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Abstract

The Volterra series'provides a mathematically complete
way to represent many realizable nonlinear systems.
Predictive evaluations of nonlinear systems often rely on
discrete-time simulations to determine satisfaction of
design objectives. However, the Volterra series can be a
cumbersome system representation from which to construct a
discrete-time model. This dissertation develops and
evaluates three computationally-efficient techniques for
realizing the Volterra series representation of a nonlinear
system in discrete-time form. The Bandlimited Volterra
Series realization is potentially the least computationally
expensive model, but determination of the filter
coefficients constrains its usefulness. The Picard
iteration realization does not preserve a good
correspondance to the Volterra model and requires a
significant increase in the sampling rate. The Serial
Volterra series realization, which is constructed using
only linear, one~dimensional filters, provides excellent
accuracy in representing the response of a system. This is
demonstrated for controlled inputs for which exact response
determination is possible. Such validation of the
technique provides a high degree of confidence that it will
give accurate representations of the responses to inputs

for which the exact responses cannot be readily determined.



CHAPTER 1

Introduction

This dissertation presents a study of computationally
efficient, discrete-time techniques for determining the
response of a nonlinear system to a specified input. Each
of the techniques investigated is an implementation of the
Volterra series or a form closely related to the Volterra
series. The Volterra series has seen little application in
the time-domain analysis of nonlinear systems due to the
cumbersome nature of a direct realization of the technique.
It is shown here that proper construction of a Volterra
model for a system can lead to a practically useful tool

for system analysis and optimization.

1.1 Motivation

Increasingly, in the development of complex systems,
predictive performance evaluations rely on computer
simulations to supplement closed-form analyses.
Specifically, when such systems are inherently nonlinear to
an extent which cannot be neglected - or when the nonlinear
action of a system forms the basis for its utilization - a
complete, closed-form mathematical analysis may be
intractable. This is typical when the performance of a

system can only be assessed for inputs which exhibit



complex spectra such as communication waveforms. In such
cases, discrete-time simulation may be the preferred method
for obtaining system performance estimates.

Nonlinear systems analysis, in any form, must account
for the bandwidth-expanding character of these systemé. In
addition to the more complicated expressions for nonlinear
system behavior (as compared to linear systems), the
bandwidth expansion inherent to nonlinear processing makes
accurate discrete-time processing computationally
expensive. Consequently, discrete-time simulation of
nonlinear systems will necessarily require some compromise
between accuracy and compuational effort. Moreover, the
computational effort may be distributed between model setup
and execution such that the optimum approach for a given
system may depend on the circumstances of the discrete-time

processing to be performed.

1.2 Thesis

Given appropriate constraints on a nonlinear
processing problem, it is possible to construct an
efficient discrete-time computational model. Specifically,
we consider nonlinear systems which may be described as
weakly nonlinear; that is to say that the system is
"nearly" linear, but not "nearly enough" to justify an
assumption of strict linearity. 1In this case, Volterra

series analysis may be advantageously applied to evaluate



the response of such a system to a bandlimited input. We
investigate three specific techniques for developing
discrete-time models which are more efficient than a
brute-force discretization of the Volterra series.

The first technique is what we have called the
Bandlimited Volterra Series. This technique assumes that
components of the response which occur outside the portion
of the spectrum occupied by the input are of no interest.
This condition may be satisfied in instances where the
system nonlinearity is undesirable, but must be considered
for its contribution to response distortion. The
distortion which occurs outside the input signal passband
may be removed by filtering. Hence, when its elimination
in discrete~time processing can be justified, a substantial
processing economy may be obtained.

We have called the second efficient discrete-time
processing technique the Serial Realization of the Volterra
series. While this approach does not offer the benefits of
bandlimiting the response, it provides a realization which
requires only linear filters and memoryless product
operators. The realization is constructed following the
steps of a procedure which may be used to obtain the
Volterra Kernels.

A third method is developed following the Picard

iteration technique proposed by Leon and Schaefer [1]. Its



implementation results in a ladder-type structure which
allows a modular compuational organization.

Each of the techniques is assessed with regard to its
computational complexity, or "cost" and accuracy.
Depending on the particular assumptions or constraints of a
particular system evaluation, one technique may be favored

over the others.

1.3 Outline of the Dissertation

This dissertation is organized to first provide a
theoretical basis for the Volterra series and an error
model for assessing fidelity in nonlinear discrete-time
signal processing. We follow this by presenting three
specific techniques for realizing efficient processing.
Throughout the theoretical development, the specific points
addressed are illustrated by means of a simple, but
effective circuit example which is carried through the
various topics covered in the dissertation.

Chapter 2 presents a thorough review of the theory of
the Volterra series. The important topic of convergence is
addressed, and the dual time and frequency representations
of nonlinear systems described by Volterra series are
examined. Procedures for determining the Volterra kernels
and their associated nonlinear transfer functions for
analytically represented systems are described. The

circuit example previously cited is introduced and both the
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Volterra kernels and the nonlinear transfer functions for
the circuit are determined to illustrate the techniques
described.

