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ABSTRACT
By use of princivnles and rules of plasticity and soil
mechanics, similar to those applied to the flow of bulk
solids in bins, the mechanism of solid particle motion in
the dense region of a flat bottomed two dimensional
spouted bed was investigated. For this computation the
material was assumed to be an isotropic, frictional, cohe-

sionless, incompressible rigid-vlastic solid.

The first part of this study is the determination of
the boundary of the dead zone usad on the method of slices
as employed in soil mechanics to study the stability of
slopes. The results of the analysis are in good agreement

with the experimental evidence.

The second part of this study consists of determina-
tion of stress and velocity fields for the material con-
tained in the dense moving region. Only the case of plain
strain is considered, but the analysis can easily be ex-
tended to the case of axial symmetry. The stress analysis
is similar to that applied to the flow of bulk solids in
bins. while the method of characteristics is capable of
determining the stress field, an approximated techniqus
furnishing an analytical solution is suggested to comput-

ing the velocity field. In the region of discontinuities



where the method of characteristics becomes quite compli-
cated, an approximated procedure is used. It is beleived
that the results of this procedure approximate well the
true values, especially for regions far from the discon-

tinuities.

The determination of velocity field by the method of
characteristics lzads to the identification of lines of
maximum shear strain rate (shear lines). These lines were
used in computing the velocity distributions. While a
quantitative comparison of the particle velocity requires
a rigorous experimental procedure, the results of the
model show qualitative agreement with the observations and
the literature data. The calculated solid streamlines
favorably identify the real path of the elements of the
particles. The analysis is presented for the vertical
part of the dense region of the spouted bed. It is
believed, based on the results of this analysis, that the
material in the vertical part is in the state of critical
equilibrium so that the inertial terms are negligible. In
the converging part of the dense region, however, the par-
ticle accelerate, intertial terms become important and the

full momentum equations must be considered.



CHAPTER ONE

1.0 INTRODUCTION

The spouted peds have emerged in recent years as an
effective gas-solid contacting systems for certain ap-
plications. Spouted beds may be used as a chemical reac-
tors, although they were originally invented by Mathur and
Gishler primarily for the drying of wheat. The system then
viewed as a preferable alternative to fluidization when
the solid particles were too uniform or too coarse for a
stable fluidization. It was soon realized that the charac-

teristics of particle motion is different in the two sys-~

tems.

While many investigators have analysed the behavior
of spouted beds both experimentally and theoreticalifVy?¥ the
mechanics of particle motion is not yet well understood.
The major obstacle is the lack of connection of the sub-
ject with a well established and recognized field. It has
been suggested that the solid motion in a dense region of
a spouted bed may be similar to the flow of bulk solids in
bins. While this suggestion has gained more grounds, the
problem of flow of bulk solids itself has to rely on the
fields of rheology, plasticity, and soil mechanics. These

fields must then be wecll understood if one attempts to use



the analogy between the solid motion in the dense region

of a spouted bed and a bin.

A steadily operating spouted bed with a flat bottom
shows (see Figure 1) three distinct regions: the dilute
phase (spout), the dense region (annulus), and the dead

zone.

This work presents a theoretical analysis of particle
motion in the dense region of a two dimensional spouted
bed. The analysis leads to the determination of stress and
velocity fields in a kﬁ:dimensional spouted bed and is
based on the principles of plasticity and soil mechanics.
The present analysis can readily be extended to the case

of a cylidrical spouted bed.

Although the spouted beds have been the subject of
extensive ananlysis (International Symposiums on Spouted
Beds 1974 and 1983, Mathur and Eptein 1974c, Mathur and
Gishler 1955a, Morgan and Littman 1982), both theoretical
and experimental, no rigorous mathematical model describ-
ing the mechanics of particle motion has vyet been
developed. It is then the purpose of this work to recog-
nize and develop a set of rules and techniques applicable

to the solid motion in a spouted bed.
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Gas

Figure 1 Schematic diagram of a flat based spouted bed

a) spout
b) annulus
c) dead zone



l.1 The Spouting Phenomena

The phenomena of spouting was first introduced by
Mathur and Gishler (1955a) in 195% as a technique for con-
tacting gases with coarse solid particles. The technique
was introduced because it was found that the applications
of fluidization were limited to relatively fine solids,
and fluidized beds of coarse materials show a marked ten-
dency toward slugging_(singiser et al 1966). Although the
advantages of the fluidization of solids lead to the in-
troduction of the spouting of solids, it was soon realized
that the behavior of the two systems were quite distinct.
The spouting phenomena appeard to achieve the same pur-
poses for coarse solids as fluidization does for fine
solids, but with a different mechanism, and the phenomena
seemed to make it more suitable for certain applications
that will be discussed in this chapter. It was also found
that the spouting tecihnique could effectively work for
solids as fine as 20 to 35 mesh (particle diameter) which

could also be fluidized.

The spouting can be obtained by allowing a high
velocity jet of fluid enter at the bottom of a packed bed
of solids. The bed is usually a cylindrical column having
a conical bottom and a gas is normally used as the spout-

ing medium. In passing a gas through a bed of packed



solids the following steps will occur. At very low flow of
gas the particle bed behaves like a packed bed and the gas
will simply pass upward through the solids bed without
disturbing the particles. At higher gas velocities par-
ticles around the nozzle entrance will start to oscillate
teeter; increasing the gas velocity will cause a notice-
able readjustment of particle and formation of a gas
pocket in the entry region with active particle circula-
tion. A further increase in gas flow causes a high
velocity jet or spout forming a stream of solids to rise
rapidly as a central core. The bed and solid particle con-
figuration as well as the velocity of gas determines whea-
ther a jet or a spout will form. The jet may break further
up into bubbles or cause a slugging “:c to form, while the
spout carries the particles to somewhat above the bed
level to form a fountain shape of particles. These solids
fall back onto the dense region between the spout and the
vessel wall where they move slowly downward and radially
inward (toward the spout) as a loosely packed bed. Some of
the gas penetrates into the dense region and travels up-
ward, countercurrently with the solid particles. Solids
cross flow from the dense region into the spout occur all
along the bed height. This cross flow is more visible in
the upper portion of the bed due to the higher energy of

gas entering the bed. Figure 2 illustrates spouting of
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wheat in a semi-cylindrical column as shown by Mathur and

Gishler (195ta).

l.2 The Effect of Gas Flow on Bed Condition

The flow regime‘of the bed is mostly determined by
the gas flow through the pressure drop across the bed. A
typical pressure drop curve given by Mathur and Gishler
(1955a) is shown in Figure 3 and can be described as fol-
lows: starting from point A and increasing the gas flow,
the pressure drop rises directly to point B. This portion
of curve corresponds to the percolation of gas through the
stationary particles and packed bed like behavior of the
bed. Further increase in gas flow causes the pressure drop
to decrease sharply to point C. This reduction of pressure
drop indicates to the formation of a short internal spout
at the bottom of the bed. The height of this internal
spout increases with increase in gas flow so that for gas
flow corresponding to point C a noticeable expansion of
the solid bed takes place due to the solid displacement in
the central core. Increasing the gas flow from point C to
point D causes movement of particles at the top of the
bed. A sharp decrease in pressure drop is observed by in-
creasing the gas flow further to point E where the spout
breaks through the top of the bed. After that the pressure

drop is seen remains constant where the gas flow is in-

a)



creased beyond the point E where a Steady spout has been
achieved. 1If the gas flow is now reduced, the bed
operates under a steady spout condition for gas velocities
lower than that at point E until we reach point E'. This
is because the particle in the central core do not need an
"excess energy" to disintegrate and the interparticle con-
tacts had been broken when the spout formed. Point E' cor-
responds to the minimum gas velocity for which spouting is
possible. Reducing of‘gas flow beyond this point causes a
sharp increase in pressure drop owing to the collapse of
the spout. Point D' indicates to the dissappearance of
the internal spout and the whole bed behaves as a packed
bed beyond this point. Once the gas flow is stopped the
bulk solid in the bed consolidates (gains strength) and a
different gas velocity will be required to form the spout
again due to newly acquired yield strength (consolidation
and interlocking). The pressure drop curve for the
decreasing gas flow is lower than that for the increasing
gas flow because the density of the packing has been

reduced by introducing the gas at the bottom of the bed.

10



Pressure Drop Across Bed

Gas Flow »

Figure 3 Effect of gas flow on Pressure drop
in a bed of solids
(Based on Mathur and Gishler, 1955)
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l.3 Literature Survey

The spouted bed technique was first introduced by
Mathur and Gishler (1955b) as a method for the drying of
wheat. In 1951 Western Canada produced a large wheat crop
after a wet fall and the moisture content of the wheat was
well above that considered safe for storage. At the
Lakehead terminal elevators alone, about 110 million
bushels were dried (Peterson 1962). The incident created a
good market for a small compact high capacity continous
driers for farms or small elevators. Mathur and Gishler
proposed the spouted bed technique in 1954 following
preliminary experiments on fluidizing wheat. The experi-
ments were done on a one foot diameter spouted bed wheat
drier and the results were published by them in 1955 after
being presented to the Society of Chemical Industry, Lon-
don in 1954. The variables studied by them were: feed
moisture content, feed rate, bed depth and inlet air tem-

perature. The first commercial spouted bed were installed

in Canada in 1956.

Soon after the introduction of the spouted bed as a
technique for wheat drying, different analyses made to
study the behavior of the spouted beds, although the ap-
plications were somewhat limited to drying processes. The

main advantage of employing the spouted bed technique for
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drying processes had been suggested to be the possibility
of high drying rates by using a relatively high inlet gas
(air) temperature as a spouting medium without causing
damage to the solid particles (wheat). In 1955 Mathur and
Gishler (1955b) proposed the spouted beds as a technique
for contacting gases with coarse and uniformly sized solid
particles which are not amenable to fluidization. In 1957
Cowan, Peterson and Osberg studied the applicability of
spouted beds for drying of wood chips, used in paper
making industries, usually containing 1%0 percent moisture
(dry basis). They concluded that using the spouted bed
technique to reduce the moisture to 50 percent (d.b.)
would save up to $6.00 per ton of dried chips in the cost
of transportation (few hundred miles by rail, from the
site to the mill), credited against the cost of drying.
Klassen and Gishler (1958) compared the heat transfer from
the column wall to bed in spouted, fluidized, and packed
systems. The results of their comparison indicated to a
sharp increase in the heat transfer coefficient at the
point of transition from a packed bed to a moving bed.
Comparison between fluidized bed and spouted bed, on the
other hand, showed that the maximum heat transfer coef-
ficient was from 25-75% higher in a fluidized bed than for
a spouted bed under similar flow conditions. This was due

to greater turbulance of the particle in fluidized bed
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compared to smooth, regular, laminar like motion of the
particle at the wall in a spouted bed. Ghosh and Osberg
(1959) continued Klassen and Gishler studies on heat
transfer in water spouted beds. Similar analysis by Malek
and Lu (1964) indicated that under similar conditions the
heat transfer coefficient between the column wall and the
bed is from 10 to 66% higher for a fluidized bed than for
a spouted bed, but the mass flow rate of gas (air) re-
quired for spouting varied from 35-55% of that for obtain-

ing the maximum heat transfer in a fluidized bed.

Late in 50's and duriné 00's attentions had been very
much focused on the flow pattern of gas and solid, factors
governing the spouting phenomena, developing correlations
describing the variables controlling the spouted bed, as
well as experimental and semi-theoretical evaluation of
spouted bed parameters. In 1959 Thorley, Saunby, Mathur
and Osberg made a rigorous analysis of air and solid flow
in a spouted wheat bed. They studied the effect of
orifice size, cone angle, bed height and air flow on the
performance of a spouted bed, and developed correlations
for the maximum spoutable bed depth, minimum spouting
velocity, and particle flow lines. Becker (1Y961) also in-
vestigated the laws governing the spouting of coarse par-

ticles and after defining some variables developed cor-
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relation leading to the maximum spoutable bed depth based
on the particles Reynolds number. Malek, Madonna and Lu
(1963) estimated spout diameter of a spouted bed for eight
materials in two semi-circular columns using air as the
spouting medium. The results of their estimation showed
that the spout diameter is proportional to the square root
of the mass flow rate of air, and based on that they
proposed a generalized equation for estimating spout
diameter under various conditions. Malek and Lu (1ves),
two years later, studied the spouting pressure drop and
maximum spoutable bed height in three different columns
using seven materials and air as the spouting medium, and
proposed that the spouting pressure drop depends on the
air density, solid and bed properties, and is independent
of the column and the orifice diameter. They also proposed
an equation for the maximum spoutable bed height based on
the experimgpts and related that factor to the column
orifice and particle diameters, density and shape factor
of particles, and air density. The result of their
analysis had an avefage deviation of 11% from those by Be-
cker (1961). sSmith and Reddy (1964) made a systematic ex-
perimental study on the characteristic behavior and the
spoutability of mixed particle size material (mean
diameter from .0134 to .104 inches and density from 65.8

to 246.3 lb/ft3). They developed a new correlation for
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~the minimum spouting velocity and found that Hathur-
Gishler (1955a) correlation was not very successful in
pPredicting their experimental findings. Singiser, Heiser
and Prilling (1966) applied the concept of spouted bed
technique as an air-suspension tablet coater and found not
only the system would reduce overall costs, but it also
results more uniform production. Mamuro and Hattori (1968)
analysed the behavior of fluid flow in a spouted bed both
theoretically and expérimentally. They proposed a model of
the balance of forces acting to the dense region and based
on that obtained equations for fluid velocity and pressure
drop. They claimed that the fluid flow data obtained by
them and Becker (196l1), and the pressure drop data by
Malek et al (1965) proved that the proposed model was use-
ful to explain the characteristics of the spouted beds.
Maximum spoutable bed depths(MSBD) for mixed particle size
beds were analysed by Reddy, Fleming and Smith (1968).
They found experimentally that the MSBD reaches a peak at
a critical particle Reynolds number of about 70, while
their theoretical prediction based on the Smith-Reddy cor-
relation (1964) estimated critical Reynolds number of 68
for MSBD. They also concluded that in contrast to Becker's
correlation (1961) the MSBD is independent of the inlet

diameter and the column geometry.

16



In 1969, Lefroy and Davidson studied the mechanism of
spouted beds exclusively. They experimentally found that
the fluid pressure variation just outside the spout is
well described by a quarter cosine wave, when they used a
flat based semi-cylindrical 30.5 cm diameter bed. Using
the spout pressure distribution as a boundary condition,
they calculated the pressure distribution in the dense
region and concluded that for beds having a
height/diameter ratio greater than two it would be reason-
able to assume a uniform pressure across a horizontal sec-
tion. They also used particle and fluid force balances at
the spout associated with a yield criterion employed in
soil mechanics to describe equilibrium of the spout wall.
Lefroy and Davidson (1969) were the first investigators
that employed a soil mechanics yield criterion, although
in very primitive form, to the spouted beds. They proposed
a mechanism for particle entrainment and employed that
mechanism in a particle and fluid momentum balance to de-
velop approximate equations for maximum spoutable bed
height and spout diameter. They also were first in apply-
ing a force balance to develop an equation for the spout
diameter. Bridgwater and Mathur (1972) derived a
theoretical equation for spout diameter from a force
balance analysis which took into account the solid

stresses based on hopper flow of solids, in addition to
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the hydrodynamic forces. Their analysis applied to a
region away from both the upper free surface and conical
bottom (deep bed approximation employed in hopper f£flow).
They also used the concept of stresses born by the solids
(effective stresses in soil mechanics) and the simple law

of friction to develop their model.

In the 4th joint Chemical Engineering Conference
AIChE-CSChE, Vancouver, Canada, September 9-12 in 1973,
for the first time in an international conference two ses-
sions were completelyAbeen programmed to the spouted bed
techniques. In the past, papers on spouted beds were
usually been included in sessions or symposia on fluidized
beds. However, by that time, spouted beds had reached a
stage of development where spouting was recognized as a
fluid-solid system in its own right. Eleven papers by nine
countries other than Canada were presented in the sym-
posium which was divided into characterization of the
dynamics of spouted beds with emphasis on residence time
distribution of the gaseous phase and the variations in-
troduced by 1liquid phase spouting, and examples of in-
dustrial applications on spouted beds. The paper by Mathur
and Epstein (1974a) on developments in spouted bed tech-
nology indicated that applications of spouted beds had

gone far beyond the drying process. In this paper seven-
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teen industrial applications of spouted bed were reported
with a brief description of each application, under the
broad categories of physical operations ( diffusional and
thermal) and chemical processes (solids as reactives and
solids as heat carrier or catalyst), including: drying of
granular material, granulation, reaction granulation,
tablet coating, gas cleaning, solids blending, shale

pyrolysis and charcoal activation.

McNab and Bridgwater (1974) constructed a mathemati-
cal model for the analysis of the stresses in the annular
space of a cylindrical spoﬁted bed applying the principle
of soil mechanics. They were the first investigators who
considered the annular material as a loosely packed as-
sembly of particles with its behavior described by effec-
tive stgess applying the Mohr-Coulomb failure criterion
employed in soil mechanics. The model extensively used the
principle of soil mechanics and the rules governing the
flow of bulk solids in hoppers to approximate the position
of the spout wall. They used the deep bed approximation,
applied to the hoppers, together with a constant effective
weight of material to uncouple the height and radius ef-
fect. The deep bed approximation assumes that a region ex-
ists in a hopper far from both the upper free surface and

the base in which all stresses are independent of height.
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Mathur and Epstein in 1974(b) attempted to assess the
general applicability of the different correlations of
spouted bed variables, developed to date, by per forming
many experimental work. They concluded that Becker's equa-
tion (1961) for HSBD gave good agreement with the obtained
data over a wider range of experimental conditions than
any of the other equations. Same authors at the same year
condensed most of the works done to date and published the
only book (Mathur and Epstein 1974c), yet, titled "Spouted

Beds".

Lim and mMathur (1974)'were the first to attempt to
develop a theoretical model of a spouted bed chemical
reactor involving gas phase reaction with solid particles
as catalyst or heat carrier. They used a generalized one
dimensional hydrodynamic model to describe the gas phase
flow pattern, necessitated by the kinetic model. Later, in
1976, these workers used helium tracer experiments to con-
clude that the residence time distribution of gas in the
annulus 1is better described by considering the radial
aradients effect and curved streamlines originating on the
spout boundary. The same workers (1978), based on the same
concept, developed a mathematical model to calculate flow
path and residence time distribution of solid particles in

the annulus from particle velocity-at-wall data. They also
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developed a model for the motion of solid particles in the
spout using an improved version of the Thorley force
balance (195%5). Calling the curved streamlines the
"streamtube model"” and the vertically upward gas flow the
"one dimensional model", Piccinini, Grace and Mathur
(1979) measured chemical conversion of ozone decomposition
on an iron oxide catalyst. A simple first order kinetic
reaction was assumed and the experimental results showed
good agreement with predictions from both streamtube and
one dimensional models. However, their data were not ade-
quate to discriminate between the two models and provide a

confident theoretical basis for the design of spouted bed

reactors.

The theory of Mamuro Hattori (1968) was extended by
Grbavcic et al, (1976) to predict the fluid flow pattern,
minimum spouting velocity, and the spouting pressure drop
for beds having a height lower than the maximum spoutable
height (H_ ). They found the new extended theory in good
agreement with their experimental data for both gas and
water spouted beds and also developed a correlation for Hpy
in a water spouted bed which was found to fit the litera-
ture data of gas spouted systems. In 1978 Epstein, Lim and
Mathur made a critical examination of the approaches used

by different investigators for the prediction of fluid
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flow distribution and pressure drop in spouted beds, and
rationally modified some of the models to increase their
acceptability and conform to experimental observations.
They found that Mamuro-Hattori force balance model (19683)
is deficient in neglecting the shear forces at the spout
and column walls. Suciu and Patrascu (1978) used a high
speed camera to measure particle velocities along the
cylindrical length of a column and based on the experimen-
tal results developed a correlation which related the par-
ticle velocity in the dense phase to the minimum spouting
velocity and relative bed height (H/Hy) . In 1979 HciNab
and Bridgwater applied the Walker's method for bins to
propose a theory for effective solid stresses in the an-
nular region of a cylindrical spouted bed. They employed
the concept of distribution factors, as used by Walker for
bins, to relate stresses at the spout wall and the vessel
wall to the mean effective stress on a horizontal plane.
Effects of factors such as bed height, £luid pressure
gradient, frictional conditions at spout and vessel walls,
and the angle of internal friction of the solid particles
on the stresses were also examined. However, they did not
pursue a complete solution which requires solution to par-
tial differential equation arising from force balances,
because of the computational difficulties. King and Har-

rison (19830) made some experimental work on spouting at
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elevated pressure and suggested a correlation similar to
the Mathur and Gishler (1955b) for minimum spouting
velocity at elevated pressure. Littman et al, (1977, 1979,
1981) in a series of theoretical and experimental work at-
tempted to predict the maximum spoutable bed height for
spherical and non-spherical particles. Morgan and Littman
(1930) derived a general relationships for the minimum
spouting pressure drop ratio, APms/ame' and a new spout-
annulus interfacial condition which approximately
satisfied the quarter cosine relationship. Littman et al.
(1981) developed an axisymmetric fluid flow model in the
annulus part of a spouted bed based on non-Darcy flow, and
new spout-annulus interface as well as the top of the an-
nulus boundary conditions. Their experimental results
showing that as the inlet flow rate is increased above the

minimum, the local annular velocities do not change and

the avev.ge spout diameter increases.

In sum, although extensive research studies have been
directed toward the behavior of spouted beds, the fun-
damental aspects of the mechanisms of particle motion have
not been investigated in depth and are poorly understood.
Few attempts have been directed to this fundamental ques-
tion and even those have been hampered by the complexity

of the nature of the problem. It is hoped that the outcome
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of this research study be able to bridge this gap and led

to a fundamental picture of spouted beds.
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CHAPTER TWO

2.0 BASIC RULES IN SOIL MECHANICS, PLASTICITY AND FLOW
OF BULK SOLIDS

This chapter is intended to state the basic prin-
ciples and define the terms used in soil mechanics, plas-

ticity and flow of bulk solids that were employed 1in

developing the models.

2.1 Definitions and Concepts

2.1.1 Principal stresses

At any material point subject to stress there are
three mutually prependicular planes on which there are no
shear stresses. These planes are called Principal Stress
Planes. The axes normal to these planes are called prin-
cipal axes and their directions principal directions. The
Stresses normal to the principal stress planes are called
principal stresses and are denoted by cl, 02 and ¢,
These are discussed in most textbooks of strength of
materials such as Crandall and Dahl (1959). The largest
of these stresses is called major principal stress €
the smallest is called minor principal stress ¢,, the
third is called the intermediate principal stress ¢,
Because of uncertainity of influence of the intermediate
principal stress upon the strength and stress-strain

properties of soil (Lambe & Whitman 1979), most of the
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work done are primarily in terms of €, and &,.

