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ABSTRACT

Group representation theory and invariant theory are applied to 

the generation of constitutive equations. The problem of determining 

the form of a constitutive expression which is invariant under a group 

G is essentially equivalent to the problem of splitting the set of 

components of the physical tensors appearing in the constitutive 

expression into sets of quantities which belong to the irreducible 

representations of the group G . This approach has been previously 

employed by Xu, Smith and Smith for crystalline materials and is ex­

tended here to include transversely isotropic materials. Product 

tables for the five transverse isotropy groups are given which should 

enable one to produce a computer program which will automatically 

generate constitutive expressions for transversely isotropic materials. 

The canonical expressions for vector-valued and second-order symmetric 

tensor-valued form-invariant functions are derived for most of the 32 

crystal classes by employing the generating function technique. 

These analytical results may be used to check the reliability of the 

existing computer programs due to Xu, Smith and Smith which automati­

cally generate constitutive expressions. Methods which may be employed 

in determining function bases are discussed and function bases for 

functions of N symmetric second-order tensors Sp...,S^ which are 

invariant under any given group belonging to the cubic crystal system 

are given. The concept of irreducibility of a function basis is also 

discussed.
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1. Introduction and Mathematical Preliminaries

The theory of group representations and invariant theory play an 

important role in many branches oV mathematics and physics, e.g., in 

quantum mechanics and in statistics. We are interested in the appli­

cation of these disciplines to problems arising in continuum mechanics 

and continuum physics. One of the principal problems is to determine 

the general form of a constitutive equation 

(1.1)

which defines the response of a material which possesses symmetry 

properties. Suppose that the symmetry of a material is specified by a 

group T defined by the set of orthogonal matrices

{A} - A., A«, A,, (1.2)

Then the equations

" V-V1 f1-”

must hold for each A = (|A.j || belonging to {A} . If the functions

G. . satisfy (1.3) for all A in {A} , we say that (1.3) is 
'V n ~ ~

invariant under {A} . The problem of concern is to determine the

canonical form of the functions G. . . 
1*''  n

As a simple example, let us consider the constitutive expression

for a linear elastic material. The stress-strain law employed in
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linear elasticity theory is given by

Tij " Cijkt e ^1.4)

Upon substituting (1.4) into (1.3), we see that the tensor 

must satisfy the equations

Cijk% ^ip ^jq^kr^i-s^pqrs (1»5)

for all A = IIA^H in {A} . For an isotropic material, {A} is 

the full orthogonal group. Thus the general expression for C. „
I J Ka * 

is given by

Ci jk£ = ^ij^kü + ^ik^ja + ï5u5jk , (1.6)

Substituting of (1.6) into (1.4) yields the stress-strain law appro­

priate for an isotropic material.

It may be shown [1] that the problems of determining the form 

of the polynomial constitutive relation T = G(E,...) appropriate for 

a material whose symmetry is defined by the group (A) may be reduced 

to the problem of first determining the form of a scalar-valued poly­

nomial function W(E,...,T) which is invariant under {A} . Thus, 

W must satisfy ' 

W(A. . ...Aj . E. . (1.7)

for all A belonging to {A} . The problem then is to determine a 

set of functions I^E.F,...) (K=l.........n), each of which is invariant

-3-



under (A) » such that any polynomial function W(E,F,...) invariant

under (Al is expressible as a polynomial in the Ip...,I . The

invariants  I are said to form an integrity basis. If one

of the elements of such an integrity basis is expressible as a poly­

nomial in the remaining ones, we may, of course, omit it. An integrity 

basis which is obtained by omitting all such redundant elements is 

called an irreducible integrity basis.

It is evident that an irreducible integrity basis is not a 

uniquely determined set of invariants. However, for each degree, the 

number of invariants needed to form an irreducible integrity basis may 

be determined by group-theoretical considerations.

It frequently happens that polynomial relations exist between 

the set of invariants which forms an irreducible integrity basis. 

Such relations are called syzygies. It follows from the Second Main 

Theorem of Invariant Theory that all of the syzygies can be derived 

from a finite number of syzygies. Such a set of syzygies is called a 

syzygy basis. The existence of syzygies enable us to simplify the 

general expression of invariants and tensor-valued form-invariant 

functions.

The polynomial assumption for constitutive equations is not 

always valid and an alternative method is to find a function basis, 

i.e., to find a set of invariants such that any invariant is expressible 

as a single-valued function of them. It can be shown [2] that an in­

tegrity basis is also a function basis. However, in general, it will 

be a reducible function basis. For, although none of the elements 

Ip...,I of an irreducible integrity basis is expressible as a 
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polynomial in the remaining ones, one of these may be expressible as a 

single-valued function in the remaining ones through a syzygy.

The generation of constitutive equations depends, to a large 

extent, on group representation theory. For a given group G , a 

matrix representation

{D} - D-| , Dg , Dg «...

of G is said to be reducible if a matrix U can be found such that

y yk y1 (1.8)

for all k = 1,2........... If there is no U such that (1.8) holds for

all c {0} , then the representation {D} is said to be irreducible.

The irreducible representations of a group may be uniquely deter­

mined [3].

The character of a matrix representation {0} is a function on

the group G which is defined by the equation

x(Dk) = Tr(Dk) , (k=l,2,...) . (1.9)

The characters of irreducible representations are usually called 

simple characters. In this thesis, the irreducible representations 

for a finite group G are denoted by , Tg , ...,T^ and the 

corresponding simple characters are denoted by » ... »

X(n) . It can be shown [4] that

(1.10)

SeG 
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holds for any simple characters and of G . In (1.10), 

g is the order of G and the sum is over all the elements belonging 

to G .

Suppose {D} is a reducible representation of G . Then {D} 

is expressible as a direct sum of .............. , i.e.

[DI = a1r1 + a2r2 + ... + anrn . (1.11)

The number of times the irreducible representation Fy occurs in 

{0} is given by

a = 5- £ x (s ) . (1.12)
d seG

In (1.12), x^v) js the complex conjugate of x^ , X is the 

character of {D} and the sum is over all the elements belonging to 

G . The matrices comprising the matrix representation {D} define the 

manner in which the n components Xj , x2 , ... , x of a quantity 

X transform under the group G . We may choose n linearly inde­

pendent linear combinations y^ = a^x^ + ... + a^x^............. y^ 

= an^x^ + ... + afinxn of the x^............. xn such that the transforma­

tion properties of (ypy2) , (y3,y4,y5) , ..., (yn_]»yn) under the 

group G are defined by the irreducible representations Fp , F^ , 

..., Fr respectively. We then say that y = (ypy2) is a basic 

quantity of type Fp , ..., z = (yn_-| ,yn) is a basic quantity of 

type fy respectively. This enables us to consider an equivalent 

invariant-theoretic problem where the algebraic difficulties are sub­

stantially reduced. Given a set of quantities x^ , x2 ........... xf 
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which appear in a constitutive equation, it is important then to obtain 

all the basic quantities which are linear combinations of x^ , Xg , 

•••» xf .

The work in [5] gives a convenient procedure for generating con­

stitutive expressions for the cases where the symmetry of the material 

is defined by one of the crystallographic groups. In 52, we extend 

this work to the case where the symmetry group is one of the five 

transverse isotropy groups. The results given in §2 should enable us 

to produce a computer program which will automatically generate con­

stitutive expressions for transversely isotropic materials. In §3, 

we employ the generating function technique to obtain the general 

expressions for vector-valued and second-order symmetric tensor- . 

valued functions invariant under one of the 32 crystallographic groups. 

These analytical results enable us to establish the reliability of the 

computer programs employed in [5]. In §4, we discuss methods which 

may be employed in determining function bases for scalar-valued 

functions W(EpEg,...,E ) of n symmetric second-order tensors 

Ep...,E which are invariant under a given crystallographic group 

belonging to the cubic crystal system.

The notation employed to denote the various crystallographic 

groups and a discussion of material symmetry may be found in the 

books of Hamermesh [3] and Lomont [4].
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2. Constitutive Relations for Transversely Isotropic Materials

The problem of determining the form of a constitutive expression 

which is invariant under a group G is essentially equivalent to the 

problem of splitting the set of components of the physical tensors 

appearing in the constitutive expression into sets of quantities 

which belong to the irreducible representation of the

group G . In his doctoral thesis, Xu [61 has employed this idea to 

develop an intricate computer program which automatically generates 

constitutive expressions which are invariant under any given crystal­

lographic group. Although the groups considered by Xu are all finite, 

it will be shown that for continuous groups, such as the transverse 

isotropy group, the same idea can be employed. In this section, we 

give the basic information required to extend the results in [6] to 

the cases where the symmetry group of the material is one of the five 

transverse isotropy groups which we denote by TpT2,...T$ . This 

should enable one to produce a computer program which will automatic­

ally generate constitutive expressions for transversely isotropic 

materials.

In §2.1, we outline a procedure which enables us to conveniently 

generate the block diagonalized form of matrix constitutive expres­

sions. In §2.2, we give the information required to employ this pro­

cedure for the groups TpT2,.-.,T5 . In §2.3, we give examples of 

the application of these results to the generation of non-linear 

constitutive expressions.
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2.1. Transversely Isotropic Materials

The constitutive expressions which we consider are tensor-valued 

functions of one or more tensors SpSg,..» of degrees 

in these tensors which are invariant under a group r defining the 

material symmetry. We are primarily interested in the cases where 

the material symmetry is defined by one of the five groups T^...>T^ 

associated with the various types of transversely isotropic materials. 

These groups are defined by specifying the groups of 3x 3 matrices 

which define the set of equivalent reference frames associated with 

the material. Thus the group T^ is comprised of the matrices

I. cos 0, sin 8, 0 |

Q(0) = I;-sin 8, cos 8, 0 ! ,
" lo. 0 , 1 i

0 < 8 < 2tt  . (2.1.1)

Let e. denote the base vectors associated with rectangular Cartesian 
A*  1

coordinate system x . Let e- denote the base vectors associated 

with the reference frame x which is obtained by rotating the refer­

ence frame x through 0 radians counter-clockwise. We have

e. = Q..(6)e. (2.1.2)
mJ IJ ~J

where the matrix Q(e) = ||Q. .(0) || is defined by (2.1.1). If x and 
~ 1J

x are equivalent reference frames, i.e. if x arises from x by 

applying a symmetry operation to x , the constitutive equation is 

required to have the same form when referred to either reference frame. 

Let Tjj and E.j denote (absolute) second-order tensors. Then, if

-9-



Tij " Cijk^...mnEkjf,Emn (2.1.3)

is the constitutive expression when referred to the x frame, the

constitutive expression where referred to the x frame is given by

Tij Cijk&...mnEk&'''Emn (2.1.4)

where

Tij ~ QipQjqTpq 1 Cij...n ^ip^jq“*̂nr Cpq...r

Ek£ ~ ^ks^tEst e (2.1.5)

If the reference frame x and x are equivalent, we require that

C = r
ijk£...mn ' ijk&...mn (2.1.6)

If the symmetry operations consist of all rotations about the x3

axis, the property tensor C...n must satisfy the equations 
1 J Kx, e o ♦ mn

^ip^^jq^^--^nu^^pq...u " Cij...n (2.1.7)

for 0 <_ 9 < 2tt  . We say that the tensor C.. which satisfies 
1J • • • n

(2.1.7) for 0 s 8 < 2n is invariant under the group . We may 

express a tensor which is invariant under the group as a linear 

combination of the outer products of the fundamental tensors

a3i ' alialj + a2ia2j = aij 1 °lia2j " ^2i^lj " Bij (2.1.8)

Thus, one may express the general fourth-order tensor which is invari­

ant under the group as a linear combination of the

-10-



(2.1.9)

^i^j^kS,* 6 ; 8jjBu,3 I

where the numbers following the tensors denotes the number of distinct 

isomers of the tensor. An isomer of a tensor is obtained by

permuting the subscripts i,j,k,& of the tensor. We have noted that

a.. = a.. and B.. = -B.. . We further note that 
IJ J I IJ J I

BijeU aik“j£ " aiJL°jk (2.1.10)

and that only three of the six isomers of a.jjB^ are linearly inde­

pendent. Thus, we have

aijBk£ + Ojk^j + aitBjk = ° ’

aijek£ + “kj6£i + a£jBik = 0 •

aikBj£ + OjkB&i + %Bij = ° *

(2.1.11)

The existence of relations such as (2.1.11) renders the generation of

the general tensor of orders 5,6,... which are invariant under Ti

a non-trivial matter. This may be accomplished using a method [7] 

which employs Young tableaux. However the procedure for generating 

the form of a constitutive equation based on listing the general form

of the property tensor C.... mn and then substituting into (2.1.3) 
IJ k  a # o • « inn

-11-



would generally prove to be cumbersome.

It is preferable to employ a procedure based on group representa­

tion theory. A set of matrices P(9) which is in one to one corres­

pondence with the matrices Q(9) comprising the group and such 

that P(9pp(9g) corresponds to Q(91 )Q{92) is said to form a matrix 

representation of the group Tj . The set of matrices KP(9)K~^ where 

det K / O also forms a matrix representation of which is said to 

be equivalent to the representation P(9) . An appropriate choice of 

the matrix K enables us to write

KP(9)K-1 = ^^(9) + a2P2(9) + ... (2.1.12)

in block diagonal form where ct-| ,a2»... are positive integers and

where

2^(9) + P2(0) =

El O) 

°

0

El (8) 

0

0

0

Eg(8)

(2.1.13)

0

We say that the representation P(9) may be decomposed into the direct 

sum of the representations P^(9),P2(9)........... If a representation

P(9) cannot be decomposed, it is referred to as an irreducible repre­

sentation. The irreducible representations associated with T^ are 

all one-dimensional and are defined by listing the Ixl matrix cor­

responding to the matrix Q(9) . We define these representations below.

-12-



Y0 ' 1

(p=l ,2,...)

(P=l,2,...)

(2.1.14)

Yq denotes the identity representation where the same number 1 corres­

ponds to each Q(9) ; y_ denote the representation where e~^ cor- 
~ P

responds to Q(6),... .

We consider the manner in which a vector transforms under the

group T1 The components x^ of a vector x when referred to the

reference frame with base vectors e- = Q,-4(6)e. are related to 
-i 1 j ~j

x

the components xi of x when referred to the frame with base

vectors e^ by the equations

With

Xj = Q1j(e)xJ or

that

1

2

3

cose

o

sine COS0

0 9

sin9 0

0

1

1

2

3

(2.1.15)

(2.1.15), we readily see

x-j + iXg

x^ - iXg

e-16

e16

X1 iXg

X1 iXg (2.1.16)

9

x

0

0 0

0

I00 1x3 x3
I

This tells us that the transformation properties of x^+ ixg.x^ - ix^ ,

Xg under the group T^ are defined respectively by the irreducible 

-13-



representations y1 ,r] and yQ respectively. We immediately see 

that the transformation properties of

2 .2.2
(x^+iXg) » (x1+ix2)(x1-ix2), {x^+ix2)xg! (x^**ix 2) , (x^ —ix2^x^^x^

(2.1.17)

are defined by the irreducible representations ^2'^l

respectively. Since the components x-Xj transform in the same 

manner as do the components S. j of a symmetric second-order tensor, 

we see that the transformation properties of

^ll^22+^l2 1 Sii+Sgg > 513+^23 1 SirS22~2iS]2 • ^^3~^23 * S33

(2.1.18)

transform according to '^2'^l '^O respectively. Similarly

v/e see that

(Sn-S22+2iS12) > ]~^22+^^l2^^11+^22^ *

($11 ~^22+2i$i 2) (S^g+iSgg) , (S^ ~^22^^l2^ (S11 ^22~^^l 2^ * * * *

(2.1.19)

transform according to y^.y2>yg>y^,... respectively. Thus, we may 

readily determine the linear combinations of the components of tensors

x.,x•x • ,x.x•x. ,...S.•,S••S. .,...,S•.Xi ,S•4X1 x.»••• which belong to the 
I I J I J K IJ IJ ^X^ IJ R I J R A,

various irreducible representation YQ,YpY2»*».'rpr 2,... of the 

group T1 .

