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ABSTRACT

In Chapter One we define an oval for an arbitrary 

2-design. Using very simple counting arguments we 

obtain numerical values about the size of an oval, the 

number of tangent, secant and exterior blocks to an 

oval. Our main result is a generalization of a theorem 

of Qvist on the tangents of an oval in a projective 

plane of even order. Namely we show that in a projec­

tive design of even order with its index X dividing 

k-1 the tangents to an oval all meet at the same X 

points. We also study the relation between the ovals 

of a 2-design D of even order with X dividing r 

and the vectors of minimum weight in the dual of the 

code equal to the row span over GF (2) of the incidence 

matrix of D. Finally we introduce the notion of a 

Hadamard point on an oval in a projective plane of order 

divisible by 4. We show in particular that if the plane 

is Desarguesian and if the oval is a nondegenerate 

conic together with its "nucleus" then this nucleus is 

a Hadamard point. In Chapter 2 we study the codes from
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the incidence matrix of the unital in a Desarguesian 

projective plane of order q2 where q is a prime 

power. In particular we show that if q is odd then 

the unital cannot contain any nondegenerate conic. 

Then using the results of Chapter One we obtain a lower 

bound for the size of a minimum weight vector in the 

dual of the above code studied over GF(2). We also 

present some numerical results obtained on the Lehigh 

machine CDC 6400. These are mainly about the dimensions 

of the above codes for small values of q but they do 

indicate a general pattern that we formulate as a 

conjecture. In Chapter 3 we define and study codes 

from the irreducible root systems that arise in the 

classification of simple Lie algebras over an algebra­

ically closed field of characteristic zero. We concen­

trate on the codes corresponding to systems whose vectors 

are all of the same length. These codes or the ones 

derived from them are good with regard to the bounds of 

coding theory. We obtain values for the dimension, 

the minimum weight and the number of vectors of minimum 

weight in these various codes. A further computation 

on the Lehigh computer yields the complete weight 

enumerators of the three exceptional codes corresponding 

to the systems E&, E? and Eg.
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NOTATION AND TERMINOLOGY

A t-(v,k,à) design consists of a set P of 

elements called points, a set 3 of elements called 

blocks and a relation I called incidence between 

points and blocks (i.e. a subset of P x 58) such 

that :

(i) P has v elements,

(ii) Every block is incident with exactly k 

points,

(iii) Any t distinct points are incident with 

exactly À blocks.

It is immediate that a t- (v, k, 7\) design is also 

a i-(v,k,XjP design, for i = 0,l,...,t, where the 

integer 7^ is given by the equation

Ci> - Mtli> •
The numbers and 7^, i.e. the number of blocks 

and the number of blocks incident with a given point, 

will be subsequently denoted b and r and called the 

block and replication numbers of the design. The 

number r-7\ will be called the order of the design.
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A 2-(v,k,%) design such that v = b is said to 

be projective.

Given a design (F, S,I) we may consider the rela­

tion I » F x 3 - I between points and blocks. By the 

principle of inclusion and exclusion, (F, 3,ï) is also 

a design, called the complement of (F, 53,1) . In parti­

cular the complement of a 2- (v, k, ?\) design has 

parameters 2-(v,v-k,b-2r+À); the block numbers are 

the same but the replication number of the complement is 

of course b-r.

The incidence matrix of a design, with respect to 

a given ordering of the points and the blocks, is the 

b-by-v matrix (a..) where a. . = 1 or 0 according 

as the ith block is incidentor not with the j th 

point.

An automorphism (or collineation) of a design 

consists of a permutation a of the points and a 

permutation g of the blocks such that a point p 

and a block B are incident if and only if pa and 
a

Bp are. Of course we need describe only a if the 

incidence relation is the set membership (we may also 

define an isomorphism between two designs).
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A Steiner system is a t-(v,k,1) design.

A projective plane is a projective 2-(v,k,1) 

design; the parameters of such design may be written
2

v = b = n + n+l, r=k=n+l.

A Hadamard design is a projective 2-(4n-1,2n-1,n-1)

design; such a design arises from a so-called Hadamard

matrix but we shall not need 

» • • • j

finite group G is called a

A set D = <d

that notion here.

of distinct elements in a

difference set if there

exists a positive integer X such that for any g / 1

in G there are 

that d^d1l = g.

exactly X choices d^sdj s D

The existence of a difference

such

set is

equivalent to that of a projective design having an 

automorphism group regular on the points and on the 

blocks.

An important class of designs is given by the 

classical geometries over finite fields. Let q be a 

prime power and n be an integer > 1. The points 

and hyperplanes of the projective space PG^(q), i.e. 

the one-dimensional and n-dimensional subspaces of 

the standard (n+1)- dimensional vector space over GF(q), 

are the points and blocks of a projective design with 

parameters

5



q"+kl 
q-1 • -4^

By a theorem of J. Singer this design is also a 

difference set. For n = 2 we get the so-called 

Desarguesian projective planes.

Again let q be a prime power. Let V^(q) be 

the standard vector space of dimension n over GF (q). 

We identify an element of Vn(q) with the n-tuple 

of its coordinates in a fixed basis of V^(q). A 

linear (n,k) code over GF(q) is a k-dimensional 

subspace of (q). If q is 2 then we shall speak 

of a binary (n,k) code. The (Hamming) weight of a 

n-tuple u in V^(q) is the number of its nonzero 

coordinates; the minimum weight of a code C is then 

the smallest weight of a nonzero vector in C.

The dual (or orthogonal) of a linear (n,k) code 

C is the subspace C-^ consisting of all vectors 

v « (v, , . . . , v ) of V (q) such that u, v. +. . . + u v
-*■ 11 n 1 1 n n

= 0 for every u = (u^...,^) in C. Cx is an 

(n,n-k) code.

Let C be a linear (n,k) code. For i = 0,1,... 

let A^ denote the number of vectors of weight i in 

C (of course Aq = 1). The weight enumerator of C 

is the polynomial

,n
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Wc(z) = A^z1 .

0<i<n

It is often more convenient to use a homogeneous poly­

nomial of degree n and thus to define the weight 

enumerator to be

Wc(x,y) ■= A^11- 1y1 .

°<i<n

The weight enumerators of C and its dual C 

are related by the equation of MacWilliams, namely

Wcx(x,y) - Wc(y-x, y+(q-l)x) . 
q

Often we desribe a (n,k) code C by a generating 

set of vectors, i.e. by a l-by-n matrix G whose 

rows generate C. G is called a generator matrix for 

C. A parity check matrix for C is a generator matrix 

for the dual code C"k

If the weight of any vector in a binary code C 

is even then we say that C is an even code; if the 

weight of any vector is divisible by 4 then C is 

doubly even. Note that a doubly even code is 

necessarily contained in its dual.

7



An automorphism of a (n,k) code C is a 

permutation of the n coordinate places that maps 

any vector of C onto another vector of C. (We may 

also define an equivalence or isomorphism between two 

(n, k) codes).

A way of constructing a code is to consider the 

row span C of the incidence matrix of a design over 

a field GF(p) where p is a prime; the idea is to 

relate the algebraic properties of C with the 

geometric properties of the design.

A class of codes that we shall encounter here is 

that of (binary) Hamming codes. Let m be a positive 

integer. The Hamming code Hm has as parity check 

matrix the m-by-(2m-l) matrix whose columns are all 

nonzero binary m-tuples. is a (2m-1,2m-m-1)

code of minimum weight 3.

8



CHAPTER 1

OVALS IN 2-DESIGNS

§ 1. Arcs and ovals.

Let D = (2°, $) be a 2- (v, k, À) design with block 

and replication numbers b and r.

A subset S of P is called an arc if no three 

points of S are on a block. If S is an arc and B 

is a block then B is called an exterior, tangent or 

secant block to S according as |BDS | = 0, 1 or 2.

We shall exclude the cases where k « 2 for which 

every subset of points is an arc.

Proposition 1.1. Let S be an arc of the design D. 

Then

(i) if r-X is odd or r-X is even but X does 

not divide r then

|S| < ,

(ii) if r-X is even and X divides r then

iQ , r+X
ls' £ — •
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Proof. Suppose the arc S has at least one tangent with 

point of tangency p. By counting in two ways the set

- (q,B) | q e P, B e S, q / p, q e SOB, p e Bj 

we get

M |S |-1) < r-1

so that

ISI .

We remark that if |S| * then through each point

of S there passes a unique tangent,

Now suppose the arc S has no tangent. Fix a 

point p on S. By counting in two ways the set

- (q,B) BeS, q/p, qe SMB, p e bJ

we get -

MiS|-l) - r

so that

■ |S| .
A

in particular X divides r.

10



Now fix a point p1 not on S (this is possible 

because of the assumption k > 2). Let x blocks pass 

through p* and be secant to S. By counting in two 

ways the set

-^(q, B) | q e P, B e S, q e BAS, p' e B j 

we get

MS| = 2x 

so that

r + X ■ 2x .

Hence r-À is even.

Definition. An oval of the design D is an arc of 

maximum size. So if O is an oval then |0| = A",

or according as r-X is odd, r-X is even

and X divides r, or r-X is even and X does not 

divide r.

Remarks.

(i) The above definition is ambiguous when X = 1 

and r-1 is even. For this case an oval is defined to 

be an arc of cardinality r+1 (note that in the 

literature for a projective plane of even order n, an 

11



arc of size n+1 is called an oval while an arc of 

size n+2 is called a hyperoval).

