in 

the parentheses on the RHS,

-u'v'}- WV') = . (5.31)

The eddy viscosity model is a concept which has worked 

surprisingly well considering the simplicity of the 

representation and the complexity of the mechanism. If 

the eddy viscosity is viewed as being a property solely 

of the local turbulence field, then retaining only the 

term as in (5•31) implies that the turbulence 

velocity and length scales (see (5*25)) remain constant 

in the presence of bulk flow oscillations. The oscilla­

tory component of the Reynolds stress would therefore 

be in phase with èu/3y . This model would seem reason­

able for the case where the oscillation frequency was 

so high that the turbulence scales would not have time 

to respond. Retaining the term allows for an oscilla­

tory response in the turbulence scales. The objective 
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here is to test the validity of (5.31). The implica­

tions of the extension to (5•30) are discussed in 

Chapter 6.

Two additional, special case models are used for com­

parisons . The guasi-laminar model assumes that the 

oscillatory component of the Reynolds stress has no 

effect on the development of the oscillatory boundary 

layer flow field. In this case,

- P(<UV>- iTV j = 0.
' (5-32)

The quasi-steady model would apply as co-oQ. In this 

case the instantaneous boundary layer properties are 

the steady flow values which correspond to the instan­

taneous main stream properties. Phase lag is zero 

across the boundary layer.
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The Cebeci-Smith Eddy Viscosity

The Cebeci-Smith eddy viscosity is formulated in the 

following manner:

outer region '

^T=(«)(ÜCLXôl2|>)(tf) (5.33)

where the "constant", X , is a function of the momentum 

thickness Reynolds number, Re > and is an inter­

mittency function proposed by Klebanoff (1954);

inner region

~ |) (5-34)

where the mixing length, Zw , is a function of the dis­

tance from the wall, the fluid viscosity, and the wall 

friction, and a modification is incorporated for the flow 

field pressure gradient. The condition used to define 

the boundary between the inner and outer regions is the 

continuity of the eddy viscosity. The “\2t (inner) formu­

lation is used in the region from the wall to the point 

where (inner) =1)T (outer). At this point the switch is 

made to the^ (outer) formulation. The coefficient X is 

modified for the effect of low Re through the relation­

ship of the eddy viscosity formulation with Coles (see 

( ) pp. 221-227) Law-of-the-Wake velocity profile :

(5-35)
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where

Xo = 0.0/G& 

= 0.55

0 = 0.55^-exp.(-0.Z43£*-0.Z<?8 2,)]

Z, - - /
4-25.

The 'ft parameter formulation is taken from the equation, 

determined experimentally with flat plate, turbulent 

boundary layer data, for the Law-of-the-Wake velocity 

profile,

where

The intermittency function, J , is a mathematical approx­

imation describing the data of Klebanoff ( 46 ),

T=[i*5.5-(y/à)t,j;' <5.36)

The Cebeci-Smith development of a mixing length formula­

tion can be shown as follows :

The Escudier ( 4Z ) formula for the inner region is given 

by 

where
% = 0,4-0.

The van Driest ( 48 ) formula incorporates a modification
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for the effect of the wall in damping out the turbulent 

eddy motion: '

where
A = u.y)

A* - 26.

The Cebeci-Smith formula is based on the van Driest, and 

it incorporates a further modification for the flow field 

pressure gradient

= ^yü " € (5-37)

where
A • (A'WuyX'/N)

N = Y l-ys* Px+‘

y/= //.8

p‘. NXCCD aücL 
rx ’ (uf ) ax

Further modifications have been developed and tested by 

Cebeci and Smith, and others, for compressible flow, mass 

transfer, heat transfer etc.

For use with axisymmetric geometry the following modifi­

cations are made to the (inner) formulation 

pinner . = 
axisymmetric ' ay '

/rn = -exp(- (5.38)

A • *
Eddy viscosity profiles are shown plotted vs y/ô in

Figure 5.?.
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Classification

The equations (5-10) and (5.11) together with the Rey­

nolds stress model (5-31) comprise a linear, coupled, 

parabolic equation set. Boundary conditions for the 

transverse coordinate direction are prescribed at the 

edge of the boundary layer and at the wall. Initial 

conditions are input for one streamwise x-station arri the 

solution is developed by a marching procedure in the di­

rection of the flow.

Transformation and Nondimensionalizing

Transformations of both the dependent and independent 

variables are performed as follows for the purpose of 

simplifying the solution procedure (see (^6 ) p. 260):

M—» *7 

U,V--- =* V--

A two-step transformation is performed on the independent 

variables x and y. The first is the Mangier transfor­

mation which puts the equations into an almost two-di­

mensional form,

dx= (R(x)/L)2kdx, dy = (r(x,y)/L)kdyj (5.39a) 

where L is a reference length and k =1 for axisymmetric 

geometry, k = 0 for 2-D, rectangular geometry. The second 

is the Levy-Lees transformation which serves to remove
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the singularity at x=0, and stretches the coordinates in 

the x and y directions, so that the boundary layer 

thickness does not change dramatically over the length 

of the calculation:

(3.39b)

where C L = const andyty constant for this study.

A combination of (5.39a) and (5•39b)gives the transforma­

tion,

ÎÏCL^(x)/Ly^dx (5.4oa)

d ry = [^UCL/V^J(r(xJy/L^dy. (5-4ob)

Following (5.40), the partial derivative operators are 

given by

I = pücL ( _â_ 1
ay 'x k L ; 1^. (5.4ib)

The dependent variables, Ug and (and U%, , can be

combined into a single streamfunction variable, 

(and^ ) , by virtue of the streamfunction's relationship 

to the continuity equation. The streamfunction is a 

mathematical device which serves to express a velocity 

vector field in terms of a scalar function. Streamlines 

can be viewed as intersections of a two parameter family 

of surfaces (streamsurfaces),
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T(X| > X2 , X3 ) = const A

; X 3^ = const B. 

