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ABSTRACT

Group representation theory and invariant theory are applied to
the generation of constitutive equations. The problem of determining
the form of a constitutive expression which is invariant under a group
G 1is essentially equivalent to the problem of splitting the set of
components of the physical tensors appearing in the constitutive
expression into sets of quantities which belong to the irreducible
representations of the group G . This approach has been previously
employed by Xu, Smith and Smith for crystalline materials and is ex-
tended here to include transversely isotropic materials. Product
tables for the five transverse isotropy groups are given which should
enable one to produce a computer program which will automatically
generate constitutive expressions for transversely isotropic materials.’
The canonical expressions for vector-valued and second-order symmetric
tensor-valued form-invariant functions are derived for most of the 32
crystal classes by employing the generating function technique.

These analytical results may be used to check the reliability of the
existing computer programs due to Xu, Smith and Smith which automati-
cally generate constitutive expressions. Methods which may be employed
in determining function bases are discussed and function bases for

functions of N symmetric second-order tensors S .55, which are

12°°°*°N
invariant under any given group belonging to the cubic crystal system
are given. The concept of irreducibility of a function basis is also

discussed.



1. Introduction and Mathematical Preliminaries

The theory of group representations and invariant theory play an
important role in many branches ov mathematics and physics, e.g., in
quantum mechanics and in statistics. We are interested in the appli-
cation of these disciplines to problems arising in continuum mechanics
and continuum physics. One of the principal problems is to determine
the general form of a constitutive equation

T. . =6, (E
11..'1n 11...1n

pl.”pm,...) (1.1)

which defines the response of a material which possesses symmetry
properties. Suppose that the symmetry of a material is specified by a

group TI' defined by the set of orthogonal matrices

{5} = E'I’ 62’ 53’--. . (].2)

Then the equations

A, . ...A;

(E
I

N . : ,'ow)
an Jloo.Jn plnunpm

= G (A voo

. s A E ooo)

ieeedi VpGg P A, Gp.--q’ (1.3)

must hold for each A = ”Aij|l belonging to {A} . If the functions

G, ; satisfy (1.3) for all A in {A} , we say that (1.3) is
l... n -~ L

invariant under {A} ., The problem of concern is to determine the

canonical form of the functions G.

1' L]
ll.ln
As a simple example, let us consider the constitutive expression

for a linear elastic material. The stress-strain law employed in
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linear elasticity theory is given hy

Ti3 ™ Cjke EBxe © (1.4)

Upon substituting (1.4) into (1.3), we see that the tensor Cijkz

must satisfy the equations

Cijkl B Aip quAkrAzscpqrs (1.5)
for all A = I|Aij” in {A} . For an isotropic material, {A} is
the full orthogonal qroup. Thus the general expression for cijk2
is given by

Cijke = %i3%e ¥ BOikbjn * YOipdjk . (1.6)

Substitufing of (1.6) into (1.4) yields the stress-strain law appro-
priate for an isotropic material.

It may be shown [1] that the problems of determining the form
of the polynomial constitutive relation I = 9(5,...) appropriate for
a material whose symmetry is defined by the group {A} may be reduced
to the problem of first determining the form of a scalar-valued poly-
nomial function N(E,...,I) which is invariant under {A} . Thus,

W must satisfy

W(E )

PSR IR

l l.'.ln

T

= N(Ai . "‘Ai E A, . ...A, ) (1.7)

. E. : seees . T, .
191 mom J1°°*Im 139 Tadn J1°°¢dy

for all A belonging to {A} . The problem then is to determine a

set of functions IK(E,F,...) (K=1,...,n), each of which is invariant

-3-



under {5} » such that any polynomial function W(E,f,...) invariant
under {A} 1is expressible as a polynomial in the I]""'In . The

invariants I],...,I are said to form an integrity basis. If one

n
of the elements of such an integrity basis is expressible as a poly-
nomial in the remaining ones, we may, of course, omit it. An integrity
basis which is obtained by omitting all such redundant elements is
called an irreducible integrity basis.

It is evident that an irreducible integrity basis is not a
uniquely determined set of invariants. However, for each degree, the
number of invariants needed to form an irreducible integrity basis may
be determined by group-theoretical considerations.

It frequently happens that polynomial relations exist between
the set of invariants which forms an irreducible integrity basis.

Such relations are called syzygies. It follows from the Second Main
Theorem of Invariant Theory that all of the syzygies can be derived
from a finite number of syzygies. Such a set of syzygies is called a
syzygy basis. The existence of syzygies enable us to simplify the
general expression of invariants and tensor-valued form-invariant
functions.

The polynomial assumption for constitutive equations is not
always valid and an alternative method is to find a function basis,
i.e., to find a set of invariants such that any invariant is expressible
as a single-valued function of them. It can be shown [2] that an in-
tegrity basis is also a function basis. However, in general, it will
be a reducible function basis. For, although none of the elements

I]""’In of an irreducible integrity basis is expressible as a

-4-



polynomial in the remaining ones, one of these may be expressible as a
single-valued function in the remaining ones through a syzygy.

The generation of constitutive equations depends, to a large
extent, on group representation theory. For a given group G , a
matrix representation

{D} =Dy » Dy » D3 ...

of G 1is said to be reducible if a matrix U can be found such that

g e o
U Qk ! = |7 (1.8)
o o

for all k =1,2,... . If there is no U such that (1.8) holds for
all 9 e {D} , then the representation {D} is said to be irreducible.
The irreducible representations of a group may be uniquely deter-
mined [3].

The character of a matrix representation {D} 1is a function on
the group G which is defined by the equation

x(D ) = Tr(D) » (k=1,2,...) . (1.9)

The characters of irreducible representations are usually called
simple characters. In this thesis, the irreducible representations
for a finite group G are denoted by F] s F2 3 sees Fn and the

corresponding simple characters are denoted by X(]) s x(z)
X(n) ]

It can be shown [4] that

Ly 2% k™) - 5, (1.10)
SeG



holds for any simple characters x(u) and x(v) of G. In (1.10),

g 1is the order of G and the sum is over all the elements belonging

to G .

Suppose {D} 1is a reducible representation of G . Then {D}

is expressible as a direct sum of F] . FZ > see 3 Fn s l.e.

{D} = a]P] + azrz + ... + anrn . (1.11)

The number of times the vtP irreducible representation Fv occurs in

{D} is given by

oy =g I s xte) (1.12)
€

In (1.12), i(v) is the complex conjugate of X(v) s X is the
character of {D} and the sum is over all the elements belonging to

G . The matrices comprising the matrix representation {D} define the
manner in which the n components Xy s Xp 5 ees s xn of a quantity

5 transform under the group G . We may choose n 1linearly inde-

pendent Tinear combinations Y1 ° a1 + ... + O e R

= anlx] + ...t a,n%n of the X| s eee s X such that the transforma-

tion properties of (y],yz) R (y3,y4,y5) s sees (yn_],yn) under the

group G are defined by the irreducible representations Fp ’ Fq s

cees rr respectively. We then say that y = (y],yz) is a basic

quantity of type T_ , «euy 2 = (yn_1,yn) is a basic quantity of

p
type Fr respectively. This enables us to consider an equivalent
invariant-theoretic problem where the algebraic difficulties are sub-

stantially reduced. Given a set of quantities X] s Xp s sees Xo
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which appear in a constitutive equation, it is important then to obtain
all the basic quantities which are linear combinations of X1 s Xo s
sees X
The work in [5] gives a convenient procedure for generating con-
stitutive expressions for the cases where the symmetry of the material
is defined by one of the crystallographic groups. In §2, we extend
this work to the case where the symmetry group is one of the five
transverse isotropy groups. The results given in §2 should enable us
to produce a computer program which will automatically generate con-
stitutive expressions for transversely isotropic materials. In §3,
we employ the generating function technique to obtain the general
expressions for vector-valued and second-order symmetric tensor-
valued functions invariant under one of the 32 crystallographic groups.
These analytical results enable us to establish the reliability of the
computer programs employed in [5]. In §4, we discuss methods which
may be employed in determining function bases for scalar-valued
functions N(E]’EZ""’En) of n symmetric second-order tensors
E]”"’En which are invariant under a given crystallographic group
belonging to the cubic crystal system.

The notation employed to denote the various crystallographic

groups and a discussion of material symmetry may be found in the

books of Hamermesh [3] and Lomont {4].



2. Constitutive Relations for Transversely Isotropic Materials

The problem of determining the form of a constitutive expression
which is invariant under a group G is essentially equivalent to the
problem of splitting the set of components of the physical tensors
appearing in the constitutive expression into sets of quantities

which belong to the irreducible representation P],P of the

pseee
group G . In his doctoral thesis, Xu [ 6] has employed this idea to
develop an intricate computer program which automatically generates
constitutive expressions which are invariant under any given crystal-
lographic group. Although the groups considered by Xu are all finite,
it will be shown that for continuous groups, such as the transverse
isotropy group, the same idea can be employed. In this section, we
give the basic information required to extend the results in [ 6] to
the cases where the symmetry group of the material is one of the five
transverse isotropy groups which we denote by T],Tz,...Ts . This
should enable one to produce a computer program which will automatic-
ally generate constitutive expressions for transversely isotropic
materials.,

In §2.1, we outline a procedure which enables us to conveniently
generate the block diagonalized form of matrix constitutive expres-
sions, In §2.,2, we give the information required to employ this pro-
cedure for the groups T],Tz,,,.,T5 . In §2.3, we give examples of
the application of these results to the generation of non-1inear

constitutive expressions.



2.1. Transversely Isotropic Materials

The constitutive expressions which we consider are tensor-valued
functions of one or more tensors S],Sz,... of degrees Nysfosese
in these tensors which are invariant under a group T defining the
material symmetry. We are primarily interested in the cases where
the material symmetry is defined by one of the five groups T1,...,T5
associated with the various types of transversely isotropic materials.
These groups are defined by specifying the groups of 3x 3 matrices

which define the set of equivalent reference frames associated with

the material. Thus the group T] is comprised of the matrices

| cos 8, sin 6, O
Q(e) = [-sin 6, cose, 0/, 0<@<2m. (2.1.1)
! 0 1 0 ? 1 i

Let e, denote the base vectors associated with rectangular Cartesian
coordinate system x . Let éi denote the base vectors associated

with the reference frame x which is obtained by rotating the refer-

ence frame x through 6 radians counter-clockwise. We have
e; = Qij(e)gj (2.1.2)

where the matrix g(e) = ”Qij(e)|| is defined by (2.1.1). If x and
x are equivalent reference frames, i.e. if x arises from x by
applying a symmetry operation to x , the constitutive equation is
required to have the same form when referred to either reference frame.

Let Tij and Eij denote (absolute) second-order tensors. Then, if



Tii ) Cijkl...mnEkR."'Emn (2.1.3)

is the constitutive expression when referred to the x frame, the

constitutive expression where referred to the x frame is given by

Ti5 = Cijke...maEkas-Ean (2.1.4)
where

Ti5 = %GpiaToq = Cig..on ™ QipQigee-QrChq...r

Eke = QesQptse - (2.1.5)

If the reference frame x and x are equivalent, we require that

c =C . (2.1.6)

ijkg...mn ijkg...mn

If the symmetry operations consist of all rotations about the X3

axis, the property tensor C,

ijkL...mn must satisfy the equations

Q4p(8)Q34(0).--Qp (0)C,, = C (2.1.7)

.U 1jesen

for 0 <98 <27, We say that the tensor C, which satisfies

ijesen
(2.1.7) for 0 < 8 < 2r 1is invariant under the group T] . We may
express a tensor which is invariant under the group T] as a linear

combination of the outer products of the fundamental tensors
%3 » %19%5 * 92i%; = %4j » 91i%; T 92i%15 = Byj (2.1.8)

Thus, one may express the general fourth-order tensor which is invari-

ant under the group T] as a linear combination of the
-10-



93193393K%3g°1 3 %33%kge3 3
°3ic3jak2’6 : aijBkz’s : (2.1.9)
93{935Pke 0 3 BijPke3d 3

where the numbers following the tensors denotes the number of distinct

isomers of the tensor. An isomer of a tensor o, is obtained by

ijke
permuting the subscripts i,j,k,2 of the tensor. We have noted that
aij = aji and Bij = 'Bji . We further note that
B.:B = 0., 0., = Q.0
ijrke ik j2 i jk (2.1.10)

and that only three of the six isomers of a{jBkR are linearly inde-

pendent. Thus, we have

%53Pke ¥ %kBej t Bk T 0o
aijkaL + O‘kjem‘ + “zjsik =0, (2.1.11)
= 0 *

%iBie T %5iBei t kB

The existence of relations such as (2.1.11) renders the generation of

the general tensor of orders 5,6,... which are invariant under T]

a non-trivial matter. This may be accomplished using a method [7]
which employs Young tableaux. However the procedure for generating
the form of a constitutive equation based on listing the general form

of the property tensor C,.

i3KL...mn and then substituting into (2.1.3)

-1-



would generally prove to be cumbersome.

It is preferable to employ a procedure based on group representa-
tion theory. A set of matrices g(e) which is in one to one corres-
pondence with the matrice; 9(6) comprising the group T] and such
that E(e])f(ez) corresponds to g(e])g(ez) is said to form a matrix
representation of the group T, - The set of matrices KP(G)K'] where
det K# 0 also forms a matrix representation of T] which is said to
be equivalent to the representation P(6) . An appropriate choice of

the matrix K enables us to write

KP(8)K™! = a P (6) + a,Py(6) + ... - (2.1.12)

in block diagonal form where A1s0pse.. are positive integers and

where
Pi(e) 0 0
2P, (8) + P,(6) = l 0 P(e) 0 l . (2.1.13)
" 0 0 52(9)!

We say that the representation B(e) may be decomposed into the direct
sum of the representations g](e),gz(e),... . If a representation

g(e) cannot be decomposed, it is referred to as an irreducible repre-
sentation. The irreducible representations associated with T] are
all one-dimensional and are defined by listing the 1x1 matrix cor-

responding to the matrix Q(0) . We define these representations below.

-12-



yo: e W8 oy 2..0) (2.1.14)

r : e1p6 N (p=]’2u¢-)

Yo denotes the identity representation where the same number 1 corres-

denote the representation where e']pe

ponds to each Q(8) ; ¥ cor-

P
responds to 9(0),... .

We consider the manner in which a vector transforms under the

group T] . The components ;i of a vector x when referred to the

reference frame ; with base vectors éi = Qij(e)ej are related to

the components X5 of x when referred to the x frame with base

vectors e. by the equations

~i
1% : !
| x]; ! cosf , sing , O l | X1
v = i = '_ ] i : '
X5 = Qij(e)xj or Ix, sine , cos8 , O i [ %o il - (2.1.15)
X3 0 s, 0 L 1 ' X3 ’
With (2.1.15), we readily see that
o e | L-ie o o
RS + X, e , 0, O § b + 1x2 ;
| i0 [ I
| Xy - i, = 0,e , 0. ? xy = ix, f . (2.1.16)
- i H
X3 0, 0, 11 X3 g

This tells us that the transformation properties of X * ixz,x] - ix2 s

X3 under the group T] are defined respectively by the irreducible

-13-



representations y],F] and Yq respectively. We immediately see

that the transformation properties of
(xq 41,025 (kx5 ) (Xq-1%5) s (Xg#1%))Xas (X1=1%,)2, (Xq=iX,)XqsX2
1 7720 2 AT IRINRYT IR0y AT AT T 2 AT 2073073

(2.1.17)
are defined by the irreducible representations YZ’YO’YI’FZ’FI’YO

respectively. Since the components xixj transform in the same
manner as do the components Sij of a symmetric second-order tensor,

we see that the transformation properties of

Sq1-5,,+2iS S

117522%215¢5 » S

S..+iS S

22 » S13%1S53 » 5¢y°S

S S

21815 » 51371553 » 533

nt 17°22" 37}
(2.1.18)
transform according to YZ’YO’Yl’FZ’F]’YO respectively. Similarly
we see that
. 2
(S]]-S +2iS,,)

2212151507 5 (519-5,,+21S

2212151,)(5114555) »

(S]]-522+Zis12)(513+1523) R (S]]—Szz+21512)(511-522-21312),...
(2.1.19)

transform according to YgY¥psY3sYgsee- respectively. Thus, we may
readily determine the linear combinations of the components of tensors
xi’Xixj’xixjxk’°"Sij’sijskz"‘"Sijxk’sijxkxz"" which belong to the
various irreducible representation YO’YI’YZ""’FI’FZ"" of the
group T] .

Let us consider the problem of determining the Tinear stress-

strain relation for a material whose symmetry is defined by the group

-14-



T] . We write the constitutive expression as

T =G,

(2.1.20)

where

) . . . T
T = Ity Ftpatagaty mtypt2ity sty mtyn-2it oty atityg,tya-itad|

(2.1.21)
= : . . . T
Ey = llegyregpiegssey -egpt2ieys ey epy2ie s ey gHieyg ey gieyl

and where E] is a 6x6 matrix. If we refer the expression to the
reference frame ; , whose base vectors are given by éi = Qij(e)gj s

we have

1o Do RO, B = ROE & & = ROIGR (0) (2.1.22)

E

t—it
gl

1

If the reference frame x 1is an equivalent reference frame, we require

that E] = E] , 1.e.