Chapter 3 considers the various forms of approximation
error which must be recognized and controlled in any
discrete-time implementation of Volterra series-based
signal processing. The theoretical basis for discrete-time
approximation to the continuous-time Volterra series is
presented and the approximation errors due to Volterra
series truncation, aliasing, signal truncation, and filter
representation are discussed in terms of appropriate error
bounds. The chapter is concluded with the presentation of
a composite error bound which incorporates each of
individual errors described.

In Chapter 4, the Bandlimited Volterra Series is
introduced. This technique provides a means of obtaining
that part of the complete nonlinear system response which
is contained within the passband of the input. The
out-of-band portion of the complete response is rejected in
exchange for a substantial reduction in computational
burden. This approach may be particularly useful in
applications where the nonlinear operation of the system is
regarded as distortion and the out-of-band response

components are removed by zonal filtering.



Chapter 5 presents the Serial Realization of the
Volterra Series. It extends previous work [3] which has
reported realizations of the Volterra series which are
substantially serial realizations under special assumptions
and constraints. While implementation of the Serial
Realization of the Volterra Series is more cumbersome than
linear discrete-time processing, it can provide a
substantial computational savings over a direct realization
of the Volterra series in discrete time. Moreover, the
Serial Realization requires only linear filters which may
be efficiently designed using familiar discrete-time
techniques.

A discrete-time realization for nonlinear systems
which is suggested by the Picard iteration technique is
introduced in Chapter 6. The relationship identified by
Leon and Schaefer [1] between the Picard iteration
technique and the Volterra series points to this
alternative implementation for discrete-time nonlinear
processing. It offers a competitive approach to the Serial
Realization of the Volterra Series and may be more
efficient under some circumstances.

Chapter 7 provides a comparative analysis of the
various discrete-time Volterra series techniques. The
three approaches introduced in Chapters 4 through 6 are

applied, for the circuit example developed in Chapter 2,



using sample inputs consisting of single and multiple
sinusoids for which an exact response can also be
determined by a frequency-domain analysis. The response of
each computationally-efficient Volterra series realization
is compared to the responses obtained using the other
realizations. In addition, the computationally-efficient
responses are compared to results obtained using a direct
realization of the discrete-time Volterra series.

For the class of discrete-frequency inputs, of which
the sinusoidal test signals are members, the exact
responses for any finite-order Volterra series realization
can be determined'. This provides a basis for assessing
the accuracy of each realization. The results obtained for
each computational model are evaluated in light of an error
estimate obtained for that particular realization.

The conclusions of the dissertation regarding the
benefits and drawbacks of nonlinear system realizations

based on the Volterra series are presented in Chapter 8.

1.4 Contributions of the Dissertation

The material presented in Chapters 2 and 3 is largely
based on a review of the literature; however, several parts

represent extensions to earlier work. 1In Chapter 2, a

! While the exact response of an n"-order Volterra

system can be obtained for sinusoidal inputs, this is not
generally the case. For the class of stochastic inputs,
frequency-domain techniques cannot be applied. Therein
lies the benefit of efficient discrete-time processing
techniques.



clarification of and extension to Leon and Schaefer's
technique for determination of the Volterra kernels is
presented. In addition, the proofs related to the
uniqueness of the response of a Volterra system under
permutation of the arguments of an asymmetric kernel and
the symmetry of the nonlinear transfer function of a
symmetric kernel are original. Also, the state variable
approach to treatment of systems containing multiple
nonlinearities is new. In Chapter 3, the equivalences
between continuous-time and discrete-time processing
(subject to idealized restrictions) are established in a
manner not believed to have been previously reported.
Furthermore, the composite error bound is new.

The concept of the Bandlimited Volterra Series in
Chapter 4 is a key, new result of this dissertation. Work
performed earlier by Kim and Powers [2] made very similar
assumptions regarding the control of aliasing for
second-order ("quadratic") systems; however, it was
focussed on system identification from discrete data
sequences rather than on performance analyses of known
systems.

Chapter 5 introduces the Serial Realization of the
Volterra Series. This is a new presentation of the
complete realization of a nonlinear system response

represented by a Volterra series. It extends earlier work,



e.g. Shanmugam and Lal [3], but is not subject to the
constraints which have previously applied with respect to
the specific structure of the nonlinear (frequency-domain)
transfer functions.

Chapter 6 presents a mechanization of the Picard
iteration approach of Leon and Schaefer [1] for
discrete-time implementation. The technique itself is not

new, but its adaptation to discrete-time processing is

original.
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CHAPTER 2

The Volterra Series: A Review

The Volterra series forms the basis for the
computationally efficient techniques for discrete-time
evaluation of nonlinear systems which are discussed in this
dissertation. Therefore, we first review the Volterra
series: 1its applicability, determination, and associated

nonlinear transfer functions.

2.1 Definition

Volterra series analysis is a mathematical technique
for characterizing the behavior and determining the
responses of nonlinear systems. It may be viewed as the
multidimensional extension of concepts which are familiar
in linear systems analysis. However, the technique has
seen limited application due to the cumbersome nature of
the higher order terms.

The name Volterra series derives from the work of the
mathematician Vito Volterra who studied the representation
of functionals during the late 19" century [4]. The first
application of Volterra series to systems analysis was by
Norbert Wiener [5,6].