A velocity vector in the flow field is then expressed as 

'^■fÜ,,XI1Xï)(vÿx 7^) 

where it can be shown thatsatisfies the necessary 

conditions of mass continuity. An axisymmetric flow 

field can be constructed by making the A surfaces meri­

dional planes on each of which "X = const . Then,

7 A = 4=" ;
and

UIX + VÎy

from which follows the streamfunction relationships, 

Ç u = -r

?v '"k W.
For use with the oscillatory component equations the 

streamfunction relationships take the following form,

ÇUR=Vk^- , (5.42a)

ÇVR =*7^ ax" j ÇVi = ' (5.*2b)

(Notes the following information which is presented in 

terms of the real component of the variables applies as 

well to the imaginary component). A dimensionless stream 

function, -j- , is now defined such that
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and

f R ) (5.^3)

The following substitutions are developed from equations 

(5.41) and (5.43)

(5.Wa)

The transformation of equations (5-10) and (5.11) is 

accomplished by first making the substitutions of the 

streamfunction relationships (5-42) , then applying the 

derivative operators given in (5.41), and finally, using 

the substitution (5-44). The time-average terms in equa­

tions (5•10) and (5.11) are transformed in an identical 

manner with the appropriate changes in notation. The 

shear stress terms in equations (5-10), (5.11) take the 

following form upon substitution of the eddy viscosity 

model (5.31),

Following the transformation and non-dimensionalizing, 

the equations of motion for the oscillatory boundary 

layer flow take the following form;
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*DfR

(5.46a)

= A 4^- - E ^2- • (5.46b)

A, B, C, D, and E are coefficients involving the time­

average flow quantities which will be input to the cal­

culation procedure having been determined from the 

measured base flow as described above,

/I - f'J

C =

D - [fl

E = . (5.47)

The b term incorporates the effect of transverse curva­

ture and the turbulence eddy viscosity,
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The p terms represent the streamwise pressure gradient,

P -A& àÜCL 6 .2^ dUCLK
\ an vR ucl r 1 ^(5.49)

and cG contains the oscillation frequency in a trans­

formed term similar to the reduced frequency,

60 ) (5.50)

The prime symbol represents differentiation with respect 

to 17 , and f/= Û/UCL, f E R = UCLr /UCL.

Boundary Conditions

Three boundary conditions each on fp. and fi are required

U CL UCL
Therefore :

for y = 0, 

for y =0. (5.51a)

A* 
=_LL^L_ JZ— _ q

UCL UCL UCL for r—> O,y—> R/cosx
Therefore :

B.0.(2) =fÉ,,^ =fÉx for [^(f/j^:(5.51b)

for y =0,

KG = R^Vi^ojdx

With zero mass transfer through the wall, 
Th^orf?=

B.C.O) fR = fI = 0 for y =0. (5.51c)
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Finite Differencing

The transformed equations (5-46) are each converted to 

three first-order differential equations by the follow­

ing substitutions,

FR F% -fi

UR4^#

vi

The resulting system of six equations to be solved is 

given by

UR " FR' (5-52a)

VR = UR' (5-5Zb)

(bVRpCVR^B-^f'^UR DFR
+ p)-2 3>(UEI-Ul)

(5.52c)

UI-FL' (5.53a)

VI * UI' (5.53b)

(kViy4-CVl*(B-2f^)ui+ DEI

<-UEl(Px ) * 2S>(U£R-U.R)

The numerical method used to solve the boundary layer 

equations is the Keller Box scheme (4£), (£0).
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A sketch of the finite difference net with a detailed 

view of one net rectangle is shown in Figure 5.8. 

The spacings in the q -direction and the £ direction 

are respectively h and k , and the following definitions 

apply:

“ ^j-1 * o £ jé J 

n — ^n-l + k n O n /V •

The Box scheme involves writing the equations (5.52) 

and (5.53) in difference form for the mesh rectangle 

("box) in the stack of rectangles (boxes) between the 

known values at n_| and the unknown values at . 

The difference equations are written using the values at 

the corners of the boxes producing a set of 6J equations 

(j=l,J) for the 6J + 6 unknowns (FRj , URj.VRj , FIj ,

> j = J) in terms of the known values at . 

The six additional equations required are supplied by the 

boundary conditions. The differencing for equations 

(5.52c) and (5.53c) is done in two steps. First the 

equations are written for the point (^^’k , ) by

applying the following types of operations:

MJ Wj"')

awl*" a /wj -wh ^x

All of the terms to be evaluated at n are arranged on 

the left hand side (LHS) and all those evaluated at
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on the right hand side (RHS). The real-component diff­

erence equation for (5.47c) becomes

where

J *£;■')]
PRRj = [uer 'C^* P)n-zB"uErl

n~w-UErEr)]
PRRn" = [uEe'cp^pr'-i^-'uEr-'J
KER = , UEI-T'El

The second step centers the equation on the point

( j 1^j-^x ) by applying the following operations to 

the terms on both sides of equation (5.54):

+ Wj., )
[wjj.%. =^(wj1+w".;)

In notational form equation (5.54 ) , centered at 

( Y ) becomes
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kj ~ bj-‘ V^j-i * jVRj-v,. + Gj.'u^ U Rj-'i,. 

fr "-ix * [pbr '] * Usn] uiX
= SR.:^_ (5.55)

Equations (5.52a), (5-52b) and (5-53a), (5.53b) are cen­

tered at ( -Vi) in the mesh box. Upon rearrangement, 

the difference equations,become

FGj-FRj., -(hVi)(URj*URj-l) =ar. (5.56a) 

[»j]FRj *[<!>,]VRj^LVjluej

~ [«■] FRj-1 -[$]VR5-i ~ Dr] URj_, = xlRj (5.56b)

URj-URj.,-(hVi)(VRj ♦VRj-i) “ tRi (5.56=)

FIj-FIj-i - * UIj-0 = A^j (5-57a)
[SjjFlj » [d)j]VIj ♦ LYj] UIj - ] FIj-i

-[$j]VIj., -[VjJUlj., = (5-576)

= tr; (5.57=) 
where

*j = [-2bj-'U+ Oj]
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-^rj  = hjSRph.-[h;PRRj-[hJ-<S"](uij*UIj-i)
-4i; = hj 5Ij-'k" [h)PIIn]-Ghj&"](URj'-URj-?) 

t Rj = tlj — Ô.
The n superscripts have been dropped from the unknowns

on the LHS of the equations.