5(9)9] =C 8(9) (2.1.23)
we observe from (2.1.14) and (2.1.15) that

R(s) = diag(1,1,e 210 210 o710 19 (2.1.24)

With (2.1.23) and (2.1.24), we have 36 equations relating the entries

Cij(i,j=1,...6) of E] which are given by

-15-



- ] _ -2i8 2i0
Clu =01 s G2 G n Gy =8 G35 Gy =" 0y s
(2.1.25)
T _ e
Ci5 =€ G55 Cig=e Cigeen
with (2.1.25), we have
62 Cz» 0 2 0, 0, 0
€12 Cpp» 05 0, 0, 0
c, - "0, 0 ,C43, 0, 0,0 | (2.1.26)
[0 . 0,0 .Gy 0,0
i e
19,0, 0,0 ,0Cq, 0 I
i !
10,0, 0,0, 0 ,Cg

This tells us each entry in T which belongs to a representation

Yp is expressible as a linear combination of the elements of 51

which belong to Yp - Thus, with (2.1.21) and (2.1.26), we see that

I = E]E] may be written as

t
[e17%ey,

{’tll+t22} ﬂcl1’C12
;; ] YO b
i

t e

33

33 | dczl’czzl
tytpp-2ityy = Caglegq-eppt2ie)s) 5 v,
(2.1.27)

B ttgpt2ityy = Cypleqg-ey-2ieyy) 5 T,

ty3*tityy = Cogleggties) » vq s

t1371t,3 = Cegleggmieys) » T,

-16-



where the Ygre-- indicates that the quantities in the preceding

equation belong to the irreducible representation Ygreeo - In

C and C66= 55 *

(2.1.27), it is clear that we should set C44= 33

If we set C,,=a+ib , C

33
may be written as

1
1ol 212 |l 1tes,

Let us consider the case where the constitutive expression is

given by

i3 7 Cijkemn®kefmn * Yii T Y34 0 Cke T ek (2.1.29)
We write this in matrix form as

IT=0CE (2.1.30)

where T 1is given by (2.1.21) and 52 denotes the (21x1) column
matrix whose entries are linearly independent linear combinations of
the 21 quantities e%l,e]]elz,... so chosen that each belongs to one

of the irreducible representations of T] . With the notation

E E

178ty » By = 835, By = eygtieys , By = egg-iey;

_ _ (2.1.31)
Eg = e)y-eppt2iey, » Eg = eqy-ey,-2iey, ,

we find that the 21 quantities of degree 2 in the E1 which belong

-17-

55=c+1d , the expressions (2.1.27)3,...,(2.1.27)6



tO 'YOQ'Y] ,F-I gace are giVen by

Yor EfoEqEpsEpsEafysEyfy

Y7 E(EgsEpEgE s Tyt EqEgsEpfyEaf 3

Vi EjEgaEpEe,E] Tyt EEg,EpfenEl (2.1.32)
Y3= E3E5 5 F3: E4E6 H

\FE Eg ) F4: Eg .

”t11+t223 = lepscpicyacycs | ! S I
l :
|t ' C62C72%82S9:%10 | | B2

|

| EsEy

EcEg (2.1.33)

Ly3 ¥ 1ty = O EqEg + CqpBok3 + Cygbgkg 5 vy s
t1g = tpg = CqEyEy * CpEpF + Ey3EgEg 5 Ty s
ty = typ * 2%y, = € EiEg + €1gE)Eg * CpeES L v,
t) = gy - 2ityy = CpgF g * C15EEg * C1Eg 5 Ty

and E_ = E

vhere we have noted that E4 = E3 6 5

-18-



2.2. The Irreducible Representations for the Transversely Isotropic
Groups

There are five groups which we refer to as transversely isotropic
and which are denoted by T]""’TS . These groups are defined by
listiny matrices such that these matrices or products of these matrices
specify all of the symmetry operations associated with the material
under consideration. We may refer to these matrices as generators of
the group. We then define the irreducible representations associated
with a group Ti by listing the matrices which correspond to the gen-
erators of the group.

Suppose that we are given the quantities a1,a24|a3,aA|T .
||a5,a6”T,... belong to the irreducible representations YO;Y],
YpsY3s-.. Of @ group and that the quantities b],b2,||b3,b4||T R
||b5,b61ﬂ,... betong to the irreducible representations Y;.Y{sYpsYzs...
of the same group. We need to determine the linear combinations
c; = aijkajbk of the products of the aj and bk which belong to
the various irreducible representations of the group. This information -
is provided below for the groups T],...,T5 in tables which are re-
ferred to as product tables. In [5], Xu, Smith and Smith have indi-
cated how these tables may be employed in conjunction with a computer
program to automatically generate constitutive expressions. The
extension of the results in [5] to include the transversely isotropic
materials requires the development of a number of computer programs.
This work will be carried out subsequently.

We further 1ist in tables entitled basic quantities the linear

combinations of the components of polar vectors P; » axial vectors
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a; and symmetric second-order tensors Sij which belong to the vari-

ous irreducible representations of the group considered.
(i) The group T] .

The group T] is comprised of the matrices Q(8) defined by

F cos8 , sine , 0 |
i~sing , cos8 , 0 | , 0<6<2m, (2.2.1)
0o , 0 ,1:

q(e) =

The group T1 defines the symmetry of a material which possesses
rotational symmetry about the X3 axis. The irreducible representa-

tions associated with the group T] are all one dimensional and are

given by

Yo' 1

1, e P8 rh=1,2,..0) (2.2.2)

Fp: eipe , (p=1,2....)

In (2.2.2), the 1%1 matrices 1 ,e'1pe and e‘pe correspond to the

group element Q(8) . The product table is listed below.
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Product Table, T]

Yo' %

gbq »

apo , Apbp s (P=1,2,...) 3

a.b_, boap ’

ab , (mn=1,2,...; mn=p) , (2.2.3)

a.B, » A b s (mn=1,2,...; m-n=p) ;

: A, B
r p

B Apbo R

A8, » (mn=1,2,...5 mn=p) ,

Ambn s aan s {myn=1,2,...3 m-n=p) .

Basic Quantities, T1

Yo' P32 835 519%Sy, 5 Sgq

Y1= p]+1p2 . a]+ia2 . S]3+1523

rqys p]—ip2 s a]-iaz s 513—i523 (2.2.4)
Yoi 51773557215,
T3t 59775557218y,
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(ii) The group T,
The group T, is comprised of the matrices Q(e) and E]g(e)

where Q <6 < 27 and where

I cos8 , sine , Q |
|

Q(8) = !-sind , cos6 , 0 |, R
10 5, 0, 1

17 diag(-1,1,1) . (2.2.5)

The irreducible representations associated with the group T2 are
defined by listing the matrices corresponding to the group elements

Q(e) and E] . We denote the irreducible representations by

Vg 1. 1
PO: 1, -1

lesiP® o | o, 1 (2.2.6)
Ypr § o . eiP® ’i 1,0 s (p=1,2,...)

|

where the first and second matrices correspond to 9(9) and 5]

respectively. The product table is listed below.
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Product Table, T2

Yo' 3 s b0 :

bO , AOBO s

39
amlbm2+am2bm1 » (M=1,2,...) 3
. A0 . BO 5

B0 s AObO s

%

1 Pm23n2Pmy » (M1e2s000) 3 (2.2.7)
Ypi Nagpa,ll's llbgub,lF 5

llagbyyaghpplls llag bgsaboll
180057 +-AgPpp s 12y Bgs=aBoliT

.
|'am1bn1’am2bn21|’ (myn=1,2,...3 m+n=p) ,

T T — L[] -
”am'lan’aman'l ” ’ ”anzbm] ’an]bmzu s (m)n'] ,2,...,m-n—p) .

Basic Quantities, T2

Yo' P3 > S11%S5; 5 533
o' 93

. T : T
Y]: ||P]+1p2,-p]+lp2|| ,||a1+1a2,a]-1a2|] . (2.28)

. T
l1513%18535-513*iS3l

. T
S;,-S -21S]2H

Y, ||S]]-S +21iS 29

22 12°°11°
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(ii1) The group T3

The group T3 is comprised of the matrices Q(6) and R3Q(e)
where 0 < 6 < 27 and where

3 cosg , sin8 , O 1

Q(8) = 1-sin6 » COSB , 0 ;

1

| s R3 = diag(1,1,-1) . (2.2.9)
i

0, 0,

The irreducible representations associated with the group T3 are
defined by 1isting the matrices corresponding to the group elements

Q(e) and R We denote the irreducible representations by

23
Yo' 1, 1

FO: 1, -1

o e P 1 T e (el (2:2.10)
Po L fp: e 1, (p=1.2,...)

where the first and second 1x1 matrices correspond to 9(6) and 53

respectively. The product table is listed below.
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Product Tahle,

Yo*

i I

ao N bo 3

a

0P

, AOBO

AB ,AB ,

AOBp N APBO .

(m’n=]’2:'-.;

AnBn » AB

AgBp » Ao
(m,n=],2,...;

AmBn s Aan s

Aobp ’ aPBO .

(m’n=1 !2’00.;
Ambn ? Anbm ’
AObp s apBO .
(m’n=] ’2’000;

Ambn , Anbm .

(m=1,2,...) ;

(m=],2,,._) H

m+n=p) ,

(m,n=1,2,...; m-n=p) ;

mtn=p) ,

(myn=1,2,...; m=-n=p) ;

m+n=p) ,

(m9n=],2,...; m-n=p) .

m+n=p) ,

(m,n=],2,---; m-n=p)

-25-
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Basic Quantities, T3

Yoi 23 s S11%S55 4 S33

o' P3
ML
Y1i Pmipg

. , . (2.2.12)
r]. a1+1a2 , S]3+1S23
ry: ay-iag 5 593-15,3

Yoi 31175227213,

-S,,=215

Yoi 311753272154

(iv) The group T4

The group T, 1is comprised of the matrices Q(e),R]Q(e),R3Q(e)

4
and R1R3Q(e) where 0 < 8 < 2m and where

., €OSB , sing , 0 .

Q(8) = |-sin6 , cosé , 0 |, R,

o , 0 , 1.

= diag(-1,1,1), 53 = diag(1,1,-1)

(2.2.13)
The irreducible representations associated with the group T4 are
defined by listing the matrices corresponding to the group elements

Q(6) , R, and R, . We denote the irreducible representations by
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Yg2! T, 1,-1
Y03: ] ;'] ’]
Yo4° 1,-1 ,-1
s . , 2.2.14
1, 0 | Jo,1t 1,0 : : ( )
Y.: N > i s (p=1,2,...
Py o ,e? | 1,0 "o0,1,
[P, 0 | jo,1| -1,0] ( |
r.: . s ! Ay { s p=],2,...
Pl o, e 41, oal L0 ,-1 |

where the first, second and third matrices correspond to Q{(e) , R]

~

and 53 respectively. The product table is listed below.

Product Table, T4

Yori 21 s By

a]b] s a2b2 s a3b3 s a4b4 s

4102t a2l s Ay Bt AnoBm - (m=1.2,...) 5
Yoo! 32 s By s

a]b2 s azb1 s a3b4 s a4b3 s

B B A b ,+A b (m=1,2,...) ;

m2+am2 ml > "ml™m2 m2 ml °

b

an

Yo3* 33 » P3

a]b3 . a2b4 . a3b] . a4b2 s

amlme-ammel ’ AmleZ—AmZBml s (m=1,2,...) 3

Yos' 30 By s
a]b4 , a2b3 , a3b2 s a4b] .

amleZ'amZBm] . Am]me'Ammel » (m=1,2,...) 3 (cont'd)
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Product Table, T4 (cont'd)

: T L
Ypi Hagysanalls libgyabpell 5

T 1)
lla]bp]aa]bpzlls “ap]b]aapzb]”
T
IlaZBpl’aZBpZII “Ap] 2:Rp2b2 ”

T 1
||a4Bp]s'a4Bp2|I ”Ap] 4°" p2b4ll ’

T ’ )
IIam'lbn1’am2bn2“’ ”Amanl’AmZBnZI| ’

T T
|lam1bn2’am2bn1||’ ”anzbml’anlbm2|‘ ’

T
IlAm] n2’ mZBnl|| IIAn2 ml? n] m2”

Ly ”Ap]’Apzil: HBp1.Bp2H

lla;8 1A

T
p]’aprZIl pl 1’ p2 1“

T
Hasz],aszzll, Hap]bz,apzbzﬂ

“a3B I|A

T T
p1°-238p2 1 11Asb3.-A 504

T
||a4bp],-a4bp2||, Hap]b4, ap2 4H

T T
Ilam]Bnl’amZBn2|I ”Aml ni’ m2bn2I| ’

T T
-llam]BnZ’amZBnlll’ ”anZBml’anle2|| ’

lA

ml n2’ m2 nlIl IIA

n2 m]’ n] m2“

-28-

{m,n=1,2,...
(m,n=1,2,...

(m,n=1,2,...

(m,n=1,2,...
(m,n=1,2,...

(m,n=1,2,...

; mén=p) ,
; m-n=p) ,

; m-n=p) ;

; mn=p) ,
s m-n=p) ,
3 m-n=p) .

(2.2.15)



Basic Quantities, T4

Yori Syt Sp2 0 533
Yo2' P3
Yo3' 33
(2.2.16)
o4

) . . T

Yi: llptip,s-ipytip, ||
_ . T o o T
vii llagtiagag-iaylit, [[Sy3+18,3,-5)3+1Sxll

, . T
Yoi 118977552%21815551-555-21S, |l

(v) The group Tg - |
The group T5 is comprised of the matrices Q(6) and QZQ(B)

where 0 < 8 < 2r and where

” cosé , sine , O |
Q(e) = {—sine , cos6 , 01 , D, = diag(-1,1,-1) . (2.2.17)
o , o,

The irreducible representations associated with the group T5 are
defined by listing the matrices corresponding to the group elements

Q(6) and D, . We denote the irreducible representations by

Yo 1,1
Y . ] ’—]
0 | . f (2.2.18)
g~ 1P8 0,1 ( )
Y.: . . » (p=1,2,...
P o , e]pes i1, 0
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where the first and second matrices correspond to Q(®) and QZ

respectively. We note that the irreducible representations (2.2.18)

are the same as those appearing in (2.2.6). The product table will

then be the same as the product table for T2 which is again listed

below.

Product Table, T

5

Y..-

P

bO :
0° PoBo
b

ao,

aob

a m2+am2bm1 s (m=1,2,...) 3

Ag » By 3
ag8g> Agbp »

am]me'amme] s (m=1,2,...) (2.2.19)

B8

T T
“ap]’apzn s “bp]’bpzn H
1Ab, <s=Ab oIy lla 1Bra-a_Ball"
0%p1°RoPp2 !l s 11ap18gs-apa5pll -
T T
l2gbp120Pp2ll's llagiBgs25o00ll" 5
T
|Iam]bn1,am2bn2||, (myn=1,2,...; m+n=p)

' T
|Iam]bn2’am2bn]||’ “anzbml’anlbmzll , {myn=1,2,...; m-n=p) .

Basic Quantities, T5

S19 % S92 5 333

p3,a3
: . . T . o T
[[Py*1pgs =Py iP5 1 s [y *1350-3+ 1350, |1Sy3%1553:5¢ 371553
. D
11S17-59*215 1 93S17-5,5-215 1, |
117522%21512:517752272154 (2.2.20)
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2.3 Application

In this section, we give some examples of the application of the
results derived above to the generation of non-linear constitutive
expressions. We first consider the problem of determining the form of

a second-order tensor-valued function

Tij = Cijklmxkxlxm (2.3.1)

which is of degree three in the components of a polar vector X; and

which is invariant under the group T] . From the table entitled Basic

Quantities T] , we see that

Byttan s tags tyg*ityg s tygmityg s tyy-tppt2ityy s by -ty)-2ity,
(2.3.2)
belong to YO’YO’YI’F]’YZ’FZ respectively and that
X3 x1+1'x2 , x]-ix2 (2.3.3)

belong to YO’Y]’FI respectively. Upoh employing the Product Table

T] twice, we see that

3

X3’

x3(x$+x§) , xg(x]+ix2) . (x$+x§)(x]+ix2) . xg(x]—ixz)
(x$+x§)(x]—ix2) R x3(x$-x§+21x]x2) s x3(x$-x§-21x1xz) s

(x+ix,)% 5 (xp-ix,)?
(2.3.4)

belong to YO’YO’Y]’Yl’rl’rl’YZ’FZ’YB’r3 respectively. Each of the
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quantities in (2.3.2) which belongs ta a representation Yp (say) is
expressible as a linear combination of the quantities in (2.3.4) which

belong to Yp . Thus, we have

I " : !
}t]]+t22 ' €4S | !
i [ - H
I 1 o
i ta3 l 1 C3:Cq |

t]3+it23 = csxg(x]+ix2) + c6(x$+x§)(x1+ix2) R
2, . 2.2 .
-ityy = c5x3(x]-1x2) + c6(x]+x2)(x]-1x2) . (2.3.5)

-t +2it 2 2

ttpt2ityy = cpxglxy-x*2ixyx,)

L - 2 2 ..
tn-t22-21t]2 = c7x3(x]-x2-21x]x2)

where ES""’E7 denote the complex conjugates of CgsevesCq -
We next consider the problem of determining the form of the polar

vector-valued function

X; = Cijksjk + cijklmsjkslm (2.3.6)

of the symmetric second-order tensor Sij which is invariant under

the group T2 . We employ the notation

51 % 311%Spp » 3p = 333 5 S3 = S3+iS,3 5 54 = =313%iS,3
S5 = S117522%21515 5 Sg = 511755,-21S¢, .
(2.3.7)
We note that S4 = —§3 and 56 = §5 . From the table entitled
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Basic Quantities T2 , we see that

R . T
X3 ,||x]+1x2,-x1+1x2H (2.3.8)

belong to Yo and Y respectively and that
T T
S » Sy 5 115353411 5 1iS5sSglh (2.3.9)

belong to Yos Yoo M and Yo respectively. In (2.3.9), we have used
the notation (2.3.7). Upon employing Product Table T2 » we see that
the 21 products of degree two in the Si(i=1,...,6) belong to the

representations listed below.

2 s2.55.,5.5,,5.S

$123525157153545355¢

T T ' T
iz SJIS3SI s SyI5811 5 lisgSg54])
. T T 2 2T
Yai SilSgaSell - SalsS6ll o IF3+Sall (2.3.10)
T
Y33 1153555,5l

2 2T
Yq° ”55’56”

The constitutive equation (2.3.6) may then be written as

_ 2 2
X3 = c]S1 + CZS2 + c3S.I + c452 + c551S2 + c6$3S4 + c755$6 s

q | ) .
x]+TX2 '= Cgs 0: j S3 . ch, 0 ! 55153 (2.3.11)
X +ix, 710 gl S, “0 . °9.l ;s]s4
. 1100 © i5253i leqr 0] 15,8 l
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Since -x]+ix2 = —(x]+ix2) and 54 = —S3 ., we see that g = Cg
which implies that Cq is a real number. Similarly, we see that Cq »
10 and 1 are also real numbers.