Let us consider the problem of determining the linear stress­

strain relation for a material whose symmetry is defined by the group

-14-



T-] . We write the constitutive expression as

I = £1!1 (2.1.20)

where

T = llt]i+t22’t33,tlTt22+21t12,tirt22"21t12,t13+1t23,t13-it^ ’

(2.1.21)

~1 = ^ll^22^33^ll-^22^2'^l2^ll^22^2'^l2^l3^'^23'^l3-^2^

and where is a 6x6 matrix. If we refer the expression to the

reference frame x , whose base vectors are given by e. = Q..(8)e. , 
~ ।  1J ~ j

we have

T = C.Ê, , T = R(e)T , Ê. = R(e)E, > C, = R(e)CnR-1(6) (2.1.22)

If the reference frame x is an equivalent reference frame, we require 

that C. = C. , i.e. 
"*  I ** I

R(6)C] = C1R(e) (2.1.23)

we observe from (2.1.14) and (2.1.15) that

R(8) = diag(l,l,e-2^,e2i\e-i\eiO) . (2.1.24)

With (2.1.23) and (2.1.24), we have 36 equations relating the entries

C.-(i,□=!,...6)  of C. which are given by 
IJ ~ I

-15-



C13 ' e ^^^13
C14 ’ •cn = Cn , C12 - C12

(2.1.25)

C15 C15 ’ C16 el9ci6

with (2.1.25), we have

f| ^11 * ^12 ’ • 0 i 0 , 0

!Cgi * ^22 »0 »0 »0j

' 0 , 0 , C33 , 0 , 0 , 0

i o * 0 , 0 * » 0 , 0

I 0 , 0 , 0 , 0 , C55 , 0 :

? 0 , 0 , 0 , 0 , 0 , C66 ■

(2.1.26)

This tells us each entry In T which belongs to a representation

Y is expressible as a linear combination of the elements of E. 
r ~ I

which belong to yp . Thus, with (2.1.21) and (2.1.26), we see that

T = may be written as

i| ^11^22 ■I C11 ,C12

j|C21 *C22

611**22

e33
Y0 '

tirt22‘2lt12 = 1'622+21^2) » Y2 , 

*31+^22+21^12 = C44^ell"e22"2ie12^ * r2 * 

*13+1*23  = ^55^l3+'^23^ ’ Y1 '

(2.1.27)

*13'1*23  ' ^66^l3'i^ r

-16-



where the Yq ,... indicates that the quantities in the preceding 

equation belong to the irreducible representation ,... . In

(2.1.27), it is clear that we should set C..=C^_ and .
44 gu OD 33

If we set C33=a+ib , C 55=c+id , the expressions (2.1.27)3 »(2.1.27)6

may be written as

Let us consider the case where the constitutive expression is

tTl“t22 a,-b ; en-e22 bl 3 ■

. !| : =

C,-d : e13 I 
i (2.1.28)

2t12 ! ilb-a 5 i 2el 2 1^23 ,
i
d, c ^23

given by

tij " cijktmneUemn ' tij ^i ’ ek£ ~ e£k *

We write this in matrix form as

T =
~2 ~2

(2.1.30)

where T is given by (2.1.21) and Eg denotes the (21x]) column 

matrix whose entries are linearly independent linear combinations of

2
the 21 quantities e^ je^e^,... so chosen that each belongs to one 

of the irreducible representations of . With the notation

(2.1.31)

we find that the 21 quantities of degree 2 in the which belong

-17-



to yq »y -| >ri » are given by

YO- E1 * E1E2 * E2 *E3E4 * E5E6

Y2:

E1E3’E2E3’E4E5

E1E5’E2E5’E3 ’

E1E4'E2E4'E3E6

E3E5 ’

E^

The constitutive expression T =

hl+t22

t33

l13 23

C1 »c2»c3»c4»c5

C6'C7'C8'Cg'C]Q

t13 1t23

hl

where we

r2:

r3:

r4:

E1E6’E2E6’E4

E4E6

El •

C2E2 may then be written

C11E1E3 + c 12E2E3

C11E1E4 + C12E2E4

t22 + 2it12

t22 - 2it]2

have noted that

(2

as

1.32)

C14E1E5 +

C]4E1E6

E4 " E3

E? 0

E1E2

E2

E3E4

E5E6

13E4E5

+ C]3E3E6

C15E2E5

C15E2E6

and E, 
0

1

C16E3

r2

(2 1.33)

E5

-18-



2.2. The Irreducible Representations for the Transversely Isotropic 
Groups

There are five groups which we refer to as transversely isotropic 

and which are denoted by Tp...,^ . These groups are defined by 

listing matrices such that these matrices or products of these matrices 

specify all of the symmetry operations associated with the material

under consideration. We may refer to these matrices as generators of 

the group. We then define the irreducible representations associated 

with a group T^ by listing the matrices which correspond to the gen­

erators of the group.

Suppose that we are given the quantities a1 ,a2J|a3,a4||T , 

||ag,ag|[^,... belong to the irreducible representations y' 

Y2»y3»... of a group and that the quantities b^ ,b2>||b3»b4||T , 

|| bg.bgl^,... belong to the irreducible representations y^y^ ^y^T^... 

of the same group. We need to determine the linear combinations 

ci ^ijk^bk of the products of the a. and b. which belong to

the various irreducible representations of the group. This information 

is provided below for the groups Tp...,Tg in tables which are re­

ferred to as product tables. In [5], Xu, Smith and Smith have indi­

cated how these tables may be employed in conjunction with a computer 

program to automatically generate constitutive expressions. The 

extension of the results in [5] to include the transversely isotropic 

materials requires the development of a number of computer programs. 

This work will be carried out subsequently.

We further list in tables entitled basic quantities the linear 

combinations of the components of polar vectors p^ , axial vectors
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*1 and symmetric second-order tensors s1j which belong to the vari­

ous irreducible representations of the group considered.

(i) The group .

The group T^ is comprised of the matrices Q(9) defined by

9(e) =

cos9 , sin9

-sing , cos9 

0 , 0

0

0

1

0 < g < 2ir . (2.2.1)

The group T^ defines the symmetry of a material which possesses 

rotational symmetry about the axis. The irreducible representa­

tions associated with the group T^ are all one dimensional and are

given by

Y0: 1

Yp: , (p=l ,2,...)

Pp: , (p=l,2....)

(2.2.2)

In (2.2.2), the 1X1 matrices 1 , e and e^P^ correspond to the 

group element Q(g) . The product table is listed below.
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Product Table,

Y0: a0 * b0 ;

a0b0 ’

ap% * &pbp ’ (P=l»2"") 5

YP: % % '

a0bp ’ b0ap ’

ambn , (m,n=l,2,...; m+n=p)

amBn ’ Anbm ’ (m,n=l,2,...; 

rp: % ’ BP ;

a0Bp ’ Apb0 ’

AmBn , (m,n=l,2,...; m+n=p)

Vn ’ anBm ’ (m,n=l,2,...;

, (2.2.3)

m-n=p) ;

m-n=p) .

Basic Quantities,

Y0: p3 ’ a3 * Sll+%22 ’ S33

Y1: P1"^P2 ’ al+^a2 ’ ^!3^'^23 

rl: prip2 * al“ia2 ’ B13"1S23 

y2: Bll~B22^'Bl2 

r2: Sn-^z-215^

(2.2.4)
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(il) The group Tg

The group Tg is comprised of the matrices Q(0) and R^Q(6) 

where 0 < 0 < 2 it and where

I cos0 , sine , 0

Q( 0) = '-sine , cose , 0 
~ i Q , 0,1

R1 = diag(-1,1,1 ) . (2.2.5)

The irreducible representations associated with the group Tg are 

defined by listing the matrices corresponding to the group elements 

Q(e) and R, . We denote the irreducible representations by

Yq : 1 , 1

r0: 1 , -1 

where the first and second matrices correspond to Q(8) and R^ 

respectively. The product table is listed below.
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Product Table, Tg

Yo: &o ' bo ;

a0b0 ’ ’

amlbm2+am2bml * (m=l,2,...) ;

r0: A0 ’ B0 ’

aOBO ’ AObO ’

amlbm2"am2bml ’ <m»2> — ) : (2.2.7)

Yp: "apl ,ap2" ’ Hbpl ’bp21'T '

HaObpl ’a0bp2II ’ Ilaplb0’ap2b0II ’

HAObpl’“A0bp2ll ’ ^aplBo'"ap2BoM ’

Hamlbnl'am2bn2l|T' m+n=p) ,

llamlbn2* am2bnlHT* Han2bml *anlbm2’ (m,n=l,2,...;m-n=p) .

Basic Quantities, Tg

Y0: P3 ’ ’ S33

rO: a3

YV HP]+iP2'-P]+iP2lF» Hai+iag,a,-iagir , ’ (2.2.8)

IIS13+1S23’”S13+iS23ll .

Yo' II "S?9+2iS.9,S,,-S-9-2iS.„ ||
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(i i i) The group Tg

The group Tg is comprised of the matrices Q(6) and RgQ(e) 

where 0 < 6 < 2tt and where

i cose , sin0 , 0 i 

Q(6) = [-sin6 , cos6 , 0 ;

: 0 , 0,1

R3 = diag(l,1,-l) . (2.2.9)

The irreducible representations associated with the group Tg are 

defined by listing the matrices corresponding to the group elements 

Q(0) and Rg . We denote the irreducible representations by

^o" 1 ' 1

r0: 1 * -1

Tp: 1 ; Y,: , (p-1

rp: -1 ; Fp: e'^, -1 , (p=l,2,...)

where the first and second 1x1 matrices correspond to Q(6) and R-

respectively. The product table is listed below.
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Product Table,

Y0: a0 * bQ *

a0b0 ’ A0B0 ’

ambm ’ ambm * AmBm ’ Vm ’ (m=l,2,...) ;

r0: &o » Bg ;

a0B0 * A0b0 ’

amBm ’ amBm ’ AmBm ’ %bm ’ (m=l,2,...) ;

Yp: % ’ bP ;

aobp ’ apbo ’ A0Bp * ApB0 * 

m+n=p) ,

ambn ’ anbm ’ AmBn • AnBm ' (m,n=l,2,...; m-n=p) ;

Ÿp: % , bp ; (2.2.11)

a0bp * apb0 ’ AOBP * ApB0 ’

a^bn ’ AmBn * (m,n=l,2,— ; m+n=p) ,

ambn ’ anbm * AmBn * AnBm • (>"^=1,2,... ; m-n-p) ;

rP: % =

a0Bp ’ Apbo * Aobp ’ apB0 ’

amBn ’ AmBn • (m,n=l,2,...; m+n=p) ,

amBn ’ anBm » Ambn » Anbm • ^^=1,2,... ; m-n-p) ;

Fp: Ap * Bp ’

a0Bp ’ Apb0 * A0bp * apB0 ’

am%n ’ Ambn * (m,n=l,2,...; m+n=p) , 

amBn ’ anBm ’ Ambn * Anbm ’ m-n=p) .
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Basic Quantities, Tg

Y0: a3 ’ Sll+^22 S33

r0: p3

Yp P]+iPz 

ïf Pl"1p2

(2.2.12)

(iv) The group

The group T. is comprised of the matrices Q(0),R,Q(0),RqQ(6) 

and R] R3Q(0) where 0 £ 0 < 2tt and where

. cose , sine , 0

Q(0) = -sine , cose , 0

0,0,1

Rj = diag(-l ,1,1), R3 = diag(l ,1 ,-l )

(2.2.13)

The irreducible representations associated with the group T^ are 

defined by listing the matrices corresponding to the group elements 

Q(0) , R^ and R3 . We denote the irreducible representations by
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YO1: 1 > 1 » 1

Yq 2■ 1 » 1

Yq 3- 1 • ™1 » 1

Yq 4: 1 •“! »~1

P

r :

! e'^9, 0

0 .

:e-1P\ 0

! 0 , eip6

| 0 , 

» '
1 ,

:i
i|° •

» i, 
H .

(2.2.14)

(p=l,2,...)

1 1 : 1

0 ' 0

, 0

. 1

1 -1 , 0

0 ’ i 0 ,-l
(p=l,2,... )

where the first, second and third matrices correspond to Q(e) , 

and Rg respectively. The product table is listed below.

Product Table, T^

(cont'd)
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YOi: a] » b] ;

1bi , a^b^ , a^bj , ,

*mlbm2+* *m2bml' AmlBm2+Am2Bml ’ •

Yo 2: a2 ’ b2 ;

a^bg , dgb-j , ajb^ , a^bg ,

*mlBm2+am2Bml ’ Amlbm2+Am2bml ’ (m=l,2,...) ; 

^03= a3 * b3 *

3^3 , a^b^ , a^b-j , a^bg ,

amlbm2"am2bml ’ AmlBm2"Am2Bml ’ (m=l,2,...) ; 

ï04: a4 ' b4 '

a1^4 , dgbg , a^bg , a4bi ,

amlBm2~*m2Bml * Amlbm2-Am2bml ’ (^=1,2,-.-) ;



Product Table, Td (cont'd)

Yp: Hapi.apglF, llbppbpglf ;

^albpl *albp21'^’ Haplbl ,ap2bl HT ’ 

^a2BpTa2Bp2ll ’ ^plb2*%2 b2>^ ’ 

Ha3bpr~a3bp2HT' Hapib3'-3p2b3lf '

Ila4®pi »-a4®p2II ’ l|Ap]b4'~Ap2b4l|T ’

Ilamlbnl ’am2bn2H ’ HAmlBnl ,Am2Bn2HT ’ (m,n=l ,2,... ; m+n=p) , 

llamlbn2’am2bnlHT’ Han2bml’anlbm2HT > (m,n-l .2....; m-n-p) , 

I! Aml Bn2’Am2Bnl 1^’ HAn2Bml ,AnlBm2l^ ■ (m.n-1,2,..m-n-p) ;

Fp: IIApl ’Ap2’I ’ II Bpl *Bp2 l|T '

HalBp1 ,alBp2ll ’ l|Ap]b]'Ap2blH ’

Il a2bpl *a2bp2 II ’ 11 apl b2’ap2b211 ’

II a3Bpl *~ a3Bp2 II ’ Il Apl b3’-Ap2b3 II ’

Ila4bpl *" a4bp2II ’ Haplb4*" ap2b4II ’

Il aml Bnl ’am2Bn2 H ’ H Amlbnl ’Am2bn2 II • (m,n=l,2,...; m+n=p) ,

HamlBn2*am2Bnl II ’ Han2Bml’anlBm2H ’ (m,n=l,2,...; m-n=p) ,

HAmlbn2'Am2bnlH ’ HAn2bml'Anlbm2H ’ (m,n=l,2,...; m-n=p) .

(2.2.15)

-28-



Basic Quantities, T4

Y01: S11 + S22 ’ S33

y 02: p3

Y03: a3

(2.2.16)

y 04‘

iT

y 2: II$11 $22+2iS12'Sll $22-21512H

(v) The group Tg .

The group Tg is comprised of the matrices Q(9) and 0^Q(9) 

where 0 < 6 < 2n and where

Q(e) =

Ij cose , sine 

I-sine , cose

I 0 , 0

D2 = diag(-l,l,-l) . (2.2.17)

0

0

1

The irreducible representations associated with the group T5 a™

defined by listing the matrices corresponding to the group elements 

Q(6) and D2 . We denote the irreducible representations by

0"

0*
1 ,-l

: e-ipe
(2.2.18)

» (p 1,2,...)

1 , 1

0 ,

P 0 , e^6
1 , 0

-29-



where the first and second matrices correspond to Q(6) and D2 

respectively. We note that the irreducible representations (2.2.18) 

are the same as those appearing in (2.2.6). The product table will 

then be the same as the product table for T2 which is again listed 

below.

Product Table, T^

V a0 * b0 *

aobo*  A0B0

amlbm2+am2bm1 * ^l,2,...)

r0: A0 ’ B0 ;

a0B0*  A0b0 *

*mlbm2-*m2 bml ' (m=l,2,...) (2.2.19)

Yp: “apl ,ap2^ * ^bpl 'bp2^ ;

AObpl ,-A0bp2* ^aplBO*~ ap2BO^ * 

"aObpl *a0bp2*l  * ^aplb0* ap2b0^ • 

Hamlbnl'am2bn2HT' (m,n=l,2,...; m+n=p) 

^amlbn2'am2bnl^ ' ^an2bml'anlbm2^ * (m,n=l,2,...; m-n=p) .

Basic Quantities, Tg

Y0: S11 + S22 • S33 

r0: p3 ’ a3

Yp ||P^'P2'~pl^'p2^ * Hal^^aZ'~al^'a2^ * HS13+^S23’S13“^23H 

y2: l|S]]~S22+2iSi2,Sn-S22-2iSi2|| tn
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2.3 Application

In this section, we give some examples of the application of the 

results derived above to the generation of non-linear constitutive 

expressions. We first consider the problem of determining the form of 

a second-order tensor-valued function

Tij-cijk»AxA

which is of degree three in the components of a polar vector x^ and 

which is invariant under the group . From the table entitled Basic 

Quantities , we see that

(2.3.2)

belong to >^'^2 respectively and that

x^+iXg , x^-iXg (2.3.3)

belong to Yg.Ypr^ respectively. Upon employing the Product Table 

twice, we see that

n 2 ? 2 9 9 2
Xg , x3(x1+x2) , x3(Xi+iX2) » (x1+x2)(xi+1x2) , x3(xrix2)

2 2 2 2 2 2
(X-|+x2)(Xi — 1 x2) , Xg(x-j—x2*2iX-|x 2) , ^ix^Xg)

(x1+ix2)3 , (xpix2)3

(2.3.4)

belong to Yn»Yn.Yi »Yi »Ti «T-i ,Yo»r?,Yq»rq respectively. Each of the 
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quantities in (2.3.2) which belongs to a representation yp (say) is

expressible as a linear combination of the quantities in (2.3.4) which

belong to Thus, we have

*11^22 , N
 

O
 

U

C
O co 

X

I"! n
 

w
n

0 o
x3(x1+xl)

1

2 2 2
tl3+1^23 ” ^5^3^1"*"^2^  Cgtx^+Xgltx^+iXg) »

_ 2 - 2 2
^13~i^23 ~ (^^~i^^) » (2.3.5)

2 2
t1i-t22+2iti2 = c7x3(x1-x2+2ix^x2)

— 2 2^ll~^22~^'^l2 = CyX3(x1-x2-2ix1x2)

where c^......... c? denote the complex conjugates of c^,...,Cy .