Numerical Method

Outline of the Solution

The equations (5-56) and (5-57) form two coupled sets 

of (Real and Imaginary components) of (j = 1, J ) equa­

tions each, for 3J+3 unknowns (FR.VR.UR. j = O,j ) . The 

coupling between the two sets is in the termwhich 

contains the unknown UI , and the term which contains 

the termUR. An iterative scheme is used to converge 

on a solution which satisfies both sets. The set of 

equations, for the Real component, is given in matrix 

form below, where the unknown variables on the LHS are 

all to be evaluated at , and the variables in the 

Ai j Ai, Ai vectors on the RHS are known from their 

evaluation at SM-i :
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UR

j=J

- VRj .

UR;

- VRj-i ’ =

Ugj-J

Boundary conditions provide values for the three values 

circled in (5-58) thereby making the equation sets con­

sistent;

URj-UER^ UIj = UEI (£) 

FRO= FI. = 0 

ll Ro= UIO = O. (5.58a)

The KER, UEI vs must be provided as input to the cal­

culation. 
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The next step is to put the equation set into a form 

with a tridiagonal coefficient matrix for solution.

The two terms on the LHS of equation (5.58) are com­

bined , and further rearrangement gives

where

0

OO
/ O O
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O -âj-ÿj

0 Ô

(uM
(FRj

Z^j+^UE^

(5.59)



The linear system of equations (5-59) is represented "by 

A {*j} “ W
where

A is the coefficient matrix

'VRq 1 

i FRi • 
[VRi]

URj-i 
FRj 
VRj.

The system (5-59) is solved for at each -step

by a block-tridiagonal factorization procedure (see (36) 

p. 273) as follows:

1. Factor the coefficient matrix : A-

2. Calculate the elements in and

3. Let 4/ W = {Wj] {Wj} =

4. Solve for {Wi}

5. Solve for -[WjJ , j = 2,J in terms of £Wj-ij- 

using {Wj} -

6. Solve for j } in terms of {WjJ using

% W ■ W-
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The details of each step are presented here.

1. Factor A:

A-&U

0 0

Bs A) 3 0 *3

I

0
0 0

0 0

0

where

Bj -i Am Cj -i

By Ajj

0

^T-l 0
0
0

I

0

(5.60)

0

0

.0

0

0

0

2. Calculate the •zs

both of which are 3

in and the Fj ’ s in

x 3 matrices:

J = I ^X|
\(%3I (Ksi ,

The following relationships are derived from (5.60)

(5.61a)

J ' j

Xj =

(5.61b)

J J (5.61c)
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The is calculated directly from (5.61a), from 

(5.61b), from (5.61c), fl from (5.61b), etc. The 

following results are obtained:
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where

Aj = HMtoj 9j +(k 3i^

bj-Vz - (bj +• bj-i) 
b = (5.48)

3. Let MzJ - {wj}

{Wj} = {Àj}

à

85 ^2

(5-62)

4. Solve for {Wi]

(■ abj-kUrQ^i*^)^^])

W
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where

in terms of fWj-i j,

Hi “Uj-Oj W2jM-(-Abj_£+(|)j)

Pj =(ij+(-^)W3j-i)

6. Solve

starting with

UR>% 
FRj-i 

IVRj.L 

fURri" kh

VR0 
' FR. 
lVR„ 

'UR,' 
1st
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^7 J —

'URj.,' 'W,T'

' FRj ^7

{Zj

'uRj.r 

' FRj f 
y Hi.

URj_, 

FRj

j = ± VRO

F Ri
VRi

'W,j ) /R. 0 0
' ^2j ’ - I f?ij 0 0

, \r^j o o

ruej 2

■ FRjM »

- Wij - riij ukj 

= Wij - Cj ugj 

= Waj - URj

= w,, - n, ur , 
= W1,- Ri, UR, 
= W3| - R,, UR,.
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Computer Program

The computer program requires as input the test section 

geometry, air flow properties, and the amplitude ratio 

and phase response profiles at the initial x-station as 

starting conditions. Boundary conditions for the os­

cillatory response must be defined as input and they 

are imposed at y/ô" = 1.2. At the initial x-station and 

each successive x-station the time-average flow quan­

tities U , 3U/dy , àu/âx., and vs y must be cal­

culated internally or be provided as input. The flex­

ibility is built in to allow for the input P.O.'s, 

I.C.'s and base flow parameters to be represented in 

functional form or discrete points. Axisymmetric or 

2-D rectangular geometry may be specified, and the Vj- 

input dictates the flow regime to be either laminar or 

turbulent.

The information input at the initial x-station is trans­

formed into the difference equations of the form of 

5-56 and 5-57 onto the working -rj grid. The solution 

proceeds step=by-step in the -direction as described 

above. At each -step the UIwprofile in the -4^term 

of 5-56 is first approximated by the Uin 1 profile. The 

real components , V R*, and URn profiles are initially 

determined and the U R*'s are used in the -4x term to 
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calculate initial values for the F %? , VRh , and U1M 

profiles. A second iterate is performed in which the 

current values for Hilare used in the x£k  term of 5.56 

and the dependent variable profiles are again calculated. 

A convergence test is performed following each successive 

iterate after the initial calculation until

Vd.± v O.OGOl,

The calculation continues in this manner for the full 

length of the boundary layer development.

A non-uniform grid is employed for the 17 -direction. 