(ii) Suppose the design D has an arc of cardinality 

i. Then i < in any case. Since ft
— A J X k-1

follows that

(i-D(k-l) < v-1.

(iii) Let Oval (D) denote the set of ovals of 

the design D. Of course it may happen that Oval (D) 

is empty. But in case Oval (D) is not empty it sometimes 

happens that the incidence structure (IP, Oval (D) ) is 

itself a 2-design, for example if D has an auto­

morphism group that is doubly transitive on P.

§2. The odd order case

in this section we assume that the order r-X of 

D is odd and -r^ is an integer.

Proposition 1.2. Let 0 be an oval of D. Then 

through a point not on 0 there pass either no tangent 

or at least two tangents to 0.

Proof. By §1 through each point of 0 there passes a 

unique tangent. Let p e 0 and let B be the tangent 

at p. Let q be a point of B distinct from p.

12



Suppose B is the only tangent to 0 through q. 

Let x be the number of secant blocks and y be the 

number of exterior blocks through q. Counting in two 

ways the set

,C) ! q1 e t, C e B, q' / p, q' e OAC, q e cj 

we get

M 101-1) = X-1 + 2 (x- À+1) 

i. e.

* 1) = 2x - X + 1

r + X » 2x + 2

so that r-X is even, a contradiction. So through a 

point noton 0 there pass either no tangent or at least 

two.

Definition. Let 0 be an oval of D and q a point 

not on 0. We call q an interior point if through q 

there passes no tangent, an exterior point otherwise. 

In particular the points of a tangent distinct from the 

point of tangency are exterior.

Proposition 1.3. Let 0 be an oval of D. The numbers 

of secant, tangent and exterior blocks are respectively

13



jÿ(r-l) (r+X-1) , ^(r+X-1), and ^[r(k-l)+X]

- ^[(r+l)(r+X-l)].

Proof. Let x be the number of secant blocks to 0. 

Counting in two ways the set

f / f ) >
1 (jP, 9 k B) i p, q e B e ®, p / q, p,q g 0 f) B L

we get

Of course there are 101 tangents and so there are 

b - x - 10 ! exterior blocks.

Remark. If the design D is projective then Assmus

and VanLint [1] have shown that:

(i) Through an exterior point there pass exactly 

two tangents, so that the tangents to the oval 0 form 

an oval in the dual design.

(ii) An exterior block contains -^(k+7-1) exterior 

points and -^(k-À+l) interior points, while a secant 

contains -^(k+^-3) exterior points and l(k-1) 

interior points.

(iii) The design has (k-1)(k+À-1) exterior 

points and (k-1)(k-À-1) interior points.

14



§3. The even order case with À dividing r.

For this section we assume that the order r-À of 

D is even and is an integer.

Proposition 1.4. Let 0 be an oval of D. The numbers 

of secant and exterior blocks to 0 are respectively 

r(r+X) and ^[r(k-l)+X] - ~ r(r+X).

Proof. Let x be the number of secant blocks to 0. 

Counting in two ways the set

■ p,q € F, p / q, B e iB, p,q e 0 A fij 

we get

x = X( 'g b = r(r+X) .

The number of exterior blocks is then b-x since 0 

has no tangent.

Proposition 1.5. Let 

be a point not on 0. 

blocks to 0 through 

and (r- X) .

0 be an oval of D and let p 

The number of secant and exterior

p are respectively (r+X)

Proof. Let x be the number of secants to 0 through 

p. Counting in two ways the set

15



-j (q,B) | q e P, B e q e 0 0 B, p e Bj 

we get

2x • X101 - r + 7s

so that x = -^-(r+X). The number of exterior blocks 

through p is then r-x.

Corollary. If the design D is projective then taking 

as points the exterior blocks of 0 and as blocks the 

points not on 0 we obtain a 2- (-^(k-2) (k-X) ^(k- X) , X) 

design. Note however that this design may have repeated 

blocks for X > 1 [1].

Proposition 1.6. Assume that Oval (D) is not empty 

and (P, Oval(D)) is a 2-design with parameters v1, 

b1, k', r *, X1. Then r X1 is even and X' divides 

r *, as in the design D.

1 (p> 0) i p e F, 0 e Oval (D), p e 0 f) b1

Proof. We have of course v1 = v and k1 = .
A

Now fix a block B in D. Let x denote the 

number of ovals meeting B. Counting in two ways the 

set

16



we get

kr 1 - 2x.

Counting in two ways the set 

°)lp,q g P, p f q, 0 e Oval (D), p,q e OflB

we get

X' (^) * x .

Hence r ' » X'(k-l) and so ■ k.
A

Since the blocks of D are clearly arcs of 

(P, Oval(D)), they are ovals of the latter which is 

then of even order with X’ dividing r’ as in D.

§4. A generalization of a theorem of Qvist.

In this section we propose to generalize a classical 

result of Qvist which says that in a projective plane of 

even order all the tangents to an oval meet at the same 

point (called the nucleus or knot of the oval) [9].

Proposition 1. 7, Let D be a projective design with 

even order and X dividing k-1. Let 0 be an oval 

of D. Then all the tangents to 0 meet at the same 

X points.

17



Proof. We recall that under the hypotheses through each 

point of 0 there passes a unique tangent. We set 

s - 1 0 1 .

(i) Let p be a point not on 0. Let x be 

the number of tangents through p and y be the number 

of secants through p. Counting in two ways the set

v(q,B) I q e P, B e $, q e 0 0 B, p € B .
I «

we get

Xs s x + 2y 

that is

- x + 2y .

Hence x = (k+X-l)-2y and so x is odd. In particular 

we have x 1. (Thus every point of D is on some

tangent to 0).

(11) Now let x^ be the number of points not on

0 through which there pass i tangents to 0. Of

course x^ « 0 for i > s. Since there are v-s

points not on 0 we have

v - s = V x. . 
/ , i 

i odd 
l<i<s

18



Counting in two ways the set

1 (p,B) | p e P, B tangent to 0, p e B - 0 . 

we get

i odd
l<i<s

Counting in two ways the set

" (p, C I) | p e P, B,C tangents to 0, p e B A C .
L I J .

we get

Mg) " (2)^1 •
i odd 
3^i<s

Now using the relations À(v-l) - k(k-l) and s = —
A 

we note that

v-s -<y)2 
A

2
s (k- 1) ■= -----H k- 1 = v- s+k- 1

Mg) - I s(k-l) .

Hence the following equations follow

19



y (i-l)x. - k-1 

i odd 
3<i<s

= s(k-1)

i odd 
3<i<s

Multiplying the first equation by s 

the second equation yield

y (s-i)(i-l)xi = 0 

i odd

We conclude that « 0 for all i 

for i *= 1 and i « s.

Now the equations

and subtracting

except possibly

x^ + sxg - s(k-l)

Xf + xg = v-s

yield

x, = v-s-X and x„ « X 1 s

Of course x = X means that all the s

0 meet at the same X points.

s tangents to

20



Proposition 1.8. Let D be a projective design with

even order and X dividing k-l. If D has an oval

then k-l divides course this condition

is of interest only if

Proof. Let 0 be an oval of D with 10| = s. Let

K denote the set of X points where the tangents to

0 meet. For a block B which is not tangent to 0,

m I Bf)K | .

Then for any tangent T to 0 we have

By the previous

some tangent to

Since m is an

Now we

proposition,

design, k-X

I b n (T-K) | » X-m .

proposition

0. Hence

integer, we

investigate the

i.e. we assume

is even

every point of D is on

m + s (X-m) = k. Then

X(X-l) 
k-l

conclude

extremal

that D

divides

If we set X-1 - q then we

the proposition.

case in the above

is a projective

k-l and k-l - X(X-1).

have

21



9 
k - q (q+1) + 1 « q + q + 1

v - + l=q3 + q2 + q + l .

Hence the design D has the parameters of the design 

of points and planes of PG^(q). Of course the classical 

design PG^(q), q a prime power, does not have an oval. 

Moreover the relation k-1 = X(X-1) implies that 
2

k-À * (X-1) ; hence X must be odd.

For X - 3, the parameters of D are (15,7,3). 

There are precisely five designs having those parameters, 

the classical PG^(2) with no oval and four others all 

with ovals [2], [1].

For X = 5, the parameters are (85,21,5). There 

are precisely two known designs having those parameters, 

the classical PG^(4) with no oval and another one 

with ovals [1].

For X “ 7, the parameters are (259,43,7). These 

are the parameters of PG^(6) whose existence or non­

existence has not been settled at the present time 

(though it is well known that the plane PG2(6) does 

not exist).

For X - 9, the parameters are (585,73,9). The 

classical PG^(8) is such a design but no other design 

is known.
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For À = 11 the situation is similar to that of

X = 7, namely we would have PG^(10).

§5 . Ovals and codes from the incidence matrix of a design 

Let D = (P, 55 ) be a design and M be its incidence 

matrix. Let C denote the code equal to the span over 

GF (2) of the rows of M.

Proposition 1.9. If D is of even order and X divides 

r then

(i) The minimum weight of the dual is at 

least the size of an oval in D, that is, .
A

(ii) The vectors of weight in are

precisely those whose supports form an oval in D.