2.1.2 Mohr circle

It is possible to describe the state of stress at a
point using the static equations if the major and the
minor principal stresses are specified both in magnitude
and diréction (in the case of two-dimensions). Figure 4-a
shows ‘1 and 62 together with normal and shear stresses
in an arbitrary direction. fThe static equations derived
in most strenght of materials textbooks ( e.g., Crandall
and Dahi, 1959, ppl30-133) and represented by equations
(2.1.2-1) and (2;1.2-2) provide a complete (two
dimensional) description of the state of stress. These

equations describe a circle, as shown in Figure 4-b.

ce=clc0529+czsin20 = + cos20
2 2
(2.1.2-1)
¢, -%;

sin26 (2.1.2-2)

T = (cl-cz)sinOCOSO = 2

Shear stress is positive when counterclockwise and angle
is measured counterclockwise from the axis direction. Any
point such as A represents the stress on a plane whose
normal is oriented at an angle ® to the direction of the
major principal stress. For any given point A, the center

of the circle is located at a distance corresponding to
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Figure 4 Mohr circle of stress representation

a)equations for state of stress at a point
b)Mohr circle for state of stress at a point
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the mean of the principal stresses € from the origin of
(ce,ie) coordinate and its radius represents the maximum
shear stress at point A. This graphical representation of
the state of stress is known as the "Mohr Circle" and it

has extensive applications in soil mechanics.

In order to simplify the Mohr circle application the
pole of the diagram, point P, is defined as the intersec-
tion of the «circle with a line through the point
representing €, (or ®,) and parallel to the major prin-
cipal plane (or minor principal plane). Having determined
the pole of the diagram, the stresses in any direction can
be found using the pole by simply drawing a line parallel
to the plane on which the stresses act. For example, in
Figure 5 the horizontal stress ¢, is obtained by drawing
the line PE parallel to the vertical axis, the plane on
which ¢, acts. Similarly the vertical stress cy is ob-
tained by drawing PF parallel to the horizontal axis.

Notice that line EF is a diameter of the circle.

2.1.3 Effective stress

The concept of effective stress employed extensively
in soil mechanics basically treats a saturated soil as a
two-phase continuum. The principle of effective stress as

used in soil mechanics and described by Lambe & Whitman
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(1979) or schofield & Wroth (1968) states that the total
stress normal to any plane in the soil is the sum of the
(water) pore-pressure and the effective stress which con-
trols certain aspects of soil behavior, mainly compression
and strength. Experiments by many investigators (Lambe &
Whitman,. 1979) have shown that effective stress is closely
related to the stress transmitted through the mineral
skeleton and is equal to the net stress born by the par-
ticles. For this reason the effective stress is often

called intergranular stress.

2.1.4 Strains and principal strains

Applying forces to a medium not only produce stresses
but also displace its particles. The normal strains are
defined as the limit of the elongation per unit length of
a line element as its length tends to zero. If the dis-
placements in three directions are denoted by | ly and

lz the normal strains will be

1 g1 a1
€ = X € = —, ¢, = z (2.1.4-1)
dx 3y Sz

where the normal strains are taken to be positive in com-

pression.

The deformation also causes, in general, a change be-

tween two line elements. If the line elements are in the
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directions of x and y the decrease of the originally right

angle is called a shear strain:

a1, 1,
Vyy = — + — (2.1.4-2)
dx Qdy

and similarly:

a1, 91, 91, 31,

= eem— e c— +

Yax 3z 3dx Yyz Oy 9=z

If the displacement dre changed to the velocities in the
three directions u,v and w in the preceding discussion the

strain rates are written as

; du ; dv ; Sw
= — - = — (2.1.4-3)
* o 3x Y 3y z 8z

3\: 8:4 . a\v a‘v . all a\w

*x I?z_ + —, ?zx='_+

Y 3x 3y Y2 3y 3=z oz o x
At any strained point there exist three mutually orthognal
directions which remain orthognal after deformation. These

directions are called principal directions of strain and

denoted by ‘1' Ez, E3.

2.1.5 Plane strain

If a system of rectangular coordinates x, y, z can be
chosen for the plastic flow of a material so that the

velocity components u and v are independent of 2z, and w
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vanishes identically flow is called plane. Under these
circumstances the deformation takes place only on plane

Xy, and it can be written:

é ' €., L o independént of =z
€ = ‘i-;’z =¥, = o. (2.1.5-1)
Tyz = %25 = 0. :

and condition of incompressibility reduces to

él+€ =€ + € = Q. (2.1.5-2)

Ju ov
— e = (), (2.1-5-3)
9x Qdvy

2.2 Stress-Strain Behavior of a Soil Mass

The true behavior of stress-strain of a soil mass is
quite complicated. The stress-strain relation mainly
depends on the loading conditions such as loading, unload-
ing and reloading as well as the type of 1loading, i.e.
isotropic compression, confined compression, triaxial com-
pression or direct shear. The relation is also different
for various type of soil. Extensive theoretical and ex-
perimental work have been done by mahy investigators
(Lambe & whitman, 1979) to explain both the mechanism of
deformation of granular soils and characteristics of the
Stress-strain relationship. Only a brief background for

the type of relation used in the models is provided here.
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The investigators in soil mechanics have concluded
that the soil will behave in a first approximation as an
elastic material with the proper choices of the Young's
modulus E, shear modulus G and Poisson's ratio P cor-
responding to the particular loading. The stress-strain

relation for an elastic material can be written as

1
& = — (s, - v(cy+cz)J
E
1
Ey = -? [cy - v, +6 )]
l ‘ -
tz = — [cz - v(cx+cy)_i
E
1
Xy
* = e— (2o2_l)
Xy G
1
¥y ===
G
4
zX
¥zx =
G

Clearly, when applying to a soil mass good judgment is
needed for choosing values of the modulus and Poisson's:
ratio. VFiqgure 6 shows results of a triaxial compression
test upon a well graded sand from Libya (Lambe & Whitman

1979). This Figure shows a typical stress-strain curve of
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a soil mass.

2.3 Shear sStrength and Mohr Coulomb Failure Law

Investigation since 1773 have indicated that granular
soil is "frictional" and the resistance to sliding at each
contact point is proportional to the normal force at that
point. The behavior of granular soil deviates from being
purely frictional because of the effect of the consolida-
tion stress upon the grain interlocking. This interlocking
contributes to the overall resistance. Increasing the con-
solidation stress decreases the interlocking by flattening
the particles contact points. Even though this action

produces a denser specimen, it makes it easier for shear

deformations to occur.

The state of stress at the peak point of the stress-
strain curve, point P of Figure 6, usually defines the
strength of a soil. Otto Mohr (see Lambe & Whitman, 1979)
who first wrote about general strength theory in 18382
proposed the concept of representing the strength of a
s0il mass by Mohr circles representing the state of stress
at the peak points of different consolidation stresses.
These Mohr circles are called critical Mohr circles.
Figure 7 shows six critical Mohr circles with the Mohr en-

velope. The physical meaning of the Mohr envelope can be
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Figure 6 Results of a triaxial compression test upon

a well graded calcareous sand from Libya
(Lambe & Whitman, 1973)
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described as follows:

l- The state of stress whose Mohr circle lies com-
pletely below the Mohr envelope corresponds to a soil that

will be stable under that state of stress.

2- If the state of stress changes such that its cor-
responding Mohr circle become just tangent to the Mohr en-
velope then the soil has developed a full strength on some
plane through its mass. This plane is called failure plane
and makes an angle of ocr with the major principal plane.
Figure 3 shows a failure piane and the corresponding Mohr
circle representation with the shear and normal stresses
on the failure plane. These stresses are called the limit-

ing or yield stresses.

3- The state of stress within a soil mass whose Mohr
circle intersects the Mohr envelope of that soil is not
admissible. It would be impossible to impose such a state

of stress without causing an unlimited strains, i.e.

failure.

The concept of limiting stress condition developing
on the failure plane was first introduced by Coulomb in

1773 as the "critical equilibrium theory". He applied the
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theory to determine the pressure of a fill bounded by a
horizontal plane on a vertical retaining wall. His solu-
tion was based on the assumption that there should exist a
plane surface of rupture, and based on this he introduced
the "theory of slip" (see Schofield & wWroth, 1968).
Rankine .in 1857 presented the concept of slip surfaces and

found the condition of limiting equilibrium.

The limiting stress condition represented by the Mohr
envelope in general is a curved line and may be written in

a functional form as

where T:¢ and €:¢ are the failure shear and normal
stresses acting on the failure plane. However, for most
practical calculations regarding the stability of a soil
mass, the functional form of the Mohr envelope is ap-
proximated by a straigh line. Thus the strength is ex-

pressed by the Mohr-Coulomb failure law:

Teg = ®petanp + c (2.3-2)
where @ is the angle of internal friction or angle of
shearing resistance and ¢ is the cohesion or cohesion in-

tercept. Equation (2.3-2) approximating the Mohr envelope

by a straight line of slope @ and intercept c is widely

37



used for granular soil and at the same time is one of the
most controversial equations employed in soil mechanics.
The degree of approximation depends on the range of &g
of interest. Experiments have shown that the Mohr en-
velope curvature is greatest for dense granular soils and

decreasgs as a soil becomes looser (Scott, 1963).

The soil is called cohesionless if the Mohr envelope
passes through the origin of the Mohr diagram. A specimen
of such a soil will not stand as a cylinder if the confin-
ing (consolidating) pressure is zero. Using the Mohr-
Coulomb failure law.for a cohesionless soil, the strength

can be expressed simply by:

Equation (2.3-3) had been used by Coulomb (Schofield &
wroth 1968, Ch.8 and 9) for a cohesionless soil in his
first paper in 1776, and since then has been applied to
granular soils by many investigators in soil mechanics.
Coulomb's original assumption cosidered the soil as a
rigid homogeneous material which could rupture into
separate blocks. He then applied equation (2.3-3) to the

rupture plane.

Equation (2.3-2) expresses the strength of a cohesive

soil by two parameters @ and c suggesting that both cohe-
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sion and friction must be overcomed during slip along the
rupture surface. Equation (2.3-3) on the other hand in-
dicates that to express the strength of cohesionless soil
only one parameter P need to be specified and only fric-
tion must be overcomed during slip along the rupture sur-
face. F;gure 8 shows the state of stress at failure for a
cohesionless material which the strength (yield function)
has been expressed by the Mohr-Coulomb failure criterion.

From this Figure it can be easily shown that

. 3 l + sing
1f

Equation (2.3-4) was first recognized by Rankine who con-
sidered soil as a continuous body. Rankine studied soil
without cohesion or pore-pressure and asserted that when
the ratio of principal stresses reaches its peak value,
given by equation (2.3-4) the obliquity of the stress vec-
tor on any plane could not exceed the angle of friction .
Schofield and Wroth (1968) generalized Rankine's equation
using Mohr circle of effective stress. They introduced the

parameter H=c.cotP and obtained (Figure 9),

+ H 1 + sing
1f
= (2.3-5)

-

and named it the Mohr-Rankine criterion for peak effective

stress ratios in soil about to fail. The importance of
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the Rankine's analysis lies on the Coulomb's original as-
sumption of a soil about to fail. Like Coulomb, Rankine
considered soil as an elastic plastic continuous medium
which became a basis for the later suggestion of Drucker,
Gibson, and Henkel (1957) that soil behavior can be

described by a theory of plasticity.

It is of greatest importance to notice that the
failure plane, or slip line, described here, in general is
not the plane upon which shear strains become concentrated
when the soil fails..The difference between the two planes
have been studied by workers such as Rowe (1963). The
physical and mathematical interpretation of these planes

is considered in detail in Chapter 5,

2.4 Flow of Bulk Solids, Soil Mechanics and Plasticity

The motion of solid particles in the annular region
of a spouted bed is very similar to the flow of bulk
solids in bins and hoppers (Bridgewater and Mathur, 1972).
The word flow here refers to a slowly deforming medium. We
discuss here the rules governing flow of bulk solids in
bins as well as similarities and dissimilarities of these
rules with the principles of soil mechanics and plas-
ticity. It is also intended to recoghize the fundamental

differences between flow of bulk solids and fluids flow.
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At the end of the nineteenth century when there was a
need to store large quantities of grain, the first major
studies related to the storage of bulk solids were per-
formed by Janssen (see Hancock and Nedderman, 1974) and
Airy (1897). These studies were mainly concerned with the
wall pressures affecting the structural design of silos
and bins. Since then the problem of proper structural
design of silos and hoppers as well as the subject of flow
of bulk solids have been studied extensively by many
workers. A complete list of references may be found in
the publications of Jenike and Johanson (1968), Jenike
(1964), and in the review articles by Nedderman et al.
(1982) and Tuzun et al. (1932). Specifically the exten-
sive studies of Jenike (Jenike and Jenike et al., 1960,
1961, 1962, 1964) led to the postulation of a flow-no flow
criterion of bulk solid and design of storage bins and

channels.

Although many of the concepts employed in the theory
of bulk solids flow are similar to those found in soil
mechanics and plasticity, when applied to bulk solids
these concepts undergo important modifications. Like soil,
the bulk solids are considered as rigid-plastic material,
but the magnitude of the stresses are 100 to 1000 times

smaller than those encountered in soil mechanics. Thus,
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some of the phenomena not observable in so0il mechanics
plays a critical role in flow of bulk solids. For in-
stance, the yield loci (or Mohr envelope) can well be ap-
proximated by a straight line and while the curvature of
this loci is normally undetectable in soil mechanics, it
is quite pronounced in flow of bulk solids and its recog-
nition led to the introduction of a new yield locus. This
"Effective Yield Locus" proposed by Jenike and Shield
(1959) is conceptually different of the yield locus en-
countered in scil mechanics. Moreover, standard soil
mechanics test do not detect the low values of cohesion
and a solid possessing a cohesion of 50 pound per square
foot (2.394 kPa) is considered to be cohesionless whereas,
according to Jenike (1964), bulk solids with that value of
cohesion, an angle of internal friction of 30° and a den-
sity of 100 pounds per cubic foot form a stable dome

across a 3 foot diameter channel that prevents the flow

from starting.

When the flow of solid is mentioned one is inclined
to assume-by association- that the solid behaves much like
a liquid since the word flow is more often associated with
fluids than with solids. Such an assumption is incorrect.
The mechanical characteristics of solids and liquids dif-

fer so much that no easy analogies can be drown. These
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differences can be summarized as:

I- Solids have a static angle of friction greater
than zero so that they can transfer shearing stresses un-
der static conditions, whereas 1liquids can not support
shearing stresses under static conditions. That is why li-

quids form level surfaces but solids form piles.

II- In fluids flow the shearing stress is propor-
tional to the rate of shear and independent of the mean
pressure, but for a slowly deforming bulk solid the
developed shearing stress can usually be considered inde=-

pendent of the rate of shear and dependent on the mean

pressure.

III- Many solids when consolidated exhibit cohesive

strenght and retain a shape under load, characteristics

that are not observed in a liquid.

These are fundamental differences between solid and
liquid behavior when flowing, and as Jenike (1964) has
suggested a bulk flowing solid has to be considered as a

plastic and not a visco-elastic continuum.

45



2.4.1 Yield 1locus, effective vyield locus, plastic
potential and normality

The yield function for a bulk solid assumed to be
rigid-plastic, isotropic, frictional, cohesive and com-
pressible in the plastic region is discussed in this sec-
tion. From it the yield function for a non-cohesive and
incompressible bulk solid is then obtained to develop the

mathematical model for the flow of solids in the annular

region of the spouted -bed.

The convention adopted in flow of bulk solids, as in
soil mechanics, assumes pressure and compressive strain

rates as positive, tension and expansive strain rates as

negative.

--Yield locus, yield surfaces

The strength of a bulk solid is described by its
yield function. This description named and used by Jenike
et al. (1960) as modified rigid-plastic Coulomb solid can
be stated as follows: a rigid-plastic solid is one for
which there exists a limiting stress function such that
stresses lower than those determined by the function cause
no deformation, whereas stresses equal to the limiting
stresses cause either failure or plastic flow. Stress con-
ditions exceeding the limiting stresses are not permis-

sible.
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The proper choice of a yield function had been a
major obstacle in the solution of the problems of con-
tinuous plastic flow for isotropic, non-work-hardening
(perfectly plastic) solids which exhibit an angle of fric-
tion greater than zero until late 50‘'s, while this type of
problems had been successfuly solved for the case of zero
angle of friction (Hill, 1950, Prager and Hodge, 1951,
Shield, 1955a). The yield function was a generalization of
the criterium of either Von Mises or Tresca (Figure 10a)
into a function dependent on the hydrostatic stress. In
the principal stress space such a generalization tra-
nsformed the cylinder of Mises or the prism of Tresca
(Figure 10b) into, respectively, a cone or a pyramid
(Figure 10c) which were assumed to extend without a bound
in the direction of hydrostatic pressure. As a result, the
principle of plastic potential, or normality (Jenike and
Johanson 1962), required the solid to dilate continously
during flow while at the same time retaining its strength
properties. Dilation causes loss of strength. Experimental
evidence by shear and triaxial tests indicate to the fact
that a bulk solid may flow without a change of density
(constant volume) as well as with an increase of density
(decreasing volume), and that the history of stress and
strain do not affect the yield surface in any significant

way during flow (Jenike 1961).
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A yield surface was proposed by Jenike and Shield
(1959) to overcome the discrepancy between the prediction
of the theory and physical realities. The yield surface is
based on the Shield's pyramid (Shield, 1955b). The planes
of the sides of this pyramid in the space of principal

stresses are given by

and the pyramid can be constructed by cyclic renumbering
of the variables €, and €,. The Shield's pyramid under-
went three modifications: the pyramid was bounded on the
pressure side, after a suggestion by Drucker {(1951), by a
flat hexagonal base peripendicular to the octahedral axis;
the size of the pyramid was a function of the density; and

the vertex of the pyramid was rounded off. The flat base

can be represented by
€ =1/3 (6,+6,+6;) (2.4.1-2)

Figure 11 shows the evolution of the yield surface in the
principal stress space. The abscissa crvg;CZVE-is in the
6’1, 6‘2 plane and bisects the angle between the 3 S,
axes so that civﬁ;.is the magnitude of the vector sum or
the distance along the 1line at 45° to the ¢, -axis and
¢,-axis in the plane of #5;=0. This evolution was visual-
ized as follows: in its uncompacted state the material is

under zero pressure and the yield surface is a point at
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Figure 11 Evolution of the yield surface pyramid
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the origin O, Figure 11. As pressure is applied the
material consolidates, the yield surface develops due to
progressively increasing hydrostatic pressure €& provided

that the stress vector lies within the pyramid.

The bulk solid is rigid and remains rigid for any
state of stress within the yield surface appropriate to
the consolidating pressure €. Yield can only occur when
the stress point lies on the yield surface (yield stress).
A change in volume (density) is measured by the normal
component of the strain rate vector. During consolidation
process the normality locates the strain rate vector € at
the flat base of the pyramid which expands in size as the
density and consolidating pressure increase. For a stress
represented by a point on the side of the pyramid, the
normality condition requires solid expansion which is op-
posite to consolidation and the yield surface diminishes
in size as the flow progresses. When a corner point such
as E of Figure 11 corresponds to a state of stress, nor-
mality gives certain limits for the € vector, but does not
specify it uniquely and the solid may expand, contract, or
flow with no change in volume. This is the condition ach-

ieved for continous deformation of solids in hoppers.

The concept of the adapted Shield's pyramid thus im-
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plies to the existance of an infinite number of yield loci
corresponding to different consolidating pressure for a
given solid, each of them terminating at a point E, Figure
12. Point E corresponds to a point at the intersection of
the base plane with the side planes of the pyramid. The
Yield locus can be approximated by a straight line, given
by (2.3-2), at the point of tangency with the Mohr circle
in the €&, ¥ coordinate. Figure 12 shows two yield locus
associated with their Mohr circle. Superimposing the
direction of normal and shear compressive strain rates
with & and « (coaxiality condition), the principle of
normality restricts the angle 9, of € to a range of
-90deg<0v<9 at the point E which correéponds to the flow

condition.

-—effective yield locus(EYL)

Steady flow in channels has been characterized by a
continous deformation without change in the stress at a
given point (Jenike 1964). During this type of flow within
the regions of non-zero velocity the plastic region is
uniformly at yield with yield planes passing through every
point of the region. Experiments carried out by Jenike on
hundreds of bulk solids have demonstrated that steady
state flow occurs only for certain stress conditions, and,

that, the ratio between the major and the minor con-
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solidating pressures remains almost constant for a solid

with a constant moisture content and temperature:

= (204. 1"2)

This relation is due to the Jenike and Shield (1959) and
has been referred to as the "Effective Yield Function".
The angle & named the effective angle of friction is, in
general, a function of the temperature and moisture con-
tent of the solid. Under conditions of flow and constant
temperature and moisture & is constant. The angle $ has
been measured to be between 30° and 70° for various
solids. Under normal circumastances 8§ is small for fine

and dry and large for coarse and wet solids (Jenike 1964).

The effective yield function (2.4.1-2) can be
represented by a straight line through the point of zero
stress in the (#,7) coordinates. This line is charac-
terized by angle & and has been termed the "Effective
Yield Locus, EYL". Results of the shear test procedure
proposed by Jenike (1960) indicated that EYL, given by
(2.4.1-2), is tangent to all Mohr stress circles
representing a steady flow. Figure 12 shows the geometri-

cal representation of EYL. The EYL transforms into €.

32. §3 coordinates as the plane
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€, (1-sinb) - €,(1+sinbd) = ¢ (2.4.1-3)

which passes through the ¥3 axis and makes an angle
B=tan'1(l-sin6/1+sin5) with the axis €,. By permutating
the subscripts of the variables in equation (2.4.1-3) six
such planes can be constructed each passing through one of
the axes and making an angle B with one of the other
axes. These six planes form a surface, Figure 13, named
the "Effective VYield Pyramid", after Shield (1955b).
Stress conditions fér steady flow are represented by
points lying on the surface of this pyramid. The effective
yield pyramid with its vertex at the origin has a
hexagonal cross-section, but unlike the yield pyramid ex-
tends into the direction of hydrostatic pressure without a
base. Since the principal stresses chosen so that
§,<€3<F; then the pyramid side AFO need only be con-
sidered, remembering that these sides are similar. Along

OA ¢,=¢3;>6, and along OF €3=6,<F,.