We next consider the problem of determining the form of the polar 

vector-valued function

Xi " Cijk^jk + ^ijk^jk^m (2.3.6)

of the symmetric second-order tensor S.j which is invariant under 

the group T2 . We employ the notation

S1 = S^+S22 , S2 = S33 , S3 = S]3+iS23 , S4 = -S13+iS23 ,

S5 = ^ll-^22^^!2 ' S6 = ^ll^22-^'^l2 *

(2.3.7)

We note that = -$3 and = Sg . From the table entitled
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Basic Quantities Tg , we see that

Xg , nxi+ixg.-xi+ixglf (2.3.8)

belong to y q and respectively and that

s, . S2 , ||S3,S4||T , HS5,S6||T (2.3.9)

belong to and y 2 respectively. In (2.3.9), we have used

the notation (2.3.7). Upon employing Product Table Tg , we see that 

the 21 products of degree two in the S^(i=l......... 6) belong to the 

representations listed below.

Yo: SpSg,S1Sg,S3S4,S5S6

Y] • ^]ll^3*̂4 II * ^21^3'^4II ’ 11^4^5*̂3^611  

T t 2 2 T
y 2: S1H S5* S6 II * Sglpg.SgH ’ |p3*̂4  II (2.3.10)

y 3: HS3S5»S4S6||

y4: HS5’S6ll

The constitutive equation (2.3.6) may then be written as

x3 C1S1
2 2

+ CgSg + c3S1 + c4Sg + CgS^g + CgS3S4 + CySgSg , 

xl+ix2 '

-xl^x2 ]
c8‘ °! 

° *c8 I

;c9»

1° ’

° I
C9 | |Y4

(2.3.11)

'C10' °

I 0 *c10

S2S3

S2S4

l|cir 0

S3S6

-33-



Since -x^+ixg = -(x^ixg) and = -Sg , we see that Cg = Cg 

which implies that Cg is a real number. Similarly, we see that Cg 

c^0 and c-ji are also real numbers.

We next consider the problem of determining the form of the 

polar vector-valued function

X1 = cijkSjk + ^ijk&m^jk^&m (2.3.12)

and the axial vector-valued function

ai = dijk^jk + djjUmSjkS&m (2.3.13) 

of the symmetric second-order tensor S^j which is invariant under 

the group Tg . We employ the notation

S1 sn+s22 , Sg - s33 , s3 - s13+is23 , s4 s33-is23 ,

(2.3.14)

“ 511'522+21512S5 S6 ” S1TS22-21S12 •

We note that

Quantities

S4 = S3

Tg , we see

and Sg = Sg . From the table entitled Basic 

that

x3 , x^+ixg , x^-ixg (2.3.15)

belong to r0’^l*̂1  respectively, that

al ^a2 ’ ai"^a2 (2.3.16)

belong to Y0’rl’^l respectively and that

a3 ’
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(2.3.17)

belong to respectively. Upon employing Product

Table Tg , we see that the 21 products of degree 2 in the

S.(i=l,...,6) belong to the representations listed below.

4 2
S2 * ^l^Z ’ S3S4 ’ SgSg

rr S1S3 S2S3 S4S5

rr S1S4 ^2^4 ^3^6

S1S5 S33zh

y 2; S1S6 s 2S6 S4
(2.3.18)

r3: S3S5

r3: ^^5

si

S6

With (2.3.15),...,(2.3.18), we see that there are no terms of degrees 

1 or 2 in the (i=1,...,6) which belong to any of the representa­

tions to which x3 , x^+ixg , x^-ixg belong. This implies that a con­

stitutive expression of the form (2.3.12) is ruled out by symmetry 

considerations. The constitutive expression (2.3.13) may be written 

as 
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a3 + d2S2 + d3Sf + d4S2 + d5SlS2 + d6^3^4 + d7^5^6 *

$1 ^2 = d8^3 d9^]^3 dlQ^2^3 d11^4^5 * (2.3.19)

al “ ia2 = d8S4 + d9^1^4 + d10^2^4 + d11^3^6 '

With the notation dg = eg+ifg, dll = ell+ifll ’ we see from

(2.3.14) that (2.3.19)2 3 may be written as

S23

S13

1 +...+
"(^11-S22)^13 +a2

^ll^22^!3 + 2S12S23

^^12^23

(2.3.20)
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3. The General Expression for Vector-Valued and Second-Order
Symmetric Tensor-Valued Form-Invariant Functions

Let G.. denote a symmetric second-order tensor. The functions 

j )>Pa(G-j),Tka(G-j) are said to be scalar-valued, vector­

valued and second-order symmetric tensor-valued functions which are 

invariant under a group r if

W(QGQT) = W(G)

PÆT) ’ 9toPm(G)
(3.0.1)

for all Q such that Q belongs to the group r . The determination

of the general form of such functions is essential for constructing

constitutive equations which express explicitly the symmetry of the

material. If we consider W.PpT^-to be polynomial functions in the

'ij 

and

, then we may determine canonical expressions for W(G),P^(G)

Tj^G) of the forms

= a,J, +...+ , P - PJ&'1,2,3) (3.0.2)

= +...+ BrNr , T = T^(k,^l,2,3)

where the ap... ,6r are polynomials in the elements Ip...^ of 

an integrity basis for functions of G invariant under r and where

• N.,...,N are vector and second-order tensor-valued 

functions which are invariant under r .

W

P

T

i, ip i
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It frequently happens that polynomial relations exist between 

the set of invariants which form an integrity basis. Such relations 

are called syzygies. Smith [ 8 ] has shown that, for each crystal 

class, one can make use of the syzygies between the Ip.. .,In to 

express W in the form

W = SQ+SiL.+S.jL±j (i ,j=l ,2,... ,n-6)

where the SQ,...,5^ are polynomials in six functionally independent 

invariants Kp 1^,...,chosen from the integrity basis Ip...,In 

associated with the crystal class considered and where .........

are the remaining n-6 elements of this basis. It will be shown in 

this section that similar results may be obtained for vector-valued 

and second-order symmetric tensor-valued form-invariant functions.

The symmetry properties of the 32 crystallographic groups are 

defined in terms of the matrices I.C.RpRg.R^,... ,MpMg which are 

listed below
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I = diag(U.l) . C = diag(-l ,-1,-1 ) ,

R1 = diag(-l,1,1 ) , Rg = diag(l,-l,l) , R3 = diag(l,1 ,-l) ,

D1 = diag(l ,-l ,-l ) , 0g = diag(-l,1,-1 ) , Dg = diag(-l ,-l,1) ,

(3.0.4)

1 0 0

0 0 1

0 1 0

0 0 1

0 1 0

1 0 0

T1 T2

0

1

0

1 0

0 0

0 1

-1/2 73/2 0

-73/2 -1/2 0

0 0 1

-1/2 -73/2 0

73/2 -1/2 0

0 0 1

H1=

0 0 1

1 0 0

0 1 0

0 1 0

0 0 1

1 0 0

Mg

Since the techniques employed here involve the use of generating 

function, we outline in §3.1 some theoretical background concerning 

generating functions. The step-by-step illustration of the procedure 

we employ is shown in §3.2. In §3.3, we list the results thus obtained 

for each of 32 crystal classes.

3.1. Generating functions

Let x be a column vector consisting of all the independent com­

ponents of the quantities (vectors, second-order tensors, ...) being 

considered. For example, for the symmetric second-order tensor G^ ,

X = (G^.Ggg.Ggg.Ggg.GgpG^) .
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Given a group F , for any SeF , the result of applying S to 

x will be another vector x' in general, and we may write x' as

x*  = A(s)x , SeF (3.1.1)

where A(s) is an nxn matrix. All such A(s) form an n-dimensional 

matrix representation of the group F . According to group representa­

tion theory, for a finite group F , every representation is equivalent 

to a unitary representation. Thus we may assume that our representa­

tion {A} is a unitary representation.

When x undergoes the linear transformation

= M-A • A = IIA^II ' (3.1.2) 

the monomials of degree f

r r? r
X1 x2 --’V  (r^r^.-.+r^f)* (3.1.3)

undergo the Corresponding linear transformation A- , where A, is 

the symmetrized f1^ Kronecker product of A . Since A is unitary, 

A can always be diagonalized; i.e., we can always find a matrix U 

such that

= E = diag(ei,E2,...En) . (3.1.4)

Assuming A to be in the normal form e , it is easy to see that 

under the influence of A , each monomial in (3.1.3) is multiplied by 

the factor
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i.e., the corresponding transformation is also in diagonal form. 

Therefore 

r^ r r 
TrA^ (3.1.5)

where the sum is over all non-negative integers rp...,rn whose sum 

is f .

It is well known that

1 1 = Ï , |z| < 1 . (3.1.6)

z r=0

Thus 

-------------] = I Pfzf (3.1.7) 

(1-e1z)(1-e2z)...(1-Enz)------f=0

where P, is defined by (3.1.5). Since det(E-zA) = det U-^(E-zA)U = 

det(E-zU-1AU) = (l-E^z)(l-E^z)...(l-c^z) , we have

------- -- ------= I Pfzf ~ (3.1.8)

det(E-zA) f=0 T

If (A) is a representation of the group r , {A } is also a 
~ ~T

representation of r . The number of times the irreducible 

representation occurs in {A^} is the same as the number of bases 

for T which are linear combinations of the monomials
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Since the bases thus obtained are linearly independent polynomial 

functions of degree f in the Xj , we have the following important 

result.

The number a^ of linearly independent functions of degree f 

in the Xj which belong to> is given by

y a^zf = — I X -- (3.1.9)
f=o f 9 SeF det[E-zA(s)]

where g is the order of group r , is the complex conjugate of 

the \>th simple character and {A} is the matrix representation of

r .

In group representation theory, a function F^(Xj) is said to 

belong to the vth irreducible representation if Fy is a base 

function for the vth irreducible representation. For the sake of 

convenience, we call such a function Fy a -type function.

Suppose that Jk(Xj) is a -type function. Then for any 

scalar-valued invariant a(Xj) , otJ^ is also a -type function. 

Given that J,......... form a basis for r -type functions, each

-type function F^ may be expressed in the following form

Ex, = (3-1.10)

where the ak are of the form (see eqn. (3.0.3))

a. = Sn + S.L. + S.A-L. , (i,j=l....,n-6) (3.1.11)
K U 1 1 IJ J J
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if x = (Gn.Ggg'Ggg.Ggg.GgpGig)? • Substituting (3.1.11 ) into

(3.1.10), we have

~v ~ Sk~k + SikLi~k + SijkLiLj~k * (’’’J-1»-- - «n-6 ; k~l......... m)

(3.1.12)

where the

and where

Sk......... Sijk

Kf » • • • > Kg > L i 9

are polynomials in the quantities Kp...,Kg

In general, only a few

the others being redundant.

Ln_6 form an integrity basis.

terms in L.J. and L.L.J. are 
I —K. I J

The question is, how many terms

needed,

of the

form L.J. or L.L.J. are 
1 ~ K l J^K

needed. The generating function can give

us the exact answer.

Starting from (3.1.9), the number of linearly independent

rv 

in

-type functions of

the expansion

degree f is given by the coefficient of z^

9 Ser det[E-zA(s)] f=0

X

Suppose that the 6 functionally independent invariants ,....

are of degree ip...,ig in x respectively. Then

ro , Z
Z aïzf = ------- ;----------- ;----------------- i— (3.1.13)

f=0 (1-z l)(l-z 2)...(l-z 6)

where

/ X^V\S) \ i i if

Z = % ---------------------- -(1-z l)(l-z 2)...(1-z 6) . (3.1.14)
9 ScT det[E-zA(s)] /
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We can choose the invariants (i=l,2»...,6) such that Z is a 

polynomial in Z , i.e., 

N
Z = I b zp (3.1.15)

p=0 P

If this is the case, then bp gives the number of linearly independent

terms and L^LjJ^ appearing in the canonical expression for

Fv which are of degree p in the Xj . In general, the number Eb

is much less than the number of terms L.J. and L-L.J. appearing in 
1 ~ K I J —K

(3.1.12). We can thus simplify the canonical expression for Fy 

enormously.

3.2. Application of the generating function technique

In this section, we will show how to use the generating function 

technique to obtain the general expression for vector-valued and 

second-order symmetric tensor-valued form-invariant functions. The 

group considered in the example is a crystallographic group and hence 

the results given in [ 6 ], [ 9 ] may be used. In the example, we 

will list all the syzygies employed.

Example: Tetragonal-scalenohedral class, 0^

For this group, the irreducible representations are given below.

The matrices I,Dp...,D^T^ comprising the group 0^ are defined in 

[ 6 ].
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Table 3 .1 Irreducible Representations:

I “1 ; 0
; 1

10
 

G
J t —

1 
w

 

l C
D

i —
1 

G
J IC

 
ro

 
>
 —

i

•3 -3^3

ri 1 1 1 1 1 1 1 1

r2 1 -1 -1 1 -1 1 1 -1

r3 1 -1 -1 1 1 - 1 -1 1

r4 1 1 1 1 -1 - 1 -1 -1

r5 E F -F -E K L -L - K

The matrices E9 »..,L appearing in 1 able 3.1 are defined by

1 0 1 0 0 1 0 1
E =

0 1 , F =
0 -1 ’ % = 1 0 , L = -1 0

The basic quantities are listed in Table 3.2. By basic quantities, 

we mean the quantities consisting of linear combinations of the compo­

nents of which form the bases for the representations

rv •

G-n-G

23 ’ 31

11 22

1’2 23*31

12 ’ P3 ’ T12

Table 3.2 Basic Quantities: 0^^ 

ri 633,6,1+622 i Tsg'Tii+Tgg
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The expressions for det(E-xA) for the matrices A comprising the 

group D2d are given in Table 3.3. The integrity basis for this 

group L 8 ] is given by

r2 r2
G23G31

Table 3.3 det(E-xA): D2d

A det(E-xA)

I (1-X)6

Dt  ,D2

D3

(l-x)2(l-x2)2

(l-x)2(l-x2)2

T3’°3T3

Gl^3'°2^3

(l-x)2(l-x^)  ̂

(l-x2)(1-x4)

The generating function is in the form

" (l-x)2(l-x2)3(l-x*)

where Z is given in Table 3.4.

(3.2.1)
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Table 3.4 Z: 0^ 

Z

ri

r2

1+2x 3+x 6

x^+2x3+x^

2 4 5 
x+x +x +x

4 5 
x+x +x +x 

x+2x2+2x3+2x*+x5

(1) General expression for -type functions.

From Table 3.4, we have

Z = 1 + 2x3 + x6

The corresponding terms are

x3:

x3;

x6:

h ’ 633631612 •

L2 1 (S^-GggXG^-Ggg)

L1L2 '

We then have the general expression for -type functions (invariants)

Fj ~ $0 * S1L1 + S2L2 + ^l^ (3.2.2)

where the Sq ,...,Sj are polynomials in the quantities ......... Kg . 

(2) General expression for -type functions.

From Table 3.4, we have

Z = x + x? + x*  + x3 .
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The corresponding terms are

x : 

x2: 

x*:  

x5:

h = G12 ’ 

l2 = G23G31

L211 ’

L2I2 •

We have the following identities:

Kj Lj I

The general expression for -type functions is then given by

f3 S]I1 + S2I2 + S3L2Ii + S4l2I2 (3.2.3)

where the Sp...,S4 are polynomials in the quantities ......... Kg .

(3) General expression for r4 -type functions.

From Table 3.4, we have

Z = x + x2 + x4 + x5 .

The corresponding terms are

x . J -J - Gj i“G22 , 
2 2 2

x : J2 = G31-G23 ,

4 
x\ .

x^: L^J2 .
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We have the following identities:

L2J1 = (4-4K2)J2 , l1l2J1 = ( ^-4^)1^ 2 ,

L/g = (K^-4K5)J] , = (K|-4K5)L1J1 .

Consequently, the general expression for -type functions is

F4 $1^1 + S2J2 + S3L1J1 + (3.2.4)

where the Sp... ,S^ are polynomials in the quantities Kp...,K& .

(4) General expression for -type functions.

From Table 3.4, we have

Z = x + 2x2 + 2x3 + 2x3 + 2x4 + x5

The corresponding terms are

x: =

(3.2.5)

x3:
" ^23631

G31

G23~5

2x : L1N1 , Lz^ ,

x5: L,NO . 
I ~ c
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We have the following identities:

Ll~3 = K5~5 ’ 2^1-4 = K6^L2~1"K4~2^ * Ll~5 = K5~3 ’ 

o
L2N2 = (K]-4K2)(K4H1-2N5) , L2«3 - ,

0
l.^ = (Ki-4K2)(K4H3-2l ,N1) , ZL2N5 = K4(L2N]-K4N2)+4Ks N2 . 

, L,L2N2 - (K2-4K2)(K4L]N,-2K5N2) ,

2l i l 2n 3 - k4k6(l 2n,-k4n2)mk 5k6n 2 ,

L1L2Ü4 * (^-^JKgtK^s-ZKjN,) , L,^ = Kj^+aL,^) .

Consequently, the general expression for r5 -type functions is 

given by

~5 = J, Si~i + S6L1~1 + S7L1~2 + S8L2~1 
I - I

where the ......... Sg are polynomials in the quantities Kp.

(3.2.6)

K6

We are now in a position to determine the general expressions for

and . For a vector-valued function P^G^ j) , from Table 3.2 

we know that (P],P2)T belongs to r5 and Pg belongs to r3 .

We then have the general expression for P^G..j ) .