Grid points are closely spaced near the wall where the 

flow gradients are steepest. The initial eta-step, , 

and a multiplier, k. , are input, and the following re­

lationships are used to define the grid spacing:

hi =

h3 - hi

The total number of grid points, J , for a specified 

T ( Yt  e 1* 2^ ) is given by

hl 4
[K] '
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The Box scheme is second-order accurate in the IQ - 

spacing ( 49) , ( 50) . This means that the error "between 

the calculated and true solution, £ , inherent in the 

finite differencing procedure (discretization error) is 

represented by 

a =

The formal derivation of the error estimate is given 

in (50). The sensitivity of the solution to the 17 - 

spacing was tested for = .0025 (Ay =.001-.003 mm) and 

.10(Ay =.050-.125 mm), and K. =1.10 for the 10 Hz case. 

Convergence was acceptable for ki=.100. This scheme 

places 2 points in the sublayer, 8 in the buffer,

10 in the fully turbulent region, and ~15 in the

outer region. The transformation y—>^causes to 

change very little over the calculation length, so that 

the number of grid points remains nearly constant, 

changing slightly near the end of the test section.

Sensitivity tests were run for a range of values for 

-spacing (AX = 50 mm, 25 mm, 6.4 mm). Satisfactory 

convergence was obtained for AX = 6.4 mm.
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6. THEORETICAL RESULTS

6.1 NUMERICAL VALIDATION

Oscillating Laminar Boundary Layer

The mathematical model was first tested against the data 

of Hill and Stenning (16) for oscillatory laminar 

boundary layer. The data were obtained in the boundary 

layer on the inside wall of a 140 mm diameter cylin­

drical wind tunnel. The flow oscillations were produced 

by a sliding plate valve. The data were obtained at a 

single streamwise location in the wind tunnel; the free 

stream velocity was varied over a range of 1.8 - 3.0 

m/sec; the oscillation amplitude was on the order of 

10 percent of the time average velocity, and the fre­

quency was varied such that 0.10 < < 10.0. Experiments

were run for both Blasius flow (dP/dx = O ) and Howarth 

flow (dP/dx >0, UE(x) = UE(O)-(Cons+) x ) . The comparisons 

with predictions are shown here for the Blasius flow.

Relying on the fact that the boundary layer oscillatory 

response for a laminar boundary layer with zero pressure 

gradient is primarily a function of the dimensionless 

frequency parameter, =(^TrXFRE<aXx)/UE (x), the data 

profiles were rearranged from a fixed x-location/varying 
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frequency presentation, to a fixed frequency/increasing 

x-location presentation. In this manner the theory and 

data could be compared for a developing boundary layer.

The developing Blasius time-average boundary layer 

possesses a similarity solution. The equations of motion 

are transformed and solved analytically in such a way 

that the velocity profiles can be represented in a uni­

versal form which is independent of the x-location,

&
where

f - v .
^x/ue 

y — 
. Vfx/UE

The functions -p , pf and -p ' = d p/diq1 are well known uni­

versal functions of yy. The required base flow

input to the oscillatory solution is determined as 

follows:

y= 

a/oa-r 
au/ay = û&W

An example of the velocity profile development is shown 

in Figure 6.1 for five x-locations which cover a distance 

of approximately 750 mm.
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The comparisons were made for three frequencies 0.28 Hz, 

1.0 Hz, and 3•5 Hz. The x-station 0 in all cases was 

located ?00 mm from the flat plate leading edge. The 

0.28 Hz test covered a range of cu*from 0.40 to 0.83 

and a development length of 750 mm. The 1.0 Hz test 

covered 33* from 1.4? to 2.65 over a length of 560 mm, 

and the 3.5 Hz test spanned 4.98 to 9.26 in over 

600 mm. It was felt that comparisons over these ranges 

of variables would provide a measure of validation for 

the numerical accuracy of the theory under the simplify­

ing conditions of zero pressure gradient and laminar flow 

(the conical diffuser experiments span a range of 0-11.0 

in over a length of 610 mm). The initial conditions were 

input from curve fits to the data at x-station 0, and the 

boundary condition was of the following form,

U = UÈ + AU cos cut.

The x-station locations shown in

Figure 6.1 corresponds to the 0.28 Hz case. A compari­

son of these low frequency data with a quasi-steady re­

sponse is shown in Figure 6.2. The velocity profile is 

assumed to adjust instantaneously to variations in the 

free stream velocity. The phase difference, with respect 

to the free stream oscillation, is zero in this model, 

and the amplitude is determined by the difference in 
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magnitude of the steady flow profiles which would de­

velop for the maximum and minimum free stream velocity. 

The data show a pattern of larger amplitudes over the 

middle region of the boundary layer when compared to the 

quasi-steady model. An amplification pattern 

( 6u/&UE>1.0) is measured in the outer half of the 

boundary layer at x-stations 3 and 4. A phase lead 

pattern is established in the inner half of the 

boundary layer.

Comparisons of the same data with the boundary layer 

predictions are shown in Figure 6.3. The model success­

fully reproduces the outer amplification pattern and 

the inner phase lead pattern over the full length of 

boundary layer development. The predicted amplification 

pattern penetrates deeper into the boundary layer with 

increasing Ü3*. The inner phase lead is slightly over­

predicted at x-station 5•

The predictions were also well matched with the data for 

the 1.0 Hz and 3-5 Hz cases. Figure 6.4 shows the am­

plification pattern continuing its move closer to the 

wall with increasing cü*, and a phase lag pattern is 

established in the outer region of the boundary layer. 

At 3-5 Hz the boundary layer oscillation is very nearly 
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locked into the core flow oscillation in the outer 

region showing only a very slight amplification and 

phase lead at this location. No attempt was made to 

determine if the model would predict the crossover from 

phase lead to lag in the outer region between cd ^= 0.83 

and 1.47. This test would require a development length 

of 1850 mm which is equivalent to Rev ~ 500,000.