A conceptual advantage of the Volterra series

representation for a nonlinear system is that it provides

11



an explicit representation for the response in terms of the
input. The general expression for the response of a

nonlinear system using the Volterra series is:

(@) = 3::’1 Vul®) (1a)

o oo

}’n(t) = I

coe
-0  —00

hn(fcl,---,rn)ﬁ[x(t—ci)dri] (1b)

where the input is x(f) and the response is y(f#). The term
y,(t) is the nonlinear response of order n, associated with
the Volterra kernel of order n, h,(%,..,7,). It is formed by

the n-linear operator indicated in equation (1b) [7].

While a Volterra series may be written with a constant

y,term, such a term physically suggests the presence of a
source internal to the system which produces an output,
independent of any input. Such a term may be treated as an
external source or eliminated using an incremental signal
analysis. The inclusion of a constant term adds nothing to
our understanding of the system and will be neglected in
our analysis without loss of generality. However, in

performing a system identification based on the input and

output of a "black box" system, the zero order term, y,,
should be retained to account for unobservable sources

within the system.

12



x(?)

n(®) y(?)
Hix(®] |——) >

A

YD

I H[x@®]

) Hixo) |24

Nonlinear System

Figure 1: A Volterra Series Conceptual Realization

Conceptually, the Volterra series may be seen as a
linear combination of terms of different orders. A
convenient representation is shown in Figure 1. Each term
may be computed independently, then the complete response
formed by summing the individual component responses.

The first-order term in the Volterra series
representation of a system is the familiar linear

convolution integral for the response of a linear system.

13



It represents that component of the complete response of
the system which would be considered by a linear systems
analysis. Conversely, the response of a linear system may

be expressed as a Volterra series in which all of the

higher order terms (i.e., those for which n>1) are
identically zero.

The nonlinear terms of a Volterra series are
successively higher order, multidimensional convolutions of
input signal products with a Volterra kernel function of a
corresponding number of variables. We use the expression
"function" loosely here; Boyd [8] has shown that the
Volterra kernels need not necessarily be functions in the

strictest mathematical sense. They may also include Dirac

d functions; hence they may be distributions.

Volterra series representations can be obtained for
many systems described by nonlinear differential or
integral equations. Generally, these descriptions are
implicit in the response variable and may have no apparent
closed form solution. The corresponding Volterra series
representations are explicit relations between input and
output, although they contain an infinite number of termns.
Typically, the terms of the Volterra series may be

determined iteratively.

14



Nonlinear equation forms from which Volterra series

may be obtained include n*"-order nonlinear differential

equations such as:
n r m
X =X a0+ Z b0 (2a)
r=0 s=2
and the Volterra integral equation:

YO = u(®) —lh(:— ) f[y(v)]de (2b)

In equations (2a) and (2b), y(¢) is the response of the
system to the input x(f). In equation (2b) (see Leon and

Schaefer, [1]), the input is embodied in the u#(f) term which

has the formn:

oo

u@®= [ gt-t)x(t) dt (2c)

-0

The convolution kernel g(f) in equation (2c) is related to
the kernel h(t) in equation (2b) in that their transfer

functions, G(s) and H(s), share a common denominator.
While equations (2a) and (2b) are special cases of
nonlinear differential and integral equations respectively,

they are applicable to many circuits and systems of

15



practical interest. We will demonstrate this relationship

in the context of an example in a following section.

2.2 Applicability

Realistically, all physical systems are nonlinear to
some extent; materials utilized to fabricate devices
ultimately exhibit saturation or breakdown, although they
may have essentially linear regions of operation. Linear
representations of such systems are first order
approximations to their complete behavior (independent of
whether or not the complete representation is known).
Consequently, requirements for increased precision in
system analyses must ultimately necessitate some treatment
of the nonlinear aspects of the systemn.

The Volterra series (when it exists) for any system

which contains an element characterized by a nonlinear

current-voltage (I-V), flux-current (¢-I), or charge-voltage
(Q-V) curve will contain an infinite number of terms. As a
tool for evaluating a "real" system, however, the Volterra
series is useful only when a small number of terms provides
an acceptable representation of the true system response.
Practically, the computations may become unwieldy if the

number of terms exceeds 3 or 4.

16



2.3 Convergence

For some systems or nonlinear element characteristics,
the Volterra series may not exist or may fail to converge
for some inputs. That the Volterra series is a Taylor
series applied to functions instead of values, suggests
that the Volterra series for a system will exist and

converge only if the associated Taylor series for the I-V,

Q-V, or ¢-I nonlinear element characteristic exists and is

convergent [7]. Equivalently, the constitutive
relationship of each nonlinear element must be memoryless
and analytic [8].

In the event that a nonlinear component is not
memoryless, further decomposition is typically possible.
For example, a diode which has a non-negligible junction
capacitance could be represented by a more detailed model
than that of a voltage controlled conductance.