P1

P2

5
= J + a6L]N1 + a^L^Ng + agL^

P3 = + b2I2 + ^2^l + 

-50-



where the quantities ap... ,ag , bp...»^ are polynomials in the 

quantities Kp...,Kg and where the Np...,Ng are defined by 

(3.2.5).

For a second-order symmetric tensor-valued function ,

from Table 2.2, we know that and Tgg belong to ;

T^ belongs to rg ; Tp-Tgg belongs to and (^3'^3^ belongs 

to r5 . We then have the general expression for T^fG^j) .

^l l ^22 = Cg + + C2l2 + ,

T33 = dg + + d2L2 + d3L1L2

Ti2 = + 62^2 + + ^'2^2 ’

Tir?22 = flJl + f2J2 + f3L]Ji + *

T23 5
T_ = L ^i ~i + 96hNl + 97L1N2 + 98L2~1 

J I I — I

where the quantities Cg,...,Cg , dg,...>dg , e^,...,e^ , f^,...,f  ̂

and g.......... g« are polynomials in the quantities K.,...K, .
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3.3 Canonical Expressions for Quantities of Type r - the 
Crystal Classes v

In this section, we present tables which give canonical expres­

sions for quantities of type for each of the crystal classes 

(except for classes T,^ where technical difficulties arise). We 

see then from the examples given in 3.2 that the information in the 

tables given below enables us to determine the general expressions 

for vector-valued functions (6^) and second-order tensor-valued 

functions 1^.(6^) which are invariant under a given crystallographic 

group. We list tables defining the irreducible representations 

associated with the crystallographic groups. The characters 

of the irreducible representations may be obtained im­

mediately from the tables giving the irreducible representations. We 

also list tables giving basic quantities in terms of linear combina­

tions of the components , T^. and G.. j . The generating functions 

are given by GF(rv) = Zv(x)/D(x) . The quantities are listed in 

the tables. We also tabulate the canonical expressions for quantities 

of type ry . These expressions are of the forms ag+a^, 

C1J1+C2J2+"" where the LJ,, are quantities of types

Pi..........rv and where the coefficients a^,a^..........c^ ,c^,... are poly­

nomial functions of six functionally independent invarients

^1 > • • • » Kg «
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3.3.1 Pedial class, , I .

Since the materials belonging to this crystal class possess no 

symmetry properties, there are no restrictions on the form of the con­

stitutive expressions. We have

Pi = Pi(G]l'G22»G33'G23»G3],Gi2) » (i=l,2,3)

Tij = ^i j ^l l '^^2'^33^23^3! '^l2^ ’

where P*  , are polynomials in the indicated arguments.
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3.3.2 Pinacoidal class, C.,(I,C) 

Domatic class, Cs,(LRp 

Sphenoidal class, Cg.Cl.Dp

Table 3.5 Irreducible Representations: CpCg.Cg

C2

I C

1 R~1

1 Si

1 1rl

r2 1 -1

Table 3.6 Pinacoidal class,

I.R. Basic Quantities Zv Canonical Expressions

F1 T11'T22'?33 ^ll^22^33 

^23'^3!'^l2 Ggg.Ggi.Gig

1 ao

r2 P1 'P2'P3 0 None

Integrity Basis:

Generating Function:

GF(\) -
(1-x)6
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Table 3.7 Domatic class, Cs
—

I.R.
----------—------------------------------------------------------

Basic Quantities
Canonical 
Expressions

ri T^,T22>T33»T23 G11'G22'G33'G23 1+x2
*o+*lL]

P2* P3

r2 T31’T12 G31’G12 2x bQG31+blG12

P1

Table 3 8 Sphenoidal class, C2

I.R. Basic Quantities Zv Canonical
Expressions

rl ^11'722'733'^23 G11'G22'G33'G23 1+x2
a0+a!Li

P1

r2 T3TT12 G31’G12 2x bQG31+blG12

P2'P3

L1 " G23G31

Generating Function:

Integrity Basis: CS,C2

GF(rv)
(l-xl’d-x2)2
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3.3.3 Prismatic class, Cgh,(I,C,RpD^ ) 

Rhombic-pyramidal class, C^,^l,R^,R^,0.^ 

Rhombic-disphenoidal class, D2,(I,D1,D2,D3)

Table 3.9 Irreducible Representations: C2h*C2v,D2

Integrity Basis: C2h

C2h 1 ", ", C

C2v I 0, r 3 R2

D2 0 0
M "3

rl 1 1 1 1

r2 1 1 -1 -1

r3 1 -1 1 -1

r4 1 -1 -1 1

Table :J.10 Prismatic class, C2^

I.R. Basic Quantities Zv
Canonical
Expressions

rl T11*T22’T33’T23 611'622'633'623
l+x2

*o+*lLl

r2 P1 0 None

r3 p2»p3 0 None

r4 T31’T12 631’612 2x ^0631+^1612

K1
9 9

K6 = 611*622'633*623,631,612

L1 633632

Generating Function:

GF(rJ -
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Table 3.11 Rhombic-pyramidal class, C2y

I.R. Basic Quantities Zv
Canonical
Expressions

ri 711'722'^33' P1 G11* G22* G33 1+x3
*o+*lLl

r2 T23 G23
2 

x+x boG23+blG31G]2

r3 T12*  P3 G12
x+x2 c0G12+clG23G31

r4

Integri

K1

C
DC

M
 

C
^

C
M

 
r—

°
 

C
D

-

m
 

•• 
ii

o
_

 
tn

•r- 
k
O

• *
 

in
r—

 
fl 

*
C

O
 

C
O

 
•

C
D

 
•

£
 

: C
M

C
M 

i—
 

C
D

C
M 

C
O

 
C

DC
O

 
r-

 
C

M 
C

M
C

O
 

C
D

C
D

 
*C

O
 

_______ 
C

O

x+x2
doG31+diG]2G23

h G23G31G12

Generating Function :

Table 3.12 Rhombic-disphenoidal class, 0^

I.R. Basic Quantities Zv
Canonical
Expressions

rl 711'722'733 G11'G22'G33
1+x3 a0+aiLi

r2 T23*  P1 G23
x+x2 boG23+blG31G12

r3 T31; P2 G31 x+x2 CQG31+C]G23G]2

r4 T12’ P3 G12
x+x2

doG12+diG23G3]

Integrity Basis: 0^

K K6 " G11'G22'G33'G
r2 

23'^31'^12g :2 2

L1 _ G23G31G12

Generating Function: D2

GF(rJ
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3.3.4 Rhombic-di pyramidal class >

Table 3.13 Irreducible Representations: D2h

°2h 1 I
5i & Î3 c 5i ~2 ~3

rl | 1 1 1 1 1 1 1 1

r2 1 1 1 -1 -1 1 1 -1 -1

r3 : 1 -1 1 -1 1 -1 1 -1

r4 . 1 -1 -1 1 1 -1 -1 1

r5 ; 1 1 1 1 -1 -1 -1 -1

r6 ! 1 1 -1 -1 -1 -1 1 1

r7 ! 1 -1 1 -1 -1 1 -1 1

r8
!

1 -1 -1 1 -1 1 1 -1
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Table 3.14 Rhomb1c-d i pyrami dal class,

I.R. Basic Quantities Zv
Canonical
Expressions

rl T11’T22,T33 Gn,G22,G33 1+x3 a0+aiLi

r2 T23 G23
x+x2 b0G23+blG31G12

r3 T31 G31
x+x2 CoG31+CiG23G]2

r4 T12 G12
x+x2 dQG12+diG23G3]

r5 0 None

r6 P1 0 None

r7 P2 0 None

r8 P3 0 None

Integrity Basis: 0^

L1 “ G23G31G12

Generating Function:

(l-x)3(l-x2)^
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3.3.5 Tetragonal-disphenoidal class,

Tetragonal-pyramidal class, C.,(I,D_,R,T-,R,T-)4 * «U Ar I >v J ArtArJ
Tetragonal-dipyramidal class, C,.,(T,C,R_,D_,R.T_,R_T_4II •» — «wJ ~ I ArLArJ

21l3*M3^

Table 3.15 Irreducible Representations: S^.C^

S4

C4 i W
 ( 1—

1

Ï3

Ç1I3 

to

co 
co

 

C
M 

C
M

 
□

 i 
a

 t

rl 1 1 1 1

F2 1 1 -1 -1

r3 1 -1 i -i

r4 1 -1 -i i

Table 3.16 Irreducible Representations: C4h

C4h I =3 to to C

I 
7

3
 

C
O to to

h 1 . 1 1 1 1 1 1 1

r2 1 1 -1 -1 1 1 -1 -1

r3 1 -1 i -i 1 -1 i -1

r4 1 -1 -i i 1 -1 -i i

r5 1 1 1 1 -1 -1 -1 -1

r6 1 1 -1 -1 -1 -1 1 1

r7 1 -1 i -i -1 1 -i i

r8 1 -1 -i i -1 1 i -i
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Table 3.17 Tetragonal-disphenoidal class,

I.R. Basic Quantities Zv

rl Tn+T22,T33 611+622'633 1+x ^+4x 3+x^+x 6

r? TirT22'T12

P3

G1TG22’612
2(x+x2+x*+x5)

r3 T31+'?23

P] '"Z ■

G31+iG23
x+2x2+2x3+2x*+x5

r4 \ T3r'?23 

; p/^2

G31~TG23 x+2x2+2x3+2x*+x5

I.R. Canonical Expressions

rl

r2

a0

4 
E 

i=l

4 
E 

i=l

4 
E 

i=l

6 
E 

i=l

^Ji

ciRi

aiLi +a?LlL2

+ b5l1J1

ciRi + c 5L1^1

c 6l 2Ri

c 6L2^1

c 7L2R2

c 7l 2r 2 c 8L3^1

+

+ ^612^2

^8^3%]
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Table 3.18 Tetragonal-pyramidal class,

I.R. i Basic Quantities Zv

rl T11+T22* T33 

^3

^ll^22^33
1+x2+4x3fx*+x6

r
2

TirT22’T12 ^ll^22'^l2
2(x+x2+x*+x5)

r3 731+^23

Y^2

631+1^23
x+2x2+2x3f2x*+x5

r4 T3ri?23 

pi-ip2

631'1623 x+2x2f2x3f2x*fx5

I.R. Canonical Expressions

—i—;---------------------------

ri a0 + K aiLi + a?LlL2
i-1

4
S bjJj + b5l1J1 + b6L2J2 + b?L1J4 + bgLgJg

r3 E 
i=l

ciRi + + CgL2Ri + c ?L2R2 + cgL3R1

4 _ _ _ _ _ _ _ _ _ _
E c.Rj + c 5L1R1 + + c 7L2R2 +
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Table 3.19 Tetragonal-di pyramidal class,

I.R. Basic Quantities Zv

ri Tll+T22'?33 Gn+G22»G33
l*x^+4x^+x^+x 6

r2 Tn-T22>Ti2 GirG22,G12
2(x+x2+x*fx5)

r3 T31+1T23 G23+1G23
9345 

x^2x^+Zx^+2x^+x^

r4 T3r^23 G3r^G23
2 3 4 5x^2x +2x^+2x^+x

r5 ^3 0

r6 0

r7 p1+ip2 0

r8 Pr^2 0

I.R. Canonical Expressions

P4

1 i

i 
i

6
a0 + A aiLi + a7hL2

4
E 

i=l

4
E 

i=l

4
E 

i=l

biJi + b5LlJl + b6L2J2 + b7Ll°4 + b8L2J

ciRi + + CgLgRi + CyLgRg + c8L3R1

CjRj + ^5L]R1 + %L2^1 + ^7L2^2 + ^8L3^1

r5

r6 

r7 

r8

None

None

None

None
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Integrity Basis:

K1 ,Ke " Gn
. r2 r2 r2 r2 

G31'G23G31,G12

L1 “ G23G31G12 l 2 ■ L3 G12(G1TG22) ’

L4 = G12(G3TG23) L5 " G23G31^G1TG22^ ’ L6 " G23G31(G31~G23)

Quantities of type appearing in Tables 3.17, 3.18, 3.19

Quantities of type appearing in Tables 3.17, 3.18, 3.19

R4 " G23G31(G
31
-'G23^

Generating Function:

(l-x)2(1-x2)G(l-x*)

In table 3.17, the quantities Cq ...,Cg appearing in the columns 

headed Canonical Expessions are polynomial functions of the invariants 

Kp...,Kg where the coefficients in the expressions for c^.........cQ 

are complex numbers. Thus,

c^ = (o^+iag) + (Bi+i8g)K] + ^^+'^^2 + •

The coefficients Cq,... ,Cg and the quantities Rp... ,R^ are the 

complex conjugates of the coefficients Cg,...,Cg and the quantities 

Rp... ,R^ respectively. Thus,
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c1 = (a^-ia?) + (B1 -1^2)^ + (ï1-iï2)K2 + •

= G31 ~^23 ' ' % = G23G31 ^G31+1 ^23*

We note that the expressions for the complex quantities such as

T31 +iT23 and which are of types and respectively

may also be written in real form. For example, we see from Table 3.17 

that for the crystal class

T31 +iT23= (ai+ia2)(G3i+iG23) + (B^+iB2)K (G3-| +iG23) + ...

+ (a'+ia2)L3(G31+1G23) + C^+i^)^ L3(G31+iG23) + ... .

Upon separating the real and imaginary parts of this expression, we

obtain

“i

4

-62 ^1L3G31

X1L3G23

The real form given above may be more convenient in applications.
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3.3.6 Di tetragonal-pyramidal class, €^,(1,^ ,R2*D 3)-(I,T3)

Tetragonal -trapezohedral class, D., (I,D, ,D9,D~ ,CT-.R-,^,

Tetragonal-sealenohedral class, D9.,(I,D.,D9,D9)*(I,T 9)

Di tetragonal-di pyramidal class, D.. ,(I,C,R. ,RO,R_,D.,DO,D_)« 
40 * •*  •*  I *d  A» I -wQ

Q.T3’

Table 3.20 Irreducible Representations: C^y.D^.Dgj

C4

D4

D2d

I R9 R, D9 T_ R9T_ R,T9 D_T_
Al Aid •*  | Al J •*  J A»d**J  •*  |A1J

~ Pl ~2 P3 P3T3 ~2~3 -1^3 PI3

I 0, D9 D9 T9 D.T_ D9T9 D9T9
A. A> I A<d ** J AoJ ~ 1 A. J ««LA'J A1JA1 J

ri 

r2 

r3 

r4 

r5

p
"

 
r"

 
r

—
 

b
d

 ?
1 

1 
1

r
—

 
t—

 
r-

 
r—

 
—

J
 2

1 
1 

1

f—
 

t—
 

r—
 

r—
 

—
J

 ?
1 

1

1—
‘ 

1—
 

r
—

 
f—

 
M

 1
1 

1

r—
 

r—
 

1—
 

r
—

 
L

U
 2

1

«—
 

1—
 

r—
 

r
—

 
L

k. 2
1 

1 
1

T
 

7
 

r- 
?

r
—

 
r—

 
r—

 
r—

 
L

U
 2

-66-



T
a
b
le
 

3
.2

1
 

Ir
re

d
u

c
ib

le
 
R

e
p

re
se

n
ta

ti
o

n
s
, 

°4
h
 
I
I
 

°1
 

°
; 

~3
 

%
 

5
1

1
3
 

~
2

~
3
 

E
3

I3

r
l

r
2

r
3

r
4

r
5

r
6

r
7

r
8

r
9

r
io

i m —। —। —। —। ; m —' —' —' —।

11 1 1

i n —। —। —' _। i -n —• —' —। —।

1 11 1 1 1
m —। —* —। —। 2 “n —« —' —< —।

1 1

2 m —' —' —' —। im —' — —‘ —1 *

11 1 11 1

17C —> —1 —1 —1 2 ' —■ —।

III III 21— —1 —> —1 .—' 2 1— —' —* —‘ —*

Il II 2 [— —1 —1 —i —i 21— —j —j —j

II 11 ITS —■ —< —• —* 17s —1 —■ —• —।

-P*

« n 

i 73 

t 73 
W 

< —1 
GJ 

I O 
& 

10 
no 
t —I 
GO 

t 0 
GO 
! —1 
GO

O  
»—  M W ^ m ^ o r - s C O C T i , —  

Ph Ph Ph  Ph Ph Ph Ph Ph Ph Ph

r—  1—  r — i—  2 r — r — r -  r —
1 1 1 1 1

i —  i—  ।—  ■—  —J 2 i—  r—  r—  i—  — 12I l  I I  1

I—  r — i—  r -  —J 2 *—  •—  r “  r — —1 2
1 1 1 1 1

r—  r — r — r -  2 r -  r—  i—  r— 2

1 I I I  1

r— ।—  r—  <—  UJ 2 r—  i—  >—  i—  LU 2

1 1 1 1 1

i—  i—  r—  i—  Lu  2 r—  f—  r — f—  L u  2I l  I I  1

r—  i—  r™ f—  LU 2 r—  r — i—  r -  U -  2I I  1 I I
i—  i—  i—  i—  UJ 2 •—  r—  r -  r -  LU 2

1 1 1 1 1
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In Tables 3.20 and 3.21, we have employed the notation

11 ° I K = ':°
o -i '! 1 ~ h

i

0

1

0 1 I

L- ! 0 1'

" 1-1 0;

Table 3.22 Di tetragonal-pyramidal class,

I.R. Basic Quantities Zv

ri t 11*t 22»T33 &11*622'633 1 + 2x3 + x6

c
o
 

O
u

r2
x2 + 2x3 + x4

r3 T12 G12
2 4 5x f x f x^ + x^

r4 Tir?22 611'622
2 4 5x + x + x + x3

r5
^3l'^23^ (631'^23)? x + 2x2 + 2x3 + 2x4 + x5

(PpPg)?