6.2 COMPARISON WITH EXPERIMENTAL RESULTS 

Theoretical predictions for the oscillatory response of 

a turbulent boundary layer in a conical diffuser were 

compared with the experimental results of Data Set-2. 

The data for the lowest frequency run, 5 Hz, are first 

compared with a quasi-steady model as shown in Figure 6.6. 

The quasi-steady response was developed from the steady 

flow velocity profiles measured for the UCL(O) = 18.29 

and 30.43 m/sec tests. This represents an amplitude 

△UCL(0)/UCL(0) of 250. As was shown in the laminar 

comparison, the developing amplification pattern in the 

outer region cannot be predicted by a quasi-steady model. 

Quasi-steady phase difference is zero across the boundary 

layer.

The initial conditions for the oscillatory boundary 

layer model are defined from curve fits to the measured
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response of U at x-station 4 (DS-2/Run 16). For use in 

the calculation,the curve fitting is actually done for 

the UR and Uj components of U, and the two are combined 

to show amplitude ratio and phase difference for presen­

tation of the results. The I.C.’s for the 10 Hz case 

are shown in Figure 6.7. The boundary conditions at 

the core flow/boundary layer interface are developed 

from the measured centerline response (DS-2/Run 15), and 

these profiles were presented in Chapter 4, Figures 

4.21a and b.

The comparisons of the data and the boundary layer pre­

dictions for the 5 Hz case are shown in Figures 6.8a 

and b. In the outer half of the boundary layer a pre­

dicted pattern of amplitude amplification begins to 

develop just downstream of x-station 12, and this is 

matched by the measured response. The theory and ex­

periment remain in good agreement out to x-station 18, 

at which point the predicted amplification pattern be­

gins to show a greater magnitude when compared with the 

data. From x-station 18 to 24 the amplification pattern 

continues to increase in magnitude for both theory and 

data; however, the theory increases at a faster rate, 

and it reaches a maximum value of Au/ AUCL = 2.5 at 

x-station 24 compared to AU/&UCL = 1.55 at the same 
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x-station for the data.

A similar comparison holds for the 5 Hz phase difference 

pattern. The initial phase lead pattern, which is 

established across the boundary layer, increases in mag­

nitude with each succeeding downstream x-station, and 

the theory and data are well matched to x-station 18. 

At this point the theory pattern in the outer region be­

gins to swing back, crosses from lead to lag at x-station 

22, and the lag pattern continues to increase in magni­

tude for x-station 24. In the inner region a phase lead 

is predicted throughout the test section with a maximum 

just adjacent to the wall. The experimental results 

show a phase lead pattern which continues to increase in 

magnitude throughout the entire test section with a 

maximum lead pattern at x-station 24.

At 10 Hz the comparisons presented in Figures 6.9a and b 

show both the theory and data with a phase lead pattern 

across the boundary layer out to x-station 10, followed 

by a phase lag pattern which begins developing in the 

outer region at x-station 12. At x-station 14 it is 

apparent that the theory has increased the magnitude 

of the lag pattern at a faster rate than the data. This 

mismatch continues to x-station 20 at which point the 
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theory shows an abrupt crossover from a lag pattern to 

a lead pattern in the outer region, and at x-station 24 

a second abrupt crossover has occurred, this time from 

lead to lag. As in the 5 Hz case, the phase difference 

remains positive just adjacent to the wall throughout 

the test section.

The faster pattern crossover rate of the prediction in 

comparison with the data is evident also in the plots 

of amplitude ratio (Figure 6.9b). The theory begins a 

faster swing in the direction from an amplification 

pattern towards an attenuation pattern at x-station 16. 

Two predicted crossovers occur between x-stations 16 and 

24 while the data show only one.

The comparisons for 15, 20, 25 and 30 Hz are presented 

in Figures 6.10a,b through 6.13a and b. In all of the 

cases the theory matches the initial trend of the data 

pattern development in the upstream part of the test 

section. In the vicinity of x-stations 10-12 the theory 

patterns begin to indicate a faster crossover movement 

than the data patterns. In the downstream part of the 

test section the comparisons of theory and data present 

a chaotic picture since both represent patterns 

of crossovers between amplification and attenuation and
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phase lead and lag, but the theory crossovers occur at 

a faster rate than the data. For the theory, as for 

the data, the pattern crossovers take place in the outer 

region of the boundary layer. In the inner region the 

predicted phase is always leading the local centerline 

oscillation and the amplitude is progressively atten­

uated until it is completely damped out at the wall.

The predicted outer region patterns are shown most 

clearly in the plots of Figures 6.14a through f. These 

figures show the amplitude ratio and phase difference 

(with respect to the inlet centerline oscillation) 

plotted vs x-station location. Figures 6.14a through f 

compare respectively with the data plots of Figures 

4.24a through f. The core flow response (boundary 

condition) is shown as a solid line and the boundary 

layer results are plotted with coded curves. The pattern 

crossovers with respect to the local centerline oscilla­

tion were discussed above and these are indicated where- 

ever the boundary layer curves cross the core flow 

response curve.

At 5 Hz (Figure 6.14a) the predicted maximum phase lead 

pattern in the outer region occurs near x-station 16 

and it is obvious that the phase angle magnitudes are 
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greater compared with the data at this location. The 

predicted phase pattern then swings smoothly back in 

the direction of decreasing phase lead, and crosses 

over from lead to lag at x-station 22-24. The ampli­

tude ratio plot shows the overshoot in predicted ampli­

fication at x-stations 22-24.

The predicted amplitude and phase patterns for 10 Hz 

each cross over between amplification and attenuation 

and phase lead and lag 3 times compared to 1-2 times 

for the data. The theory predicts the number of cross­

overs to be 4, 5, 6 and 7 for 15, 20, 25, and 30 Hz 

respectively, while the data show 2, 3, 4, and 5 in 

the same order. The magnitudes at the peaks of the 

crossover excursions are greater for the theory in com­

parison with the data and this is especially evident in 

the phase difference patterns.