Proof. (i) Let v e C-L and let p e v be fixed (we 

identify a vector of GF(2)v with its support in F). 

Counting in two ways the set

^(q,B) | q / p, q e v, p,q £ b|

we get

peB

23



Now for each block B 

since v e c\ Hence

through P, '|B A (v- Jp U 1 2 1

Conversely suppose v is an oval of D. The

MM -1) 2 r

that is

M r+X
2 % •

(iii) Now suppose v e C and | v j « . Then

we have

- 1 for

|b n (v-Jp

B I

peB 

each block B

1)1 - r

through

and hence |B A (v-jpj) 

p. So every block

meets v either 0 or 2 times and in particular v

is an oval of D.

relation Iv| = implies that v has no tangent.

So any block meets v either 0 or 2 times and so

v € Ct

§6 . Hadamard points on an oval

In this section we assume that the design D is 

a projective plane of order n divisible by 4.

Suppose that D has an oval 0 (which is of 

cardinality n+2). Let a be a point on 0 and B, C 

two secants through a. Let

24



b n o

Let a « B

a,b L C A 0

a,b l and E

dence relation I on axe

in an exterior line to for

Note that

1.5 every point of D

ja, c

a, cl. Define an inci-

(p,q)

is a 1-design

not on 0 is

if P, q y is

since by proposition

on exactly

- c

p I q

0 e axE.

exterior lines.

Proposition 1.10. If (a,E) is a 2-design then (a,E) 

is the complement of a Hadamard design.

Proof. If (a,E) is a 2-design then it is projective 

since |a| = |E | ■ n-1; also every block of (a,E) is 

incident with y points, as remarked above. Then the 

relation X(v-l) = k(k-l) implies

Hence (a,E ) is a (4^-1, 2X, ?\) design, the complement 

of a Hadamard design (4X-1,2À-1,X-l).

Definition. Let a e 0 and let (B,C) be a pair of 

secants through a. We say that a is a quasi-Hadamard 

point if for some choice of (B,C) the incidence 
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structure (a,£ ) is a 2-design; we say that a is a 

Hadamard point if for any choice of (B,C) (a,E) is 

a 2-design.

Now we assume that D is Desarguesian of order 

n ■ 2^ and that the oval 0 is a conic together with 

its nucleus. We shall consider the usual representation 

of D, namely the points are the row vectors (x,y3z) 

with the usual identification, the lines are the column 

vectors (a, b,c)with the usual identification, the 

point (x,y,z) and the line (a,b,c)t being incident 

if ax + by + cz = 0. It can be shown [9] that any 

conic of D is equivalent to the conic C defined by 
2 

the equation x + yz - 0. Thus 

iQ j "j f
(t,t , 1) : t e GF(2^) I U j (0,1,0)

Clearly the nucleus of C is the point N = (1,0,0). 

Hence

0 - J(t,t2,l) t e GF(2^)l U {(0,1,0), (1,0,0)

I

Moreover the subgroup G of the projective general 

linear group stabilizing C is triply transitive on 

the points of C and obviously fixes the nucleus 

N [9].
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Proposition 1.11. The nucleus N is a Hadamard point 

on the oval 0.

Proof. Because of the transitive properties of the group

G we need consider only a particular pair of lines 

through N. We choose I « (0,1,0)and m « (0,0,1)t.

Let - J(l,0,0), (0,0,1)1 and m’ * m - j (1, 0, 0) ,

(0,1, 0) j. We want to know when the incidence structure

(m*,/*) is a 2-design. Clearly the points on are 

the points (1,0, a) where a / 0, those on m* are the 

points (b,1,0) where b / 0. The line through 

(1,0,a) and (b,1,0) is the line s - (a,ab,1)t.

Clearly s does not contain the points (1,0,0) and 

(0,1,0) since ab / 0. Hence s is an exterior line 
9 

if and only if at + abt +1/0 for any t.

A trivial change of variables shows that the
9 

condition can be written a(t+t ) / b for all 

t / 0,1. Hence (m1,/’) is a 2-design if and only 

if given b, c with b / c, be / 0 there is a fixed 

number (independent of b and c) of elements a such 

that

a(t+t2) / b, a (t+t2) / c

for all t / 0,1. Since (m’,/’) is a 1-design, i.e. 
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there is a fixed number (independent of b) of elements 

a satisfying a(t+t ) / b for all t / 0 the above 

condition is equivalent to the following: there is a 

fixed number of elements a such that

9 9
a^to+to^ * b’ a(t^+tp = c

for some t . tn o l where

is that the set

^o^l / °’ 

t2 : t / 0,1

This

is

last condition

differenceD - a

set in the multiplicative group of GF(2^). Now

consider the linear transformation f : of2

GF(2^) considered as a d-dimensional space over GF(2).

0,1 a one-dimensional space so that

Im f Im f Hence DBut D = ° •
I J

generates a difference set since Im f does.

Remark. The above argument also shows that any point 

of 0 distinct from N is a quasi-Hadamard point. To 

see this we consider the point (0,1,0) (since G is 

transitive on C) and the two lines m « (0,0, lp 

and w = (1,0,0) ; the rest of the argument is the same 

as above. However we were unable to show that the 

points of C are not Hadamard points.
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The Desarguesian projective plane of order 16.

It is well known that the projective planes of 

order 4 and 8 are unique up to isomorphism [7] and 

hence they are Desarguesian. An oval in those planes 

is necessarily a nondegenerate conic together with its 

nucleus [6]. In [6] M. Hall shows that in the 

Desarguesian plane of order 16 there are, up to iso­

morphism, two ovals one of which is of course the conic 

with its nucleus. The other oval is acted on transi­

tively by a group of collineations of the plane. Using 

Hall’s representation we have found with the help of 

the Lehigh computer that no point on this second oval 

is quasi-Hadamard.
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CHAPTER 2

CODES FROM CLASSICAL UNITALS

§ 1. Correlations and polarities

Let P be a projective plane. A correlation of 

F is a one-to-one mapping 6 of the points of IP onto 

the lines of P and the lines of P onto the points 

of P such that a point p is on a line L if and only 
6 6

if L is on p . The product of any two correlations 

is of course a collineation. A polarity of IP is a 
2 

correlation 0 such that Q is the identity collinea­

tion.

An absolute point or line of a correlation 6 is 

one that is incident with its image under 6.

Since we are mainly interested in the finite 

Desarguesian case we shall restrict ourselves to this 

case. It turns out that then a correlation is given by 

a sesquilinear form on the underlying space of the 

geometry. Let V be a vector space of rank 3 over 

the field K = GF(/) and let P be the projective 

plane over V. Let a be an automorphism of K. A 

sesquilinear form on V with companion automorphism 

a is a mapping s : VxV K such that
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(i) s is additive in both variables,

(ii) s(ax,by) = as(x,y)ba for all a,b e K, 

x,y e V. s is nondegenerate if s(x,y) = 0 for all 

y e V is equivalent to x = 0.

If s is a nondegenerate sesquilinear form on V 

and S is a one or two-dimensional subspace of V 

(i.e. a point or a line of F) then it can be shown 

[5] that the mapping Q given by

S$ « ' x e V s(x,y) = 0 for all y e S (*)

defines a correlation of the plane P. Conversely if 

6 is a correlation of P then there exists a non­

degenerate sesquilinear form s on V such that 6 

is given by (*). Moreover it is easily seen that a 

form s on V represents a polarity if and only if

s(x,y) = 0 implies s(y,x) = 0 for all x, y e V .

The following result classifies the polarities of 

P. Further details may be found in [5].

Proposition 2.1. Let s be a nondegenerate sesquilinear 

form on V with companion automorphism a. If s 

represents a polarity 9 of the plane P then one of 

the following holds :
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(i) a = 1, s(x,y) - s(y,x) for all x,y e V 

and if the characteristic of K is 2 then s(z,z) / 0 

for some z e V (in this case we say that 6 or s 

is orthogonal).

(ii) a ■= 1, s(x,x) =0 for all x e V (we then say 

that 6 or s is symplectic).

(iii)  a is of order 2, s(x,y) = s(y,x)a for all 

x,y e V (we say that 6 or s is unitary).

1

The next result gives all unitary polarities over 

the finite Desarguesian plane P. Further details are 

also contained in [5].

Proposition 2.2. V admits unitary forms if and only if 
e 2

/ is a square, say I « q . In this case any unitary 

form t is equivalent to the form

s : (X,y) .. £ X.y^ 

1<1<3

i .e. the polarities defined by s and t are conjugate 

under a collineation of the plane P.

§ 2. The unital.

Let s be the standard unitary form

(x,y) x^ + x^ + x3y^

32



of the space V. Let 6 be the polarity of the plane 

F given by s. Let FUg(q^), GU^(q^) and SU^(q^) 

denote the group of semilinear, linear and determinant 

l linear transformations of V that preserve the form 

s and let Pru^q^), PGU^q^) and PSU^(q^) be the 

corresponding central factor groups. Finally let U be 

the set of absolute points of 6 i.e. the points repre­

sented by nonzero vectors x = ^2'^3^ °f V such

that x^+1 + x2+^ + x3+^ “ °*

The following result may be found in [9].

Proposition 2.3

(i) | U | - q3 + 1 .

(ii) A line L of the plane P intersects U 

at 1 or q + 1 points according as / is absolute 

or not.