Commonly, applications of Volterra series analysis [9,
10] are restricted to "weakly" nonlinear systems (also
described as systems with "mild" or "soft" nonlinearities).
Such restrictions intuitively suggest satisfaction of
conditions necessary for the Volterra series to exist and
converge. Moreover, they also permit a series truncated to
a small number of terms to satisfy the accuracy

requirements of that particular analysis.
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2.3.1 Radius of Convergence

Boyd [8] has presented a means for establishing a
radius of convergence for a Volterra series based on what
he has called the gain bound function. The gain bound

function is defined to be:
f(z)= |h0|+"2_31 1Aalllzl" for |z|<p (3)

where p is the radius of convergence of f, and ||| is the

norm of 4, defined as:
Waall= [ |haCTa,---,Ta)| dT1- - -dTn

The Volterra series is convergent for inputs, x(7),

which satisfy |x(#)|<b for all ¢, where 0<b<p. 1In this

case:

b®| <f®)

This can be seen from the following inequalities:
ly®| < |kol +"§I oo ra(Tr, - T dx(E =) - Xt = Ta)dT1 - -dTs

< kol +§lf'"f |ha(Tr, - T) [ [ 2= T1) |- - |2t = T0) | dTs - - s
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< |ho|+ E'II”J |An(T1y- -, Th) |0 dT1 - - -dTs
= kol + Z lIbllb” =£0) (3a)

The radius of convergence for the gain bound function

is:
L\l
p= (limsupllh,,IIT) (3b)
nejc0

That this is true may be seen by replacing |4, by a,. Then,
equation (3b) may be recognized as the radius of

convergence of the power series:
fx)= X ax"
n=1
!
which converges for h]<[ﬁn}mqﬂaﬂ7] =p.
-—)00

2.4 Frequency Domain Representation

In the time domain, Volterra series analysis of a
system may be applied to any bounded input, including
random processes. This applicability to random input
signals may be particularly useful as an aid to evaluating
the performance of nonlinear systems where the input has

been corrupted by noise.
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However, the applicability of Volterra series analysis
is not restricted to the time domain. Multidimensional
Fourier and Laplace transforms of the Volterra kernels may
be found and are multivariable frequency domain functions
known as kernel transforms [7] or nonlinear transfer
functions [11].

The nonlinear transfer function of order n is defined

to be:

o0

Hn(fl,---,fn) =_I--Lhn(’n,---,’Cn)GXp[-jZni:f‘.lﬁti]dtl---dt,, (4)

where the variables f, i=1,2,",n are coordinates in an

n-dimensional frequency domain. The inverse transform,

when it exists, has a similar form:

Hy(fiseeoto ) oxo | 2m & fre | i (5)

§ 8

Ra(Tis ) = [

The n-dimensional transform of the n” order response

provides useful insight into the character of the higher

order responses. Before examining the n"order response

transform, let us define an n-dimensional n" order response,

y,(t,....t,) as:

é-—.B

}’n(tl,"',tn)= “ihn(’cls'“a’cn) !l:{[x(tl_rl)dti] (6)
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This is related to the single dimensional n” order response

given in equation (1b) by:
yn(t) =J’n(t1, *t tn) I =ty= =ty

The n-dimensional transform of the multivariate time

response is:

Yn( 15 ,ﬁx) =forofyn(tr, -, ta) exp ('sznﬁltifi)dtl'”dtn (7)

Substituting equation (6) into equation (7) gives an
equivalent expression in terms of the input and the

Volterra kernel:

Bl ofs ) =] Fo aCes, o Fitstes—voared |exp (~j2m 3 01 )t
—00 —00 =00 = =
(8)
A rearrangement of the terms in equation (8) including

an interchange of the order of integration yields:

Y,,( ,,---,f,,) = fhaCr, t,.)[ilf{ [ t-t)exp (—jan,-t,-)dt,-]dtl- .t (9)

Evaluation of the inner integrals as Fourier

transforms of the tT-delayed replicas of the input signal

gives:
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Y,,(fl, . -,f,,) =f£;fh,,(‘tl, . -,'c,.)[ilj{)((ﬁ) exp (—j21tf,-‘t,-):|d11 oo odty, (10)

from which we may immediately obtain a result analogous to

the frequency domain expression for linear systens:

) =i s P (5 ()

The relationship between the n” order multidimensional

frequency domain response and the Fourier transform of the

n" order response can be established as shown below. We

begin by writing:

y,,(t)=f2fY,,(ﬁ,---,ﬁ,)exp (jZntigﬁ)cm---% (12)

Then by taking the Fourier transform (1-dimensional) of

both sides, we obtain:

Y(f) =i[j£:j Y,,(fl,---,f,,)exp (jZntéﬁ)ajfl---df,,]exp (—jant)dt (13)

Interchanging the order of integrations and evaluating the

inner integral as:
T exp (j21tt )'.Lif,) exp (—j21tft)dt= S(f— ilf,) (14)
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immediately yields:

Y..(f)=I§jyn(fl,...’ﬁ)s@f—éﬁ)dﬁ...% (15)

By substituting equation (11) into equation (15), it
can be seen that the n” order response to a set of inputs at

frequencies f,...,f, occurs at the sum frequency, f=f+..tf,.

