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Abstract

An equation of state was developed for mixtures containing potlar
components and a non-volatile electrolyte. The equation consists of
hard-sphere, electrostatic, and attractive contributions to the
Helmholtz free energy. An explicit mean spherical approximation
(MSA) screening factor was derived for mixtures of electrolytes with
unequal size ions using the asymptotic behavior of the ionic pair
correlation function in the limit of small ion sizes. This
development is based on the MSA theory for electrolytes, rather than
on the more typical approach of extending the Debye Huckel theory.
The explicit asymptotic MSA screening factor predictions were
compared to the rigorous MSA screening factor predictions. To
improve predictions for ion sizes comparable to that of water, an
empirical correction was developed for the explicit MSA. This
relation was used to obtain an expression for electrostatic internal

energy and hence electrostatic Helmholtz free energy.

Mean ionic activity coefficients of twelve (non-volatile) salts in
water were correlated using the equation of state. The salts chosen
for the study are representative 1-1, 2-1 and 1-2 salts, exhibiting a
wide range of nonideality in water. The binary interaction
parameters obtained from regressing the data were shown to decrease

qualitatively with increasing cation-anion average hard-sphere



diameter. For mixtures without electrolytes, the equation of state
resembles a recent equation developed by Ludecke and Prausnitz and
can describe phase equilibrium for a variety of non-ideal mixtures.
Liquid-liquid equilibria of aniline-water mixtures with sodium
chloride and with ammonium chloride were correlated with the equation
of state. For both cases, the salting out of aniline from the
aqueous phase was described with one (near unity) interaction
parameter. In addition, vapor-liquid equilibria of methanol-water-

sodium bromide mixtures were correlated with the equation of state.



Introduction

Engineering models used to describe phase equilibrium can be divided
into two broad categories: equations of state and activity
coefficient models. Equations of state have been successfully
applied to mixtures of nonpolar and stightly polar compounds over a
wide range of temperatures and pressures. These models have been
used most extensively by the gas processing industry (for an example,

see Chappelear et al., 1977).

Conversely the mathematical flexibility of activity coefficient
models has conventionally been considered necessary to describe
mixtures which exhibit high nonideality in the liquid phase. These
models have been used extensively by the chemical and polymer
industries (for an example, see Miller and Geist, 1982). The
activity coefficient approach is adequate only at low reduced
temperatures where the 1iquid phase is incompressible, and the use of
different models for the vapor and liquid phases precludes a correct

description of mixture critical points.

The equation of state approach does not suffer inherently from these
limitations and provides consistent phase-equilibrium, enthalpy,
entropy and density predictions. The extension of equations of state
to describe higher liquid-phase nonideality is an active area of

research, (Copeman and Mathias, 1985).



The mixing rules proposed by Vidal (1978), Huron and Vidal (1979),
Heyen (1981) and Won (1981) demonstrate that complex mixtures with
polar components can be correlated with equations of state in the
same empirical manner as activity coefficient models. However, these
mixing rules do not predict a second virial coefficient with
guadratic dependence on mole fraction. Consequently, density-
dependent mixing rules have been proposed recently. The
density-dependent mixing rules of Mathias and Copeman (1983) and
Ludecke and Prausnitz (1985) have been used to correlate both

vapor-liquid and liquid-1iquid equilibrium of various polar systems.

Very little attention has been given to extending equations of state
to mixtures containing polar components and electrolytes. With few
exceptions, engineering models for electrolyte mixtures have been
based on the activity coefficient approach, with the Debye Huckel
(1923) theory for electrostatic interactions central to the

development.

In this study, the equation-of-state approach will be applied to
mixtures containing a non-volatile, fully dissociated electrolyte.
The equation of state will consist of hard-sphere, electrostatic, and
attractive contributions to the Helmholtz energy. The electrostatic
contribution will be based on the mean spherical approximation theory
(Blum, 1975) which takes sizes of the ions into account in a
physically appealing manner, rather than on the usual Debye-Huckel

theory.



1. Review of Electrolyte Phase Equilibrium Models

Activity coefficients, osmotic coefficients and the various partial
molar properties of aqueous electrolytes at low concentrations have
been modelled by numerous extensions of the Debye-Huckel (1923)
theory. Debye-Huckel is an electrostatic theory, originally derived
from the work (or free energy) required to charge fully dissociated
ions in the solution to their full electrostatic potential. The
derivation, e.g., presented in Moore (1972), begins by relating the
electrostatic potential to the charge density or number of ions (each
multiplied by its charge) per unit volume. The Poisson differential

equation is written for a spherically symmetric distribution of

charge.
72 ¢, (r) = 4w p. (.1
D
where V? = the Laplacian operator
Pec = charge density
$,(r) = total potential energy about central ion i
D = dielectric constant of the solution

The charge density is related to the potential of mean force

(McQuarrie, 1976) by

Ppec = § x,;Z; e EXP (7 t%(r)zje) (1.2
where Z, = charge number of species J

x, = mole fraction of species J

e = elementary charge



Equations (1.1) and (1.2) are combined, the Boltzmann factor is
expanded and the quadratic and higher terms are neglected to give
v @, (r) = 8r (L x3Z5e -1 1L x;25e%®,(r)) .3
p ! kT?
The term Ex,Z, is zero by bulk electroneutrality. Equation
(1.3) is then integrated and boundary conditions are evaluated at

r = a (ionic diameter, or distance of closest approach) and r = =.

The resulting equation for the total potential around ion i is

&, = eZ, EXP (- K (r - a»/(r (1 + Ka)) 1.4

for r > &

(4r €% L x,; I3)'7?
DkT !

where K

Equation (1.4) can then pe substituted into an expression for the
work to charge an ion from zero charge to the full value in the ionic
atmosphere. The resulting expression for the mean-ionic activity
coefficient is

e? K

(
2DkT  1+Ka

) (1.5

Iny* = -|Z.2-|

The assumptions used in deriving the Debye-Huckel model must be
noted. First, the potential of mean force used to calculate the
charge density is given only in terms of the electrostatic
potential. Other forces, attractive and repulsive, are not

considered. Also, all ions are assumed to have 3 fixed diameter a in



a dielectric medium with no free-volume effects on the macroscopic
electrostatic properties. The exponential was expanded and
linearized. As stated by McQuarrie (1976), the Debye-Huckel theory
is strictly valid only at Tow concentrations and in the limit of
Ka-->0. Further, deviations between the Debye-Huckel model and
experimental data are expected for ion concentrations greater than
about 0.01 mole/liter, or about 0.0004 mole fraction of ions in
solution. For non-negligible concentrations, the ion size (a) should
be generally much smaller than I A° for Ka to be negligibly small.
In practical application of the theory, the distance-of-closest-
approach parameter, a, can be obtained empirically by correlating

experimental data (Butler, 1964) .

The most popular extensions of the Debye-Huckel theory are based on
virial expansions (see Guggenheim, 1935, Bromley, 1972, and Pitzer,
1973). At first thought, a virial expansion for liquid electrolyte
mixtures using the coulombic potential would appear to be

impractical. The second virial coefficient is given by
By, = - 4w [ (EXP = (Z, Z.e*/(DrkD) = 1) ridr (1.6)
0

This integral is infinite because the electrostatic potential is long
range, however Mayer (1950) combined the infinite portions of the
virial coefficients so that they would cancel. The Debye-Huckel
expression was shown to arise from a combination of "cycle-graph"

terms, Mayer (1950).



Pitzer (1973) developed the most popular model for electrolyte

mixtures by postulating

E E
G /RT = Gou/RT + I I Xy (DM my + T LT wgu mmym, a.n
where: m = molality
Gt = excess Gibbs free energy

The short-range interparticle effects are described by the virial
coefficients A\, and u, ;. and the long-range electrostatic

effects are described by a type of Debye-Huckel contribution. Pitzer
derived the Debye-Huckel contribution from the pressure equation of
statistical mechanics and arrived at a form similar to the
conventional charging procedure. The electrostatic contribution to

the mean-ionic activity coefficients is

Iny* = |2.2.] ACI'3/QA + b I'72) + 2/bIn (1 + b I'7%)) (1.8

where: I = ionic strength = (1/2)Em,Z}
A = a Debye-Huckel constant
b = a Debye-Huckel constant

Pitzer claims that the electrostatic effects cause the virial
coefficients to depend on ionic strength in addition to the
temperature. Various applications of the virial expansion method
were made without the allowance for ionic strength effects on the

virial coefficients (i.e., Guggenheim (1935)). Pitzer developed



empirical ionic-strength functions for the second virial
coefficient. Values of Pitzer's virial coefficients have been
correlated for about 300 electrolytes at ambient temperature by
Pitzer and Mayorga (1973). As stated by Maurer (1983), Pitzer's
model is currently regarded as the most generally successful model

for engineering calculations.

Phase equilibrium correlations were developed by Edwards et al.,
(1978) and Buetier and Renon (1978) for weak and volatiie
electrolytes using the Pitzer model for jonic activity coefficients.

Phase equilibrium correlations were developed by Deshmukh and Mather

(1981) and Copeman and Stein (1983) for an aqueous monoethanolamine
acid gas system using the Guggenheim (1935) model for ionic activity

coefficients.

The virial expansion method does unfortunately have a major
limitation (like vapor phase virial expansions). The jonic-liquid
virial expansion is difficult to apply at conditions where
higher-body interactions dominate the phase behavior. The Pitzer
model is applicable to electrolyte mixtures up to ionic strengths of

about six molal.

Cruz and Renon (1978) and Chen et al. (1982) replaced the virial
expansion terms with local-composition activity-coefficient modeis.

Two advantages of this approach are claimed: 1) no restrictions on



the maximum ionic strength and 2) flexibility of the local-
composition model to describe liquid mixtures when the electrolytes
are absent. These models can be summarized as
E E E
G = Glong—range + Glocal—compos\tlon .9
The "long-range" electrostatic contribution is described by the

Debye-Huckel-Pitzer expression in the Chen (1982) model and by the

Debye-Huckel-Pitzer-Born expression in the Cruz (1978) model .

Another, less publicized, model of this type was proposed by Hala
(1969) who separated long-range and short-range forces similar to
equation (1.9). Hala (1969) assumed the long-range forces are given
by an empirical expression resembling a Debye-Huckel term and the

short-range forces are given by a Margules type of term.

A major deficiency of Debye-Huckel models is the neglect of excluded
volume effects (Blum, 1980). Waisman and Lebowitz (1970, 1972) first
derived a "Mean Spherical Approximation" (MSA) model which accounts
for excluded volume effects and simplifies to the Debye-Huckel model
under appropriate conditions. The Waisman and Lebowitz model assumes
all species have the same diameter. Blum (1975) extended their
derivations to mixtures of species with different sizes. There are
various forms of the MSA model with varying degrees of complexity

(Blum, 1980).

10



Planche and Renon (1981) developed a mean-spherical electrolyte model
based on Blum's mathematical approach. In Planche and Renon's work,
spherical species, of different sizes, are considered to interact by
coulombic long-range forces and attractive short-range (Dirac
function) forces. This model is highly complex and requires a large
number of parameters. Ball, et al. (1985) have simplified the
Planche and Renon model by neglecting several small terms. Osmotic
pressure of several aqueous salt systems has been correlated up to

approximately 6 molal.

To correlate the effect of electrolytes on vapor-liquid equilibrium,
Furter (1975), Rousseau and Boone (1978), and Schmidt and Vogelpohl
(1982) use "pseudo-binary" approaches. Ternary liquid mixtures were
reduced to psuedo-binary mixtures, for example, using a salt-free
basis. These approaches lack a realistic physical basis and are
ambiguous in application to multicomponent non-electrolyte and

electrolyte mixtures in general.

Shoor and Gubbins (1969) developed a model for prediction of
non-polar gas solubilities in aqueous electrolyte mixtures based on
scaled-particle theory. The model can predict gas solubilities well,
however the solubility is extremely sensitive to the molecular
diameter. Also, the model is not applicable to partial molar

properties of the electrolytes and water.

11



The chemical theory of solutions provides a useful method for
description of highly non-ideal systems. A general formulation of
chemical theory, Copeman and Stein (1982), was applied to the aqueous
monoethanolamine-acid gas system by Copeman and Stein (1983). The
effect of the partially-dissociating acid-gas and monoethanolamine
chemical equilibria on apparent unsymmetrical activity coefficients

was illustrated.

If the electrostatic interactions in aqueous solutions were to be
postulated as chemical equilibria, the shape of the "apparent"
activity coefficient curves could not be accurately described with a
simple one-reaction model. The model could be extended to include
more reactions with different stoichiometric coefficients, however
the complexity increases dramatically (see Huemer and Moser, 1981).
The behavior of strong electrolytes is too complex to be described
easily by a simple chemical-theory model, and the predictive
capabilities of chemical-theory models for the nonidealities of
strong electrolytes are very limited. Chemical theory is best
applied to the chemical equilibrium of partially dissociated species

in solution.



2. Perturbation Theory (General)

Perturbation theories have contributed significantly to the
understanding and modelling of fluid-phase behavior, Gubbins (1973).
These theories enable the properties of real systems to be predicted

from the known properties of a chosen reference system.

There are various ways to expand the properties of the real system
about a chosen reference system. The most widely used and highly

successful perturbation method (Eyring et al, 1982) was derived by
Barker and Henderson (1967). In their approach, the pair potential

is separated into two portions:

®,,(r) = (& Dolr) + X&) (2.1)
where
(@, 3)o(r) = pair-potential energy of reference system
(P ;).(r) = pair-potential energy of perturbation
X\ = a parameter which can vary from zero to unity.

The configurational Helmholtz free energy is expanded in a power
series in A to give:

A = Ao + X(BA/B)\) =0 *+ )\2/2 (32A/3)\2)x:o 4+ ... (2.2)

where Ao, = the configurational Helmholtz energy of the reference

fluid with potential (d,;)o

13



For a pairwise potential:

BA = In [ EXP(-B I $,,4{r)) dr,...dru 2.3
where B = 1/kT
r = vector distance r

The integral in equation (2.3) is the configurational integral.

Substituting equation (2.1) into equation (2.3) yields:
BA = In j EXP(-B E (6,00 + A&, ;),) dr,...dry (2.4)
Differentiating equation (2.4) with respect to A (Gubbins, 1973) gives

(3A/3\)r=0 = 2mp® VZZx.x,I?(@.j),(r) (g, 3)o(r) ridr (2.5)
where
V = total system volume
(gy4)e(r) = radial distribution function of the reference system
Therefore, equation t<.2) becomes (with A=1 to recover the real

system):
A = Ao + ZWPZVXZX|XJIO(¢iJ)1(r) (QQj)Q(r) T‘zdr‘ (2.6)

The salient feature of the second term in equation (2.6) is that the

radial distribution function of the reference system is used to

calculate the thermodynamic properties. Many common equations of
state can be derived from equation (2.6) (see McQuarrie, 1976 for a
derivation of the van der Waal's equation of state) by making
reasonable assumptions about the radial distribution functions of the

reference system.



The second-order term in the perturbation expansion is highly complex
(Donohue and Prausnitz, 1977), involving three and four body radial
distribution functions. Henderson and Barker (1971) obtained a

tractable expression.

The second-order term is:

BA, = - mp EEX,X; [ ¢3;(r) (g, polriridr
S2mp 2 LI Xy X f @y y{ri2)y 5(ras)
((g,,)o(r,2)(gjk)°(r23)(g.k)o(r,,) - (gyy)olri2)
(gy)olras)driadr, (2r3 a2/ (r 2)drs drsz)

—(ﬂ/Z)pJEZEIX|XJXkX1 J. erl (2.7)

where the integral in the last term is a complicated function of
radial distribution functions and pair potentials integrated over a
complex r vector. As stated by Donohue and Prausnitz (1977), the two
higher-order terms in equation (2.7) have little engineering utility,
as they would be extremely difficult to evaluate. However,
perturbation theory is useful as a guide in the development of both
pure fluid and mixture equations of state for engineering

calculations (Henderson, 1979).
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3. Derivation of the Primitive Mean-Spherical-Approximation Model

for Non-Equal Diameters

The Mean-Spherical-Approximation (MSA) model was first solved
analytically by Waisman and Lebowitz (1970, 1972) for the primitive
case with equal-size ions. (The "primitive" case is defined as
charged hard sphere ions imbedded in a continuum dielectric.) The
solution of the MSA for the primitive case with arbitrary-sized ions
was obtained by Blum (1975) using Baxter's factorization (1970). The
MSA model provides a "screened" radial distribution function for

inclusion into the energy equation:

U = 2wp2LEX, X, jj¢.Jg,J<r>r%,dr., (3.1)
where

U = configurational internal energy/per unit volume

p = density

d, = pair potential energy

g.;(r) = radial distribution function

r - radial distance from the center of molecule i to the

center of molecule j

For the coulombic potential:

eZZ\ZJ

¢13 2 —-———— (3-2)
Dry;

e = elementary charge

7 = charge number

D = dielectric constant of the solution

r = center to center molecule distance

16



we have
U = (Zﬂpzele)XZX‘XjZ‘ijog.J(r)r“Jdt‘.j (3-3)

The goal is to obtain an analytical expression for the "screened"
g,y which reflects the collective effect of the ions on the
solution properties. The derivation of the MSA begins with the

following definitions of the total and direct correlation functions:

hyj(r) = giy(r) =1 ' (3.4)
where

h,;(r) = total correlation function
and

hyy(ri2) = Cigriz) + L pe [ e (ras)Cyulrys)drs (3.9
where

¢, ;(r) = direct correlation function

dr, differential volume element

Equation 3.5 is the Ornstein-Zernike (1914) equation which describes
the total correlation between molecules 1 and 2 with a direct effect
of molecule 1 on molecule 2, and an indirect effect through molecule
3. The first term on the right side of equation 3.5 is the direct

effect and the second term is the indirect effect.

17



The basic assumptions in the MSA model are:

hysj(r) = -1 for r < oy (3.6
and

Ciy(r) = -Bd,; for r > 04, (3.7
Equation 3.6 is exact for a potential with hard-sphere repulsion.
Equation 3.7 is derived from the asymptotic behavior of ¢i;{(r) at
large r from the Hypernetted Chain relation. The Hypernetted Chain

relation is (see Reed and Gubbins, 1973):
Coyfr) = gis(r) = 1 = In gy3(r) - B (3.8)

As r gets large, g.;(r) approaches unity. The asymptotic
approximation is reasonable since the energy equation (equation 3.1),
and hence thermodynamic properties, involve the integral of ¢;;(r)

(or analogously h,;(r)) from zero to infinity.

The basic procedure will be to transform the Ornstein-Zernike
equation into Fourier space and factor the equation into functions
which are analytic in selected domains of the complex plane. The
inverse Fourier transform will then provide the desired relations for

substitution into equation (3.3) for g:j.

The three dimensional spherical Fourier transform of a function

¥(r) is given by

¥(k) = [ArEXPCiker)¥(r) (3.9

18



Performing integrations over the angles (Eyring, et al., 1982) yields:
¥K) = 4«y:dr(r/k)sin<kr>v<r> (3.10)
The Fourier transform of h,;(r) and c,,(r) are defined by:

Cy (KD

4w(p.p,)"2f:drqj(rij/k)sin(kr‘J)c.J(r) (3.11)

and

Hy 4 (KD

4ﬂ(p‘pj)]/2I0driJ(rgj/k)Sin(quj)h|J(r) (3.12)
Multiplying the Ornstein-Zernike equation by 4w(pipy)'"?
(ri;/k)sin(kr, ;) and integrating over dr.y (in bipolar

coordinates) yields

H\J(k) - Csj(k) = 4ﬂ(p|pj)'/2(r.j/k)Sin(kriJ)dr.j

Zﬂ Epk fofu(r‘krkj/r|j)dr1kdrk1h1k(r)ck3(r) (3.13)

Reversing the order of integration yields:

Hij(k) - qu(k) = ZprkIOT;kh‘k(r)dr‘kIOTkJCkJ(r)drkj

B (T‘;k + Y‘kj)
I dr.j4ﬂ(p.pj)‘/zsin(kra3)/k (3.]4)

_|rik-rkj| _
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The integral over dr,; can be performed easily:

(r|k + rkj)
dryysinCkr, ) /k = k72(cos(k(ry - ry))

Fie = vyl
- COS(k(qu + rkj))) (3-
where
k-2(cos(k(rix - rvy)) - cosklry + res))) =
2k~ Zsin(kr )sin(kryy) (3.
The Fourier-transformed Ornstein-Zernike equation becomes
HiJ(k)—C.j(k)=]6w2(p|p1)‘/zipkfo(r|k/k)sin(quk)h‘k(r)drik
jo(rkj/k)sin(krkj)ckJ(r)drkj (3.
Substituting equations 3.11 and 3.12 into equation 3.17:
Hyj(k) - Ciy(k) = E Hiw (k) Cuy (k) (3.
An equivalent form incorporating Kronecker deltas (&8, = 1 for
i=7jand =0 for i 4 J) is derived as follows from equation 3.18:
ZH|k(k)8kj - XCkJ(k)Ssk + 6}3 - ZHik(k)CkJ(k) = 61J (3.
or
2<H§k(k)6kj - CkJ(k)qu + 8|k6kj - H‘k(K)ij(k)) = 6|j (3.
or
Z(qu(k) + qu) (8kj - ij(k)) = 6() (3-
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Equation 3.21 is the starting point for application of Baxter's
factorization. The Fourier transformed total-correlation function

must be finite and therefore &.; - Cuj(k) must be non-singular.