(iii) The groups PFU^(q2), PGU^(q2), PSU^(q2) act 

on U as doubly transitive permutation groups.

Hence the points of U together with the non­

absolute lines (incidence induced by that of F) form 

a 2-(q +1,q+1,1) design with block and replication 

numbers

b = q2(q2-q+l), r - q2 .
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This design will be called unital. (In particular 

through every point p e U there passes one absolute 

line, which must be the image of p under 0, and 
2

q nonabsolute lines). M. O'Nan [11] has proved that 

the full automorphism group of this unital is PrUg(q^).

Proposition 2.4, Let p be a point of BP not in U.

(i) Through p there pass q+1 absolute lines 
2 

and q -q nonabsolute lines.

(ii) The q+1 points of U which are on the q+1 

absolute lines through p are collinear on a line I 

which is the image of p under 6.

Proof.

(i) Let x, y be the number of absolute and non­

absolute lines through p. We have x + y = q2 + 1. 

Counting in two ways the set

■^(a,/) : a e U, / a line through a and p . 

we have

x + (q+1)y = q3 + 1.

Hence x = q + 1 and y = q2 - q,

(ü) Let a and b be two absolute points on two 

absolute lines through p. Say a, b and p are given 

by the nonzero vectors u, v, w of V. Let / be the 
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line through a, b and let c be any absolute point on 

/. Say c is given by cm + pv where a,p e GF(q2). 

Then for any p,£ e GF(q ), we have

s (au+Pv, T) (au4-gv)+^w)

* s(au+3v, Çw) since c is absolute

« s(au,Çw) + s(pv,Çw) 

- 0

since the lines through p, a and p, b are absolute. 

Hence the image of c under 6 is the line through c 

and p. Since there are q+1 absolute points on / 

and q+1 absolute lines through p, our claim is proved. 

Now / is the image of p under 6 since it has two 

distinct points, a and b, whose images under 6 

contain p.

§3. Codes from the unital

Let M denote the incidence matrix of the unital 

U and let C be the code equal to the row span of M 

over a given field GF(p), where p is a prime. This 

code C is interesting only if p divides the order 

of U which is q -1 [8]. We note that the projective

unitary groups are doubly transitive automorphisms 

groups of C.
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Proposition 2.5.

(i) The code C always contains the all-one vector.

(ii) If q is odd and p = 2 then the dual code 

C-L also contains the all one vector.

Proof, 
n

(i) Let p be a point not on U. The q -q non­

absolute lines through p give rise to q -q pairwise 

disjoint blocks of U. Also the block formed by the 

q+l points of intersection of U with the q+l 

absolute lines through p is disjoint from anyone of 
2 ?

the above q -q blocks. Since (q -q+l) (q+l) = |u| 
2 

we conclude that those q -q+l blocks form a partition 

of U and so the all one vector is in C.

(ii) is clear since each row of M has weight 

q+l.

Consider the particular case q -= 3, p = 3.

A straightforward computer calculation has shown 

that C-L is a binary (28,7) code whose weight 

enumerator is

W^(x) = 1 + 63(xl2+%16) + x28 .

Hence C is a (28,21) code whose weight enumerator, 

by the MacWilliams equation, is
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Wc(x) « 1 + 32.5. 7(^-H2S + 2^.3^. 7(x^+x22) 

+ 33. 7. 11. 23(x 8+x 20) + 27. 3. 72. ll(x10+x18) 

+ 32.7. 59.127(x 12+x 16) + 26.5.33.73x14 + x28.

Since C3- is doubly even we conclude that CC C. 

Also note that here the size of an oval of the unital 

is 3 + 1 « 10. Since C -L has no vectors of weight 10 

we conclude from Proposition 1.9 that the unital does 

not contain any oval. We can prove this in general but 

first we require a lemma, a proof of which may be found 

in [12].

Lemma 2.1. Suppose n 2 2. Let u1 (xp . . . ,x ) and 

u^Xp . . . ,x^ be polynomials over GF(Z) of respective 

total degrees e^ and e^, without common factor of 

positive degree. Then the number of their common zeros 

in GF(/)n is at most

/n"2eie2 minVe^ ^2}

Proposition 2.6. If q is odd, q 3, then the unital

U does not contain any oval.

Proof. Because of the above discussion we assume that

q 2 5* Now the size of an oval in U is q2 + 1 which 
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is also the size of an oval in the ambient plane IP. 

Since a line of P either meets U at only one point 

or is a block of (J we see that an oval of U is an 

oval of P. But since here P is of odd order, an oval 

of P must be a nondegenerate conic, by Segre's theorem 

[9]. Such a conic is given by all nonzero vectors 

x “ satisfying an irreducible equation

ax2 2
+ bx^x^ + ex 2 + dx-^x^

2
+ 0X2X3 + fXg = 0 .

The points of U are given by all nonzero vectors 

x = (xpX2,x3) satisfying

+ x^ + x§+1 - 0 .

By the lemma the number of common zeros to those two 

equations is at most 4q (q+1). We conclude that the 

number of points common to the conic and the unital is 

at most

4q2(q+l)-l 

q2-i ‘

It is easy to see that this number is less than q^ + 1

since q 5. This proves the proposition.

Corollary. If q is odd and p = 2 then the minimum 

weight of C-L is at least q2 + 3.

38



Proof. By Proposition 1.9 the minimum weight d of C-L 

2 2is at least q + 1; but d > q + 1 since U has no 

2 lovals. Hence d > q +3 because C— is even.

We would like next to discuss our unsuccessful 

attempt to give a formula for the dimension of the code 

C. We have done some computer calculations and come up 

with the following table :

like to formulate this as a conjecture.

q P dim C1 Is CIf c?

2

3

4

5

5

3

2

5

2

3

3 =

7 -

13 =

21 =

21 -

k
Q
 

J
D
 

N
D
 

N
D
 

M
 

N
)
 

h
D

-

q + 1

q + 1

q + 1 

q + 1 

q + i

yes 

yes 

yes

no

yes

We remark that for q * 4 » p “ 3 we have found that

dim C^ - 0 . It seems to us then that for p dividing

q + 1 the dimension ।of C J- is 2
q - q + 1. We would

Conjecture: If p is a prime dividing q+1 then the

1 2dimension of C-' over GF(p) is q -q + 1.
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CHAPTER 3

CODES FROM IRREDUCIBLE ROOT SYSTEMS

§1 . Root systems

Let V be a real Euclidean space in which the 

scalar product of two vectors x, y is denoted (x, y).

For any nonzero vector x in V, the reflection 

in the hyperplane perpendicular to x is the orthogonal 

transformation w^ of V given by

w (y) - y - x .A j a  y

A root system in V is a set 0 of vectors in V 

satisfying the following conditions:

RI. 0 is finite and 0^0.

R2. 0 generates the space V.

R3. For all x,y e 0, e Z .

R4. For all x,y e 0, w^(y) e 0.

R5. If x e 0 and Xx e 0, where À e R, then

X = +1.

The elements of such a set are called roots.

The subgroup of the orthogonal group of V generated 

by all w^, x e 0, is called the Weyl group of 0. It 
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will be denoted W(4>) (or simply W if there is no 

ambiguity). It is easy to see that W is a permutation 

group of 0.

A fundamental system of a root system # is a sub­

set tt of satisfying the following conditions:

F1.

F2.

)t is a basis for the space V.

For every X - £ 

i-1

in where

' the coefficients are

rational integers that are all nonnegative or 

all nonpositive.

Given such a subset ir the roots in v will be called 

the fundamental roots of </>. An element x = 2 X^p^ in 

0 is called a positive (resp. negative) root with 

respect to y if Xf > 0 (resp. X^ 0) for all i. 

The set of all positive (resp. negative) roots with 

respect to 7r is denoted (resp. ^) or simply 

(resp. 0“) if there is no ambiguity.

It can be shown [4] that any root system admits a 

fundamental system and that the Weyl group operates 

sharply transitively on the fundamental systems.

Given a root system the coroot associated with 

x C 0 is the vector h = 7^—x. It can be shown [4] 
a  j a  y 1 J
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that the set = ^h^ j x g is also a root system 

and that the coroots associated with the elements of a 

fundamental system in 0 form a fundamental system of

The system 0* will be called the dual of 0. We 

remark that = <£.

Two root systems and are said to be equi­

valent if there is a bijection f : a non­

zero real number X such that (f(x),f(y)) = X(x,y) 

for all x, y in A root system 0 is self-dual

if 0* is equivalent to 0.

§2. Irreducible root systems

A root system 0 is said to be irreducible if 0

cannot be partitioned into two nonempty subsets
1

and 02 such that (x, y) = 0 for all x e 0 and 

y e ^2-

The following result, a proof of which may be found

in [3], allows us to study only irreducible root systems.

Proposition 3.1. Any root system 0 of the space V 

is the sum of irreducible root systems, i.e. V can be 

written as

V * Q V. 
- iel x 

such that:
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(i) The subspaces are pairwise orthogonal,

(ii) 0 is contained in U V., and 
ie !  *1

(iii) Each 0^ = 0flV^ is an irreducible root system 

in V±.

orthonormal basis for E and

I

E consisting of all x B

i=0

In fact all irreducible root systems are known.

It can be proved [3] that an irreducible root system 

is equivalent to one of the systems described below.