Val7) =g (it JX(5 ) X5 ) 8(F- £ 1 )aio-a (26)

This interpretation of the result is evident from the
fact that 8(f—§f,—)=0 unless f=§1f,-. Accordingly, we may
state that the value of H,(f,,..,f,) is the weight of the n"
order response, at frequency fi+..+f, , to a set of unit
amplitude input components at angular frequencies f,....f,.
(The complete n®order response at f=f+..4f will be n! times
this weight due to the n! permutations of the f's which

correspond to orderings of the arguments of H, that produce

a response to the given input.)
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2.4.1 Example of a Frequency Domain Response Computation

As an example, consider an input to a nonlinear

system, x(t), given by:

x(t) =A; exp (j21t§1t) + Az exp (jZRCZt) +---+ A exp (quC,,t) (17a)

The Fourier transform of this input signal is:

X(f) =A18(f—§1)+A28(f—§2)+---+A,,8(f—t;,,) (17Db)

Therefore, when equation (17b) is used in equation (16),

we obtain:

(1) =g Bfis o Jad(fi =8 )+ 48(fa =80 )85 .1 )i~

(18)

Evaluating the integrals results in:

(i1 48 )= F () -

The p subscript has been added to the response in

equation (19) to indicate that it is only a partial

n‘"-order response. The complete n"-order response is

determined by summing the output components due to each

combination and permutation of all input components. In

particular, note that there are n! permuations of the input
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components at the n distinct frequencies which comprise the
input in this example. Therefore, the response at f=f;+..f,
is n! times the value obtained by equation (19).

Furthermore, we have impiicitly assumed that each of the n

complex exponential components in this example has a
frequency which cannot be synthesized as a linear

combination of the others; i.e., that the frequencies are

incommensurate. Otherwise, n"-order response components at

S=fi+..#f, might also be obtained from other combinations of

the input components.

Expressed in the time domain, the n*"-order response

component at f=f+..#f due to the input described by

equations (17) is:

y,.(t)=n![ilf{A,-]H,,(ﬁ,---,ﬁ,)exp (jZntéllf,-) (20)

While the creation of response components at only the sum
frequencies may appear contrary to the common wisdom that
nonlinear response components occur at sum and difference
frequencies, it should be noted that we have considered
only non-physical complex exponential inputs. Physically,
we deal with real sinusoidal signals. When these signals
are viewed as the composition of positive and negative

frequency complex exponentials, the response components at
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"differences" of the sinusoidal frequencies are realized as
a natural consequence of sums of the complex exponential
frequencies.

In equation (20) we have neglected any response
contributions at the sum frequency due to different
combinations of the input components; in general these all
exist and form part of the complete response. The A, are
complex coefficients incorporating both the amplitudes and

phases of the input components.

2.4.2 Application of Frequency Domain Volterra Analysis

In general, frequency domain analysis of nonlinear
systems by Volterra series is difficult for complex or
stochastic inputs. However, for low order systems a
frequency domain analysis can readily be performed when the
input contains distinct frequency components.

In the literature, a more frequent application of
Volterra series analysis is seen using frequency domain
representations of the systems considered [11,12,13],
although time domain analysis is also found {14]. By far,
however, the greatest number of published papers are
oriented toward computations based on greatly simplified
models [15,16,17]. Perhaps this is largely due to what
Hummels and Gitchell have called "the computational burden
always associated with obtaining numerical results with a

Volterra systems approach" [15].
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2.5 Determination of the Volterra Kernels

In practice, the identification of the Volterra
kernels for a "black-box" system can be difficult.
Analytical derivation of the kernels is tedious, but can be
performed in a straightforward manner for a variety of
circuits and systems. Bedrosian and Rice describe methods
for obtaining both the Volterra kernels and the kernel
transforms from a variety of nonlinear system descriptions
[18]. Bussgang, et. al. have outlined a procedure for
deriving the Volterra kernels from the nonlinear
differential equation [11]. Leon and Schaefer demonstrate
a comparable procedure for obtaining the Volterra kernels
from the nonlinear Volterra integral equation [1].

In addition, system identification techniques for
determining discrete-time approximations to the Volterra
kernels of an unknown system have been proposed utilizing
correlation techniques [14].

The most common approach for characterizing physical
nonlinear systems, however, has clearly been determination
of the nonlinear transfer functions using multifrequency
probing techniques [9]. This approach is, perhaps, the
most intuitively appealing method for characterizing

physical systems in the laboratory as well.
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2.5.1 Symmetry
The Volterra kernels obtained for a specific system by

a particular method may or may not be symmetric with
respect to permutations of their arguments. We say that a

Volterra kernel is symmetric if:

hn(Tl,"'9Ti9"'s'tj,"','tn) =hn(ﬁcl,"','tj,"',Ti,"’,'tn), i9je {1,"',’1}
(21)

Thus, by different choices of variable assignment, we may

obtain as many as n! different n‘"-order kernels when an
asymmetric form is obtained. (Since there is only one
permutation of a single argument, the issue of symmetry in

the present sense is non-existent for linear systems.)