Separating C.;(r) into short (hard sphere) and long-range

contributions:

ij(r) = Csj(r) - 8_922ij (3-22)
Dru

and adding a factor on the long-range term to ensure a non-singular

transformed equation; equation (3.22) becomes

Cuy(r) = ciy(r) - 1im Be*Z.2; EXP (-t|r|) (3.23)
T"O Drk 3

where T = a constant
The Fourier transformed equation (3.23) becomes

ij(k) = Cej(k) - ‘im 4ﬂ(pkpj)‘/zﬁezzkzj/(k0)
0

[ sintkry D EXPC-|T|)dr (3.24)
1]
From the Laplace transform tabtes in Arfken (1970):

I S:ln (kT‘kj) EXP (—‘tlf‘kjl)drkj = k (3.25)
° 2 + K?

Equation (3.24) becomes

Cuy (k) = CO4CK)-Tim dmpepy) ' 72 (B2, Z) /(D (x* + kD) (3.26)
0
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The poles of equation (3.26) are at k=it and -it, rather than on
the real k axis. Baxter's factorization of equation (3.21) is shown

in equation (3.27):

6,y - C2y + 1im dm(pyp,) ' 72Be?2,Z,/(D(x*+k™)) =

20
£Q4 1 (K) Q. (KD (3.27)
where
T
QH((k).. = 5”( + (P|Pk)]/2 (- J- dr.kEXP(ikth\k(r)
Akt
e Al dr EXPOr  Cik-T)L)) (3.28)
Ay
Ok j
ij(k)_ = Sjk + (pjpk)l/z (- I dr’JkEXP(ikr)_ij(T‘)
)\kj
e A dry EXPCry (ik=-T) ) (3.29)
Ak g

In the above equations, the subscript + denotes a positive k domain
and - denotes a negative k domain. The first two terms on the right
side of equations (3.28) and (3.29) were first deduced by Baxter.
Blum (1975) added the last terms into the equations to account for
the long-range contribution. Note that Q(k) has singularities only
in the lower k plane. If k=-it, the third term diverges (after
integration). Using the Laplace transform tables in Arfken (1970), a
term with 1/(ik-t) is obtained. Also note that integration on the
lower-half plane produces a divergence in the second term for Q+,

which can most easily be observed on the imaginary axis.
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On the imaginary axis in the lower half plane, the exponential factor

for Q+ in the integral becomes

EXP'*® = EXPHY (3.30)

As y approaches -=, an integration on the semicircle in the lower

half plane would diverge. Conversely Q. approaches unity.

One property of Q(r) should be noted:

Q(r) must approach zero as r approaches infinity for Jordan's Lemma
(Arfken, 1970) to be valid for definite integrals of the Fourier type
in the complex plane. This is reasonable, since Q. (r) is a

factorization of CV,(r).

The constants o, and X,y are "range parameters" for integration
] h]

of equations (3.28) and (3.29

where

oqj (Oi + 03)/2 (3-3])

X|j (01 - 03)/2 (3.32)

1}

The upper limit of the second terms in equation (3.28) and (3.29) is
set to o, since CTy(r) = 0 for v > oy (consistent with hard sphere
repulsion). The upper limit of the third terms in equations (3.28)
and (3.29) is set to @, since the long-range contribution to C;

decays slowly with increasing r.
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Useful constraints on Q.;(r) and A,;(r) can be derived by taking
the Fourier inverse of equation (3.27). Substituting equations
(3.28) and (3.29) into equation (3.27):

613 - C?j(k) + 4ﬂ<pqu)‘/zBezqu]/(D(tz+k2)) =

Tu1
281k61k+281k(p|pk)‘/2(—I dr|kEXP(ikr|k)+Q|k(r) +

Nic 1
Avi] dr, EXP(r,  (-T+iK) L))
Xk\
Ty
+ quk(pjpk)‘/z(—f erkEXP(iKer)-QJk(r) +
A s
AJkI dfjkEXP(er(—t+1k)_))
M

Owi
Z(p,pk)'/z(I dr“kEXP(ikrik),,Q,k(r))(pjpk)”z

ki

+

Tk y
(] dr EXPCIKF 10 Qqu (X))

M s
Cu ®

+ Z(p;pk)]/z(—f dr|kEXP(ikr1k)+0|k(r)AJkI drjkEXP(er(—T+ik)_)
Ak i Ay

O Ok 3
ZAikI dr‘kEXP(rik(-t+ik)*)(pjpk)1/z(-f drjkEXP(‘ikr)_ij(r))

+
in Rkj
T s O3

+ EAikf dr‘kEXP(qu(—T+ik)+) AJRI erkEXP(er (—T+ik)_) (3.33)
A Ay
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Noting that terms with I§,.( D equal € Dy and 85 ¢ Dy

equal ¢ )., equation (3.33) becomes

- CYy(k) + dn(p,p,y) ' 726?225/ (D(x*+k*)) =

w

Ty
(p|pj)l/2(-f dr|jEXP(ikr|J),Qsj(r) + A‘JI EXP(F,;(—!+1K),))
XJ| Xj;

a

Ty
(pqu)]/z(—f dr,.EXP(-ier.)_QJ.(r) + Ajif EXP(ch(—T+1k)_))
Ay g Ay

+

+

Tkt
Z(p.pk)‘/z(f dr.kEXP(ikr.k)+Q|k(r))(pjpk)'/2
k1
Oy
(- dry EXPCKT ) Qqu(r))
M

o 0]

T
E(p‘pk)'/z(—f dquEXP(ikr|k)+0|k(r))(AjkI erkEXP(er(-T+1k)_)
Ak s Ak 3

+

© Tk j
ZAik(f dr‘gEXP(r‘k(-t+ik),))(p|pk)‘/z(—f erkEXP(—ikrjk)-ij(r))

+
A Ay

+ IA dr, EXPOr v (—t+1K) D (Ag S drj EXP(ry ) (-t+1k) ) (3.348
A A 3

Multiplying equation (3.34) by (2v) " "Cpipy) ' TPEXP(-ikr{;) and

integrating from -» to = yields the appropriate inverse Fourier

transform. The inverse transform of the first term is obtained by:

@©

~2m " (pipy) T P [ COIKIEXP(-Tkr{ ) dk=

~2f  EXPC-ikr{dk[ driysinckr ) (r,/KIet () (3.35)

G -]
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Noting from Butkov (1968) for analytical functions:

B b b B
[ h(2)dZ | F(Z,s)ds = [ ds [ h(D) f(Z,s)dZ (3.36)
b4 a 3 Y

Equation (3.35) becomes

=-2 jodrijr,jc?j(r) | dKEXP(-ikr{)sin (kryy)/k (3.37)

Using the identity:

sin(kt) = (EXP(ikt) - EXP(-ikt))/2i (3.38)
where t = ry;

equation (3.37) becomes

e o]

= -2 [ dt tch()f dkEXP(-ik(rf=t))-EXP(-ik(r +t))/2ik (3.39)
r; -
For t > r7, and t < r7,, the integral over dk is zero since the
integral over the arc in the lower half plane is zero by Jordan's
Lemma and the individual residues of each exponential term cancel.
However at t = r{,, a 2wi residue results, yielding

a

= =2r [ / dt tcf () (3.40)
ri,

The inverse transform of the second term in equation (3.34) is
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@

QM) "pip) 72 [ dk EXP(—ikrfJ)4ﬂ(p.p,)"20922.21/(0(12+k2))

a

=2f dKEXP(-ikr{;)Be?Z,Z,/(D(t?+k*))

a0

The poles of equation (3.41) are at k=it and k=-it. Integrating

(3.41)

in the lower halfplane yields only one pole at k=-it. There is no

contribution to the integral along the arc in the halfplane by
Jordan's Lemma. The residue is 2wiEXP(-tr{,)/(2iv) or

wEXP(-1r7,)/t yielding
- 2w B e?2,2,/D EXP(-tr{ )/t

The inverse transform of the third term is
@ Ty
-2m)~" [ dk EXP (-ikr{y) [ driy EXPCikr ;) Qij(r) =

-0 )\ji

oj'l o
—(21’\')-‘(‘)1‘33)_‘/2 I dr‘jqu(r) _r dkEXP 1k(r|j-r{3)
Ay -

The integral over dk is 2wU(r{,) (see Mathews and Walker, 1970)

where U(r7,) = 1 for r,;=r7, and O otherwise,

T
- I dr, Q. (HUr?y)

A

- Qi y(rSCriy = Xy0)

where S (r{; - 2;) =1 for any ry; = r7, larger than ;.
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The inverse transform of the fourth term is

(Zﬂ')—‘ _r dkEXP(-ikr(,) I erj EXP(T".J(—‘I: + ik)) A1j
—~® kji

=20 'Ayy [ dryEXPC-Tryy) dkEXP(ik{r, ;=17 3)) (3.46)
X_“ -0
Again evaluating the integral over dk as 2wU(r7,), equation (3.46) becomes:

[ -]

= Ay [ drygEXPCotry ) UGrTy) (3.47)
A

Integrating equation (3.47) gives

= A EXP (-Trf ) SGrfy = A50) (3.48)
3

Likewise, the inverse transform of the fifth and sixth terms are

= =0, () S (rf, - N\ig) (3.49)
and

= Ay, EXP (=trj ) S (ryy - Ay) (3.50)
respectively.
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The inverse transform of the seventh term is

©
22m (prpy) ' 72 OKEXP(-iKr{ ) (pipi) ' 2

Ok

I drikEXP(ikr.k)qu(r)(pka)‘/z
At

Tk

[ dr  EXPOIKr Qi)

Kkj

T Ok j
= zka dr|k01k(r)f drijjk(r)U(rfJ) (3-5])

Nics Xkl

The inverse transform of the eighth term is

s ]

_£(2m " (pipy) 73S dKEXPC-ikrT ) (pipn

@

172
)

Tt ®
I drikEXP(ikr|k)Q.k(r)(pjpk)]/ZI drjkEXP(r§j(—T+ik))AJk

Ak Aw 3

L @
= -Zka dr|k0‘k(r)f dr,kAjkEXP(-trjk)U(rf,)
Ak Ak j

Likewise, the inverse transform of the ninth term is

Tuj @
= —Zka erkQJk(r)I drikAquXP(-Tr|k)U(r{j)
ij in

29
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Finally, the inverse transform of the tenth term is

w® @

E(Zﬂ)-l(pipj)—‘/zj dkEXP(—ikr:J)A|kI dquEXP(r|k(‘T+ik))AJk

® Akt

=]

f erkEXP(rjk(—t+ik))(pqpk)'/z(pjpk)1/2

kkj
@© [+
= EpkA.kAjkI dr|kEXP(—Tr§k)I erkEXP(-Trjk)U(r{j) (3.54)
Aw A g
= EpkAqkAjkI drskEXP(-Trgk)EXP(Tr{j—Trik) (3.55)
A
= kaAqkAjkExP(Tr{J)EXP(‘ZTRk§)/21: (3-56)

The total inverse transformed equation is
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@©

“2uf  dt tcoi (1) + 2wBe’Z,Z,/D EXPC-Tr{y)/T =
Ty

-qu(r)S(r:J—kj|) + A|JEXP(—Tr{j)S(r:j—Xj|)

—ij(r)S(r;1—Xij) + Aj‘EXP(-Trgq)S(rgq—xtj)

Tk Twy
+ zka dr.quk(r) I drijJk(r)U(rfj)
Ais Ay
Okt @
- Epef  driQu(r) I drylA g EXPC-Tr 30U )
At Ay
Ok j @
- kaf drjk03k(r) I dr‘kA.kEXP(—tr.k)U(rfj)
Rkj xki
+£pkA,kA,kEXP(trfJ)EXP(—Zth1)/21 (3.57)

As noted by Blum (1980), various conditions and relationships between
the parameters exist. First, letting t approach zero (to recover

the original system) yields
4“69221Zj/0 = EpkAikAjk (3-58)
Next, define the constant a as

o’ = 4mBe*/D (3.59
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The A's in equation (3.58) represent unknowns, in our derivation and
by noting some important properties of the «Z and A matrices, an

important factorization can be obtained.

For a binary system:

2,2, thz plA|1A11+PzA|zA|2 PlA1|A2|+PzA1zAzz
a? = (3.60)

1,1, 1,1, PiAZIAII+PZA22A|2 PIA2|A21+PzAzzA22

We would like to define a new unknown parameter a by the following

relation
Ziaw = Asu (3.61)
The validity of the indices of Z and a is shown below.
Substituting equation (3.61) into equations (3.58) and (3.59) yields
a2, = Ipcliawlia (3.62)
The Z's in equation 3.62 can be pulled out of the summation to give:
2,2y = LiZ Ipududu (3.63)
which verifies the assumed Z index in equation (3.61).
The eigenvalue relation of the left side of equation (3.60) is

Xz - )\(Z]Z] + ZzZz) = 0 (3.64)

32



yielding only one non-zero eigenvalue.
The eigenvalue relation of the right side of equation (3.60) is
2 - gy Ziiaah - p2liZia23:N - p2127:3:3:
- prl22:aax =0 (3.65)

Equation (3.65) also has one non-zero eigenvalue.
Equation (3.57) provides two more useful relations. At riy = 0.3,
the first term is continuous, however the integrals on the right side

terminate at o,;, and to preserve continuity
Q\J(O) = 0 (3.66)

Finally, by exchanging the i and j indices in equation (3.57) in the
limit as =0 at r.; = Ay yields the following symmetry

relation:
-QQJ()\) + Aij = —QJ‘(X) + Aji (3-67)

Now, the inverse Fourier transform of the Ornstein-Zernike equation

in terms of the Weiner-Hopf (Baxter, 1970) factorization is:

(8 + Hi(KCE, Qi CKIQ7 (kY)Y = 684y (3.68>
As an example, for the 1,1 element of a binary mixture:

(8,1 + Hi 1 (k)XQH (KIQT (k) + Q:i2(k) Qy2(k) +

(8,12 + Hia (k) €Q2 0 (kIQT 1 (k) +Q22¢K)QT2(K)) = &1 (3.69)
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Equation (3.68) can be written in matrix notation as:
(§ + H(K)) Q) Q)" =8 (3.70)
Or, analogously:

(§ + H(k)) Q(k) = & (Q (KT ! (3.71)
The goal is to take the inverse Fourier transform of equation (3.71).

The right side of equation (3.71) is given (for a binary) by

Qz2¢k) -Q72(k)

Q(Q"(k)r)'l = 1
QTu(k)QEz(k)-QTz(k)QEl(k) -Qz: (k) Q. (k)

(3.77)
Taking the inverse transform of the right side of equation (3.71)
yields zero, as noted by Blum (1980) since the integrand has no
singularities in the lower half complex plane. The inverse transform

of the elements on the left side of equation (3.71) is

o

(2m - (prpy) " 2 dKEXPC-Tkr{ DT(8 ey k) (k) = 0 (3.72)

oo

Substituting equation (3.28) into equation (3.72) yields
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Qo (pip) 7P [ OKEXPC-ikrTy) | 81y - Cpupy) T
-

T3t «©
I erjEXP(ikr|j)qu(r) + (p\Pj)l/zAijI drquXP(r1j(1k—T))
XJ1 in

T3k
+ H| j(k) -XkHu(pka)]/zf dr‘kjEXP('ikY‘”)Q”(r‘)
)‘jk

L.}
e TeH (O Cpup ) “2Aky]  driEXPOr (ik-1)) | = 0 (3.73)

K -

The inverse transform of the first term in equation (3.73) is zero,
while the inverse transform of the second term is -Q,;(r") (see

the derivation of equation (3.44)). Letting © approach zero, the

inverse transform of the third term is Avy.

The inverse transform of the fourth term is obtained by substituting
in equation (3.12) for H, (k) and noting the analogy with equation
(3.35). The inverse transform is analogous to equation (3.40):

[e 2]

20 [ dt thD (3.78)
rey

The inverse transform of the final terms require the definition of

the Fourier convolution. From Butkov (1968):

@©

F-ULOOMK) ) = [ 1¢r) m(r7-r)dr (3.7%

-0
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where F~' denotes the inverse Fourier transform

The inverse of the fifth term is

-]

fodr.ksin(kr,k) (k/ri)hy ()

o«

21p.f  dKEXP(-ikr{ )

Ojk

] dr. ;Qu 3 (r)EXPCikryy) \

Aju _
Cik - ® -

Spuf  dresQuy(r) |2nf  dt t hi (b (3.76)
xjk 'r{k_rkjl -

Note that the limits on the outer integral on the right side of
equation (3.76) are not -= to =, but rather A.; to oy-
These 1imits are consistent with the change of order of integration

step in Butkov's (1968) derivation.

The inverse transform of the sixth term is

- ]

[ driesintkry) (K/ryOhyedr)
0

=]

28p.]  dKEXP(-ikrf )

N -]

[ drusAc EXPCikryy)
Ak

@®

217‘[ dt t hik(t)
Irfk-rkjl

@

Ipef  driAc
A

(3.7D)
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The inverse transform of equation (3.73) is therefore:

20f 4t t hiy () - Quyr) Ay -

rQJ
ik - @® h
Zpk I drkakj(r) 2“ I dt t hik(t) +
)\jk Ir{k'rk” -
‘Epk I drijkj Zﬂ I dt t h1k(t)
7\3.( Ir{k—rkjl _ (3.78)
The electroneutrality condition presented by Blum (1980) is
4ﬁZkak Iodqur%khik(r) = —Zi (3-79)
k
Multiplying equation (3.79) by a; and using equation (3.61)
4nIpiAu g Iodrikrfkhik(r) = -A; (3.80)
Using integration by parts, equation (3.80) can be written as:
LpwAx g fodrfi 20 [ dt t ho () = Ayy/2 (3.81)
rik
Changing variables in equation (3.81) using r{{ = | rie-rv; | yields
ZpkAkj I drkj Zﬂ I dt t h\k(t) = qulz (3.82)
ri | rfe-rug
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Using the above relation in equation (3.78), equation (3.78) becomes

ZWI , dt t h|j(t) - qu(r/) + A|J/2 =

rey
Ty« - e -
Ep« I drkJQk,(r) 2w f dt t hy (1) -
Ak - Irie-risl -

Tl ®
EpkAkJ I drkj ZW I dt t hik(t)
Ak |r{k-rkj| _ (3.83)
Now, expanding Q,,(r) in a Taylor series about Qi ;o) yields
3%Q 8%Quy
Q.,(r) = Q(J(o) + (r{j-o‘j) -_— 4+ ]/2(r<1—01j)2 —_— (3.84)
Ity 3ri 2

The first and second derivatives of equation (3.83) will be taken

using Liebnitz's rule. Liebnitz's rule is written as follows:

bOx) b(x)
d | Y(t,x)dt = [ 3 Y(t,x) dt + Y(b(x),x) db(x) - Y@a(x),x) da(x)
dx a{x) a(x) ax dx dx

(3.85

Taking the first derivative of the first term (with respect to r”)

in equation (3.83) yields:

@

d 2w [ dt t h () | = -2m r{h () (3.86)
dr’ ry
i3 [
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The first derivative of the second term in equation (3.83) is

8Q,,(r”)/ar7, while that of the third term is zero.

Taking the first derivative of the fourth term in equation (3.83)
yields

d Ok @
3r,j :pkf drkjokj(r) ZW I dt t h|k(t) =
A o Irferigl

Tk 9 ©
ZﬂZka drkakJ(r) 3r.1 I dt t h‘k(t) =
Ay rfe-rusl

Ojx - -
—szpk I drkakJ(r) (r{k—rkj) h.k(r/-r)
A
(3.87)

Taking the first derivative of the last term in equation (3.83) yields:

R T ® ®
8r|j z pkAkjf drkj 2w I dt t hqk(t) = -ZprkAka dt t hqk(t)
A _ [rfe-ris]  _ ¢
e
+2w2pkAkJI drkj(rfk-rkj) hik(r/"r) (3.88)
Ay

The first derivative of equation (3.83) is therefore
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O3k
-Zﬂrfjh1j(r/) - BQ.J(F/)/arfJ = —ZﬂZpkf drkJQkJ(r) (r{k-rkj) h‘k(r/—r)
Ak

® e
—ZszkAkjjodt t h|k(t) + ZﬂzpkAij-x drkj (rfk-rk,) h1k(r/-r) (3.89)
ik

We now restrict r” to be less than o and note than h = -1 at

that condition. Equation (3.89) becomes

("
Zﬂrfj = BQ,J(T/)/arfJ = Zﬂzka drkJQkJ(r)(rfk—rkJ)
Aju

’
@ ik

—ZﬂZpkAkJIOdt t h|k(t) - ZﬁzpkAijX drkj(rfk—rkj) (3-90)
ik

The subsequent derivative of equation (3.90) is

/
0j L

k
2“ - azQiJ(F/)/Brsz = ZﬂEpkf drkakj(r) - ZﬂZpkAka drkj (3.9])
ST Ak

Once more, taking the derivative of equation (3.91) yields
—aaQ‘J(r/)/Br(JS = ZprkAkJ (3.92)

Noting that the right side of equation (3.92) is zero by

electroneutrality, and equation (3.92) becomes
asQ.j(r/)/arfj3 = 0 (3.93)

Convenient definitions are presented in equations (3.94) to (3.97),

following Blum (1975)
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i1
{j I dr‘jQ.J(r)

XJ|
Ty
J{g = I dr|301j(r)r|j
Ay
B, = IpcZe [ dt t hui(D)
Xn = zpko: Zk

(3.

3.

3.

3.

Equations (3.90) and (3.91) can be rewritten using equations (3.94)

through (3.96) as:

Zﬂr{j - aqu(r/)/arfj = ZWEkaﬁjrfk - ZﬂZka:;

e
- ajB| - Zﬂipka,Zk I drk, (r{k-rkj)
A
and
2 ri
2n - azo.j(r’)/arfj = Zﬂzka:J - ZTszkajZk I drkj
Ay

At r’ = of, equations (3.98) and (3.99) become

2w,y - 8Qiy(r7)/3r7y = 2vlpdiyony - 2wEpi i

_ a,B, - ay 2wEpuLi(o oy y-hey) = 1/2€ad A, D)
and

2
2w - azoij(r/)/arfj = Zﬂzka:J - dy ﬂEkak(o\,-XkJ)

Using equation (3.97), equations (3.100) and (3.101) become
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(3.