--plastic potential function and the normality
condition in steady flow

The classical formulation of theory of plasticity
considers a class of materials which the yield function
f(cij), (2.4.1-1), also serves as the plastic potential
for flow. The plastic potential or normality states that

(Updike, 19381)
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Figure 13 The effective yield pyramid
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The plastic strain rate vector is outward, normal
to the yield curve which is non-concave.

This statement can be expressed as

of

a‘i

In particular, considering one side of the yield pyramid
given by equation (2.4.1-1), then the three components of

the strain rate vector are:

. df . £
‘l = A = A(l-sing), 62 = A—— = -A(l+sing),
995 3 ds,
) £
€3 =2 Qe = O (2.4.1—5)
ds,

This vector, A[(1-sin@),-(1+sinP),0], is normal to the
given plane. At the sharp edges or corners of the vyield
pyramid of the yield function éi is defined only to within
the limits imposed by the intersecting surfaces (Drucker

et al., 1957).

The continuity of the solid may be expressed by

. . . . L] . l d?
tl+€2+€3 = €x+£y+£z = —— (2.4.1-6)
e 4 dt

in which 4 is the solid density. If % is assumed to be

constant, the resulting condition
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€ + € + € =0 (2.4.1-7)

restricts the strain rate vector to the octahedral plane.
The strain rate vector A[(l-sinp),-(l+sinf),0] normal to
the side of the yield pyramid does not satisfy this con-
dition. One now sees the necessity of modification of the
yield pyramid by closing its end with an octahedral plane
and creating corner points like E of Figure 12, where the
é vector has enough freedom to satisfy the condition
(2.4.1-7). It is impoftant to note that the plastic poten-

tial implies normality with respect to the yield surface

not to the effective yield surface.

--case of plane strain, incompressible, cohesionless
materials

The case of plane strain is characterized by defor-
mation in one plane only, that is in the (&1, ¢,) plane
such that velocity is zero in the direction of §3; and
€3=O. This condition together with (2.4.1-7) forces the
direction of the strain rate vector such that normality
limitation can only be satisfied at the point F, Figure
13. The vertical line AF in this Fiqure is the intersec-
tion of a given EYL function and the plane of the YL func-
tion. Thus, for incompressible plane strain material nor-

mality limits the stresses to 6,=63<F,.

In general, the bulk density of a solid is assumed to
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be a function of the major consolidating pressure, as well
as of the time t, the temperature T, and the moisture con-

tent H:
¥ = ¥(&,t,T,H) (2.4.1-8)

Under the condition of flow, the bulk density of solid can

be assumed to be of the form
¥ = 4(6) (2.4.1-9)

A barotropic equation of state has been found experimen-

tally by Jenike (1964) to be

¥ = v (1+6)F (2.4.1-10)

where 4, and # are constant under conditions of flow.
Results of the tests show that for & measured in pounds
per square foot B does not exceed 0.10. The value of 8
for Foundry Sand and Light Soda Ash has been found to be

0.009 and 0.017, respectively (Jenike, 1964).

Different solids gain different strength under equal
pressure. Some of the solids like gravel and dry sand are
cohesionless so that they gain practically no strength
within the typical range of pressure (150 to 2500 pounds
per square foot). To cause such solids to shear, it is
sufficient to overcome their angle of internal friction .

In these solids slip takes place when 1=¢tang This is
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Coulomb friction. For free flowing solids like gravel and
dry sand the yield locus coincide with effective yield
locus and thus p=8. For these materials the YL can well be
appreoximated by a straight line through the origin of
(€,1) coordinate characterized by &, as EYL, and the ver-
tex of the yield locus pyramid will be at the origin of
(81,62,03) axis. Since these types of solids do not gain
strength under applied pressure, there is no evolution of
the yield pyramid as the applied pressure increases. The
yield pyramid in this case retains its original size,
there is only one yield loci, and flow develops under the

achieved consolidating pressure.

--isotropy in steady flow

In the plastic region where the material deform
slowly different points may have different yield func-
tions. However, material properties are assumed isotropic,
i.e. independent of direction. It has been shown that
this usually implies the directions of principal stress
and strain rate coincide (Jenike and Johanson, 1962). Su-
perimposing these directions, the coaxiality condition is

expressed by

¥
XY - tan2¢ = XY (2.4.1-11)
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where ¢ is the angle measured counterclockwise from the Y
direction to the direction of major principal stress and
strain rate, Figure 5. Equation (2.4.1-11) expresses the
coaxiality condition which is often linked to that of
isotropy (Tuzun et al., 1982). Jackson (1983) has
recently discussed the principles of normality and
coaxiality, and has used the coaxiality condition to de-
velop the velocity field solution for a granular material

flowing in a hopper.
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CHAPTER THREE

3.0 BASIC EQUATIONS

In this chapter we present the conservation and con-
stitutive equations that will be used to compute the
stress and velocity fields. We first consider the fluid
pressuré distribution in the annulus and its effect on the
solid density. The equation of the motion are then reduced
for the slowly plastically deforming material in the an-
nulus to obtain the basic equations describing the motion
of solids. Finally, the boundary conditions are discussed

in the ligHt of physical realities of the problem.

Compressive stress and strain are taken to be posi-
tive. Shear stress is taken to be positive in the coun-
terclockwise direction. The angles are measured in the

counterclockwise direction from the axis.

In the vertical portion of th2 annulus the material
is compressed vertically and extend radially toward the
spout, the major pressure is vertical and a divergent flow
developes. An active state of stress then exists for this
portion. In the conical region, on the other hand, the
material is compressed horizontally and the flow is con-
vergent. A passive state of stress then exists for this

portion. Observations and photographs confirm the conver-
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gent and divergent flow in the vertical and conical
regions respectively. A switch from active to passive
then exists at the vertical/conical junction of the an-
nulus similar to that at the bin/hopper junction (savage

and Yong, 1969, Horne and Nedderman, 1973a).

Because of the symmetry the computations are done on

only one half of the annulus region. Throughout the
. * * *

analysis by, ﬁpg(l-eo)bo , and w/bp(l-io)bo are used as

the length, pressure, and velocity reference quantities.

3.1 Effect of the Gas

3.1.1 Spout pressure distribution

Lefroy and Davidson (1969) using the experimental
data have concluded that in any spouted bed the pressure
just outside the spout can be approximated by:

P* = Ap"cos[(®/2)(1- y*/u™)] (3.1.1-1)

Using equation (3.1.1-1) and the fact that at the maximum
*
spoutable bed depth, Hp, . the pressure gradient was enougn

to fluidize the bed at the top, QP* has been found:
* * Lk
(4p )Hm = 2d, P,g(1-€,) /= (3.1.1-2)
Replacing Ap* from equation (3.1.1-2) into equation

(3.1.1-1) yields the pressure distribution just outside

the spout at the maximum spoutable bed condition:
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* * * *
P = (2/®%)®_g(1-€ )d_ cos[.5W(1- y /H_ )]

Lefroy and Davidson generalized equation (3.1.1-3) so that

it would be applicable to all values of H" and not just

*
H, , by introducing a factor B such that:

av_ " /u*
B = = = — (3.1.1-4)
(apg )Hm /g

where obviously B<l. Using the factor B, the pressure dis-

tribution just outside the spout is given by:

p* = (2/M)BP,qH" (1-€_)cosl (W/2) (1~ y*/u*)]
(3-1-1"5)

McNab and Bridgwater (1977) used five different
models in their attempt to correlate the value of B for 64
experimental observations of spouted bed pressure drop.
They found a result that was found by Epstein, Lim and
Mathur (1978) to give close agreement with the experimen-

tal data:

*
xH
) (3.1.1-6)

B3 = sin(

2H"

3.1.2 Annulus Pressure Distribution

Due to the pressure gradient in the spout the air
flowing in the spout leaks into the porous annular reagion

where it flows upward countercurrently to the slowly des-
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cending particles. Many investigators have developed cor-
relations for the prediction of the flow and pressure dis-
tribution of fluid in the annulus of a spouted bed.
Models developed by both Mamuro and Hattori (1958) and the
Grbavcic et al. (1978) assume unidirectional Darcy flow in

the annulus. Epstein and Levine (1978) reworked the Grbav-

cic et al. theory to account for the turbulent non-Darcy
flow in the annulus. Littman et al. (1981) have solved
numerically the continuity equation combined with the vec-
tor form of the Ergun equation and appropriate boundary
conditions to find the flow and the oressure distribution.
To check the calculétions, they measured the pressure dis-
tribution in the annulus and spout experimentally and
found good agreement between the proposed model and the

experimental evidence.

In our case we assume laminar flow with interstitial
region and Darcy's law is applied to calculate the pres-
sure distribution of the air in the annulus. This law

states that

3p ar , )
ug, == K Ve = K c———— 3.1.2-1
£ X 4 £

o x Y 3y

K, and Ky are the Darcy's permeabilities in the x and y

directions, respectively. The prediction by Darcy's law is
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particularly good when the particle Reynolds number is
less than 10 (Leva et al., 1951). However, oproper al-
lowance for the effect of the particle Reynolds number is
complex and Darcy's law is assumed as suggested by Lefroy
and Davidson (1969). Using the continuity equation of the
fluid and assuming that Darcy's constants are independent
of direction (isotropic material), one obtains Laplace's
equation for the pressure distribution in the annulus:
Fer P

x2 T *
3 x dvy

Using the dimensionless quantities, the dimensionless

governing equation and the boundary conditions are:

+ = 0 (3.1.2-3)

P :  x=1 dP/dx =0
P=0 : x=0 P=(2/®)HBsin[(®/2)(y/H)]

The solution to equation (3.1.2-3) is given by:

2 ny coshl (®/2H) (1-x) ]

P(x,y) = - H3sin( )
L § 2d cosh(®/2i)

(301-2—4)

in which B is obtained from (3.1.1-6). Figure 15 shows the
ratio of the wall pressure, P, to spout pressure, Py for
different H. For beds having height to half width ratio
greater than 2, it may be assumed a uniform pressure

across a horizontal section. This assumption introduces

67



.8
nwun
~
a3 g

-4 \

A .
Ol\ 10 20 30
H=H%b’

Figure 15 Ratio of wall pressure to spout pressure

as a function of the dimensio

nless depth
of the materijal

68



at most 11% deviation for H=3 and 24% for H=2, but greatly
simplifies he computations. The deviation from the
average gas pressure across a horizontal section is 8% for
H=3 and 16.5% for H=2. Since the case of H=3 is mainly
considered throughout the analysis, the air pressure dis-

tribution is assumed to be given by
P = (2/®)HBsin(®y/2H) (3.1.2-5)

3.2 The REffective Density

The effective weight per unit volume of the material

in the annulus is defined as:

*
dap

1
Po = (P-Pg) (1-€)) - — ~ (3.2-1)
) a dy

In cases where the fluid density Pe is much smaller than

the particle density pp,
pp - pf = pD (3'2-2)

The effective density can then be written:

1 ap”
P = P, - — - (3.2-3)
g dy

and in the dimensionlass form

P ap
- 1- (3.2-4)

P dy

The pressure gradient term dp/dy is obtained fronm
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(3-1-2-5) thUS,

[
=1 - Bcos —vy (3.2-5)

Py 2H

3.3 The Equations of Motion for the Solid

D

3.3.1 Stress field

The equations describing the solid motion in the an-
nulus are described in this section. These equations are
developed for two dimensional cartesian coordinates. The
attention was restricted to the case of plane strain. The
bulk solid was assumed to ‘be an isotropic, frictional,
cohesionless, incompressible, rigid-plastic material obhey~-
ing the yield functions described in section (2.4.1). The
yield function of (2.4.1-2) can be written in terms of the
stress components and, using the Mohr diagram, Figure 16-

a, as

_ 2 2 1/2 = i
[(1/4) (8 -6,)% + 42 ] (1/2)“"”}’)7?3.1-1)

Points E and E' in Figure 16-a correspond to the yield
stresses and lines PE and PE', connecting the pole of the
diagram to the points of tangency, are the slip lines. The
angle between two sliplines is bisected by the direction
of major consolidating pressure. This angle can be re-

lated to the angle & using the right triangle OED:
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20 = ®/2 - & (3.3.1-2)

The physical planes are shown in Figure 16-b. It is now

Observable that sliplines make angles @+§M with the Y

axis.

Refering all stresses in Figure 16-a to the point O,
a new stress variable presented by distance OD can be

defined as

¢, + € g+ €&
1 2
s = = X b4 (3.3.1-3)
2 ' 2

such that the three stress components are written in terms

of two variables & and $:

&, = 6(l-sinbcos2¢) (3.3.1-4)
& = 6(l+sinbcos29) (3.3.1-5)
13& = €sinbsin2¢ (3.3.1-6)

These relations satisfy the yield function identically.

The equations of motion of the continuum for the two

dimensional cartesian coordinates are:

*3 u*L *a u“r ac"*_._a 'xy* 3Pf*
p(u i *) = = * * ) - *
ax Sy 9 x dy BX( .’
303-1-
X +* * * x*
pb(u*av*+v*av*) = Ppa - (acz’+a"‘},’) - apf
8 x oy oy 3 x 3y
(3.3.1-3)
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The motion of solid particles in the annulus is slow, such

that the inertial forces can be considered in a first ap-

proximation negligible and the equations reduce to the
equations of equilibruim:

%* *

3cx+ 37,

=0 (3~3-l"‘9)
ax* ay*

as,” 31"
L ] + *
3y 3 x

= P.g (3.3.1-10)

In the equation (3.3.1-10) the fluid pressure term is com-
bined with P, to give R, defined by (3.2-1) where we have
neglected the horizontal éomponent of the pressure
dradient. Making equations (3.3.1-9) ana (3.3.1-10) dimen-
sionless and using relations (3.3.1-4,5,6) the limit equi-

librium equations written in terms of & and ¢ are:

e g ¢
(l—sin5c0320)——-+sinﬁsin20———+2¢sinssin20———
X gy 8 x
3¢
+26sindcos20— = o
oy
(3.3.1—11)
arc ¢ 3¢
sinﬁsin20———+(1+sin6c0520)-——+265in6c0520-——
X dv 3 x
3¢ AP
-28sindsin2¢— = 1. %
Yy dy
(3.3.1-12)

where Py is given by (3.1.2-5). The governing equations
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for stresses described he: subject to 2. --aundary

conditions define a well p 2d solut: -~ -c- +- e
field. Notice that the tw =quilibriur AgQuUa L. 10:.
with the vyield condition m be used to iete:-

stress components. However, 2loyment of the two vari-

ables & and ¢ reduces the t 32 qovernin- 2gjquations to
the two equations (3.3.1-11) = | (3.3.1-12), thus making

them more suitable for a partici. r numerical technique.

The system (3.3.1-11,12) is yperbolic and will be
solved using the method of charac 'ristics. All stresses

mentioned here are the effective st sses.

3.3.2 Velocity field

The equations determining the elocity field are

those of incompressibility and coaxiall Y

3du dv

+ = 0 (3.3.2-1)
3 x vy
av au

+
9 ajy 29 3.3.2-2)

= tan e3.2=2

av du
3y d x

Equation (3.3.2-2) is obtained using (2.4.1-11) and

(2.1.4-3).
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With well-posed boundary conditions on the velocity
components these equations can be solved if ¢ is Xnown.
Since # is determined by the stress field solution, this
condition ties the velocity and stress fields together.
However, the velocity field is independent of the mag-
nitude of &, and the stress boundary conditions do not

determine the velocity boundary conditions (Johanson,

1964).

The system (3.3.2-1,2) is hyperbolic and it is also

solved using the method of characteristics,

3.3.3 Boundary conditions

The stresses and velocities along the boundaries of
the annulus reqgion are discussed here. The region boun-

daries are (Figure 14):

~ Top boundary

The top boundary of the annulus is assumed to be
traction free. If in addition to being traction free the
surface also satisfies the EYL condition for steady flow,
the stress state is defined by point O in Figure 16 and is
therefore, stress free. The Mohr circle for this condition
degenerates to a point €=9=0, however, the direction of
brincipal stress $ can be determined as a function of the

angle of inclination W of the stress free boundary. The
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physical assumptions are:

l- There is no load on the free surface.
2- The material is in the plastic state.
3- The material at the boundary is in equilibrium.

The angle W can then be obtained, as shown by Jenike and

Johanson (1962), by noting that

e Qs
=0 or dx

+
o x vy

dy = 0 (3.3.3-1)

and that dy/dx=-tanW®W. This condition together with equa-
tion (3.3.1-11) for =0 can be solved for W and ’t giving
that for the homogeneous system of linear algebraic e2qua-

tions to have a solution, it must be:
sin(2¢, - W) = - sinw/sind (3.3.3-2)
the pertinent root of which is
2, = W + sin"1(- sinw/sinb) (3.3.3-3)
The top boundary is assumed to be horizontal, i.e. w=0,

and thus the conditions on the stress parameters across

this boundary are:

€ =0
’t = 0 or ®/2 (3.3.3-4)

Hotice that the two solutions for ’t correspond to the

active and vassive state of stress, resmpectively.

The two conditions for the velocity components across
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this boundary are:

0

u =
v : uniform

(3:3;3-5)
The first condition assumes that there is no horizontal

motion of particles on this boundary and the particles
enter the annulus vertically.

The second condition as-
sumes a uniform distribution of the vertical velocity com-
ponent.

This component can be related to the total solid
circulation W as:

- W
v

*
P, (1€, )b,

(3-3.3"6)
that written in dimensionless variable is:
across the top boundary.

- Bed wall

Jenike (1961) has found experimentally that when the
solid flows on rigid side walls

the normal and shear
stresses along the wall lie approximately on a straight
line as shown in Figure 17a by the "Wall Yield Locus",

WYL. The angle 6w is said to be the angle of friction be-

tween the riqid wall and the solid under steady flow.

At the bed wall the direction of the major principal
stress ¢, can be found as a function of & and 5, simply
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from the Mohr's circle of stress construction for the
material at the wall. Such a construction is shown in
Figure l7a, which corresnonds to an active state of stress

(point K). From this Fiqure:

< MWK = cos'l(Mw/r) = qos—l(sinﬁw/sins)
< MWQ = w2 - 8,

Thus,

¢, =([n/2 - cos-l(sinaw/sinﬁ) - 5w]/2
. (3.3.3-8)

Equation (3.3.3-8) 1is the only relation that must be

satisfied at the bed wall.

The only condition that must be satisfisd at the bed
wall as far as the velocity field is concerned is that u

must vanish, and the material flow along the wall:

u =0 (3.3-3-9)

= Boundary of dead zone

The boundary of dead zone separates the plastically
deforming solids from the stationary (rigid) material
forming the dead zone. Thus, this boundary is considered
as a rigid-plastic boundary and therefore is a wall, com-
posed of the solid particles, by its definition (Jenike,
1961). Being a wall, the direction of major orincipal

stress is then given by a Mohr circle of stress construc-
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tion similar to Figure 17a corresponding to the passive
case (piont L) providing that 5w=5, as well as considering

the inclination of the boundary:
¢, = tan"l[db(y)/ay]l + (w/2 - 8)/2 (3.3.3-10)

in which b(y) describes shape of the dead zone boundary
(Figure 14). Equation (3.3.3-10) is the only condition
that must be satisfied along the boundary for the stress

field.

The foregoing consideration about the boundary of
dead zone implies that this boundary to be considered as a
line of discontinuity in the velocity field (Prager,
1948). The equilibrium condition requires that the
velocity vector normal to a line of discontinuity become
continous across this line. Applying this requirement, the

geometry of Figure 14 necessitates that:

uy, db
= (3.3.3-11)

since the velocity normal to the boundary on the dead zone
side is zero. Relation (3.3.3-11) provides the only con-
dition to be held along the boundary for the velocity

field.
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- spout annulus interface

The spout annulus interface 1is assumad to be a

hydrodynamically induced wall without necking and rippling
movement. It is also assumed that the stress state of
solids at the spout wall can be approximated by a straight
line as.shown in Figure 17b by the “Spout Yield Locus",
SYL. The angle 8§_ is said to be the angle of friction be-
tween the fluid flowing in the spout and the solid under
steady flow. There are different assumptions about the
numerical value of this angle in the 1literature.
Bridqeﬁater and Mathur (1972) have assumed zero angle of
friction at the spout wall (implying no shear stress),
while McNab and Bridgwater (1974, 1979) reasoned that the
extraction of material from the spout wall and movement up
the spout means that some shear and normal stress must ex-
ist. They have suggested the range of 0-8 for the mag-
nitude of 8, . The numerical value of §_ is not taken to be

zero in this work to make the computations as general as

possible.

At the spout wall the direction of the major prin-
cipal stress ’s can be found from the Mohr's circle of
stress construction for the material at the spout wall,
Figure 17p. From such a construction
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OR:(Gy)w ,
OQ:(cx)w

KQ:(rxy)w

wop

Figure 17a Mohr circle of stress construction for
material at the bed wall
(active state)
T

Figure 17b

Mohr circle of stress construction for
material at the spout wall
(active state)
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<« MsK = cos™l(MS/r) = cos™l(sinb /sind)

< MSR ®/2 - 65

Thus,

¢ = (/2 -~ 55 F cos”l(sin6s/sin5)]/2
(3.3.3=12)

where the upper sign (-) corresponds to the active state
of stress applied to the vertical portion of the annulus
and the lower sign (+) corresponds to the passive state of
stress applied to the ‘conical portion of the annulus. This
equation is the only condition that must be met at the

spout wall for the stress field.

The boundary condition for the velocity field is one
of the uncertainity since the actual mechanism of particle
entraintment is not yet known. Thorley et al. (1955) have
traced particle flow lines by observation against the flat
wall of a 6lcm diameter half-column. Later, Mathur and
Epstein (1974c) have used their data to evaluate the total
solid circulation W approximated by particle velocity at
the bed wall. The experimental data by Mathur and Gishler
(1955a) have indicated to a linear variation of W with
height in the cylindrical portion of the annulus. There
was no approximation the could be developed for the lower

portion (conical region) of the bed.
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The following condition is used in this work as a

boundary condition at the spout wall for velocity:

1
ug = — (3.3.3-13)
H

This condition presents a uniform variation of ug which

satisfies the overall mass (solid) balance.

Figure 18 shows the annulus region with the con-

Y e
ditions discussed along the boundaries.

The governing equations and the boundary conditions
described in this chapter define a unique stress and
velocity field solution. The way these equations were set
up make them suitable for the method of characteristics.
There is only one condition available along each boundary,
for each field, except at the top boundary. The method of
characteristics can integrate the governing equations with

the corresponding conditions.