2.5.1.1 The Response to an Asymmetric Kernel

Although the n"-order Volterra kernel for a given
system may not be unique, the responses of all kernels
obtained by permutation of arguments are identical. We

prove this below.
Proof: Assume that the n*"-order Volterra kernel, h,, for

some system is not symmetric. The n‘'"-order response of

this system is given by:
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Pal) = o BT Ty o T PE= ) - =T 3= - x(t=Ta)  (22)
Xd’tl .. 'd’ti‘ . 'd‘tj' . 'd’Cn

Since the 1, are dummy variables, which are eliminated by

integration, we may rename them without changing the

response in any way. Thus if we choose T=a4 and T~0, we may

rewrite equation (22) as:

Ya(8) =I'T‘Ihn('tl, ey @y Oy sy T)X(E—T1)- - X(E— @) - -X(2— Q) - X(t—Tp) (23)
Xd’Cl' ..da---do - 'd’Cn

Let us obtain a different n*"-order Volterra kernel by

permutation of the arguments f and /. We define:

hn(Tls°"aTi9""Tja""Tn) =hn(‘tla"',Tjs"',Ti:"',Tn) (24)
Let us write the response to this new kernel as:

ya(t) =I-T°I/;n(‘tl, 05 Tis 5 Tjy o T )x(t—'c;)- <x(t =) x(t— ;) - x(t—Tn) (25)
Xd’Cl' . ‘dti' "de" °d’Cn

Substituting equation (24) into equation (25), we obtain:

i’n(t)=I’T‘,[hn(’cl,"',tj,"‘,Ti,“'atn)x(t"'tl)"'x(t_Ti)“'x(t"Tj)'"x(t_'tn) (26)
d’C] .. 'd‘Ci' . °de' . 'd’Cn
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As before, the f, are dummy variables which we may rename as

we choose. Let us assign: 7T=0 and T=a (the reverse of our

previous choice). Then:

ya(t) = J.'T‘Ihn('tl’ sy @y Oy ey T )X(E—Ty) - Xt — O - x(2 = a)- - X(t—Tn) (27)
Xd’Cl o.do---da-- 'dTn

The product of delayed replicas of the input signal is
commutative, so that the terms may be rewritten in any
order. Furthermore, we may re-order the integrations to

obtain:

Ya(® =I'T'J‘hn('cl, eyl Oy s T)X(E = T1) - Xt — @) - x(t— 0)- - x(t—Tn) (28)
Xd’tl' --da---do- .dtn

The right hand side of equation (28) is identical to the

right hand side of equation (23). Therefore:

yn(t) =}A’n(t) (29)

This process may, in principle, be repeated as often
as we like. Consequently, the n'"-order response, y(f), is

the same for any permutation of the arguments of A,, whether

or not the kernel is symmetric.
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2.5.1.2 Symmetrization

Since there are n! permutations of the arguments

{t,....,1,} of an n*"-order Volterra kernel, each of which yields

the identical response to an input, we may define a

symmetric kernel [7,11]:

S[h,,(rl,---,rn)l=;—,{§}hn(fc,-.,---,r,-n) (30)

where the S means "the symmetrization of" the quantity in
brackets. The symmetrized kernel is unique, and no loss of
generality results from treating arbitrary kernels as
symmetric. Since physical systems have no preferred
permutation of arguments - the assignment of which is made
for the convenience of analysis - it is often helpful to
define kernels which are insensitive to an exchange of

arguments.

2.5.1.3 Symmetric Nonlinear Transfer Functions

Following an approach similar to that in section
2.5.1.1, it may be shown that the n-dimensional nonlinear
transfer function of a symmetric Volterra kernel is also a
symmetric function of its arguments. The proof is outlined

below.

Let 4,(t,,..,T,) be a symmetric Volterra kernel. The

corresponding nonlinear transfer function is:
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Hn(ﬁ,"',ﬁ,"',ﬁ,"',ﬁl) =Ilth"(1"""T"""’Tj""’r")

(31a)
exp {—j21t(fm +---+ﬁ'c,-+---+f,-'c,-+---+ﬁ,‘c,,)}d‘cl---dr,,
Due to the symmetry of the kernel 5,(T,....T,), we may
equivalently write:
Hn( 1,'°',ﬁ,'°-,ﬁ,-",ﬁ.) =,E:Ihn(’tl,°'-,Tj,'--,'ti,---,‘tn)
(31b)
exp [—jzn(fm +---+f,-r,-+---+f,-r,-+---+f,,'c,.)}dﬁc;---dt,.
or:
Hn(fl, --',ﬁc,“',ﬁ,“-,ﬂ) =I£-]hn(‘n,---,Tj,---,’ti,'--,’cn)
(31lc)

exp {—jZn(fm +---+j:-rj+---+f,-'c,-+---+ﬁ,'c,.)}d~c1---dt,,

where in equation (31c) the transform has been written for
the permuted-index kernel.
The permuted-index nonlinear transfer function can be

written with respect to equation (31a) as:

Hn( l,""ﬁa"'sf;t,"',f;l) =,”ZIhn(Tl"",ti""stjs"'ﬁtn)
(32)

exp {-—j21t(f11:1 +---+f,tk+---+f,,t,+---+f,,1:,,)}dtl--~dt,,

32



Setting k=i and /=j and permuting the indices of 4,, as

permitted by its symmetry, we have:

Hn(ﬁ;"'9ﬁ9"'aﬁa"'sﬁl) =I£jhn(tls"'9Tjs"'9tia"','tn)
(33)

exp {—jZn(fm +---+f,-fc,-+---+ﬁ'cj+---+f,,'c,,)}dr1---dt,,

Now the right hand sides of equations (33) and (31c) are

identical; therefore:

H(fl’...,ﬁ’...’ﬁ,...’ﬁ,)=H(fl,...,j}.,...,ﬁ’...,ﬁ) (34)

and, hence, the nonlinear transfer functions are symmetric.
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2.5.2 Determination of the Volterra Kernels for a

Nonlinear System from the Volterra Integral Equation

The paper by Leon and Schaefer [1] provides a method
by which the Volterra kernels of all orders may be
determined for a nonlinear system when a representation of
the system by a Volterra integral equation is known. The
requirements of their method are that one have a Volterra
integral representation of the nonlinear system, and that
there be a polynomial approximation to the nonlinear
element's constitutive relationship. However, the paper
stops short of recognizing that each higher order kernel
has an expression in the form of a multidimensional
convolution of products of the [associated] linear kernel
of the system. We show below, in terms of an example, how
the first several terms are obtained. Further, we provide
a generalized procedure for determining the higher order
terms which shows the relationships that the Volterra
kernels of all orders bear to the linear portion of the
system.

We begin by introducing a simple nonlinear circuit
which will serve as a convenient vehicle to illustrate the
derivation of a Volterra series. Next, we restate the
method proposed by Leon and Schaefer [1] for completeness.
Then we derive the Volterra kernels for our example

circuit, providing a convenient reference for our work in
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discretization of the Volterra series and in so doing,

expand on the earlier work of Leon and Schaefer.

2.5.2.1 A Simple Nonlinear Circuit Example

The semiconductor diode is one of the most common
nonlinear devices in modern circuits. Using the
exponential characterization of the voltage controlled
conductance relationship of a diode, a simple RC circuit
with a diode across the capacitor provides a convenient and
illuminating example for the study of Volterra series. The

circuit which we will consider is shown in Figure 2.

Vi)

+
v (t) ( ) C:: v y(t)

Figure 2: Nonlinear Circuit Example

We will utilize the exponential constitutive

relationship for the diode:

id=13(e’wd—l) (35)
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where i, and v,are the current through and the voltage
across the diode, respectively. I, represents the reverse

saturation current and A is the inverse thermal voltage
constant of the diode. No time dependence has been shown;
we assume that the diode behaves as a memoryless voltage
controlled conductance.

Expanding the exponential constitutive relationship

for the diode in a power series, we obtain:

");"v";=g1vd+f(vd). (36)

n

iq =Is7\.Vd + E
n=2

The power series expansion in equation (36) lends
itself to an interpretation of the diode as a linear
conductance, g,, in parallel with a strictly nonlinear

(i.e., having a polynomial representation which has no

constant or linear terms) voltage controlled conductance,

f(v,). It will be convenient to redraw the circuit in this
fashion, also performing a Thevenin to Norton conversion of
the voltage source and source resistance, as shown in

Figure 3.
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+
x4 T, e £ g, [] ffy) YO
0
g = 1R

Figure 3: Redrawn Nonlinear Circuit

The linear circuit elements may be combined to form a
single linear impedance, H(s), expressed in the Laplace

transform s-domain:

His)=[t+sC+g]" =[L+IA+sC]” (37)

Reverting to the Thevenin form of the circuit, we have
‘the equivalent circuit shown in Figure 4. This shows the
original circuit as a series-connected voltage source, a
strictly linear impedance, and a strictly nonlinear,

voltage-controlled conductance.
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H(s) ¢

G(s) F(Y)(s) Y(s)

Figure 4: Thevenin Equivalent Nonlinear Circuit

In Figure 4, G(s) is a modified voltage source related

to the original source V,(s) by:

G(s) = H($)V(s) (38)

We can now write a simple expression for the response,

Y(s), of the circuit (where we have substituted the

customary notation, Y(s), for the response in place of the

diode voltage, ¥V, (s)).
Y(s) = G(s) — H(s)F(Y)(s) (39)

where F(Y) indicates the (nonlinear) operator on the

transform domain representation of the response which is

implied by the Laplace transform of the circuit equation.
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The difficulty with this expression is that we have

not obtained the nonlinear operator in the transform

domain. While the form of the F operator can be
determined, it is not needed to obtain the time-domain

Volterra kernels. Instead, we revert to the time domain,
where we have an expression for f(y), and interpret the

s-~domain product of H and F(Y) as a convolution:
y(@) =g®) - | h(t—v)f[y(t)]dx (40)

The convolution kernel, h(t), is the inverse Laplace

transform of H(s) and may be written explicitly as:
h(t) = % exp [kfJu(z) (41)

where the unit step function, u(f), expresses the causality

of Ah(t), and the reciprocal time constant of the circuit, %,

is given by:
k=g x+12] (42)

Based on our previous determination of the modified

source, g(f), we may write:

oo

¥ = | Lhe-ov,@de- | he-0f [ymla (43)