3.

94)

95)

96)

97)

98)

99)

100>

101)



o k1
2"01j - 80.j(r/)/3rfj = ZWZka(JG.j - ZszkJ:; = ajB| = Gian| = asz
2 4

(3.102)
and

2n - azQij(r/)/ar/fj = Zﬂzkaij - aj T X (3-]03)

Substituting equation (3.84) into equations (3.94) and (3.95) and
noting that the first and second derivatives with respect to r’
at r{,=0,, are constant yields

T34 G
jj 8Q‘j/8rfjf erj (r.j-o‘j) + 82013/8r132f drgj(r|j—01j)2lz

A s
(3.104)
and
Tji LER!
J{j = BQ\jlarfJI drij r‘J(r‘j-o.j) + BzQ,j/BrfJZI dr|;rq1(r‘j-0qj)2/z
xj\ XJ|
(3.105)
Integrating equations (3.104) and (3.105) yields
T3 Ty
37,=0Q, ;1arT 1 (riy/a-ay 37Ty ) | +320‘J/ar132(r?1/3'r$30‘J*r‘30%3)/2 |
Aj Xy
(3.106)

and
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O3
05 = 8Qy arly(rigls - ayriy/d| 4
qu

Gy
BZQ.jlar/fj(r?Jfa - 2/301Jr?,+of1rfj/2) I (3.]07)
Aj

Evaluating the 1imits in equations (3.106) and (3.107) yields

J{J = -of/z(BQ‘,/Brf,) + 0?/5(320|j/ar152) (3.108)
and
J{g = —(3010% - 0?)/12(80‘3/8rfj) + (o?/12)820.j/8r{§ (3.]09)

Substituting equations (3.108) and (3.109) into equations (3.102) and

(3.103) yields:

£20;W

w
3Q|jlar%j = (2 + + aj (X] +Zpkac§)) (3.]]0)
A A '
we, WO, €20,0ym 3y Ny a0,
Iy ==t ( — + — + + + (X1 + ZpeNo®))
6A 24 1247 2 124
(3.1
where
A = 1- we;3/6 (3.112)
€m = LPkOk (3.113)
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@ v L
N| = ZkakZW Iodt t hk|(t) + — X2 + — ZpkoaNk (3.]]4)
4 6
Further progress is made by multiplying the inverse Fourier transform
(equation (3.83) by p:Z, and summing over the index i for r,;=0:

©

ZWZkakfodt t hkj(t) = ZkakaJ - aj /prklﬁ +

a [ ] o

ZP|Z1(Epk ij ZWIOdt t h|k(t) - ZprkAkJIOdt t h|k(t)I drkj) (3.]]5)
Ay
Using the following definition

oo}

Bj = ZPkaZWIOdt t hkj(t) (3.]]6)
and substituting equation (3.116) into equation (3.115) yields
a;

Bj = EkakaJ - ZkaE + ZpkBk(J:j + Akjkjk) (3.]]7)
2

Substituting equation (3.84) into equation (3.117) yields

a; = 2(Ny + oyAw/28)/d (3.118)
where

d = Ip(Ze + No)? 3.9
and

A = L(puonli + puoiNy) (3.120
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Now that we have an expression for a;, we can determine the
coefficients to the Baxter correlation function by substituting
equations (3.118) and (3.119) into equations (3.110), (3.111) and

using equation (3.108). The resuiting equations are:

L €20,W

320|J/3rfj = — (2 + + aJA) (3.]2])
A A

and
w g, + 0y + 0'10'_1621’

8Q,,/3r., = - ( ) - da,ay) (3.122)
A 24

The symmetry relation (equation (3.67) enables us to reduce the
number of unknown parameters (a; at this point). Writing
Ayi=Qs1(xyy) in terms of the derivatives of Q (equation

(3.84)) and substituting in equations (3.121) and (3.122) yields

m
AJ“‘OJ\(XqJ) = — ¢;035 - 31(OJNJ + ZJ) (3-]23)
A

Note that for all pairs of ions

di (NjOJ + Zj) = aj (N\O| + Z‘) (3-‘!24)
or
(NjO’J + ZJ)/aj = Constant = (N10| + Z‘)/a. (3.]25)
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Using equation (3.118) and defining a new constant T, yields
(Njcj + ZJ)/aj = d/(ZF) (3-]26)
Rearranging equation (3.126) and using equation (3.118) yields

w
[ (NJOJ + ZJ) = —(NJ + OJA _‘) (3.]27)
24

Further rearrangement yields

o
NJOJ + ZJ = (ZJ - U§A - )/(] + OJF) (3-]28)
24

Multiplying equation (3.128) by pj0; and summing over index j yields

ool A PO

Epkok(NkOk + Zk) = 2 - — L (3.]29)
1+o.T 24 l+o.T
or
PrTLi T POk
A= (L Y/ 1+ — 1L ) (3.130)
1+o0.T 24 1+0.T

Therefore, equations (3.128) and (3.126) can be shown to provide a,

in terms of known parameters

2T T
a; = — (Zy - oia—) / (1 + o;D) (3.131)
D 24
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The energy equation (in terms of the total correlation function) for

a mixture of ions (described by the primitive coulombic potential) is

e? ®

Uion = 2r — LT P|szizj Iodrljrij (h1j(r) -
D

Noting electroneutrality, and substituting equation (3.116) into

equation (3.132) yields

eZ

Uron = — I p3Z;3B;
D

Substituting equation (3.114) into equation (3.133) and again

observing electroneutrality yields

eZ

Uion = — L pJZJNj
D

Substituting equation (3.128) into equation (3.134) yields

w

(4}

Uign = — L ijJ((Zj/OJ - 0y A —) ! (1 «+ O'Jr) - Zj/OJ)
D 2A
or
ez A pJOJZj
Uian = — E (0,230,111 + 031> = 1) = — (
D 24 V+o,T
or
-ez p,Z?I’ w
Uion = — (I ¢ )+ — AP
D ]+Oj[' ZA
where
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(3.135)

(3.136)

(3.137)



w pkos
Q=1+—1
ZA ]+0kr

(3.138)

which is the result presented by Blum (1975).

48



4. Discussion of Non-Equal Diameter Mean-Spherical-Approximation Model

The derivation of the non-equal diameter Mean Spherical Approximation
(MSA) model for electrolyte mixtures involves considerable
mathematical manipulation. This section summarizes the derivation

and presents a physical interpretation of the resulting relations.

Equations of state for mixtures can be derived from the energy
equation (equation (3.1)), once an expression for the radial
distribution function (g,;) is known, by integrating over
temperature to obtain the Helmholtz free energy and differentiating
with respect to volume to obtain the pressure. In electrolyte
mixtures, one cannot assume a simple value or expression for g,
(e.g., unity) because the coulombic potential is long-range, and that
leads to a divergent integral. Fortunately, the electrostatic force
felt by an ion j some distance away from jon i is attenuated (or
screened) by the electrostatic forces of other nearby ions. This
"many-body" effect, once treated properly, eliminates the apparent
divergence. The derivation presented in section 3 was based on a
Fourier transform of the Ornstein-Zernike equation to obtain a

"ecreened radial distribution function".
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Free-volume effects on mixture properties are properly accounted for
in the MSA model (unlike the Debye-Huckel model and its many
variations) as a result of the definitions of the total correlation
function (h,,) and the direct correlation function (ciy) in

equations (3.6) and (3.7). Hard-sphere repulsion is assumed to exist

for all jonic and uncharged species.

The MSA internal energy is obtained to be the sum of
uncharged-hard-sphere and fionic contributions. An implicit
screening-factor (I) relation arises for mixtures with ions of
different diameters, requiring iteration to obtain the screening
factor. Table 4.1 presents a comparison between Debye-Huckel and the

jonic-term in the MSA.

The ion internal energy of both the Debye-Huckel and MSA models
becomes zero as the density or the ionic strength approaches zero.
The ion internal energy of the Debye-Huckel and equal-diameter MSA
becomes zero as the temperature becomes infinite. The ion internal
energy of the non-equal diameter MSA approaches a non-zero limit as

the temperature becomes infinite.
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Table 4.1

Comparison of MSA and Debye Huckel Equations

MSA
Screening
Factor

4nBe? 1,-wo2A/(24)

2T = ( ):p.(—————--—~—————)’)"2
D ]+O'|r
4vBe?
* 2l (14+0l) = ( Lp22)' 72
D

UION

-e? p 23T

Uren = — (L ( ) + — A*Q)
0 ]+0|r ZA
-e? 4nBe’ 4vfe?
* Uion = (Zpi22)( Ip23)7'7? (4ol Lpnli)' 72
Do? D D
4mBe’
- (1+20¢ Lpe28)' 7))
D
Debye-Huckel
Screening 4wBe?
Factor K= ( Tpuli)'7?
D
Uion 41(392
Uyon = ¢ Ip22)37%/8nB

D

* all ion diameters equal

51



Explicit MSA Screening Factor

As noted in Section 4, an implicit screening factor arises for
mixtures of ions of different sizes. Thus an iterative solution
is required, and the Helmholtz free energy can not be obtained
from direct integration of

B
A = B“IDU.ON(B)dB (5.1
because the ion internal energy is a function of the implicit
screening factor (I). Rather, the complex method of Hoye and
Stell (1977) using manipulations in Fourier space has been used
by Blum and Hoye (1977) to obtain an analytical expression for
the Helmholtz free energy, and hence an expression for activity

coefficients.

An explicit MSA screening factor relation would enable more
straightforward derivation of expressions for thermodynamic
properties, would facilitate analysis of the behavior of the MSA
and require minimal computational expense. An asymptotic form
of the MSA screening factor will be derived, about the

Debye-Huckel 1imit, by starting with equation 3.126
ZJ"’NjUj = daJ/ZI' (3.]26)

Squaring equation 3.126, followed by multiplying both sides by

px; yields
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pxs(Z+05Nd? = pxj ajd®/(4r?*) (5.2)
Summing over all j in equation 5.2 yields
pIx, (Zy+03Ny)? = pd?(Ix,a})/4r*) (5.3)
Substituting 3.63 into equation 5.3 gives
pIX (L +03Ny)? = a?d?/(4r? (5.4)
Therefore, the MSA screening factor is given by:
T = (a/2)(pEx,;(Z +0N;)H'72 (5.5)

Note that in the limit of small diameters, the MSA screening factor

approaches the Debye-Huckel limit divided by two (see Table 4.1).

The MSA and Debye Huckel ion internal energies do become equal in

this 1imit, however. To calculate the screening factor for

finite—size ions, the parameter N, must be known. An implicit

expression was presented for N, in Section Three as equation 3.114.
m U

Ny = IpuZi2r [ dt t huy + . Xz + p Zpioi (3.114)

To simplify the derivation in Section Three, a variable B; was defined as
BJ = zkakZﬂ Iodt thkj (3.]]6)
Equation 3.114 becomes

m w
Nj = BJ + - x2 + - EpkUaNk (5-6)
4 b
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Equation 5.6 can be easily inverted. Multiplying equation 5.6 by

3
PX30)

and summing over j yields

L "
pIX 03Ny = pIx, 03By + (pIxyoi) (= Xz + — pEX, aiNi) (5.7
4 6

Substituting equation 3.112 into equation 5.7 yields
0 = pIX.0uBy« + (1-8)(3/2pIx Lu0%) - BpEX. 0N, (5.8)
Substituting equation 5.8 into equation 5.6 yields

ki1 m
Nj = BJ + — pZXkaOi + — pEXkozB: (59)
aa 64
Now, in the Debye-Huckel limit, the total correlation function is
hy. = - Be’ 2,1 EXP (5.10)
Dr

Substituting equation 5.10 into equation 3.116 yields
B, = —(anBeZID)thkaE IodrEXP"““’ (5.1

Integrating equation 5.11 gives

Zj?_'rrpBez .
Bj = - EXJZJ (5-]2)
DK

or, more simply

B, = - ZK (5.13)
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Therefore, equation 5.9 becomes
K T
Nj = —Zj - + - pZXkacE - KpEXkoslk (5.]4)
2 4A 124
Equation 5.14 is substituted into equation 5.5 to give the explicit
screening factor
[+ 4 hig w
r = = (pEXJ (Zj + Oy (—"' pXXkaoﬁ - ZJ K - — szXkG:Zk))2)1/2

2 4A 2 124
(5.15)

Tables 5.1 and 5.2 compare the screening factor and ion internal
energy predicted by Debye-Huckel, MSA and explicit asymptotic MSA for
single salt in a solvent similar to water. Various ion sizes, ion
charges, temperatures, densities, and dielectric constants are
selected. The explicit MSA internal energy is calculated using only
the first term in equation 3.137. For ion diameters near that of
water, the second term is negligibie. At small ion diameters, the
MSA and explicit MSA screening factors agree closely and are one-half
the Debye-Huckel value; the internal energies predicted by all of the
methods agree closely. The Debye-Huckel screening factor, unlike
both MSA models, is not a function of ion diameters. The explicit
MSA becomes progressively worse, as expected, with increasing ion
diameters. For fixed ion diameters, the deviation between
predictions is larger at higher charge numbers. The MSA screening
factor and internal energy decrease as the ion diameter of component
two increases. The explicit MSA shows this trend only at charge
numbers of unity and low ionic strengths. It should be noted that
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the prediction of internal energy (and the other macroscopic
properties) is of key interest to chemical-process design

calculations; the screening factor is an intermediate quantity.

Inaccurate predictions of the explicit asymptotic MSA arise from the
terms in equation 5.10 involving By, which were based on the Debye-
Huckel radial distribution function. Remembering that the MSA total-
correlation function is unknown (the Ornstein-Zernike transformation
only provides an integral, over dr, of the value times r), an
empirical correction factor can be formulated for the explicit MSA

using the comparisons to the behavior of the MSA in Tables 5.1 and 5.2.

As the ionic strength increases, By should increase less rapidly than
given by equation 5.13. Equation 5.17 presents a simple

empirically-corrected expression for B;

B, = -Z; K (5.17)

Equation 5.17 approaches equation 5.13 at low ionic strength, low
density or high temperature. Tables 5.3 and 5.4 summarize the
predictions of the explicit MSA using the above equation. The proper
variation of both the screening factor and internal energy as a
function of ion size is observed. However, the predicted screening
factor decreases too rapidly with increasing ion size. To improve
predictions for ion sizes near that of water, a slight variation of

equation 5.17 is presented in equation 5.18.
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B, = -1, K
2 (0 + « (pix, 23000 %) (5.18)

Tables 5.5 and 5.6 summarize the predictions of the explicit MSA using
the above equation. The predicted screening factor and ion internal
energy generally decrease with increasing ion sizes, similar to the
behavior predicted by the MSA. At higher ion sizes, the explicit MSA
does predict a slight increase in screening factor with increasing ion
cize. However, the ion internal energy predicted by both the MSA and
explicit MSA decrease with increasing ion size at these conditions.
The explicit-MSA and MSA screening-factor and ion-internal-energy

predictions differ by a maximum of 35% and 17%, respectively.

Figures 5.1, 5.2, 5.3 and 5.4 illustrate screening-factor and
ion-internal-energy predictions of the Debye Huckel, MSA, and explicit
MSA (based on equation 5.18) for 1-1 and 2-2 electrolytes in a solvent
similar to water at 298 K. A constant density of 0.055 gmole/cm®, 20
mole percent of ions in solution, and a constant cation hard-sphere
diameter of 1.0 A® were assumed for these figures. The anion
hard-sphere diameter was varied from nearly zero to 3 A°. The MSA and
explicit MSA agree closely (within 1%) at the lower ion sizes,
independent of the cation to anion diameter ratio. At larger ion sizes
(1A° cation and 3A° anion), the methods agree to within 10% to 15%.
The agreement between the MSA and explicit MSA is a function of both

average ion size and size difference between ions.
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Figures 5.3 and 5.4 present jon-internal-energy predictions for 1-1 and
2-2 electrolytes, respectively, at the same conditions assumed in
Figures 5.1 and 5.2. Similar agreement between the models is

observed. It should be noted that the MSA and explicit MSA do not
approach the Debye Huckel 1imit as the anion diameter approaches zero

because the cation diameter is fixed at a non-negligible size of 1A°.

The explicit MSA, based on equation 5.18, provides reasonable
screening-factor and ion-internal-energy predictions for ion sizes
comparable to (or less than) that of water. MWhile equation 5.18 is
strictly valid only in this region, predictions for equal-size jons are
accurate to much larger ion sizes. Table 5.7 and Figures 5.5, 5.6, 5.7
and 5.8 present a comparison of the explicit MSA to the MSA for 1-1 and
2-2 electrolytes. Equal-size ions, 20 mole percent of ions in
solution, and a constant A of 0.53 were used. A constant A was

used rather than a constant density since a large increase in ion size
can result in a non-physical negative A for a constant density. In
this case, the density decreases as the ion sizes increase. Again the
explicit MSA and MSA predictions agree well (with maximum deviations of
22% for screening factor and 10% for ion internal energy). Debye
Huckel predicted screening factors and ion internal energies are much

higher than the MSA models, as in the previous cases.

58



An explicit MSA screening-factor relation has been derived in this
section based on the asymptotic behavior of the jon total-correlation
function in the limit of small ion sizes. This development is based on
the MSA theory for electrolytes, rather than the more typical approach
to extend the Debye-Huckel theory, such as Pitzer (1973). To improve
predictions for ion sizes comparable to that of water, an empirical
correction function was developed for the explicit MSA by comparison to
the predictions of the (implicit) MSA. Screening factor and fon
internal energy predictions of the explicit MSA agree well with the MSA
for ion sizes near that of water and for much larger ion sizes when the
ions have equal diameters. The explicit MSA (based on equation 5.18)
will be used in the development of an equation of state for

electrolytes in Section 6.
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Table 5.1
Comparison of Predicted Screening Factor and Ion Internal Energy

298 K
0.055 gmole/cm’

Screening Factor

() (2 x{1) x(2) o(l)  0(2) Ko I'n I
1 -1 0.1 0.1 0.01 0.01 0.773 0.385 0.386
1 -1 0.1 0.1 1 1 0.773 0.298 0.237
1 -1 0.1 0.1 1 2 0.773 0.277 0.179
| -1 0.1 0.1 1 3 0.773 0.263 0.171
1 -1 0.2 0.2 1 1 1.094 0.392 0.248
1 -1 0.2 0.2 | 2 1.094 0.361 0.177
1 -1 0.2 0.2 ] 3 1.094 0.342 0.319
1 -1 0.3 0.3 ! 1 1.340 0.459 0.221
1 -1 0.3 0.3 1 2 1.340 0.419 0.226
1 -1 0.3 0.3 1 3 1.340 0.396 0.570
2 -2 0.1 0.1 ] 1 1.547 0.512 0.175
2 -2 0.1 0.1 ] 2 1.547 0.467 0.327
2 -2 0.1 0.1 1 3 1.547 0.443 0.782
2 -2 0.2 0.2 1 ] 2.188 0.659 0.103
2 -2 0.2 0.2 1 2 2.188 0.597 0.947
2 -2 0.2 0.2 1 3 2.188 0.569 2.761
2 -2 0.3 0.3 1 ] 2.679 0.761 0.455
2 -2 0.3 0.3 1 2 2.679 0.687 1.682
2 -2 0.3 0.3 ] 3 2.679 0.651 3.419
2 -1 0.1 0.2 1 ] 1.340 0.459 0.221
2 -1 0.1 0.2 1 2 1.340 0.419 0.226
2 -1 0.1 0.2 1 3 1.340 0.396 0.570
2 -1 0.2 0.4 1 i 1.894 0.594 0.050
2 -1 0.2 0.4 1 2 1.894 0.558 0.513
2 -1 0.2 0.4 1 3 1.894 0.539 0.539
] -1 0.1 0.1 3 2 0.773 0.242 0.075
] -1 0.1 0.1 3 3 0.773 0.229 0.062
] -1 0.1 0.1 3 4 0.773 0.220 0.17M
2 -2 0.1 0.1 3 2 1.547 0.395 0.813
2 -2 0.1 0.1 3 3 1.547 0.368 1.021
2 -2 0.1 0.1 3 4 1.547 0.350 1.463

Iy Non-Iterative MSA Screening Factor (uncorrected)
I'v MSA Screening Factor
K, Debye-Huckel Screening Factor

Component 3 = Water
D=178
o(3) = 3 A°
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Table 5.1 (Continued)
Comparison of Predicted Screening Factor and Ion Internal Energy

298 K
0.055 gmole/cm?

Internal Energy

IAQ DI ACD) x(1) x(2) a(l) a(2) Uo Un U
1 -1 0.1 0.1 0.01 0.01 -329.2 -326.5 -327.0
1 -1 0.1 0.1 1 1 -329.2 -195.4 -163.1
1 -1 0.1 0.1 1 2 -329.2 -168.4 -120.6
1 -1 0.1 0.1 1 3 -329.2 -152.5 -110.3
1 -1 0.2 0.2 1 1 -931.2 -479.6 -337.9
1 -1 0.2 0.2 1 2 -931.2 -405.6 -239.5
1 -1 0.2 0.2 1 3 -931.2 -364.5 -334.4
] -1 0.3 0.3 1 1 -1710.6 -803.3 -462.3
1 -1 0.3 0.3 1 2 -1710.6 -671.0 -433.4
1 -1 0.3 0.3 1 3 -1710.6 -600.7 -732.1
2 -2 0.1 0.1 1 1 -2633.7 -1152.4 -507.5
2 -2 0.1 0.1 1 2 -2633.7 -953.6 -755.9
2 -2 0.1 0.1 1 3 -2633.7 -849.4 -1144.9
2 -2 0.2 0.2 ] ] -7449.2 -2704.9 -2119.0
2 -2 0.2 0.2 ] 2 -7449.2 -2202.0 -2769.2
2 -2 0.2 0.2 1 3 -7449.2 -1953.2 -3379.5
2 -2 0.3 0.3 1 1 -13674.0 -4410.7 -3192.3
2 -2 0.3 0.3 1 2 -13674.0 -3562.0 -5169.3
2 -2 0.3 0.3 1 3 -13674.0 -3152.6 -5500.4
2 -1 0.1 0.2 ] 1 -1710.6 -803.3 -462.3
2 -1 0.1 0.2 ] 2 -1710.6 -713.5 -433.4
2 -1 0.1 0.2 1 3 -1710.6 -664.2 -732.1
2 -1 0.2 0.4 1 1 -4838.4 -1902.1 -243.1
2 -1 0.2 0.4 ] 2 -4838.4 -1671.4 -1586.5
2 -1 0.2 0.4 1 3 -4838.4 -1551.3 -2348.5
1 -1 0.1 0.1 3 2 -329.2 -129.4 -54.1
1 -1 0.1 0.1 3 3 -329.2 -115.6 -44.4
1 -1 0.1 0.1 3 4 -329.2 -106.2 -91.4
2 -2 0.1 0.1 3 2 -2633.7 -683.5 -929.1
2 -2 0.1 0.1 3 3 -2633.7 -595.2 -855.3
2 =2 0.1 0.1 3 4 -2633.7 -539.3 -825.3

Uy Non-Iterative MSA Ionic Internal Energy (uncorrected)
Us MSA Ionic Internal Energy
U, Debye-Huckel Ionic Internal Energy

Component 3 = Water
D=78
ag(3) = 3 A°
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Table 5.2

Comparison of Predicted Screening Factor and Ion Internal Energy

500 K

0.055 gmole/cm’

18

() L) x(1

-1 0

-1 0.