Type A^. Let E = R^+1, let
* ^1* * ’ * ’

let V be the subspace of 

I

^iei such that = 0.

i=0
The vectors e^-e^, i / j, form a root system in V that 

is said to be of type A^. A fundamental system consists 

of the vectors e^-e^^, i = 0,1,...,/-!. With respect 

to this fundamental system, the positive roots are the 

vectors e^-e^ where 0 <. i < j <

It can be shown that here the Weyl group is iso­

morphic to the symmetric group on 1+1 letters.

TyPe Let V and let e^, . . . , e^ be an

orthonormal basis for V. The vectors +e., +e.+e.
— i — i- J

with i < j form a root system in V that is said to
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be of type A fundamental system consists of the

vectors e.-e i = 1, 2, . . . , 2-1 and the vector e^.

With respect to this fundamental system, the positive

roots are the vectors e.. e.-e. and 
1 1 J

l ^i< j 2. Here the Weyl group is a

of Zg with the symmetric group on

e^+e^ where

semidirect product

letters.

Type C n. The notation is the same as in B.. The

vectors +2e^, +e.+e. 
— i— J

with i < j form a root system

that is said to be of type C^. A fundamental system

consists of the vectors e^-e^^, i 1,2,..., 2-1

and the vector 2e With respect to this fundamental

system, the positive roots are

and e^+ej where I i < j < 

the same as that of B

the vectors 2e., e.-e.
1 i J

L. The Weyl group is

Type D.. The notation is the same as in

vectors +e.+e. with i < j form a root

is said to be of type D.. A fundamental

B^. The 

system that 

system con­

sists of the vectors e^-e^^, i = l,2,...,2-l and

the vector e^_]+e^. With respect to this fundamental

system the positive roots are the vectors and

where 1 <_ i < j 2. Here the Weyl group is a 
6 1

semidirect product of with the symmetric group

on 2 letters.
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3 ( )
Type G2. Let E = B. . Let 62,63V be an ortho­

normal basis for E and let V be the hyperplane con­

sisting of all x = ^^e^ + ^2^2 + such that

+ ^2 + “ 0. The vectors +(6^-63), Ke^-e^),

±(e2“e3) ’ ±^2ei"e2"e3^ +(262-6^-63), +^63-6^-62) form 

a root system that is said to be of type G2. A funda­

mental system consists of the vectors p^ = 63-62 and

p2 ■ -26^ + e2 + 63. With respect to this fundamental

system the positive roots are the vectors pr p2’

Pl + Pg) 2P3 + P2> 3p3 + p2, 3pi + 2p2- Here the Weyl 

group is the dihedral group D$ of order 12.

Type F^. Let V - and let ^63,63,63, e^ be an 

orthonormal basis for V. The vectors +e., +e,+e. 
~ 1 “ 1- J 

(1 i < j .< 4) and j(+e3+e2+e3+e) form a root 

system in V that -is said to be of type . A funda­

mental system consists of the vectors e2~

e4’ ' ^Tth respect to this 

e3’ e^-e^, 

fundamental

system, the positive roots are 

"J(e3ie2+63+0^). Here the Weyl

(1 < i < j e),

group is a semidirect

product of the symmetric group on 3 letters with a 

semidirect product of the symmetric group on 4 letters 

with Z^.
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In the rest of this section we let E * . Let

epI be an orthonormal basis for E.

Type Eg. The vectors ±e.+ej (1 < i < j < 8) and

8 _ 8
2" 2. (~1) with V E (i) even, form a root

1-1 i=l

system in E that is said to be of type E8* A funda­

mental system consists of the vectors

■l(e2+e3+e4+e5+e6+e7), p2 - ^^2^ p3 -
Pl " "

e2'el> P4 “ e3"e2’

p5 " 24-23, P6 - e5-e4, p7 - e6-e5, pg - e?-e6. With 

respect to this 

are +e. +e . (1
7 J

i=l

fundamental system the positive roots

1 < j 8) and |(eg + (-1/ (^ep

i-1
is even.

Type E7. Let V be the hyperplane of E orthogonal

to the vector e^+eg. The vectors +e.+e. (1 i < j < 6),
6 1 J 6 ~ ’

+ (e7-e8), ±j(e7-e8 + Y (-1)^ with V E (i) odd,

i-1 i^l
form a root system in V that is said to be of type Ey. 

A fundamental system consists of the vectors PpP2»...p- 

described above. The positive roots are then +e +e
- 1 j
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6y tw

i=l

6
J X 6), Cg-e?' 7^8^7 +E 

i=l

is odd.

where

Type E^. Let V1 be the subspace of E consisting

of the vectors whose coordinates (^) satisfy

\ ~ \ = -X The vectors +e.+e. 
o / o — 1— j

5

~ X (-1)e ^eP’ with
i=l

(1 < i < j < 5),

5 

E(i) even, 

i=l

form a root system in V1 that is said to be of type

E$. A fundamental system consists of the vectors

described above. The positive roots

are then +e^+Cj (l i < j 5) and -(e^-e?~e 

5 5
(-1)£ ^^e^) where E (i) is even.

i“l i=l

§3. Definition of the codes from root systems

Let 0 be a root system in the space V and let

Q = <v e V I (v,r) e Z for all r e 0*

It is known [3] that Q is a free Abelian group of

rank equal to the dimension of V. (Q is called the

group of weights of Q in the literature). Moreover

there exists a basis
l’ ' for Q such that
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(q^h ) “8 .. (Kronecher delta) if , . . . , p, I is 
x Pj [ 1

a fundamental system of <&. Clearly Q is invariant 

under the Weyl group W.

Now consider the mapping T of Q into the free 

abelian group of all functions from 0* to Z

given by

T(q)(r) = (q,r) for all r e 0* .

Clearly T is an Abelian group homomorphism. Moreover 

it is one-to-one since T(q) = 0 means that (q,r) = 0 

for all r e 0* so that q = 0 since 0* generates V. 

Hence T(Q) is a (n,2) code over Z where n = [ 0 ], 

/ = rank Q = dim V. Of course we can read T(Q) over 

any finite field GF(p) and get a (n,2) code over 

GF(p).

Lemma 3.1. The Weyl group W acts on the code T(Q).

d) «Sr
Proof. The group W acts on by the formula

(f•w)(r) » f(w(r)) where f g Z^*, w e W, r e 0*.

Thus for any q e Q, w e W, r e 0* we have

[T(q)-w](r) - T(q)(w(r)) = (q,w(r)) = (w“1(q),r)

■ T(w"1(q))(r).

Hence T(q)•w = T(w-1(q)) e T(Q).
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al system of

of

0.

0* where

Proof. Let Vqp . . . , is for Q such that

Suppose h
PJ'

(q À.h .) “X. .

Lemma 3.2. A generator matrix for the code T(Q) is 

given by the Z-by-n matrix whose column corresponding 

to the coroot hr consists of the coordinates of h 

in the fundamental syst 

{pp •••»?/[ is a funda 

qZ

(q,-,h ) =6.. for all 
pj J 

Then we have

(T(q.))(hJ

From now on we assume that is an irreducible root 

system and that the corresponding code is read in GF(2). 

In this case the generator matrix given by Lemma 2 is 

of the form M|M where the columns of M correspond 

to the positive roots in 0*. We will study the binary 

code whose generator matrix is M and denote that code 

by A^, . . etc according as 0 is of type A^,

etc. Note however that the identity is the only 

element of the Weyl group that is in the automorphism 

group of any of the codes A^, B^,... etc. This is so 

because the identity is the only element of the Weyl 

group that fixes the positive roots setwise [4]. The 

code with generator matrix M|M will be denoted A,, 
Ju

B^,... etc.
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The codes A^, . etc. may be useful in studying

the codes . etc. We recall the following funda

mental result, a proof of which may be found in [3].

Proposition 3.2. Let 0 be an irreducible root system. 

If x and y are roots of the same length then there 

exists an element w e W with w(x) = y.

Corollary. The Weyl group acts as a transitive auto­

morphism group of the codes A., D., E,> E7 and Eo.

Proof. This follows immediately from Lemma 3. 1 and 

Proposition 3.2.

§4. A listing of generator matrices

We use the standard root systems given in §2 to 

determine explicitly the matrix M of §3 in each case.

1000...00 111...11 000...00 
0100...00 111...11 111...11 
0010. . . 00 Oil...11 ill...11 
0001...00 001...11 Oil...11 

0000...00 000...11 000...11
0000. . . 10 000. . . 11 000. . . 11
0000.. . 01 000...01 000...01

00 0
00 0
00 0
00 0

11 0
11 1
01 1

l-l 1-2 2 1
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1000...00 00...01 111...11 000...00.. . 0 111...11 000...00...0
0100...00 00. ..11 111... 11 111. . . 11. . . 0 Oil... 11 111... 11...0

C/ 0010...00 00...11 oil...11 ill...11...0 001...11 Oil...11...0
0001...00 00...11 001...11 Oil.. . 11. . . o 000. . . 11 001...11...0

0000...00 01...11 000. . .11 000...11. . . 1 000...11 000...11...0
0000. . .10 11...11 000...01 000...01...1 000...01 000...01...1
0000. . . 01 11. . . 11 000. . . 00 000. . . 00. . . 0 000. . . 00 000. . . 00. . . 0

/ 1 1-2 2-3 1 2-1 2-2 1

Note that the first ^-2(2+1) columns of the matrix of

B2 are just a permutation of the columns of the matrix
2"A

1000. . . 00 00. . . 00
0100...00 00...00
0010...00 00. . . 00

B£ 0001...00 00. . . 00

111. . . 11 000. . .00. . . 0 
111. . . 11 111. . . 11. . .0 
Oil. . . 11 111. . . 11. . . 0 
001. . . 11 Oil. . . 11. . .0

111...11 000...00...0
Oil...11 111...11...0
001. . . 11 Oil. . . 11. . . 0
000...11 001...11...0

0000. . . 00 00. . . 00
0000...10 00...00
0000. . .01 11. . . 11

000. . . 11 000. . . 11. . . 1
000...01 000...01...1
000. . . 00 000. . . 00. . . 0

000. . . 11 000. . . 11. . . 0
000. . .01 000. . . 01. . . 1
111...11 111...11... 1

2 2-1 2-2 2-3 1 2-1 2-2 1

1000...00 111...11 000.. . 00. 
0100. . .00 111. . . 11 111. . . 11. 
0010...00 Oil...11 111...11. 