The conditions at the top boundary, in general, do
not match with the condition at the bed or spout wall at
the point. of intersections. Similarly, the variables are
double valued at the intersection point of the bed wall
and the boundary of dead zone. These points may be the

origination of a fan of characteristics (normally in the
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active state) or a shock surface (normally in the passive
state) that is discussed in Chapter 5. Although these
types of numerical difficulties are encountered in apply-
ing the method of characteristics, it is remarkable that
the method not only gives an exact numerical solution but
it provides sliplines, shearlines, and other important in-
formation. The technique of applying this method is dis-
cussed in Chapter 5.for solution of stress and velocity

fields.
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S
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Figure 18 The annulus region of spouted bed with
the boundary conditions for the stress and
velocity fields along its boundaries
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CHAPTER FOUR

4.0 EXPERIMENTAL OSSERVATIONS AND BOUNDARY OF DEAD
Z0ONE

Some experimental observations and a mathematical
model based on the method of the slices for the shape and

formation of the dead zone are presented and discussed in

this chapter.

The experimental work was primarily done for obser-
vation, determination of the maximum spoutable bed depth

H and verification of the results of the method of

m'
slices. This method was employed to determine the boundary
of dead zone. The method of slices has basically been
developed for the problem of slope stability to compute

the factor of safety for a potentially sliding mass.

4.1 Experimental Observations

4.1.1 Apparatus

A two-dimensional plexiglass column was used for the
experimental observations. The bed had a rectangular cross
section of 2.4x15.2cm. A piece of plexiglass with the same
dimensions of the bed cross section and a height of
1l0.16cm was used as the gas distributor, and placed at the
bottom of the bed. The distributor had a centrally drilled

-635cm (1/4 inch) diameter orifice at the base which was
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nected at 1.9cm from the base to a channel (slit) of
2.4x.635cm. The channel allowed a uniform two-dimensional
jet enter the bed. The channel was covered with a coarse
mesh at the top to prevent particles draining into the
channel and orifice. Air was used as the spouting mediun,
and, to reduce the static electric effect between the par-
ticles and the plexiglass sheet the air was humidified in
a bubbling tank. All the solid particles used were non-

cohesive.

4.1.2 Observations

To evaluate effect of different parameters on the
spouting phenomena three types of solid particles were
used. The properties of these particles are shown in Table
1. In the absence of sophisticated experimental equi-
pments, the angle of internal friction was measured ac-

cording to the simple method of Zenz (1975).

The bed was filled with three different heights for
each material such that the ratios of the material height
to half of the bed width (from the edge of the channel to
the bed wall) H, at the spouting state, were 1, 2, and 3.
For the material used with H>3.5 the spouting was not ei-
ther achievable or very stabls and the spouting gave way

either to aggregative fluidization or slugging.
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Table 1:

Material

Glass Beads
Copolymer Seed

Alfalfa Seed

* Mean Diameter

Solid Particles Used for Experiments

D
(mgye.
1.10

*
.938

88

(c‘;?cm3 ) ( Degree)
2.42 30
2.43 37
1.18 40



As the height of material (bed depth) increased, the range
of the gas flow for spouting became narrower until at the
maximum spoutable bed depth equal to 3 there was prac-
tically only one velocity at which the bed could be
spouted. The maximum spoutable bed depth which is an index
of spouting stability (Mathur and Epstein, 1974b) was much
shorter in two-dimensional than in three dimensional
spouted beds. This fact, which is a consequence of the
role playad by surface instability of the spout, has been
reported Dby Volpicelli et al. (1967) using a two-
dimensional spouted .bed. Empirical equations have been
daveloped by many investigators for H, and are extensively
discussed by Mathur and Epstein in their book (1974c). All
of these equations were obtained for three dimensional
cylindrical and semi-cylindrical beds. The only available
information for two-dimensional beds, known to us, is that
obtained by Volpicelli et al. (1967). They found H=1-3 for
stable spouting. The effect of particle density on H, and
spout stability has been considered by many investigators
but the published information is contradictory. The ex-
periments have indicated that it is possible to achieve a
stable spout for deeper beds with Alfalfa Seeds (9p=l.18
q/cm3) than with Glass Beads (9p=2.42 q/cm3). The cor-
relation for calculating H, proposed by Malek and Lu
(1965) implies that spouting stability is adversely af-

89



fected by particle density, but Fleming (see Mathur and
Epstein, 1974c) and many other investigators (Reddy et
al., 1968) could not confirm that there exist any limit on
particle density beyond which spouting is impossible, nor
there 1is any clear evidence to show whether spouting
stability is affected by particle density. The present
results, on the other hand, are affected by the particles'
shape, size and surface characteristics which are dif-

ferent for seeds and beads.

Phase diagrams for two-dimensional spouting are
similar to those 6btained by Gishler and Mathur for
cylindrical columns, Figure 3, however, the shape of spout
and its movement are quite different in the two systems.
In a two-dimensional bed the spout is necked, Fiqure 19,
and depending on the air flow rate oscillates or stays
tilted to the left or right while, in a cylindrical bed
not only the spout annulus interface is an almost vertical
line but the spout is very stable. The photographs taken
from two-dimensional flat bed and cylindrical bed, Figure

20, show the spout shape.

The reqular downward solid motion in the annulus was
disrupted by increasing the air flow rate. This disruption

switched the spouting action to slugging. It is believed
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Figure 19

—————— Bed surface

~i———— Bed inlet

Observed spout shape for a two-dimensional
bed
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a) cylindrical spouted bed

Figure 20 Spout shape
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b) Two-dimensional spouted bed
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that the transition from spouting to slugging is related
to surface instability and is controlled by the entrainz-
ment rate of particles at the spout mouth. Disturbances
developed at the spout and moved upwards like ripples. The
analysis of high speed motion pictures by Volpicelli et
al. (1967) showed that particles moved sinusoidally as
they fell down on the side of the spout. Observations of
the present bed showed a pulsating flow of particles in
the dense region. Thi5 pulsation which causes the choking
of spout may be related to the stability problem, since

pulsation was not observed reqularly in cylindrical beds.

In conclusion, it is believed the role played by sur-
face instability controls many aspects of the dynamics of
a two-dimensional spouted bed. The fact that maximum
spoutable bed depths were much smaller in two-dimensional
than in three dimensional spouting may be an indication of

the presence of this instability mechanism.
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4.2 Determination of the Boundary of Dead Zone Using
the Method of the Slices

The boundary of dead zone in the annular region is
here obtained theoretically by the condition of limiting
equilibrium together with the method of slices. The method
of slices 1is a modification of circular-arc method
employed.in soil mechanics for the stability analysis of
slopes. This method is particularly useful when non-
homogeneity exist in the soil mass, where the mass may
slip along a non-circular slip surface; since analysis
based solely upon circular slip surface may significantly

overestimate the "factor of safety" (Bishop, 1955).

We believe that the condition of limit equilibrium
together with the method of slices provide a satisfactory
basis for estimating the boundary of dead zone. In soil
mechanics, Janbu (1957) was probably the first who applied
this basis in evaluating the factor of safety for a poten-
tially sliding mass. However, in this work the major con-
cern was the determination of the shape of the failure
surface, not the estimation of factor of safety for an as-
sumed slip surface which is usually done in the slope
stability problems. The factor of safety assumed to be 1,
and basic governing egfations applied were those used in

the slope stability analysis by the method of slices
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employed by many workers (Janbu, 1957, Morgenstern and

Price, 1965).

4.2.1 The equations of equilibrium

It was assumed that the material was in a state of
incipient failure throughout its mass: that is, in so far
as the material in the dead zone was concerned the whole
mass above the dead zone boundary was on the verge of col-
lapse. The relation between the normal and tangential
forces (stresses) acting on the failure surface of the
potentially sliding mass is given by the coulomb friction
law:

1. = S tand (4.2.1-1)

Also, according to this law the shearing resistance be-

tween the material and wall could be written as

T, = cwtansw (4.2.1-2)

The equations were written by dividing the annular region
into a number of finite slices by vertical lines with
coordinates Xgr X3+ «s.., X,. This division was carried
out so that within each slice the portion of the failure
surface was linear, and it was assumed that each slice is
a column of material acting independent of the other
columns. Fiqure 2l-a presents a one half of a spouted bed

with the position of the slices. The objective was to
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Figure 21 Method of slices

dN

a) semi-spouted bed with position of slices
b) forces acting on a slice
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evalu

slice

ate the angle of the slip line for each individual

so that all the equilibrium conditions were

satisfied. A typical slice is shown in Fiqure 21-b along

with

p
ap
aw
anN

T
dar
Ye

All t
ties.

For e

and £

the associated forces. In this Figure:

the lateral force (thrust) on the side of the slice,
the change of magnitude of the lateral force,

the effective weight of the slice,

the normal force on the base of the slice,

the vertical shear force on the side of the slice,
the change of magnitude of the vertical shear force,
the equation of the position of the horizontal force,

the inclination Jf the base of the slice respect to

the horizontal axis.
he variables correspond to the dimensionless quanti-

quilibrium in the x direction,

dN tandcos® = dAN sin® + dp (4.2.1-3)

or equilibrium in the y direction,

(tandsin® + cos®)dN = AW - 4T (4.2.1-4)

Eliminating dN from equations (4.2.1-3,4) it can be

readi

ly shown that:

dP = tan(8-8) (49 - ar) (4.2.1-5)

The condition that there be no rotation of the slice can

be sa

tisfied if the sum of the moments about the center of

the base of the slice is equal to zero. Taking moments

about

the midpoint of the base of the slice, it can be
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written:

Ply-y,-(-dy/2)] - Tdx/2 - (P+dP)[Y+dy-yt-dyt
+(-dy/2)] -~ (r+dT)dx/2 = 0

(4.2.1-6)

After simplifying and proceeding to the limit it can be

readily shown that:

ap d
T+Yy ~—— = —— (Py,.) (4.2.1-7)
dx dx

The effective weight of the slice dWw, wusing equation

(3.2-5), can be written as:

dw L

= [1 ~ Bcos(=— y)ly (4.2.1-8)
dx 24

The factor B may be obtained from (3.1.1-6). Substituting
dW and also noticing that in the specified coordinate sys-

tem tan®=-dy/dx, equation (4.2.1-5) can be written as

dp tan®+(dy/dx) dr =
= {- + [1-Bcos(—vy)] vy}
dx 1-tand(dy/dx) dx 2d
(4.2.1-9)

It was assumed that the line of thrust passes through the
lower third points of each slice. This assumption cor-
responds to a hydrostatic pressure distribution and has
also been used by Janbu (1957) to determine the earth
pressure coefficients for a chosen slip surface by the

method of composite surfaces. Thus, equation (4.2.1«7) can

238



be written as

ap 2 4
(Py) (4.2.1-10)

T + vy
dx 3 dx

The two governing equations (4.2.1-9) and (4.2.1-10) in-
volve three unknown functions P, T and y, that is, the
system 1s statically indeterminate as long as the actual
stress conditions were not explored. However, to render
the problem statically determinate two approaches might be
used. In order to obtain a complete, exact and unique
solution it is necessary to use a stress-strain relation-
ship which is not as yet known or practical. The alter-
native is to make a set of assumptions that reduce the
problem to statically determinate problem and in this case
there will be a range of possible solutions rather than a
unique solution. Following the Morgenstern and Price
(1965) method a function £(x) was assumed relating the

side forces P(x) and T(x) as

T(x)
f{x) = ——— = tani{®(x)] (4.2.1-11)
P(x)

The function f(x) describes the pattern by which &(x)
varies from interface to interface. If f(x) [or ®(x)] is
specified the problem is statically determinate so that P
and y may be found from a solution to the governing equa-

tions that satisfies the appropriate boundary conditions.
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The function f(x) can take any prescribed form in prin-
ciple and one must exercise judgment and intuition in the
assumption of this function. Having made an assumption
regarding £f(x) and having the result of the computations
for any given case, all the computed guantities must be
examined to check whether they seem reasonable in the

light of intuition (Whitman and Bailey, 1967).

The two governing equations (4.2.1-9) and (4.2.1-10)
can be written in finite difference form and solved for
each slice applying proper boundary conditions for a given

f{x) to obtain 8y and 8p. The boundary conditions are:

For the first slice, x=0 ®=0, vy=H, Ps=Jg+Js a

For the last slice, x=1 : a=b, (4.2.1-12p)

The total force at the spout was assumed to be the sum of
force Jg applied by the gas and force JS exerted by the
solid interaction at the spout wall. The net horizontal
gas force is given by the horizontal pressure drop, as
given by the Lefroy and Davidson (1969) gas pressure dis-
tribution. Jg can then be obtained employing this dis-
tribution and taking the average of this force. It must
be mentioned that this value is approximated by 12% since

the ratio of the wall to spout pressure in Figure 15 is

shown to be 0.88. However, the results of the computation
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are shown to be not too sensitive to this approximation.
Jg was obtained using stress distribution by the method of
differential slices (section 5.1) for the vertical part
along with a linear stress distribution for the conical
part yielding zero solid stress at the bottom of the bed.
Using the described approximated spout force requires a
sensitivity analysis concerning the effect of this force

on the outcome of the computations.

4.2.2 Calculation procedure and results

The calculations started by £fixing the number of
slices. It was assumed that the potentially sliding body
in the annulus may be divided into a number of finite
slices of identical thickness by vertical 1lines. The
governing equations (4.2.1-9) and (4.2.1-10) were then
solved in their finite difference form. This was done by
substituting the differentials (d) by the differences
(8). The resulted algebraic system of equations were then
solved for the first slice using proper conditions, based
on a quessed Hp (height of the dead zone at the bed wall),
to obtain &y and 8p by means of a successive approximate
procedure. This procedure was based on a fast convergence
technique. Having determined 8y and &P for the first
slice computations were then continued for the second

slice applying proper conditions for that slice. The
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method was followed for each slice repeatedly until the
last slice. Having obtained the height of dead zone at the
wall the numerical value of Py was updated and the com-

putations were repeated.

Several functions were attempted to describe the pat-
tern of.changing &(x). Figure 23 shows two of such func-
tions. These two functions were found to give reasonable
results in the light of intuition; i.e., the height of
dead zone increased as & or 6w increased. Employment of
function 23-a yielded particularly acceptable results for
a range of & in theAlight of experimental evidence. These
results are shown in Figure 24. The dead zone strongly
depends on the angle of friction. Solids possessing a
large angle ® form a much steeper boundary. Function 23-b,
on the other hand, yielded reasonable results only for
30°¢<5<40°. These are shown in Figure 25. Comparison of
Figures 24 and 25 indicates that £(x) has some bearing on
the shape of the boundary, but the height of the boundary
at the bed wall is reasonably unaffected by f(x). However,
to make a general conclusion about the effect of f(x) on

the boundary more functions must be tried.

The influence of N, the number of slices, on the

boundary was also examined. The results indicated that
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Figure 22 Side forces and angle &

17T
Ol(x):tan(-P-)

. i i 1
Ol5 - 0'9 1-0
-
X=X/h,
Dimensionless distance from the spout wall
Figure 23 Functions & employed in the method

of slices
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changing N from 100 to 10 changes the height of the bound-
ary only by one bercent. Predictions were not consistent
for the values of N less than 10. In order to Xeep the
computations at its minimum and at the same time obtain an
acceptable results, it is suggested that the slice number
taken to be equal to 10. This analysis was done using
Functions 23-a and 23-b. The outcome of the analysis may
differ for other functions. Results of the analysis also
indicated that the height of the material at the bed wall
is not sensitive to the value of Pg. Doubling Py or making

it half changes the Hp within 5% for different materials.

Figqure 26 shows percent of the bed wall occupied by
dead zone against the wall friction angle §, for different
materials. This Figure shows that rougher walls cause the
material form steeper boundaries. The effect of 6w on the
height of the boundary at the wall Hy for different
material, on the other hand, can be related to the rough-
ness ratio. This ratio has been defined by Janbu (1957) as
¢=tan6w/tan6. Changing 6w from 10° to 20° causes an in-
crease in Hp by 6% for $=20° and .45% for $=50°. The
reason for this difference in the percent of Hp for the
two materials may be explained by the roughness ratio.
Although 6w in both cases changes equally (10°), the 10°

. o . .
change 1in Bw in the case of 5=20 means increasing % to 1,
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Figure 24 Boundary of dead zone
(Function 23-a) -
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Figure 25 Boundary of dead zone
(Function 23-b)
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while in the case of 5=56>¢ is increased to .3054. The
effect of §, on the Hp is more pronounced when % ap-
proaches to one. When the wall roughness is increased, Hp
increases for less frictional material more than that for
more frictional material. Changing 8§, from 10° to & causes
a 6% and a 4.77% increase in Hy for 8 of 20° and s0°,

respectively.

The predictions by the method of slices were tested
experimentally. Figure 27 shows the comparison for three
different H and three different materials for each H. Both
the experimental and the theoretical results show that the
boundary of dead zone can be well approximated by a
straight 1line. The experimental data were obtained by
operating the bed at its minimum spouting (air) velocity
corresponding to each H. The 10S overpredicts the boundary
for case of H=1l. The agreements are much better for cases

of H equal to 2 and 3, especially for 8=40°.

We may conclude that the method of slices is capable
of vredicting the boundary of the dead zone. Althougn the
solution may not be unique, but physical intuition can
help in ths choice of the right solution. This solution
is generally distinguished by the physics of the problem,

or, if possible, experimental evidence.
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CHAPTER FIVE

5.0 ANALYSIS OF STRESS AND VELOCITY FIELDS

The solution of mathematical models developed for the
motion of the solid particles in the dense region are

described in this chapter.

An active state of stress was assumed in the vertical
part of the annulus where the material is being compressed
vertically and expand horizontally toward the spout. The
flow in this portion is divergent. 1In the conical region
the material is being compressed horizontally. The obser-
vations and photographs indicate that the flow in this
portion is convergent. Thus, a passive state of stress

must exist in the conical region.

A stress analysis was made applying the method of
differeh£ial slices (MOS) previously employed in bins and
hoppers by Walker (1966). The method considers the forces
acting on a horizontal differential element, and uses dis=-
tribution factors to calculate the stress distributions.
The normal and shear stress at the walls obtained by this
method for a vertical bunker without many computations and
numerical difficulties comparing to the other methods.
However, it was not attempted to employ this method for

the conical part because of the uncertainity about the
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validity of constant distribution factors in this part, as

discussed in 5.1. This method is discussed in section

5.1.

A more precise solution can be obtained applying the
method of integral relations (MOI). This method is
analogoug to the Karman-Pohlhausen integral method com-
monly used in fluid mechanics for the analysis of boundary
layers. The method of integral relations is able to
predict the stress distributions in both the vertical and
conical sections of the annulus whenever a limit equi-
librium solution eiists. Although this method involves
somewhat lengthy calculations, it provides an approximate
analytical solution for the stress distribution that is
particularly useful in the computation of the velocity
field as is discussed in section 5.4. This method is dis-

cussed in section 5.2.

A detailed computation of the stress field was also
made wusing the method of characteristics (MOC). This
method provides a systematic numerical approximation to
the exact solution can be used as a basis to evaluate the
approximated methods such as the method of integral rela-
tions. It is, however, rather cumbersome and it was at-

tempted to ease these difficulties by introducing some ap-
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proximations when applicable. The stress analysis by the

method of characteristics is discussed in section 5.3.

All stresses discussed in this chapter are effective

stresses.

Thé velocity field was also obtained by the method of
characteristics. To obtain the velocity field, the orien-
tation of the major stress ¢ is needed. This orientation
was obtained employing the method of integral relations
since an analytical expression of ¢ is given by this
method. Applying thé method of characteristics for this
purpose would have required a point by point interpolation
since ¢ was known only at the grid points. The velocity

field is discussed in section 5.4.
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5.1 The Method of Differential Slices (MOS)

The formation of the dead zone divides the annulus
region into two parts: the vertical section and the con-
verging (conical) section. In the vertical section the
material is bounded by the bed wail and the spout wall
whereas the material in the conical section is bounded by
the dead zone boundary and the spout wall. The boundary of
dead zone was shown that could be described by a straight
line in 4.2. While tﬁe material yield throughout the par-
ticle volume the particles of the vertical section ad-
-Jacent to the bed wall must yield at that wall, and ﬁhe
particles of the conical section have to face the par-
ticles at rest in order to yield. Thus, when particles
move from the vertical section to the conical section the
frictional resistance switches from particle-wall to

particle-particle at the boundary of dead zone.

An approximate stress analysis using Walker's (1966)
method was developed for the vertical section. Walker's
method is based on Janssen's analysis (see Hancock and
Nedderman, 1974). Janssen developed his original analysis
for a cylindrical bunker by using a differential slice in
determining the wall stresses. His original analysis con-
tains two important assumptions: first, the stresses are

independent of radial position; and second, the radial and
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vertical stresses are principal stresses in the ratio of

1+sind
(5.1~1)

1-sind

Assuming the radial and vertical stresses as principal
stresses, the equation (5.1-1) is then a consequence of
the yield condition. Although these assumptions greatly
simplifies the determination of wall stresses, they
provide only approximate values of the stresses. The
second assumption, on the other hand, is inconsistent with
the basic definition of principal stress. If the radial
stress at the wall 'is a principal stress the wall shear
stress must be zero, while Janssen analysis indicates that
the wall shear stress asymptotically approaches to a con-
stant. Walker relaxed the Janssen's assumptions by distin-
guishing between the average value of the axial stress 3&

and the value at the wall (Cy)w.

The Walker's modification of Janssen's analysis was
used to calculate stress distribution for the material in
the vertical portion of the annulus. Considering a dif-
ferential slice shown in Figure 28, the equilibrium equa-

tion can be written:

(5-1-2)
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Figure 28 Differential element and force balance
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where iy is the dimensionless mean vertical stress over a
horizontal section. (fxy)w can be related to ('y)w by
considering the geometry of Figure 17a:

OW =r/sin® , mw = ow sin, = r sinﬁw/sinﬁ

< KWM = cos'l(Mw/r) = cos'l(sinsw/sins)
< MwWo = ®/2 - &,

so
2‘% = ®//2 -~ 6w - cos'l(sinﬁw/sins) (5.1-3)

but

('xy)w = KQ = r sin26@,

(OY)w = OR = r/sind + rcos2é,,

Hence,

(1..,)., = B (&) (S.1-4)
where Xy'w wooytw

sinﬁsinZOw

1+ sin600520w

Substituting the value of ¢, from (5.1-3) into (5.1-5),

Bw can be written:

sin&w[cosﬁw-(sin25-sin2§w)1/2]' ( )
B = 5-1-6
v 1+sin2§w+cosﬁw(sinzﬁ-sinzsw)l/2

values of B, are shown in Figure 29 for different values

of &, and & as a parameter.

Following the same procedure by considering the

geometry of Figure 17b it can be shown that
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(1 = Bg(&,), (5.1-7)

xy)s

sin8 [cos8, -(sin?8-sin28_)1/2]
(5.1-8)

B. =
S l+sin255+cosas(sinzﬁ-sinzss)l/2

Figure 30 presents a plot of By vs 55 (=0.18).