We next consider the problem of determining the form of the

polar vector-valued function

Xy = cijksjk + cijkzmsjkszm (2.3.12)

and the axial vector-valued function

25 = 4S5k * skanSikSem (2.3.13)

of the symaetric second-order tensor sij which is invariant under

the group T3 . We employ the notation

51 % S11%Spp » Sy = S33.5 53 % Sy3+iS,3 5 S = 5371555

(2.3.14)

= 5117522721345 5 Sg = 39975957213y, -

We note that S

t
(721}

4 = §3 and S6 =S - From the table entitled Basic

Quantities T3 » we see that

X3 s X3tixy 5 Xy=ixg (2.3.15)
belong to FO’Y1’§1 respectively, that

ag » a]+ia2 , a]-ia2 (2.3.16)

belong to YO,F],f] respectively and that
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S

'I’SZ!

S3 s 54 s Sg » S6 (2.3.17)

belong to YO’YO’F]’EI’YZ’;Z respectively. Upon employing Product

Table T3 » we see that the 21 products of degree 2 in the

Si(i=1,...

,6) belong to the representations listed below.

2 2
ST s Sy » $15, » S35, » SsS¢
$1S3 » Sp53 » 45
S1S4 » Sp54 » S35
2
$155 » 5,55 » S5
5 | (2.3.18)
3355
2
S5
2
S6

With (2.3.15),...,(2.3.18), we see that there are no terms of degrees

1 or 2 in the Si(i=1,....6) which belong to any of the representa-

tions to which X3 ,x]+1'x2 ,x]-ix2 belong. This implies that a con-

stitutive expression of the form (2.3.12) is ruled out by symmetry

considerations. The constitutive expression (2.3.13) may be written

as
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[-1]
1]

2 2
3 d]SI + dzs2 + d3S1 + d4S2 + d551s2 + d65354 + d75556 .

a; + ia2 d853 + dQS1S3 + d]OSZS3 + dnS4S5 s (2.3.19)

= dBS4 + dQS]S4 + d]05254 + d”S3S6 .

[«Y)
—

[
e
[+3)

N
|

With the notation d8 = e8+if8,...,

(2.3.14) that (2.3.]9)2 3 May be written as
3

d]] = e]]+if]] , we see from

i l - ! - |
13 | el ] (51075220515 + 25155
|+--.+ ; 1 T o
i !
523 fls el | =(S117522)513 * 2515523 |
(2.3.20)
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3. The General Expression for Vector-Valued and Second-Order
Symmetric Tensor-Valued Form-Invariant Functions

Let Gij denote a symmetric second-order tensor. The functions
N(Gij)’Pg(Gij)’Tkl(Gij) are said to be scalar-valued, vector-
valued and second-order symmetric tensor-valued functions which are

invariant under a group T if

H(QGQ") = W(G)
Ty _
P,(Q6Q") = QP (6) (3.0.1)
Ty .
Tkl(ggg ) = kaQRnTmn(E)
for all Q such that Q belongs to the group T ., The determination
of the general form of such functions is essential for constructing
constitutive equations which express explicitly the symmetry of the
material. If we consider w,Pz,TkZ-to be polynomial functions in the
]
and Tkz(G) of the forms

G, . , then we may determine canonical expressions for W(G).P,(G)

W= zciliz...inl11122" N
E = a]g] +,..+ amgm » P = P2(2=1,2,3) (3.Q.2)
T=8N .+ BN, T= Tkz(k’2=]’2’3)

where the 01s--.5B,. are polynomials in the elements I],...In of

an integrity basis for functions of G invariant under T and where

91°--’Qm s ~1""’Nr are vector and second-order tensor-valued

functions which are invariant under T .
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It frequently happens that polynomial relations exist between
the set of invariants which form an integrity basis. Such relations
are called syzygies. Smith [ 8 ] has shown that, for each crystal
class, one can make use of the syzygies between the I]""’In to
express W in the form

W= SO+SiL1.+SiJ-LiLJ. (i’j=],2:---,n-6)

where the SO,...,S.. are polynomials in six functionally independent

1]
invariants K]’KZ""’KG chosen from the integrity basis I]""’In
associated with the crystal class considered and where LI""’Ln-G

are the remaining n-6 elements of this basis. It will be shown in
this section that similar results may be obtained for vector-valued
and second-order symmetric tensor-valtued form-invariant functions.

The symmetry properties of the 32 crystallographic groups are
defined in terms of the matrices I,C,R],RZ,R3,...,M],M2 which are
listed below
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I = diag(1,1,1) ,

€ = diag(-1,-1,-1) ,

R1 = diag(-1,1,1) , R2 = diag(1,-1,1) , R3 = diag{(1,1,-1) ,
D, = diag(1,-1,-1) , D, = diag(-1,1,-1) , D3 = diag(-1,-1,1) ,
(3.0.4)
11 0 0 , 0 0 1 0O 1 0
T.I = |0 0 1 | R T2 = 0 1 0 ’ T3 = J1T 0 0
01 0O 1 0 0O 0 01
-1/2 /3/2 0 -1/2 -J3/2 0
S] = |-/3/2 =-=1/2 0 s 52 = v3/2  =1/2 0 ’
0 0 1 0 0 1
0 1 0 0 0 1
M] = {10 0 1 ’ M2 = (1T 0 O
1 0 0 01 0

Since the techniques employed here involve the use of generating
function, we outline in §3.1 some theoretical background concerning

generating functions. The step-by-step illustration of the procedure

we employ is shown in §3.2. In §83.3, we list the results thus obtained

for each of 32 crystal classes.

3.1. Generating functions

Let x be a column vector consisting of all the independent com-

ponents of the quantities (vectors, second-order tensors, ...) being

considered. For example, for the symmetric second-order tensor Gi' ’

J

) T
X = (6975655,633,653:6837:6¢5)" -

-39-



Given a group T , for any Sel' , the result of applying S to

x will be another vector x' in general, and we may write x' as
x' = A(s)x , Ser (3.1.1)

where A(s) 1is an nxn matrix. A1l such e(s) form an n-dimensional
matrix representation of the group T . According to group representa-
tion theory, for a finite group T , every representation is equivalent
to a unitary representation. Thus we may assume that our representa-
tion {A} 1is a unitary representation.

When x undergoes the linear transformation

x% = iAikxk » A= ”Aikll ) (3.1.2)

the monomials of degree f
Xp Xy Soux B, (r]+r2+...+rn=f) (3.1.3)

undergo the Zorresponding linear transformation Qf » where e is
the symmetrized fth Kronecker product of 5 . Since 5 is unitary,
A can always be diagonalized; i.e., we can always find a matrix U

such that

UTAU = € = diagle;rep,..ie) (3.1.4)

~ ~

Assuming Q to be in the normail form € , it is easy to see that

under the influence of A , each monomial in (3.1.3) is multiplied by

the factor
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Erlerz Ern
172 °"""n ?

i.e., the corresponding transformation A_. 1is also in diagonal form.

Therefore

r‘l r‘2 r‘n
Trﬁf = Ze] €5 e uEy Pf (3.1.5)

where the sum is over all non-negative integers Fyseesslp whose sum

is f .

It is well known that

T L ez o,z <t (3.1.6)

Thus

L . Pezt (3.1.7)
(]-E]Z)(]-ezz)...(]-enz) f=0

where Pf is defined by (3.1.5). Since det(g-zg) = det g'](E-zA)U =

~ ~ o~

det(g-zg']ﬁg) = (1-e]z)(1-ezz)...(1-enz) » we have

—L— sy op T (3.1.8)
det(E-zA) =0

If {A} 1is a representation of the group T , {Qf} is also a

representation of I' . The number of times the vth

irreducible
representation I‘\J occurs in {Af} is the same as the number of bases

for Fv which are linear combinations of the monomials
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Since the bases thus obtained are linearly independent poiynomial
functions of degree f in the X5 we have the following important
result.

The number a¥ of linearly independent functions of degree f

in the X3 which belong to, Pv is given by

i (“)(S)
det[g-ze(s)]

I~ 8

v,f_ 1 s
ay ~ ¥ (3.1.9)
f=0 f g Sel

where g is the order of group [ , i(v) is the complex conjugate of

th

the v simple character and {A} 1is the matrix representation of

r.

In group representation theory, a function F (x;) 1is said to

IRVAIN
th

belong to the v irreducible representation Fv if Fv is a base

th

function for the v jrreducible representation. For the sake of

convenience, we call such a function Ev a T, -type function.
Suppose that gk(xj) isa T -type function. Then for any

scalar-valued invariant a(xj) R agk is also a T -type function.

Given that 91’-"'€m form a basis for Pv -type functions, each

Fv -type function Fv may be expressed in the following form

f\) = a]J] + uzg?_ +...+ cxmgm (3.1.10)

where the @, are of the form (see egn. (3.0.3))

a = S0 + SiLi + SijLiLj , (i,3=1,...,n-6) (3.1.11)
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. T . . .
if x= (G]],622,633,623,63],612) . Substituting (3.1.11) into
(3.1.10), we have

Fu = Sidic * Siidy * Sqpibitsde » (ad=laean=65k=1,....m)
(3.1.12)

where the Sk"" S are polynomials in the quantities K < K

*7ijk 1°°°°27%6

and where K1""’K6’L]""’Ln-6 form an integrity basis.

In general, only a few terms in ‘Ligk and Lingk are needed,
the others being redundant. The question is, how many terms of the
form Ligk or Lingk are needed. The generating function can give
us the exact answer.

Starting from (3.1.9), the number of linearly independent
£

Fv -type functions of degree f is given by the coefficient of =z

in the expansion

=(v) -
Ly X B F
9 Ser det[E-zA(s)] f=0 |
Suppose that the 6 functionally independent invariants K],...,K6
are of degree i],...,is in X respectively. Then
T v.f Z )
z afZ = H 3 I (3.'.]3)
f=0 (1-z 1)(1-z 2)...(1-z &)
where
=(v) . . .
X'/ (s) i i j
Z = (1-2 H)(1-2 2)...0-2 &) . (3.1.14)

1
9 ser det[E-zA(s)]
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We can choose the invariants Ki(i=1,2,...,6) such that Z is a
polynomial in Z , i.e.,
N

Z= Y b2P (3.1.15)
p=0 P

If this is the case, then bp gives the number of linearly independent
terms Ligk and Lingk appearing in the canonical expression for

f\) which are of degree p in the xj . In general, the number b
is much less than the number of terms Ligk and Lingk appearing in

(3.1.12). We can thus simplify the canonical expression for Ev

enormously.

3.2. Application of the generating function technique

In this section, we will show how to use the generating function
technique to obtain the general expression for vector-valued and
second-order symmétric tensor-valued form-invariant functions. The
group considered in the example is a crystallographic group and hence
the results given in [ 6 ], [ 9 ] may be used. In the example, we
will 1ist all the syzygies employed.

Example: Tetragonal-scalenohedral class, D2d
For this group, the irreducible representations are given below.

The matrices I,D],...,D]I3 comprising the group D2d are defined in

L 61].
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Table 3.1 Irreducible Representations: D

2d

I D, Dy Dy T3 073 DTy D57,

ry 1 1 1 1 1 1 1 1
r, 1 -1 -1 1 -1 1 | -1
r, 1 1 R 1 1 -1 -1 1
I, 1 1 1 1 -1 -1 -1 -1
5| B F O F - KL 4

The matrices E,...,L appearing in Table 3.1 are defined by

l'l 0 1 o I 0 1 0 1
E=lo 1 F o callo %=1y offsLt= |l ol-

The basic quantities are Tisted in Table 3.2. By basic quantities,

we mean the quantities consisting of linear combinations of the compo-

nents of Gij’Pz’Tkz which form the bases for the representations

r .
v

Table 3.2 Basic Quantities: D

2d
I 633:611%G22 5 T33:T11*Tp,
)
Iy G123 P33 Typ
Ty 611762 5 Ty-Ty,
g (6y3:637)" 3 (PaPp)T 5 (TpquTyy)]
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The expressions for det(E-xQ) for the matrices A comprising the
group D2d are given in Table 3.3. The integrity basis for this
group L 8 ] is given by

) ) i o2 42
1= G11*Gyp 5 Ky = Gyy6yy 5 K3 = G335 Ky = GogtGgy

22 2 i ) 2 2
5 = 653037 » Kg = Gyp » Ly = Gpgb3y6qp » Ly = (Gy-Gpy) (G3-633) .

Table 3.3  det(E-xA): D

2d
A det (E-xA)
I (1-x)®
;,0, (1-x)2(1-x%)?
Dy (1-x)%(1-x%)2
s 2,2
Ty0gTs | (1-x)2(1-x°)
2
0,T5.0,T, | (1-x°) (1-x%)

The generating function is in the form

z
GF = (3.2.1)
(1-X)2(1-x2)3(1-x4)

where Z 1is given in Table 3.4.
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Table 3.4 Z: D

2d
F] 1+2x3+x6
FZ x2+2x3+x4
F3 x+x2+x4+x5
Iy x+x +x x>
I'g x+2x2+2x3+2x4+x5

(1) General expression for I‘1 -type functions.
From Table 3.4, we have

Z=1+2x3 + x8

The corresponding terms are

3. _
X2 by = Gp365:6yp s

3. _ 2 .2
XTt Ly = (Gq-Gpp) (634-Gy3)
8L

We then have the general expression for F] -type functions (invariants)
F] = S0 + S]L] + SZLZ + S3L]L2 (3.2.2)

where the S ,...,S3 are polynomials in the quantities K],...,K

0 6 °
(2) General expression for P3 -type functions.
From Table 3.4, we have

L=x+ x2 + x4 + x5 .
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The corresponding terms are

x i L =6y
x2: 12 = 62363] ’
LI,

x5: LZIZ .

We have the following identities:

-
—
I

151 % Kelp 5 Lyiloly = Keloly s

112 = Kgly » LiLoly = Keloly

—
—
s

The general expression for F3 -type functions is then given by

F3 = S]I] + 3212 + S3L211 + S4L212 (3.2.3)

where the S],...,S4 are polynomials in the quantities K »K

'l’..l 6 L]
(3) General expression for I, -type functions.
From Table 3.4, we have

Z=x+ x2 + x4 + x5

The corresponding terms are

x i o Jy= G]]'GZZ s
i 0, = 6506
x4: L]J] .
: Lyl
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We have the following identities:

Lody

2
(K]-4K2)J2 s L]LZJ]

2
(K]—4K2)L]J2 ,

LZJZ

n
[l

2 - (Kl
Consequently, the general expression for F4 -type functions is
F4 = S]J] + SZJZ + S,L,Jy + S,L,J

3197 + Sy (3.2.4)

where the S],...,S4 are polynomials in the quantities K],...,K

6 -
(4) General expression for I'g -type functions.
From Table 3.4, we have
Z=x+t+ 2x2 + 2x3 + 2x3 + 2x4 + x5
The corresponding terms are
G
% N] 623 ,
N 31
-G
2. N _ 23
X7 Ny = (Gyy-Bp) |l g |1
31
G
2 31
x: N,=G s
23 12 ||G,y5 (3.2.5)
G
3 31
x“: H, = G,,(G,,-G,,) .
~4 12711 722 -623
. G
3. . 3
X": e = G,,6
~5 23731 623 R
4,
2x : L]§] s LZN] s
5,
71 LNy
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We have the following fdentities:

ltz 7 Kglls o 2yfly = Kelloli=Keli) o Lylg = KeNy s

2 ]
Lally = (k-8R (Kglly-2g) o Loy = KeNgs2Lyh,

_ (vl , _ .
LoNg = (Kp-4Kp) (KgHg-2LiNy) 0 2LoNg = Ky (Lol -KyN, J+aKg,
_ 2
bibally = KglyNat2iely o LyboNy = (Ky-4Kp) (KglyNy-2Kehs) s

2hitally = KyKg(Lolp-Kylp1+aKoKeN,

= (k¢ -
Litaly = (Kyj-4Kp)Kg(KaNg=2KgNy ) 5 LyloNg = Kg(KghgvalyNy)

Consequently, the general expression for Fs -type functions is

given by
5
Fs = L Silli * Sglalyy + ;L3 + Sl (3.2.6)
where the S]""’SB are polynomials in the quantities Kl""’KG .

We are now in a position to determine the general expressions for
Pz and Tkz . For a vector-valued function Pz(Gij) , from Table 3.2,
we know that (P],Pz)T belongs to I'g and P3 belongs to ry -

We then have the general expression for Pg(Gij) .

P
P

1
2

5
2
i=1

aiﬂi + a6L]§ + a.L.N

1+ 2l T aghol

2 872~1 °?

©
fi

b, I

3 = b, +b

2lp * bloIy + bylyl,
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where the quantities A1seeerdg s b1,...,b4 are polynomials in the
quantities K]""’KG and where the Nl""'ﬂs are defined by
(3.2.5).

For a second-order symmetric tensor-valued function Tkl(Gij) .
from Table 2.2, we know that Tn+T22 and T33 belong to F] H
T]Z belongs to P35 T4 Toa belongs to Ty and (T23,T31)T belongs

to re . We then have the general expression for Tkl(Gij) .