-1 0
298 K
0.065 gmole/cm’
78

-1 0.

-1 0.

-1 0.
373 K
0.055 gmoie/cm?
56

-1 0.

-1 0.

-1 0.
298 K

0.045 gmole/cm?

78
-1 0
-1 0.
-1 0

)

. .

OO0

0.1
0.1
0.1

a(l)

1
1
1

Screening Factor

0’(2) Ko rm rN

1 0.597 0.241 0.209
2 0.597 0.225 0.1
3 0.597 0.214 0.150
i 0.841 0.319 0.244
2 0.841 0.295 0.179
3 0.841 0.281 0.187
1 0.816 0.3 0.241
2 0.816 0.288 0.179
3 0.816 0.274 0.181

i 0.700 0.275 0.227
2 0.700 0.256 0.177
3 0.700 0.243 0.160

I, Non-Iterative MSA Screening Factor (uncorrected)
Ivw MSA Screening Factor
K, Debye-Huckel Screening Factor

Component 3 = Water

D=178
a(3) = 3 A°
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Table 5.2 (Continued)

Comparison of Predicted Screening Factor and Ion

500 K
0.055 gmole/cm?
78

VAQ D IR ACY) x(1)

-1 0
-1 0.
-1 0

. .
— it

298 K
0.065 gmole/cm’
78

-1
-1
-1

OO0
—r b —

373 K
0.055 gmole/cm®
56

-1
-1
-1

O OO

298 K
0.045 gmole/cm’
78

-1
-1
-1

[oNeNe)
— o m—

0.
0.
0.

O OO

1
1
1

a(1)

1
1

o(2)

W =

wh -

W —

1
2
3

Uo

-254.
-254.
-254.

-357.
-357.
-357.

-483.
-483.
-483.

-297.
-297.
-297.

Internal Energy

Internal Energy

Un Un
2 -165.1 -147.
2 -144.7 -116.
2 -132.3 - 99.
9 -205.6 -166.
9 -176.4 -120.
9 -159.5 -17.
7 -281.2 -230.
7 -241.7 -167.
7 -218.6 -160.
8 -183.8 -157.
8 -159.0 -119.
8 -144.3 -104.

U, Non-Iterative MSA Ionic Internal Energy (uncorrected)

Us MSA Ionic Internal Energy
U, Debye-Huckel Ionic Internal Energy

Component 3 = Water

D=178
a(3) = 3 A°
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Table 5.3

Comparison of Predicted Screening Factor and Ion Internal Energy

298 K
0.055 gmole/cm?

1y (2) x(1) x(2) a(l)
~1 0.1 0.1 0.01
-1 0.1 0.1 1
-1 0.1 0.1 1
-1 0.1 0.1 1
-1 0.2 0.2 1
-1 0.2 0.2 1
-1 0.2 0.2 1
-1 0.3 0.3 |
-1 0.3 0.3 |
-1 0.3 0.3 ]
-2 0.1 0.1 1
-2 0.1 0.1 [
-2 0.1 0.1 1
-2 0.2 0.2 1
-2 0.2 0.2 1
-2 0.2 0.2 1
-2 0.3 0.3 1
-2 0.3 0.3 1
-2 0.3 0.3 1
-1 0.1 0.2 1
-1 0.1 0.2 1
-1 0.1 0.2 ]
-1 0.2 0.4 1
-1 0.2 0.4 1
-1 0.2 0.4 1
-1 0.1 0.1 3
-1 0.1 0.1 3
-1 0.1 0.1 3
-2 0.1 0.1 3
-2 0.1 0.1 3
-2 0.1 0.1 3

Iy Non-Iterative MSA Screening Factor

I'w MSA Screening Factor
Ko Debye-Huckel Screening Factor

Component 3 = Water
D =178
0(3) = 3 A°
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o(2)
0.01
1

2
3
1
2
3
1
2
3
]
2
3
i
2
3
1
2
3
i
2
3
i
2
3
2
3
4
2
3
4

Ko

0.773
0.773
0.773
0.773
1.094
1.094
1.094
1.340
1.340
1.340
1.547
1.547
1.547
2.188
2.188
2.188
2.679
2.679
2.679
1.340
1.340
1.340
1.894
1.894
1.894
0.773
0.773
0.773
1.547
1.547
1.547

Screening Factor

OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

[

.385
.298
277
.263
.392
.361
. 342
.459
.419
.396
.512
.467
.443
.659
.597
.569
.761
.687
.651
.459
.419
.396
.594
.558
.539
.242
.229
.220
.395
.368
.350

In

0.386
0.302
0.265
0.240
0.404
0.343
0.304
0.478
0.397
0.347
0.539
0.439
0.385
0.718
0.565
0.500
0.852
0,655
0.588
0.478
0.397
0.347
0.637
0.555
0.515
0.182
0.137
0.100
0.218
0.069
0.135

(using equation 5.17)



Table 5.3 (Continued)

Comparison of Predicted Screening Factor and

= 298 K

= 0.055 gmole/cm’®

(1) (2 x(1) x(2) o(l) o(2)
1 -1 0.1 0.1 0.01 0.01
1 -1 0.1 0.1 1 1

1 -1 0.1 0.1 1 2

1 -1 0.1 0.1 1 3

] -1 0.2 0.2 1 1

1 -1 0.2 0.2 1 2

1 -1 0.2 0.2 ] 3

1 -1 0.3 0.3 1 1

1 -1 0.3 0.3 1 2

1 -1 0.3 0.3 1 3

2 -2 0.1 0.1 1 1

2 -2 0.1 0.1 | 2

2 -2 0.1 0.1 1 3

2 -2 0.2 0.2 1 1

2 -2 0.2 0.2 1 2

2 =2 0.2 0.2 1 3

2 -2 0.3 0.3 1 1 -
2 -2 0.3 0.3 1 2 -
2 -2 0.3 0.3 ] 3 -
2 -1 0.1 0.2 1 1

2 -1 0.1 0.2 1 2

2 -1 0.1 0.2 1 3

2 -1 0.2 0.4 1 1

2 -1 0.2 0.4 1 2

2 -1 0.2 0.4 1 3

1 -1 0.1 0.1 3 2

1 -1 0.1 0.1 3 3

1 -1 0.1 0.1 3 4

2 -2 0.1 0.1 3 2

2 -2 0.1 0.1 3 3

2 -2 0.1 0.1 3 4

U, Non-Iterative MSA Ionic Internal E
Uxn MSA Ionic Internal Energy
Uo Debye-Huckel Ionic Internal Energy

Component 3 = Water
D =178
a(3) = 3 A°

65

Ion Internal Energy

Uo

-329.
-329.
-329.
-329.
-931.
-931.
-931.
-1710.
-1710.
-1710
-2633.
-2633.
-2633.
-7449.
-7449.
-7449.
13674.
13674.
13674.
-1710.
-1710.
-1710.
-4838.
-4838.
-4838.
-329.
-329.
-329.
-2633.
-2633.
-2633.

nergy

2
2
2
2
2
2
2
6
6
.6
7
7
7
2
2
2
0
0

0
6
6
6
4
a4
4
2
2
2
7
7
7

(using equation 5.

Internal Energy

Un

-326.
-195.
-168.
-152.
-479.
-405.
-364.
-803.
-671.
-600.
-1152.
-953.
-849.
-2704.
-2202.
-1953.
-4410.
-3562.
-3152.
-803.
-713.
-664.
-1902.
-1671.
-1551.
-129.
-115.
-106.
-683.
-595.
-539.

5
4
4
5
6
6
5
3
0
7
4
6
4
9
0
2
7
0
6
3
5
2
1
4
3
4
6
2
5
2
3

Un

-327.
-197.
-162.
-141.
-489.
-390.
-333.
-825.
-644.
-545.
-1191.
-916.
-776.
-2845.
-2130.
-1814.
-4696.
-3469.
-2976.
-825.
-703.
-637.
-1987.
-1662.
-1500.
-107.
-81.
-63.
-482.
-194.
-312.

O’\—‘\lNNOO\GJON‘-IO\DNO'\\JM&O\G\M\JLOO\CDN‘J‘J\OLHO

17)



Table 5.4

Comparison of Predicted Screening Factor and Ion Internal Energy

T =500 K
p = 0.055 gmole/cm?
D =178

JAQ DIV ACY. x(1)

1 -1 0.1

1 -1 0.1

1 -1 0.1
T =298 K
p = 0.065 gmole/cm®
D=178

1 -1 0.1

1 =1 0.1

1 -1 0.1
T=1373K
p = 0.055 gmole/cm’
D = 56

1 -1 0.1

1 -1 0.1

1 -1 0.1
T =298 K
p = 0.045 gmole/cm?
D=178

1 -1 0.1

1 -1 0.1

1 -1 0.1

QOO

0.1
0.1
0.1

a(1)

1
1
1

a(2)

w e —

w N —

pa—

OO0

Ko

.597
.597
.597

.841
.841
.841

.816
.816
.816

.700
.700
. 700

Screening Factor

O OO

OO O

OO O

T

.241
.225
.214

.319
.295
.281

L3N
.288
274

0.275
0.
0.243

256

(oNoNe)

SO O

[N e N o)

I'n

.243
218
.202

.324
.283
.258

.316
.276
.249

.278
.245
.222

I, Non-Iterative MSA Screening Factor (using equation 5.17)
[, MSA Screening Factor

Ko Debye-Huckel Screening Factor

Component 3 = HWater

D=178
a(3) = 3 A°
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Table 5.4 (Continued)

Comparison of Predicted Screening Factor and Ion Internal Energy

T = 500 K
p = 0.055 gmole/cm®
D -178
Internal Energy
) I(2) x(1) x(2) o(l) 0(2) Uo Un Un
1 -1 0.1 0.1 1 1 -254.2 -165.1 -166.2
1 -1 0.1 0.1 ] 2 -254.2 -144.7 -140.8
1 -1 0.1 0.1 1 3 -254.2 -132.3 -124.9
T =298 K
p = 0.065 gmole/cm?
D=178
1 -1 0.1 0.1 1 1 -357.9 -205.6 -208.4
1 -1 0.1 0.1 1 2 -357.9 -176.4 -170.8
-1 0.1 0.1 1 3 -357.9 -159.5 -149.2
T=373K
p = 0.055 gmole/cm?
D = 56
1 -1 0.1 0.1 1 1 -483.7 -281.2 -284.8
1 -1 0.1 0.1 1 2 -483.7 -241.7 -233.5
1 -1 0.1 0.1 [ 3 -483.7 -218.6 -202.4
T =298 K
p = 0.045 gmole/cm?
D=178
1 -1 0. 0.1 1 1 -297.8 -183.8 -185.0
i -1 0.1 0.1 ] 2 -297.8 -159.0 -153.9
1 -1 0.1 0.1 1 3 -297.8 -144.3 -133.9

U, Non-Iterative MSA Ionic Internal Energy (using equation 5.17)
Usn MSA Ionic Internal Energy
Uo Debye-Huckel Ionic Internal Energy

Component 3 = Water
D =178
a(3) = 3 A°
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Table 5.5

Comparison of Predicted Screening Factor and Ion Internal Energy

298 K
0.055 gmole/cm’

1y LD x(1) x(2) a(l)
-1 0.1 0.1 0.01
-1 0.1 0.1 1
-1 0.1 0.1 1
-1 0.1 0.1 1
-1 0.2 0.2 ]
-1 0.2 0.2 ]
-1 0.2 0.2 1
-1 0.3 0.3 ]
-1 0.3 0.3 ]
-1 0.3 0.3 1
-2 0.1 0.1 1
-2 0.1 0.1 1
-2 0.1 0.1 ]
-2 0.2 0.2 1
-2 0.2 0.2 1
-2 0.2 0.2 1
-2 0.3 0.3 1
-2 0.3 0.3 1
-2 0.3 0.3 1
-1 0.1 0.2 1
-1 0.1 0.2 1
-1 0.1 0.2 1
-1 0.2 0.4 ]
-1 0.2 0.4 1
-1 0.2 0.4 ]
-1 0.1 0.1 3
-1 0.1 0.1 3
-1 0.1 0.1 3
-2 0.1 0.1 3
-2 0.1 0.1 3
-2 0.1 0.1 3

Iy Non-Iterative MSA Screening Factor

Tw MSA Screening Factor
K, Debye-Huckel Screening Factor

Component 3 = Water
D=178
g(3) = 3 A°
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o(2)

0.01
]

2
3
1
2
3
1
2
3
1
2
3
1
2
3
1
2
3
]
2
3
1
2
3
2
3
4
2
3
4

Ko

0.773
0.773
0.773
0.773
1.094
1.094
1.094
1.340
1.340
1.340
1.547
1.547
1.547
2.188
2.188
2.188
2.679
2.679
2.679
1.340
1.340
1.340
1.894
1.894
1.894
0.773
0.773
0.773
1.547
1.547
1.547

Screening Factor

OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

T

.385
.298
2717
.263
.392
.361
. 342
.459
.419
.396
.512
.467
.443
.659
.597
.569
.761
.687
.651
.459
.419
.396
.594
.558
.539
.242
.229
.220
.395
.368
.350

OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

Ty

.386
.302
.290
.294
.404
.390
.409
.478
.464
.496
.539
.532
.529
118
710
.758
.852
.851
.924
.478
.472
.479
.637
.637
.686
.267
.252
.258
.482
.455
4N

(using equation 5.18)



Table 5.5 (Continued)

Comparison of Predicted Screening Factor and

T =298 K
p = 0.055 gmole/cm’
YAQD. (2) x(1)
1 -1 0.1 0.
1 -1 0.1 0.
1 -1 0.1 0.
1 -1 0.1 0.
| -1 0.2 0.
1 -1 0.2 0.
1 -1 0.2 0.
1 -1 0.3 0.
1 -1 0.3 0.
1 -1 0.3 0.
2 -2 0.1 0.
2 -2 0.1 0.
2 -2 0.1 0.
2 -2 0.2 0.
2 -2 0.2 0.
2 -2 0.2 0.
2 -2 0.3 0.
2 A 0.3 0.
2 -2 0.3 0.
2 -1 0.1 0.
2 -1 0.1 0.
2 -1 0.1 0.
2 -1 0.2 0.
2 -1 0.2 0
2 -1 0.2 0.
] -1 0.1 0.
1 -1 0.1 0.
1 -1 0.1 0.
2 -2 0.1 0.
2 -2 0.1 0.
2 -2 0.1 0.

e A e R A BRBNNRNWWWRONN = —WwWwWwhh N — — ——

x(2)

o(l)
0.01

—

wwwwww_a..d_._a_a_a_a_‘_-a_a._a__a_a_._-_n_a.qa_a—a_o_d_a

hwmpumwm—awm—-uN—-me—‘wN—'uSN-—wN-—wN—-

a(2)
0.01

Ion Internal Energy

Uo

-329.
-329.
-329.
-329.
-931.
-931.
-931.
-1710.
-1710.
-1710.
-2633.
-2633.
-2633.
-7449.
-7449.
-7449.
13674.
13674.
13674.
-1710.
-1710.
-1710.
-4838.
-4838.
-4838.
-329.
-329.
-329.
-2633.
-2633.
-2633.

Uy Non-Iterative MSA Ionic Internal Energy

Usa MSA Ionic Internal Energy

Uo Debye-Huckel Ionic Internal Energy

Component 3 = Water
D =78
a(3) = 3 A°

69

2
2
2
2
2
2
2
6
6
6
7
7
7
2
2
2
0
0
0
6
6
6
4
4
4
2
2
2
7
7
7

Internal Energy

Un

-326.5
-195.4
-168.4
-152.5
-479.6
-405.6
-364.5
-803.3
-671.0
-600.7
-1152.4
-953.6
-849.4
-2704.9
.0
2
7
0
6
K)
5
2
1
4
3
4
6
2
5
2

-2202

-1953.
-4410.
-3562.
-3152.
-803.
-713.
-664.
-1902.
-1671.
-1551.
-129.
-115.
-106.
-683.
-595.
-539.

3

Un
-327

-197.
-173.
-163.
-489.
-425.
-403.
-825.

-712

-677.
-1191.
-1019.

-949.
-2845.
-2411.
-2255.
-4696.
-3954.
-3702.

-825.

-752.

-731.
-1987.
-1801.
-1765.

-137.

-122.

-115.

-752.

-654.

-609.

.0
5
6
2
7
4
i
6

.5
6
3
8
4
8
6
0

6
2
0
6
0
4
0
4
7
0
0
9
8
9
8

(using equation 5.18)



[y o ]

[ew iy o}

—_— [ ]

Table 5.6

Comparison of Predicted Screening Factor and Ion Internal Energy

500 K
0.055
78

JAQ DR AYY

-1
-1
-1

298 K
0.065
78

-1
A
-1

373 K
0.055
56

-1
-1
-1

298 K
0.045
78

.
-1
-1

I'n
P
Ko

gmole/cm’
x(1 x(2)
0.1 0.1
0.1 0.1
0.1 0.1
gmole/cm’
0.1 0.1
0.1 0.1
0.1 0.1
gmole/cm®
0.1 0.1
0.1 0.1
0.1 0.1
gmole/cm?
0.1 0.1
0.1 0.1
0.1 0.1

Non-Iterative MSA Screening Factor

o(l)

1
1
1

MSA Screening Factor

Debye-Huckel Screening Factor

0(2)

W Ny —

W N —

w N —

1
2
3

Component 3 = Water

D =

78

o(3) = 3 A°

70

Ko

.597
.597
.597

[N ele

0.841
0.841
0.841

0.816
0.816

0.700
0.700
0.700

Screening Factor

OO O

In

.241
.225
.214

.319
.295
.281

.311
.288
.274

.275
.256
.243

OO O

OO O

I'n

.243
.233
.236

.324
.312
.325

.316
.303
.309

.278
.266
.266

(using equation 5.18)



Table 5.6 (Continued)

Comparison of Predicted Screening Factor and Ion Internal Energy

T = 500 K

p = 0.055 gmole/cm?

D =178

Internal Energy
QD) 2(2) x(1) x(2) o(1) c(2) Uo Un Un

1 -1 0.1 0.1 1 1 -254.2 -165.1 -166.2
1 -1 0.1 0. 1 2 -254.2 -144.7 -147.9
1 -1 0.1 0.1 1 3 -254.2 -132.3 -139.9

T=298K

p = 0.065 gmole/cm?