The average vertical stress 5& can be related to the

vertical stress at the walls ('y)w and (C’Y)s by the

Walker's distribution factor D:

D, = (cy)w/iy (5.1-9)

Dg

(cy)s/cy (5.1-10)

In general the distribution factor is an unknown function

of y. Combining equations (5.1-4, 7, 9, 10), it can be

written
(txy)w = Bwacy (5.1-11)
(fxy)s = Bstcy (5.1-12)

Substituting the values of shear stresses from (5.1-11,12)
and the value of ’e/’b from (3.2-6) into the equation

(5.1-2), this equation can be written:

d¥ %y

Y + KE& = 1 - Bcos (5.1-13)
dy 2H

in which K=(Bwa-BSDs). No approximation has yet been

used in obtaining equation (5.1-13), that is, the equation
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is exact. But, it can not be solved since D's are unknown
functions. Walker, however, notes that the value of D at
great depth can be assumed to be constant and is then
easily calculated. The evaluation of D (Walters, 1973b)
is based on the assumption that stresses are invariant
with height at great depth (the deep bed approximation),
and that the horizontal normal stress is independent of
x. In a two dimensional situation the equilibrium equa-
tions along with the deep bed approximation require that
¥, be independent of x, however, as Walters and Nedderman
(1973) point out, in cylindrical'systems ¥  is not con-
stant Dbecause of the influence of the circumferential
stress ¢&g. Thus the values of D presented by Walters
(1973b) for the cylindrical bins are not exact. Following
Walters, the D's are derived in Appendix 1. The results
are shown graphically for all combinations of 8 and 6w in
Figure 31 and 32. Walker (1966) mostly considered the
case D=1 which he claimed to be a very good approximation
for all possible cases. Figure 31 shows that the Walker
assumption is not very accurate for the cases where 6/6w

is close to 1.

Notice that the value of the constant K in equation

(5.1-13) could also had been found directly by noticing

that
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T, = (tan&w)cx 1 = (tan&s)cx

which can be combined with the relation between cx and cy

given by equation (A.1.7) of Appendix 1 to give

cos2$
3 (‘w-‘S)(tan5w+tan65)
K = 26
1+sin
-;;;;—(*w"s)"w\/1"w2+‘§ Vl-‘sz-sin'l‘b+sin'1‘s

Equation (5.1-13) can now be integrated since D's are

constants, subject to the no surcharge boundary condition:

y=0 ;- ?§=o (5.1-14)

and the solution is given by:

- 1 B
F, = — (1 - e7KY) 4 [Ke™KY
Y ok .
K2+( )2
2H
Ry - Ry
-Kcos - sin ] (5.1-15)
2H 2H 2H
The other stresses can be written:
(%4y )y, = B,D,[F ] (5.1-16 a)
YW~ W w-=y
(‘rxy)S = BSDs[Cy] (5.1-16 b)
{€.). = D [F. ] (5.1-16 c)
YW _ wWo=Y
B D
wWowW —
€ = [cy] (5.1-16 e)
tang
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Figure 32
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in which [5&] corresponds to the mean vertical stress
distribution given by equation (5.1-15). Figqure 33a
represents the stresses graphically for two cases of fluid
flow and no fluid flow. The case B=0 corresponds to an an-
nular hopper with no gas flow and the other case, B=l,
corresponds to a spouted bed at maximum spouting height.
For simplicity the existence of the dead zone has been ig-
nored to obtain the approximate depth where the deep bed
approximation can be applied. From Figure 33a it seems
that for a two dimensional bed, with no flow of gas in the
annulus (constant density), the deep bed approximation
would be applicable at greater depths (for the present
analysis this depth seems to be at least four times of the
annulus width). If the gas flow is considered (case of a
spouted bed) the deep bed approximation will not be ap-
plicable for any bed depth. This can be seen from the
analytical solution, equation (5.1-15). McNab and
Bridgwater {1974) have applied the deep bed approximation
to a cylindrical spouted bed (with the assumption of con-
stant density) to locate the position of the spout wall.
The results of the present analysis show that this ap-
proximation is invalid for spouted beds where the effec-
tive density varies with height. They (McNab and
Bridgwater, 1979) have done very similar analysis to the

present one for the effective solid stresses in the an-

124



3.0

_. 20}
CT (79 No gas flow, B=0
Y gl 10}
Gas flow, B=1
0] 10 20 . 30
Y=W/b,
For Multiply by
(rxy)w 0.08009
(°y)w 0.9650
(rxy)S -0.0151

(0)s | 1.0110

Ix 0.2203

Figure 33a Stress distributions obtained using the method
differential slices (MNOS) in the active case
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nular region of a cylindrical spouted bed. 1In their
analysis they have chosen Dgs=D,=1, an assumption which is
shown later (section 5.3.6) that is valid only for a short
distance (about half of the annulus width) from the top of
the annulus. However, the results of their analysis also
indicatg that the stresses do not approach asymptotically
to a constant if the gas flow is considered. To further
investigate the deep bed assumption for spouted beds the
average normal stress 5& has been plotted for deeper
beds. Figure 33b shows E& for three different depth H. It
is clear that the deep bed assumption is not a valid ap-
proximation for spouted beds. Results shown in Figures
33a ani 33b also indicate to the fact that moving down
from the free surface stresses increase but not as rapidly
as in the annular bin in which the flow is absent. In the
case of spouted bed at maximum spoutable height (B=1) the
stresses are relaxed near the free stress surface. In this
case, the drag of upward flowing gas supports most of the
weight of the annular material, the particles are
fluidized at the top of the bed and this may account for
the leveling off the stresses, and, also, reducing the
numerical value of stresses. Results of the analysis for
different wall indicate that as the wall roughness in-

creases Gy decreases slightly since the wall can shppdrt

more shear stress, as shown in Figure 34.
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The MOS was not used to determine the stress dis-~
tribution in the conical section of the annulus basically
because of the uncertainity about the distribution fac-
tors. Walters -(1973a) has made a theoretical analysis of
stresses in axially symmetric hoppers and bunkers where he
has used the distribﬁtion factors. He has employed the
deep bed assumption to evaluate D, but as a result of this
assumption a limit must be imposed on the angle of in-
clination of the hopper wall. Recently Nedderman (1982)
in a review paper has argued that since it is only pos-
sible to evaluate D at great depth in a vertical part, it
is far from clear that the value of D evaluated for a con-

verging part corresponds to an appropriate value.

In conclusion the MOS is the simplest up to date
method capable of determining the approximate stresses in
bins and spouted beds. However, because of the discussed
approximations this method was not used to-calculate the
velocity field. It provides, however, an insight into the
stresses distribution in the vertical region of the
spouted bed and of the effect of the gas flow on those

stresses.
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5.2 Stress Field by Method of Integrals (MOI)

The stresses developed in the annulus part of a
spouted bed may be analyzed by the method of integral
relations. This method was originally proposed by Dorod-
nitsyn (1962) as a technique to solve the non-linear equa=~
tions containing partial derivatives arising on
aerodynamics problems. The method of Karman-Pohlhausen
integral applied to the boundary layer type of problems
can be considered a special case of the general technique
of the method of integral relations. This method was used
later by Belotserkovskii and Chuskin (1965) as a numerical
tool to solve problems in gas dynamics. They found that
the method gives greater accuracy than the method of
finite differences. The method of integral relations has
also the advantage of using the very well-developed
numerical methods for solving ordinary differential equa-
tions. Savage and Yong (1970) have also used this method
to analyze the stresses developed by a cohesionless
material in bins. Savage's analysis which is somewhat
analogous to the Karman-Pohlhausen integral method
(Schlichting, 1978) commonly used in fluid mechanics for
the analysis of boundary layers, is adopted here to deter-

mine the approximate stress field for the material con-

tained in the annulus.

130



. The integral relations method basically reduces, by
integration, the system of non-linear partial differential
equations to the numerical solution of some approximating
system of ordinary differential equations. In this proce-
dure the governing partial differential equations are not
satisfied at every point within the region of interest,
but they are satisfied in some average way across the
width of the pertinent region. In this method a cur-
vilinear strips conforming to the shape of the region of
integration is made. The integration is then performed
across these strips using the most general form of inter-
polation expressions (approximating polynomials) for the
integrand functions. A systematic numerical approximation
to the stress field can be obtained by the method of
characteristics which is discussed in 5.3. This method
which provides numerical solutions can be used to assess
the accuracy of other approximate methods. Unfortunately,
the method is complicated when there are regions of stress
discontinuities within the region of interest. Two regions
where stress discontinuitties occur in a bin or in the an-
nulus part of a spouted bed are the upper corners of the
bed (formed by the free surface and the walls), and the
junction of the upper vertical part with the conical part
(Jenike and Johanson 1968, Walker, 1966). The presence of

the discontinuities are detected by the coalescence of the
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characteristics if the exact method is used. On the other
hand, the method of integrals has the advantage that it
can average through stress discontinuities, thus circum-
venting the difficulties arising in the exact method of
characteristics. An analysis of thg discontinuity, the
consequent shock front together with the techniques to
solve the associated numerical difficulties is given in
5.3.4. The method of integral relations developed here
for the computation 6f stresses in the annulus part of a
spouted bed can be looked upon as an extension of the
simple analysis of "Method of Differential Slices" dis-

cussed in section 5.1.

5.2.1 The governing equations

The governing equations are those described in sec-
tion 3.3.1. Taking the inteqgral of each term in the equa-
tions (3.3.1-9) and (3.3.1-10) between the spout wéll x=0
and the wall bordering the annulus region x=b(y), Figure

14, it can be written

*
*x * a' * -
Cw = Cxs + — dx = 0 (5.2.1-1)
Wac * S Y
Yy * * * *
Y

S

where 'w* and Qs* are 'xy* at the bed and the spout wall,

respectively.
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The distribution of C&* and 1* across the width of

the annulus may be assumed as

,Y* cys* + a*(y*)(x*/b*)2 (5.2.1=3)

o= () - A ) (x"/0Y) (5.2.1-4)
These types of distribution have been used by Savage and
Yong (1970) to obtain stress distribution for the solids
flowing in a bunker, on the basis of physical intuition
and with the benefit of the knowledge gained from the
method of characteristics solutions. Because of the
similarity between the solid motion in an annular region
of a spouted bed and a bin (Bridgwater and Mathur, 1972)
they are adopted in the present analysis. This type of
distributions is called by Savage "one-strip scheme”. Chan
(1967, see savage and Yong, 1970) has extended the one-
strip scheme by using a more general "two-strip scheme".
In this scheme Chan has increased the order of the ap-
proximating polynomials corresponding to equations
(5.2.1-3) and (5.2.1-4) by a fourth and third order in-
creasing the accuracy of the computations. Additional ap-
proximating polynomial coefficients are then obtained by
multiplying the governing equations by a weighting func-
tion f(x)=x and integrating across the width of the
domain. However, Savage and Yong (1970) indicate that the

results obtained are not very different from those by the
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simpler "one-strip" scheme.

Substituting equations (5.2.1-3) and (5.2.1-4) into
the equations (5.2.1~1) and (5.2.1-2), making them dimen-

sionless and integrating yields

b oL § b ar

Cow - O + 5 4 hud
2b, dy 2b, dy
1l db
2b, dy
b dcys b da 2 db
+ - a
b, dy 3 dy 3 ay

b
+(1,-1,) = — (5.2.1-6)
b
O

& |o°

At the spout and the bed wall the principal stress angles
$. and ®, are given by the equations (3.3.3-12) and
(3.3.3-8), also from the relations (3.3.1-4,5,6), or the
corresponding Mohr diagram Figure 17 (a and b), the fol-

lowing relations can be established

Crxs = Sscys v Con = Sw‘yw (5.2.1-7)
o =TSy . 1, = T,6,

in which the constants are:

1-sindcos2¢ l-sinscoszdh

S

1+Si"6c03205 1+sin5c0520w
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sinﬁsinzos sinﬁsinZ.h

1+sin6c0320s 1+sin5c0520h

Notice that T's are identical to the B's used in the MOS,
section 5.1. These relations correspond to the both cases
of active and passive state of stress depending on the
values of #'s (9<45° implies to active and $>45° to pas-
sive state). Substituting relations (5.2.1-7) into the
equations (5.2.1-5) and (5.2.1-6), considering the dis-
tribution of Cy and éfter some rearrangement the follow-
ing system of two ordinary differential equations for the

unknown functions € . and a(y) is obtained:

Y
b dcyw b da
-—-(TS+Tw) - Tg + [(Sw-Ss)
2 dy 2 dy
1 db 1 db
—(T_=T, )J———] & + (§_- —T lJa=0
2 s "w dy yw s 5 s ay
(5.2.1-8)
ae. 2 da .
b ——doe - — p + (T,-T) &,
dy 3 dy
2 db P
+ (TS- —_— la = b
3 dy ’b
(502.1-9)

where b,=1. Equation (5.2.1-8) and (5.2.1-9) can be in-
tegrated numerically subject to the boundary conditions
cyw(0)=0 and a(0)=0. It is also possible to combine these

two equations to obtain a single second order differential
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equation for 'yw which may be solved analytically. Doing

sO we obtain:

2
d‘e ase
A b2 M B b 4 ¢ 6 =
dy? dy
'e 3TS d ’e
D( )b - b2 —( )
’b 2 dy pb
A=T, - T./2
db
B = (25,+5_) + ( -3T_)T,, (5.2.1-11)
dy
d2p db
C = (T4-T,)[b + )21 + 3(T,S,-T,S,,)
dy2 dy
db
+ 2(s, ~S_)~——
W S dy
db
D= 3(Ss.-T_——)
S S dy
The parameter a(y) is given by
1 b de
a= ——— (—(T,,~To/2) —L4 [ (5,5
3T, %-s, 2 dy
db y
+ (T_~-T, )=(3T_/4)(T ~-T.)]e
2dy s w S w s yw

+(3Ts/4)b(.e/’b)}
(5.2.1-12)

Equation (5.2.1-10) with the «coefficients given by
(5.2.1-11) represents the general form of the differential

equation for the determination of the stresses for the
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granular material contained in the annular region of the

spouted bed.

Analyzing the stresses developed in the vertical and
conical parts separately, using equation (5.2.1-10), the
results are then combined to obtain the complete stress

distribution in the annulus.

5.2.2 The vertical part

In the vertical part b is constant and equal to bo'
Using equation (3.2-5) for P/ P, the differential equation

(5.2.1-10) can then be written

aZe ae
dy dy
cos(Wy/2H)] - (3WTy/4H)sin(®y/2H)

(5.2.2-1)

in which the coefficients Ay, By, C, and D; are those
given by (5.2.1-11) with b=b,=1 and db/dy=d?b/dy?=0. The

boundary conditions of equation (5.2.2-1) are

¢ = 0 (5.2.2=2)
at y=90 yw
de,

¥ - o (5.2.2-3)
dy

The first boundary condition corresponds to the no sur-

charge at the free surface, which implies also a(0)=0. The
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second boundary condition can be obtained from the dif-
ferential equations of equilibrium (5.2.1-8) and
(5.2.1~9). They give, assuming that there is no surcharge
(Cyw=a(0)=0) and the bed is at its maximum spouting

height (oe/ob=o)

- b dae b da
(Tg+T, ) —— - - T =0
2 dy 2 dy
de 2 da
— - — b =0
dy 3 dy

which implies dcyw/dy =0. The solution to (5.2.2-1) sub-

Ject to the boundary conditions (5.2.2-2) and (5.2.2-3) is

given by
— r r
®w = Ke 1Y + K2e12y +D, /C,
(z12+222)
3T
+( )Zgsin(Zgy) ]
37

+ 25[Dysin(zqy)-( )Zgeos(z4y) 1}
( 50202-4)

where r; and Iy are the roots of the characteristics equa-

tion, given by
r1,2 = =(By/2a))[1-(1-4a,c,/B,2)1/2] (5.2.2-5)
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which are real for all cases of practical interest. The

integration constants K, and K, are given by

r,D,/C 1
Ky = - =21 _ [2; (3T 252/2
Lo-r (ro=ry)(2y2+2,2)
2 *1 2 "1 1 2
2
-r,Dy) + B, 2Z (D +3T.r,/2)
271 1%0 sf2 (5.2.2-6)
r,D,/C 1
Ky = - ——01 . [, (3T 2,2/2
-t (ro-rq) (22432 2y s
2 "1 2 "1 1 2
-ryD;) + By2,2(D,+3T_r,/2)
1*1 1“0 1 1
s (502-2-7)

and the constants are

Zn = ®W/2H
z(l) =c - Alzo2
43 = By1gy

The parameter a(y) is given by (5.2.1-12) having deter-

mined 'yw' dcyw/dy as well as b=b.

The complete stress field for the vertical part of

the annulus can thus be obtained using equations (5.2.2-4)

together with the relations (5.2.1-3,4) and (5.2.1-7).

5.2.3 The conical part

It is more convenient to switch the coordinates from

X-Yy to x-y., as shown in Figure 35. The boundary of the

dead zone can be expressed by
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Figure 35 Half spouted bed and position of x-y and
X-y. coordinates
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b(y,) =1 - Y./Hp (5.2.3-1)

The angle ¢, is given by the equation (3.3.3-10).

The differential equation determining the stress dis-

tribution for this part can be written as

2
y d“e# Y ae
Ay(l- ——)2—X 4 gy1- —S )X L cp -

2 yw
HD dyC HD dyc

. Yq

D2{1""COS[Zo(Yc+H‘HD)]}(l‘ a )
D

Yo
Hp

-(374/2) (1- )2sinlag(y+H-Hp) ]

(5.2.3=2)

in which the coefficients A,, By, C, and D, are those
given by (5.2.1-11) with db/dy_=-1/Hp and dzb/dyc2=0.
Notice that if the dead zone boundary were not a straight
line, that is if dzb/dyc%#O, the coefficients would not be
constant. This could lead to a second order differential
equation (5.2.1-10) without a solution that can be ex-
pressed in terms of elementary functions. It will become
clear in section 5.4 that existance of the analytical
solution to the stress field, by the method of integral

relations, greatly simplifies the velocity field computa-

tions.

The boundary conditions of equation (5.2.3-2) can be
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written in general as

1
at y.,=0 v
dae
= BC2 (5-2.3-4)
dy.

These boundary conditions are calculated using the solu-
tion to the vertical part together with the discontinuity
relations. The values of the boundary conditions along
with a brief discussién of the discontinuity relations are
given in 5.2.4. Applying the method of variation of
parameters (Rainville and Bendient, 1974), fhe general
solution of (5.2.3-2) is given by

Yo Yo

€ = Kp(1- )Tl + Ky(1- )I2
Hp Hp
Hp Y %
C
+ (1- )rI{DZﬁ‘l(YC)dyC
Ay (ry-ry) y Hp
C
- (3ﬂs/4H)ﬁ‘2(yc)dyc}
0 Y.
H Y (o
- (3'TS/4H{/;4(yc)dyc} (5.2.3-5)

0

in which r; and r, are the roots of the characteristic

equation given by
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1

(50203_6)
The parameters K, and K, are given by
K2 = -(rlBC1+HDBC2)/(r2—r1) (5-203-8)

and the functions Fi1. Fy, F3 and F,4 are given by

1-cos{ ®(y_+H-Hp)/2H]
Fl(yc) =
(1 - Yc/HD)rl
sin[®(y +H-H})/2H]
Fz(yc) = 1
(1 - YC/HD)rl (50203-9)
l-cos[ ®(y +H-Hp)/2H]
(1 - y /Hp) T2
sin[ ®W(y_+H-Hp)/2H]
F4(Yc) =

(1 - y /H)F2"1

The complete stress field for the conical part of the an-

nulus can thus be obtained using (5.2.3-5) together with

the relations (5.2.1-3,4) and (5.2.1-7).

5.2.4 Stress discontinuity and the boundary conditions

Stress discontinuities exist at the two top corners

of the annulus as well as the junction of the vertical and

conical parts. The discontinuities originate at the inter-
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sections where the angle ® .is double valued. It was men=-
tioned earlier in this section that the method of in-
tegrals fits a smooth stress distribution through the
regions of discontinuities. These types of discon-
tinuities are called relatively weak by Savage and Yong
(1970) since the jumps in the stress components and ¢ are
small, there is no switch from active to passive condition
where ¢ undergoes a drastic change. Example of such dis-
continuities are the two top corners of the annulus shown
by a circle in Figure 35. The stress discontinuities oc-
curing at the top corners are due to the different bound-
ary conditions at the free surface and the walls. Nor-
mally the angle @ at the top free surface does not match
with those at the corners and the jump in the stress dis-
tributions are usually small. The method of integral
relations is capable of performing a meaningful averaging
(smoothing) of the jumps without cusing too much error in
the local values of stresses (this averaging is done with
the help of the integrand interpolating polynomials). At
the junction of the vertical and conical parts there is a
switch of state of stress from active to passive and angle
® undergoes a drastic change. The jumps in the stress
distributions are wusually large and the method of in-
tegrals can not provide a meaningful average of the dis-

continuities. The results of this method in this case can
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not closely approximate the local values of stresses. The
discontinuities of these type where a switch of state of
stress occurs and the nature of the stress solution un-
dergoes a drastic change from the active condition to the
passive condition must be dealt explicitly using the dis-

continuity relations.

To analyze a more general situation where the method
of integrals is incapable of providing a meaningful
average of the discontinuous stresses, the discontinuity
relations are used to determine the stresses at the top of
the conical part, thus providing necessary boundary con-
ditions for this region. These relations are discussed in
detail in Appendix 2. Recalling that the angle of the
discontinuity surface (or the shock front) N, shown in

Figure 35, can be expressed by
2N =6, + &, - cos'l[sinﬁcos(ob-Oa)] (A.2-5)
Using (A.2-5), (A.2-6) and relation (3.3.3-4) the first

boundary condition (5.2.3-3) can be written

sin2(0w-n)(l+sin5coszob)
sin2(0b-n)(1+sin500520w) D

(5.2.4-1)

The value of '&w at the y=H-Hp is obtained from the solu-

tion to the vertical part. Notice that if ’w was equal to
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.b there would be no jumps in the stresses, The second
boundary condition is obtained using the parameter a(y) as
follows: the value of 'ys at y=H-Hp is obtained using
(5.2.1-3). The angle of the front N at the spout wall is
calculated using (A.2-5). An identical expression to
(5.2.4-1) is used for the spout wall to compute the c&s
on the other side of the front. This value along with the
’yb at y.,=0 from (5.2.4~1) is then applied to compute the
value of a(y) in the éonical region (b side of Figure 35).