+T,, = C, + c]L +c¢,L, + c,L,L

1722 = S 1 ¥ Sl t gL,
Ty3  =dg t diLy +dol, +dlLL,
Tiog = el) +eply +eglsly +gylol,
Ti17Ta = fidy + fodp # Fflydy + f4L00,
Tpy 5
Tl " .21 9Ny + gglaNy * 9,40, + ggloh,
1:

where the quantities co,...,C3 , dO""’d3 s €13e00s8y f],...,f4

and 9ysee.s9g are polynomials in the quantities K],...K6 .
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3.3 Canonical Expressions for Quantities of Type I - the
Crystal Classes v

In this section, we present tables which give canonical expres-
sions for quantities of type L for each of the crystal classes
(except for classes T,Th where technical difficulties arise). We
see then from the examples given in 3.2 that the information in the
tables given below enables us to determine the general expressions
for vector-valued functions Pi(GkZ) and second-order tensor-valued
functions Tij(le) which are invariant under a given crystallographic
group. We list tables defining the irreducible representations Fv
associated with the crystallographic groups. The characters
x(v)(ﬁi) of the irreducible representations r, may be obtained im-
mediately from the tables giving the irreducible representations. We
also list tables giving basic quantities in terms of 1inear combina-
tions of the components Pi ’Tij and Gij . The generating functions
are given by GF(Fv) = Zv(x)/D(x) . The quantities Z, are Tisted in
the tables. We also tabulate the canonical expressions for quantities

of type rv . These expressions are of the forms a0+a]L{+...,...,

c]g]+c292+... where the Li,...,J]

.
~

are quantities of types
F],...,Fv and where the coefficients rdpseeesCsCpsea.  are poly-
nomial functions of six functionally independent invarients

K]""’KG .
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3.3.1 Pedial class, C I.

‘l!
Since the materials belonging to this crystal class possess no
symmetry properties, there are no restrictions on the form of the con-

stitutive expressions. We have
P * S -
P'I - PI(G]]a6223G33s623:G3] sG]z) ’ (1"] ’293)
_ 1% s s
Ti,] = T.ij(G]]:GZZ’G33)Gz3,G3] 9G'|2) L] (]’J 1’233)

where P: . ™

i are polynomials in the indicated arguments.

-53-



3.3.2 Pinacoidal class, Ci,(I,C)
Domatic class, Cs'(l‘R )

Sphenoidal class, C,5(I,D,)

Table 3.5 Irreducible Representations: Ci,CS,C2
G| Lo
cs L E]
Cy I b
F] 1 1
P2 1 -1

Table 3.6 Pinacoidal class, Ci

I.R. Basic Quantities | Z, Canonical Expressions
Ty | MioTazeTag | GyqaGppeB33 | 1 | 3

T23:T315T12 | Gp3:03956yp
T, P, 4Py Py 0 None

Integrity Basis: Ci

Kpos oo aKg = Gy128pp:833:673,637:6¢5

Generating Function: Ci

4
GF(T ) = —2
(r,) )"
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Table 3.7 Domatic class, C

S

. ... Canonical
I.R. Basic Quantities Zv Expressions
I T112T22:T332Tp3 | GyysBgp0633:653 | 197 | agra Ly
P2sP3
Ty | T312Ty2 G314612 2x | byG3y*byGyy
P
Table 3.8 Sphenoidal class, C2
. L Canonical
I.R, Basic Quantities Zv Expressions
N T11°T222T330 T3 | By726p0s63346,5 | T4x7 | aptal,
Py
I | T315Tqo G314Gyp 2x | boGa +be6y,
PysPy

Integrity Basis: CS,C2

2. ,62

Gpp1633:653:637,6y5

K]""’KG = G]],

Ly = G,,6

1 23731

Generating Function: Cs’CZ

Z
GF(T ) = Y
") (1-x)*(1-x%)?
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3.3.3 Prismatic class, C2h’(£’9’51’9])

Rhombic-pyramidal class, C2v’(£’52’53’g1)
Rhombic-disphenoidal class, Dz’(£’9]’92’93)
Table 3.9 Irreducible Representations: CZh’CZV’DZ
C2h I D] R] C
C2v I D1 R3 R2
D2 I D] D2 03
F] 1 1 1 1
P2 1 1 -1 -1
F3 1 -1 1 -1
F4 1 -1 -1 1
Table 3.10 Prismatic class, C2h
. . Canonical
I.R. Basic Quantities Zv Expressions
2
I T12T220T332Toz | GyyG2p003306p3 1 14X | ag*ayly
F2 P] 0 None
F3 P2,P3 0 None
Ty | T312Ty2 G31:6q2 2x byG31%0: 6y
Integrity Basis: C2h
K K. = Gy 3G yGon yGon y G2y G2
1°°°°*"6 11°722*733*723°731°712
Ly = G365

Generating Function: C2h

GF(r ) = 5

AV (]'X)4(]-X2)2
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Table 3.11 Rhombic-pyramidal class, C2v

I.R. | Basic Quantities z | Canonical
. v i Expressions
. 3
I T2 a2 T33s Py 1 GypaBpgelyg 14T 1 agtally
2
Ta | Ta3 Ga3 ; X+x boGo3*b163161p
. 2
T3 | Ti2s Py G2 i X*¥X" | el p+eyGy36s,
. 2
g | G315 P3 631 | XX dgligytdyByoBag
Integrity Basis: C2v
. 2 2 .2
KiseoesKg = G111Gpp1633,654,631,6y5
Ly = Gp383¢Gy5
Generating Function: C2V
7
GF(r ) = >

v (103093

Table 3.12 Rhombic-disphenoidal class, D

2
) " el
I.R. Basic Quantities Zv ' Ei;;ggg?ons
3
I T11°T222T33 Gy12Gp20035 | X7 | agtayly
. 2
Tp | Ta3s Py Ga3 | X7 1 boliyathyGag 6y
. 2
ry | T33Py Gs9 X¥x" 1 Caliaq+ey6y36ys
. 2
Ty | Ti2s P3 Gyo XX 1 dglyptd GysGay
Integrity Basis: D2
_ 2 2 2
KyoeeesKg = Gpys655:06335G54,639,6y5
Ly = 636346y

Generating Function: 02

GF(r ) oy
I" =
Vo (1-x)301-x8)° -s7-




3.3.4 Rhombic-dipyramidal class, DZh’(l’E’B]’BZ’B3’9]’92’93)

Table 3.13 Irreducible Representations: DZh

i
on ! I 5y D, D3 ¢ Ry R Rg

Iy 1 1 1 1 1 1 1 1
1 1 -1 -1 1 1 -1 -1
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Table 3.14

Rhombic-dipyramidal class,

D

2h
I.R. ‘ Basic Quantities Zv Eigggigilns
| 13
Iy T19T2oTag 1 Gypsapabaz | 187 1 agtagly
. T23 6y | xn® bglipy*ya,6y,
3 T3 83 o cgliyihegBagy
Ty T2 P | xix® dgy ¥y GygBy
|
e | 0 None
Te P f 0 None
P7 : P2 E 0 None
g E P3 ; 0 None
Integrity Basis: D2h
KysennsKg = G11"522";33'623"3.3.1’G%:z

Ly = 6y

Generating Fu

GF(FV) =

G316y;

nction: D2h
Zv
(1-x)3(1-x%)?
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3.3.5 Tetragonal-disphenoidal class, 54,(1,03,0 T DZTB)

~1.3?
Tetragonal-pyramidal class, C4,(I,D3,R]T3,R2T )
Tetragonal-dipyramidal class, C4h,(I,C,R3,D3,B]T3,R2T3,
0;73:0,T3)
Table 3.15 Irreducible Representations: S4,C4
Sa I D3 DyI3 Dyl
Cy I D3 BRIz Rplg
Iy 1 1 1 1
F2 i 1 1 -1 -1 |
F3 1 =1 i -1
F4 1 -1 -1 i

Table 3.16 Irreducible Representations: C

4h

Can | I D3 RT3 RT3 & Ry DTy DTy
F1 1 1 1 1 1 1 1 1
r, |1 1 a1 A 1 1 a1 A
P3 1 -1 i =i 1 -1 i ~i
Ty 1 -1 -i i 1 -1 -i i
F5 ; 1 1 1 1 -1 -1 -1 -1
Te % 1 1 -1 -1 -1 -1 1 1
ry : 1 -1 i -1 -1 1 -i i
Ig 1 -1 -1 i -1 1 i -3
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Table 3.17 Tetragonal-disphenoidal class, S

4
I.R. Basic Quantities Zv
i
. 2,4.3, 8,6
Ty 1 Tip*TapeTay GppeBy3 | Thx+ixiaxiux
rp T ToesTiz GypoGppelyy  20eiaxiex®)
Py
. . . 2,,.3,,.4,.5
F3 i T3]+1T23 : G31+1623 X+2X“H2x7+2X T +X
!
! .
: . : . 2..3.,4.5
Iy i T3] 1T23 631-1G23 X+2X°+2X7+2X X
- PptiR, |
I.R. ! Canonical Expressions
6
F] a0 + iE] aiLi +a7L]L2
{
4
r, 1-51 by + bglqdy + bglod,y + bilid, + bglods
I
4 — - -— - - - - - - —
r, ]_51 SRy + CoLiRy + Gl Ry + C4L,R, + ColaR,
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Table 3.18

Tetragonal-pyramidal class, C4

I.R. | Basic Quantities Z,
! 2 3.4 .6
O T*TaeTas | Gy*Gppefy - T+
P3 i |
I
r i 2,4, 5
2 T TaasTiz | G-6ppebyp | 20xtxinxiexT)
i |
. . ? 2 3 4. 5
F3 T3]T1T23 G3]+1G23 X+2X - +2x+2x X
P]+1P2
. . 2 3 4.5
F4 T3]-:1T23 G3]-1G23 X+2XTH2x74+2%  +x
P]-lP2
I.R. Canonical Expressions
| 6
r] a + iE] aiLi + a7L1L2
4
Pz izl biJi + bSL]J] + b6L2J2 + b7L]J4 + b8LZJ3
4
F3 iE] ciRi + CSLIR] + C6L2R1 + c7L2R2 + c8L3R1
4 _ _ - _ _  _ - _ - -
F4 igl ciRi + c5L1R] + C6L2R] + c7L2R2 + c8L3RI
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Table 3.19

Tetragonal-dipyramidal class, C

4h
I.R. Basic Quantities Zv
2,,.3,. 4.6
r Ta1=T0nsT G,4,-6G,,,6 i 2(x+x2+x4+x5)
2 11 '22° 12 11 “22°712
. . 2,,.3.,.4, 5

F3 | T3]+1T23 Gz3+1623 XE2XTH2xT 2% X

i . . 2,.,.3,,.4,.5
F4 i T3]-1T23 631-1623 XE2XTH2XTH2X T +X
rs i P3 0
F6 0
F7 P]+1'P2 0
F8 P]-iP2 i 0
I.R. _ Canonical Expressions

| 6 .
F] i ao + iE] aiLi a7L1L2

| 4
. I iy ¥ Bglydy * bglady ¥ blydy + Bglyds

4

f3 | LE CiRi T cshiRy * celafy * crlafy * cglsRy

O
R L e I A A
F5 None
F6 None
F7 None
r8 None
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Integrity Basis: 54,C4,C4h

2 G2 GZ GZ

2
G336 3120230372072

K 33623

=G,, +G

11+ G220611622> *G

],...,K

6
Ly = GpaGasByn 5 Lo = (619-6,,)(G2,-62,) , Ly = Gun(Gyq-6,,)
1% 623631615 » Ly = (Gy47Gpp)(G37-Gyp) 5 Ly = Gypl6yy-6Gy5)

) 2 2
117622) » Lg = G363 (631-653)

—
]

2 2 _
= Gp(637-633) » Lg = Gp3b3(G

4 23731

Quantities of type Fz appearing in Tables 3.17, 3.18, 3.19

_ . 2 2
Jp = Gyy=Gpp 5 J5 = Gyp 5 J G31 » Jg = G363

2 = Byp » J3 = Gyq

Quantities of type T, appearing in Tables 3.17, 3.18, 3.19

3
R

R G,,+iG

1 = Gg+iGyg s Ry = Gyo(B3=i6ys) 5 Ry = (Gy1-Gyp) (G3y=1Gp3)

Ry = Gp3639(634-1Gy3)

Generating Function: S4,C4,C4h

GF(T ) = >
V(102053 (1-xY)

In table 3.17, the quantities Cgr-+sCg appearing in the colunns
headed Canonical Expessions are polynomial functions of the invariants
K],...,K6 where the coefficients in the expressions for Cqs-sesCqg

are complex numbers. Thus,
Cy = (a]+ia2) + (B]+i32)KI + (Y]+iY2)K2 + ...

The coefficients EO""’EB and the quantities ﬁ]""’§4 are the

complex conjugates of the coefficients Cooe++sCg and the quantities

R .,R4 respectively. Thus,

],--
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O
[}

1 (u]'iaz) + (B]'le)K] + (Y]-TYZ)KZ ...

Ry = G31-16y3 seees Ry = GpgBay (G +iGys) .

We note that the expressions for the complex quantities such as
T3]+1T23 and T3]--1T23 which are of types P3 and F4 respectively
may also be written in real form. For example, we see from Table 3.17

that for the crystal class 54

Ty +iT,5= (a]+ia2)(G3]+iGz3) + (B]+i82)K (G3]+i623) + ...
+ (a +1‘a2)L3(G3]+iGZ3) + (B]+182)K1L3(G3]+i623) + ...

Upon separating the real and imaginary parts of this expression, we

obtain
Tl o e o2l (Sl B0 ' ],
Ta3ll %2 o M) |[G23l sz > er]] | %423
ar 5 ~os || |L.G Br » -B. K,L.G
o 178 I 2 LIEIE1Y D
a syl |[L3Gas]l [[By s Byl {[¥4L30p3

The real form given above may be more convenient in applications.
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3.3.6 Ditetragonal-pyramidal class, C4v,(l,5],52,93)-(1,13)
Tetragonal-trapezohedral class, Dys (I,D],D 03,CT4,R, T

~2°= 3°.1.3?
RaT3:R313)
Tetragonal-scalenohedral class, DZd’(I’91’92’93).(£’I3)
Ditetragonal-dipyramidal class, D4h’(£’5’51’82’53’91’92’93)'
(I,T,)
Table 3.20 Irreducible Representations: C4v’D4’DZd
Co | 1 B R/ I Rl Bl 0l
Oy | 1 LY I - L T L B LA L
Dog | ! Dy D 0 T3 DIz DRIz D3
I‘.| 1 1 1 1 1 1 1 1
I, 1 -1 -1 1 -1 1 i -1
ry 1 -1 -1 1 1 -1 -1 1
) 1 1 1 1 -1 -1 -1 -1
g | e FE O E B KL LK
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@ ¢suoL]eluasauday a|qLonpadd]

S 3- 3 3 3 3 - 3oy
L L L L - - - -] &
- 1 L - -1 L - | &
L - -1 - 1 L - | 4
R O T T TR TN TR TN B
3 3 - % 3 33 3 51
- - - - L L L L v
L - -1 L - -1 €1
-1 L - 1 - - L ¢
L L L 1 L L L L Ly
€8g f1% filg f1 & & Ly 7 | Y
3 i - ¥ 3 3- 3 3 0L,
- L~ N CRN | L L L 6;
L L- - 1 L - L- L 8
- 1 L -1 - - L L
L L L L L L L L 8
3 3 - 3 3 3= 3 3 S
GO T CO CRN L L L &
L L- - L L - - ] t1
L- L 1 - 1 - L- ] ¢1
L L L L L L L L Ly
it fG fHhY I & a ta 1 g
P

[2*€ aiqel



In Tables 3.20 and 3.21, we have employed the notation

i

| | : I : ,
E='\1 Ol’“!l] o, g o i, . 10
~ % 14 =~ j0 -vi ~ 1o =1 0
Table 3.22 Ditetragonal-pyramidal class, C4v
I.R. Basic Quantities Zv
r Ty 4T, T 6 +G,,,G 1+ 2x3 + x°
1 11 '22* 33 11 "22°733
Ps
F2 x2 + 2x3 + x4
2 4 5
F3 T12 G]2 X +x° +x +x
2 4 5
Ty 1 T2 G11-622 X+ x" +x" +x
T T 2 3 4 5
Ty (T3],T23) (G3],623) X + 2x° + 2x7 + 2x + x
T
(P4P,)
[.R. Canonical Expressions
P] a0 + a]L] + a2L2 + a3L]L2
4
r x b.M.
2 j=p 11
I3 Cly * cply +e3lly + byl
r4 d]J] + d2J2 + d3L]JI + d4L]J2
5
g el *eghly +oeplilg + eglol,y
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Table 3.23

Tetragonal-trapezohedral class, D4

1.R. Basic Quantities Zv
r Tyo4Ton,T 6. 146...G 1+ 2x3 + 8
1 11722533 1176221633
Pz P3 x2 + 2x3 + x4
2 . 4.5
I T2 G2 X + X7+ X7 +x
2 4. 5
Ty T117 T2 G11-622 X + X7+ X7+
s (T23,-T3])T (623,-631)T x +2x2 + 23 + % + O
T
(P1.P,)
I.R. Canonical Expressions
I ag + 4Ly +ayl, +agl4l,
4
r £ biM,
2 j=p V1
F3 c]I] + CZI2 + c3LZI1 + c4L212
F4 d]J] + dZJZ + d3L1J] + d4L]
5 ,
r 5
> i=1 &% *egli @y e L Q5% eglQ,
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Table 3.24 Tetragonal-scalenchedral class, D2d
I.R. Basic Quantities ZV
r Tyq4T,0,T Gyq+6,,,6 1+ 2x3 + 40
1 1122?33 11 722*733
FZ x2 + 2x3 + x4
. 2 4 5
P3 T12’P3 G12 X +x° +x +x
2 4 5
Ty T T22 611622 X+ xT+x+x
T T 2 3 4 5
I'g (T23,T3]) (623,G3]) x +2x° + 2x7 + 2x7 + X
T
I.R. Canonical Expressions
F] ao + a]L] + a2L2 + a3L]L2
4
r L b.M.
2 ja1 i
F3 c]I] + c212 + c3L2I] + c4L212
F4 d]J1 + d?_J2 + d3L]J] + d4L.|J2
5
Tg ek T eghiRy tegliRs  egloh
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Table 3.25 Ditetragonal-dipyramidal class, D

4h
I.R, Basic Quantities ZV
r ToitT,,,T Gy 4G, ,G 1+ 2x3 + 8
1 11 '22° 33 11 7222733
2 4 5
F3 T12 G]2 X + x5 +x + X
2 4 5
3 4 5
Tg (T23,-T3])T ((;23,-(531)T x +2x% + 23 ¢ 2t + x
F7 P3 0
T
o (P],Pz) 0
I.R, Canonical Expressions
F1 a0 + a]L] + aZL2 + a3L]L2
F3 C]I] + c2I2 + c3L211 + c4L212
F4 d]J] + d2J2 + d3L1J] + d4L]J2
5
Fg Eeildi teghdy *eghds * gl
F7 None
F]O None
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Integrity Basis: C4v’ d4, DZd’ D4h