D =178
1 -1 0.1 0.1 1 1 -357.9 -205.6 -208.4
1 -1 0.1 0.1 i 2 -357.9 -176.4 -183.0
1 -1 0.1 0.1 1 3 -357.9 -159.5 -174.3

T=373K

p = 0.055 gmole/cm’

D = 56
} -1 0.1 0.1 1 ] -483.7 -281.2 -284.8
1 -1 0.1 0.1 1 -483.7 -241.7 -249.7
i -1 0.1 0.1 1 3 -483.7 -218.6 -234.8

T =298 K

p = 0.045 gmoie/cm®

D =178
1 -1 0.1 0.1 1 1 -297.8 -183.8 -185.0
1 -1 0.1 0.1 i 2 _297.8 -159.0 -163.0
1 -1 0.1 0.1 1 3 -297.8 -144.3 -152.3

Uy Non-Iterative MSA Ionic Internal Energy (using equation 5.18)
Us MSA Ionic Internal Energy
Uo Debye-Huckel Ionic Internal Energy

Component 3 = MWater
D=178
og(3) = 3 A°
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Table 5.7

Comparison of Predicted Screening Factor and Ion Internal Energy
for Equal-Diameter Ions

M
(1

PN NP P P vt —t et et d

298 K
0.53
= Xx(2) =

) 2(2)

-1
-1
-1
-1
-1
-2
-2
-2
-2
-2

0.1

0'1(=02)
2
6

1
4
8
1
1
]
4
8
1
1

2
6

COOQO=—=00O0O0O0

Screening factor

Ko

.862
.686
.361
.210
.139
.724
.372
.723
.420
.278

COOOO0OOOOOO0O

Lw

.325
.193
.100
.0608
.0417
.554
.308
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.097
.0669

1

COOO0OO0OO0OOOO0O0O

I'n

.33
217
113
.0675
.0455
.589
.396
.207
1225
.0821

Internal Energy

Un Un
.9 - 208.7 - 211
1 - 92.8 - 98
.8 - 41.3 - 50.
4 - 299 - 3
Jd- 213 - 22
.9 -1213.7  -1261
.8 - 469.3 - 521
.2 - 238.1 - 265
.6 - 152.6 - 168
.5 - 110.0 - 120

I, Non-Iterative MSA Screening Factor (using equation 5.18)
I'w MSA Screening Factor
Ko, Debye-Huckel Screening Factor

Uy Non-Iterative MSA Ionic Internal Energy

U. MSA Ionic Internal Energy
U, Debye-Huckel Ionic Internal Energy

Component 3 = Water

D =78
o(3) =

JA°
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FIGURE 5.1
DEBYE HUCKEL, MSA AND EXPLICIT MSA
SCREENING FACTOR
1—1 SALT IN WATER AT 298 K
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SCREENING FACTOR

FIGURE 5.2
DEBYE HUCKEL, MSA AND EXPLICIT MSA
SCREENING FACTOR
2—-2 SALT IN WATER AT 298 K
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FIGURE 5.3
DEBYE HUCKEL, MSA AND EXPLICIT MSA
ION INTERNAL ENERGY
1—1 SALT IN WATER AT 298 K
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FIGURE 5.4
DEBYE HUCKEL, MSA AND EXPLICIT MSA
ION INTERNAL ENERGY
2—-2 SALT IN WATER AT 298 K
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SCREENING FACTOR

FIGURE 5.5
DEBYE HUCKEL, MSA AND EXPLICIT MSA
SCREENING FACTOR
1—1 SALT IN WATER AT 298 K
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SCREENING FACTOR

FIGURE 5.6
DEBYE HUCKEL, MSA AND EXPLICIT MSA
SCREENING FACTOR
2—2 SALT IN WATER AT 298 K
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— ION INTERNAL ENERGY (cal/gmole)

FIGURE 5.7
DEBYE HUCKEL, MSA AND EXPLICIT MSA
ION INTERNAL ENERGY
1=1 SALT IN WATER AT 298 K
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FIGURE 5.8
DEBYE HUCKEL, MSA AND EXPLICIT MSA
ION INTERNAL ENERGY
2—2 SALT IN WATER AT 298 K
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6. Perturbed MSA Equation of State

An equation of state for mixtures of electrolytes and non-ionic
solvent molecules is developed in this section using ideas from
perturbation theory. The Helmhoitz free energy of the fluid is
assumed to consist of hard-sphere, electrostatic (in the explicit MSA
approximation), and attractive contributions. Equation 6.1

summarizes the basic form of the equation of state
A = Ahard sphere + Aexplic!t msa + Aattractive forces (6-])

The MSA derivation in Section 3 provides an expression for the
electrostatic excess over a hard-sphere fluid in the Percus-Yevick
approximation (Blum, 1980). The Percus-Yevick equation of state for
hard-sphere mixtures is therefore used in equation 6.1. The form of

the equation derived using the compressibility equation

ap @
kT | | = 1 - 4mIx, [ cyyridr (6.2)
ap. o
T, p;5 #1

is chosen, since predictions agree with molecular-dynamics data better
than the form derived using the pressure equation (Reed and Gubbins,

1973).
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The hard-sphere contribution to the Helmholtz free energy is

Ahard sphere = RT In p - RT In (1 - ﬁ/6€3) +

vRT 3 &, €2 wel
U ( + ——-——-——) (6-3)

6p 1-w/bes 4(1-1/6e3)?

The MSA electrostatic internal energy, presented in equation 3.137,
consists of two terms. The second term involving A is zero for

equal size ions and small for ion-diameter ratios less than about five
(Lee, 1983). In Tables 5.1 - 5.6, the term involving A was always
less than 2% of the total electrostatic energy, therefore the

electrostatic internal energy is assumed to be

-ez pJZ§f
UION = — (L
D 1+0,T

) (6.4)

The ionic Helmholtz free energy can be obtained from equation 5.1

B
Aoy = B7' IOU‘ON (37) dB” (5.1)

Substituting equation 6.4 into equation 5.1 yields

-e?p BT dB”
Alon = — L X4 Z% I
DB ° 14o0.,T

(6.5
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The explicit-MSA screening factor is a complex function of temperature
arising from various terms with a 8'7* factor and from the

temperature dependence of the dielectric constant. In the development
of electrolyte models the variation of the dielectric constant with
temperature is generally ignored in equation 5.1; occasionally the

Born-Bjerrum correction is used (Blum, 1980).

In 1ight of the various assumptions used to derive the explicit MSA
such as assuming all of the species are effectively spherical and the
Debye-Huckel pair-correlation functions can be used in equation 5.9,
only a simple treatment of the temperature dependence in equation 6.5
appears to be warranted. Therefore, the temperature dependence of the
numerator in equation 6.5 is assumed to be B'7? and the denominator
is assumed to be a weak function of temperature. Integrating equation

6.5 with these assumptions yields

(6.6)

Equation 6.6 reduces to the Debye-Huckel Helmholtz free energy in the

1imit of small ion diameters.
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The attractive-force contribution to the Helmholtz free energy is
based on ideas from perturbation theory (see Section two for a
discussion of perturbation theory). Equations 2.6 and 2.7 present the
first and second order expansion terms, respectively, about a
reference system. The first-order perturbation has a quadratic
dependence on mole fraction, while the second-order perturbation has
three terms with a quadratic, cubic, and higher dependence on mole
fraction, respectively. The basic form of the attractive-contribution

to the equation of state is presented in equation 6.7

Asiiracrive = — ((EIXyX3a0y)/V + (ZIX X (X, 85 14X52y )/ (VPRT)) (6.7)
where &, = &;; = 0

The first term in equation 6.7 is assumed to arise from the
first-order perturbation (with a quadratic dependence on mole
fraction). The second term in equation 6.7 is assumed to arise from
the term in the second-order perturbation with a cubic dependence on

mole fraction.

Equation 6.7 was suggested recently by Ludecke and Prausnitz (1985)
in their work on density-dependent mixing rules for the correlation
of vapor-liquid and liquid-liquid equilibria of polar systems. These
mixing rules are similar to those developed by Mathias and Copeman
(1983) from a Taylor-series expansion of density dependent

local-composition mixing rules.
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For non-ionic species, a,, will be determined from regression of
vapor pressure and density data (similar to the procedure used by
Ludecke and Prausnitz). As stated in Section 2, the cubic (and
higher) terms in the second order perturbation would be extremely
difficult to evaluate from equation 2.7. Therefore, &, (for any
binary pair) will be evaluated from regression of phase equilibrium

data (similar to the procedure used by Ludecke and Prausnitz).

The determination of a,, for ionic species is considerably fess
straightforward. Conventional methods for obtaining a;, based on
vapor pressure, cannot be followed, because the vapor pressure of
individual charged species cannot be determined. Further, the vapor
pressures of salts in agueous solutions at most conditions of
interest are extremely small and are difficult to obtain
experimentally. Therefore, a,, for jons must be established by

some alternate method.

The MSA model developed by Ball, et al. (1985) assumes a,:=0. It
is more reasonable to assume that the electron clouds of fonic
species are polarizable and that dispersion forces exist between
them. Shoor and Gubbins (1969) use the Mavroyannis and Stephan
theory (1962) of dispersion forces in their model for predicting
salting effects. The pair-potential dispersion energy from the

Mavroyannis and Stephan theory is
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33;/292 (aiqj) (n1ﬂj)‘/2
¢, =

2rs((ainj)‘/2 + (a,n.)"z)
where ao = 0.5292A°

a = polarizability

n = number of electrons

(6.8)

Substituting equation 6.8 into equation 2.6, assuming (gi;)e = O

for r < oyy and (gyy)e = 1 for r > avy and integrating

yields

1/2,2

Mo € @iy (n1n1)1/2

Aattractive = PXZXqu
0?3((dﬁnj)l/2 + (a;n,)'/z)

or

172 sz

mdo ezasaj(n‘nj)'

a|j =
0?)((0.1"]1)1/2+ (o‘.jm)‘/z)

Equation 6.10 is used for all ion-ion dispersion forces.

is assumed for ion - uncharged species interactions

dyj = (a; ajj)]/zpkl_j

jon-uncharged

where Pk,; = binary interaction parameter

(6.9)

(6.10)

Equation 6.11

(6.11)

The total configurational Helmholtz free energy of the perturbed-hard-

sphere MSA equation of state is presented in Appendix B.
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The pressure predicted by the equation-of-state was derived from the
Helmholtz free energy expression by standard manipulations. Appendix C
shows the resulting expression for pressure. Temperature, pressure and
composition are usually known in engineering calculations.
Consequently, the density must be obtained by iteration. The method of

Mathias et al. (1984) was used in this study.
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Regression of Pure Component Data

The pure-component parameters a and o in the equation of state (see
Appendix C) are obtained for non-ionic components from regression of
vapor-pressure and liquid-density data. Pure-component property
correlations were developed for water, methanol, and aniline.
Experimental vapor-pressure and liquid-density data for water (Keenan
and Keyes, 1955) range from 273.15 K to 588.71 K. Experimental
vapor-pressure and liquid-density data for methanol (Machado and
Streett, 1983) range from 298.15 K to 473.15 K. Experimental
vapor-pressure data for aniline (Stull, 1947) range from 307.95 to
457.55 K, while experimental liquid-density data (Timmermans, 1950)

range from 273.15 K to 398.15 K.

Given the experimental temperature and density, the liquid-density

residuals are defined by

. = residual, (6.12)

(PPHSA - pexperimenta\)/Pexperimenma

for the n'" data point. Given experimental vapor pressure and

temperature, the vapor-pressure residuals are defined by
(]n¢liquid = ]n¢vapor)PMSA = T.es.idua.in (6.]3)

for the n'" data point. The residual in equation 6.13 is related
to the equality of chemical potential across the pure-component

vapor-liquid phase boundary. At a given experimental temperature and
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pressure, the vapor and liquid chemical potentials (or equivalently
fugacity coefficients) are equal. However, difference in the
chemical potentials predicted by the equation of state, at the
experimental conditions, will be non zero, unless, of course, the

equation of state fits the data exactly.

The perturbed MSA equation of state (PMSA) parameters a and o were
fit to the vapor pressure and liquid density using the IMSL
parameter-estimation software ZXSSQ(1982). IXSSQ minimizes the sum
of squares of a set of residuals using the Marquardt (1963)
minimization method. By varying the equation of state parameters,
IXSSQ minimizes the sum of squares of the residuals defined in
equations 6.12 and 6.13. The parameters a and o are assumed to

vary linearly with temperature, as shown in equations 6.14 and 6.15

y (L + MT) (6.14)

Q
"

y (L + M) (6.15)

Q
L}

Therefore, four parameters are obtained for each pure (non-ionic)

component by regressing vapor pressure and liquid density data.

Tables 6.1, 6.2 and 6.3 present the experimental data for water,
methanol, and aniline, respectively. The residuals, averages of the
residuals and parameters are also presented in the tables. The
averages of the residuals for vapor pressure and density of water are
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0.483% and 1.36% respectively. The averages of the residuals for
vapor pressure and density of methanol are 0.153% and 0.170%,
respectively. For aniline, the averages of the vapor-pressure and
density residuals are 4.72% and 2.85%, respectively. Figures 6.1
through 6.6 show the residuals as a function of temperature. The
deviations of the model from the data for water and methanol had
smooth trends with temperature, while those for aniline showed some
scatter. The corresponding averages of the residuals for water and

methanol are lower than those for aniline.

Regression of Mean Ionic Activity Coefficient Data

The phase equilibrium of single fully-dissociated salts in water is
described using the PMSA equation of state by correlating mean-ionic
activity coefficients of the salts. The salts chosen for this study
are KOH, NaOH, LIBr, NH.NO;, CaCl., CaBra, KBr, NaCl, KCI1,

NaBr, NH.C!, and Na,SO., representing 1-1, 1-2 and 2-1 salts

with various degrees of non-ideality. Equation 6.10 for a.,
requires the number of electrons (n), polarizability (e) and
hard-sphere diameter (o) of the ions. Table 6.4 presents a summary
of the hard-sphere diameters and polarizabilities for the ions of the
above salts. The hard sphere diameters of LI®, Na*, K*,C1°,

Br-, and Ca** were obtained from Pauling (1939). The hard sphere
diameters of NH:, OH™, NO; and SO were estimated

from van der Waals volumes (see Bondi, 1968). The polarizabilities
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for all ions were obtained from Landolt - Bornstein, (1950). The
dielectric constant of pure water at the system temperature was
assumed (D = 78 for 298 K). Appendix A discusses dielectric

constants in more depth.

Experimentally-derived mean-ionic activity coefficients for KOH,
NaOH, LIBr, NH.NO;, KBr, NaCl, NaBr, KC1, and NH.Cl in water at

298 K were obtained from Hamer and Wu (1972). While those for

CaCl, and CaBr, in water at 298 K were obtained from Robinson and
Stokes (1968), those for Na,S0. in water at 298 K from Goldberg
(1981), and those for KOH in water at 353 K from Harned and Owen
(1964). The experimentally-derived mean jonic activity coefficients
presented by the above authors were obtained from analysis of data

from different sources.

The mean-ionic activity-coefficient data were first fit with one
parameter (Pk). In this case, PKeation-water = PKanion-water WaS
assumed since the two parameters are highly correlated and regression
of both at one time results in a non-unique set of parameters.

It must be noted that these constraints on the cation and anion
parameters limit the application to single salts dissolved in
multicomponent solvent mixtures. The mean-ionic activity coefficient

residuals are defined as

1n Yia1a - 1N yinsa = residual, (6.16)
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for the n*" data point. The mean-ionic activity coefficient
predicted by the equation of state is calculated based on ratio of the
fugacity coeffirient at the mixture composition to the infinite-

dilution fugacity coefficient.

. Vcatlon
]nYFHSA = In (¢cat|on/¢?ation) +

Vecatiaon + Vanion

Vanton

]n (¢anion/¢?nion) (6-]7)

Veation + Vaniton

Tables 6.5 to 6.22 present the mean-ionic activity-coefficient data
and PMSA predicted values. The average of the residuals and
corresponding interaction parameters are also summarized on the
tables. Table 6.23 summarizes the average of the residuals,
interaction parameters, and maximum mole fraction of the ions in
solution. It should be noted that most of the data used
significantly exceed 6 molal (the typical limit used by most previous

researchers).

Figures 6.7 to 6.30 compare PMSA predictions to the data. Figure 6.7
compares the one parameter PMSA fit to the experimental data for KOH
in water at 298 K. At zero mole fraction of ions, the mean jonic
activity coefficients of both the data and PMSA are unity, as
expected. The activity coefficient first decreases rapidly with

increasing ion mole fraction, and then increases rapidly. The PMSA
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predictions are too high at low ion concentration and too low at high
jon concentrations. This trend is observed, in varying degrees, with
the one parameter fit to all of the salts studied. The Bromley
(1972), Meissner (1972), Pitzer (1973), and Chen (1982) activity
coefficient models were evaluated in the excellent compilation by
Zemaitis, et al. (1986). The compilation of Zemaitis, et al. enables
a straightforward comparison of these models to the PMSA model for
selected systems. Figure 6.8 presents a comparison of the above
mentioned models to the one-parameter PMSA fit and the experimental
data of Hamer and Wu (1972). Below an ion mole fraction of 0.3, the
PMSA predicts values that are too high. The other models predict
values in good agreement below an ion mole fraction of 0.2, but
deviations become larger at higher ion concentrations. It must be
noted that the Bromley and Meissner methods are based on a one
parameter fit, while the Chen model is based on a two parameter fit,
and the Pitzer method is based on a three parameter fit. The
Bromley, Meissner and Pitzer models have been specifically developed
to describe the behavior of salts in water in the low concentration
region, by the use of empirical functions of ion concentration or

jonic strength.

At high ion concentrations, Pitzer predictions are significantly too
high, while Chen predictions are significantly too low. Predictions
of the PMSA, Bromley and Meissner methods are comparable at these
conditions. As will be shown later, the PMSA predictions near 0.1
jon mole fraction can be improved significantly by taking into

account the second-order perturbation term.
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A comment on the sensitivity of the predictions to the hard-sphere
diameter and polarizability of an ionic species is warranted at this
point. The experimental data for KOH in water were refit using a

K* hard-sphere-diameter 1.1 times the Pauling value (Table 6.4).

The average of the residuals was 22.5% with Pk,,.-water = 1.41.

The experimental data were again refit with the Pauling diameter for
K*, and the polarizability of K was set to 1.1 times the
Landolt-Bornstein value. The average of the residuals was 15.8% with
PK,on-water= 1.42. Both fits to the data are similar to those
obtained with the base values. It should be noted that the
predictions were more sensitive to the hard sphere diameter than the
polarizability. This result is not surprising since the hard sphere
diameter is present to a higher power in equation 6.10 than the

polarizability.

Figure 6.9 illustrates a PMSA one parameter fit to the data for NaOH
in water at 298 K. PMSA predictions deviate on the high side at low
ion concentrations, on the low side at higher ion concentrations, and

again on the high side at ion mole fractions near to 0.5.

Figure 6.10 adds the predictions of the Bromley, Meissner, Chen and
Pitzer models to the plot in figure 6.9. Above an ion mole fraction
of 0.3, all of the models, except PMSA, deviate substantially from

the data. Of the activity coefficient models, Bromley predicts the

most reasonable values at these conditions.
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Figures 6.11 to 6.15 present a PMSA one parameter fit to the data for
KBr, NaBr, NaCl, KC1 and NH.CI in water at 298 K, respectively.

The mean ionic activity coefficient decreases below unity with
increasing ion concentration and, unlike KOH and NaOH, increases
slowly at higher ion concentrations. The same trend is observed in
deviations from data as seen in the KOH and NaOH systems. The one
parameter PMSA predicts values too high at low ion concentrations and
too low at higher ion concentrations. Overall, the PMSA predictions

agree closely with the data for these systems.

Figure 6.16 presents a PMSA one parameter fit to the data for
NH.NO, in water at 298 K. Unlike the other systems presented
previously, the mean ionic activity coefficient decreases with
increasing ion concentration, including the high ion concentration
range. PMSA predictions are again reasonable, showing the proper

trend with ion concentrations.

Figure 6.17 presents a PMSA one parameter fit to the data for the
extremely non-ideal LIBr - water system at 298 K. The PMSA
predictions deviate in the same manner as observed with the other
systems. The deviations are much larger, however because of the
extremely rapid increase in activity coefficient with ion

concentration.
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To illustrate predictions for 1-2 and 2-1 salts, Figures 6.18 to 6.22
present PMSA one-parameter fits to the data for CaCl,, CaBr., and
Na,50.. The behavior of the CaCl. and CaBr, systems is

similar to KOH and NaOH, while the behavior of the Na.SO. system

is similar to KBr and KC1. The one-parameter PMSA fits to these data
are similar to the 1-1 salt systems. For CaCi., Bromley, Meissner,
Pitzer and Chen predictions are available and are shown along with
the PMSA and the data in Figure 6.19. The activity coefficient
predictions are similar to those for 1-1 salt systems, being
increasingly inaccurate as ion concentration increases. Also, as
observed previously, the predictions of the Pitzer method are too
high and the predictions of the Chen method are too low at high ion
concentrations. Figure 6.22 presents a comparison of the predictions
of the activity coefficient models to the one-parameter PMSA and the
data for Na,SO.. In this case, Bromley predictions are much too

low at the higher ion concentrations. The three-parameter Pitzer
model provides the best overall fit to these data. At the highest
ion concentration (about 0.21), the PMSA model predicts values less

accurately than Pitzer, but better than the other methods.

To check that the predictions of the PMSA are reasonable at
temperatures other than 298 K, KOH in water at 353 K was studied.

A dielectric constant of 61.2 for water was assumed. Ion hard-sphere
diameter and polarizability were assumed to be independent of

temperature. Figure 6.23 illustrates a one parameter fit to the data.
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The predictions are similar to those at 298 K (Figure 6.7), and the
PK,on-warer, found by the regression, is equal to that obtained at

298 K (see Table 6.23).

As noted in the previous discussion, predictions of the one-parameter
PMSA are too high (in varying degrees) at ion mole fractions near to
0.1. These deviations are reasonable because the equation of state
does not explicitly account for ion induced-dipole effects on all
species and the ion-dipole (of water) interaction is accounted for by
a fixed dielectric constant. Because the basic trends in the data
are described well by the one-parameter PMSA model, the deviations of
the one-parameter fit from data will be treated through the second
order perturbation term in equation 6.7. Oluster-cation =
Ouater-anion WaS assumed. Similar to the procedure of Ludecke

and Prausnitz (1985), the Z.,ie--10n parameter was scaled by

to make ¢ dimensionless, and is regressed aiong

2
acation—anion

with PKign-water:

Figures 6.24 to 6.30 iliustrate two-parameter PMSA fits to
experimental data for various systems in water at 298 K. The systems
showing the greatest deviation with the one-parameter PMSA fits were
chosen. 1In all cases, the two-parameter PMSA predictions are

substantially better than the one parameter PMSA predictions.

Figure 6.24 illustrates the predictions of the two-parameter PMSA for
KOH. The agreement of the two parameter PMSA with the data is much
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closer than the one parameter PMSA. Figure 6.25 presents the
Bromley, Meissner, Chen and Pitzer predictions along with the two
parameter PMSA and data (Hamer and Wu, 1972). The PMSA predictions

are better than the other models overall.