4
Z

i=l

I.R Canonical Expressions

r a0 a1Ll + a2L2 + ^^2

r2 biMi

r3

r4

r5

Cl1!

d^l

5 
Z 

i=l

2 2 3 2 1 + ^2^2

+ d2J2

eiüi *

+ d3l]J1 + d^Jg

+ e7Ll~3 + 6312^1
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Table 3.23 Tetragonal-trapezohedral class, 0^

I.R. Basic Quantities

ri Tll+T22'?33 ^11+622'633
1 + 2x3 + x6

r2 C
O

O
u x2 + 2x3 + x4

r3 T12 G12
2 4 5x + x^ + xH + x3

r4 Tir?22 GirG22
2 4 5x + x + xH + x3

r5
^23'^3!^ 

(PPP2)T

(G23'~G31)T x + 2x2 + 2x3 + 2x4 + x5

4
E

i=l

I.R Canonical Expressions

ri ao alLl a2L2 + a3LlL2

r2 biMi

r3

r4

r5

Ci1!

d^!

5 
E 

i=l

2 2

+ %

*i9i +

321 ^4^2'2

+ d3L1J] + d4L]J2

^6^191 + ^^l^3^ e8L291
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Table 3.24 Tetragonal-sealenohedral class, 0^

I.R. Basic Quantities Zv

rl T11+T22* T33 ^ll^22^33 1 + 2x3 + x6

r2
x2 + 2x3 + x4

r3 T12* P3 G12
2 4 5x + x + xH + x3

r4 T11"T22 G11“G22
2 4 5x + x + x + x3

r5 ^T23’T31 (G23'G31)T x + 2x2 + 2x3 + 2x4 + x5

(PpP2)T

aQ * ^1^1 + +

Clh + C2Z2 + + c^2l2

^1^1 + ^2^2 + ^3^1^! + d^L-Jg

5
X ei5i + + e7Li53 + e8L2~l

I.R. Canonical Expressions

r2

r3

r4

r5
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Table 3.25 Di tetragonal-di pyramidal class,

I.R. Basic Quantities

ri T11+T22* T33 G11+G22'G33 1 + 2x3 + x6

Tnn G, -
2 4 5

X + X + X + X
3 12 12

r4 Tir?22 Gn-G22
2 4 5X + X + xH + x3

r5
^23'^3!^ (G23'~G31)T 2 3 4 5x + 2x^ + 2x + 2x + x3

r7 P3 0

rio
(PpP2)T 0

1.R, Canonical Expressions

r3

r4

r5

a0 + alLl + a2L2 + a3^1L2

cpl + c 2T2 + Cglgll + C4L2I2

d-j Ji + dgJg d3LiJ1 + d^L^Jg

5
•Ei Ci^i + e6L191 + e7L193 + e8L221
1 -1

r7 None

rio None
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Integrity Basis: C^, d4> D2d, 0^

K1 >K6 = G11
r2 r2 r2
G31G23’ G12

L1 " G23G31G12’ L2 " ^GirG22^G31"G23^

Quantities of type r2 appearing in Tables 3.22,...,3.25

M1 = G12^G11-G22^ M2 = G12^G31~G23^ M3 = G23G31(G11~G22)'

M4 = G23G31^G31"G23^

Quantities of type r$ appearing in Tables 3.22,...,3.25

Quantities of type

J1 G1TG22’ J2

r4 appearing

- r2 g 2" G3TG23

in Tables 3.22,. 3.25

Quantities of type Fg appearing in Tables 3.22,...,3.25

”1 = G31

i'G31 !

91 = ! G23 I*

■G31 I

95 " G23G31 -G31 '
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! G31 I

R3 (G^-Ggg) G23

IP31
hG23

Generating Function: C^, D^, D2d,

(l-x)2(l-x2)3(l-x4)
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3.3.7 Trigonal-pyramidal class, C^, (I.S^,$2)

Table 3.26 Irreducible Representations:

C3~ ~1 ~2

r] 111

2
r2 1 (D w

2
Pg 1 W W

Table 3.27 Rhombohedral class: C^.

C3i I

u
T
i

C
M

 
V

) 
?

C a &

ri 1 1 1 1 1 1

r2 1 to 1 0) 7

r3 1
to2 0) 1 7 0)

r4 1 1 1 -1 -i -1

r5 1 LÜ
M2 -1 -to

V

r6 1 U2 w -1 -to

2
The quantities w and w appearing in Tables 3.26 and 3.27

are defined by

U = -1/2 + i/3/2 , tn2 = -1/2 - i/3/2 .

-74-



Table 3.28 Trigonal-pyramidal class,

I.R. Basic Quantities Zv

rl 711+722'733

P3

611+^22'633 1 + 2x* I 2 + 6x3 + 2x4 + x6

r2 T3r1T23 

7irT22+2lT12 

prip2

631-1633

GlTG22+2iG12

2x + 3x2 + 2x3 + 3x4 + 2x5

f3 731+1723 

711'722-21^2

Pl+iP2

G31+1G23

GlTG22-2iG12

2x + 3x2 + 2x3 + 3x4 + 2x5

® 2
a0 + 5, aiLi + a9Ll + aloL2L3 + all'l^

I - I

5
r2 biJi + b6Ll +b7L2+b8L3 ^1 + (hgh+hioLglJg

+ bllV3 + b12L5J4

5 _ _ _ _ _ _ _ _
r3 bi^i + (b6Ll+b7L2+b8L3^1 + ^9L1 +^10L2^2

+ ^11^6^3 + ^12^534

I .R. Canonical Expressions

rl
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Table 3.29 Rhombohedral class,

I.R. Basic Quantities Zv

ri Tn+T22,T33 ^ll^22^33 1 + 2x2 + 6x3 + 2x4 + x6

r2 T3T1T23 Ggi-iGgg 2x + 3x2 + 2x3 + 3x4 + 2x5

^ll^22^'^!2 ^ll^22^'^l2

r3 731+^723 ^3l+^23 2 ? 4 q
2x + 3x + 2x + 3x + 2x

7n"T22-21T12 ^ll^22~2'^l2

r4 P3 0

r5 Pl-1p2 0

r6 Y^2 0

I.R Canonical Expressions

F1

r2

ao

8 
Z 

i=l

2
aiLi + a9Ll + a10L2L3 + al1L1L4

5 
E 

1=1
biJi + (b6L1+b7L2+b8L3)J1 + (bgLi+bigLgjJg + ^11^6^3

+ ^12^5^4

r3 EbiJi + ^6^l^^7^2^^8^3^l + ^9*"1 +^1Q^2^2

r4 None
+ bllL6J3 + b12L5J4

r5 None

r6 None
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We employ below the notation

9 631 * 1G23* g G31 + iG23, G - G^ - G22 + 2iG12 ,

G ’ G11 ‘ G22 ’ 2iG12

Integrity Basis: C3> C3i

^1 ’ ° ’ * Kç "" + G22’ + G , G33, gg, g3 - g3 ,

L1 = gG - gG, L2 = g2G + g2G, L3 = gG2 - gG2, = gG + gG, 

L5 = G3 - G3, L6 = g3 + g3, L? = gG2 + gG2, lQ = g2G - g2G

Quantities of type r2 appearing in Tables 3.28 and 3.29

”2 -2 --
^11' " ’^5 " 9 * G * 9 gG

Quantities of type r3 appearing in Tables 3.28 and 3.29

— — -.22
^1>•••- G * g» G » g , gG

The coefficients bp...,b12 appearing in Table 3.28 are polynomial 

functions of the invariants Kp...,<6 where the coefficients in the 

expressions for bp... ,b^2 are complex numbers. Thus, 

b] = (aq+ia2) + (g^i^)^ + (y^iyg)^ +...

and

b] = (a^-ia2) + (B1-iB2)K1 + (ï^iïg)^ +... .

Generating Function: C3> C3i

(1-x )2(1-x2)2(1_x3)2
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3.3.8 Di trigonal-pyramidal class, C^, ,S2)

Trigonal-trapezohedral class, Dg, (I,D1)•(1,^,S2)

In Table 3.30, we have employed the notation

Table 3.30 Irreducible Representations: C3v’ D3

C3v I
~1

C
X

I

*1.1 5152

D3 I
~1 Si 2i5i 9152

rl 1 1 1 1 i 1

r2 1 1 1 -1 -i -1

rq E A B -F -G -H
3 * — ** ** •*

A = -1/2

-Æ/2

73/2

-1/2

F = 111 0 I, 
~ l'o -i ; -1/2

7^/2

^/ 2 , 

1/2

-1/2

-/T/2

-7572

1/2

E = 1

0

0

1

G = H =
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Table 3.31 Di trigonal-pyramidal class,

I.R. Basic Quantities

i+7+27+7+7

x?+4x3+x*

a0 * *1^1 + + *3^ + a4*-| + BgLgLg

5
+ Vl"!

1 - I

5
J ci^i + ^B^l^^2^l + (CgLi+CgLgjJg + (c 10* L1+c HL2^3 +
I - I

+ C12L3~4

2x+3x2+2x3f3x*f2x5

I.R.

r
3

Canonical Expressions

-79-



Table 3.32 Trigonal-trapezohedral class, D3

I.R. Basic Quantities

ri Tll+T22'?33 G11+G22* G33
l+x2+2x3+x2 * 4+xG

r2 P3
x^+4x^+x4

r3 ^T31,T23^ ^31 *G23^T 2x +3x 2+2x 3+3x4+2x 5

^^l2'^ll^22^ (2G12 *G11—G22

(Pg.-P])?

2
a0 * *1^1 + a2L2 + a3L3 + *4^1 + a5L2L3

5
J bjMi + b^M, 
1 - I

5
X CjJj + + (Cgh+CgLglJg + (^o'l^ll^2^3 +

1 -]

+ c 12L3~4

Integrity Basis: , Dg

p o 2
Kp...,Kg = ^]]+^22 ’ ^ll~^22^^l2 * ^11^22^ ~ ^^11^22^12

K4,...,Kg = Ggg , Ggl + G23 , G23 - 3G23G31 

o o
L1 = ^-^2^23^3l^l2 ’ L2 = (GlTG22)(63rG23)+4G12G23G31 ’

L3 = 4G^- 4(611^)6;^

Quantities of type r2 appearing in Tables 3.31 and 3.32

I.R.

rl

Canonical Expressions
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7 3
M1 ' <GirG221G3r2G12G23 ’ H2 * 3(GH"G22) G12"4G12 ■

«3 - G3T3G31G23 • M4 ’ <G,,-G22^G3,-^2G3,^G^ ’

Quantities of type appearing in Tables 3.31 and 3.32

G1
26,2

GirG22

"4^Gn~G22^G12

(GH-G22)2-42

2^23631 

n2 n2

^ll~^22^3l + 2G]2G23

-(6^-622)623 + 2612631

Generating Function: C^v ,

(l-x)2(i_x2)2(i_x3)2
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3.3.9 Trigonal-dipyramidal class, C3h* *(i*~i  *.2)

Hexagonal-pyramidal class, C6*Q '.2)

Table 3.33 Irreducible Representations : C3h* C6 ___

C3h I
~2 % -3^1 -3^2

C6 I
~1 5i %5i £3^2

r1 1 1 1 1 1 1

r2 1 w
7

1 0)

r3 1 O) 1 w

r4 1 1 1 -1 -1 -1

r5 1 w -1 —(JL)

r6 1 2
0) w -1

2
-0) -Ü)
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Table 3.34 Trigonal-di pyramidal class, C3h

I.R. Basic Quantities Zv

h T11+?22*T33  G,]+G22,G33
1+3x3+2x*+2x5+3x6+x9

r2 ^ll^22^'^l2 ^ll^22^'^l2
x+2x2fx3+2x*+2x5+x6+2x7+x

Pl-iPg

r3 Tn-Tgg-ZiT^ G^-G22-2iGi2
x+2x2+x3+2x*+2x5fx6f2x7+x

p,+ip2

r p. 2xZ+4x^+4xb+2x/
4 3

r 
5

T3I-1T23 631-1623
x+xZ+x3+3x*+3x b+xbfx7+xB

r 
6

T3pi?23 G31+iG23
x+x2+x3+3x4+3x5+x6+x7+x8

° 2
a0 + -L ai* Li + a9Ll + *10^2^3 + *11^1^4

i -1

biJi + ^ô'l^^2^^3^l + (bgLi+bigLglJg + bnLgJg + 

+ b12L5J4 

bi^i + ^bÔbl^b2^bÔb3^l + ^9Ll+^10L2^2 * ^11^6^3 + 

+ ^2'^4 

C.Ri + CyL^Rg + Cgl1R4 + CgL^Rg + C^L^g + C^LgRq +

+ c 12L2r 2 

diNi + (dgL^dyLg+dg^+dgLg)^ + d^L^Ng + +

+ 412^1^4 

djNj + (dgLi+dyLg+dgLg+dgLg)^ + d^L^g + d^L2Ng 

+ d12L]N4

I.R. Canonical Expressions

ri

r2

r3

r4

r5

5
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Table 3.35 Hexagonal-pyramidal class, C$

Canonical Expressions

I.R. Basic Quantities Zv

ri Tll+T22'?33

P3

Gn+G22,G33
l+3x3+2x*+2x5+3x6+x9

r2 TirT22+2iT12 611-622+21612
x+2x2+x^+2x^+2x^+x^+2x^+x^

r3

f4

611-622+21612 x+2x^+x^+2x^+2x^+x^+2x^+x^ 

2x2+4x3f4x6+2x?

r5 T31-’T23 

prip2

631-1623
x+x2+x3+3x*+3x5+x6+x7+x8

r6 T3/1T23 

P1+1P2

631+1623
x+x^+x^+3x^+3x^+x^+x^+x^

+ (b6L1+b7L2+b8L3)J1 + (bgL1+b10L2)J2 + b^LgJg + 

+ ^1215^4

+ ( bgL^ +byL2+bgL3 ) J-J + (b9L1+b10L2)32 + +

+ ^12L5^4

+ CyL^g + + CgL^g + +

+ c 12L2R2

+ (d6L1+d7L2+dgL3+dgL5)N1 + d^^Ng + d^L2N3 +

+ d12L1N4

+ (^L-i+^Lg+dgL^dgLg)^ + d^L^g +

+ ^12L1^4

I.R.

2a0 + J, aiLi + a9Ll + alO^3 + allLlL4 
1 — I

!

r2

r3

r4

r5

r6

& biai

5 - - 

i=l

6

1-1

5
ill -w
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We employ below the notation

9 = 631-1623 • 9 = G31+1G23 . G =

6 = 6]i-G22-2iG]2 *

Integrity Basis: C3h , 

.................= Gn+G22 , GG , G3+G3 , G33 

2 -2- -4-4 2-iLq = g^G+g^G , L2 = Gg%Gg4 , L3 = G^g' 

L5 = G3-G3 , L6 = g6-g6 , L? = G^Z-G?;

Quantities of type r2 appearing in Tables

Jq,...,Jg = G , g3 , G3 , g^ , Gg^

Quantities of type appearing in Tables

Ûp.-A - G , g2 , G2 , . Gg2

Quantities of type appearing in Tables 

- Gg+Gg , Gg-Gg , g3+g3 , g3

Quantities of type fg appearing in Tables 

“ —D
Nj >•••~ g » Gg , RgG $ R^G 9 R^g

Quantities of type appearing in Tables

Nq,. .,N5 = g , Gg , R2G , R4G , R3g2

H-622+2i6q2 *

, gg , gV 

+G2g2 , L4 = g2G-g2G , 

l2,4 - G?-Gg4 .

3.34 and 3.35

3.34 and 3.35

3.34 and 3.35 

g3 , G2g+G2g , G2g-G2g

3.34 and 3.35

3.34 and 3.35

Generating Function: C3h C
6
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3.3.10 Di trigonal-di pyramidal class, D.^,^l,R^ ^^^^l

Hexagonal -seal enohedral class, D3d»(I»£»5i »91 J’Q’Sl *̂2^  

Hexagonal-trapezohedral class, Dg,(I,D1,D2,D3)*(I,S 1,Sg) 

Dihexagonal-pyramidal class, ^,(1,^ ,R2,D3)- (I ,S2)

Table 3 .36 Irreducible Representations: °3h*  °3d* °6* C6v

°3h I S1 S2 R3 R3S1 R3S2 R1 R1S1 R1S2 D2 D2S1 D2S2

°3d I S1 S2 c “1 CS2 D1 D,s, R1 R!S1 R1S2

°6 I S1 S2 D3 D3S1 D3s2 D1 0^1 D]S2 D2 °2S1 02$2

C6v I S1 S2 °3 D3S1 D3S2 R2 r 2s i r 2S2 R1 R]S1 R1S2

rl 1 1 1 1 1 1 1 1 1 1 1 1

r2 1 1 1 1 1 1 -1 -1 -1 -1 -1 -1

r3 1 1 1 -1 -1 -1 1 1 1 -1 -1 -1

r4 1 1 1 -1 -1 -1 -1 -1 -1 1 1 1

r5 E A B -E -A -B F G H -F -G -H

r6 E A B E A B -F -G -H -F -G -H

The matrices E,...,H appearing in Table 3.36 are defined in 

section 3.3.8.
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Table 3.37 Di trigonal-dipyramidal class, D^

I.R. Basic Quantities

T11+T22’T33

P3 

(T23'"T3pT 

(2Ti2.Tn-T22)T 

(PrP2)T

611+622'633

(623'"63i)T

(2612,g ii -g 22)

1+x^+x^+x^+x®+x® 

x2f2x3+2x6+x7 

x+x2+x3+3x*+3x5+x6+x7+x8  

x+2x2+x3+2x*+2x5+x6+

2
a0 + alLl + a2L2 + a3L3 + a4Ll + a5L2L3

blIl + b2Z2 + b3Z3 + h^l^ + b5LlZ3 + b6L2Il

6
4] Ci~i + ^c 7L1+C8L2+c 9L3^1 + c10Ll~2 + C11 L2~3 + C12L1~5

5
di~i + (^6^1+47^2)51 + ^d8L1+d9L2^2 + ^d10Ll+dllL2^3 +

+ d12L3^4

For the class D^^ , we employ the notation

9 = G23-iG31 , 9 = G23+iG31

G - 2612-i(G]-|-G22) .