Thus, the second boundary condition can be written as

dc&w ) 1

=0 = {
ay Yc=O0 T 4/5 T,~ 1/4 T

(3/4 Tsz—ss)(ab)yczo - [(5,-s,)

db
+1/2 (T -T,)—— - 3/4 T_(T.-T_)(€ o =
5 "w dy s‘'‘w ‘s yb Yo=0
L 3§
- 3/4 Tgl1-cosl—(H-Hp)1} (5.2.4-2)
2H

in which the term (ab)y =0 1s the value of a(y) at the
c

conical region side of y=H-H (b side at Figure 35).

5.2.5 Results and discussion

The complete distribution of the stress components

for the vertical part are graphically shown in Figures 36,
37 and 49, 50, 51. These Figures correspond to the case

of 8=40°, 5w=20°, 65=4° and the maximum spoutable bed
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method of integral relations
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height H=3 with the gas flow in the annulus (B=1). The
stresses increas with depth from the top boundary in the
vertical part of the annulus. They do not show any sign of

the deep bed approximation.

It was attempted to find the stress distribuéion for
the conical region with the angle of friction at the
boundary of dead zone given by §,=8=40° (fully rougn
wall). It was however found that stresses go to infinity
at the spout entrance which seems to be an unrealistic
result. It was attempted to find out that if a limiting
solution exists for the conical region at all. For the
case of the flow of bulk solids in hoppers the ranges of
half angle hopper $! where a limiting or non-limiting
equilibrium solution exists has been found by Sokolovski
(1965) and is discussed below. The angle of the boundary
of dead zone $2 iFiéure 35) was then compared with these
ranges and it was found that f lies in the range of where
a limiting solution does not exist. For the case of the
hopper this would indicate to a dead region of material
where there is no plastic equilibrium. For the case of
spouted beds, however, this indicates that an analysis
based on the limit equilibrium may not be appropriate in
the conical region. It may be more appropriate to con-

sider the full momentum equations containing the inertial
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terms for the conical region since the inertial terms be-
come important in this region. The following analysis is
based on the findings for the case of flow of bulk solids

in hoppers.

Sokolovski (1965f‘has determined the ranges of the
half angle hopper where a limiting solution exists. These
ranges for the case of passive state of stress are given
by

Continuous:
=0 , 8§=0
Discontinuous:
0< 8RR <[w2 - 5, + cos'l(sinsb/sins)]/z
Non-limiting:
> [w/2 - 8 + cos™l(sin($,/sin8)1/2
and for the case of active state of stress

Continuous:

0 < Ns<s[w2 - 5, - cos'l(sinﬁb/sinﬁ)]/2
Discor}tinuous : 1 y s Q y
[®/2-8 -cos™ (sind /sinP)]/2 <R ¢ [w/2-
6b sb +cos'1(sin5b/sin )1/2

Non-limiting:

[(w/2 - 6b + cos‘l(sinGb/sin5)]/2 < 8t

Horne and Nedderman (1978b) have used these range to
analyze the stress distribution in hoppers by the method

of characteristics and compared the results of their
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analysis with different approximate methods of Walker
(1966), Walters (1973a), and Jenike's radial stress field
(1961). 1If the method of characteristics were used, the
divergence or convergence of the characteristics from the
top corner of the conical part determines whether a con-
tinuous -(fan of characteristics) or discontinuous (shock
front) solution results. As concluded by Horne and Nedder-
man (1978b) under normal conditions a continuous solution
arises in the active.case and a discontinuous one in the
passive case. The angle of the shock front % is a func~
tion of $. If <N then a limiting solution exists. For
larger $ than this %, the calculated discontinuity posi-
tion is outside the annulus region and a limiting sclution
can not be found. For the given values of 6=40°, 5@=20°
and 8,=40° and using (3.3.3-10) it was found that for
fb18.93° there is no limiting solution. For the §f=-18.93°
we have #,=#, and W=-18.93°, the front then coincide with
the boundary of dead zone and there is no discontinuity
and a limiting continuous solution exists. Since for our
case hF35.54°>18.939 the front is located outside the
conical region (®=-28.22°) and a 1limiting solution can
not be predicted. An attempt was made to find an upper
limit for &, for which a limiting stress solution exist
using Sokolovski's range of half hopper angle. Employing

the given non-limiting range relation with $2=-35.54°, a
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trial and error calculation gives 5b<37.58°. Thus, for a
boundary of dead zone with the angle of friction greater

than 37.58° there seems to be no limiting stress solution.

In an attempt to find a limiting stress distribution
in the conical region the boundary of dead zone was
replaced by a wall having angle of friction of 20°
(8,=8 =20°). A horizontal stress discontinuity was as-
sumed at the junction of the vertical/conical part.
Stress distributions for the two walls are shown in
Figures 38 and 39. There is a large jump in the horizontal
normal stress of the spout wall at the vertical/conical
Junction due to the switch of stress state from active (in
the vertical) to passive (in the conical) where QS un-
dergoes a drastic change. Notice that the horizontal nor-
mal stress ¢, is greater at the spout wall and smaller at
the conical region wall thgn the vertical normal stress
‘y' indicating to a transition from passive (at the spout
wall) to active (at the conical region wall) in the con-
ical region. The transition of course could be realized
before a complete solution and just from the variation of
angle @ knowing the values of this angle at the boun-
daries. Notice that ¢<45° implies to an active and > 45°
to a passive state of stress. The passive to active tran-

sition in the conical region invalidates the assumption of
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linear variation of shear stress (shear stress is maximum
at €=45°), and on the other hand if a velocity field
solution is attempted this transition greatly complicates

the computations of the velocity characteristics, as men-

tioned in 5.4.2.

In'Figures 38 and 39 stresses increase from zero at
the top surface and pass through the jumps
(discontinuities) at the vertical/conical junction. While,
there is a sharp decrease after the discontinuity at the
spout wall (Figure 38) aftef which the stresses are some-
what relaxed and go‘ to zero at the spout entrance, the
stresses at the conical wall increase after the discon-
tinuity and reach a maximum value, after which decrease
rapidly to zero at the spout entrance. The maximum
horizontal compression at the spout wall after the discon-
tinuity jump is about one annulus width (bo*) from the
bottom of the bed. The maximum vertical compression at the
conical wall is also about one annulus width (bo*) from
the bottom of the bed. Profiles of Figures 38 and 39 show
that the material pass from one fluidization state (zero
effective stress) at the top of the bed to another at the

bottom of the bed.

Stress distributions at different horizontal level of
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the vertical part of the annulus are shown in Figures 49,
S0 and 51. These distributions are compared with those by
the method of characteristics and the method of differen-
tial slices in these Figures. The details of the com-

parison are given in 5.3.6.
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5.3 Stress Field by the Method of Characteristics
(MoC)

The method of characteristics (MoC) applied to the
numerical integration of partial differential equations of
the hyperbolic type was first proposed by Massau in 1899
(see Belotserkovskii and Chushkin, 1965). This method has
been widely used for the solution of a variety of problems
in physics and mechanics. The method can only be applied
to the solution of equations of hyperbolic type. The solu-
tion by the method of characteristics is computed with the
aid of a grid of characteristic lines, which generally is

constructed during the course of the computations.

The method has been used in gas dynamics primarily
for the calculation of steady two-dimensional and unsteady
one-dimensional gas flows (Courant and Friedrichs, 1948,
Ferri, 1959, Kochin, 1963). One of its advantages is that
the point of origination of secondary shock wave within
the field of flow, a result of the intersection of charac-
teristics of one family can be determined accurately. It
has also being used in solid mechanics to construct a
technique for the numerical calculation of slipline fields
(Hill, 1950, Prager and Hodge, 1951, Sokolovski, 1960) in
the solution of the plasticity problems and to study the

flow of bulk solids (Jenike and Johanson, 1962, Horne and
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Nedderman, 1976, Savage and Yong, 1969). These workers
used the method of characteristics to assess the accuracy
of various approximate analysis since this method does
provide "exact" numerical solutions. More recently com-
puters made it possible to develop the numerical method of
characteristics in its most general form. For example,
Lister (1960) has developed a code for numerical computa-
tion of the general form of a two simultaneous quasi-
linear partial differential equations for the case of two
dependent and two independent variables. The approach of
Lister has been used by Savage and Yong (1970) to compute

the stress field within the bulk so0lid contained in a bin.

5.3.1 The characteristics equations

A form of a quasi-linear system of equations for the
case of two independent variables X,y and two dependent
variables p,q which is a general form of our governing
equations is considered here. For this type of system
there are two directions, called characteristic direc-
tions, each of which appears when seeking linear combina-~
tions of the differential equations containing derivatives
of the two unknown functions in one direction only.
Courant and Friedrichs (1948) have shown that, in the case

of n quasi-linear partial differential equations in two
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independent variables, there are n characteristic direc-
tions through each point, some of which may coincide. In
this case (when n>2) the characteristic curves become
characteristic surfaces and the size of the computations
are greatly increased and not many problems have been
solved for the case of n>2. The basic techniques outlined
by Courant and Friedrichs (1948) can be related to the

case of two equations in two unknowns.

The general form of a quasi-linear system of two
simultaneous first order equations with two dependent

variables of p(x,y) and q(x,y) can be written

op Op dq 9q

a — — D — 4 b — =S
11 12 11 12 1
dx dy x J
(5.3.1~1)

dp op 8q . dqg
any— + app,— + by, — + —_— =
21 22 21 22 2
9 ]

oy

where aj,, Dygr cececes, baoe €3, e, are functions of x,
Y, P, q. Both p and q are prescribed along an initial arc
P in the xy plane, Figure 40. It can be shown that the
slopes X of the two families of characteristic curves are
the roots of the equation (Greenberg, 1978, Hildebrand,

1968, Panov, 1963)
AX2_BX+c=o0 (5.3.1-2)
where
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Figure 40 1Initial arc [ and the associated
characteristics mesh

159



x - dy : A <12 11
dx as b21
s o[22 b2 . [212 b3 : c |12 b,
az1  bayl laz; by a2 Dby,
(5.3.1-3)

Note that whenever 82>4AC the system is hyperbolic and

there are two distinct real roots that provide two dif-

ferential equations

dy dy
and X, =
dx _ dx

(5.3.1-4)

X1=

for the two families of characteristic curves. The solu-
tion of the hyperbolic system (5.3.1-1) is then reduced to
the integration of the characteristic equations along the

characteristic curves. These equations have the form of
Edp+ (AX-F) dg=Hdx - G dy (5.3.1-5)

where the coefficients are defined as:

a a a b
1 1
e=lll 12 p o=l 12 1
a1 azp aza by
e a e a
1 11
g =|1 12 G =
€2 az2 ) asn

The characteristic directions and the characteristic equa-

tions belonging to the first and second family can then be
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written:

dy

X dx
1 ’
dy H

AX,-F)dq = H dx - G dy
xzdx A =

H dx - G dy

(503.1-7)

The solution to the system (5.3.1-7) is equivalent to
the solution of the original system (5.3.1-1). Different
problems are distinguished for the system (5.3.1-1) by
postulating different supplementary conditionss. The sys-
tem (5.3.1-7) may be solved by plotting the characteris-
tics network (mesh) and computing the values of p and g on
the lattice (grid) points from the differential relations.
The approximate determination of the coordinates of the
characteristic grid points and of the values of p and q at
those points is possible by writing the system (5.3.1-7)
in finite difference form, and solving the subsequent
resulting algebraic equations simultaneously. This can be

done for each grid point.

5.3.2 Characteristic equations of the stress field

Starting with the equilibrium equations (3.3.1-11)
and (3.3.1-12) and following the procedure described in
section (5.3.1), the characteristic directions and the
stress characteristic equations which hold along the two

directions are (see Appendix 3):
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dy

=cot(¢+P) ; de+2€tanda¢ = (dy-tanﬁdx)(pe/'b)

dx
dy
=cot(#-¥) ; a6-26tanbde® = (dy+tandax)(s./8,)
dx
(5.3.2-1)

where p=%/4 - 8/2 and #./P, is given by (3.2-6):

P L
=1 - Bcos— y (3.2-6)
Py - 2H

Hence, the angle between the two characteristic directions

is equal to 2p.

Suppose now at points 1 and 2 of Figure 41 in the Xy
plane all the necessary magnitudes are known, i.e. X)¢ Yy
61,01 and xz,yz,cz,oz. The position of a typical grid
point M is approximately determined as the intersection of
a straight lines running through points 1 and 2 with the
same inclinations as the pertinent characteristics. The
coordinates Xy and y, are found consequently from the

equations

Yy -y < xlfxlpyll(xM - xl) (5.3.2-2)

Yy - Yo x2[x2:Y2](xM - xz)

which have replaced the equations (5.3.1-4). xl and Xz

are given by
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Figure 41 Characteristic curves approximated by
straight 1lines
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xl[xl 1Y1] = cot( .l""”)
xz[xz vY2]

The magnitudes of stress parameters & and @ at the point

(5.3.2-3)

COt( .2-”)

M are found by replacing the differentials with dif-

ferences in the characteristic equations (5.3.2-1):

(6y-6)) + 26,tand(0y-0,) =[(yy-y;)
-tan8(xy-x,)1(p,/0,)
(50302-4)
(6y-65) - 26,tanb(dy-9,) = [(yy-y,)

+tanb(xy-x,)1(0./0,)
The general procedure may then be established to first
compute the value of xy from (5.3.2-2) as:
Xoxy - Xyx3 = yp + vy
M =
X -%

this value is then used in the computation of yy from

(5.3.2-5)

Yy =¥y + X (xy - xq)
or 1 157 1 (5.3.2-6)
Yy = Y2 + Xy(xy - x3)
and finally, knowing the values of Xy and yy, the system

(5.3.2-4) is solved simultaneously to obtain &y and @y.

5.3.3 Improvement of the accuracy of the computations

The accuracy of the computations at point M can be

improved using corrected values for the variables not ap-
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pearing in a difference form. These corrected values are
the average of the variables between the two points:
x1'=(x1+xM)/2 ' x2'=(x2+xM)/2
y1 =(y1+vy)/2 v, =(yytyy)/2
6, =(s,+6,)/2 , 5, =(6,+6,)/2 (5.3.3-1)
O, =(0,+8,)/2 , 4, =(0,+6,)/2
The equations for the computations at point M with the

corrected values can then be written as

Xy x3 = X %) =y, + vy

xM= T . (5-3.3-2)
X - X
where
X, ‘=cot (@,  +W¥)
ll ll (50303-3)
X, =cot (@, -¥)
Y=y +& '(x -Xq)
or MTELTTL ML (5.3.3-4)

Y=Yt &y (xy-x,)

C (YM"Yl )
-tanﬁ(xM-xl)](ﬁe/Pb)'

(6,-6)) + 26, tanb(9,-9,)

] (5-3.3‘5)
(’M-cz) - 2‘2 tans(.m".z) = [(YM-YZ)

+tan6(xM-x2)](9e/ﬁb).

in which (Oe/ob)' indicates to the value of '(pe/pb)

] []
evaluated at point (x ,y ). A sequential procedure must
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then be used for the computations at point M. This proce-
dure may be started by first guessing .M (a good guess is
the average of ..S between points 1 and 2) and calculat-
ing Xy and yy from (5.3.3-2) and (5.3.3-3), respectively.
The system (5.3.3-5) can then be solved to find &y and
®y. Applying equations (5.3.3-2) and (5.3.3-4) once
again, Xy and yy can be obtained for the calculated .M'
The position of M (xM,yM) based on the calculated .M is
now compared with the previous position of M (xM,yM) based
on the guessed .M' If the two successive computed Xy and
Yy coincide within the limits of accuracy, then the com-
putation of xy, Yy ®y and @y is to be considered as

final. Otherwise, the process of computations is repeated.

5.3.4 Treatment of discontinuities

The discontinuities in the stress field are caused by
the occurrence of discontinuous boundary conditions, such
as the corners formed by the free surface and the bed or
spout walls where .t is unlikely to match with 0% or 05.
It has been shown (Savage et al., 1970, Sokolovski, 1960)
that a discontinuity is required to satisfy the quasi-
static equilibrium equations along with the proper bound-

ary conditions within the context of 1limit equilibrium

analysis.
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There are actually three regions in the annulus where
the discontinuities may be emanated: two top corners and
the junction of the vertical and conical parts. Two pos-
sibilities exist for the stress field solution depending
on whether the characteristics of the same family diverge
or converge and intersect. In the case of divergence a fan
of characteristics radiates from the origin of the discon-
tinuity and a continuous solution exists, whereas the con-
vergence of the like characteristics produce an overlap
region where the stress parameters within the region would
be multivalued. The continuous fan solution normally oc-
curs in the active state of stress and discontinuous solu-

tion in the passive state of stress (Horne and Nedderman,

1976).

The discontinuous solutions in plasticity were first
introduced by Prager (1948,1951). The method was then used
by other investigators like Sokolovski, Savage, and Ned-
derman to develop techniques to treat the discontinuities
in the field of flow of bulk solid in bins and hoppers.
While the stress tensor is discontinuous across the dis-
continuity the shear and normal stress must be the same in
the plane of the discontinuity. These conditions along
with the shock surface computations with the associated

characteristics are given in Appendix 2. Sokolovski
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(1960) has indicated that these interior discontinuity
lines are not physically realized. Savage et al. (1969)
have indirectly shown the existence of the discontinuity
line experimentally by comparing the observed failure
lines with those obtained by the analysis_based on the

discontinuity line.

In the case of passive state of stress in the ver-
tical region, the discontinuities generated at the corners
formed by the free surface with the bed and spout walls
intersect each other somewhere between the two walls
(since the spout and the bed walls friction angles are
different the inclination of the shocks formed at the
corners are not equal, the point of the intersection will
not be at the center of the annulus) and are then
reflected from the walls. There are subsequent intersec-
tions and reflections which occur throughout the depth of
the vertical part. In the case of an active state of
stress in the vertical part two fan of characteristics
radiate from the two corners with an active Rankine zone
between them. The fans will overlap right after the
Rankine zone deeper in the vertical region. Another shock
front or a fan, emanating from corner point of the bed
wall and the dead zone boundary is formed at the

[]
vertical/conical junction due to ' the changes in ¢ s.
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This front or fan will then interact with thost. 2manated
from the top corners throughout the depth of the conical
part. The determination of the front involves a point~by-
point computation to first locate and then pass through
the shock. In actual practice the numerical computation of
stress field in which several discontinuities exist is
complicated and time consuming problem when using the MoOC.
Horne and Nedderman (1978a) have analyzed the problem of
switch stresses for a bunker at the junction of bin
(vertical part) and hopper (conical part). They have con-
sidered an active state for the bin and a passive state
for the hopper, and concluded that for a steep hopper
(.hopper>.bin) a fan of characteristics must emanate from
the corner point of the bin/hopper junction, which con-
sequently generates a shock front at the center line.
This front then extends through the hopper with subsequent
reflections between the hopper wall and the centerline.
For a shallow hopper (.l10pper<.bin) a shock front must
emanate from the corner point and extend into the bin
hence destroying part of the domain of the dependence of
the solution of the bin which is an impossible situation.
Based on this result Horne and Nedderman {1978a) have con-
cluded that no fully plastic solution exists near the

transition of a bunker with shallow hopper.
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The source of the discontinuities, as discussed be-
fore, is the mismatch of ¢ at two boundaries meeting at
the corner points. With this in mind, it is seen that if
the friction at the wall were zero, the ¢'s would match
at the top corners and no fan or shock would emanate from
these corners. In order to circumvent the difficulties as-
sociated with the computation of discontinuities and ob-
tain some stress distribution for frictional walls (no
discontinuity would exist if the walls were frictionless),
it can be assumed that Gw {(or 65) gradually increases from
zero at the free surface (y=0) to the actual wall friction
value at some y station, after which it can be taken to
have a constant value. Although such a variation is un-
likely, this technique prevents the initial generation of
stress discontinuities. Applying this method may give only
approximate stresses near the top of the annulus, but it
is expected that the proper values will be approached in
the lower portion of the vertical and conical regions.
This procedure employed earlier by Savage and Yong (1970)
to calculate the stress distribution in a bunker is

adopted in the present analysis.

5.3.5 Corner points and computations near the walls

The computations of the characteristics at the corner

points and near the walls are somewhat different from
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those of a regular grid point. A detailed description of

these types of computations is given in this section.

Assume that the computations are being started by
using the data at points 1 and 2 of Figure 42 to obtain of
those at point 3 applying equations (5.3.3-2), (5.3.3-4)
and (5.3.3-5). Recalling that ¢1=02=0 (no surcharge) and
01—02—0, it is seen that .M can not be computed from the
system (5.3.3-5) for ‘the given data. This is because of
the no surcharge condition. The system, however, may be
solved for C.'Using_the half angle relation, the solution
is

(Pa/Py) y

¥ = (5.3.5-1)
1 + sind

Notice that (5.3.5-1) is an analytical solution of the
basic equation (3.3.1-11) and (3.3.1-12) corresponding to
an active Rankine zone where ¢=0. If there were surcharge
Q on the top boundary, equation (5.3.2-4) with the con-
dition ¢,=9,=0 would yield

¢ =0 (5.3.5-2)

since point 3 belongs to the active Rankine zone. Thus the
stress parameters at point 3 are given by (5.3.5-1) and
(5.3.5-2) and the triangle 123 belongs to the region of an

active Rankine state. The stress parameters for the
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points of the first row of the grid characteristics such
as 3 or 3 are given by (5.3.5-1) and (5.3.5-2). Having
determined the stress parameters for these points, the
points of the second row can be considered as regular grid
points and the computations can be performed, applying
(5.3.3-2), (5.3.3-4) and (5.3.3-5), to determine the coor-
dinates and the stress parameters of these points. Follow-
ing this procedure it is found that triangle 12'5 of
Figure 42 belongs to an active Rankine zone. In this zone
the shear stress is zero and the characteristics of each

family are parallel straight lines.

There is a discontinuity of stress at the corner
points (points 2' and 1 of Figure 42) where the angle ¢
is double valued. The discontinuity may be treated ex-
plicity so that depending on the state of stress at this
region a fan of characteristics or a shock front could
emanate from the corners. In the case of a spouted bed a
fan of characteristics normally arises since we have as-
sumed that active state of stress exists and presents a
continuous stress solution. The detail of the computation
of the continuous fan solution is given by Sokolovski
(1960) and Hancock and Nedderman (1974) (the procedure of
computation of the discontinuous solution is given by

Horne and Nedderman, 1976). While the presence of discon-
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tinuity is independent of the existance of a surcharge,
Hancock and Nedderman (1974) have indicated that for the
case of zero surcharge the characteristics of the radial
zone (a zone adjucent to the active Rankine zone) become
"ill-behaved" and cross the Rankine zone. They overcame
this difficulty by the application of a local solution in
the region of difficulty. This solution termed Radial
Stress Field (RSF) is described in detail in Chapter 5 of
Sokolovski's book (1960) and has been used extensively by
Jenike (1961, 1964) to analyze the stresses in silos. We

will not use it here.