Figure 6.26 presents the improvement possible with a two parameter
PMSA fit for the NH.NO, system. The deviations are similar to

those of the one-parameter fit, however they are smaller.

Figure 6.27 illustrates the predictions of the two parameter PMSA for
LIBr. The two parameter fit is substantially better than the one
parameter fit for this extremely non-ideal system. The ¢ parameter
obtained by regression is large, compared to those obtained for the
other systems (see Table 6.23). Caution must be exercised in

applying this result to multicomponent solvent systems.

Figure 6.28 presents two-parameter PMSA predictions for CaCl..
Again, the predictions are significantly better than the one
parameter fit. Figure 6.29 presents the predictions of the Bromley,
Meissner, Pitzer and Chen models for the same system. The PMSA fits

the data better than the other methods, overall.

Figure 6.30 presents the predictions of the two-parameter PMSA for
CaBr, in water. Again the two parameter fit agrees with the data

better than the one-parameter fit.
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Analysis of Interaction Parameters

The PMSA equation of state is capable of describing the mean-ionic-
activity-coefficient behavior of single fully-dissociated
electrolytes in water. Further, it can be shown that the
PKyon-water interaction parameters obtained by regression follow a
definite trend with ion size. Ffigure 6.31 presents PKion-water 35
a FUNCtion Of Geation-anions OF (Ocation + Ganien)/2, for

the one-parameter fits. Overall, the interaction parameters, Pk,

decrease with increasing average cation-anion hard-sphere diameter.

Figure 6.32 shows PKign-water a5 @ function of Gcation-anion

for the one and two parameter fits. KOH, NH4NOs, LIBr, CaCl.,

CaBr, were based on two-parameter fits, while the others were based
on one-parameter fits. The scatter is lower than in Figure 6.31.
Further, the PKion_waier Obtained from the two parameter fit were
closer to unity than those obtained from the one-parameter fit. The

solid line on Figure 6.32 is based on a two constant least squares fit

Pkion—water = 0‘434 + 2.383/0cat|on-an|on (6.]8)

This corretation predicts a PKion-ware- OF 1.34 for KOH (the value
obtained from regression of data is 1.29). If the PKion-water WaSs
set to 1.34 and the fyacer-100 Was set to that obtained

previously from regression of data, the resulting average of
residuals is 21.7%4. The average of residuals obtained previously
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With @ PKionowater = 1.29 was 2.2%, indicating a reasonable change

of about 20% in the average fit with a variation of 0.05 in

Pki on-water

The results shown in Figures 6.31 and 6.32 are particularly
encouraging since the salts chosen for the study exhibit a wide range
of non-ideality. Approximate predictions of mean fonic activity
coefficients of fully-dissociated salts dissolved in water (for
Ocation-anion from 2.2A° to 3.6A°) can be obtained with the PMSA

equation of state and equation 6.18.

Fugacity Coefficients of Ions

Some comments on the fugacity coefficient of ions in solution are
necessary. Equations of state, unlike activity coefficient models,
provide residual properties such as fugacity coefficients and
enthalpy departures. The low-dilution fugacity coefficients of Na*
and OH™ in water predicted by a perturbed-hard-sphere equation of
state using dispersion theory in the attractive term will be roughly
EXP (13) and EXP (-17), respectively. While the equation of state
may provide a good fit to mean-ionic activity-coefficient data, it
would predict that NA® would vaporize from solution, because its
fugacity is so large. Electrical work could be produced by flashing
the solution and separating the phases. Since this phenomena is not

observed in nature, some important effect must be missing from the
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description of the residual properties. The MSA electrostatic term
describes the internal energy required to charge jions from zero to
their full charge in an electrically neutral mixture. As with the
Debye Huckel model, the electroneutrality condition was imposed in
the derivation. The configurational energy of an ion (1) in
solution, however, must account for the energy required to keep the
mixture electrically neutral. Consider the case where an NA®
vaporizes from an aqueous solution with a nearby OH™ remaining in
solution. The internal energy required to remove one NA® ion from

its associated OH™ is

o Zizj

Unas = €7 [ dr (6.19

D r?

where a is the distance of separation in solution. As an example, if a
is assumed to be 3A° and the NA* and OH™ are assumed to be near to

the vapor-liquid interface (D can be approximated as unity throughout
the integration), the resulting energy to remove the NA® ion is

1.1x10° cal/gmole. Assuming the energy required to remove all NA®

from their associated OH™ is the same, the total energy is

(nUwa.. Taking the mole number derivative and setting the standard

state to be infinite separation in the vapor phase yields

]n ¢NA+ electrical! separatton = -]86-7 a.t 298 K (6.20)
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This contribution to the ionic fugacity coefficients is extremely large
and ensures that for liquids far from the mixture critical point, the
vapor pressure of ions is negligible. With the above simple
development, the electrical-separation fugacity coefficient is
composition independent. Therefore, a compos i tion-independent
electrical-separation contribution can be added to an equation of state
expression for fugacity coefficients of ions when predicting
vapor-liquid equilibrium of mixtures with electrolytes dissolved in the

liquid phase.

Liquid Density

One benefit of the equation of state approach is that expressions for
fugacity, density and residual thermal properties are obtained by
standard analytical derivation. Internally consistent values are
predicted for all of these properties. Fugacity of the individual
species is generally key to the design of separation processes and
mixture density is usually of less interest. Nevertheless, the liquid
density predicted by the equation of state should be at least
qualitatively reasonable. Therefore, experimental data for NaCl and
CaCl, in water at 298.15 K were compared to PMSA model predictions.
The same physical constants and interaction parameters established for
the mean-ionic activity coefficient correlations were used (the two-

parameter fit for CaCl. was chosen).
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The equation of state predicts molar volumes on a fully-dissociated
salt basis. Assuming this same basis in calculating the average

molecular weight, densities, on a gr/cm® basis, were calculated.

The experimental and predicted liquid densities (gr/cm?®) for NaCl are

P P
m Data PMSA
1.02 1.037 1.030
4.99 1.166 1.095

The experimental and predicted liquid densities for CaCl, are

P P
m Data PMSA
1.01 1.082 1.054
4,98 1.341 1.182

The PMSA equation of state predicts an increase in liquid density with

increasing salt concentration, as observed with the experimental data.
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Table 6.1

Vapor Pressure and Liquid Density for Water
Experimental Data and Four Parameter Fit

Temp. (K) Vap. Pres.(Atm) Residual Lig. Density Residual
(Eqn 6.13)  (gmole/cm’) (Egn. 6.12)

273.15 0.00602 0.008702 0.05556 0.02986
283.15 0.0121 0.005186 0.05552 0.02226
297.04 0.0292 0.002191 0.05537 0.01353
310.93 0.0646 -0.001888 0.05519 0.005286
324.82 0.132 -0.002494 0.05488 -0.000677
338.71 0.253 -0.005123 0.05448 -0.005135
352.59 0.457 -0.006491 0.05400 -0.008297
366.48 0.784 -0.006411 0.0535%0 -0.01131
394.26 2.029 -0.006048 0.05235 -0.01536
422.04 4.559 -0.004870 0.05102 -0.01737
449.82 9.159 -0.002134 0.04948 -0.01703
477.59 16.824 0.000457 0.047175 -0.01506
505.37 28.748 0.003360 0.04558 -0.01303
533.15 46.313 0.005969 0.04373 -0.08639
560.93 71.102 0.007911 0.04083 0.08708
588.71 104.96 0.008820 0.03772 0.02602

Average (%) 0.483 1.36

a = (8.254 - 0.00549T)10°

3.229 - 0.000536 T

Q
]
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Table 6.2

Vapor Pressure and Liquid Density for Methanol
Experimental Data and Four Parameter Fit

Temp. (K Vap. Pres.(Atm) Residual Lig. Density Residual

(Eqn 6.13)  (gmole/cm?®) (Eqn. 6.12)
298.15 0.167 0.008702 0.02458 -0.0003223
313.15 0.348 0.000961 0.02414 -0.0000436
323.15 0.546 0.001966 0.02383 0.0004569
333.15 0.830 0.003688 0.02352 0.0006024
343.15 1.230 0.003026 0.02321 0.000307
353.15 1.777 0.002596 0.02288 0.0004451
363.15 2.513 -0.000747 0.22550 0.0000168
373.15 3.478 -0.000242 0.02221 -0.0005946
383.15 4.721 -0.001852 0.02185 -0.001016
393.15 6.303 -0.001566 0.02148 -0.001789
403.15 8.266 0.000358 0.02108 -0.002088
413.15 10.692 0.000382 0.02066 -0.002485
423.15 13.662 0.000374 0.02021 -0.002628
433.15 17.261 0.000189 0.01973 -0.002669
443.15 21.569 0.000648 0.01921 -0.002286
453.15 26.670 0.000679 0.01862 -0.000099
463.15 32.650 0.000122 0.01797 0.003185
473.15 39.611 0.000792 0.01722 0.009596

Average (%) 0.153 0.170

(16.59 - 0.01624T)10°

[=¥)
W

4.199 - 0.000853 T

Q
1}
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Table 6.3

Vapor Pressure and Liquid Density for Aniline
Experimental Data and Four Parameter Fit

Temp. (K) Vap. Pres.(Atm) Residual Liq. Density Residual
(Eqn 6.13) (gmole/cm®) (Egn. 6.12)

307.95 0.00132 0.1015

331.05 0.00656 0.001174

342.55 0.0132 -0.04059

355.15 0.0263 -0.06905

369.85 0.0526 -0.06085

379.15 0.0789 -0.05731

393.05 0.132 -0.05647

413.25 0.263 0.04312

435.05 0.526 0.05029

457.55 1.000 0.04273

273.15 0.01116 0.04417
293.15 0.01098 0.02526
303.15 0.01088 0.01685
313.15 0.01079 0.00755
333.15 0.01060 -0.01001
353.15 0.01042 -0.02848
398.15 0.00998 -0.06270

Average (%) 4.72 2.85

(43.46 - 0.01304T)10°

te Y]
1}

5.123 + 0.0007135 T

Q
il
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Table 6.4

Hard Sphere Diameter and Polarizability of Selected Ions

Ion Hard Sphere Diameter (A°)  Polarizability (A®)’
K* 2.66 0.84
Na* 1.92 0.18
LI* 1.21 0.029
NH3Z 3.20 2.04
Ca*t 1.98 0.47
OH~ 2.60 2.04
Br- 3.90 4. 81
NO3 4.02 4.36
Ci~ 3.61 3.69
S0z~ 4.45 6.0

Hard sphere diameter for K*, Na’, LI*, C1~, Br~ and Ca"*
obtained from Pauling (1939).

Hard sphere diameter for NHi, OH™, NO; and SOz
estimated from Bondi (1968).

Polarizability for all ions obtained from Landolt-Bornstein (1950).
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Table 6.5
Mean Ionic Activity Coefficients of KOH in Water at 298 K

Xlon deat.a YtPMSA

0.0003599 0.9023 0.9103
0.0007195 0.8716 0.8798
0.001797 0.8225 0.8325
0.003587 0.7818 0.7958
0.007149 0.7453 0.7667
0.01068 0.7298 0.7589
0.01420 0.7233 0.7606
0.01768 0.7228 0.7680
0.02114 0.7264 0.7793
0.02458 0.7320 0.7934
0.02779 0.7387 0.8099
0.03138 0.7485 0.8283
0.03475 0.7594 0.8484
0.04141 0.7845 0.8931
0.04798 0.8130 0.9432
0.05446 0.8461 0.9983
0.06086 0.8817 1.058
0.06716 0.9219 1.123
0.08257 1.035 1.306
0.09747 1.172 1.520
0.1119 1.333 1.769
0.1259 1.523 2.054
0.1394 1.744 2.381
0.1525 2.002 2.752
0.1653 2.304 3.172
0.1776 2.651 3.645
0.2103 3.531 4.767
0.2236 4.701 6.158
0.2447 6.263 7.856
0.2647 8.310 9.902
0.2837 10.97 12.34
0.3017 14.32 15.21
0.3188 18.64 18.54
0.3351 24.06 22.39
0.3506 30.65 26.79
0.3655 38.30 3.77
0.3797 47.39 37.36
0.3932 57.52 43.60
0.4062 68.37 50.50
0.4186 79.81 58.08

Average of Residuals = 16.3%
PKion-water = 1.43
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Table 6.6
Mean Ionic Activity Coefficients of NaOH in Water at 298 K

Xion Ydata Ytepmusa

0.0003599 0.9023 0.9079
0.0007195 0.8706 0.8753
0.001797 0.8205 0.8227
0.003587 0.7778 0.7786
0.007149 0.7363 0.7367
0.01068 0.7156 0.7172
0.01420 0.7840 0.70717
0.01768 0.6973 0.7041
0.02114 0.6937 0.7042
0.02458 0.6930 0.7072
0.02779 0.6934 0.7122
0.03138 0.6948 0.7189
0.03475 0.6983 0.7270
0.04141 0.7073 0.7467
0.04798 0.7185 0.7703
0.05446 0.7319 0.7970
0.06086 0.7475 0.8266
0.06716 0.7654 0.8589
0.08257 0.8164 0.9507
0.09747 0.8798 1.058
0.1119 0.9537 1.181
0.1259 1.042 1.320
0.1394 1.147 1.477
0.1525 1.270 1.653
0.1653 1.415 1.850
0.1776 1.583 2.069
0.2103 2.014 2.582
0.2236 2.599 3.208
0.2447 3.388 3.965
0.2647 4.43] 4.874
0.2837 5.786 5.956
0.3017 7.505 7.235
0.3188 9.624 8.737
0.3351 12.16 10.49
0.3506 15.09 12.52
0.3655 18.36 14.85
0.3797 21.92 17.53
0.3932 25.66 20.57
0.4062 29.50 24.02
0.4186 33.39 27.90
0.4305 37.31 32.25
0.4402 41.217 37.10
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Table 6.6 (Continued)

Mean Ionic Activity Coefficients of NaOH in Water at 298 K

Xion Y*data YEpmMsa
0.4530 45.30 42 .48
0.4635 49.43 48.44
0.4737 53.69 54.99
0.4835 58.00 62.16
0.4929 62.08 70.00
0.5020 65.40 78.53
0.5108 67.17 87.77

Average of Residuals = 11.6%

Pklon—water = ]59
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Table 6.7
Mean Ionic Activity Coefficients of KBr in Water at 298 K

Xion YXdata Ytpmsa

0.0003599 0.9023 0.9098
0.0007195 0.8706 0.8784
0.001797 0.8185 0.8274
0.003587 0.7738 0.7834
0.007149 0.7272 0.7380
0.01068 0.7005 0.7128
0.01420 0.6827 0.6963
0.01768 0.6698 0.6848
0.02114 0.6600 0.6765
0.02458 0.6531 0.6702
0.02779 0.6471 0.6656
0.03138 0.6422 0.6621
0.03475 0.6392 0.6593
0.04141 0.6343 0.6564
0.04798 0.6323 0.6551
0.05446 0.6324 0.6552
0.06086 0.6336 0.6562
0.06716 0.6357 0.6579
0.08257 0.6453 0.6641
0.09747 0.6593 0.6719
0.1119 0.6756 0.6806
0.1259 0.6956 0.6895
0.1394 0.7170 0.6986
0.1525 0.7387 0.7076
0.1653 0.7631 0.7165

Average of Residuals = 2.5%

Pkion—\./ano~ = ].]2
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Table 6.8

Mean Ionic Activity Coefficients of NaBr in Water at 298 K

Xion Y*data Y:pmMsa
0.0003599 0.9033 0.9101
0.0007195 0.8736 0.8792
0.001797 0.8255 0.8301
0.003587 0.7858 0.7899
0.007149 0.7473 0.7527
0.01068 0.7278 0.7361
0.01420 0.7162 0.7286
0.01768 0.7095 0.7262
0.02114 0.7069 0.7272
0.02458 0.7053 0.7305
0.02779 0.7068 0.7356
0.03138 0.7082 0.7420
0.03475 0.7116 0.7496
0.04141 0.7209 0.7671
0.04798 0.7321 0.7874
0.05446 0.7467 0.8096
0.06086 0.7635 0.8335
0.06716 0.7826 0.8588
0.08257 0.8371 0.9269
0.09747 0.9041 1.001
0.1119 0.9807 1.079
0.1259 1.068 1.161
0.1394 1.168 1.247
0.1525 1.278 1.335
0.1653 1.400 1.426
0.1776 1.533 1.519
0.2103 1.834 1.710
0.2236 2.182 1.907
0.2447 2.580 2.107

Average of Residuals = 5.5%

Pkion—water = ]-23
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Table 6.9

Mean Ionic Activity Coefficients of NaCl in Water at 298 K

Xion Y*agata YErMsA
0.0003599 0.9033 0.9090
0.0007193 0.8726 0.8771
0.001797 0.8235 0.8255
0.003587 0.7818 0.7818
0.007149 0.7393 0.7387
0.01068 0.7167 0.7166
0.01420 0.7030 0.7039
0.01768 0.6933 0.6965
0.02114 0.6875 0.6924
0.02458 0.6838 0.6908
0.02779 0.6811 0.6908
0.03138 0.6804 0.6922
0.03475 0.6807 0.6947
0.04141 0.6833 0.7020
0.04798 0.6891 0.7117
0.05446 0.6959 0.7232
0.06086 0.7049 0.7360
0.06716 0.7161 0.7500
0.08257 0.7499 0.7884
0.09747 0.7911 0.8307
0.1119 0.8400 0.8756
0.1259 0.8958 0.9225
0.1394 0.9598 0.9710
0.1525 1.031 1.021
0.1653 1.112 1.071
0.1776 1.1199 1.123
0.1811 1.226 1.138

Average of Residuals = 2.4%

Pkion—water = ]27
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Table 6.10

Mean Ionic Activity Coefficients of KC1 in Water at 298 K

Xion Y*dgata YEpmsa
0.0003599 0.9013 0.9092
0.0007195 0.8696 0.8773
0.001797 0.8175 0.8252
0.003587 0.7708 0.7799
0.007149 0.7222 0.7326
0.01068 0.6944 0.7057
0.01420 0.6746 0.6880
0.01768 0.6607 0.6753
0.02114 0.6497 0.6658
0.02458 0.6418 0.6585
0.02799 0.6348 0.6528
0.03138 0.6298 0.6484
0.03475 0.6258 0.6448
0.04141 0.6197 0.6398
0.04798 0.6155 0.6368
0.05446 0.6134 0.6352
0.06086 0.6133 0.6346
0.06716 0.6143 0.6347
0.08257 0.6191 0.6371
0.09747 0.6293 0.6413
0.1119 0.6429 0.6465
0.1259 0.6589 0.6520
0.1394 0.6786 0.6578
0.1474 0.6908 0.6612
0.1525 0.6997 0.6634

Average of Residuals = 2.4%

Pk!on-water = ]]5

114



Table 6.11

Mean Ionic Activity Coefficients of NH.Cl in Water at 298 K

Xion Ydata YtpmMsaA
0.0003599 0.9013 0.9101
0.0007195 0.8696 0.8789
0.001797 0.8175 0.8282
0.003587 0.7718 0.7845
0.007149 0.7232 0.7394
0.01068 0.6944 0.7140
0.01420 0.6756 0.6973
0.01768 0.6607 0.6855
0.02114 0.6497 0.6766
0.02458 0.6418 0.6699
0.02799 0.6348 0.6647
0.03138 0.6287 0.6605
0.03475 0.6247 0.6573
0.0414] 0.6176 0.6526
0.04798 0.6134 0.6497
0.05446 0.6113 0.6480
0.06086 0.6101 0.6471
0.06716 0.6100 0.6468
0.08257 0.6137 0.6475
0.09747 0.6205 0.6493
0.1119 0.6306 0.6515
0.1259 0.6406 0.6536
0.1394 0.6519 0.6554
0.1525 0.6643 0.6569
0.1653 0.6757 0.6580
0.1776 0.6870- 0.6587
0.2013 0.7086 0.6588
0.2105 0.7156 0.6684

Average of Residuals = 3.9%

PKion-water = 1.19
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Table 6.12

Mean Ionic Activity Coefficients of NH.NO; Water at 298 K

Xion Y*data Ypmsa
0.0003599 0.8973 0.9096
0.0007195 0.8626 0.8776
0.001797 0.8024 0.8247
0.003587 0.7467 0.771
0.007149 0.6829 0.7241
0.01068 0.6439 0.6911
0.01420 0.6147 0.6670
0.01768 0.5925 0.6479
0.02114 0.5731 0.6321
0.02458 0.5577 0.6185
0.02799 0.5432 0.6065
0.03138 0.5317 0.5958
0.03475 0.5201 0.5862
0.04141 0.5018 0.5690
0.04798 0.4853 0.5541
0.05446 0.4717 0.5409
0.06086 0.4600 0.5289
0.06716 0.4492 0.5179
0.08257 0.4262 0.4936
0.09747 0.4077 0.4727
0.1119 0.3930 0.4542
0.1259 0.3798 0.4376
0.1394 0.3672 0.4225
0.1525 0.3575 0.4088
0.1653 0.3486 0.3961
0.1776 0.3405 0.3844
0.2013 0.3268 0.3636
0.2236 0.3156 0.3457
0.2447 0.3058 0.3301
0.2647 0.2992 0.3164
0.2837 0.2918 0.3045
0.3017 0.2864 0.2940
0.3188 0.2819 0.2848
0.3351 0.2782 0.2766
0.3506 0.2757 0.2693
0.3655 0.2726 0.2628
0.3797 0.2708 0.2570
0.3932 0.2686 0.2517
0.4062 0.2661 0.2470
0.4186 0.2649 0.2427
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Table 6.12 (Continued)