Integrity Basis: D3h

Kp...» Kg = Gp+G22 , GG , G8-G8 , G33 , gg , g8+g8

Lp...,L3 = g2 *G-g2G , g4 5 * * * 9G-g4G , g2G2+g2G2

+2x 7+x 8

I.R. Canonical Expressions

rl

r3

r5

6 " 2G]2+i(G^-G22) ,
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Quantities of type

Ig - Gg-Gg

°3h

3+g3 , G2g+G2g

Quantities of type r5 °3h

Ü-G
~2

^GirG22^G23-2G12G31

(G11~G22)G31+2G12G23
Jg = (Gg+Gg)

2G12

G11"G22

^4 = (g 3+g 3) ;
G31

G23
is

= (g3-g3)
. 2G

G

12

1-G22

Jg = (g3-^3)
r2 r2
G23~G31

2G23G31

Quantities of type r6 : °3h

2G]2

51

%4

G1TG22
~2 =

4G23G31(G3TG23)

4G2^2-(G2pG2p2

Generating Function: °3h

GF(rv) =

2G23G31

r2 r2 
G31'G23

Ss

& ii 9 9
l| <GirG22> -4G12

o ?
2(G11-G22)G23G31 * 2G12^G3rG23^ 

~^GirG22^G3rG23^ + 4G12G23G31
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D3dTable 3.38 Hexagonal-sealenohedral class,

I.R. Basic Quantities

rl Tn+T22»T33 611+622.633 l+x2+2x3+x*+x G

r4 P3 0

r5
(prp2)' 0

r6
(^31^3)'

(G31,G23^ 2x+3x3+2x3+3x*+2x5

(zwV
(2G12'G]]-G22)

2
rl a0 + al* Ll + *^-2 + a3L3 + a4Ll + a5L2L3

r4 None

None

r6 -L bi~i + + + îh^+b^Lg)^ +
I -1

+ b]2L3~4

For the class D3d , we employ the notation

I.R. Canonical Expressions

9 = 631+1623 ’ 9 = G3TiG23 » G = 2G12+i(G11-G22)

G = 26^-1(6^-622) .

Integrity Basis: Dgd

Ki......... K6 = 6^+622 , 66 , 63-G3 , 633 , gg , g3-g3

- - 7 - 9 9 -7
Lp...,^ = g6+g6 , 6g ~6g , 6 g-6 g
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Quantities of type r6 ' D3d

54

G1TG22
^2

31

'23

-*< G1TG22)G12

<G11-G22>2-4G12

2G23G31

r2 r2 
G31"G23

~5

|| (^^-^2^G3l^Gl2G23 || 

MGirG22^G23+2G12G31 ÎIu

Generating Function:

GF(rj =
Zv 

(l-x)2(l-x2)2(l-x3)2
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Table 3.39 Hexagonal-trapezohedral class, Dg

I.R. Basic Quantities Zv

ri T11+?22'T33 Gn+G22,G33 l+x2 3+x4+x5+x6fx9

r2 P3 2x3+x4+x5+2x6

r5 ^T23*" T3p 

(PPP2)T

(G23,-G31)
2 3 4 A 6x+x +x^+3x^+3x +x°+

+x7+x8 9

r6 (2Ti2,Tn-T22)T (2Gi2,Gn-G22)T x+2x?+x3+2x4+2x5+x6+ 

+2x 7+x 8

2
a0 + alLl + a2L2 + a3L3 + a4Ll + a0^2^3

5
% biMi + b^l^l 

1-1

6
Ciii + ^bl ^0'2^3 ^l + c 10L1^2 + C11L2^3 + C12L1~5

5
di~i + + ^d8Ll+d9L2^

+ (dioL]+d]]Lg)R3 +

For the class Dg , we employ the notation

9 = , g - Ggg+iGgi , G - 2G^+i(G^-Ggg) ,

G - 2Gi2~i (G^-Cgg) «

Integrity Basis: Dg

GG , G3-G3 , G33 , gg , g6+g6 

g4G-g4G ,

I.R. Canonical Expressions

r

r2

5

r
6
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Quantities of type Dg

Mp...,M5 = Gg2+Gg2 , G3+G3 , g6-g6 , G2g2-G2g2 , Gg4+Gg4

Quantities of type fg: Dg

31 =
G23

11C
X

I
T

 
I

(G]1"622)G23-2G12G31
, J3 = (Gg+Gg)

26,2

"G31 (G11“G22)G31+2G12G23 G11"G22

Quantities of type rg: Dg

Si
2G12

G1TG22
r2 r2 
G31“G23

~4(G1TG22)G12

O 9 
(GirG22) -4G12

4G23G31< G31"G23)

4G2^^-(G2rG2p2

Generating Function: Dg

(l-x)2(l-x2)2(l-x3)(l-xG)

2(6]1-622)623631+2612(631-G23) 

~(G11~G22)(G31~G23)+4G12G23G31
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Table 3.40 Di hexagonal-pyramidal class, Cgv

I.R. Basic Quantities

T11+T22'T33
l+xS+x^fx^+xG+xS

x+x2+x3f3x*+3x5+x6+

?
ri a0 * *1^] + ^2^2 + a3* L 13 + a4Ll + a5L2L3

6
r5 X bi~i + (byLl+bg^+bgLg)^ + b10Ll~2 + bllL2~3 + b12Ll~5

i -1

5
r X ci?i + (Cgh+CyLgiRi + (c8L]+cgL2^2 + ^c10Ll+cl 1L2^3 + 

o 1 -1
+ C]2L3^4

For the class CgV , we employ the notation

g = G31+iG23 , g = G31-iG23 , G = 2G12+i (G^-G^) ,

G = 2G^2-i (G^-G22) .

Integrity Basis: Cgv

Kr...,K5 = Gn+G22 , GG , G -G° , G33 , gg , g +g

L1 = g2G-g2G , l2 = g4G-g4G , L3 = g2G2+g2G2

2 3 4 A 6x+2x +x^+2x^+2x^+x°+

+2x 7+x 8

I.R. Canonical Expressions
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Quantities of type rg; C6v

1TG22)G31+2G12G23

J3 = (Gg+Gg)
GirG22

J4 = (G3+G3) 23

il "G31

J5 = (g3-g3)

Quantities of type rg: Cgv

|2G12

21
: Gn~G22 ~2

24623631(631-223)

~4

Generating Function: Cgy

2G12

G11"G22

2G23G31

r2 r2 
G31"G23

5s

-4(611-622)2

S3
(G11“G22)~^6

12

&
I 2(G11-G22 G23G31+2G12(G31"G23

i ~(Gll~G22)(G31~G23)+46i262363i
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3.3.11 Di hexagonal-di pyramidal class,

°6h’ Q'C'S] '52'53'51 '^2'53^^'5l ’^2^

Table! 3,.41 Irreducible Representations: °6h

°6h I S1 S2 D1 O]:, D;S2 D2 D2S1 D2S2 D3 D3S2

ri 1 1 1 1 1 1 1 1 1 1 1 1

r2 1 1 1 -1 -1 -1 -1 -1 -1 1 1 1

r3 1 1 1 1 1 1 -1 -1 -1 -1 -1 -1

r4 1 1 1 -1 -1 -1 1 1 1 -1 -1 -1

r5 E A B F G H -F -G -H -E -A -B

r6 E A B -F -G -H -F -G -H E A B

1 1 1 1 1 1 1 1 1 1 1 1

r2 1 1 1 -1 -1 -1 -1 -1 -1 1 1 1

r3 1 1 1 1 1 1 -1 -1 -1 -1 -1 -1

r4 1 1 1 -1 -1 -1 1 1 1 -1 -1 -1

r5 E A B F G H -F -G -H -E -A -B

r6 E A B -F -G -H -F -G -H E A B

(continued)
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Table 3.41 Irreducible Representations: D6h (continued)

D6h C CS1 CS2 R1 r -]S2 r 2 R2S1 R2S2 R3 R3S1 r 3s 2

r1 1 1 1 1 1 1 1 1 1 1 1 1

r2 1 1 1 -1 -1 -1 -1 -1 -1 1 1 1

r3 1 1 1 1 1 1 1 -1 -1 -1 -1 -1

r4 1 1 1 -1 -1 -1 1 1 1 -1 -1 -1

r5 E A B F G H -F -G -H -E -A -B

r6 E A B -F -G -H -F -G -H E A B

n -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1

r2 -1 -1 -1 1 1 1 1 1 1 -1 -1 -1

r3 -1 -1 -1 -1 -1 -1 1 1 1 1 1 1

r4 -1 -A -1 1 1 1 -1 -1 -1 1 1 1

r5 -E -A -B -F -G -H F G H E A B

r6 -E -B F G H F G H -E -A -B

The matrices E,...,H appearing in Table 3.41 are defined in 

section 3.3.8.
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Table 3.42 Dihexaaonal-dipyramidal class,

I.R. Basic Quantities Zv

F1 T11+T22«T33 ^ll^22^33
1+x^+x^+xb+x^+x^

r5 ^23,-^31 ^23*~^31 x + x^+x^+3x^+3x^+x^+x^

r6
(2T12.Tn-T22)T (2G12,G11-G22)T x+2x2+x3+2x*+2x5+x6+2x7+;

r2 P3 0

r5
(P^Pg)? 0

I.R.

ri

r5

r6

r2

r5

Canonical Expressions

2
t a2L2 + a3U3 + a4l] +

bi~i + ^b7Ll+b8L2+b9L3^1+ b10Ll~2 + bllL2~3 + b12Ll~5

ci~i+ ^Bbl^7b2^l + (CgLi+CgLgiRg + ^lObl^llb2^3

None

None

+ C12L3~4

ao f
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For the class , we employ the notation

g = G23 - iG3p g = G23 + iG3p G = 2G12 + i (Gn~G22^ *

G - 2G-|2 - i (G-, 1*622)  •

Integrity Basis: D6h

- 3 -3
K1......... K6 = G^+G^ , GG , G -GJ

L1
3 = g2G-g2G , g4G-g4G

, G33 , gg , g6+g6 

g2G2+g^G2

Quantities of type r5 : °6h

J - ^3

-1 ■ -631

J4 = (G3+G3)
G31 

| G23

I!

J6 = (g3+g3)

Quantities of

26)2 

611'622

(G11-G22)G23-2G12G31 

(G1TG22)G31+2G12G23

i3-g3
2G

12 

rG22

J3 = (Gg+Gg)
2G12

G1TG22

r2 r2 
G23"G31

2G23G31

type r6 : o6h

~2

2G23G31 

r2 r2 
G31"G23

83
"4(G11"G22)G12 

7 7(611-6221-^2

*G23G31(G31 r 2 
"G23

4G23G31-(G31-G23)'

9 7
^^Gll-G22^G23G3l^Gl2^G3l~G23^ 

7 7
“(Gl1"G22 G31~G23+4G12G23G31

-2 '

J5 = (9
G

।

R

^5

Generating Function:

GF(r ) =-------- X—"77--------3----------rV (l-x)2(l-x2)2(l-x3)(l-x6)
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3.3.12 Tetartoidal class, T , (^0^ '°2'°3^^l

Di ploidal class, T. , (I,C,R.,R9,R,,D,,D9,D^)*(I,M,  ,M9) 
n «W •*  —I <WC '«J «W | ~ £ <mO «W * I

We note that the general expressions for a second-order tensor­

valued function of a symmetric second-order tensor which

are invariant under the group T and invariant under the group

are identical. Further, there are no vector-valued functions (G^)

which are invariant under the group . Hence, we restrict con­

sideration to the group T . The matrices l,Di,... j D.^ appearing 

in Table 3.43 are the matrices employed in the description of 

material symmetry and are defined in section 3.1.

Table 3.43 Irreducible Representations: T

T I D1 C
M

 
O

D3 M1 D1M1 D3M1 m2 D1M2 ^2^2 D3M2

ri 1 1 1 1 1 1 1 1 1

2

1

2

1

2

1

2
r2 1 1 1 1 to

2

w

2

to

2

w

2

to to co (O

r3 1 1 1 1 to w to to w co to (0

r4 I 5i 52 53 % 51Ü1 % % 52% ^2

In Table

w = -1/2

3

+

.43, 

i/572

the quantities 

i? - -1/2 -

u and

1^/2 .

7 are defined by
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Table 3.44 Tetartoidal class, T

I.R. Basic Quantities ZM ___________

rl T11+T22+T33 G11+G22* G33
1+3x2+2x*+2x5+3x G+x9

r2
2

T11^ T22+aiT33
2 '

G11 G22^G33
x+2x2+x3+2x*+2x5+x6t2x7+x8

r3
2

T33
9 

611+w G224u G33
x+2x2+x3+2x*+2x5+x G+2x7+xG

r4
^23^3!'^!2^ (G23'G3TG12)

x+3xZ+6x3+8x*+8x5+6x G+3x7+x

(P1»P2’P3^ 1

I.R.
\ Canonical Expressions

rl
+rQ

00 w 
H

+
O<
0

2
a9Ll + a10L2L3

L7 = , Lg = SS^tSn’^z)

r2

r3

r4

Integrity Basis: T , 

2 2 2
Kp...,K6 = EGn. GnG22G33, G^^^G^

9 9 2 2
L1 = ^ll^Sl^lZ^ ’ L2 = SG11^31^12 ’

L3 " EG23G22G33 * L4 = ‘

2 2 2 2
l5 = ^G]1G22(Gn-G22) , L6 = SG23G31(G23-G31) ,
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The quantity EG. . ...G. . denotes the sum of the 
'n^n

three quantities

obtained by permitting the subscripts in the summand cyclically. For

example, GnG22 * G22G33 + G33G11

A considerable computational effort is required to determine the 

canonical expressions for quantities of types Pg , Pg ..... Conse­

quently, we shall defer consideration of the problem of determining 

these expressions to a later date.

Generating Function: T

(l-x)(l-x2)2(l-xG)2(l-x4)
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3.3.13 Hextetrahedral class, Td , (I,D^ *̂2*11*12'13)

Gyroidal class, 0 , (1,0^ ,M2^*

(~»51»?2*~3^ ’^1'I2'l3)

Hexoctahedral class, 0^ ,

'^2*̂3*°!  *62*53) *U*JÎ]  *̂2*11  '12'13)

We observe that the general expressions for second-order tensor­

valued functions which are invariant under the group Td ,

the group 0 or the group 0h are all identical. There are no 

vector-valued functions P-CG^) which are invariant under the group 

0 or the group 0^ . Hence, we restrict consideration to the group 

Td . The matrices E,...,H appearing in Table 3.45 are defined in 

section 3.3.8. The matrices I,...,Rj Tj are defined in section 3.1. 

The notation SG^,... employed below is defined in section 3.3.12.

Table 3.45 Irreducible Representations: Td

Td I “1

1 ™ 53 Pl P1M1 PzPl P3P1 Pz PlPz PzPz P3Pz

rl 1 1 1 1 1 1 1 1 1 1 1 1

r2 1 1 1 1 1 1 1 1 1 1 1 1

To E E E E A A A A B B B B
3 "*

r4 I Pl Pz P3 Pl Pl Pl BzPi 53^1 Pz 51 ~2 52% 53%

r5 I Pl Pz ?3 Pl 81 Si 52^1 P3P1 Pz 51Ü2 52% 53%

(continued)
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Table 3.45 Irreducible Representations : (continued)

Td II Mi %I1 W1 12 5] I2 % 53Ï2 lï fills 92^3 S3I3

rl 1 1 1 1 1 1 1 1 1 1 1 1

r2 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1

r3 F F F F H H H H G G G G

r4 II 9111 e2ii 53Ii -2 2112 e2i2 % Is 9113 92^3 93l3

r5 Hi Bill Sall ~3~T 02 51Ï2 -2-2 -3^2 SI3 51Î3 ^2-3 B3I3
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Table 3.46 Hexoctahedral class, Td

I.R. Basic Quantities

JVl+J 22^33 

2TirT22~T33 

/%T22-T33) 

(T23'?31* T12^ 

(Pl.Pg»?])