As said before, in the present analysis it is assumed
that the walls friction angles (8, and 8_) change in a
continuous manner such that ®'s of the walls at the top
corners match that at the top boundary. Notice that in
the case of passive state of stress the discontinuity com-
putation involves point-by-point computatiéns to first lo-
cate the shock and then pass through it. This type of com-
putation is very complex and time consuming. The func-
tions chosen to present the variation of the two wall
friction angles that prevent generation of fans of charac-

teristics (active case) are given in section 5.3.6.

To expand the Rankine zone characteristics the con-
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ditions at the walls must be used. If these conditions
were not known the solution would be restricted to the
triangle 12'5 that is the domain of dependence of the
solution to the boundary condition at the top surface. The
characteristics converge to form this triangle. For-
tunately the conditions at the walls are known and the
characteristics can be expanded such that the grid mesh
may fill the entire annulus region. The MOC requires the
knowledge of only two of the four variables x, Y, € and ¢
or relationships among them at the boundaries. Both the
position and @ are known at the bed wall (x=1,0=9,),
spout wall (x=0.0=05), and the boundary of the dead zone
[x=b(y).#=@,] (see Figure 18). Thus, the unknown vari-
ables at a typical point on the spout wall, such as 4 of
Figure 42, can be determined by inserting the known vari-
ables at 4 into the second characteristic relations
emanated from 3. Same procedure can be followed for a
typical point at the bed wall such as 4 using the first
characteristic relations emanated from 3'. Notice that
point 4 (or 4') can now be treated as a regular grid point
in expanding the mesh. The mathematical formulas used to
compute the boundary points are given in Appendix 4.
There is a stress discontinuity at the junction of the
vertical and conical region. A discontinuity line or a fan

of characteristics radiates from the corner point C of
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Figure 42 depending on the convergence or divergence of
the characteristics from this corner. Because of the com-
pPlexities involved, as mentioned before, the MOC was only
used to determine the stress distribution in the vertical
region. The discontinuity relation and the procedure of
computing the shock front along with the associated

characteristics are given in Appendix 3 as a reference.

5.3{6 Results and discussion

Computations were carried out for the case of §=40°,
$ =20°, 6.=4° and H=3 as an example for the calculations
by the MOC. The determination of the characteristics was
started from the top of the annulus by dividing its width
into five equidistant intervals. The solution was then
carried forward by choosing any two initial points of the
top boundary and applying the characteristics equations to
them in obtaining a new grid point of the mesh along with
its corresponding stress parameters €& and ¢. Repeating
this procedure, the first row of the grid points were ob-
tained. Equation (5.3.5-1) was used to calculate € for
this row. To expand the mesh, the two wall boundary con-
ditions were used. As discussed in section 5.3.4 variable
wall friction angles were applied to prevent initiation of
a fan of characteristics. Different functions were tried

to express the wall friction angles satisfying the con-
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ditions discussed in section 5.3.4. The wall friction

angle was chosen to vary in the following manner:

6 =8 [1 - (1-y)2] ys<l
w(s) max,w(s) (5.3.6-1)

6W(S) = smax,w(s) y>1

where ahax correspond ﬁo the correct value of the wall
friction angles. Figure 43 shows the stress characteris-
tic mesh for the vertical portion of the annulus consider-
ing the gas flow in ‘the annulus, B=1 (case of a spouted
bed). Computations were also carried out for the case of
no gas flow in the annulus with B=0 (case of a bin). The
stress characteristics appeared to be not very differnt

from those of Figure 43.

Figures 44, 45 and 46 show the distribution of the
stress components at the spout and bed walls for the case
of no gas flow in the annulus (B=0). The normal stresses
varying almost linearly with depth. From these figures it
1s seen that stresses have not yet approached to a con-
stant value. The plots of the normal stresses, Figures 44
and 45, show that (’y)w is identical to (Cy)S and (G'x)w
is identical to (€,)5 only for a depth of half annulus
width, suggesting that the method of differential slices
(MOS) estimates the correct values of stress only for a

short depth from the top surface. Figure 46 shows the
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shear stresses at the spout and bed walls. The shape of
the bed wall shear stress for y<l is because of the vary-

ing &w‘

Figures 47 and 48 show the stress distributions at
the bed and spout walls for a spouted bed case (B=1). For
this caée where the gas flow in the annulus is considered
the density of material changes according to (3.2-5) and
at the top of the bed the weight of the material is
balanced by the gas flow pressure, the particles are al-
most fluidized, and the effective stress is zero. The com-
ponents of stress thﬁs start quite flatly at the free sur-
face and increase with depth, but not linearly as was the
case for the annular bin. The profiles suggest that the
MOS estimates the correct values of stress only for a
short depth from the top surface. It is interesting to
note that the equality of the vertical normal stress at
the two walls implies that the distribution factors Dg and

D, (ratio of the normal stress at the wall to the average

W
normal stress) used in MOS are almost one. McNab and

Bridgwater (1979) have done a similar analysis to MOS
presented in this work for an annular region of a
c¢ylindrical spouted bed. They have indicated that at the
top of the bed where the value of the average normal

stress is close to zero Ds=Dw=1, and have chosen this
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value for the entire annulus depth. The results of the
present analysis on the other hand show that this is not a
very good approximation for the entire annulus region of a
spouted bed. The profiles of Figures 47 and 48 also show
once again that the deep bed approximation is in-
appropriate for spouted beds. The slope of the stress

profiles increase with depth.

The stress distributions by the MOS and MOI are com-
pared with those by the MOC in Figures 49, 50 and 51 for
the vertical part of the annulus. These Figures indicate
that the results of the two methods are in general agree-
ment with the exact method, MOC. The agreement between
the MOS and MOI is excellent close to the free surface but
not as good deeper in the bed. Both methods (MOS and MOI)
assume that the shear stress changes linearly across the
width of the annulus. In addition to this assumption the
MOS takes a constant normal horizontal stress ¥, across
the width of the annulus. Thus the difference between
these two methods is the variation of €. It is then evi-
dent why the results of the two methods agree so well in a
region close to the top surface, if one refers to the dis-
tribution of €, across the annulus width by the MOI,
Figure 50, or the wall stress distributions by MOI,

Figures 35 and 36. These Figures show that the MOI
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predicts almost a constant horizontal normal stress &,
across the width of the annulus for depths close to the
top surface (for the given conditions this depth is about
half of the annulus width, bo*/z). Figures 49, 50 and 51
show that the results by the MOI are in good agreement
with those by the MOC. Deviation between the predictions
by MOIand MOS with those of MOC (especially for the shear
stress, Figure 51) for depth close to the free surface may
be due to the variable wall friction angle used in the
method of characteristics. As mentioned before although
the variable wall friction. angles used in MOC circumvents
the difficulties associated with the discontinuities, it
gives approximated results near the top of the annulus.
But, it is expected that the stress components approach to
proper values in the deeper portion of the annulus.
Figures 49, 50 and 51 show that the agreement between both
MOS and MOI with MOC improves considerably deeper in the
bed. The stress distributions predicted by the MOI are in
better agreement with MOC than MOS, and for this reason
the method of integrals with an analytical solution was
employed to compute the velocity field. Notice that MOS
can provide approximate & distribution using the analyti-
cal solution (equation 5.1-15 and Figure 33a) along with

the equations (A.1-2) and (A.1-6).
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The method of characteristics was not employed to
determine the stress distributions in the conical region
because of the lack of a limiting solution (see 5.2.5) as
well as the complexity of the computations caused by the
discontinuities at the vertical/conical junction of the
spout and bed walls. It is interesting to note that the
direction of the second characteristic given by (5.3.2-3)
coincides with the boundary of the dead zone with 0b=6
(fully rough wall), that is this boundary is a slip line
(see 5.3.7). However, this coincidence does not prevent
the expansion of the characteristics mesh in the conical
region (if there were a solution). . If a wall with less
friction is replaced for the boundary of dead zone with
the same inclination (called conical wall, with 8,<8), a
fan of characteristics or a shock front would emanate from
the corner point of the vertical/conical junction depend-
ing on the divergence or convergence of the characteris-
tics from this corner. This fan or front will then inter-
act with another shock front originated at the spout wall.
As mentioned before these discontinuity computations are
complex and time consuming and applicable approximate

methods such as MOI is strongly suggested.

It was attempted to employ the Radial Stress Field

(RSF) in the conical region primarily to compute a Radial
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Velocity Field (RVF) for this region. The RSF assumes that
the mean normal stress € is directly proportional to the
radial distance from the origin and that the angle ¢ is a
function of the angular position only. With these assump-
tions there is a similarity solution to the equilibrium
equations, (3.3.1-9 and 10), written in terms of polar
coordinates. The determination of stress field then
reduces to the solution of a pair of ordinary differential
equations. The RSF has been extensively applied to the
problem of flow of bulk solids in hoppers by Jenike (1961,
1964) and Johanson (1964). Unfortunately, when applying
this method to the conical region of a spouted bed
preliminary calculations showed that there exists no
similarity solution to the basic equations. This is due to

the change of the effective density of particles with

height.

5.3.7 Slip lines

If one compares the stress characteristic directions,
equation (5.3.2-3), with those of slip lines, given in
section 3.3.1, it is readily seen that these directions
coincide. This means the characteristics shown in Figure
43 are slip lines. This is a coincidence, bearing in mind
that the two concepts being quite distinct. The slip lines

are representative of the slip planes in the physical
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plane x-y. The slip planes are the planes on which the
yield stresses develop. Thus, slip lines can be inter-
preted as the locus of the yield stresses. The charac-
teristics on the other hand are lines of mathematical con-
venience, being the lines along which the partial dif-
ferenti;l equations reduce to ordinary differential equa-
tions. Notice, however, for the cohesive material the
angles @ (angle of internal friction) and 8 (effective
angle of internal friction) are not equal, and the charac-
teristics directions will not then lie along the slip sur-
faces. For a cohesive material the slip lines have the

slopes of either of the two angles &+(%®/4 - §/2).

The slip lines make angle 2¢ with each other as do
the stress characteristics (Figure 43). Since the direc-
tion of the major principal stress bisects the angle be-
tween the two slip lines (see Figure 16), this direction
can simply be identified as the bisector of the angles be-
tween any two characteristics. In the active Rankine zone
where the material flow without shear stress this direc-
tion is vertical. At greater depth the lines of major
principal stress are not vertical indicating to the

development of shearing stress within the material.

It is of greatest importance to realize although the
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yield stresses develop on the slip planes, the shear
strains do not, in general. The lines of maximum shearing
stress are inclined at 45° to the lines of major principal
stress, as discussed in section 5.4.3. With the assumption
of coaxiality these lines coincide with the lines of max-
imum shearing strain rate or shear lines. It is shown in
section 5.4.1 that shear lines coincide with the velocity
characteristics. On the other hand, it is seen that the
lines of maximum sheéring stress (or shear lines) can be
identified just from the geometrical construction of the
stress characteristics, without solving for the velocity

field.
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5.4 Velocity Field

The velocity field for steady flow is obtained using
continuity equation for an incompressible solid together
with the condition of coaxiality of principal stress and
strain rate. These conditions were discussed in section

3.3.2.

Determination of the velocity field in plasticity has
been considered by ﬁany investigators (for example see
Hill, 1950, Prager, 1951, Sobotka, 1961). Prager in his
book paid speciai attention to the computation of the
velocity and construction of the shear lines or the lines
of maximum shear strain rate (see 5.4.3). The complete
solution of the problem of plasticity includes the stati-
cal solution defining the stress field with slip lines or
slip surfaces and the kinematical solution determining the
velocity field with shear lines (termed flow lines in
Prager's book) or shear surfaces, respectively. In a
statically determinate problem one may be able to solve
the equations of equilibrium, given suitable boundary con-
ditions, and thus determine the stress distribution in
problems of plane plastic flow without further reference
to the stress-strain relation and téking the associated
velocity field into account. This is possible when the

boundary conditions for the stress field contain only
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statical variables (stress parameters), and not the
kinematical variables (velocity components). However, the
complete solution of both fields is needed in some cases
(Sobotka, 1961). Determination of velocity field for
flowing granular material in a bin applying plasticity
theory ‘has also been considered by some investigators
(Davis, 1968 and Pariseau, 1969). Pariseau (1969) has
shown experimentally that the conventional plasticity
theory regquiring cdincidence of stress and velocity
characteristics can not predict the streamlines of the
flow of an ideally plastic material properly, rather it is
the assumption of incompressibility that yields proper
streamlines for this type of flow. The solution to the
velocity field has been restricted to a few cases. The
only major attempt to predict the velocity field in a hop-
per using plasticity arguments seems to be that of Jenike
et al. (1961,1962) and only recently by Tuzun et al.
(1982) and Jackson (1983). Jenike et al. established the
general form of the differential equations based on the
assumption of coaxiality, but only solved these for the
particular case of "“radial velocity field". The radial
velocity field is the compatible velocity field to the
radial stress field. This stress field which is in effect
a particular integral to the general stress equations, ap-

Plies to a region near the apex of a bin. Nedderman (1932)
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and Tuzun et al. (1932) have recently pointed out that the
radial stress field solution may not be a good approxima-
tion over considerable distance. The radial velocity field
may be approached near the orifice, but the validity of
this solution is in serious doubt further away from the
apex. . The employment of radial velocity field for a
spouted bed 1is inappropriate since there is no radial

stress field solution for spouted beds, as mentioned in

5.3.6.

Calculation of stress field without the corresponding
velocity fields are'often much simpler. The flow problems
are complicated by the theories governing the flow‘rules,
plastic potential, association of the flow rule and nor-
mality. In addition to the complexity of these theories,
the uncertainity and/or inadequacy of proper boundary con-
ditions leading to a non-unique velocity field have con-
siderably affected the advancement of the velocity field
determination in the plasticity. A unique velocity field
may be obtained for a field with adequate boundary con-
ditions. Nedderman et al. (1932) have.recently enumerated
these difficulties and concluded that there seems to be no
general agreement on the basic principles governing the
velocity distribution in granular media, although the

majority of workers seem to favor the use of plasticity

theory.
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The velocity field obtained in this work is as-
sociated with the stress field obtained in section 5.2 or
5.3. Incompressibility and coaxiality were employed to
determine the velocity field. The MOC was used to compute

this field.

5.4.1 Characteristics equations of the velocity field

Starting with (3.3.2-1) and (3.3.2-2) and following
the procedure described in section 5.3.1, the characteris-
tic directions and the velocity characteristic equations

which hold along the two directions can be calculated as

dy -  J
= - tan(® - —) ; tan(¢ + —)du + dv = 0
dx 4 4
(5:4.1-1)
dy : L
= - tan(® + —) ; tan(® - —)du + dv = o
dax 4 4

® is determined by the stress field solution and this
condition ties the velocity and stress fields together.
The detail of derivation of system (5.4.1-1) is given in
Appendix 3. This system indicates that the two velocity

characteristics are orthogonal.

If the characteristic curves are approximated by
straight lines (Figure 41) the data at a typical grid
point M may be obtained using the data at points 1 and 2,

and writing the velocity characteristic equations in the
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finite difference form. The position of M is thus obtained

from

X%y = X%y -y, + v,
X - X

(5.4.1-2)

xM=

Yu = ¥p *+ Xy (xy - x))
or 1 (5.4.1-3)

Yy = Y3 *+ X(xy - x5)

where

X, = - tan(9, - ®/4)
(5.4.1-4)

b
N
!

- tan(‘2 + ®w/4)

The magnitudes of u and v at point M are found by solving

the system
tan(@; + ®/4)(uy - uy) + (v - v4) = 0O

The general procedure employed in determining the stress
characteristics can be followed to calculate the velocity
characteristics as well. The boundary conditions are those

described in section 3.3.3.

Comparing the characteristic directions for the
stress field, equation (5.3.2-3), with those of the
velocity field, it can readily be seen that the charac-

teristic directions for the two fields do not coincide.
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This means that the coordinates of the stress characteris-
tic grid points are different from those of the velocity.
Thus, as far as the computations of the velocity charac-
teristics are concerned an interpolation must be used to
obtain the value of the angle @ at each velocity grid
point, if the stress field by the MOC is employed to
determine @(x,y). This method requires the storage of all
the calculated stress points as well as a great deal of
computer time to search out the closest of these points to
the point in question. It should be mentioned that the al-
ternative techniques such as fitting a high order polyno=-
mial throughout the entire field by a 1least squares
method, or, dividing the field into several small regions
have been proven to be inaccurate (Jenike and Johanson,
1962). This major problem 1limits the possibility of
velocity field calculation to the MOI, where an analytical
solution exists for #(x,y). However, since the results of
the stress field computations by the two methods (MOC and
MOI) were shown to be in good agreement, it is expected
that the results of the velocity field computations cor-

responding to the two stress fields also agree reasonably

well.

5.4.2 Results and discussion

The case of 6=40°, 6w=20°, 6s=4° and H=3 was con-
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sidered as an example of the velocity field computations.
The calculation of the characteristics was started from
the top of the annulus by dividing its width into five
equidistance intervals. Typical grid points of the mesh
were obtained applying the velocity'characteristic equa-
tions. The general procedure followed was that of the
stress characteristics, as described in section 5.3.6. At
each point the MOI was used to obtain the value of ¢ at
that point. To improve the accuracy of the computations
the average of the variables not appearing in the dif-
ference form were used. This average was taken between a
starting (1 or 2 of Figure 41) and the resulting grid
point (point M). An iterative procedure was then required
to calculate the coordinates of each grid point. This
technique was programmed for a digital computer. To
facilitate the computations, a subroutine of the MOI was
provided to give the value of ¢ for any given x and
Y. The computed velocity cheracteristics mesh is shown in
Figure 52. Notice that this mesh could be established in
advance without solving the corresponding velocity equa-
tion (5.4.1-5) and knowing the values of u and v at the
grid points. This is possible since the characteristic
directions are functions of ¢ only which is given by the

stress field solution and is independent of u and v.
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The velocity boundary conditions used were those dis-
cussed in section 3.3.3. The two velocity components u and
v were specified at the top boundary. At the bed and spout
walls only u was specified and at the dead zone boundary a
relation between u and v was given (see Figure 18). At the
top corner point of the bed wall, u of the top boundary
and the wall are matched. At the other top corner point, u
of the top boundary is not matched with that of the spout
wall. Although this introduces a discontinuity, the com-
putations can be continued without complications. It
should be mentioned that the discontinuity relation in the
velocity field, unlike the stress field, does not provide
any additional information. The velocity characteristics
are well behaved since they are independent of the
velocity components. The presence of the discontinuity at
the top corner of the spout wall is then reflected on the
velocity distributions at this wall by a sharp change of

the profiles at this point.

The major problem in computing a proper unique
velocity field is the uncertainity of the boundary con-
ditions at the top boundary and the spout wall. There are
no empirital correlations of the velocities at these boun-
daries for a two-dimensional spouted bed, nor there are

any experimental data for this type of bed. The only
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available experimental data are those of Thorley et al.
(see Mathur and Epstein, 1974) and Suciu and Patrascu
(1978). Both group of investigators traced particle
streamlines and obtained the data by observations and
photographs against the flat wall of a half-cylindrical

column with a conical bottom.

The velocity field could only be obtained for the
vertical part of the annulus because of the difficulties
encountered in the computation of the stress field in the
conical region. These difficulties are discussed later in
this section. The boundary condition at the spout wall
was assumed to be a uniform horizontal velocity distribu-
tion. This assumption is based on the experimental
evidence of the total solid circulation, which has been
found by Mathur and Epstein (1974c) to change linearly
with depth in the vertical portion of a cylindrical
spouted bed. This boundary-condition seems to be the best
at hand. More experimental evidence is however required to
assess the validity of this condition for a two dimen-
sional spouted bed. Figures 53 and 54 show the velocity
profiles at the bed and spout walls. The velocity profiles
at the bed wall show that the conditions along the non-
characteristic top boundary are extended along the ver-

tical wall down to the point C of Figure 52, where the
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first characteristic emanated from the top corner of the
spout wall meets the bed wall. The whole region ABC is
then having velocities equal to those imposed across the
noncharacteristic top boundary AB. This 1is due to the
uniqueness of solution of hyperbolic type equations. The
triangular region ABC is the domain of dependence of the
solution on the boundary conditions defined in AB as dis-
cussed by Johanson (1964). The vertical component of
velocity v at the bed wall is then constant down to point
C of Figure 52, after which decreases sharply and then
changes linearly. The horizontal component of velocity u
remains zero at the bed wall which is the wall boundary
condition. Figure 54 shows the velocity profiles along
the spout wall. While, the horizontal velocity u was im-
posed to remain constant along the spout wall from the top
surface, the computed vertical velocity v also remains al-
most constant along this wall. Thus, particle enter the
spout more or less with the same direction for the ver-
tical part. Figures 55 and 56 show u and v versus x at
different depth. The velocity distributions in trese
Figures were obtained by interpolating the values of the
velocity components between the grid points. There are
sharp changes in the profiles of the vertical part due to
the crossing of the characteristic AC and its reflection

from the bed wall.
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It was attempted to compute the velocity field by the
MOC for the conical region. Unfortunately due to enormous
computational difficulties this attempt was unsuccessful.
The velocity field could not be computed for a fully rough
wall (boundary of dead zone with 8 =8) because of the lack
of a stress field solution for the conical region. It was
mentioned before (see 5.2.5) that a plastic equilibrium
analysis may not be appropriate in the conical region due
to the importance of the inertial terms in this region.
However, it is interesting to note that the boundary of
dead zone coincides with one of the velocity characteris-
tics, that is this boundary is a shear line (see 5.4.3).
It was mentioned before that the boundary of dead zone is
a slip line and a streamline. Thus at this boundary shear
line, slip line and streamlines coincide. Attempts were
also made to obtain a velocity field for the conical
region (assuming that there is a plastic equilibrium in
this region) with the boundary of dead zone replaced by a
wall having an angle of internal friction of 6b= =20°. A
solution to the stress field was already obtained for
these conditions by the MOI. Results of the computation
indicated that the velocity characteristic coalescences in
the conical region. The coalescence of characteristics in-
dicates to the existance of discontinuities in the field.