D 0001. . .00 001...11 oil...11.

0000. . . 00 000. . . 11 000. . . 11.
0000. . . 10 000. . . 01 000. . . 01.
0000. . . 01 000. . . 00 000. . . 00.

. o 111. . . 11 000. . . 00. . . 00 

.0 011_.ll in. . .11. . .00 

. o 001...11 oil. ..11. . . 00 

.0 000. . . 11 001. . . 11. . . 00

.1 000.. . 11 000...11...11

. 1 111. . . 10 in. . . 10. . . 10 

.0 111. . . 11 111. . . 11. . . 11

2 2-2 2-3 1 2-1 2-2 2
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G,: 101011
z 011110

F, : 100011001110111101111000
010001111011100110011110
001011100000000001001011
000100000000000001111111 

100000111111100000000000001011011111
010000000011100011100111011111111110

E: 001000111111111111100000011101101000
° 000100011111111111111111000000000011

000010001101101101111011111111010000
000001000100100100101001100101111111

000001001010110111111111110
--------- 000000111111111111110100000
___  000011011111011010000000011

000111111000000000111111000
-------- Z 001111111110100000000101111

011111111111110100101000000
000.. . 00111111111111111111111111111

000
7 

00

where

0000001001001011110111
0000000111111111111111

M: 0000011011111101011001
0000111111000000000100
0001111111101010000000
0011111111111011100100
0111111111111111110110
1111111111111111111111
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11111111111111101101101101000000000
01101100100100000000000001010111111

N: 00000000000010011011011111110000000
11011111101100100000000101111100000
00001010111111111111010000000001111
10000000000100100101111111111111000
11011010010010010000000000000000011
11111111111111111111111111111111110

§5. The code (£ 2)

In this section we let n = ^£(£+1).

Proposition 3.3,

(i) is a (n,/) code.

(ii) the minimum weight d of A^ is £.

(iii) A^ is even if and only if £ is even.

Proof.

(i) is clear.

(ii) is proved by induction on £. The weight 

enumerator of A^ is easily seen to be 1 + 3x%. Now 

consider the generator matrix of A^, £ > 2. The first 

and last rows are both of weight £ so that d £. 

Now if we remove row £ and columns £, /+(^-l), 

Z+(^-1)+(/-2) , . . . ^/(Z+l) then we get the generator 

matrix A^_^. Then consider a sum S of rows of the 

matrix of A^. Using the code A^ and the transitivity 

of the Weyl group on the roots, we may assume that S
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involves the last row. Now by the induction hypothesis 

the weight of S minus the last row is at least /-l. 

Hence the weight of S is at least / because the 

last entry in column 1 is 1, the other entries zero.

To prove (iii) we note that the weights of the 

generator matrix for are respectively 1, 2(1-1), 

3 (/- 2) , . ..,1.

Proposition 3.4. The dual A^- of A,, which is a 

(n,n-I) code, has minimum weight equal to 3 and the 

number of vectors of weight 3 in Ais a(1) where 
Ju

a(J!) - (Z-1)2 + (2) + (3) +...+ (Z’2) .

(For / = 2 and 3 this number is to be interpreted 

as 1 and 4 respectively)

Proof. Recall that if a generator matrix of a binary 

(n,/) code is of the form ]G then a generator 

matrix of the dual code is G^|Hence the 

following matrix is a generator matrix for A^:
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110000...00
111000...00

Z-l 111100...00

111111...11

011000. . . 00
011100.. . 00
011110...00

011111...11

000000. . . 11

I

Rows 1, 1+U-l), l+u-l) + U-2),... etc. are of 

weight 3, the other rows of weight grater than 3. If 

we add up two rows then the sum has at least one nonzero 

coordinate in its first Z coordinates since the rows 

are all distinct in their first I coordinates. We 

conclude that the minimum weight of A^" is 3.

Now there are Z-1 rows of weight 3.

Next we count the number of unordered pairs of rows 

whose sum has precisely one nonzero coordinate in its 

first Z coordinates. The number of such distinguished 

pairs for A^ is easily seen to be 2. Assume by 

induction that the number of such pairs for Aj^ is
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(1-3)(I-2). A distinguished pair that involves any of 

the first 2-1 rows in the matrix of has to 

involve another of those rows or one of the next 2-2 

rows. In the first case we have to take two consecutive 

rows so that we get ^-2 pairs. In the second case 

we have to match row i of the first ^-1 rows with 

row 2+1-2 for 2^i^^-l so that we also get 

2-2 pairs. Hence the number of distinguished pairs 

of rows in A^ is

(Z-3)U-2) + 2(2-2) = (2-2)(2-l).

Next we count the number of unordered triples of rows 

whose sum has all of its first 2 coordinates equal to 

zero. The number of such distinguished triples of 

rows is 0 and 1 for A^ and A^ respectively. 

Assume by induction that the number of such triples 

is (2) + (3) +• ..+ (^)> 2 > 5, for A^r A 

distinguished triple that involves any of the first 

2-1 rows in the matrix of A^ has to involve exactly 

two of those rows. In fact a row i can combine with 

rows i+2, i+3,...,2-l. We then get (2-3) + (2-4) +... 

+ 1 « ( 2 ) triples involving the first 2-1 rows. 

We conclude that the number of distinguished triples 

for A^ is 
«
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cb + cb +...+ <Y) + <Y) •

the number of vectors of weight 3 in A^-

(«-D + (i-2)(/-i> + Y + Y +...+ (Y)

- (Z-1)2 + (2) + <2> +...+ (222)

as required.

We remark that if £ is even the code A^ does

not have any vector of weight n-1 or n-2. A similar 

result holds for 1 odd.

Proposition 3.5. If & is odd, 5, then the code 

Adoes not contain any vector of weight n, n-1 or 

n-2.

Proof. It is easily seen that the weight enumerator of 

Ag is 1 + 4x3 + 3%4 so that A^ does have a vector 

of weight n-2 » 4. Now assume 5. We first 

remark that this condition implies that no row of the 

generator matrix for A.j" is of weight n, n-1 or n-2. 

Now the sum of all the rows is the vector

S - 0101...010 1111...11 

n- /
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which is of weight at most n-3. To get a vector of 

weight n-1 we need to add to S a row. Looking at 

the first two coordinates, we see that we never get a 

vector whose first I coordinates are all 1. Hence 

there is no vector of weight n-1 in A^. To get a 

vector of weight n-2 we need to add to S either a 

row or two rows. Let r be a row. S+r is of weight 

n-2 if and only if S+r has precisely one zero among 

its first 1 coordinates. Now if r is among the 

first L-2 rows then coordinates 2 and / of S+r 

are both zero; if r is the row I-I then coordinates 

2 and /-1 of S+r are both zero. If r is not 

among the first 1-l rows then the first coordinate of 

S+r is always zero; if in addition coordinate I of 

r is zero then coordinate 2 of S+r is also zero; 

if coordinate / of r is 1 then its (^-^-co- 

ordinate is also 1 so that coordinate 1-1 of S+r 

is zero. We conclude that we do not get a vector of 

weight n-2 by adding a row to S. Now let r, t be 

two rows. S+r+t is of weight n-2 if and only if 

S+r+t has all of its first / coordinates equal to 

1, i.e. if the first 1 coordinates of r+t are

101010. . . 101 .
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To be so, one of r and t, say r, must be among the 

first /-I rows and t among the next 1-2 rows. 

Inspection shows however that then r+t is never of 

the desired form. Thus we do not get a vector of 

weight n-2 by adding two rows to S.

Proposition 3,6.

(i) The code A^~ contains 15 vectors of weight 

n-3 = 12.

(ii) If / is odd and if / > 7 then the code 

aJ- does not contain any vector of weight n-3.

Proof. The assertion about A^" can be deduced directly 

from the matrix of A^ or by a slight modification of 

the following argument for the proof of ii. So assume

I is odd and I > 7. Note first that the condition

I > 4 implies that no row of the matrix for is

of weight n-3. Now to get a vector of weight n-3

we need to add up at least n-/-3 rows. The sum of

all n-/ rows is the vector

S - 010101...010 111...11

I n- £

which is of weight at most n-4 since 7. For 
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convenience let us call cell 1 the set of rows 1 through 

^-1, cell 2 the set of rows U-1)+1 through U~1) + 

(£-2),... etc. Now let r be a row and consider the 

sum S+r. S+r is of weight n-3 if and only if it 

has precisely two zeros among its first I coordinates. 