6.3 DISCUSSION

The theory, using a fixed eddy viscosity modeling scheme 

for the oscillatory Reynolds stresses, is capable of 

simulating the boundary layer response qualitatively. 

The model is constrained by the boundary conditions 

which insure that the core flow oscillation is matched 

at y = 1.20, and which insure that U=V=0 at y = 0. In 

143



the inner region of the boundary layer a phase lead 

pattern is predicted for all x-stations, and this appears 

to be consistent with the data and with the mechanism 

as it is understood. In the outer region the predicted 

response patterns follow the trend of the data patterns 

initially, and they develop the crossovers, with respect 

to the streamwise direction, between amplification and 

attenuation and phase lead and lag as do the data. The 

predicted pattern crossover rate is higher than the data 

and the predicted magnitudes of the pattern excursions 

exceed the data.

There are several qualitative aspects of the oscillatory 

response which can be seen more clearly in the theory 

plots since the disorder caused by the data scatter is 

no longer present. The predicted crossover patterns are 

more closely spaced in the downstream portion of the test 

section in agreement with the data. A mechanism was des­

cribed in discussing the experimental results in which the 

response was envisioned as being driven from a specific 

location within the boundary layer. The number of cycles 

in the crossover pattern was said to be related to the 

effective residence time of the boundary layer in the 

test section and the period, T, of the oscillation.
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Residence Number „
time of cycles x 1

The effective residence time can be calculated by inte­

grating a streamwise velocity profile constructed using 

the local velocities at the controlling regions in the 

boundary layer. If this mechanism is followed, the fact 

that the predicted crossover rate is higher than the 

data suggests that the model operates as if the response 

were controlled deeper within the boundary layer where 

the velocity is lower and consequently the effective 

residence time is higher. An illustration was given in 

Chapter 4 for the experimental results in which the resi­

dence time calculated from a streamwise velocity profile 

at y/ô" = 0.5 gave roughly the number of crossover cycles 

which were measured experimentally. The same calculation 

applied to the theory suggests that the characteristic ve­

locity profile, which would correspond to the predicted 

number of crossovers and effective residence time, is lo­

cated roughly at y/0=0.10. The results are tabulated below:

FREQ 
(1/sec)

T 
(sec)

X-station^ 4-24

f No.
predicted 

cycles

Residence^ 
time 
(sec)

5 .200
10 .100 1.3
15 .067 1.8 I
20 .050 2.3
25 .040 2.7 •

30 .033 3.6J
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The calculated residence time for x-station 4-12 in the 

test section is .028 sec. This means that the fluid 

would effectively see 1/4 of the total number of cycles 

in this portion of the test section and approximately 3/4 

in the remaining portion, and this corresponds roughly 

with the predicted patterns.

The predicted phase difference patterns lead the ampli­

tude ratio patterns by 90 degrees, in agreement with 

the data. The crossover patterns in the upstream por­

tion of the test section have different wavelengths and 

they initially cross over in an out-of-phase band. In 

the downstream portion of the test section the pattern 

movement becomes locked in across the boundary layer. 

The pattern wavelengths become equal and the crossovers 

occur in phase. Also, in the downstream portion of the 

test section, the response pattern retains its relative 

shape across the boundary layer as it swings through 

its crossovers. It can be seen that, of the outer re­

gion curves shown, the 0.65 maintains the maximum mag­

nitude position.

The predicted crossover patterns at the outer edge of the 

boundary layer, for the 10 Hz case are shown in Figure 6.15. 

The boundary conditions (core flow response) are imposed 
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at 1.2ô. The 0.8ô and 1.0Ô curves show a progressive 

transition from the point of maximum pattern magnitude 

near 0.65 to the core response boundary condition.

The boundary layer locations shown in Figures 6.14a 

through f are all located in the outer or intermittent 

region, except the 0.15, which is located in the fully 

turbulent region. The inner region response for 5 Hz 

is shown in Figure 6.16. The 0.13" location is in the 

fully turbulent region, 0.040ô" is in the buffer, and 

0.0050 is in the sublayer. The shape of the crossover 

pattern is retained throughout the inner region; however, 

there is a phase lead in the buffer and sublayer for 

all the x-stations. The predicted response for the 10 Hz 

sublayer shows a phase crossover to lag at x-station 24. 

This is the only such occurence in all of the theore­

tical results, and this anomaly may be related to an 

error in the experimentally defined core flow response 

at the exit of the test section.

Figure 6.17 shows a comparison of the response patterns 

as a function of co* for y/3" = 0.6. Figure 6.17 is 

comparable to the data plot of Figure 4.27/ The theory 

patterns exhibit greater similarity than the data. It 

was argued that the measured similarity was a function 
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of the degree to which the vs X relationships were 

similar, implying an upstream history effect. This 

effect is not apparent in the theory patterns perhaps 

reflecting the limitation of Reynolds stress modeling 

which cannot accommodate upstream history.

As a final comparison, the results of using a quasi- 

laminar model (5-32) are shown in Figure 6.18 for the 

5 Hz case. In comparison with the fixed-eddy viscosity 

patterns (Figure 6.14a) it can be seen that the elimina­

tion of the oscillatory Reynolds stress term produces 

greater excursions in magnitude and an even faster rate 

of pattern crossover.

In the complex, strongly coupled flow which is estab­

lished in the diffuser test section, it appears that 

an oscillatory response is required of the modeled tur­

bulence field properties. The fixed eddy viscosity mo­

del can only produce oscillations in U'v'which are in 

phase with dü/dy. The definition of the model is re­

peated here for illustration:

___ — LA 
Ç ây- (5.31)

The neglected term ^(^)TdÛ/dy) can, in principle, 

provide a dynamic Brown has obtained theoretical

results (unpublished) as follow-on to the work reported 
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in (20) and (21). He .has derived an oscillatory eddy 

viscosity by linearizing a time-average formulation which 

excludes any dependence on remote quantities such as the 

wall shear stress. This model would be valid for the 

quasi-steady case in which the frequency approaches zero. 