These characteristic coalescences are likely caused by the
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swift change of angle ¢ where passing from the vertical
to the conical region due to the switch of the stress
state from active to passive as well as transition of the
stress state from passive at the spout wall (05>45°) to
active at the conical region wall (.b<45°)’ It then seems
that to -obtain a velocity field solution for the conical
region, assuming plastic equilibrium, a detailed stress
field containing the analysis of the discontinuities is
required, and that ﬁhe approximate method of integrals
cannot provide these details in the conical region. There
were also attempts to find an appro#imate velocity field
for the conical region using the Radial Stress Field. The
velocity field compatible to the RSF is called Radial
Velocity Field. The RVF has been employed by Jenike (1961,
1964) and Jenike and Johanson (1962) to obtain a velocity
field for bulk solids flowing in hoppers. After writing
the continuity and coaxiality equations, (3.3.2-1) and
(3.3.2-2), in terms of polar coordinates, the RVF assumes
that the flow is purely radial. Solution to the velocity
field is then reduced to a single integration of the
resulted equation in polar coordinates employing only one
boundary condition. Thus, the RVF can not satisfy both
boundary conditions at the spout and at the boundary of
dead zone at the same time. Regardless of this disadvan-

tage the radial velocity field is not applicable to the
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spouted beds since there is no similarity solution or
radial stress field for spouted beds, as mentioned in sec-

tion 5.3.6.

Figure 57 shows the approximate streamlines obtained
by ﬁsing the velocity vectors for the vertical portion of
the annulus. As the streamlines show the particle move
vertically downward in the triangular region of ABC of
Figure 52. The particle change direction toward the spout
after crossing the characteristic AC. The particle once
again move almost vertially after crossing the reflected

AC characteristic from the bed wall.

While there is no definite confirmation of the cal-
culated velocity field quantitatively, unless compared
with the experimental data, the computed results seem to
agree qualitatively with the data in the literature and
the observations. Data of Thorley et al. (see Mathur and
Epstein 1974b) indicate to velocity oscillation at both
horizontal and vertical sections throughout the annulus.
The observations of the two-dimensional bed show that par-
ticles adjacent to the bed wall must move along the wall
to a distance and then start departing from the wall in
the region close to the dead zone. Photographs taken from

the two dimensional bed (Figure 58) confirms the vertical
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Figure 57 The computed solid particle streamlines in the
vertical part of the annulus
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Figure 58 Photograph of a two-dimensional spouted bed
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movement of the particles along the wall. Recent ex-
perimental results from a semi-cylindrical bed have shown
that in a thin layer adjacent to the spout wall, particles
move vertically downward along the spout wall. It should
be noticed that the present analysis and the computed
streamlines is concerned with the bulk motion of the solid
particles using the coaxiality condition. A rigorous ex-
perimental analysis is required to confirm the results of
the present work and to critically examine the validity of
the application of the coaxiality condition to determine

the velocity field for a spouted bed.

5.4.3 Shear lines

The lines of maximum shear strain rate (or simply
shear lines) are inclined at angles +®/4 to the lines of
the principal strain rate, and with the assumption of
coaxiality, also to the lines of the principal stress.

Therefore, the slope of these lines are $+%/4.

If one compares the velocity characteristic direc-
tions, equation (5.4.1-4), with the shear line directions
it is readily seen that the two directions coincide. This
means the characteristics shown in Figure 52 are the shear
lines. This is a coincidence, bearihg in mind the fun-

damental difference between the two concepts. The shear
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lines are the representative of the planes upon which
shear strain rates is a maximum when the material fails.

The characteristics on the other hand are lines of math-

ematical convenience.

The two shear lines are perpendicular and the line of
principal strain rate bisects their angles. Thus, the
direction of principal stain rate can simply be identified
as the_ bisector of the angle between the two velocity
characteristics. The lines of maximum shear stress, on the
other hand, perpendicular to each other, are the bisector
of the lines of principal stresses. Therefore, with the
coaxiality, the shear lines in a field of plane plastic
flow indicate not only the directions of maximum rate of
shear, also the directions of maximum shearing stress. The
velocity characteristics are then lines of maximum shear-
ing stress and maximum shearing strain rate. This depends

only on the assumption of coaxiality not on the material

rheology.

While the shear lines do not coincide with the slip
lines, in general, it is interesting to analyze the case
of an ideal material. For an ideal material where @=8=0,
slip lines are perpendicular having slopes of ¢+®/4 and

coincide with the shear lines. The physical meaning of
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this coincidence is that the yield shear stress has
reached the maximum value, and this is the Tresca con-
dition: the yield occurs when the maximum shear stress
reaches a critical value. Thus, for an ideal material the
Coulomb law reduces to the Tresca yield criterion. On the
other hand, referring to the Mohr diagram of Figure 16,
8=0 implies the EYL to become parallel to the € axis
giving the maximum shear stress. In the principal stress
space the Coulomb cornie has then become the Tresca pyramid
with closed base, Figure 10. The Tresca (or Von Mises)
yield criterion does not explain the frictional behavior
of granular material, and that is why the Coulomb
criterion has been used for more than two hundred years
for granular soils despite its controversial nature. The
slip lines and the shear lines do not coincide when using
the Coulomb criterion, as mentioned earlier. The dif-
ference between these two planes has occupied the atten-
tion of many workers in soil mechanics such as Rowe
(1963). To avoid misunderstanding, Lambe & Whitman (1979)
have distinguished between two types of failure plane by
naming the slip line "theoretical failure plane" and the
shear lines “observed failure plane". The lines of maximum
shear strain rate are important because some of them may

be observed through a transparent wall of a model.
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CHAPTER SIX

6.0 CONCLUSION

In the first chapter the phenomena of spouting is
discussed. Spouting was suggested by Mathur and Gishler
(1955) as an alternative to fluidization for particles too

uniform or too coarse for a stable fluidization.

In the second and third chapters the fundamentals of
a rigorous model for the study of the motion of solid par-
ticles in the dense region of a spouted bed is presented.
These concepts although used in this study for the case of
a two-dimensional spouted bed, it can be applied, in prin-
ciple, to any other type of (spouted) bed. The rules
adopted here to characterize the fundamental mechanism of
solid motion have been employed in the areas of soil
mechanics and flow of bulk solids for many years. Exten-
sive use of "Jenike's solid", or Coulomb's solids as well
as yield surfaces proposed by Jenike and Sheild (1959)
ties the present analysis with the tﬁo fields. The govern-
ing equations discussed in chapter three correspond to the
case of plane strain, but they can simply be adapted for
the other cases such as axial symmetry (case of cylindri-
cal spouted beds). In the fourth chapter the experimental

procedures are described. The experimental work was
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limited to the observation of the basic qualitative fea-
tures of a two-dimensional spouted bed, evaluation of the
maximum spoutable height, observation of the particle mo-
tion in the dense region and verification of the boundary
of dead zone predicted by the method of slices. Obviously,
a rigorous experimental technique is required to confirm
the effectiveness of the proposed models. While measuring
stresses experimentally seems to be a very difficult task,
particle velocities can be measured using different tech-
niques such as high speed photography or Laser Doppler
Anemometry. Also in this chapter a model to determine the
dead zone boundary using the method of slices is presented
and discussed. It is our belief that this method which has
been extensively used in the slope stability problems of
soil mechanics can effectively evaluate the boundary of

dead zone for the flat bottomed beds.

The fifth chapter consists of the models developed to
determine the stress and velocity fields for the material
contained in the annulus. The solution to the stress
field is presented by the method of differential siices
(MOS), the method of integrals (MOI) and the method of
characteristics (MOC). The method of slices is attractive
for its simplicity, if the assumptions of the method can

be justified. The MOI, on the other hand, provides an ap-

218



proximate analytical solution to the stress field for the
entire annulus region when a solution exists. The advan-
tage of this method in spite of the lengthy algebraic
manipulations required, is its ability to provide a ‘ncan-
ingful average solution through the regions of discon-
tinuities in addition of supplying an analytical solution.
The MOI can be used for both vertical and conical parts.
The availability of the analytical solution is of greatest
importance in the combutation of velocity field, both from
the stand point of the complexity of computation, and com-
puter time consumption. While it was not possible to ob-
tain the stress distribution for the conical region for a
fully rough wall (boundary of dead zone, §,=8), the result
of this method for a wall with less friction (6b=5/2) show
that the material pass from one fluidization state at the

top of the bed to another at the bottom of the bed (spout

entrance).

The method of characteristics (MOC) converts the
governing partial differential equations to ordinary dif-
ferential equations without any approximation. The charac-
teristic directions can then be integrated numerically
thus, furnishing a systematic approximation to the solu-
tion. Unfortunately, the handling of the discontinuities

that are generated at the boundaries or by intersection of
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characteristics belonging to the same family makes the
computation prohibitely cumbersome. It is suggested that
this complexity be avoided by introducing a variable wall
friction angle, when applicable and when a very accurate
solution is not required. The use of variable wall fric-
tion angle clearly resdlts in an approximate solution, but
it seems that the deviations from the correct values are
not significant and decay rapidly with the distance from
the discontinuity region. At the Jjunction of the
vertical/conical part where the state of stress switches
from active in the vertical to passive in the conical part
strong discontinuities exist and a detailed point by point
computations are required. Unfortunately, these computa-
tions are very complex and time consuming when using the
MOC. The solution to the stress field by the MOC does
provide the sliplines. The sliplines discussed in section
5.3.7 are not the lines representing the planes on which
the shear strain is concentrated, rather they are the

locus of the yield stresses.

The computation of velocity field is also discussed
in chapter five. The use of stress solution by the MOC in

determining the velocity field was found to be extremely

tedious. The use of any approximate method such as the MOI

providing stress parameters reasonably close to those by
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the MOC is strongly suggested. - The solution to the
velocity field by the MOC prévides the shear lines. These
lines representing the plane upon which the shear strain
rate is concentrated do not coincide with the slip lines
for the frictional materials. The velocity profiles deter-
mined by the model are oscillatory. The literature ex-
perimental data (Mathur and Epstein, 1974, Suciu and
Patrascu, 1978) also indicate to velocity fluctuations.
Although a quantitative comparison between the outcome of
the model and experiment is not given here, there are good
qualitative agreements between the two. The model deter-
minig the velocity field is felt to lack reliable ex-
perimental based boundary conditions. Such correlations
used as the boundary conditions would undoubtably improve
the accuracy of the proposed model. Because of the com-
putational difficulties, as described in section 5.4.2,
the velocity field could not be determined in the conical
region using the MOC and the application of the radial
stress field (leading to radial velocity field) also
proved to be invalid for the spouted beds. It thus seems
that a detailed computation of discontinuities at the
vertical/conical junction is required to obtain the
velocity field in the conical region if a limiting solu-

tion exists at all.
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It is our contention that the fundamental mechanics
of particle motion in the vertical portion of the dense
region of a spouted bed, where the inertial terms are not
important, can be described appropriately by the rules
discussed in this work. Since the particles accelerate in
the conical region and the inertial terms become important
it seems that the employment of the limit equilibrium
analysis may not yield to appropriate results. To obtain
stress and velocity distributions in the conical region it
seems more appropriate to consider the full momentum equa-
tions containing the inertial terms. These distributions
may then be combined with those of the limit analysis for
the vertical part to give a complete picture of the
mechanics of particle motion in a dense region of a
spouted bed. The models developed in this work can easily
be extended to the case of cylindrical spouted beds. The
emphasis of the study has been theoretical and is now re-
quired experimental supporting evidence. It might be also
possible to apply the fundamental approach presented in
this work to develop models for particle motion close to
the nozzle of a fluidized bed, since a short internal
spout forms at the nozzle entrance. Such an approach has

been initiated by Rietema (1968) but no real progress has

yet been reported.
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Khoe (1980) has recently analyzed the problem of
spouted beds from a different approach to the present
analysis. By introducing a potential, Khoe has inves-
tigated the flow of fluid and solids in a spouted bed. He
has also used the slope stability of packed beds per-
colated by a gas to find the stable (spout) and unstable
(annulus) regions in a spouted bed thus approximating the
position of the spout wall. Khoe's stability analysis and
spout boundary approximation strongly depends on the ex-
perimental data (primarily on the limiting gas pressure)
such that without these data the model is incapable of
predicting the stable and unstable regions. It is our
belief that the mechanics of spouted beds can be more ap-
propriately described by the basic momentum equations
along with the effective stresses. It migh be possible to
combine the principles of the present analysis with those
used by Khoe to provide an appropriate basis for a
rigorous self supported mathematical model. Experimental

results may be then used to assess the accuracy of such a

model.
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APPENDIX 1

Evaluation of D

The mean vertical stress over the cross section of
the vertical part of the annulus reqion of a spouted bad

is given by

1
r 4 = c . -
z, f ,(x)dx (A.1-1)
0
where € is the vertical stress at distance x from the

Y _
wall. Following the Walker's assumption(1966) that the

horizontal stress L is constant over the cross section,
the corresponding #Mohr circle diagram of the stress at the
bed wall, spout wall and a typical point within the
material can be shown by Figure A-1l. The vertical shear
stress qu is minimum at the spout wall and maximum at the
bed wall. If the shear stress was zero at the spout wall
then the circle 5 would be tangasnt to PO at Q. Walker
(1956) has shown rigorously that in silos and at great
depth, where cy i1s independent of y, the shear stress is
a linear function of x. Later, Walters (1973b) has assumed
a linear relationship everywhere based on the two minimum

and maximum values at the two ends. Following Walters'

the shear stress is written

Tey = (M= )x + 1 (A.1-2)

and is=(1 ) for simplicity. Using

where ‘lw=( L xy)s

xy)w
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Figure A-1 Stresses and the corresponding Mohr circles
(After Walters, 1973)
circle W represents stresses at the bed wall
circle M represents stresses at any point
circle S represents stresses at the spout wall
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.relationshin (A.1-2) the shear stress then bacomes:

qu = cxtan5[(¢w-$s)x+$s] (A.1-3)

in which $w=tan5w/tan5 and ¢s=tan63/tan5.

The radius of the Mohr circle r passing through the

point X.can be obtained from triangle MXQ, Figure A-1l:

r
2 _ 2 2
r? = % (——- 8
sin

This is a quadratic equation in r whose roots are

tand

{Cxi[(Gisina)z-(ﬂxycosﬁ)z]l/z} (A.1-4)
cos

Of the two circles through X which radius is given by
equation (A.1-4) the one with larger radius is required

for the active condition. From the geometry of the diagram

we have:

2 r
¢ = — _ - ¢ (A.1-5)

sind

Substituting for r from (A.1-4) and for 7xy from (A.1-3)

into (A.1-5) yields:

. 2 _
_ 1+sin<$ tanﬁw/ ~ - 3
¢, = { + 2 L=D (b~ ) x+db 1%} e,
cos?8 cos '
(A.1-6)

quation (A.1-6) is in the form that can be used in
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(A.1-1), doing so and taking the integral, the mean ver-

tical stress is then:

a+ b + c

where
l+éin26
a = - ($, - %)
sin
b = ww l“*wz B d’s 'l_¢52
c = sin"l'l'.w - sin-ld’S
cos? . .
a = (%, - )
sind v S
But
tan6w
D, = (A.1-3)
B, (&,/8,)

Using SY/CX obtained from (A.1-7) and substituting B,
from (5.1-6) then yields

(cosﬁ/cos&d)($w-$s)(l+sin25w+cosﬁw\/;inzs-sinzﬁw)

D = N
W tan5[cos$w--Vsin26-sin2§w][a+b+c]

(A.1-9)

Similarly,

tanss
D, = i (A.1-10)

Bs(cy/cx)
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o (cosﬁ/cosﬁs ) (*M"bs) (1+s in265+cosﬁs '\/s—j_n25—sinzﬁs

s tanﬁ[cosss-v sinzﬁ—sinzﬁs}[a+b+c]

(A.1-11)
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APPENDIX 2

Determination of the Shock Front
Equilibrium of the element shown in Figure A.2-1 re-

quires that

(A- 2-1)
(A.2-2)

cna cnb

'a 'b

([T}

but ’ta may not be equal to ®:.p- Applying the well-known
transformation formulas (Hill 1950, App. A), and using as
variables the direction of the principal stress and the

average normal stress equations (A.2-1) and (A.2-2) can be

written, respectively

caEl—sinﬁcosz(Oa—ﬂ)] = Gb[l—sin5cosz(0b-ﬂ)?A 2es)

€,sin2($,-n) = $,sin2($,-n) (A.2-4)

where M) is the angle of the shock surface with the ver-

tical axis. From equation (A.2-3) and (A.2-4) it can be

found that
2% = (0b+0a) - cos'l[sinscos(Ob-Qa)] (A.2-5)
s, sinZ(Oa—n)
= (A.2-6)
L sin2(¢b—n)

Equation (A.2-5) provides the shape of the shock surface
at any point within the field, and equation (A.2-6) gives

the value of € on the opposite side of the surface.
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Notice that (A.2-5) and (A.2-6) may also be obtained by
using the Mohr circle of stress construction for the both
sides of the shock surface as shown in Fiqure A.2-2 (sece
for example Nedderman, 1982). These equations along with
those developed in section 5.3.3 can be used to calculate

the shock surface (curve) and associated characteristic

lines.

The numerical computation of the shock surface and
the associated characteristic lines is described below. A
detailed description of the numerical computation is given
here for the reqgion éf the vertical/conical junction. The
discontinuity of the stress parameters at point G of
Figure A.2-3 necessitates the introduction of discon-
tinuity emanating from G. Notice that the stress

parameters are Known throughout the reqion b.

The slope of the shock surface at point G, nG' is
obtained using (A.2-5) with $,=%, and 0a=obound.' Equa-
tion (A.2-6) thus gives the € at point G on the a side,
knowing €& at this point on the b side. A discontinuity
point, #H, is located at a short distance from G along a
line of slope “G' The stress parameters at point H on the
b side are obtained by first locating the arid quad-

rilateral containing 4 and then by interpolating for the
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value of & and ¢ at the grid points. The discontinuity
relations, (A.2-5) and (A.2-6), are used to determine &
and ¢ on the a side of point H knowing & on the b side
and nH(=nG). Point J 1is obtained by intersecting the
(first) characteristic through H and the boundary of the
dead zone. Since the characteristic grid expands it is
necessary to generate extra points like P by interpolation
between H and J. To specify the next point on the shock
surface, K, there are five unknowns that must be deter-
mined: €& and 9 on the b side of the discontinuity, x, Y
and WM. The relationships provided to calculate the five
unknowns are: two equations of the (second) characteristic
applied to the interval PK, two discontinuity equations
(A.2-5) and (A.2-6) and one equation of a straight Lline

through il using the average of the discontinuity slopes at

H and X as

N, + M

Yk =Yg = {xg - xy)cot(

2

The five relations described here are not linear and an
iterative procedure of solution must be used. Values of ¢
and ¢ on the b side of point K which are nseded during
the computations are Ffound as described for the point
H. Calculations can thus be continued to 2xXxpand the shock

surface and the characteristics mesh under the shock sur-
face.
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Figure A-2.1 Stresses on an elemnt at the discontinuity
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Figure A-2.2 Mohr circle and position of the shock

surface
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Shock surface

Figure A-2.3 Characteristics mesh and the shock surface
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APPENDIX 3

A.3.1 Determination of the Characteristic ®quations
for the Stress Field

From equations (3.3.1-11) and (3.3.1-12) the coef-

ficients of equation (5.3.1-1) for the stress field are:

a;,=l-sinbcos2¢ a,,=sindsin2¢
117 . 21 .
a) ,=sindsin2¢ a,5=1+sindcos2¢
bl =26€sindsin2¢ b, =26sindsin2¢ (A.3.1-1)
bl >=26sindcos2¢ b,5=-2€sindsin2¢
Coare e,
=0 L eymle —— = =2

dy #y

The coefficients of the equation (5.3.1-2) are:

A=26sind(cos29-sind)
B=-46€sindsin2¢ (A.3.1-2)
=-26sin5(c0520+sin6)

The quadratic equation for the stress characteristic

direction X then is

(cosZO—sinﬁ)x2 + 2sin2¢X - (cos2¢+sind) = 0

(A-3cl"3)
where the solutions are
—sinQOicosﬁ
Xl 9 = (A-3.1—4)
! cos2@-sind
Introducing 2M=%/2 - &, the stress characteristic direc-

tions (A.3.1-4) can be written
Xy,o = cot(®+p)

The coefficients of the compatibility relations holding
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along the two characteristics

E=cos26 =—sinssin20(Pe/9b)
(A.3.1-5)
=-26sindsin2¢ G=—(l—sin500520)(ﬂe/ﬁb)

Substituting these coefficients into equations (5.3.1-7)

and using (A.3.1-4) yields

c0526d6+2651n5c035d0 = ~[sinbsin26@dx
+(l-sinﬁcos20dy](pe/pb)

c0525d6—2csin5c05860 = -[sinbsin2¢dx
+(1-sinﬂcos2¢)dy](pe/pb)

(A.3.1-6)

After some algebraic maninulations the equations (5.3.2-1)
are obtained. The fastest way to get from (A.3.1-5) to
(5.3.2~1) is first to divide both sides of equations by
c0525, and second to add and subtract the term (dyztanddx)
from the right hand side of (A.3.1-6) inside the brackets.
Notice that the (-) siagn applies to the first and (+) sian
to the second equation of (A.3.1-6). Then it is easy to
show that the right hand sides vanish but the term {(dy-

tanfdx) inside the brackets.

Determination of the Characteristic Equations for the
Velocity Field

From «guations (3.3.2-1) and (3.3.2-2) the coef-

ficients of equation (5.3.1-1) for the velocity field are
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e; =0 2, =(

The coefficients of the equation (5.3.1-2) are
A=1
B=2tan2¢ (A.3.2-2)
C=-1

The quadratic equation for the velocity characteristic

direction X then is
X2 + 2tan2¢X - 1 = 0 (A.3.2-3)
wiiere the solutions are:

1

re cos2®

After some manipulations the velocity characteristic

directions are

xl,2 = - tan(¢ I n/4)

The coefficients of the compatibility relations holding

along the two characteristics are

Substituting these coefficients into equations (5.3.1-7)

and using X, 5 Yields

]
o

du - [tan(¢-w/4)] av
(A03-2-6)

du - [tan(°+“/4)] dv

ii
Q
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Using the trigonometry relations, the system (A.3.2-6) can

be written as (5.4.1-1).
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APPENDIX 4

Formulas Computing the Data at the Boundary Points

For the characteristics positions shown in Figure 40

the formulas are as follows:

¥or the.bed wall:

°4I=°w
°=(¢3.+04' )/2
X=cot($-¥)

Y4'=Y3'+X(l~x3')
c=(c3'+c4‘)/2

64‘=c3'+[(y4'-y3')+tan6(1-x3')](pe/pb)+2ctan6(¢4'—¢3')

For the spout wall
o4=°s
‘=(°3+04)/2
X=cot(¢+p)
Y4=y3+X(1-x3)
c=(6;+6,)/2
e4=c3+[ (Y4_Y3 )+X3tan6] (Pe/Pb) -26’tan5( 04"’3)
Solutions to these equations require trial and error cal-

culations like a regqular grid point.
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