2 2 2.2
23 * B37» 631653, G

2

*G 12

G,46G G

22+ G11622> G

K]’...’KG = G

11 33°

_ ] 2 2
Ly = Gpgfiqips Lp = (Gyq7Gpp) (B3y-Gp5)

Quantities of type F2 appearing in Tables 3.22,...,3.25
= = 2 _g2 = -
My = Gyp(Gyq-6pp)5 My = Gyp(G3y-653)s M3 = Gp3Bgy(Gyq-Gpp)s

_ 2 2
Mg = G383 (634-654)

Quantities of type F3 appearing in Tables 3.22,...,3.25

I, =G I, = G,,G

1 12> "2 23731

Quantities of type F4 appearing in Tables 3.22,...,3.25

_ 2 2
Jy = Gyq=Gpps Jp = 639633

Quantities of type F5 appearing in Tables 3.22,...,3.25

Ny = (Gyq-6pp) | G31\

=Gy3 |

Ny = G| o N2 = Grz2 B3] - ’

G

12\
|

1823 3 |

Ng = 612(611'322)\

st!\’ Ng = Gp3Gs; %Gza |

1831 1831 |
Q = Gy3 |» Q= Gyp |-G33 > 93 = (613-Gpp) |6Gp3 \'
\'G31 | G23 S31 |
= - | = -
Qg = Gyp(Gyy-Gpp) v531 I Q5 = Ga363 ‘ B3] »
1523 | I G23
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Ry = !‘G Ry = 81 |lG31 ||» Ry = (Gyq-Gp) | 63
o | 623 B
By = G12(G19-6) | G5 ll Rs = G238 ,|‘531 I
{7823 1 Gz |

Generating Function: C4v’ D4, DZd’ D4h

z
GF(r ) = L
(r) (1-x)2(1-x%)3 (1-xY)
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3.3.7 Trigonal-pyramidal class, C3, (I,S],SZ)

Table 3.26 Irreducible Representations: C

3
% I 5 %
Iy 1 1 1
Ty 1 w wz
T3 1 wz w

Table 3.27 Rhombohedral class: C

3i

€3 ISy 5 € G G5
I‘1 1 1 1 1 1 1
P2 1 W wz 1 w w2
F3 1 mz w 1 m2 w
F4 1 1 1 -1 -1 -1
F5 1 w w2 -1 ~w -wz
F6 1 w2 w -1 —w2 -

2 appearing in Tables 3.26 and 3.27

The quantities w and w
are defined by

w=-1/2 + iV3/2, «®=-1/2 - iV¥/2 .
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Table 3.28

Trigonal-pyramidal class, C

3
I.R. Basic Quantities Zv
ry T1*TopeTas | 6pp¥0ppeBas | 1+ 2<% + 60 + 2x% + x5
P3
r, T3-iThs Bg7- 16y 2x + 3% + 2x3 + 3% + 2x°
T117T22%21Tqp | 6y9-Gp*216y,
P,-iP,
ry Ty +iT,s 631 +16,5 2x + 3x% + 23 + %t + 2
T117T2721Typ | Gy3-6pp-216y,
P +iP,
I.R. Canonical Expressions
F] a, + g a.L. +a L2 + a;ak,L, + a.,L4L
o* I ik T agly * agghaly okl
5
I (E Didi * (bgly#bylytbgla)dy + (bgly*hygl,)dy
* bylgds * byplsdy
5 _ _ - - - - - -
I3 [Z, Bydy * (bglybylytbely)dy + (bgly#hygly)d,
+ bylgdy +byplsd,
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Table 3.29

Rhombohedral class, €

3i
I.R. Basic Quantities Z,
r 2. .3..4. 6
1 TH+T22,T33 GH+G22,G33 1 +2x™ + 6x° + 2x™ + x
. . 2 .3..4..5
Fz T3]-1T23 G3]-1GZ3 2x + 3x" + 2x° + 3x7 + 2x
T11-Tpa*21T 5 | Gyp-6,5+21Gy,
I3 T31+1T3 G31*iGy3 2x + 3x% + 2x3 + 3% + 25
T31-T22-21Ty5 | Gyq-655-2i6¢,
Tq P3 0
I P.-1P, 0
r .
6 P1+1P2 0
I.R. Canonical Expressions
8 2
I Bt Bkt Y 310bats * Aylyly
5 |
Ty ii] b1.Ji + (b6L1+b7L2+b8L3)J] + (b9L1+bwL2)J2 + anGJ3
+ b12L5J4
r, Ib 3, + (bglytb Lytbgl )dy + (Bolythyoly)d,
* byqlgds + byolgdy
F4 None
F5 None
F6 None -76-




We employ below the notation

g = G3] - 1623, g = G3] + 1623, G = G]] - 622 + 21612 s

[N ]

= G-I-I - Gzz - ZiG]Z .

Integrity Basis: C3, C3i

_ = 3, =3 - 3 -3
K],a.aKs - G]] + 622’ GG’ G + G s 633’ gg’ g - g ’
L, = g6 - 3G, L, = g%G + 328, L, = §G° - gG2, L, = g& + GG,
1 2 3 4
.3 =3 _ 3., -3 _ a2 ==2 _ 2 -2=
Lg =G -G, Le =97 +97, L, = gG™ + gG~, lg =9 G - g"G

Quantities of type Pz appearing in Tables 3.28 and 3.29

Jyseeends = G, g, G, 32, GG

Quantities of type P3 appearing in Tables 3.28 and 3.29

- - = - 2 2
J],oocgds = G’ g’ G ] g * gG

The coefficients b],...,b12 appearing in Table 3.28 are polynomial
functions of the invariants K]""’Kﬁ where the coefficients in the

expressions for bl,a.,,b12 are complex numbers. Thus,

b1 (a]+1a2) + (3]+182)K] + (Y]+iyz)K2 +,..
and

b

1° (a]-iaz) + (B]-iBZ)K] + (Y]-iyz)Kz oo o

Generating Function: C3, C3i

GF(r.) = v
() (1-x)2(1-x%)2(1-x3)2
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3.3.8 Ditrigonal-pyramidal class, Cayo (2,51)-(1,§],§2)

Trigonal-trapezohedral class, D, (I,D])-(I,S],SZ)

Table 3.30 Irreducible Representations: C3v’ 03
Ca3v | 1 s S R R.S R,S
~ b | ~2 ~1 ~1=1 ~132
Dy 5 5% b D5 05
r] 1 1 1 1 1 1
F2 1 ] 1 -1 -1 -1
Iy E A B -F -G -H

In Table 3.30, we have employed the notation

E= v ol, A=|-172 /32
0 1] -/3/2 -1/2

, B=|-wv2 A2,

Az -1/2 )

F= 11 0 E, G=|-1/2 32|, H= |-1/2 -/3/2
; 32 1/2 =32 /2
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Table 3.31 Ditrigonal-pyramidal class, C

3v
I.R. Basic Quantities Zv
2,,.3,.4, 6

P] T”+T22,T33 Gn+622,G33 THxT4+2x7+x  +x

P3
Ty xZ+ax3+x*

T T 2,,.3,,.4,..5

r3 (731 ,T23) (G3],G.23) 2x+3x"+2x7+3x 2%

(2T10sT11-Too) T | (267,,6+4-6,,)7

12°°11 22 12*711 “22
T
I.R. Canonical Expressions
2

r] 2, + a]L] + a2L2 + a3L3 + a4L] + a5L2L3

5
Ta L DMy + bglM,

i=1

5
I3 L Cidy * (eglytesladdy *+ (cglyregly)dy + (eqglyteyLp)dy +

* Ciolady
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Table 3.32 Trigonal-trapezohedral class, D

3
I.R. Basic Quantities Z,
2.3 4.6
I T11* 7220733 Gy1%6525633 THXTH2XTHx X
Ty Py x2+ax 34t
T T 2..3..4..5

F3 (T3] ’T23) (G3'| '623) 2x+3x +2x +3X +2x

(2TnTan-To) T | (26:,,611-6,,)7

1221117 T22 1226117622
T

(st'P])

I.R. Canonical Expressions
2

I 3y + ajly * a5k, +agly taly +aglolg

5
r, 3 b+ bl

i=1

5
Py ] L cady ¥ (el *elpddy * (eglytegladdy * (eqglytenta)dy

* Ciolady

Integrity Basis: C3v s D3

_ 2 3 - 2
K]:-.-3K3 = G]]+622 ] (G]]'622)+4G]2 ’ (G]]-GZZ) - ]Z(G]] GZZ)G]Z

KysrresKg = 6 G2 2 63 _35.62

g = G33 » G37 * Gy3 » Gp3 = 36,5064,

) e 2 2
Ly = (Gyy=615)6y3+ 2653615 » Ly = (6)4-G,5) (631-65q) +4Gy56p563; »

2
12523 = 4(611-655)6¢ 565,

2
Ly = (611-6pp) " Gpg - 46

Quantities of type Fz appearing in Tables 3.31 and 3.32
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_ 2 3
1= (G1y=6p)G31=261)Goq » My = 3(Gyq=655)"6y5-4Gy,

3 2 ) 2 2
3 = 6317363,653 » Mg = (Gy-G,)) 63y -46y 563 +4(6y1-6,5)6 5655

2 2
g = (G116pp)Bp3G3¢-6y5(637-6y3)

=
1

=
I

=
|

Quantities of type F3 appearing in Tables 3.31 and 3.32

~ 11252 =Y || 730Gy 1-655)64,
N e a2 e 1T ece)oad |
i1 "117 %22 23 117722 12
;o= 2523Gg1 N R L P B P
Ja » Jg
631623 =(6y7-65,)6y3 + 26;,64,

Generating Function: C

GF(r.) = 3
VU (1020182 (1-x3)?
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3.3.9 Trigonal-dipyramidal class, Cgp,(I,R5)(1,5,,S,)

Hexagonal-pyramidal class, 06,(1,93)-(£,§1.§2)

Table 3.33 Irreducible Representations: c3h’C6
Cap | I 5 S, Ry RSy RS,
Ce 1 5 3 D3 D33 D55,
N 1 1 1 1 1 1
I‘2 1 w wz 1 w wz

2
I‘3 1 w w 1 w w
r 4 1 1 1 -1 -1 -1
I‘5 1 w mz =1 -w -m2
2
I‘6 ] w w -1 -0 -w
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Table 3.34 Trigonal-dipyramidal class, C

3h
I.R. ! Basic Quantities zv
ry T+ 1920733 611465633 1+3x3s2xt42x 043584
T, T”-T22+21'T]2 GH-GZZ+21‘G]2 x+2x2+x3+2x4+2x5+x6+2x7+x8
Py=iP,
o] TyTapdiTyy | Gyyppu2ity, | xeaxiediextaxiedied v
Pyt+iP,
r, P, 2x2+ax3+axOe2x’
F5 T31-1T53 G3y-16,4 x2S 43xt43x 0 +xO+x/ +x8
r T3 *iTy, 6yq+iGyg B +3x 43 08
I.R. Canonical Expressions
8 2
I 3 * L 24t T aghy * iolats anhily
5
Iy LBy + (Dgly*bylytbgla)dy + (bglytbygly)dy + byyledy *
C gy
r3 | L Bidy ¥ (Bghytorlptogly)dy + (blytygly)dy + byplels *
. + ByoLed
Ty | LGk * S7hiRs * gy * cghiRg * CygliRe * cqpla®y
5 * Cyabafy
g L a0+ (dglyrdylotdglytdglolty * dyglylly + dybally *
5 Tk
T I diNg + (dgly+dylytdglytdgle)Ny + dyglyNy + dyqloNy

wds
—

+dyolaN,
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Table 3.35 Hexagonal-pyramidal class, C

6
I.R. Basic Quantities Zv
3..4._5..6,9
F] Tn+T22,T33 G]]+622,633 TH3x7+42x +2x7+3x +x
P3
. . 2. 3., 4,5, 6,,.7,.8
r2 T"—T22+21T]2 G”—(522+21G]2 XE2xTEXTH2x TH2x VX H2x +x
. . 2. 3. 4,5, 6,,.7,.8
F3 T“-T22-21T]2 G.”-(5|22+21G.|2 XE2XTHXTH2X #2XTHX 42X +X
r, 2x2+ax3+4x0+2x/
. . 2, 3,.4.5, 6,7, 8
F5 T3]-1T23 G3]-1623 .x+x +x7H3xHIXTHEX R +X
P -iP,
e T3+iTys 631 +16ysg xtx2rxo+3xt3xO+xBex 48
p'l +1 Pz
I.R. Canonical Expressions
8 2
N ag ¥ 121 sk +agly *aggloly +aglyly
5
Fp 1 2 b3y * (bgly¥bylytbglaldy + (bglysbygla)dy * byylely *
t byolgdy
S _ _ - - - _ _ _ - _ _
T3 | L Bydi * (bglytbylytbalyldy + (bglyvhyghy}p * byybels *
* byolgdy
6
Tq (L GiRi * SgliRy ¥ cgliRy * cgliRg + cyglyRg * Cyqlahy
* calaRy
5
g L dily * (dglyrdzlprdglardglgdy + dyghyly * dyglally
+ d]ZL]N4
9 — _ - - _ — _ - -
Te | L diNy+ (dghyrdjlyrdghatdglolly + dyglyly + dyylpily
'l=
+ 8,0,
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We employ below the notation

g = G3]-'iG23 , g = G, +iG » G = Gy,-G,,+216G

31 23 11 22 12

G = Gy,-G,,-21G

11 22 12 °

Integrity Basis: C3h , C6

_ = 3,73 = 6,76
K]’...,KG-G]]+G22 'GG )G+G ’G33 )gg ’g+g

4= 4 2=2 =2 2

2. =2x -
Ly = 9°6+9°G . L, = €3

L 2-2 =

Quantities of type Fz appearing in Tables 3.34 and 3.35

],...,J =G s az > Gz 3 94 H E92

J 5

Quantities of type F3 appearing in Tables 3.34 and 3.35

Jpseensds =6, 92, 62, gt , 6g?

Quantities of type F4 appearing in Tables 3.34 and 3.35
_2—

Rys+-.sRe = G+Gg , Gg-Gg , 3433 , o3-3 , 62g+a%g , 6%g-6%G

Quantities of type F5 appearing in Tables 3.34 and 3.35

- s ~2
N],n.o,Ns = g s Gg . RZG 9 R4G ’ R3g

Quantities of type T6 appearing in Tables 3.34 and 3.35

N N = n P - 2
N],. .,N5 =g, Gg , RZG ’ R4G s R3g
Generating Function: C3h s C6
Z,
GF(PV)

C (1-0200-3)2(1-x3) (1-x5)
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3.3.10 Ditrigonal-dipyramidal class, D3h’(l’51’53’92)°(1’§1’§2)
Hexagonal-scalenohedral class, D3d’(l’§'51’91)'(2’51’52)
Hexagonal-trapezohedral class, 06'(1’01’02’03)'(1’51’52)
Dihexagonal-pyramidal class, C6v’(£’51’52’93)'(1’§1’§2)

Table 3.36 Irreducible Representations: D3h’ D3d’ DG’ C6v

D3 I Sy Sp Ry ReSy RS, Ry RSy RSy Dy D8y DS
Dygy I Sy S, € €S €S, Dy DS, DS, Ry RSy RS,
De I S; S, Dy DSy DS, Dy DiS; DSy D, D5, DS,
Coy I S S, D3 DSy DS, R, RS RS, Ry RSy RS,
S 1 1 1 1 1 1 1 1
, 1 1 1 1 1 1 -1 - 1 -1 -1
r, 1.1 1 -1 4 -1 1 1 1 -1 A -1
, 11 1 -1 - I -1 1 1 1
ey E A B -E -A -B F G H -F -G -H
re E A B E A B -F -6 -H -F -6 -H

The matrices E,...,H appearing in Table 3.36 are defined in

section 3.3.8.
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Table 3.37 Ditrigonal-dipyramidal class, D

3h
I.R. Basic. Quantities Zv
3.4 5 6,9
N T11*T220 733 G1146p91633 T e
F3 P3 x2+2x3+2x6+x7
T T 2. 3,.,4.,5 6,7.8
F5 (T23,-T3]) (623,-63]) XEXTEX T3 +3x T+ X
T T 2.3..,.4 5, 6
T'e (2T]2,T]]-T22) (2G]2,G1]-622) XH2X X742 42X X+
(P],PZ)T s2x" 48
I.R. Canonical Expressions
2
I ag * gy tasl, +agly +aly +agloly
F3 b]I] + b212 + b3I3 + b4_L]I2 + b5L]I3 + bGLZI]
6
Ts L Cidi *(eglythalateghaddy *eqghidy * enbads * ciplyds
5
To | L, iRy * (dghytdgly)Ry + (dglytdglyIRy + (dyglytdyly)Ry +
tdyolaRy
For the class D3h » we employ the notation
g = Gpg-iGyy g = Gyg*+iGyy & G = 26;,+1(Gyq-6yp)
G = 2G]2-i(G]]-622) .
Integrity Basis: D3h
- = 3 =3 - 6,-6
K]’...’KG—G11+622 ’GG ’G-G ’633 ’gg ’g+g
Lysecesly = 0%6-3%G , g*G-g%G , ¢%G%+g%6?
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Quantities of type Ty : Dy
I seees]y = 63-8g , g3+g® , 62g+a%3
Quantities of type Fs : D3h
| 6,, |l (641-655)6,3-26;,6 - - |lea
3 - ! 23y, - ! 22237521 | () 1zG ’
1% i (G117G2p)639*26:25,3 | 8117522
: 2 2
o] ! . lee . |le2,-6
3g = (2483 | 3 ;i, Jg = (93'93>|i L A A Rl
ii 823 i 6117622 26363,
Quantities of type I‘6 : D3h
; |
26, J | 26,363, !] !' ~4(Gy1-0p,)61,
R, = 1 R, = {i i R, = i
R » Ry =l 2 2 s R3= 2 ,
Gy1=Gpp | | 6317623 | 1 (G47-Gpp) ass,
| 2 .2
| 46,564 (65,-63,) 2(6y1-6pp)GpB3y + 2Gy5(B3-Cy3) !
Ry = 2 Rg = ]
465655~ (65,-G53)° - (Gyq-Gpp) (651-653) + 4Gy ,Gyq6s; |
Generating Function: D3h
z
V