The phase shifts required to reproduce a measured oscilla­

tory response for finite frequencies in pipe flow were 

examined. It was found that Vp lags significantly behind 

dU/dy for intermediate frequencies, and that the lag in­

creases monotonically with increasing frequency. The 

time-invariant eddy viscosity behavior was approached for 

high frequencies. Brown's work is an indication of the 

nature of the refinements required to pursue this direc­

tion in Reynolds stress modeling.

Cebeci (24) has extended his eddy viscosity model for use 

in time-dependent boundary layer solutions. The (now in­

stantaneous) formulation is identical to the time-average 

version used in this study (5-33 to 5-38) with the addi­

tion of an unsteady term Pt in the mixing length equa­

tion (5-37) ,

A = uî [i-ii e(P{ + Px )] 

where .
n+ -ü a UE 
Pi = It .

Cebeci reports promising results in limited comparison 

with data.
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7. CONCLUSIONS AND RECOMMENDATIONS

The conclusions drawn from the study are listed as 

follows:

(1) Imposing a velocity oscillation on the turbulent 

boundary layer flow developing in a conical dif­

fuser produces a complex response pattern in the 

outer region of the boundary layer which crosses 

over between amplification and attenuation, and 

phase lead and lag, along the test section 

length, at a rate related to the oscillation 

frequency. A phase lead is established in the 

inner region throughout the test section.

(2) The response at each point in the boundary layer 

is adequately defined by the fundamental wave­

form. Phase-averaging with a large number of 

cycles showed that higher harmonic components 

are ins i gni fi c ant.

(3) The core flow response pattern, along the test 

section length, is of the same shape as that 

across the boundary layer; however, the two are 

180 degrees out of phase. The phase difference 

pattern in the boundary layer is 90 degrees out 

of phase with the amplitude pattern.
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(4) The oscillation has no measureable effect on the 

time-average boundary layer development for the 

frequency range 5-30 Hz and an oscillation ampli­

tude, âUCl/UCL, on the order of 10 percent.

(5) The time-invariant eddy-viscosity model for the 

oscillatory Reynolds stresses gives predicted re­

sponse patterns which cross over between amplifi­

cation and attenuation, and phase lead and lag, at 

a higher rate and with greater excursions in magni­

tude than the data patterns. The model can only 

produce oscillations in U'V' which are in phase 

with 3u/ay. This response is not adequate in the 

strongly coupled flow in the diffuser test section. 

It appears that an oscillatory response is required 

of the turbulence field properties which are mo­

deled by the eddy viscosity. The neglected term 

in the Reynolds stress formulation, du/ay ) , 

can, in principle, provide a dynamic <Vr> • it is 

not certain, however, whether this concept can be 

used with success in oscillatory flow or whether 

more sophisticated turbulence modeling is required.

The following recommendations are offered:

(1) The conical diffuser is a useful tool for explor­

ing dynamic effects over wide ranges of the test 



variables. Mappings which include the 30-300 Hz 

range may show some interesting behavior when the 

frequency of the imposed oscillation matches with 

a dominant frequency in the turbulence field spec­

trum. Non-linear effects can be explored with os­

cillation amplitudes in the 10-50% range.

(2) A more detailed experimental study is needed to 

uncover the mechanisms which control the boundary 

layer response. It is suggested that a simpler 

geometry, such as a circular pipe, be used for fun­

damental studies. Direct measurements of the os­

cillatory Reynolds stresses and other turbulence 

properties can be made with multi-wire probe 

systems.

(3) The eddy viscosity concept is worth pursuing for 

use in oscillatory flow because of its simplicity. 

As a next step, it is suggested that an examina­

tion be made of the response required in the os­

cillatory eddy viscosity term,Vy , to reproduce 

the experimental data. This would provide guid­

ance for an extension of the modeling, and an 

insight into the regions where the concept 

remains valid.
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in the mean flow_direction in the blade passage of a turbo-compressor.
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Figure ^.4 Test Equipments Wave-maker valve with drive train 

and frequency sensing components.
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Figure 3■6 Test Equipment: Overview - Airflow circuit and

Instrumentation
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Figure 3-7 Steady flow symmetry measured at the test 
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T/4 T/
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Figure 3»10 The effect of the number-of-samples-taken on 
the phase-averaged velocity.
DIFFUSER CENTERLINE (XCL=5?8 mm (22.75 in.)).
Each data point is a phase-average for that location in 
the cycle. The fundamental wave shape, derived by 
Fourier analysis from the data, is shown drawn through 
the points.
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# samples=1000

# samples= 200

Figure 3-11 The effect of the number—of-samples—taken on 
the phase-averaged velocity.
OUTER EDGE OF THE BOUNDARY LAYER (XCL=5?8 mm, y/ô=0.91). 
Each data point is a phase-average for that location in 
the cycle. The fundamental wave shape, derived by 
Fourier analysis from the data, is shown drawn through 
the points. °
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Figure 3.12 The effect of the number-of-samples-taken on 
the phase-averaged velocity
MID-BOUNDARY LAYER (XCL=5?8 mm, U/ô=0.^8)
Each data point is a phase-average for that location in 
the cycle. The fundamental wave shape, derived by 
Fourier analysis from the data, is shown drawn through 
the points. ,
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Figure 4.15a DS-2/Run,5 « Amplitude Ratio. ___

Boundary layer frequency response shown relative 
to the local (x-station), centerline, velocity oscillation. 
ReD =ll?401, CüL =1.05, FREQ= 5H2, △UCL(O)/ÛCL(O)= .0469
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Figure 4.18a DS-2/Run 8: Amplitude Ratio. : 1

Boundary layer frequency response shown relative 
to the local (x-station), centerline, velocity oscillation. 
ReD = 114768 , cd u = 4 .1 9  , FREQ= 20 HZ, △UCL(0)/UCL(0)= .056-
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Figure 4.19a DS-2/Run 9: Amplitude Ratio. ’----  ---

Boundary layer frequency response shown relative 
to the local (x-station), centerline, velocity oscillation. 
ReD = 113402, CD,. = 5.24 , FREQ=25HZ, △üCL(O)/Û0r(O)= .0457
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Figure 4.20a DS-2/Run 10: Amplitude Ratio. ,

Boundary layer frequency response shown relative 
to the local (x-station), centerline, velocity oscillation. 
ReD =113560, Ü5U =6.28, FREQ= 30H2, △UCL(0)/ÜCL(0)= .0352
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Figure 431 Comparison of steady-flow and time-mean 
boundary layer parameters for Ren® 120,000, 
UCL(0) = 18.29 m/sec. u
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Figure 5.7 Eddy viscosity. Cebeci and Smith 
(1974) model based on a Thompson profile 
representation of time-averaged velocity data.