+^22+633

2G1TG22"G33

ÆfGgg-Ggg) 

(G23'G3TG12)

Zv

1+x^+x^+x^+x6+x^

93 4 5 6x+2x^+x^+2x^+2x^+x°+

+2x\x«

2 3 4 5
x+2x +3x +3x +3x +

+3x6+2x7+x8

G

I.R.

ri

r3

Canonical Expressions

2 
a0 + alLl + a2L2 + a3L3 + a4Ll + a5L2L3

5
bi^i + ^b6Ll+b7L2^1 + (b8bl+b9L2)~2 + ^blObl^ll^2^3 +

+ bl2L2~4
o

^i + ^c 9L1+c 10L2+c 11L3)~1 + (CigLl+Cigl-g)^ +

+ (c^Li+CisLg+c^Lg)^ + c 1?L3R5 + c]gL2R6

Integrity Basis: Tj

2 2 2
K]..”K6 = EG]]« 2G23, G23G31G12

L1 = %G11(G31+G12) ’ L2 = EG11G31G12 ’ L3 = %G23G22G33

Quantities of type rg : T

9r2 r2 r2 .. 
2G23"G31"G12

9 9 II • ^3II -3
2G11-G22-G33

^G22"G33*

2GnG23-G22G31 "G33G12

^G22G31"G33G12^

I r4I 2G23"G31“G12

I ^(^31-=^)~5
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Quantities of type r4 :

55 G

G

11631G12 G22G33G23 611=23

22G12G23 ■ ”6 = G33G11G31 632=31

33G23G31 G11G22G12 G33G12

622^33631612

5s 633611G12G23

G 11G22G23G31

Generating Function:

(]-x)(l-x2)2(l-x3)2(l-x*)
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4. Function Bases

4.1 Introduction

Let W(S) denote a scaler-valued function of a symmetric second- 

order tensor E . For example W(S) could be the strain-energy 

function and 8 the strain tensor. If the material possesses symmetry 

properties defined by a group of transformations {A} = {Ap...,An} , 

then there are restrictions imposed on the form of W(S) . Thus

W(S) = W(ASAT) (4.1.1)

for all A belonging to the group (A) . The function W(S) which 

satisfies (4.1.1) is said to be invariant under {A} . We may deter­

mine a set of invariants 1.(8) , j=l........ n , which are polynomials in
J ~

the components of 8 such that any invariant W(S) which is a poly­

nomial in the components of S is expressible as a polynomial in the 

invariants I.(S) , j=l,...,n . The invariants 1.(8) , j=l,...,n are 
J ~ J ~

said to form an integrity basis for polynomial functions W(S) invari­

ant under {A} .

We are concerned with the problem of determining a set of invari­

ants J-|(S) (S) (m£n) such that any function W(S) which is

invariant under a group (A) is expressible as a single-valued func­

tion of the invariants J^(S) , k=l......... m . The invariants 

are said to form a function basis for functions W(S) which are 

invariant under the group {A} .

In this section, we discuss methods which may be employed in 

determining function bases for scalar-valued functions W(S^,82,...,S^) 

of N symmetric second-order tensors Sp...,S^ which are invariant 

-106-



under a given crystallographic group belonging to the cubic crystal 

system. We first restrict consideration to functions W(S) of a 

single tensor S . The elements of the integrity basis for functions 

W(S) which are invariant under the cubic group designated by T are 

known [10] and we may denote these by . These invariants

are related by functions.

f ( Il »..., ) 0 , g ( I ■], , • •. ) - 0 »... • (4.1.2)

which are not identically zero when considered as functions of the 

I.^!^... but which are identically zero when the are

expressed in terms of the tensor S . Such relations are referred to 

as syzygies. All syzygies relating the invariants Ipl2,... are 

consequences of the elements

,I2,...) = 0 ,..., K (IrI2,...) = 0 (4.1.3)

of a syzygy basis. Thus, each of the syzygies (4.1.2) are such that

f(I^>I2>...) - ot-| K-| ( I-j, I2 »... ) +...+ apKp ( I-] » l£ » • • • ) (4.1.4)

where the Otj » • • • * 01 are polynomials in the We then

have at our disposal all of the relations relating the invariants

IpI2>... We then may make use of these identities to show that the

values of all of the elements of the integrity basis are always known

when the values of a number of invariants Jp... ,Jm are known. The

Jp(i=l ,m), then form a function basis.
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In order to assist with the task of determining the syzygy basis, 

we may compute the generating function GF(x) for the number of linearly 

independent invariants of degree n in S . GF(x) is a rational 

function in x such that, when formally expanded as a polynomial, the 

coefficient of x11 in the expansion gives the number of linearly 

independent invariants of degree n in 5 . Inspection of the genera­

ting function enables us to make an educated guess as to the number and 

degree of the elements of the syzygy basis.

This procedure is effective when considering the problem of deter­

mining function bases for functions W(S) of a single tensor. In more 

complicated cases, e.g. finding a function basis for W(S^,Sg,S^) , 

the number of elements of the integrity basis is large and the problem 

of determining the syzygy basis can become very tedious. Further, even 

if we have a number of functions (syzygies) relating the elements of 

the integrity basis, it is not at all clear that these syzygies will be 

of much assistance in finding 1^,1^,... of the integrity basis whose 

values are always determined by the values of the remaining elements of 

the integrity basis. Thus, in more complicated cases, another proce­

dure outlined below is usually more efficient.

Consider the set of tensors

A, SA,1" = S , A9SA9T ,..., A SA T (4.1.5)

where the components of the symmetric second-order tensor S are 

specified. We say that the set of tensors (4.1.5) lies on the same 

orbit. The transformations of the group {A} when applied to the 

-108-



tensors (4.1.5) permute the tensors among themselves but the set of 

tensors is unaltered. We observe from (4.1.1) that a function W(S) 

takes on the same value when the argument of W(S) is replaced by any 

of the n tensors (4.1.5). Consider a six dimensional space in which 

(Sn»S22»$g2*̂23*̂31denotes  a point. The n points

fA(P)A(P>s A<P)A(P^ 1
tAlj Alk bjk • A2j A2k ^jk Alj A2k \jk' (p=l

(4.1.6)

constitute an orbit. We consider the problem of determining a set of

invariants (S) (i=l,...m) such that solution of the equations

- a3 = “m (4.1.7)

will yield one set of solutions

a^aJ A SA T (4.1.8)

which define a single orbit for S . It is known (see Wineman and 

Pipkin [11]) that the elements of the integrity basis will provide 

such a set of invariants. It is usually the case that a lesser number 

of invariants will suffice to always uniquely specify a single orbit. 

We may construct such a set of invariants. The argument leading to 

the set of invariants can be very intricate. It is there­

fore useful to use a combination of these procedures to most conveni­

ently arrive at the set . We observe that if we can define

the orbit, we have the values of the tensors A,SA,A SaJ and 
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hence can compute the value of any single-valued invariant function 

W(S) for which of course W(A,SA.T)= ... = W(A SA T) .
-v -v -v । -w-w । *

The question arises as to the number of invariants

which are required to form a function basis. One approach which is 

employed is to show that if any of the invariants (i=l......... m) is 

omitted from the list of elements of the function basis, then the re­

maining invariants do not constitute function basis. The invariants 

are then said to form an irreducible function basis.

Pennisi and Travato have employed this technique to discuss the 

irreducibility of the function basis for isotropic functions of 

vectors, skew-symmetric second-order tensors and symmetric second- 

order tensors given by Smith [12] and Boehler [ 13 ]. It is noted in 

[ 14] that even if is shown to be irreducible in the sense

discussed above, this does not preclude the existence of a set of 

invariants Kp...,K (q<m) which also forms a function basis. We 

observe that this is indeed the case. Thus we may exhibit a function 

basis which is "irreducible" and then exhibit another which contains 

fewer terms.

It has been shown by Burnside [15] that if W is a function of 

k quantities (k=6 for W(S)) then the function basis must be comprised 

of at least k elements Ip...I^ . Burnside [15 ] maintains that we 

may determine another invariant I^p such that the k+1 invariants 

form a function basis. Burnside is not explicit on the point but we 

believe that he means that a specific set of invariants will suffice 

to determine a unique orbit except in certain singular cases. In these
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cases, different sets of k+1 invariants might be required. We find 

that in cases of any complexity, it is usual that the number of basis 

elements comprising the function bases is substantially larger than 

k+1 .

We consider below the problem of determining function bases for 

functions of N symmetric second-order tensors S,......... SM which are 

invariant under the crystallographic groups

(i) T . Th

(10 Td , 0 , 0h

Since the second-order tensor S satisfies CSC^ = S where C is the 
«WWW «W w

central inversion, (C = diag(-l,-l,-l)) , the problems posed for the 

groups T and are identical as are the problems posed for the • 

groups Tj , 0 and 0^ .
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4.2 A Function Basis for the Group T

We consider the problem of determining a function basis for 

scalar-valued functions W^ of a number of symmetric

second-order tensors S, = ||sjV|| » S7 = 1(5^ || »... which are invari­

ant under the cubic crystallographic group T . The group T is 

comprised of the twelve matrices

{^1’-”’^12} " {I’~1 *M1  *~2~1  ’^-l

where
(4.2.1)

I = diag(l,l,l) , = diag(l,-l,-l )

D3 = (-1,-1,!) ,

D2 = diag(-l,1,-l) ,

(4.2.2)

0,1,0

0,0,1

1,0,0

A function W(Sp...,S^) is invariant under the group T if

W(Sp...,SN) is unaltered when the set of components (^ '^22'^33

SO-,SO1,S1O ) of a typical tensor S is replaced by any of the sets 
LJ □  1 I £ —

(SirS22’S33,S23’-S31 '"^Ig)

(S11 S33’"S23,S22 S31 ’”S12)

M
1

^22’^33’^!1’^31’^12’^23^ ’ ($22'533'511'$31'~S12'"S23) ’

(522'533'511'"$31'S12'~S23) ’ (522'533'511'"^Sl'"512'523) ’ 

($33'$11'522'512'523'531) ’ (S33’5]1’522’512’"523’"531) ’

(S33* S11 *S22 ,-s12,s23,-s31 ) ’ (533'5]]'S22,-Si2,-S23,S3i) .

(4.2.3)
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If we are given the values of the invariants

^ll ' ^ll^2Z ’ S11S22S33 ’ ^^ll^22^ll^22^ 

S33~S22 S11"S33 S22-Sll

The condition (4.2.6) requires that S., = = S„ does not hold.

(4.2.4)

we may determine three sets of solutions for (S^ ,S22»S33) which are 

of the form

^11*̂22*̂33^  " * (ct2»a3»ai ) » (4.2.5)

In (4.2.4), ......... S-|2 denote the components of a tensor S chosen

from Sq,...,$N . The quantity ES. . ...S. . denotes the sum of 

the three quantities obtained by permuting the subscripts in the sum­

mend cyclically. For example, ES^S = S,,S^+S S +$ $ . We

choose one of these solutions, e.g. ($n ,S22,S33) = (o^ ,a2,a3) . 

Then, given the values of the invariants on the left of Table 4.1, we 

may determine the values of the quantities on the right of Table 4.1 

provided that

= E(SirS22)2 / 0 (4.2.6)
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Table 4.1

^l 1 ^^l 1S1 ? '^^l 1 ^S22^"S33^ s(i) s(i) s(i) 
11 >22 *33

Fe(i)e(j) ye ctDctj) 
^^23 >23 ^>ll>23 >23

^>ir>31 >31 >12 >12 ’

e(i)e(j) e(l)c(j) c(Dc(j) 
>23 >23 '>31 >31 '>12 >12

In Table 4.1, the indices i, j take on the lues 1......... N and

i < j in the last line. Suppose that we are given the values of the 

(S]pS22,S33) , the values of the quantities on the right of Table 4.1 

and the values of the invariants

, (i=l,...,N)

^3^3l^l^ ’ ; i*j)  ,
(4.2.7)

^23^3l^l2^l2^ ’ ; i^J^i) .

It has been shown by Boehl er [ 16 ] that these quantities form a 

function basis for functions W(S^......... S^) which are invariant under 

the group (I,DpD2,Dj) . Thus the values of the (S^ ,6^,633) , 

the quantities in Table (4.1 ) and the quantities (4.2.7) enable us to 

specify a unique orbit for the group (I,D,,D2,D_) . Thus, we may 

determine four solutions for (S^ ^,... ,S^) of the form
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' 11 ’°22 ’^33 '^23 '^31 '^12 * lapOpCpapepT.) »

*^i *̂ ii  *”^i *~^i  * (®-j i*d^  ,6^ >*̂  ) * (4.2.8)

(aj.bi.cp-dp-epfp .

The points lie on the same orbit. If we had chosen a different set 

of values for (S^ '^2'^33^ from the sets (4.2.5), the solutions 

(4.2.8) would be different but would still lie on the same orbit as 

the points (4.2.8). Thus, the invariants employed above would serve

to determine a unique orbit provided that there is a tensor S

chosen from among ^,...,$N for which S]1=$22=S33 does not hold.

We next

i=l,...,N .

by I

consider the case where

In this case, the values

^ll ^22^33^ holds for

of ^22^33^ are given

. We need only consider the problem of finding a func­

tion basis for functions which are invariant

under the group T . Let S denote some tensor chosen from the list

Sp... ,SN . Then given the values of the invariants

$2 e e c ye2 ç2 /c2 p2 t 
^23^31 * ^23^31 12 ’ ^23^31 ^23~^3U (4.2.9)

2 2?
we may determine three sets of values for (Sg^.S^pS^g) . Thus,

^23*̂31  *̂12^  (a-| »a2* a3 2*̂3*̂1 ’ (^3*̂1'^2 (4.2.10)

Then, given the values of the invariants on the left of Table 4.2, we 

may determine the values of the quantities on the right of the table 

provided that
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■ -^S23-S3^ * 0 • (4.2.11)

The condition (4.2.11 ) requires that S23"S31 =S12 does not hold.

Table 4.2

E^p)2 , ^(S^)2 . 

^((s^b2-^))2)

(s<p)2 , (S<p)2 , (sjp)2

yeUMJ) ye2 s(i)Jj)
23 23 ’ b23 23 ù23 ’

^2 re(i)c(j)
^^23^31 31 -b12 ^12 1

s(i)c(j) .(D.O) s(i)c(d)
23 ^23 ’ 31 a31 ’ 12 12

Given the values of the quantities on the right of Table 4.2 and the 

values of the invariants (4.2.7), we may employ the argument given 

above to show that we may determine four solutions to the equations

......... + = of the form

(4,2,12)

These points lie on the same orbit. Thus, given the values of the 

invariants ,(i=l,... ,N) , the invariants (4.2.7) 
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and the invariants in Table 4.2, we may determine a unique orbit for 

the case where ^^22^33^ provided that (4.2.11 ) holds.

We next consider the case where (S^^ = (S^^ = (S^^ . 

Given the value of S23^31^1P ’ we see that there are four possi­

bilities,

= (“i »ai»ai) > (ap-Gp-ot.) ,
23 31 12 1 1 i ill (4.2.13)

(-apap-ap , (-^ .-^ .a^ ) .

We choose one of the for which a. t 0 . Thus, suppose that 

f 0 . We then choose one of the four solutions, e.g.

(S^MlMP) = • (4.2.14)

Then ^23^23^ = ^aia2 or "Qqag . If the first alternative obtains, 

we have

^ZaMlMP iS23^^ = (apttp^ ;a2,a2,a2). (4.2.15)

If the second alternative applies, we have three possibilities.

^23^3l^l2^23^^ = (“pcxp^ ;a2,-a2,-a2)

(4.2.16)

(apapap-a2,a2,-a2) , (a^ ,a^ ,a^ ;-a2,-a2,a2) .

These points however all lie on the same orbit. Suppose that (4.2.15)

holds. Then

one or three

given the value of ^23^23^ * we ma^ determine either 

solutions for (S^,S^,S^^S^,S^,S^2^
Lu 01 I L LU O I I L
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s(3) s(3)
^23 *̂31  ’H2 ' * If the case that three solutions occur, the result­

ing points are again on the same orbit. Suppose now that (4.2.16) 

holds. We choose one of the solutions, e.g.

(S^s^Sgi\sj2\S23\S21 \s^2^) - (ot-| ,«1 ,a-| ;a2»-<X2»~ci2). (4.2.17)

Then the points

<4P.sm,sO) ; si':») ■

(apap^ ; a2,-a2,-a2; «3,a3,a3) ,

(apapa-| ; ; “3»-“3s-«3) » (4.2.18)

(apap^ ; a2,-a2»-a2 ’ -«3.013»-«3) »

(«1 ,«■] ,a-| ; «2»-«2»~«2 * -a3»-a3,a3)

may lie on four different orbits. The invariants

take on the

(3)
23 ^23 

values

^ala3 * ~a2a3 » -2«]«2«3) » (”«i«3 » , -2<^^2«3) ,

(4.2.19)

(-«1«3» ~«2«3 » ^«2«3) » (-«-[«3 » “«2a3 » -4«-| «2«3 ) 

respectively on the four orbits. Thus, we may determine which orbit 

is appropriate since the sets of valves (4.2.19) are all different. 

Continuing in this fashion, we see that the orbit may always be 

-118-



uniquely defined for the case (4.2.13) if we have available the values 

of the invariants ^3^23^ * (i,j=l,-..,N; l<j) and 

ES^tS^sW-S^S^ , (i,j,k=l,...,N ; i < j < k) .