GF(I‘\)) =

(1-x)2(1-x2)2 (1-x%) (1-x%)
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Table 3.38 Hexagonal-scalenohedral class, D

“3d
1
I.R. Basic Quantities Z,
2,.,.3, 4.6
I T”+T22,T33 G”+622,G33 THx"+2x7+x  +x
Tg P 0
T
Te (Py5P,) i 0
T 2,,.3,.4.,5
I's (T3-| sT23) (G3.| ,G23) 2x+3x“4+2x7+3x T +2x
_ T
(271557177 T22) (2645,611-65,)
I.R. Canonical Expressions
a, + a,L; +a,L, + a,L, + a L2 + a.lL,L
T | 83 T 1ty T Ak T aghy Tty T aglyl,
Tq None
T's None
8
FG A bifi + (b6L1+b7L2)g1 + (b8L]+b9L2)g + (b]OL]+b11L )9 +
* byolady

For the class D3d » we employ the notation

g = G3.‘+iG23 y g = 631-1623 s G = ZG]2+1(G]]-G22) s

Integrity Basis: D3d
6~ 511%622 »

Lyseensly = g6+36 , Gg°

. = 323 - 33
K]’COO,K -G GG ,G G ’G33 'gg 99 g

’égz ’ ng_'ézg
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=3

Quantities of type

6 ° “3d
26y, 831 | ~4(Gy1-6p)6y,
Jy = J = i J. =
1 > L2 l » U3 2 .2
Gy1-622 Gog (Gy1-Gpp)"-4Gy,
= | i
2653837 ¢ i (B117Bpp) 6 +26: 563 |
J = f{ » J = L'
| 2 2 U ~5 I
G31-Gyg |j I -(6,1-655)653+26) 65, ||
Generating Function: D3d
z
GF(I) A4

VT 02 (1-3)2(1-x3)2
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Table 3.39 Hexagonal-trapezohedral class, D

6
I.R, Basic Quantities _ Zv
3, 4.5 6.9
F1 | T”+T22,T33 GH+GZZ,G33 THxT+x +x74x+x
r, : P, 2x3+x ¥ 4x2+2x8
T T 2
Tg (T23,—T31) (G23,-G3]) X+x +x3+3x4+3x5+x6+
(P],PZ)T ol 4B
T T 2, 3.4..5. 6
1‘6 (2T]2,T”-T22) (ZGIZ’GH'GZZ) XH2XTHX 72X #2X X+
s2x 48
I.R. Canonical Expressions
2
F] ag + a]L] + a2L2 + a3L3 + a4L] + a5L2L3
5
Ty I bMy + bl M,
i=1
6
Ts Lo Cidi * (eglyreglytegladdy + cqglydy + Cpalpds + cpplyds
5
Te Lo 948y (glyds IRy + (dglytdgly)R,
+ (dyglytdygLa)Ry + dyplaRy

For the class D6 » we employ the notation

97 Gp3miB3y w9 = Gpgtilyy o G =264 (Gyy7Gpp)
G = ZG]Z-i(G]]-Gzz) °
Integrity Basis: D6
- 5 3.3 = 6,26
Kjoeeeske = Gpp¥eyp o 66, 6267, Gy3 5 9 . 94

L1,...’L3 - ng-aza [ g 6-54
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=4

Quantities of type Lyt DS
M] seee :Ms = ng+é§2 s G3+§3 ’ 96'56 ’ 6262'6292 ’ G§4+Gg
Quantities of type FS: 06
G (Gr1=6r ) G261 .G B
o= B, - 11762206237 %61281 | 1, - (63+39) 12
~63; (Gy1-657)631 %26 5655 6117622
33|03 3 3, || 22 3.-3, || 237551
Jd, = (G7+57) » Jp = (g7-97) » 3. = (g7+g”)
4 G 5 G 6 26,6
23 117%2 23%31
Quantities of type TG: D¢
o = | P2 oo (P28 || L || A2
T ole e 0 e |7 (GG, )2-4G° ,
117%2 317923 11782 %61,
46, .G, (62.-6Z.) | 2(6 -G, )GyaGan+26 (62, -G, )
R. = 237317317723 R = || 1177227723731 77127731 23
| ae2.e2 (62, -62.)2 B ~(Gyy~Gy ) (G2, 62, ) +46, 16,16
230317(G31-63)" . [ = (899G ) (B3 =673 )+457 585353

Generating Function:

Z\)

D

6

GF(Fu) =

(1-x)2(1-x%)2(1-x3) (1-x®)
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Table 3.40 Dihexagonal-pyramidal class, C6

v
I.R. Basic Quantities Zv
r1 T”+T22,T33 1+x3+x4+x5+x6+xg
P3 xtx 2 +3x 3 O+
T : T 7,.8
Ig (T3y2T23) (G39.653) 4
T
(P],Pz)
T T 2,3,,4.,.5,. 6
F6 (ZT]Z,T1]—T22) (2G]2,G1]-622) X+2x"+xTH2x H2xT X+
2x" 058
I.R. Canonical Expressions
2
F] a, + a]L] + aZL2 + a3L3 + a4L1 + a5L2L3
6
Ts L Badi + (Bylythglathglyddy + byglydy + Byylyly * Byalyls
5
I (L iRy * (eglyreglpIRy + (cglytegly)Ry + (cqplyteqila)Ry *

* Cyal3Ry

For the class C6v » we employ the notation

Integrity Basis: C

Gyp*iGy3 5 9 = 631=16p5 , G = 26, +1(Gyy-Gpp)

= 26,,-1(6y1-655) .«

6v
) - 3 =3 . 6.-6
K-I’o--aKs = G-”"'Gzz » GG » G™-G ’ G33 s 99 , 919
L, = 9%6-3% , L, = Je-g%e , Ly = 26243262
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Quantities of type FS: Csv

| | -
- G3 | (81-6,5)65,+26;,6,5
I " dp =
|G23 | = (611-6p2)6p3+26; 63,
| |
G . |lee
3, = (6 +G3),! 23 - (-3 | 12
| =631 117822
Quantities of type F6: C6v
: {!ze]z l : I 26,564,
RBr= ’ sRo= il 2 2 [°8°
| 6117822 1l | G31-Gy3
2 2 I '
. 14GZ3G31(G31-623) : I 2(6,,-6
- R = :
~4 62 g2 2 11> %57 i
196358317 (651-62)° | 1 (G976,

Generating Function: C6v

z
\Y

GF(T ) =
(r) (1-x)2(1-x%)2(1-x3) (1-x%)

-94-

sy,
> J3 = (Gg+Gg)
117722
2 2
62. -G
3= e | 0T
-2G,464,
"4(611‘G22)G12
l(e,,-6,,)-a62 1| °
11 722 12 |
2 2. |
221653637 +261,(G34-G53) |
.
)(G -653)+46; 56,364,



3.3.11

Dihexagonal-dipyramidal class,

Dgh> (I-C5R{5R55R3,D:,0,,05)(1,54,5,)
Table 3.41 Irreducible Representations: D6h
D6h I S] 2 D.| D]S D]S2 D2 0251 DZSZ D3 0351 D352
P] 1 1 1 1 1 1 1 1 1 1 1 1
P2 1 1 1 -1 -1 -1 -1 -1 -1 1 1 1
'3 1 1 1 1 1 1 -1 -] i T -1
P4 1 1 1 -1 -1 -1 1 1 1 -1 -1 -1
F5 E A B F G H -F -G -H -E -A -B
F6 E A B -F -G -H -F -G -H £ A B
Fi 1 1 1 1 1 1 1 1 1 1 1 1
Fé 1 1 1 -1 -1 -1 -1 -1 -1 1 1 1
Fé 1 1 1 1 1 1 -1 -1 -1 =] -1 -1
F& 1 1 1 -1 -1 -1 1 1 1 -] -1 -1
Fé E A B F G H -F -G -H -E -A -B
Fé E A B -F -G -H -F -G -H E A B

(continued)
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Table 3.41 Irreducible Representations: D6h (continued)

6h c CS] C52 R] R]S] R]SZ R2 RZSl R252 R3 R3S]

r E A B -F -G -H -F -G -H E A
Fi -1 -1 -1 -1 -1 -1 -1 -1 -1 -1 -1
Pé -1 -1 - 1 1 1 1 1 1 -1 -1
Fé -1 -1 -1 -1 ~1 -1 1 1 1 1 1
P& -1 <A -] 1 1 1 -1 -1 -1 1 1
Fé - -A -B -F -G -H F G H E A
Fé -E -B F G H F G H -E -A

The matrices E,...,H appearing in Table 3.41 are defined in

section 3.3.8.
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Table 3.42

Dihexaaonal-dipyramidal class,

Déh

I.R.

Basic Quantities

z

Y
3,.4,5,6,.9
P] T”+T22,T33 G”+622,G33 THx"+x +x7+x +x
re (T23,-T3])T (623,-63])T x + x2+x3+3x4+3x5+x6+x7+x
T T 2,..3,,.4,,5,6,,.7
FZ P3 0
' T
rs (P]apz) 0
[.R. Canonical Expressions
2
F] ao + a]l.1 + a2L2 + a3L3 + a4L] + a5L2L3
6
Fg byt (byLy#bglytbgl)dy+ byglydy *+ byglady + byplydg
6
Cg ZciRyr (eghyreslp)Ry + (cglyteglylRy + {Crghy*eyita)Ry
M PR L
Fé None
P5 None
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D

For the class 6

h* we employ the notation

g = Gy3 - Gy, § = 63 + Gy, 6 = 26, + 1(677-6p,),
Integrity Basis: D6h
. - 3 -3 - 6.-6
K]s--o:Ks = U'["+G']2 [ GG ’ G7-G ’ G33 » 99, 4 +g
Lyseeesly = ng-ﬁzé , g4é-§4G , 92§2+§262
Quantities of type Ts : DGh
G (Gy+-6,,)G,,-2G; 6,y . __ lea
) - 23|, g, - 1175227823725 2%1 | ), - (63+G9) 12
-G39 (6y1-Gpp)Ggy+2Gy 5654 1"
3 -3, |63 ¢ 3 -3, |26 “
3, = (&) | 3, a0 = (70 |
~4 6y, O G, -G
1623 | 11°622 d
|G2 -Gz ;I
J6 = (g3+§3) 23 3] !
]2623G31 l
Quantities of type F6 : D6h
_ 112612 26,464, -4(61-G,5)615
Sl ol Bl BT e, )2add, |
117622 317923 117622 12
2 2 2 2
_ [18G94637(637-633) _||2(64 1765 )6y 36314261 5 (634 =G53)
8~ 462,62 - (62, -62.)2 8~ ~(Gy 16y, ) (62 -G2. ) +4G .G, 16
236317(G31-G33 117822) {637 =G53) +4Gy 56,464,
Generating Function: D6h

) = a

T 1-0200-201-3) (1-x8)
-98_
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3.3.12 Tetartoidal class, T, (£'91’92’93)'(E’@]’@2)

D.ip.lo'ida'l c]ass, Th > (-{’E’E] s5235339] 992993) '(Es@] :!!2)

We note that the general expressions for a second-order tensor-
valued function Tij(GkR) of a symmetric second-order tensor which
are invariant under the group T and invariant under the group Th
are identical. Further, there are no vector-valued functions Pi(sz)
which are invariant under the group Th . Hence, we restrict con-
sideration to the group T . The matrices {,91,...,93@2 appearing
in Table 3.43 are the matrices employed in the description of

material symmetry and are defined in section 3.1.

Table 3.43 Irreducible Representations: T

T I D] 02 D3 M] D]M1 DZMl D3M.I M2 D1M2 DZMZ D3M2
F] 1 1 1 1 1 1 1 1 1 1 1 1
Fz 1 1 1 1 w W ) w w2 w2 m2 w2
F3 1 1 1 1 wz wz wz wz w w w w
Tg | I Dy D B3 My DMy DMy DMy M, DyM, DM, DY

2

In Table 3.43, the quantities w and w” are defined by

o= -1/2 +i/3/2 , Wf = -1/2 -i/3/2 .
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Table 3.44 Tetartoidal class, T
I.R. Basic Quantities Zv
2 . 4..5.6,9
5 T11%722%T33 G”+622+G33 TH3x742x 42X 7+3x 7+
2 2. > 3.4.5 6.7.8
F2 T]]+w T22+mT33 G]]+m 622+wG33 XH2XxTHx T 2% 2R THX 2K X
2 2 2. 3. 4.0 5. 6,,.7..8
F3 T]1ﬁuT22+m T33 G]1+w622+m G33 XE2X X422 +2xT+x T +2x " X
T T 2 3. 8.5 6.8
Ty (T23,T3],T12) (G23,G31,G]2) x+3IXCH6X7+8X BT HEX +3x X
T
1.R. Canonical Expressions
8 2
Ty ag + 151 a;ly +agly + aygloly + agglyly
)
I3
Ty
Integrity Basis: T,
KK = BBy T6u-Gons Gr1GroBans Z62ns E655651s Gynbal6
12-++Kg = TGy 26y 6pps Gyylppliz3s S8p3> 25538370 H23731712
) 2 2 ) 2 2
Ly = Z6y(63;%675) » Ly = IGyGgyGyp »
o2 } 2 .2
Ly = TG546p5833 » Ly = ZGyq(63,-67,)
_ 22,2 2
Lg = 5Gy1659(Gy1-Gpp) » Lg = 265363, (Gp3-631) »
) 2 2 C o2 o2 e
Ly = 2G;16,5(G5,-053) » Lg = ZGp363;(Gyq-Gpp)
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The quantity zGi j."'Gi j denotes the sum of the three quantities
11 n’n
obtained by permitting the subscripts in the summand cyclically. For

example, 2611622 = 611622 + 622633 + (:‘.33G]1 .

A considerable computational effort is required to determine the
canonical expressions for quantities of types F2 , P3 se«e.. Conse-
quently, we shall defer consideration of the problem of determining

these expressions to a later date.

Generating Function: T

Z
GF(r ) = -
T 21 JORC I IT
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3.3.13

Hextetrahedral class, Ty , (1.07,0,,05)(1,M;.M,,T,.T,.T5)

Gyroidal class, 0 , (I,D;.0,,03)+(I,M;,M,),
(E:B'[ ’52s53)'(11 312,13)

Hexoctahedral class, 0h ,

(E!EIB] !__2 ’53’91 992 393). (l’ti'l ’Mz ’I'I ’Iz !T

~

We observe that the general expressions for second-order tensor-

valued functions Tij(sz) which are invariant under the group Td s

the group 0 or the group 0h are all identical. There are no

vector-valued functions Pi(sz) which are invariant under the group

0 or the group 0h . Hence, we restrict consideration to the group

T

d L]
section 3.3.8.

The matrices E,...,ﬂ appearing in Table 3.45 are defined in

The matrices I R, T

seeesRaTy are defined in section 3.1.

3)

The notation 2611,... employed below is defined in section 3.3.12.
Table 3.45 Irreducible Representations: Td
Ta | 1 Dy Dp Dy My DMy DMy DMy My Dy, DM, D,
ry T 1 1 1 1 1 1 1 1 1 1 1
r, T 1 1 1 1 1 1 T 1 1 1 1
ry, | EEE E A A A A B B B B
Ta | 10 0 03t Oy D g N Dy Dl DY
Ps | I Dy Dy D3 My DMy DMy Doty M, DMy DMy D5
(éontinued)
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Table 3.45 Irreducible Representations: Td (continued}

To DI Dplp D375 I3 DIz DpI3 D5l

—
w

im
[ e
tm
tm
t
3= =
g =
t
L 2]
o
[ep]
[ 2]

D, T, D,T

02Ty D37, DiTo BT, Dal, T3 DyI5 Dol D575

s |4 Bl RL BTy LD RyLy Rplp Rl €13 Ryl RpIz Rl
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Table 3.46

Hexoctahedral class, T

d
I.R. Basic Quantities ZV
3 4.5 6.9
Ty 11147224 33 6y1*6p2*G33 T T
. 2. 3..4.,.5 6
F3 lZT”-Tzz-T33 261]-622-633 X2+ T2 T H2XTHX O+
7.8
T | (T Ty | (Gpbyabyp)” | wsdiacsantends
(P'l ’P29P3)T +3X6+2X7+X8
I.R. Canonical Expressions
2
F] a0 + a]L] + a2L2 + a3L3 + a4L] + astL3
5
Iy 121 bidi + (bghytbyly)dy + (bgly*bgly)dy + (byghytbyily)dy +
g * bialady
Ty LGBy ¥ (eglyreyglarerylylly * (CpplyteyglylRy +
t (cqqbyteyglote glha)Ry + cyplaRe + cgloRe
Integrity Basis: Td
Keooo Ko = EGuns Z6u:Gons Gr2GonGons ZG2os Z62G2., GoaGqqG
1o+ oKg = EGpps I6y36550 GyqGppG3gs 26p3s 20530395 Hpglizyayo
) 2 2 ) 2 2 o2
Ly = 26 (G3q#G5) 5 Ly = Gy463675 » Ly = Z6p3655043
Quantities of type F3 : Td
2 2 2 2 2 2.
2611~65p-G33 J 2633-631-Gy , 26y =65,-G35l
J i - . -
I » 9y 2 2 Jg 2 2
V3(Gyp-G33) I /3(63,-67,) V3(G5,-633)
2 2 2 4 4 o8
261659-6,5G31-G336y, 2653-631-6y5
J = J =
Ja 2 2 »dg = 4 4
/3(6,,631-G33675) i| ¥3(634-Gy,)
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Quantities of type

63

Ry = |[G37)f » Rp =

G2

6116316y

Rg = 1} 622612023

633673637

652633631612

el
1]

Rg = 11633611672623

61162262363y

Generating Function:

Ty * Td

631642

G12623

G

Go3631

VA
v

G,.G

22733723

G,,6

33711731

G,,6

11722712

GF(T )

v 0 -0 2 (1) 2134
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4. Function Bases
4.1 Introduction

Let w(§) denote a scaler-valued function of a symmetric second-
order tensor E . For example W(§) could be the strain-energy
function and § the strain tensor. If the material possesses symmetry
properties defined by a group of transformations {A} = {51,...,5n} s

then there are restrictions imposed on the form of W(S) . Thus

W(S) = W(ASAT) (4.1.1)

-~ ~osas

for all A belonging to the group {A} . The function w(§) which
satisfies (4.1.1) is said to be invariant under {A} . We may deter-
mine a set of invariants Ij(§) » J=1s...,0n , which are polynomials in
the components of § such that any invariant w(§) which is a poly-
nomial in the components of § is expressible as a polynomial in the
invariants Ij(§) s, J=1,...5n . The invariants Ij(§) , J=1,...,n are
said to form an integrity basis for polynomial functions W(§) invari-
ant under {A} .