229



? Known n known

----

-O—

41----

41----
4)—
-e—

^n-Vk, 

777 —

Figure 5-8 Finite difference net for 

the Keller Box scheme.

. (Taken from reference (49)).

230



in

o 
=H

64 
X

00 
CM

O

II 

a 

g

0) m 
cd 
ü

o 
-p

CD 
CQ 
cd 

m

vol

<D 
Sm 
5 
W

•rd

o
CD 
CQ

s

O 
o

0) 
>

5

§ 
ch

CQ 
5 

•H
CD 
cd 

pq

I. s

5 <2

kl 
U 
Z

I—

Sa
Eco । 
u o x 

c00xf

CD 
73

<D CQ

r~1 s

5! 

ino m o
CM

(HH) A

231



in*-

0
4

*

W
"
*
 
* 

« # J*
>» 

"d
 o

 
d

 
0) 

II 
•p

 
02 

0) 
+
 

tn
•p
 

cd 
CQ Æ

 
cd 

A

____
11

g
 

coI 
X

Q
*

 

C
M
 LlI 
4

2
3
2

J 
2 a 

i?
y

—
 o

<

4
g

Figure 6.2 Oscillating laminar boundary layer. Comparison of the quasi-steady 
response (solid line) to the data of Hill and Stenning (°), and the 
solution of_ Lighthtn (*-)-.--- -

X-station/cDx; 0/.40, 1/.4?, 2/.52, 3/.56, 4/.60, 5/.83; FREQ=0.28Hz.



LO

233

s
O T5 
m q 

•h cd

Ào 
S-—' 
o
O M

.5
<y <D 
>3-P 
cd ta

o 
ta

o
or 
g 
pH

2 
O

=H
O 

cd 
Ü cd

ta 
S 

CM

'H

O fi 
<D O 
Æ-H 
-P -P 

■ fi
CD i—f 
.fi O 
■P to

ho•H

^fi 
fi cd 
cd

15 
s*

-P O H b 
Cd -P *H *H 
H .fi -P 
r—I -—- -P Cd 
•H 0) ,fi -P 
O fi ho to 
to «P «H | 
O'H K

S cd o\ 
cd TJ • 

rH v—. ••
CD ® X

rÂ



Qjb m u i uuiiiunuriitii n ni

o 
MD 
<M

•H

K

ch
O

d 
■P 
cd 

T3

X
-S

T
A

T
IO

N

QLe^

VX13G/A

•H 
O 
CO 
o

CN 
O Os 

• MD

O

8
Q 

Qu

CL a)

3

o

§°$
CO o 

‘H C "H 
h -H -P 
cd C cd 
A C +>

c^UJ 
QLH

gg
P CD 
Cd Æ

3 o 
bDU

px
UJ 

_OOi

CD CO 
•P I 
w x

H O
0)

2]4



cgi

O \ 
o\

%

KO 
CM

CO 
o 
CM

K CM

n CM

-s
ta

tio
n

o

UJ

2

Q 
%

°< 
o 
cyid 
O^ 
v<

0_

235



S:A

s »

0)

A ACM 0 
EM I d 
O 0> w 3 

o q cy

ta eu c -P 
■h <n s m 
% S ce i

0)

5

m 
cd

cy 

g

cd H O

CM 
CM

o o 
CO

23 m
13 S
- CD 

O Ci

<D H {H 03 
Æ cd 
■PTS Q£

•h a> a 
h ce

X

J8§
236 O



U
J 

C
D

O
 
<

 
T

 
C

L

O
 

LU
 

" 
d

 

Z
 

ID
 
<

L
_

ID

Figure 6/^ Initial Conditions. ReD = 120,000, ü5u = 2.09, FREQ = 10 Hz 
Curve fit (--- ) , DS-2/Run 16 (o), DS-2/Run 6 (*).

2
3
7



Figure 6^8a Theory vs datai DS-2/Run 5, Amplitude ratio. 
Boundary layer frequency response shown relative to 
the local (x-station), centerline, velocity oscillation. 
Dat* ' DS-2/Run 5» ReD=120,000, côL =1.05, FREQ= 5 Hz.
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Figure 6.9a Theory vs. data: DS-2/Run 6, Amplitude Ratio. 
Boundary layer frequency response shown relative to 
the local (x-station), centerline, velocity oscillation. 
Data (---o--), DS-2/Run 6: Ren= 116320, u>L =2.09, FREQ=10 Hz.
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Data (-— o --) , DS-2/Run ?: Ren=115O8?, cuL =3.14, FREQ=15 Hz.
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Boundary layer frequency response shown relative to 
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Figure 6.13a Theory vs. data: DS-2/Run 10, Amplitude Ratio.
Boundary layer frequency response shown relative to 
the local (x-station), centerline, velocity oscillation. 
Data (— -o-— ), DS-2/Run 10: Ren=113560, cou =6.28, FREQ=30 Hz.
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Figure 6.14c Predicted, boundary layer 
velocity response pattern with respect to 
the x-station=0, centerline oscillation. 
Base flow ReD=ll?,000,=3•14, FREQ=15 Hz.
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