Mean Ionic Activity Coefficients of NH4NO; Water at 298 K

Xion Ytdata Y:pHSA
0.4305 0.2634 0.2388
0.4420 0.2616 0.2352
0.4530 0.2596 0.2320
0.4635 0.2572 0.2289
0.4737 0.2546 0.2261
0.4830 0.2534 0.2237

Average of Residuals = 9.0%

Pk\on-water = ]-2]
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Tablie 6.13

Mean Ionic Activity Coefficients of LIBr in Water at 298 K

Xion YEdata Yipmsa
0.0003599 0.9053 0.9128
0.0007195 0.8776 0.8846
0.001797 0.8335 0.8437
0.003587 0.7999 0.8170
0.007149 0.7725 0.8075
0.01068 0.7632 0.8197
0.01420 0.7628 0.8425
0.01768 0.7655 0.8722
0.02114 0.7754 0.9072
0.02458 0.9863 0.9466
0.02799 0.8004 0.9901
0.03138 0.8146 1.037
0.03475 0.8319 1.088
0.04141 ©.8700 1.200
0.04798 0.9149 1.327
0.05446 0.9656 1.469
0.06086 1.022 1.627
0.06716 1.085 1.802
0.08257 1.271 2.320
0.09747 1.506 2.9
0.1119 1.799 3.778
0.12%9 2.163 4.767
0.1394 2.617 5.967
0.1525 3.181 7.410
0.1653 3.884 9.128
0.1776 4.761 11.16
0.2013 7.234 16.29
0.2236 11.14 23.13
0.2447 17.34 31.97
0.2647 27.21 43.14
0.2837 42.76 56.94
0.3017 66.82 73.63
0.3188 103.0 93.47
0.3351 154.9 116.7
0.3506 226.41 143.3
0.3655 316.8 173.6
0.3797 425.6 207.6
0.3932 547.1 245.2
0.4062 680.3 286.5
0.4186 835.9 331.4

Average of Residuals = 43.7%
Pkion-water = ]59
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Table 6.14
Mean Ionic Activity Coefficients of CaCl. in Water at 298 K

Xion Ytagata Ytepmsa

0.005371 0.5208 0.5032
0.01068 0.47M 0.4626
0.01594 0.4624 0.4577
0.02114 0.4577 0.4675
0.02629 0.4601 0.4862
0.03138 0.4671 0.5112
0.03642 0.4774 0.5413
0.04141 0.4903 0.5761
0.04635 0.5075 0.6153
0.05123 0.5270 0.6587
0.06086 0.5739 0.7584
0.07023 0.6314 0.8760
0.07953 0.69396 1.013
0.08859 0.7812 1.170
0.09747 0.8775 1.350
0.1189 1.207 1.912
0.1394 1.723 2.663
0.1590 2.473 3.642
0.1776 3.563 4.891
0.1955 5.183 6.452
0.2126 7.480 8.370
0.2290 10.61 10.69
0.2447 14.71 13.44
0.2598 19.63 16.68
0.2743 25.19 20.42
0.2883 31.09 24.71
0.3017 37.26 29.56
0.3146 43.92 34.99
0.327 50.82 41.02
0.3391 58.25 47.65
0.3506 66.22 54.89

Average of Residuals = 20.8%

Pkion—wazer = ].42
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Table 6.15
Mean Ionic Activity Coefficients of CaCl. in Water at 298 K

Xian Ytoata Ytemsa

0.00537 0.5349 0.5205
0.01068 0.4963 0.4921
0.01594 0.4888 0.4996
0.02114 0.4924 0.5232
0.02629 0.5032 0.5571
0.03138 0.5203 0.5992
0.03642 0.5407 0.6486
0.04141 0.5654 0.7051
0.04635 0.5946 0.7686
0.05123 0.6282 0.8393
0.06086 0.7070 1.003
0.07029 0.8024 1.200
0.07953 0.9191 1.434
0.08859 1.062 1.709
0.09747 1.240 2.029
0.1189 1.877 3.066
0.1394 2.940 4.513
0.1590 4.613 6.470
0.1776 7.624 9.046
0.1955 13.23 12.35
0.2126 23.41 16.50
0.2290 41.11 21.60
0.2447 73.75 27.75

Average of Residuals = 30.2%

Pkion-water = ]35
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Table 6.16

Mean Ionic Activity Coefficients of Na,SO. in HWater at 298 K

Xion Ytdata YEpPMSA
0.00537 0.448] 0.4784
0.01068 0.3695 0.3979
0.01594 0.3264 0.3527
0.02114 0.2973 0.3217
0.02629 0.2756 0.2983
0.03138 0.2587 0.2797
0.03642 0.2448 0.2643
0.04141 0.2333 0.2514
0.04635 0.2235 0.2403
0.05123 0.2150 0.2308
0.07493 0.1865 0.1979
0.09747 0.1713 0.1805
0.01189 0.1639 0.1716
0.01394 0.1620 0.1677
0.01590 0.1641 0.1663
0.1776 0.1694 0.1658
0.1955 0.1776 0.1650
0.2126 0.1882 0.1634

Average of Residuals = 6.6%

Pkion-water = ]-]4
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Table 6.17

Mean Ionic Activity Coefficients of KOH in Water at 353 K

Xion Y*data Yirmsa
0.003587 0.7617 0.7712
0.007149 0.7232 0.7323
0.01420 0.6928 0.7098
0.03475 0.7045 0.7479
0.05123 0.7483 0.8200
0.06716 0.8094 0.9121
0.1259 1.193 1.446
0.1776 1.860 2.261
0.2236 2.344 3.415
0.2647 4.651 4.964
0.3017 7.318 6.960
0.3351 10.83 9.439
0.3797 18.38 14.11

Average of Residuals = 12.3%

PKion-water = 1.43
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Table 6.18

Mean Ionic Activity Coefficients of KOH in Water at 298 K

Xion Y*xdata YEemMsA
0.0003599 0.9023 0.9093
0.0007195 0.8716 0.8778
0.001797 0.8225 0.8279
0.003587 0.7818 0.7870
0.007149 0.7453 0.7500
0.01068 0.7298 0.7344
0.01420 0.7233 0.7285
0.01768 0.7228 0.7281
0.02114 0.7264 0.7315
0.02458 0.7320 0.7376
0.02779 0.7387 0.7458
0.03138 0.7485 0.7557
0.03475 0.7594 0.7671
0.04141 0.7845 0.7937
0.04798 0.8130 0.8246
0.05446 0.8461 0.8594
0.06086 0.8817 0.8978
0.06716 0.9219 0.9396
0.08257 1.035 1.060
0.09747 1.172 1.202
0.1119 1.333 1.370
0.125%9 1.523 1.566
0.1394 1.744 1.793
0.1525 2.002 2.056
0.1653 2.304 2.359
0.1776 2.651 2.709
0.2103 3.5 3.574
0.2236 4.701 4.710
0.2447 6.263 6.193
0.2647 8.310 8.115
0.2837 10.97 10.59
0.3017 14.32 13.75
0.3188 18.64 17.75
0.3351 24.06 22.79
0.3506 30.65 29.08
0.3655 38.30 36.86
0.3797 47.39 46.41
0.3932 57.52 58.05
0.4062 68.37 72.12
0.4186 79.81 88.99

Average of Residuals = 2.2%
Pk!on-water = ]29
ewater-ion = 0.4]8
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Table 6.19

Mean Ionic Activity Coefficients of NHJNO; Water at 298 K

Xion Ytdata Y:pHsA
0.0003599 0.8973 0.9082
0.0007195 0.8626 0.8751
0.001797 0.8024 0.8189
0.003587 0.7467 0.7663
0.007149 0.6829 0.7046
0.01068 0.6439 0.6642
0.01420 0.6147 0.6337
0.01768 0.5925 0.6089
0.02114 0.5731 0.5879
0.02458 0.5577 0.5698
0.02799 0.5432 0.5539
0.03138 0.5317 0.5397
0.03475 0.5201 0.5268
0.04141 0.5018 0.5044
0.04798 0.4853 0.4855
0.05446 0.4717 0.4693
0.06086 0.4600 0.4551
0.06716 0.4492 0.4426
0.08257 0.4262 0.4172
0.09747 0.4077 0.3977
0.1119 0.3930 0.3824
0.1259 0.3798 0.3701
0.1394 0.3672 0.3601
0.1525 0.3575 0.3518
0.1653 0.3486 0.3447
0.1776 0.3405 0.3387
0.2013 0.3268 0.3289
0.2236 0.3156 0.3211
0.2447 0.3058 0.3145
0.2647 0.2992 0.3088
0.2837 0.2918 0.3035
0.3017 0.2864 0.2986
0.3188 0.2819 0.2939
0.3351 0.2782 0.2894
0.3506 0.2757 0.2850
0.3655 0.2726 0.2806
0.3797 0.2708 0.2762
0.3932 0.2686 0.2719
0.4062 0.2661 0.2677
0.4186 0.2649 0.2634
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Table 6.19 (Continued)

Mean Ionic Activity Coefficients of NH.NO; Water at 298 K

Xian Ytdata YtpmMsa
0.4305 0.2634 0.2592
0.4420 0.2616 0.2551
0.4530 0.2596 0.2509
0.4635 0.2572 0.2468
0.4737 0.2546 0.2428
0.4830 0.2534 0.2389

Average of Residuals = 5.1%
Pk!on—water = ]-]9

éwater—!on = 0-065
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Table 6.20

Mean Ionic Activity Coefficients of LIBr in Water at 298 K

Xion Y*adata Y*pnusa
0.0003599 0.9053 0.9091
0.0007195 0.8776 0.8774
0.001797 0.8335 0.8266
0.003587 0.7999 0.7845
0.007149 0.7725 0.7455
0.01068 0.7632 0.7287
0.01420 0.7628 0.7222
0.01768 0.7655 0.7219
0.02114 0.7754 0.7258
0.02458 0.9863 0.7331
0.02799 0.8004 0.7431
0.03138 0.8146 0.7554
0.03475 0.8319 0.7697
0.04141 0.8700 0.8041
0.04798 0.9149 0.8455
0.05446 0.9656 0.8936
0.06086 1.022 0.9486
0.06716 1.085 1.011
0.08257 1.27% 1.200
0.09747 1.506 1.445
0.1119 1.799 1.759
0.1259 2.163 2.159
0.1394 2.617 2.666
0.1525 3.181 3.307
0.1653 3.884 4.114
0.1776 4.761 5.129
0.2013 7.234 7.992
0.2236 11.14 12.44
0.2447 17.34 19.24
0.2647 27.21 29.49
0.2837 42.76 44 .68
0.3017 66.82 66.80
0.3188 103.0 98.39
0.3351 154.9 142.7
0.3506 226.41 203.5
0.3655 316.8 285.5
0.3797 425.6 393.9
0.3932 547.1 534.5
0.4062 680.3 713.6
0.4186 835.9 937.4

Average of Residuals = 5.8%
Pkion—water = ]30
éwater—ion = 7].3
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Table 6.21

Mean Ionic Activity Coefficients of CaCl, in Water at 298 K

Xion YEaata YpMsa
0.005371 0.5208 0.4882
0.01068 0.4771 0.4362
0.01594 0.4624 0.4202
0.02114 0.4577 0.4187
0.02629 0.4601 0.4255
0.03138 0.4677 0.4379
0.03642 0.4774 0.4546
0.04141 0.4903 0.4750
0.04635 0.5075 0.4988
0.05123 0.5270 0.5258
0.06086 0.5739 0.5892
0.07023 0.6314 0.6655
0.07953 0.6996 0.7558
0.08859 0.7812 0.8615
0.09747 0.8775 0.9842
0.1189 1.207 1.380
0.1394 1.723 1.937
0.1590 2.473 2.708
0.1776 3.563 3.757
0.1955 5.183 5.166
0.2126 7.480 7.030
0.2290 10.61 9.460
0.2447 14.71 12.59
0.2598 19.63 16.55
0.2743 25.19 21.50
0.2883 31.09 27.61
0.3017 37.26 35.06
0.3146 43.92 44 .01
0.3271 50.82 54.64
0.3391 58.25 67.13
0.3506 66.22 81.61

Average of Residuals = 8.4%
Pkion—water = ]-32
gwater—ion = 0662
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Table 6.22

Mean Ionic Activity Coefficients of CABr. in Water at 298 K

Xion Ytdata YtrMsa
0.00537 0.5349 0.4897
0.01068 0.4963 0.4379
0.01594 0.4888 0.4228
0.02114 0.4924 0.4232
0.02629 0.5032 0.4326
0.03138 0.5203 0.4488
0.03642 0.5407 0.4706
0.04141 0.5654 0.4974
0.04635 0.5946 0.5293
0.05123 0.6282 0.5662
0.06086 0.7070 0.6561
0.07029 0.8024 0.7704
0.07953 0.9191 0.9134
0.08859 1.062 1.091
0.09747 1.240 1.311
0.1189 1.877 2.109
0.1394 2.940 3.437
0.1590 4.613 5.619
0.1776 7.624 9.151
0.1955 13.23 14.78
0.2126 23.41 23.57
0.2290 41.11 37.06
0.2447 73.75 57.33

Average of Residuals = 11.4%

Pk!on-water = 1.21

ewater-ion = 0-937
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Table 6.23
Summary of Mean Ionic Activity Coefficient Correlations

Salt PKion-water &dwater-i1an Average of Residuals (%) Max Xion

KOH 1.43 16.3 0.4186
KOH 1.29 0.418 2.2 0.4186
NaCH 1.59 11.6 0.5108
KBr 1.12 2.5 0.1653
NABr 1.23 5.5 0.2447
NaCl 1.27 2.4 0.1811
KC1 1.15 2.4 0.1525
NH,CI1 1.19 3.9 0.2105
NH4NO; 1.21 9.0 0.4830
NH4NO3 1.19 0.065 5.1 0.4830
LIBr 1.59 43.7 0.4186
LIBr 1.30 71.3 5.8 0.4186
CaCl. 1.42 20.8 0.3506
CaCl, 1.32 0.662 8.4 0.3506
CaBr, 1.35 30.2 0.2447
CaBr. 1.21 0.937 11.4 0.2447
NA.SO4 1.14 6.6 0.2126
KOH * 1.43 12.3 0.3797
* at 353 K
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RESIDUAL — EQUATION 6.13

FIGURE 6.1

RESIDUAL VALUES:
CORRELATION OF WATER
VAPOR PRESSURE
0.10<m
0.05- ........................................................................
‘a L0888
0.00 TN ]
_0.05_ ............................... e e
-0.10
200 300 400 500 600

TEMPERATURE (K)

130



RESIDUAL — EQUATION 6.12
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RESIDUAL — EQUATION 6.13
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FIGURE 6.3
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RESIDUAL — EQUATION 6.12

FIGURE 6.4
RESIDUAL VALUES:
CORRELATION OF METHANOL
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RESIDUAL — EQUATION 6.13

FIGURE 6.5

RESIDUAL VALUES:
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RESIDUAL — EQUATION 6.12

FIGURE 6.6
RESIDUAL VALUES:
CORRELATION OF ANILINE
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MEAN—IONIC ACTIVITY COEFFICIENT

FIGURE 6.7
PREDICTED AND EXPERIMENTAL
MEAN—IONIC ACTIVITY COEFFICIENT
FOR KOH IN WATER AT 298 K
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MEAN—IONIC ACTIVITY COEFFICIENT

FIGURE 6.8
PREDICTED AND EXPERIMENTAL
MEAN=-IONIC ACTIVITY COEFFICIENT
FOR KOH IN WATER AT 298 K
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MEAN—IONIC ACTIVITY COEFFICIENT

FIGURE 6.9
PREDICTED AND EXPERIMENTAL
MEAN—IONIC ACTIVITY COEFFICIENT

FOR NAOH IN WATER AT 298 K
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MEAN—-IONIC ACTIVITY COEFFICIENT

FIGURE 6.10
PREDICTED AND EXPERIMENTAL
MEAN—IONIC ACTIVITY COEFFICIENT
FOR NAOH IN WATER AT 298 K
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FIGURE 6.1
PREDICTED AND EXPERIMENTAL
MEAN—IONIC ACTIVITY COEFFICIENT
FOR KBR IN WATER AT 298 K
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MEAN-IONIC ACTIVITY COEFFICIENT

FIGURE 6.12
PREDICTED AND EXPERIMENTAL
MEAN—IONIC ACTIVITY COEFFICIENT
FOR NABR IN WATER AT 298 K
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MEAN—IONIC ACTIVITY COEFFICIENT

FIGURE 6.13
PREDICTED AND EXPERIMENTAL
MEAN—IONIC ACTIVITY COEFFICIENT
FOR NACL IN WATER AT 298 K
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FIGURE 6.14
PREDICTED AND EXPERIMENTAL
MEAN—IONIC ACTIVITY COEFFICIENT
FOR KCL IN WATER AT 298 K
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FIGURE 6.15
PREDICTED AND EXPERIMENTAL
MEAN—IONIC ACTIVITY COEFFICIENT
FOR NHACL IN WATER AT 298 K
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FIGURE 6.16
PREDICTED AND EXPERIMENTAL
MEAN—IONIC ACTIVITY COEFFICIENT
FOR NH4NO3 IN WATER AT 298 K
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MEAN—IONIC ACTIVITY COEFFICIENT

FIGURE 6.1/
PREDICTED AND EXPERIMENTAL
MEAN—IONIC ACTIVITY COEFFICIENT
FOR LIBR IN WATER AT 298 K
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MEAN—IONIC ACTIVITY COEFFICIENT

FIGURE

6.18

PREDICTED AND EXPERIMENTAL
MEAN—IONIC ACTIVITY COEFFICIENT
FOR CACL2 IN WATER AT 298 K

Legend
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MEAN—IONIC ACTIVITY COEFFICIENT

FIGURE 6.19
PREDICTED AND EXPERIMENTAL
MEAN—IONIC ACTIVITY COEFFICIENT
FOR CACL2 IN WATER AT 298 K
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MEAN—IONIC ACTIVITY COEFFICIENT

FIGURE 6.20
PREDICTED AND EXPERIMENTAL
MEAN—IONIC ACTIVITY COEFFICIENT
FOR CABR2 IN WATER AT 298 K
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MEAN—IONIC ACTIVITY COEFFICIENT

FIGURE 6.21
PREDICTED AND EXPERIMENTAL
MEAN—IONIC ACTIVITY COEFFICIENT
FOR NA2S0O4 IN WATER AT 298 K
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FIGURE 6.22
PREDICTED AND EXPERIMENTAL
MEAN—IONIC ACTIVITY COEFFICIENT
FOR NA2SO4 IN WATER AT 298 K
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MEAN—IONIC ACTIVITY COEFFICIENT

FIGURE

6.23

PREDICTED AND EXPERIMENTAL
MEAN—IONIC ACTIVITY COEFFICIENT
FOR KOH IN WATER AT 353 K
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MEAN—IONIC ACTIVITY COEFFICIENT

FIGURE 6.24
PREDICTED AND EXPERIMENTAL
MEAN—IONIC ACTIVITY COEFFICIENT
FOR KOH IN WATER AT 298 K

100

10-

1
o Legend
HAMER AND WU - 1972
ey - - s srieeressaesas et e en e P“SA - ' PARA“ET:' cee
PMSA — 2 PARAMETER

0.1%
0.0 0.1 0.2 0.3 0.4 0.5

MOLE FRACTION OF IONS

153



MEAN—IONIC ACTIVITY COEFFICIENT

FIGURE 6.25
PREDICTED AND EXPERIMENTAL
MEAN—IONIC ACTIVITY COEFFICIENT
FOR KOH IN WATER AT 298 K
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FIGURE 6.26
PREDICTED AND EXPERIMENTAL
MEAN—IONIC ACTIVITY COEFFICIENT
FOR NH4NO3 IN WATER AT 298 K
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MEAN—IONIC ACTIVITY COEFFICIENT

FIGURE 6.27
PREDICTED AND EXPERIMENTAL
MEAN—IONIC ACTIVITY COEFFICIENT
FOR LIBR IN WATER AT 298 K
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MEAN—IONIC ACTIVITY COEFFICIENT

FIGURE 6.28
PREDICTED AND EXPERIMENTAL
MEAN—IONIC ACTIVITY COEFFICIENT
FOR CACL2 IN WATER AT 298 K
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MEAN-IONIC ACTIVITY COEFFICIENT

FIGURE 6.29
PREDICTED AND EXPERIMENTAL
MEAN-IONIC ACTIVITY COEFFICIENT
FOR CACL2 IN WATER AT 298 K
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MEAN—IONIC ACTIVITY COEFFICIENT

FIGURE 6.30
PREDICTED AND EXPERIMENTAL
MEAN—IONIC ACTIVITY COEFFICIENT
FOR CABR2 IN WATER AT 298 K
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PK (ION—WATER)

FIGURE 6.32

PK AS A FUNCTION OF AVG. HARD
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7. Application to Salting Systems

Addition of non-volatile salts to a liquid phase containing a mixture
of solvents alters the phase equilibrium of the solvents. This
effect, referrved to as a "salting effect", is important when salts are
present in reactor product streams which are fed directly to
separation units (e.g., distiltation columns). Accurate description
of phase equilibrium is required to design or simulate the separation
units. As mentioned by Furter (1976), addition of small amounts of
salts can significantly change the phase equilibrium. For example,
Dallos et al. (1983) measured the solubility of aniline in water -
NaCl mixtures and reported about a decrease of a factor of 2.6 in

aniline solubility as the ion mole fraction was increased to 0.097.

As mentioned in Section 1, a variety of empirical methods (see Furter,
1976) have been devised to correlate salting effects. However, these
methods are not capable of describing phase equilibrium of polar

solvents, fugacity of the dissolved salt, and other properties of the

mixture, such as density, simultaneously.