The set of invariants employed above to determine a unique orbit

for the S..,SM will form a function basis for functions

W(S.,...,SU) invariant under the group T . We observe that this
~ l ~ Pl

result may be sharpened. Thus, we have the identity

^23'^23^23 ^^3^23'^^23^23 " ^^Z3'^^23^23^ +

(4.2.20)

7 9 9
+

- 2(ÎS23S31T]2)2 +

o o

The value of ^3^23 ma^ be determined provided that the values of

the invariants on the right of (4.2.17) are given and provided that

ES,_ / 0 . If ES„ = 0 , then = S19 = 0 and hence
Co wo Co 31 IL

^$23^23 = ° ’ Hence ^^3^23 "eed not be included in the list of 

invariants forming the function basis. Identities similar to (4.2.20)

2 
indicate that invariants of the form

o
EU23S23T23 not required.

^23523^23

We further note that the values of the invariants

J1 " ES11 * J2 = ES11^22 ’ J3 S11S22S33 ’ J4 ESllS22^SirS22^

(4.2.21)

may be determined if the values of the invariants

J] " sSn ’ J5 " ^^ll^22^ll^22^ ’ J4 = ZS11S22^S11"S22^

(4.2.22)
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are given. Thus we have the identities

4(j2-3J2)3 = (2J3-9Js)2 + 27J%

3J3 = J1J2 " J5 

which enable us to determine the values of the invariants (4.2.21 ) 

given the values of the invariants (4.2.22) .

We also note that

7
e2S23(T31U12+T12U31) =

o 9
= ^323^23^^32333l^l2~^23^3l^l2^323^ +

(4.2.24)

) +

+ ^^3^3l^l2

The identity (4.2.24) enables us to argue that the invariant 

^323^3l^l2^l2^3l need be included as an element of the function 

basis.

We now employ the following notation to denote the elements of a 

function basis for functions W(Sp...,S^) which are invariant under 

a crystallographic group.

1. Ln(S)......... LP(?) ;

2. M1(S,T),...,Mq(S,T) ; (4.2.25)

3. N,(S,T,U).......... N (S,T,U) ; 
I.................. I w*
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The quantities on the first line of (4.2.25) represent the (^) set 

of quantities obtained from these by substituting Sp...,S^ in turn 

for S . The quantities on the second line of (4.2.25) represent the 

(N) sets of quantities obtained from these by substituting for 

S , S. for T (i,j=l.........N; i < j) . The quantities on the third line 
* *

2^ll^22~^33^

of (4.2.25) represent the ($) sets of quantities obtained from these 

by substituting for S , Sj for T , for U (i,j,k=l,...,N; 

i < j < k) .

We then see from the argument given above that, using the notation 

(4.2.25), a function basis for functions W(Sp...,S^) invariant under 

T is given by

1 • -jS22(S-| 1+S22), sSiiS22(Sii-S22),

es 23, ESggSgp s23s31s12, %s23s3](s23-s3i),

ES S2 
nr23’

^ll^3l~^l2^

2. KS..T

£$23^23* ^23^3!^l2' 2T23T31S12* (4.2.26)

2S23^T3rT12^ CSggTgg, ^^3^3l^3l~^l2^l2^'

ET23S23' ZT23^S31T31"S12T12^ ^ll^S1

ES]]T23' ZSn(T31"T12^ STll^S3rS12^

ES11S23T23' ESiifSgiTgi-SigTig)» ET^SggTgg, (S31T31-S12T12)

(continued)
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31 ZS23^T31U12'T12U31^

^S11T23^23*  ZSll^T31U3rT12U12^ ZT11S23U23

ZTll^S31U3rS12U12^ ZUll^S31T3rS12T12^

7 7
Z323(T31U3rT]2U12)’ ZT23^S31U3rS

(4.2.26)
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4.3 A Function Basis for the Group

We consider the problem of determining a function basis for scalar­

valued functions W(S,,SO......... Sw) of a number of symmetric second­
* I "w N

order tensors = ||s{p || , Sg = l|S^|| »... which are invariant 

under the crystallographic group . The group is comprised of 

the twenty-four matrices

{~V*  ’~24} Q^l *21  ft *22-1  ’23-1 ’-2’2l-2’22-2’23-2’

Ii’2ili*2211 ’23li’I2’2iI2’22I2’23I2’I3’2iI3’

DoTo’D3T0)

(4.3.1)

where the matrices I,DpDg.Dg,MpMg are defined by (4.2.2) and where

1,0,0

0,0,1

0,1,0

12

0,0,1

0,1,0

1,0,0

0

1

0

1 , 0

0 , 0

0 , 1

(4.3.2)

A function W(Sp...,SN) is invariant under the group if

W(Sp...,SN) is unaltered when the set of components (Sp >^2’^33’

^23’^31’^12^ of a typical tensor S are replaced by any of the sets

(S22’S33’S11’S31’S12* S23^ ^22’^33’S11 ’^31 ’"S12’"S23^

(S22 ’S33 ,sn »

(continued) (4.3.3)
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(4.3.3)

We first consider the problem of determining the elements of a 

function basis for W(S^,...,S^) which involve only diagonal com­

ponents of the tensors ......... . Since the elements of an integrity

basis form a function basis, we see from [17] that the elements of 

a function basis for functions of S.,...,SM which involve only 

diagonal components of the tensors Sp...,SN is given by

1. , ES^ , ZS^ .

9 9
2. ES-|iTii , ES-|-|Tii  ^^ll^ll ' (4.3.4)*

3. ES^T^U^ .

In (4.3.4), we have employed the notation introduced in (4.2.25). 

We observe that the invariant ES^T^U^ satisfies the relation
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(i2-3I2)SS)1T11U11 = + 1,(1^)^ t

+ (2K3-I]K1)(I1J)-J2) t (2J1-I1I4)(I1K3-K4) - (4.3.5)

Y 2 ■ K4J1

where

ï2 ES^, I - y13 L^v ï4 = k 1 -

n^uK2 k 3 " zsnun •
2

k 4 = zsnuir Ji = zS]]T]i

Thus, the value of the invariant ^S^T^U^ is known once the values 
9

of the invariants (4.3.6) are known provided that I^-3I2 =

2
- E(S^-J -S22) / 0 . This could only happen if ^^~^2~^33 ' In 

this case, ZS^T^U^ = jES^«ZT^U^ . Hence we need not include 

ZS^-[T-jiU-|i as a basis element. Further, upon setting U^=T^ in 

(4.3.5), we see that the resulting syzygy enables us to conclude that

2
we may also eliminate ZT^S^ from the function basis.

We next consider the problem of determining the elements of a

function basis for W(Sp...,S^) which involve only off-diagonal com­

ponents of the tensors Sp...,S^ . Since the elements of an integrity 

basis form a function basis, we see from [ 17 ] that the elements of a
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function basis which involve only off-diagonal components of the

tensors is given by

1. 5523 * 5S23S3] . S23Sg]S]2 •

2. 5523723 ’ 5S23S31T]2 ’ 5T23T31S12 ’ 5^23723

rS23T23 ’ 5T23S23 ' (4.3.7)

3.
2 2 2

5523723^23 ' 5T23S23^23 • ^^23523723 ' 5523(^3l^l2^7i2^3l•

4. ^^23^23^23^23 *

The notation given in (4.2.25) is again employed in (4.3.7). We may

employ the argument given in section 4.2 (see eqn. (4.2.17) and the

following discussion) to show that the invariants ES:

2 2 2
ES23T23U23 * ET23S23U23 * ^^23S23T23

2 2 
23'23 '

and ES23T23U23V23 are not

required as elements of a function basis.

Thus, given the values of the invariants listed above, we may

specify a single orbit for the diagonal components which consists of

six sets of values for the quantities ,S22*---  given by

(511'522'533'711'722'733'^11^22'^33"

(o^ >02* «316-] ,#2*83'^]  »Y2*Y3» e • • )
(4.3.8)

(«2'Og'G]'^2*̂3*̂1 *Y2*Y3*Y i * *

2>u3>P2»P]‘Pg *Y2  »Yi *Yg* •

and a single orbit for the off-diagonal components which consists of
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twenty four sets of values for the quantities ^3'^3! ' given by

(S23’S31 '512'723'731 *T12’lJ23* U31 'U12'”

^1*a2* a3'^l»^2*̂3* cl»c2* c3
(4.3.9)

1»-a2»-a3»^]' ^3'^l* ^2' ^3'

("^2'"al’a3’"^2*"^l*̂3 ’~c2*~ cl,c3’

There are then twenty-four orbits which may be obtained by associating 

one set of values from (4.3.8) with any of twenty-four sets from 

(4.3.9). Of these, only six orbits would be distinct. We need the 

values of invariants involving both diagonal and off-diagonal compo­

nents to determine which of the six orbits is appropriate.

Let us choose one of the sets of values (4.3.8) of the diagonal 

components, e.g. .

(SH ,S22»S33»Tn »T22»T33* U11 '^22'^33"") =

(4.3.10)

($i ,®2’“3’>$2»^3»«¥2*̂3» •••) •

Suppose there is a tensor S among the ,...,S^ for which

sn / / S-- f S». . Further suppose that we are given the values
I I cl 00 I I

of the invariants

%(s(p)2 , ZS^(s(i))2 SS^(S<i))2 , (i=l,...,N) ,

" (4.3.11)

, ZS^,S^S^^ , (i,j=l......... N; i < j) .
cO lO 1 I uO uj 1 I £ 0 lj
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We may then determine the values of the quantities

, (S^)2 , (S^1)2 . (1=1........ N) ,

provided that

(4.3.12)

, (i,j=l........ N; i<j) .

1 1 1

- (S^ ~^2^^22~^33^b3^l l * 0 * (4.3.13)

Given the values of the quantities (4.3.12) and the values of the 

invariants

^MlMP ’ (i=i,...»N),

, (i,J=l,...,N; i/j) , (4.3.14)

E^bslf^+Sigb^ .........N; i < j < k) ,

we may employ the result of Boehl er [ 16] and argue as in section 4.2 

that we may determine four sets of solutions for the quantities 

S23) , , sjp , (i=l,... ,N) . This will suffice to determine

which of the six possible orbits arises.

Suppose there is no tensor S from the set Sp...,SN for which 

(4.3.13) holds. Suppose that there are two tensors S and T for 

which
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SirS22^33 ’ 711-733^22 • (4.3.15)

Then, given the values of the invariants

E(S<p)2 , ESnCS^))2 , ST^S^)2 , (i-1......... N) ,

(4.3.16)

^VS23 * , Ci,j-1......... Ns 1 <j) , 

we may determine the values of the quantities (4.3.12) provided that

In (4.3.17), we have employed the assumption that (4.3.15) is the case 

so that (4.3.17) of course holds. Then given the values of the quan­

tities (4.3.12) and the values of the invariants (4.3.14), we may 

argue exactly as above that we may determine which of the six possible 

orbits applies.

We must still consider the case where the same pair of diagonal 

components is equal for all of the tensors Sp... ,5^ . Thus, we 

might have

Sn 522^33 • 7-^T^T^ , Up ^2^33 ' ' (4.3.18)

We leave this case until later. We note that if all diagonal compo­

nents of a tensor

11

S are equal, i.e. if

S33 = J • Hence

SirS22 S33 , then

the function basis forS
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functions W^ 1 ,S22, S33, S23, S31, 2 ,T^ 1 ,T22 J33,... ,U23 ,U31 ,U12,..

is given by SS^

S12’T11 *T22’T33”

and a function basis

"^23'^31'^12"

for functions of W(S^,S.^

Thus, if we have a case where

Sn=S22=S33 , we may essentially ignore the variables sn *S22'S33 *

We have observed above that given the values of the invariants

represented by

1. ZS23 *Z^23S31

2. Z$23^23 ’ ^SzgSgiTig , ZT23T31S12 » Z$23?23 ' Z?23S23 * (*'3.19)

3. ZS23<T31U12+T12U3p

we may determine a single set of twenty-four solutions for the quanti - 

ties (Sgg9S^i>T2 »Ugy*̂31 ®g ® * * * ^ • Thus, we hâve

($23'53]'$12'723'731'712'^23'^31’U12"

(“l 1^2 ’*̂3  • ^11 ^21 ^3 *T  1 *̂2  *̂3  * "

(4.3.20)

(*̂1  *-®2* —^3'^1 *"^2 ’“^3'y 1 ' ^2' 3'

1*’a3’"^1’$2 *"

where there are twenty-four points in 3N space on the right of 

(4.3.20). Suppose we choose one of the sets of values in (4.3.20), 

e.g. the first set. Then given the values of the ^3'^3! "" from 

(4.3.20) and the values of the invariants 
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bll * b23 • Hl 523 (4.3.21)

where S is some tensor chosen from S. ,...,SM , we may determine the — ** I
values of s[P»S2p,S3p*  ......... N) provided that

^23'^31 ^31 "^12^ ^12"^23* ° ' (4.3.22)

Suppose there is no tensor S among the S.,...,SM for which 
~ I —IX

2 2 2 2
• Suppose we have two tensors S , T for which

s2 2 , ^2 t 2 _ ,2 , t 2
^23 " ^31 f H2 ’ 23 “ *12  f *31 " (4.3.23)

Then, given the values of the quantities (4.3.23) and the values of 

the invariants

Esjp , ES^S^ , ES^T^ , (4.3.24)

we may determine the values of the quantities S^,S^^S^^, 

(i=l,...,N) since

- (Siz-sLxiris) ■0 • (4.3.25)

Suppose that, for all of the tensors S.,...,SM , we have 
* I —N
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(S<p)2 = (S<jj)2 t (S^1)2 (4.3.26)

Let S and T be two tensors chosen from ................. . Suppose that

2 2 2?
where , a2 / • The

(4.3.27) and the values of the

gc(i) ES^^S
bll * ^^11 ^23 ’ ^11 t

we may determine the values of 

(4.3.27)

1 1 1

s?
^23 ^31 H2

S23T23 S31T31 S12T12

provided of course the / 0 

holds but that there are not t\ 

chosen so that (4.3.27) is the

(S23'S3rSl2'T23'T31'T12i'

(^1 »c^i »B

We have seen above that we wer 

unless the diagonal components

n given the values of the quantities 

invariants

3T23 , (4.3.28)

^ll^22^33' (i=l»---»N) since from

= 2(B^-a^)a^a2 (4.3.29)

, a2 f 0 . Suppose again that (4.3.26) 

o of the Sp...,SN which may be 

case. Thus, we may have

'23^3! >U.^...) =

(4.3.30)

»®2 »a3»a3* ®3•• • • )

> able to determine a function basis

of S. ,...,SM were such that one of 
-w I -v IS
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the three cases listed below obtains.

(SlpS22»S33;TipT22,T33;UipU22,U33,

(a,,a, ,b, ; ) or 

(4.3.31) 

) or

)

If we combine the terms (^^2^33'^H and ^S23’S31 »S12» 

Tgg,...) and consider the resultant as a point in 6N dimensional 

space, we observe that the set (4.3.30), (4.3.31)2 and (4.3.30), 

(4.3.31). lie on the same orbit whereas (4.3.30), (4.3.31), lies on a 
J I

2 
different orbit. The invariant takes on the values

(a^h? + a^ , 2a^ + b^ (4.3.32)

respectively on the two orbits. These two values are different unless 
2 o

(a1-b1)(a^-6p = 0 . Since this is not the case, the invariant 

2
^ll^23 serves to distinguish between the two possible orbits. Thus, 

we would be able to specify a single orbit.

We still need to consider the case where (S^)^ = (S^)^ = 

(S^2 ) , (i=l,...,N) . Arguing in the same fashion as above, we would 

find that the values of the invariants of the form ^^23^23 would 

suffice to distinguish between orbits for the case where the diagonal 

components are of the form (4.3.31).

a2»a2>^2’ a3’a3’^3’

($1 >b-| »®i »

^1 *®1  ,al ’

^2*̂2*̂2 * a3*̂3* a3’

b2»a2>a2» bjjaj.aij;
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4
We note that invariants of the form which appear in 

(4.3.21) are not needed as elements of a function basis. Thus, we 

have an identity given by

2
+ 3^523* 111^23

2 22 2 2

(4.3.33)

2 2 2 2
- *21^122.eS23$31 - 3T11T22T33.(eS23) .

Thus the value of ET^S^g is given once the value of the invariants 

^ll~^22^ the invariants on the right of (4.3.33) are given 

unless EfT^-Tgg)? = 0 . This would require that ' I"

this case the value of is given by the value of

izT1,.ES^ . Hence, zT.need not be included in a function basis.

Then, employing the notation (4.2.25) and the argument given 

above, we see that a function basis for functions W(Sp...,S^) 

invariant under the group T^ is given by

1. SSn , , ES^ , ES^g , ZS23S3I ’ S23S31S12' ^ll^23 ’

y §2 q2
^11 23 * (4.3.34)

(Continued)
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2.

TC yc2 j2 yy ç2 yj2 r2
11’23 • ^ll '23 • 'll^23 * hr23 •

(4.2.24)

ES11S23T23 ’ ES]1S23?23 ’ ET11S23T23 * ET^SggTgg .

3. ESiiTg^Ugg ESÎ1T23U23
^11523^23

11 23 23

^11S23T23 * EII11S23T23 , ^^23^3l^l2^l2^3l^ *
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