We are concerned with the problem of determining a set of invari-
ants J](§),...,Jm(§) {(m<n) such that any function N(§) which is
invariant under a group {A} is expressible as a single-valued func-
tion of the invariants Jk(§) , k=1,...,m . The invariants J],...,Jm
are said to form a function basis for functions w(§) which are
invariant under the group ({A} .

In this section, we discuss methods which may be employed in
determining function bases for scalar-valued functions N(§1,§2,...,S )

~N

of N symmetric second-order tensors §1""’§N which are invariant
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under a given crystallographic group belonging to the cubic crystal
system. We first restrict consideration to functions w(§) of a
single tensor § . The elements of the integrity basis for functions
W(§) which are invariant under the cubic group designated by T are
known [ 10 ] and we may denote these by 11,...,114 . These invariants

are related by functions.
f(I1,...,I]4) =0 , g(I],Iz,...) =0 3000 @ (4.1.2)

which are not identically zero when considered as functions of the
11’12"" but which are identically zero when the I],Iz,... are
expressed in terms of the tensor § . Such relations are referred to
as syzygies. All syzygies relating the invariants I],Iz,... are
consequences of the elements

K](I],Iz,...) =0 ye0ay Kp(I1,Iz,...) =0 (4.1.3)
of a syzygy basis. Thus, each of the syzygies (4.1.2) are such that
f(I],IZ,...) = a1K1(I],12,...) +...+ apr(I],Iz,...) (4.1.4)

where the O seeesy are polynomials in the ;1,12,... . We then
have at our disposal all of the relations relating the invariants
I],Iz,... . We then may make use of these identities to show that the
values of all of the elements of the integrity basis are always known
when the values of a number of invariants J]""’Jm are known. The

Ji,(i=1,...,m), then form a function basis.
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In order to assist with the task of determining the syzygy basis,
we may compute the generating function GF(x) for the number of linearly
independent invariants of degree n in S. GF(x) 1is a rational
function in x such that, when formally expanded as a polynomial, the
coefficient of x" in the expansion gives the number of linearly
independent invariants of degree n in S. Inspection of the genera-
ting function enables us to make an educated guess as to the number and
degree of the elements of the syzygy basis.

This procedure is effective when considering the problem of deter-
mining function bases for functions N(§) of a single tensor. In more
complicated cases, e.g. finding a function basis for H(§],§2,§3) R
the number of elements of the integrity basis is large and the problem
of determining the syzygy basis can become very tedious. Further, even
if we have a number of functions (syzygies) relating the elements of
the integrity basis, it is not at all clear that these syzygies will be
of much assistance in finding Ip,Iq,... of the integrity basis whose
values are always determined by the values of the remaining elements of
the integrity basis. Thus, in more complicated cases, another proce-

dure outlined below is usually more efficient.

Consider the set of tensors

T

ASAT =S, ASA.T ,..., ASA (4.1.5)

) Dl ~2~~2 ~NZ-n

where the components of the symmetric second-order tensor S are
specified. We say that the set of tensors (4.1.5) lies on the same

orbit. The transformations of the group {A} when applied to the
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tensors (4.1.5) permute the tensors among themselves but the set of
tensors is unaltered. We observe from (4.1.1) that a function W(S)
takes on the same value when the argument of w(§) is replaced by any
of the n tensors (4.1.5). Consider a six dimensional space in which
(S]],522,533,523,53],512) denotes a point. The n points

. alPdalplg ., alP)alp)g

(p),(p) -
(A1. A]k S 25 Pok Sik »-- 15 Mok jk) s (p=1,...,n)

J Jk
(4.1.6)
constitute an orbit. We consider the problem of determining a set of

invariants Ji(S) (i=1,...m) such that solution of the equations

J](S) T 0 seees Jm(§) = o (4.1.7)

will yield one set of solutions

T T
M e BSh, (2.1.8)

which define a single orbit for § . It is known (see Wineman and
Pipkin {11]) that the elements of the integrity basis will provide
such a set of invariants. It is usually the case that a lesser number
of invariants will suffice to always uniquely specify a single orbit.
We may construct such a set of invariants. The argument leading to
the set of invariants J],...,Jm can be very intricate. It is there-
fore useful to use a combination of these procedures to most conveni-
ently arrive at the set Jl""Jm . We observe that if we can define

the orbit, we have the values of the tensors A,SA T A SAJ- and

~1257 207 lnll
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hence can compute the value of any single-valued invariant function
W(S) for which of course W(A,SA,T)=... = W(ASAT) .

The question arises as to the number of invariants J],..,Jm
which are required to form a function basis. One approach which is
employed is to show that if any of the invariants Ji(1=1,...,m) is
omitted from the 1ist of elements of the function basis, then the re-
maining invariants do not constitute function basis. The invariants
J],...Jm are then said to form an irreducible function basis.

Pennisi and Travato have employed this technique to discuss the
irreducibility of the function basis for isotropic functions of
vectors, skew-symmetric second-order tensors and symmetric second-
order tensors given by Smith [ 12] and Boehler [ 13]. It is noted in

[ 14] that even if J],...,Jm is shown to be irreducible in the sense
discussed above, this does not preclude the existence of a set of
invariants K],...,Kq (g<m) which also forms a function basis. We
observe that this is indeed the case. Thus we may exhibit a function
basis which is "irreducible" and then exhibit another which contains
fewer terms.

It has been shown by Burnside [15] that if W 1is a function of
k quantities (k=6 for W(S)} then the function basis must be comprised
of at least k elements I;s...Ip . Burnside [15] maintains that we

may determine another invariant I such that the k+1 invariants

k+1
form a function basis. Burnside is not explicit on the point but we
believe that he means that a specific set of invariants will suffice

to determine a unique orbit except in certain singular cases. In these
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cases, different sets of k+1 invariants might be required. We find
that in cases of any complexity, it is usual that the number of basis
elements comprising the function bases is substantially larger than
k+1 .

We consider below the problem of determining function bases for
functions of N symmetric second-order tensors S S,, which are

~-|’--.’~N
invariant under the crystallographic groups

(i) T,T,

(i) Tg» 05 0h

Since the second-order tensor S satisfies CSCT = S  where E is the

central inversion, (C = diag(-1,-1,-1)) , the problems posed for the
groups T and Th are identical as are the problems posed for the

groups Td » 0 and 0h .
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4.2 A Function Basis for the Group T

We consider the problem of determining a function basis for
scalar-valued functions W(§],§2,...,§N) of a number of symmetric
second-order tensors §, = ns§1)||, Sy =
ant under the cubic crystallographic group T . The group T is
comprised of the twelve matrices
o REEE PR HPRY R R Ly B Ry R ibale R Bl
where (4.2.1)
I= diag(1,1,1) , g] = diag(1,-1,-1) , 92 = diag(-1,1,-1) ,
93 = (’]s_]s]) )

(4.2.2)
0,1,0 0,0,1
Mmo=llo,o0,1ft,M=1f1,0,0
1,0,0 0,1,0

A function N(S],...,SN) is invariant under the group T if

w(§],...,§ ) is unaltered when the set of components (511,522,533,

S,55S

23 3],512 ) of a typical tensor S s replaced by any of the sets

(311522:533:523:531:512) » (5112522:533:523:-5312-512)

(S4155255335-553553157515) 5 (57755955533575p3:-531:512) »

(Sp22533:571:537:5122523) » (552:533:51725372757257523) >
(Sp2:533:511575315512:7523) » (55225332597275371275125523) »
(S33:5170522:512:523:537) » (S33:57522:81257523553y)
(S33:511550275122523"537 ) » (S33251725p27512:7523:537) -
(4.2.3)
-12-
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If we are given the values of the invariants

251] » £5,,.5 S

11522 » 511522533 » I5971550(541-5p5) » (4.2.4)

1

we may determine three sets of solutions for (511,522,833) which are

of the form
(511’522’533) = (a13023a3) s (azsa3sa1) ’ (33’a]:0-2) (4-2-5)

In (4.2.4), 511,...,512 denote the components of a tensor S chosen

from S§,,...,S, . The quantity IS. . ...S; . denotes the sum of
=1 =N 1131 1.3,
the three quantities obtained by permuting the subscripts in the sum-

mend cyclically. For example, ZS“S22 = 311522+522533+S33S1] . Ve

choose one of these solutions, e.g. (511,522,533) = (a],az,a3) .
Then, given the values of the invariants on the left of Table 4.1, we

may determine the values of the quantities on the right of Table 4.1

provided that

1 1 1

= 2
S]] 522 533 = 2(511-522) 0 (4.2.6)

S ) S,,-S

S 1n7333 2271

S

337722

=S,, =S does not hold.

The condition (4.2.6) requires that S 99 33

1
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Table 4.1

517y 51 08y (555053 ) S50 1553

2(sg31)2 .5 (53N, CHINCUIRNCIDY
)22 o(i)y2

sy, (s 2513

T DA

sy (55355151 s{3))

In Table 4.1, the indices 1i,j take on the 1lues 1,...,N and
i<j 1in the last line. Suppose that we are given the values of the
(511,522,533) » the values of the quantities on the right of Table 4.1
and the values of the invariants
(1)e(i)c(3) _
523 53] S-Iz Y (1-]’0'-’N)

DG e o
zség)sg})s]g) » (1,3%1,000,N 5 i43) (4.2.7)

2 (s{s{khs s KDy (4,500,005 ipapr)

It has been shown by Boehler [ 16] that these quantities form a
function basis for functions N(§],...,§N) which are invariant under
the group (£,91,92,93) . Thus the values of the (511,522,533) s
the quantities in Table (4.1) and the quantities (4.2.7) enable us to
specify a unique orbit for the group (2,91,92,93) . Thus, we may

determine four solutions for (S{;),...,ng)) of the form
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(5%})’Ség)'Sgg)'ség)’sgi)’sgg))=(ai’bi’ci’di’ei’fi) ,

(ai’bi’ci’di’-ei’-fi) s (ai’bi’ci'-di’ei’_fi) ] (4-208)

(ai,bi,c.,-d

jomdiamesafy) .

i

The points 1ie on the same orbit. If we had chosen a different set
of values for (511,522,533) from the sets (4.2.5), the solutions
(4.2.8) would be different but would still lie on the same orbit as
the points (4.2.8). Thus, the invariants employed above would serve
to determine a unique orbit provided that there is a tensor §

chosen from among S »S, for which S,.=S

b RARARI Y 11 °227

We next consider the case where 54;)=S£;)=S§;) holds for

i=1,...,N . In this case, the values of S{;),Ség),sgg) are given
1

by 3 ZS%{) . We need only consider the problem of finding a func-

533 does not hold.

tion basis for functions N(Sé;),sgi),5$;)) which are invariant
under the group T . Let § denote some tensor chosen from the list

§1”"’§N . Then given the values of the invariants

2 2 2 2 2,2 2
353 » 2353537 » 523531515 » 255355:(S53-53;) s (4.2.9)

2 S2 g2

we may determine three sets of values for (523, 31° ]2) . Thus,

2 2 2y _
(523’5313512) = (a]sa29a3) ’ (32’03931) ) (a3’a]saz) (4~2-]O)

Then, given the values of the invariants on the left of Table 4.2, we
may determine the values of the quantities on the right of the table

provided that
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- 2 242

2 2

S 237331

S

127723

2

2 =S2 =S12 does not hold.

The condition (4.2.11) requires that 523 31

Table 4.2

p(sii? | es2(sfih? (siih? , (sih?, (siih?

ERENINEI

(1)(3) 2 (1)e(3 (1) (3) (1) (3) (i) (3)
2553553 » 2553553 523) ’ 553523 » 531'S31° » S12°S1%

PSSl

Given the values of the quantities on the right of Table 4.2 and the
values of the invariants (4.2.7), we may employ the argument given
above to show that we may determine four solutions to the equations

(s$3)2 =y, asii(s{lsth) 4 sH)sk)y . p,

17572 31 ijk of the form

(Ség)’sgi):sgg)) = (811),B£i)-Bgi))9(B§i)s‘8£i)s‘3§i))s

(4.2.12)

i) (1) _o(1) (i)
2 = 3.I )’('B ! 9‘82] B 1 ) .

1 *"3

These points lie on the same orbit. Thus, given the values of the

invariants ng:),(i=1,...,N) , the invariants (4.2.7)
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and the invariants in Table 4.2, we may determine a unique orbit for
the case where S{;)=S§;)=S§;) provided that (4.2.11) holds.

We next consider the case where (Sg))2 = (Sgg))z = (S](;))2 .
Given the value of Ség)5§1)5§;) » we see that there are four possi-
bilities,

@) () (). |
(s$3,5530.580) = (aguap0g) o (agomagomay) (4.2.13)

('aiaai:'ai) » (-ai’-ai’ai) .

We choose one of the Si for which ay # 0 . Thus, suppose that

% # 0 . We then choose one of the four solutions, e.g.

(1) (1) (7)) .
Then ZS(])S(Z) = 30,0, OF =040 If the first alternative obtains
23 723 172 172 - >

we have

(Sé;),sg}),5§;) ;Ség),sgﬁ),s$§)) = (a],a],a] ;az,az,az). (4.2.15)

If the second alternative applies, we have three possibilities.

1) (1) (1) o(2) (2) (2
(5é3)’5§1)’5%2);5§3)’5§1)’5§2)) = (07504509 305,-07,-05)
(4.2.16)

(a],a1,a];-a2,a2,-a2) s (a]3a];a];'azg'a2302) .

These points however all lie on the same orbit. Suppose that (4.2.15)
holds. Then given the value of zség)ség) , we may determine either

one or three solutions for (ség),sg}),sgg);ség),s§$),s{§);
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(3) (3) (3
5534537 +513 ) -

ing points are again on the same orbit. Suppose now that (4.2.16)

If the case that three solutions occur, the result-

holds. We choose one of the solutions, e.g.

(sgg),sg}),sgé);ség),sgf),sgg)) = (05075073050 s=0tp) . (4.2.17)

Then the points

(1) (1) (1) . «(2) <(2) <(2) . <(3) <(3) o(3)\ _
(523)’5§1)’3§2) ; Séa ’Sgl)’sgz) ; 5§3)’5§1)' 5%2)) =

(a] :a] ’a] ’ 0.2 :'azs'az; 33 9“3 ,03) ’
(a],a],a] 3 OpsOp,=0y 3 a3,—a3,—a3) . (4.2.18)
(a] sa] :a'l H (12:"0'-2 "az 5 "G.3 ,C!B,-(!3) s

(a],a],a] 3 0ps=Gn)=0g 3 -a3,-a3,a3)

may 1ie on four different orbits. The invariants zsé;)ség) .

23 °23 12 12 33 take on the values
(3a]a3 > ~On0s -2a1a2a3) . (—a]a3 . 3a2a3 . -2a1a2a3) s
(4.2.19)

(—a]a3, Q04 4a]a2a3) s (-a]a3 s ~0,03 5 -4a]a2a3)

respectively on the four orbits. Thus, we may determine which orbit
is appropriate since the sets of valves (4.2.19) are all different.

Continuing in this fashion, we see that the orbit may always be
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uniquely defined for the case (4.2.13) if we have available the values
of the invariants zség)sgg) , (i,351,...,N31<j) and
(1) (g(3)glk)_o(i)c(k) ‘5 k= Cicick)
2523 (531 512 S]2 531 Y . (i,d,k=1,0..,N 5 i<j<k) .
The set of invariants employed above to determine a unique orbit

for the S]""’§N will form a function basis for functions

~

w(§],...,§N) invariant under the group T . We observe that this

result may be sharpened. Thus, we have the identity

2 22 _ [ S 2 2
£S53°1853T53 = 22553753 ESp3To5 = IS530 (£5,3T53)" +
(4.2.20)
# 2552.52 5T, = 2(25,.54T0)% + 6S.25214510°ET0aTa:S
23%31°2T33 23331112 23%31512° 572373152 -

The value of ZS§3T§3 may be determined provided that the values of
the invariants on the right of (4.2.17) are given and provided that

2 2 _ 2 _ 2 el .
2523 0. If 2523 =0 , then 523 = 331 512 0 and hence

2 ;2 _ 2 -2 . . .
2523T23 0 . Hence 2523T23 need not be included in the list of
invariants forming the function basis. Identities similar to (4.2.20)

indicate that invariants of the form ZSZ TaalU ZTZ S

23723%3 * *T23%23%a »

ZU§3523T23 are not required.

We further note that the values of the invariants

Jy = IS = 5511555 » 93 = 59155533 » Uy = BSy35,5(51775p;)

(4.2.21)

1 * Y2 T By

may be determined if the values of the invariants

9y = B8y » Jg = 2591555(591%50,5) 5 Iy = 15115p5(577752,)

(4.2.22)
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are given. Thus we have the identities

)2 + 2702

2 3 _ 3
4(J]-3J2) = (2J]—90 4

5

which enable us to determine the values of the invariants (4.2.21)
given the values of the invariants (4.2.22) .