This is never so if r is in cell 6, 7, . . . etc. because 

then the first five coordinates of r are zero. Suppost 

r is in cell 1. If the first six coordinates of r 

are all ones then coordinates 2, 4 and 6 of S+r are 

zero. If not then coordinates 2 and 7 of S+r are 

zero; then depending on whether r has 2, 3, 4 or 

5 ones among its first 1 coordinates, coordinate 5, 

5, 5 or 4 of S+r is also zero. A similar argument 

shows that S+r is never of weight n-3 if r is 

in cells 2, 3, 4 and 5. Now let r, s be two rows 

and consider the sum S+r+s. This sum is of weight 

n“3 if and only if it has precisely one zero among 

its first 1 coordinates. Clearly one of r and s 

has to be in cells 1, 2 or 3 since a vector of the other 

cells has its first three coordinates equal to zero. 

First assume that r and s are not in cell 1. Then 

the first coordinate of S+r+s is zero so the remaining 

of the first £ coordinates must be all ones. If r 

60



is in cell 2 then so is s because of the second 

coordinate, but then the third coordinates of r and 

s are ones and the third coordinate of S+r+s is 

also zero. If r is in cell 3 then s has to be in 

cell 4 because of the third and fourth coordinates, 

but then the seventh coordinates of r and s must 

be zero because of the fifth and sixth coordinates 

and hence the seventh coordinate of S+r+s is also 

zero. Secondly assume that r is in cell 1. If s 

is also in cell 1 then the first coordinate of S+r+s 

is zero so that the remaining of its first 2 coordinates 

must be all ones. If the third coordinate of r is one 

then the third coordinate of s and the fourth 

coordinate of r must be zero; hence the fifth coordinate 

of S+r+s is also zero. If the third coordinate of r 

is zero then the fourth coordinate of s must be zero; 

again the fifth coordinate of S+r+s is zero. If 

s is in cell 2 then its third coordinate is one. If 

the third coordinate of r is also one then the third 

coordinate of S+r+s is zero so the remaining of its 

first / coordinates must be ones. But then the 

fourth coordinates of r and s must be 0 and the 

fifth coordinate of S+r+s is zero. If the third
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coordinate of r is zero then both coordinates 7 and 

4 or both coordinates 7 and 5 of S+r+s are zero 

depending on whether the fifth coordinate of s is 

1 or 0. If s in not in cell 1 or 2 then the second 

coordinate of S+r+s is zero, hence the remaining of 

the first I coordinates must be ones. Hence the 

fourth coordinates of r and s must be zero and 

then the fifth coordinate of S+r+s is also zero.

So we do not get a vector of weight n-3 by adding 

up n-/-2 rows. Finally let r, s, t be three rows 

and consider the sum S+r+s+t. This sum is of weight 

n-3 if and only if all of its first I coordinates 

are ones, i.e. the first I coordinates of r+s+t 

look like

101010...101.

A necessary condition for this to be true is that 

either r, s, t are all in cell 1 or exactly one of 

them is in cell 1. First assume that r, s and t 

are in cell 1. Because of coordinate 1, t has to 

be row l and then s has to be row 1-2 for 

coordinate 1-I must be zero. However this implies 

that the second coordinate of r+s+t is one and not 

zero as desired. Secondly suppose that only r is in 

62



cell 1. Because of the second coordinate, another row, 

say s, must be in cell 2 and the first two coordinates 

of the third row t must be zero. Suppose the third 

coordinate of r is zero. If the fourth coordinate 

of s is zero then the fifth coordinate of t must 

be one, hence the sixth coordinate of r+s+t is one. 

If the fourth coordinate of s is one then the fourth 

and fifth coordinates of t must be ones, hence the 

sixth and seventh coordinates of s, t and r+s+t 

are zero. Now suppose the third coordinate of r is 

one. Then t must be in cell 3, because of the third 

coordinate. If the fourth coordinate of r is zero 

then the fourth coordinate of s is one. If the 

fifth coordinate of s is zero then the seventh 

coordinates of s, t and r+s+t are zero. If the 

fifth coordinate of s is one then the fifth coordinate 

of t must be zero and again the seventh coordinate of 

r+s+t is zero. We can show similarly that if the 

fourth coordinate of r is one then the seventh 

coordinate of r+s+t is always zero. So we do not 

get a vector of weight n-3 by adding up n-1-3 rows.
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§7. The code (/ > 4)

In this section we let n - 1).

Proposition 3. 7.

(i) is a (n,I) code.

(ii) The minimum weight d of D. is 2(1-1),

(iii) is even if and only if 1=0 or 1 mod 4.

Proof. (i) is obvious.

We prove (ii) by induction on 1. The weight 

enumerator of is easily seen to be 1 + 12x6 + 3x8. 

Now consider the generator matrix for where £ > 4. 

The first row has weight 1 + (1-2) + 0-1) = 2(1-1) 

so that d 2 O~l). Now if we remove row 1, column 1, 

columns £+1 through 2(1-1) and columns 1)(/-2) 

+ ^ + 1 through I-1)(1-2) + 21-1 then we get the 

generator matrix for D^_Then consider a sum S 

of rows of the matrix of D^. Since the roots are all 

of the same length we may assume, as in A^, that S 

involves the first row. By the induction hypothesis 

the weight of T = S - first row is at least 2 0-2). 

Now if .T involves none or both of the last two rows, 

then the weight of S is at least 20-2) + 2 because 

of the entries (1,1) and (1,10-1) O-2)-H+l). If T 
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does not involve the second row then we use the entries 

(1,1) and (1,^+1). Finally if T involves the second 

row and either one of the last two rows then we use 

the entries (1,1) and (l^U-l) (/-2)-H+2).

To prove (iii) we note that the weight of the 

first f-2 rows of the matrix of are

2(^-1),4(/-2),...,2(/-2) respectively and the weight 

of either of the last two rows is il(Z-l). Hence D.
&

is even if and only if -^U-l) is even. This clearly 

means that I = 0 or 1 mod 4.

Proposition 3.8. The dual D^- of Dwhich is a 

(n,n-/) code, has minimum weight 3 and the number of 

vectors of weight 3 in d J" is equal to a(4) + b(4) 

+ c(/) where

a(^) = /-1 ,

b(^) - 4(1-3) + (4-1) (4-2)

and

eu) - y (i2-4i+2) + y (Y) + y c1;2). 

4^/ 4

Proof. The following matrix is a generator matrix for 

a code equivalent to D A
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2-2

2-1

2-3

2-2

11000...000 
11100...000
11110. . . 000

iiin... no

loooo... on 
nooo... on 
moo.. .on

nin... in
inn... loi

onoo... ooo 
onio... ooo

oiin... no

oiooo... on 
onoo... on

oiin... in 
onn... loi

ooooo... no

ooooo... in
ooooo... 101

2

XL — Î

2

Rows 1, (2-2) + (2-1) + 1,...,n-2-2 are of weight 

3, the other rows of weight grater than 3. Now any 

two rows differ in their first 2 coordinates, hence 

the minimum weight of is 3. Now let a(2) be 

the number of rows of weight 3. Then clearly

a(2) - (2-2) + 1 - 2-1 .
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Now let b ( I) be the number of unordered pairs of 

rows that differ exactly in one coordinate in their 

first I coordinates. For convenience, let us call 

cell 1 the set of rows 1 through ^-2, cell 2 the set 

of rows U-2)+ 1 through (1-2) + (/-I),... etc. 

Now it is easily seen that b(4) - 10. Assume by induc­

tion that Z > 4 and b(l-l) = (l-l)(1-4) + (1-2) (1-3). 

Then consider a distinguished pair (r,s) of rows of 

the above matrix for d| that involves cell 1 or cell 2. 

Note that pair cannot involve cells 5, 6, ... etc. 

This is so because all the rows of cells 1 and 2 but 

row 1-I have their first two coordinates equal to 1 

and all the rows of cells 5, 6, ... etc. have their 

first two coordinates equal to 0. On the other hand, 

row 1 looks like 1000. . . Oil and there is no row 

of the form 0000...Oil in cells 3, 4, 5, ... etc. 

Now if rows r and s are both in cell 1 or both in 

cell 2 then clearly they have to be consecutive rows, 

hence we get (1-3) + (1-2) distinguished pair that 

way. Now suppose r is in cell 1 and s is in cell 2.

If r is among the first 1-4 rows then its last 

three coordinates are zero, hence it cannot be paired 

with any of the rows of cell 2 since the latter have 
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at least two ones among their last three coordinates. 

Now row ^-3, whose last two coordinates are zero, can 

be paired only with the last row of cell 2; similarly 

row ^-2 can be paired only with row 2(1-2). Hence 

we get 2 distinguished pairs. Now suppose r is in 

cell 1 and s is in cell 3. By changing the first 

coordinate of each row of cell 3 we get the last 1-3 

rows of cell 1, hence we get I-3 distinguished pairs. 

Note that if r is in cell I then s cannot be in 

cell 4. This is so because a row of cell 1 and a row 

of cell 4 differ in both coordinates 1 and 

Similarly we get 1-2 distinguished pairs from a row 

of cell 2 and a row of cell 4. Hence

bU) = bU-1) + 2 (/- 2) + 2(1-3) + 2 

- /U-3) + (l-l) (1-2) .