The Perturbed-Hard-Sphere MSA (PMSA) equation of state developed in
Section 6 has been applied to two salting systems measured recently by
Dallos et al. (1983). Aniline solubility in water was measured at
323.15 K as a function of salt concentration in the water phase. NaCl
and NH.C1 significantly affect the aniline solubility and were,
therefore, chosen for this study.
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To establish a model for salting effects in aniline-water mixtures,
the liquid-liquid equilibria of aniline-water binary mixtures must be
considered first. Therefore, binary liquid-liquid equilibria and the
salting-effects were fit simultaneously (for each salting system).
The 1iquid-liquid equilibrium data presented in Sorensen and Arlt

(1979) over a temperature range of 293.15 to 413.15 K were chosen.

The phase equilibrium residuals are defined by

]n(¢)()11qu|d T - ]n(¢X)1§qu|d 2 = reSidua]n 7.1

for the n'" data point.

Liquid 1 is defined as the water-rich phase. Predicted and

experimental distribution coefficients defined by

(7.2)

Koc = Xphase 1 / Xphase 2

will be discussed below.

The hard-sphere diameters of aniline, water, and ionic species, and

the polarizabilities of ionic species were established in Section 6.
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Dallos et al. report that the solubility of the salts in aniline is
small. Therefore, the electrostatic contributions were calculated
only for the water-rich phase. 1In this phase, the dielectric constant
of pure water at the system temperature was assumed. Dallos et al. do
not report the composition of the aniline-rich phase, therefore the
composition of the aniline-rich phase at 323.15 K was derived by

interpolation of the Sorensen and Arlt data at 313.15 K and 333.15 K.

Following Mathias and Copeman (1983), one second-order-perturbation
interaction-parameter(#) (equation 6.7) and the first-order-
perturbation interaction-parameter (Pk) (equation 6.11) were regressed
for the non-ionic liquid-liquid equilibrium. In this case, the Pk was

assumed to vary with temperature by

Pkan!\ine-water = 41 (L + M/T) (7.3)

One additional Pk was regressed for description of the salting effect;

PKeationowater = PKanion-water Was assumed.

Tables 7.1 and 7.2 present experimental and predicted distribution

coefficients for the NaCl and NH.C1 salting systems, respectively.

164



The fits to the data are excellent. The average of the residuals is
6.1% and 5.7% for the NaCl and NH.CI salting systems,

respectively. The interaction parameter, Pk, for aniline-water is a
weak function of temperature, and the interaction parameter, Pk for
the ions with water, is near unity. It should be noted that the Pk
and ¢ for aniline-water obtained for the two different salting
systems do differ slightly (beyond the digits reported in Tables 7.1
and 7.2) leading to less than a 0.1% difference in predicted aniline
and water distribution coefficients, which was considered to be

negligible.

Figure 7.1 illustrates the liquid-liquid equilibrium predictions for
the water-aniline binary as a function of temperature. Similar to
Mathias and Copeman (1983), and Ludecke and Prausnitz (1985), the
correct qualitative trends of solubility with temperature are
predicted. Figures 7.2 and 7.3 present experimental and predicted
distribution coefficients as a function of the mole fraction of ions
in the liquid phase for the NaCl and NH,C1 salting systems (at
323.15 K), respectively. Dallos et al. (1983) did not report the
solubility of aniline in water at zero mole fraction of ions.
Therefore, the distribution coefficient of aniline at zero
concentration of salt for 323.15 K was derived by linear
interpolation of the data of Sorensen and Arlt (1979 and added to
Figure 7.2 and 7.3 to verify the agreement between the two sets of
data. The predicted and experimental values agree to within 5% in
both figures.
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To demonstrate application of the PMSA equation of state to a
vapor-liquid salting system, correlations were developed for water
and methanol with NaBr. The isobaric (1 atm) data of Boone et al.
(1976) were selected. The hard-sphere diameters and the other pure
component properties were established for water, methanol, Na® and
Br- in Section 6. Also, the mean-ionic activity coefficients of
NaBr in water were correlated in Section 6 and a PKion-water of

1.23 (see Table 6.23) was used for the NaBr-water system.

The weight-fraction mixing rule, presented as equation A.4 in
Appendix A, was used to calculate the dielectric constant of
water-methanol mixtures for inclusion into the PMSA equation of state
as D. The dielectric constants of methanol and water presented in

Maryott and Smith (1951) were used

10g100me tnanor = 1.514-0.00264 (T-298.15) (7.4)
and
Duater = 78.584 (1.0-4.579 X 10* (T-298.15)
+ 1.19 X 107° (T-298.15)*
-2.80 X 107* (7-298.15)") (7.5

The PKion-metnanot AN PKuater-methanot WEre regressed
simultaneously to the vapor-liquid equilibrium data. Table 7.3
summarizes the experimental and predicted K values. The average of
the residuals is 5.6%. A PKion-meinanor Of 0.982 and a

PKuator-metnanot OF 1.045 were obtained from the regression.
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Methano!l “"salts out" of the liquid phase (K values increase) as the
concentration of NaBr increases. Figure 7.4 presents the
experimental and predicted K values of methanol as a function of
temperature for the three different salt to water molalities (1.0,
2.0, and 4.0). For these conditions, the liquid mole fraction of
jons varies from nearly zero, at high liquid mole fractions of
methanol, to about 0.13 at high liquid mole fractions of water. The
salting effect is larger at the higher temperatures since the
methanol is present at low concentrations in the liquid phase with

high concentrations of salt.
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Table 7.1

Distribution Coefficients for the Water-Aniline
NaCl Salting-Out System

Comparison of Perturbed MSA to Experimental Data

Temperature (K) X.o

293.15
298.15
313.15
333.15
353.15
373.15
393.15
413.15
323.15
323.15
323.15
323.15
323.15
323.15

COO0OO0OODODOOOOOO0O0

CO0O0OO0O

NS

.01756
.03456
.05100
.06690
.08228
.09720

KDC

Average of residuals = 6.1%

—NNWWEAE PN

DATA

WATE

.663
.552
.189
.742
.232
.736
.230
.898

Pkan‘line-water = ]-078 - ]9.6/T

eani!!ne-water = 0.

Pkion-water = 0-940

0258
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C
WATER

PMSA

.392
.044
.182
.354
.749
.300
.966
.694

Koc

CO0OO0OOOCOOOOOOO0O0O

DATA

METHANOL

.00856
.00868
.00945
.01152
.01600
.02375
.03651
.06176
.009186
.007610
.006208
.005354
.004539
.003859

PMSA

C
METHANOL

COOCO0OO0OOQODOOOOOO0O

.00857
.00882
.00984
.01207
.01579
.02275
.03488
.05899
.00890
.007348
.006147
.005257
.004549
.003990



Table 7.2

- Distribution Coefficients for the Water-Aniline
NH.C! Salting-Out System
Comparison of Perturbed M5A to Experimental Data

DATA PMSA DATA PMSA
Temperature (K) Xions Koc Koc Koc Koc

WATER WATER METHANOQL METHANOL
293.15 0.0 4.663 5.387 0.00856 0.00851
298.15 0.0 4.552 5.040 0.00868 0.00875
313.15 0.0 4.189 4.178 0.00945 0.00977
333.15 0.0 3.742 3.352 0.01152 0.01200
353.15 0.0 3.232 2.749 0.01600 0.01588
373.15 0.0 2.733 2.302 0.02375 0.02265
393.15 0.0 2.320 1.967 0.03651 0.03474
413.15 0.0 1.898 1.694 0.06176 0.05878
323.15 0.01754 0.00997 0.00994
323.15 0.03450 0.00941 0.00928
323.15 0.05090 0.00887 0.00876
323.15 0.06674 0.00835 0.00835
323.15 0.08206 0.00809 0.00806
323.15 0.09690 0.00772 0.00783

Average of residuals = 5.7%
Pkanlline~wa¢_er = ].078 - ]9.5/T
ganiline-water = 0.0258

PKion-water = 0.921

169



K Values for the Water-Methanol-

Temperature (K) X ons

366.95
362.35
358.15
354.15
347.45
343.95
340.65
339.15
366.95
361.85
357.85
353.75
347.65
344.15
340.15
339.15
370.55
364.75
358.65
353.75
342.95
340.55
338.95

OO0 OOOCOOO0OOOODOOO0O

Pressure = 1.0 atm

.0338
.0323
.0303
.0277
.0191
.0123
.0047
.0026
.0663
.0635
.0601
.0529
.0390
.0275
.0112
.0051
L1313
1278
.1209
.1083
.0446
.0273
.0120

Tabie 7.3

NaBr Salting System
Comparison of Perturbed MSA to Experimental Data

COCOO000O0O0OOOOOOOOO0OOO0O00O0

Average of residuals = 5.6%

Pkmethancl-water = ]-045

Pkicn—water = ]230

Pkion—methanol = O

982

DATA

C
WATE

. 7560
.6700
.5496
.4679
.5275
.4527
.4910
.4530
.1528
.6362
.5143
.4544
.4190
.3823
.4146
.4687
19315
.6861
.5863
4471
514
.3812
.3614

R
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PMSA

D¢
WATER

1921
.6708
.5800
51
.4472
.4360
.4318
.4194
.7855
.6514
.5650
.5018
.4403
.4237
.4152
.4191
.8712
.7025
.5596
.4765
.4156
.4093
0.4108

COO00O0O0O0ODOODODOOODODOOOOCO

ocC
METHANOL

—‘—‘—‘UJU1G)¢)—‘—'—‘—‘N)GhUl\J—‘—‘—‘—HU(&-P(N

.849
179
.843
.969
.578
.301
.081
.033
.154
.3217
.347
.843
.182
.423
.118
.045
.456 1
.936
.452
.548
271
212
.067

DATA

_._a_au)U\\JC)_-—-_o_.hgg.u1\j_n_n_a_an)u,u1o\

PMSA

oC
METHANOL

.983
277
.934
.905
.686
.337
.126
.058
.152
.573
214
.870
.759
.382
112
.061
.495
.882
.340
.394
.301
.142
.056



LIQUID MOLE FRACTION OF ANILINE

FIGURE 7.1

ANILINE-WATER LIQUID-LIQUID
EQUILIBRIUM AS A FUNCTION OF

TEMPERATURE

0.001-

....................... Legend
A SORENSEN AND ARLT - 1979 |

% SORENSEN AND ARLT - 1979
................ . P“s‘

PMSA

300 350 400

TEMPERATURE (K)
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DIST. COEF. OF ANILINE

FIGURE 7.2
ANILINE DISTRIBUTION COEFFICIENT
IN WATER AND NACL AS A FUNCTION
OF ION MOLE FRACTION AT 323.15 K

0.012

Legend
0.010 A DALLOS ET. AL. ~ 1983
PMSA
O DERIVED FROM SORENSEN

0.008

0.006

0.004

0.002

0.00 0.02 0.04 006 0.08 0.10
MOLE FRACTION OF IONS
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DIST. COEF. OF ANILINE

FIGURE 7.3
ANILINE DISTRIBUTION COEFFICIENT
IN WATER AND NH4CL AS A FUNCTION
OF ION MOLE FRACTION AT 323.15 K

0.012

................................... Legend

0.01 A DALLOS ET. AL. - 1983
PMSA
O DERIVED FROM SORENSEM
0.010
0.009 -
0.008 -
0.007

0.00 0.02 0.04 0.6 0.08 0.10
MOLE FRACTION OF IONS
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K VALUE OF METHAN

FIGURE 7.4
METHANOL K VALUE IN WATER—NABR
AS A FUNCTION TEMPERATURE
AT 1 AIM

Legend
A BOONE-1076, MOLALITY=1
PMSA - MOLALITYsY
) SOONE-1078, MOLALITYS2
PuSA - MOLAUTY
£ DOONE-1976, MOLALITY=4
PMSA ~ MOLALITY=4

330 340 350 360 370 380
TEMPERATURE (K)
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] o O
"

List of Symbols

Helmholtz free energy, subscripted MSA parameter,
Pitzer-Debye-Huckel constant

second virial coefficient, MSA parameter

direct correlation function in k space
dielectric constant

Gibbs free energy

total correlation function in k space

fonic strength

integral function of Baxter factorization function
Debye-Huckel screening factor, K value

constant

constant

MSA ion function defined by equation 3.114
pressure

Baxter's factorization function

gas constant

unit step function

temperature

internal energy, Dirac delta function

total system volume

charge number
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Lower Case

d =

Debye-Huckel central-icn size, MSA parameter,

Waals attractive parameter
Debye-Hucke! parameter

direct correlation function in r space
defined by equation 3.119

elementary charge

fugacity

radial distribution function

total correlation function in r space
complex i

Boltzmann constant

molality

radial distance r

dummy integration variable

molar volume

weight fraction

mole fraction

176
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>
"

<
1]

>» B ©&
[

=
[}

1/kT

activity coefficient

MSA screening factor

defined by equation 3.112

number of electrons

density

fugacity coefficient

pair-potential energy

Pitzer parameter, Perturbation-theory parameter
Pitzer parameter, chemical potential

function

Kronecker's delta

hard sphere diameter

constant in MSA derivation (defined by equation 3.59),
polarizability

partial derivative

defined by equataion 3.113

defined by equation 3.120

binary interaction parameter

defined by equation 3.97

functions of radial distribution functions and pair
potentials equation 2.7

number of species per molecule of salt
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Subscripts

i = component i

j = component ]

k = component k

1 = component 1

o = reference fluid

+ = positive k domain

- = negative k domain

S = solvent

Superscripts

/I = specified value of
+ = mean ionic

E = excess

T = transpose

/1 = specified value of
® = infinite dilution

Special Symbols

Koc = liquid-1liquid distribution coefficient
No = Avogadro's number

Pk = binary interaction parameter

do = 0.5292 A°

r = vector distance r

v = Laplacian operator

snderscore = two dimensional matrix

rt effective electrostatic radius

charge density

Pe
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APPENDIX A

Consideration of Dielectric Constants

Dielectric Constants for Mixed Solvents

The dielectric constant (D) is a key property in electrostatic
systems because it artses in the pair potential and contributes
directly to derived properties, such as activity coefficients.
Harned and Owen (1958) state that the dielectric constant of pure
components can be expressed as a simple function of temperature, for

example
InD =1L -MT (A.D)

For mixtures, Bottcher (1973) presents a multicomponent form of the
Clausius-Mosotti equation relating mixture dielectric constants to

pure-component polarizabilities and volume fractions.

(D-1)/(D+2) = 4/3 w L v, a; (A.2)

The Clausius-Mosotti equation is strictly valid for non-polar

components, and Bottcher further recommends a simple mixing rule

based loosely on equation A.2

D = Z V1 D| (A.3)
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Harned and Owen (1958) present the mixture dielectric constant data
of Wyman and Engals (1938). A simple mixing rule, based on weight
fraction, appears to describe the mixture data reasonably well (see

Table A.1).

D=Iw D (A.4)
i

i ]

The mixing rule describes the mixture dielectric constant best at
high concentrations of water. It should be noted that an interaction
parameter would be necessary to improve the fit to the data in a few
of the systems (1ike dioxane-water). The maximum deviation does not
occur in the mid-composition region and a binary interaction
parameter could only provide a limited improvement with these mixing

rules.
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W (WA)

W (WA)

W (WA)

COO0OO0OO0OO0OO0O00O00O —
O—=MNWHLULO WO

COO0COOOOOOO —~

O —MNWRARWUO~IOW

OO0 O0OOO0OOOOOO —
O—=MNWAUNIAANOWO

(298 K
Methanol Ethanol
D mix Calc/Exp D mix
78.54 1.0 78.54
74.1 0.996 72.8
69.2 0.999 67.0
64.3 1.002 61.1
59.6 1.002 55.0
54.9 1.002 49.0
50.1 1.004 43.4
45.0 1.014 38.0
40.1 1.020 32.8
35.7 1.014 28.1
31.5 1.0 24.3
I-Propanol T-Butanol
D mix Calc/Exp D mix
78.54 1.0 78.54
71.4 1.015 70.0
64.1 1.036 61.3
56.9 1.061 52.6
49.7 1.093 43.9
42.5 1.136 35.4
35.3 1.196 27.9
28.7 1.260 21.4
23.7 1.270 16.5
20.3 1.185 12.4
18.0 1.0 9.9
Glycerol Acetone
D mix Calc/Exp D mix
78.54 1.0 78.54
75.5 0.989 73.0
72.9 0.972 67.0
70.0 0.957 61.0
67.1 0.941 54.6
64.0 0.927 48.2
60.0 0.925 41.8
55.6 0.929 35.7
50.6 0.944 29.6
45.5 0.966 24.0
40.1 1.0 19.1

TABLE A.1

Dielectric Constants of Water Mixtures
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n-Propanol

Calc/Exp D mix

1.0

.004
.010
.019
.034
.049
.060
.068
.072
.058
.0

18.
71.
64.
57.

—_ -~ =N AO WO ooWt

s

Calc/Exp D mix

1.0

.024
.057
.102
.164
.249
.339
.425
.432
.352
.0

— e ) il ot ) o) ikt —

18.
75.

~NNWwNSRAMNMNDOYOOoOOWD

E=Y

Dioxane

Calc/Exp D mix

1.0

.994
.995
.995
.003
.013
.026
.035
.047
.044
.0

.54
.69
.79
.90
.98

Calc/Exp

1.0

.012
.030
.057
.097
.147
.194
.226
218
.143
.0

— ol i ot —d ] ) ok e ced

Ethylene Glycol

Calc/Exp

o

.985
.967
.950
.934
.920
.910
913
.930
.956
.0

- OO OO0OOOCOO0O0O

Calc/Exp

1.0

1.017
1.041
1.0M
1.116
1.177
1.264
1.415
1.624
1.739
1.0



Ion Effect on the Dielectric Constant

The Debye-Huckel and other primitive electrolyte models (including
the primitive MSA models) require the dielectric constant of the
solution. The dielectric constant of the solvent is typically known;
however, the dielectric constant of the solution decreases
significantly as the ion concentration increases. Attempts have been
made to incorporate this effect into electrolyte models and further

discussion of this topic is warranted.

The Born contribution, as presented by Cruz and Renon (1978), for the

excess Gibbs energy is

AGE™ = e? No/2 (1/D - 1/Dg) (I %, Z3/r9) (A.3)
where Ds = dielectric constant of the solvent
re = effective electrostatic radius of component i
N, = Avagadro's number
x, = mole fraction of component i
e = elementary charge
Z, = charge number of component i

The Born term provides the net electrical work to transfer the ions
from a solvent of dielectric constant Ds to a solution of
dielectric constant D. The solvent rather than the solution
dielectric constant is then used in an electrolyte model, like

Debye-Huckel.
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Helgeson, et al. (1981) presented a correlation for the dielectric

constant decrease with increasing ion concentration. They propose

1/D - 1/Ds = L b, my Z7/2 (A.8)

where b = an empirical electrostatic parameter

The Helgeson relation assumes that the dielectric constant decrease
is given by a linear function of molality. Although that assumption
appears to be reasonable at ionic strengths lower than about 10
molal, it cannot be expected to be accurate at higher ionic
strengths. Recently, Chen and Renon (private communication) have
concluded that the Born term does not generally improve activity

coefficient correlations and is not warranted.
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APPENDIX B

Total Configqurational Helmholtz Free Energy of the

Perturbed Hard Sphere MSA Equation of State

(Neglecting de Broglie-Wavelength and

Internal Partition-Function Contributions)

A = RTEX,1n X, - RT + RTIn p - RT 1n (1 - w/6e3)

wRT 3 ¢, €2 L
+ — ( + )
6p 1-w/6e; 4(1-w/6e3)?
2e%p X, T
- — 1
iD l+oyT

- pXEX‘XJa‘J - pZ/(RT) E£X|XJ(X1£5|+X14§J)

where
Waé/zeza.aj(ninj)'/z
diy =
C?J((a|nj)‘/2+ (ajn‘)'/z)
and
a m ZjK
I = - (pXXj(Zj + U)( -_— szkaO§ -
2 4A 2 (Qsalplx Zioi)'7?)

2 1/2

KﬂpEXko:Zk
- )) )
12800 +a(pIx, 2303)'7®)
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APPENDIX C

Pressure of the Perturbed Hard Sphere

MSA Equation of State

pRT nRT 3 eie: 3 e3
P = _— + — ( + )
1-w/6¢e5 6 (1-w/6e3)? (1-w/6e3)?

2p%e? X« 28 X 2eTa.
- (z - ——— ) aT/3p
3D ]+0kI' (]+0’kr)z
- pZXE X{Xjaij - p3/(RT) ZE X|XJ (X{Cij + XJCJi) (C.])

where

al
- = (a/4)p—‘/Z(ZXk(de-oka)z)‘/z +
dp

(a/Z)pI/Z(ZXJ(ZJ + GJNj)oj(aNj/ap))/(Z)(k(Zk + oka)Z)I/Z (C-Z)
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and

aN; TIX\ 05 2 wp(IX, 022z ) (w/6) (Ex o)
+

3p 4 (1-w/6es) 4 (l-w/be3)?

al20” ' 7 (x, 220372 Zyaf 2CpENuZi)

( 1+ a (pIxe2i0R)'’®?

+ a/Zp']/Z(szﬁoi)1/z(ﬂ/IZ)p(ZXkOSZk)q(pixkzz)'/2

(1 +a (pExuziod)' 7% (1-w/6es)

z(a/d) p7'7F (Ixez)'?

1 +a (p ZOZi0D)''®)

(ﬂ/]Z)p(Zxkofzk)a(pZXkZﬁ)'/z(ﬂlﬁ)(ZXKOS)

(1 + a (pZszﬁof)‘/z) (1 - w/6 e3)?

(3/2)(w/12)(Ex0524) a p' "2 (Ix.22)'"*

(1 + a (pIXe2Zad)' "D - w/6 €3) (C.3)
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