We also note that
2 _
2(Sp3T31-531Tp3) +ESp3(T4yUp*Ty5U5¢) =

i 3 2
= £573Up3(285,38 51 T75-2T53T31T152553) +

(4.2.24)

3 2
+ ET)3Up3(28T) 3731515257353 552 Tp3) +

2 +2 2 32
+ 2353(T31Ug 7Ty Up3) -2 (Sp3T 3531 Tp3) -
The identity (4.2.24) enables us to argue that the invariant
2523(T3]U]2+T]2U31) need be included as an element of the function
basis.

We now employ the following notation to denote the elements of a
function basis for functions w(S],...,SN) which are invariant under
a crystallographic group.

1. L](§)9-0-9Lp(§) ;

2. M](S,T),...,Mq(S,T) H (4.2.25)
3. N (S,T,U) L. GNL(S,TLU)

~ o~
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The quantities on the first line of (4.2.25) represent the (?) set
of quantities obtained from these by substituting §1"'°’§N in turn
for § . The quantities on the second line of (4.2.25) represent the
(g) sets of quantities obtained from these by substituting §. for
S, §j for T (i,d=15..45N; i<J) . The quantities on the third line
of (4.2.25) represent the (g) sets of quantities obtained from these
by substituting §i for S, §j for T, §k for U (153,k=14...5N;
i<j<k).

We then see from the argument given above that, using the notation

(4.2.25), a function basis for functions w(s1,...,sN) invariant under

T 1is given by

1o ISqys I519595(517%50) 5 2519555(597-55,)s

2 2.2 2 2,2 .2
IS53s 25535315 523531512 £523531(553-531)s

2 2 2
5115230 £S17(S37-57) -

2. ESyiTqqs IS14(Tpp=Ta3)s

3537230 2523531 Tq20 LTo3T31512> (4.2.26)

2 .2 .2 3 2
£S54(T31-Ty2)s IS53Tp3s 2S33(S41T31-545Tq2)s

3 2 2
IT53573s LTp3(S31T317512T12)s ETq1553s
2 2 2 2 .2
ISq1Ta30 IS97(T397Tq2)s ZT41(53,-53,),
IS11523To3s S77(531T31-512Tq2)s ZT1S23T03s ETq1(S31T31-542Tq5) -

(continued)
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£S53(T31U12-Ty U5 )
Z311Ta3Y30 ISq7(T3qUg=T1502) s 2Tq4553U,4s
ET11(S33U31-S12Y12) s ZUq4Sp3To3s ZU(S31T31-5,Ty0)s

23‘T31 11" T12%12) s ETag(S5, U31=S120¢2)s Al 23(531T317512T42) -
(4.2.26)
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4.3 A Function Basis for the Group Td

We consider the problem of determining a function basis for scalar-
valued functions w(§],§2,...,§N) of a number of symmetric second-
order tensors S, =||S$})H ) Sp =||S§§)H »+++ Which are invariant

under the crystallographic group Td . The group Td is comprised of

the twenty-four matrices

AyseesBoql = (1:01505:03.M0.00 My .00, DM, .15, 04 M50 D515, D51

11307 11505T4503T15T5401T5,0,75,0375, 75, 0¢ T4,

DyT3503T3)
(4.3.1)

where the matrices 1I,D,D,,D,,M,, are defined by (4.2.2) and where
1222003000

1,0,0 0,0,1 0,1,0
L=flo,0,1f T, =Jo,1,0f,.T,=H1,0,0].
0,],0 ],0,0 0’0’]

(4.3.2)
A function N(S],...,SN) is invariant under the group Td if

N(S],...,SN) is unaltered when the set of components (S,;,,S,,,S

11°722°733?
523,531,512) of a typical tensor S are replaced by any of the sets

(S17125p21533252355375512) » (597552255335553:-5375-5¢5) »

(S11559255335757355375=512) » (51755521533:-553:753755;,) »

(s S

31°5120523) » (532:533:511537:751207523)
s

222533°317°

(SnnsSansS

222533 S

11°7531251207523) s (S559533951715-5375-51245,3) »

(continued) (4.3.3)
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(S3325971502951225530537) » (S3305175599512975535-537) »

(S3315775552-5;558

122523075310 » (S335597552975125-5,3555;) »

(S2235112533:53155232512) » (55255715335315-5532-515) »

(S Spqs=S

22°5112533275315523:512) » (S59+5755335-5375-5,3:5;5) »

(S3395225511551225312523) » (5335592351755725-5375-553) »

(533352235-']"'5 S

(5172533252152395129531) » (519553355995535=5125-537) »

-S

12°53127523) » (533555255175-5725-53155,3)

(5773542555555

112°33°°22° S

23° -3

12°7531) » (519553355525-5235-812:55;) -
(4.3.3)
We first consider the probiem of determining the elements of a
function basis for W(§],...,§N) which involve only diagonal com-
ponents of the tensors §1""’§N . Since the elements of an integrit}

basis form a function basis, we see from [17] that the elements of

a function basis for functions of §], ..,SN which involve only
diagonal components of the tensors §1""’SN is given by
2 3
1. ZS]] , ZS]] . 251] .
2. £5;.Tq » IS2.T,, , ZT2,S (4.3.4)
: 111 2 771111 * = 11717 o
3. ZS]]T]]U]1 .

In (4.3.4), we have employed the notation introduced in (4.2.25).

We observe that the invariant 231]T1]U1] satisfies the relation
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2 - 2
(I]-BIZ)ZS]1T]]U]] = (1112-13)(K114—3K3) + I](I]-IZ)K2 +

+ (2Kg=1 K ) (139,=0,) + (20,1, 1,)(1,KymK,) - (4.3.5)
- Kgdp - Kyl
where
I. = S I,=382,, I, =133., I. =1T K, = xU
1 11 127 %y I n: 1 RERN 1’

2 7 Ftie 3T Bnlne KT Bl 97 BTy
- 2
2= BTy

(4.3.6)

Thus, the value of the invariant 2511T11U11 is known once the values

of the invariants (4.3.6) are known provided that I$-312 =

-£(S;1-5,,)% # 0 . This could only happen if 51175997533 -
this case, ZS]]T]]U]] = %-251]-ZT]1U]] . Hence we need not include.

In

ZS]]T]]U]] as a basis element. Further, upon setting U]1=T1] in
(4.3.5), we see that the resulting syzygy enables us to conclude that
we may also eliminate ET$1511 from the function basis.

We next consider the problem of determining the elemenfs of a
function basis for w(§],....§N) which involve only off-diagonal com-
ponents of the tensors §l""’§N . Since the elements of an integrity

basis form a function basis, we see from [ 17] that the elements of a
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function basis which involve only off-diagonal components of the

tensors is given by

2 2 2

1. ES;3 5 ES53531 5 5535315, -
2. 55..Tan » ESunSocTar o ETonTouSe. . £62.T2
= B593Tp3 5 I5p353¢Tqp 5 ITyaT545:5 5 ESp3Tos s
3 3

2 2 2
3. I5;3To3Up3 5 ETp3503Up3 5 ZUp3Sp3Tog o ESp3(TgyUpptT oUs,) ©

i 2523T23U23V23 .

The notation given in (4.2.25) is again employed in (4.3.7). We may

employ the argument given in section 4.2 (see eqn. (4.2.17) and the

following discussion) to show that the invariants ZS§3T§3 ’
2

2 2
I523T23V23 » 212352323 » EUp3Sp3Tp3 and IS,3Tpsly3Vpg are not

required as elements of a function basis.
Thus, given the values of the invariants listed above, we may
specify a single orbit for thé diagonal components which consists of

six sets of values for the quantities 511,522,... given by

(Sy7sS555S

11522 T

3321112 T221T33:U175Up05U335--2) =

(“1’“2’“3’81’BZ’BB’Yl’YZ’Y3"") i (4.3.8)
(az,a3.a],82,83-81.72,Y3.Y1,...) seees
(g sty 20308528y 283507y 0300 )

and a single orbit for the off-diagonal components which consists of
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twenty four sets of values for the quantities 523,53],... given by

(S53553715122T23:T372T12:Up3:U375U7 2042 ) =
(a]QaZ,a3’b]’b2’b3’c]9c2!c3"") » (4.3 9)

(a-l ,-62,-63 ,b] ’-bz ,-b3,C-i ,-CZ ,-C3, TN ) .) 9ceoy

("azs"a-l sa3 s"bzs"b] :b3 s"czg“c] ,C3,. . .) .

There are then twenty-four orbits which may be obtained by associating
one set of values from (4.3.8) with any of twenty-four sets from
(4.3.9). Of these, only six orbits would be distinct. We need the
values of invariants involving both diagonal and off-diagonal compo-
nents to determine which of the six orbits is appropriate.

Let us choose one of the sets of values (4.3.8) of the diagonal

components, e.g.

(S S

11°5222533° 1112 T22°Ta3 V11 2V220 V3300 ) =

(4.3.10)
(a-l ’az ,a3,B~| ;82:839Y~| ,Y29Y3,- . -) .

Suppose there is a tensor § among the §1""’§N for which

511 # 522 # 533 # S]] . Further suppose that we are given the values

of the invariants

O ML DL~ YL L C S TR o

(1)c(3) (1) (3) 2 (1) (3) - . i< d
2523 523 , 2511323 323 , 2511523 523 , (1,321,.00,N5 1<3) o
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We may then determine the values of the quantities

(sgih? L (s$ih2 |, (siih2 | a1,

(4.3.12)
s{isti) sgj)sgi) sISH) e, 1<)
provided that
11
St S22 S3z | T (5497520 (Sp-533)(Sg5-Syy) # 0. (4.3.13)
S S22 53

Given the values of the quantities (4.3.12) and the values of the

invariants

s{s{s) e,y

55;) §}’ (3, (aamt,eeals i8) (4.3.14)

(1) (J) (k) 4 g(3)g(k) . . i<
IS537(S37/Sy0” +5757S377) » (1,dsk = 1,000, Ny i< j<k) ,
we may employ the result of Boehler [ 16] and argue as in section 4.2
that we may determine four sets of solutions for the quantities
s{i) sgj) ,sUY (121,00 . This will suffice to determine

which of the six possible orbits arises.

Suppose there is no tensor S from the set S], .+»S, for which

~N
(4.3.13) holds. Suppose that there are two tensors S and T for

which
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S117522%533 » Ty17T33%T5 - (4.3.15)
Then, given the values of the invariants

Z(Ség))z , 2511(S£§’)2 , 2T11(Sg;))2 , (i=1,...,N) ,
(4.3.16)
zség)sgg) , 25115£§)3§§) . 2T115£§)S§§) s (15351 ,0aal; 1<3)

we may determine the values of the quantities (4.3.12) provided that

1 1 1
S 511 Saa| 7 (51975330 (Tpp-Tyy) £ 0 . (4.3.17)
T Ta2 Ty

In (4.3.17), we have employed the assumption that (4.3.15) is the case
so that (4.3.17) of course holds. Then given the values of the quan-
tities (4.3.12) and the values of the invariants (4.3.14), we may
argue exactly as above that we may determine which of the six possible

orbits applies.

We must still consider the case where the same pair of diagonal

components is equal for all of the tensors §1""’§N . Thus, we
might have
Sn=522#533 s T”=T227€T33 s U]]=U22#U33',... . (4.3.18)

We leave this case until later. We note that if all diagonal compo-
nents of a tensor S are equal, i.e. if S.“=522=S33 » then

S =J....ZS

173 55y aeeee

=]_Z i 1
33° 3 533 . Hence the function basis for
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functions W(S Soa95,09S

11752225332523153705120 T 72 T920 T3300 0 ¢ 2Up3aU300Uy 5000 )

is given by ZSn and a function basis for functions of W(Sz3,53]

S]Z,T]],T22,T33.....U23,U31,U]Z,...) . Thus, if we have a case where

S”=522=S33 » Wwe may essentially ignore the variables S S

112522533 -
We have observed above that given the values of the invariants

represented by

1. 2 2

2
IS53 25553531 21515573537

3 3
2. 2523T23 s 282353]T]2 s ZT23T31S12 ’ 2523T23 s ET23523 . (4.3.19)

3. ESp3(TqyU 54T 5U5)

we may determine a single set of twenty-four solutions for the quanti-

ties (323,53],812,T23,T31,T12,U23,U31,U]z,...) . Thus, we have

(Spn3sSq95S

23233129122 T232T37:T25Up3-U

3"’ ]2’ 23’ 3]’U]2!".) =

(a],02303,81,82,83,Y]aY29Y3,---) »
(4.3.20)
(a]"QZ"a3’B]s'st'B3sY]s'Yza‘Y3:o--)’

(‘a]:azt'a39'81’823'835‘Y13Y29'Y3:---) 300

where there are twenty-four points in 3N space on the right of
(4.3.20). Suppose we choose one of the sets of values in (4.3.20),
e.g. the first set. Then given the values of the 523,53],... from

(4.3.20) and the values of the invariants
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where S is some tensor chosen from

11

-~

, IS

values of S(i)

1
2
23

4
S23

S

1

2
31

4
31

S

S

1
2
512
4
12

(1)52 (1)s4
11523 + I517'Ss (4.3.21)

§1""’§N » we may determine the

N ,ség),sgg), (i=1,...,N) provided that

- (533-531)(sgl-sfz)(sfz-sg3) 40 . (4.3.22)

Suppose there is no tensor § among the S],...,S for which

N
2 ,c2 ,e2 L2 .
523fS3]fS]2f523 . Suppose we have two tensors S , I for which

~

2

2 2 2 .2 2
Sp3 5317515 5 Ty =T £ T3 (4.3.23)

Then, given the values of the quantities (4.3.23) and the values of

the invariants

(i), wslisZ | pslidZ (4.3.24)
we may determine the values of the quantities S%j),5£;25§;),
(i=1,...,N) since

1‘ 1 1
S35 Se3 Syp | = (S5p-555)(75,-Teg) = 0. (4.3.25)
T3 Ta T3

Suppose that, for all of the tenSors §1""’§N s We have
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(Ség))z = (Sg}'))2 ? (s§;))2 (4.3.26)

Let § and

t—

be two tensors chosen from § ""’§N . Suppose that

(523253155123 T23:T31Tip) = (@1:0q8y300m0506,) (4.3.27)

where af 7 6? , ag 7 Bg . Then given the values of the quantities

(4.3.27) and the values of the invariants

(i) (i)c2 (i)
ZS317 s £5177553 » £S177Sp3To3 (4.3.28)
3 (i) (1.) = i

we may determine the values of S]] ,522 ,533, (i=1,...,N) since from
(4.3.27)

1 1 1

2 2 2 a2l 2

523723 331Ts1 312Nz

provided of course the o #0, ay # 0 . Suppose again that (4.3.26)
holds but that there are not two of the S ,...,SN which may be

chosen so that (4.3.27) is the case. Thus, we may have

(52325315123 723 Ta1° T2 Va3 Vg1 Uyi o) =
(4.3.30)
(3507 38130950 3B 3035058430 2 )

We have seen above that we were able to determine a function basis

unless the diagonal components of S]""’SN were such that one of

-~
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the three cases listed below ohtains.

(5115225333111 T22T333Uy 1 sUp20 U335 -4 ) =

(a],a],b]; az,az,bz; a3,a3,b3; eee) OF

(4.3.31)
(a],b],al; a2,b2,a2; a3,b3,a3; ees) OFr
(b],a],a]; bz,az,az; b3,a3,a3; ces)
If we combine the terms (511,522,533,T]],...) and (523,53],512,

T23,...) and consider the resultant as a point in 6N dimensional
space, we observe that the set (4.3.30), (4.3.31)2 and (4.3.30),
(4.3.31)3 lie on the same orbit whereas (4.3.30), (4.3.31)] lies on a

different orbit. The invariant 2511523 takes on the values

(ay+by)af + 2,87 , 2aj0f + b, 63 (4.3.32)
respectively on the two orbits. These two values are different unless
(a]-b])(a$-6$) =0 . Since this is not the case, the invariant
8511523 serves to distinguish between the two possible orbits. Thus,
we would be able to specify a single orbit.

We still need to consider the case where (Ség))2 = (Sg}.))2 =
(Sgg))z s (i=1,...,N) . Arguing in the same fashion as above, we would
find that the values of the invariants of the form ):SHT23U23 would
suffice to distinguish between orbits for the case where the diagonal

components are of the form (4.3.31).
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We note that invariants of the form 2T11533 which appear in

(4.3.21) are not needed as elements of a function basis. Thus, we

have an identity given by

1 2 4 2 <2
7 T(Tyy=Tp) BT 1S53 = 9T TpaT337 552355,

2 2 .2 2 2

(4.3.33)
2 2 .2 2 2

2 2 2 .2
- ETqqeETyTppe 28,5355 - 3Ty1TppT33(2853)" -

Thus the value of ZT]]Sg3 is given once the value of the invariants

):(T”-Tzz)2 and the invariants on the right of (4.3.33) are given

unless Z(T”—Tzz)2 = 0 . This would require that T”=T22=T33 . In

this case the value of ZT11533 is given by the value of

%-zT]]-zsg3 . Hence, zT11523 need not be included in a function basis.
Then, employing the notation (4.2.25) and the argument given

above, we see that a function basis for functions N(S],...,SN)

invariant under the group Td is given by

2 3 2 2 2 2
1. ESyq 5 ISy » ISy 5 8,3 5 IS5353; » Sp3S3159p0 I599523 o
2 <2
£S11523 (4.3.34)
(Continued)
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2
ES11Tip o 3514 Tqq 5 ESp3Ta3 5 2553541Ty5

3 3
2T53T31512 » ESp3Tp3 » ET33555 »

2 2 2 2 2 .2
L511T23 » IS1Ta3 » ZTy4S53 o IT{S53 5
(4.2.24)

2 2
31152323 » 2571523T23 » ETy15p3Tp3 » IT99S,3T05 -

2
I311T23023 » Z571Ta3Up3 5 ETqS53Un3 s ZT%1523”23 ,

2
ZU11323T23 » ZUNS93To3 5 ES53(TgiUpo*T0Us)
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