Now let c(I) be the number of unordered triples 

of rows whose sum has all of its first I coordinates 

equal to 0. It is easily checked that c(4) = 3. 

Assume by induction that I > 4 and that

cU-1) = + y + y (i2-4i+2)

1 4^i<l-1 4^^-1
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Consider a distinguished triple (r,s,t) of rows of 

the matrix for Dj- that involves cell 1 or cell 2. 

Such a triple has to involve exactly two rows, say 

r and s, from cell 1 and cell 2. If r and s are 

both in cell 1 then they cannot be consecutive rows but 

given r, s can be anyone of rows r+2, r+3,... etc. 

Hence we get 1 +. . . + (1-4) = (^^) distinguished 

9_ o
triple this way. Similarly we get ( ^ ) distinguished 

triples (r,s,t) where r and s are both in cell 2. 

Now suppose r is in cell l and s is in cell 2.

Suppose r is among the first 1-4 rows of cell 1. 

Then the last three coordinates of r are zero, its 

first two coordinates equal to 1. Say r = 111...10..000. 

i

Then s can be anyone of the rows of cell 2 except 

row 111.. . 10.. . Oil. Now row 1-3 looks like 

i

111.. . 100. Clearly it can be paired with the first 

1-2

1-3 rows of cell 2, but not the last two. The same 

is true for the last row of cell 1. Hence we get 

a-2)(/-l) - (£-4) - 4 = / - 4/ + 2
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distinguished triples (r,s,t) where r is in cell 1 

and s is in cell 2. We conclude that

cU) - cU-1) + (Z23) + (^22) + t2 - + 2

§8. The Hamming codes and the codes aJ" and D^- .

We recall that AJ" does not contain the all-one 

vector j if and only if I is odd. Hence for I 

odd the augmented code

- 4 u {j^t}

is a (n,n-/+l) code where n = ^(^4-1). Moreover, 

according to proposition 3.5 if I )> 5 then the minimum 

distance of is 3 and according to proposition 3.6 

if 7 then the number of vectors of weight 3 in 

A, is

aU) - U-D2 + V (2b.
2^/-2

We also know that D^~ does not contain j if and only 

if is congruent to 2 or 3 mod 4. However the 

augmented code is of no particular interest because the
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code 6, contains a vector of weight n-2,

for instance the sum of all the rows of the generator 

matrix for d |*. We give below a table for the small 

parameters of the code Dj" and the Hamming code

(we set = A^ if is even).

Â^: length 6 10 15 21 28 36 45 55 66 78 91

dimension 3 6 11 15 22 28 3 7 45 56 66 79

D^: length 12 20 30 42 56 72 90 110

dimension 8 15 24 35 48 63 80 99

Hamming: 

length 7 15 31 63 127 255

dimension 4 11 26 5 7 120 24 7

§9. On the automorphism groups of A^ and

We have remarked earlier that the identity is the 

only element of the Weyl group that is in the auto­

morphism group of A^ or D^. We can show however 

that this automorphism group is not trivial.

We recall that the Dynkin diagram D of a root 

system is the graph (with multiple edges) defined 

as follows :
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— the vertex set consists of the roots in a given 

fundamental system r in

pj

— the number of edges joining two vertices
2

is equal to n.. * 4 cos Q. . where 6.. is the

angle between Pj/ Pj •

Let o be a nontrivial symmetry of the Dynkin diagram.

We depict below the Dynkin diagrams for the systems of 

type and with their nontrivial symmetries.

•o

(note that has another aymmetry of order 3, fixing 

one vertex and cycling the three others.)

Since a permutes the elements of a basis for 

the space V, o determines a linear transformation 

t of V.

Lemma 3.3. t is an isometry of V and ?($) = <$>.

Proof. See for example [4].

72



In fact t (0+) = </>+ since t is linear and it 

preserves the fundamental system it .

Proposition 3.9. The permutation of 0+ induced by t  

is an automorphism of the code A, or D..
& 1

Proof. Clearly the group of weights Q is invariant 

under t . Then as in Lemma 1 we see that, for any 

9 e Q,

T(q)-T - T(?'l(q)) e T(Q).

§ 10. The codes and C^. 

9 
For this section we let n - I .

Proposition 3.10.

(i) and are (n,codes.

(ii) The minimum weight of B, is 2(^-1), that 

of is Z.

Proof.

(i) is clear.

(ii) is proved by induction on A Consider first 

the code B^. The weight enumerator of B^ is easily
2 3

seen to be 1 + x + 2x . Now assume Z > 2. The 

first row of the generator matrix is of weight
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1 + (/-2) + (2-1) = 2(/-1) so that the minimum weight 

is not larger than 2(1-1). Now if we remove row 1, 

column 1, columns 21-1 through 3(1-1) and columns 

^-2)(^-1) + / + 1 through j(/-2)(/-l) +21-1 

then we get the generator matrix for Then

consider a sum S of rows of the matrix for B^. 

Using the code B^ and the transitivity of the Weyl 

group on the roots of the same length we may assume 

that S involves either the first or the last row. 

Suppose S involves the first row but not the last 

one. Since the weight of T » S - first row is at 

least 2(1-2), the weight of S is at least 2(l-2)+2 

because of the entries (1,1) and (l,j(£- 2) (/- 1)+M) . 

If S involves the last row but not the first one, we 

use the entries (I,21-1) and (I,j(l-2)(Z-l)+l+l). 

Finally if S involves both first and last rows, we 

use the entries (1,1) and (I,21-1). The statement 

about is proved in a similar way.

Remarks.

The dual codes bJ- and C^- are of little interest 

to us since they are easily seen to have minimum weight 

equal to 2.
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§11. The exceptional codes F^, , Ey, Eg.

The weight enumerators of the exceptional codes 

(which we shall write in homogeneous form) were 

computed either by hand or by computer.

(i) The weight enumerator for which is a 

(6,2) code, is

X6 + 3x2/

By the MacWilliams theorem, the weight enumerator of 

the dual code G^ is then

ÿ(x+y)6+3(x+y)2(x-y)4]

- x6 + 3x4y2 + 8x3y3 + 3x2y^ + y6

In particular has minimum weight 2.

(ii) The weight enumerator for F^, which is a 

(24,4) code is

x24 + 3x2y + 12x10/4

Then the weight enumerator of F^~ is

(x+y)2^+3(x+y)16(x-y)8+12(x+y) 10(x-y)^].

The minimum weight of is also 2.
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(iii) E$ is a doubly even (36,6) code whose 

weight enumerator is

x36 + 27x20yl6 + 36^^y^° .

The weight enumerator of E^~ is then

(x+y)36+2 7(x+y)20(x-y)16+36(x+y)16(x-y)20]

- x36 + 120x33y3 +. . .

Hence E^~ is a (36,30) code with minimum weight 

equal to 3.

(|v) Ey is a (63,7) code whose weight enumerator 

is

x63 + 28x3^y2^ + 63x31y32 + 36x28y35 .

The weight enumerator of E is then

ÏTgL(x+y)63+28(x+y)36(x-y)27+63(x+y)31(x-y)32

+36(x+y)28(x-y)35]

x63 + 336x^°y3 +...+ 315x3y^° .

Hence Ey is a

Now consider the

(63,56) code with minimum weight 3.

augmented code Ey = Ey U Vj+E1) 
7J

where j is the all-one vector. We see immediately
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that Ey is a (63,57) code of minimum weight 3 

(the number of vectors of weight 3 is 336+315 = 651), 

hence K? must be the Hamming code H^.

(v) Eg is a doubly even (120,8) code whose 

weight enumerator is

x120 + UOx^ySG + .

The weight enumerator of E^~ is

25^1 (x+y)^2°+120(x+y)^(x-y)^^+135(x+y)^^(x-y)^] 

- x120 + 1120x117y3 +...

Hence E^- is a (120,112) code with minimum weight 3.

Remark.

Consider the code E^. Since the all-one vector 

3 is not in Eg we may consider the augmented code 

^6 * e6 u {j +e6; •

Eg is a (36,7) code with weight enumerator

x36y° + 63x^y^ + 63x^yZ0 + xOy36

In particular Eg attains the bound given in the 

table of Helgert-Stinaff (IEEE Trans. Info. Theory
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19(1973), 344-356). Now the dual of consists 

of all even weight vectors of the dual E^ of E^.

Hence the minimum distance of E^" is at least 4 (we 

may, if we wish, obtain the weight distribution of 

by the MacWilliams equation). Hence by Assmus-Mattson 

theorem (see e.g. MacWilliams-Sloane *s book, p. 178) 

the code words of each weight in E^~ form a 2-design. 

We conclude (see the same book, p. 165) that the code­

words of each weight in E$ form a 2-design. Thus we 

get a 2-(36,16,12) design with r = 28 and b = 63.

Since Eg has properties similar to that of Eg

we may apply the above discussion to Eg. E

EQ U -H+EgC is a (120,9) O U

- E_ U o

enumeratorcode with weight

%120y0 + 255x64y56 + 255x56y64 + x0y120 .

This code Eg improves the bound in the table of 

Helgert-Stinaff. Also the vectors of weight 56 in 

Eg form a 2-(120,56,55) design with r = 119 and 

b - 255.
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