—c0
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2.5.2.2 Derivation of the Volterra Kernels from the
Volterra Integral Equation
First, consider the Volterra integral representation

of a nonlinear system:

t
y(8)=g(t)— ; h(t—n)f[y(1)]dt (44)
where: f(x)= iza,-x" (44a)

Leon and Schaefer [1] restrict this infinite series

expansion to a degree m polynomial; however, we prefer to
allow this to remain an infinite series representation of
the nonlinearity and permit the truncation to be a matter
of practical convenience rather than conceptual

restriction. In addition, we observe that the upper 1limit

of integration, ¢, is a consequence of the causality of the

kernel A(t). Therefore, we may replace the limit by oo

without loss of generality. Furthermore, while solutions

to the Volterra integral equation may not be obtainable by

the method of Picard when the lower limit is replaced by —eo

that is in fact the most general condition for which we

seek a solution. We shall make the substitution fy=—e,

with the recognition that it also is not a practical

concern for causal inputs, v, (?).
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Second, we write the (as yet unknown) Volterra series

expression for that same system:
w0 =2 yi(t) (45)

Next, we substitute the right hand side of equation

(45) into both sides of equation (44). This yields:
igyi(t) =g(t) - I h(t—t)f[gyi(t)]dt (46)

The important realization by Leon and Schaefer was
that the integral on the right hand side of equations (44)
and (46) can contain no linear (i.e. first order Volterra

series) component. Hence, g(t) must be the entire linear

part of the complete system response, i.e. ),(f). Therefore,
a recursive procedure can be established for successively
determining the higher order Volterra kernels in equation
(45) .

Leon and Schaefer point out that the only second-order
contribution must be that which results from squaring the

now-known first order term. Consequently, we have:

Y2(d) = —ih(t-—’t) g (O] d (47)
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Since we know that y,(f) = g(f), we may substitute this
result into equation (47) to determine the second order

Volterra kernel. The Leon and Schaefer result is:

ha(T1,7%2) = —azh(11)d(T; — T2) (48)

[A remark regarding our notation is appropriate. We have

denoted the strictly linear kernel (impulse response) of

the Volterra integral equation by the unsubscripted A(?).

The (also linear) first order Volterra kernel is denoted
h,(T,) and, not accidentally, bears a functional resemblance

to h(t). The higher order Volterra kernels are subscripted

according to their order. ]

2.5.2.3 Extension of Leon and Schaefer's Method
It is at this point which we shall depart from the

Leon and Schaefer work. We recognize from our example that

g(t) is a modified source and has an expression as a

convolution of the original source, v,(#), with the impulse

response of the linear part of the circuit.

For a source which has a known Fourier transform, G(f),
the waveform, g(¢), may be explicitly determined. However,
for a stochastic source, g(f) may only be expressible as a

convolution. Therefore, we want to represent g(f) in its
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more general form. In terms of the original voltage

source, we have:
yi® =+ | ht=t)vs(t)dey = + | h(T)vs(t—11)dT (49)
Thus the first order Volterra kernel is:

hy(T1) = +h(T) (50)

Substituting equation (49) into equation (47) and

using separate dummy variables in each term, we obtain:

-]

() =] D ark | h(ti —wilt—t)dn L | kit —vslt-t)drde  (51)

—co

Interchanging the order of integration and rearranging

terms yields:

v2@®==[ | | arzh(@h(T - Dt Dt vs(t-T)vst—T2)dudr,  (52)
Now, instead of being one integration "short" of the
desired form for the second order Volterra series as in
equation (47), we in fact have one integration too many.
Clearly, in order to satisfy the Volterra series form

requirement, we must carry out the integration with respect

to T. Consequently, we have:

43



ha(T1,72) = —l @277 h(DA(T1 — Dh(T2 —T)dt (53)

Using the previously obtained result for A(f), i.e.:
h(2) = % exp (—kt) u(f) (54)

where u(f) is the unit step function:

1, >0
t)=
u(® { 0, t<0

We can state the first and second order Volterra kernels
explicitly. Substituting equation (54) into equation (50)

yields:
h1(t1) = 25 exp (—ktyu(ty) (55)

Substituting equation (54) into equation (53) in three

places gives:

0 1 exp [-kt] exp [-k(T1 —T)] exp [-k(T2 — D]u(Tu(t, — Du(t2 - 1)dt

ha(T1,%2) =

(56)
Reflecting the unit step functions in the limits

of integration, we obtain:
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min (71,7}

ha(T1,T2) =2 g exp [-kt] exp [-k(t; —T)]exp[-k(T. - D)ldt  (57)

C3R2

Evaluating the integral results in:

h(11,72) = —{exp [—kt1] exp [—T2] — exp [kmax {T1, T2 Ju(T1)u(t2) (58)

where the u(t,), u(1,) conditions are derived from the fact

that if 1<1,,T, there is no region of integration in equation
(57) .
The reader is cautioned that care must be exercised in

determining the sense of the min{7,,T,} and max{T,7T,}

expressions. The upper limit of integration, min{7,T,}, in
equation (57) is determined by the unit step function which
most restricts the region of integration. That limit

cancels the corresponding term in the integrated result,
leaving the max{7,T,} expression in equation (58). An
alternative form of equation (58) which may be useful is:

az

YT {exp [-k(T1 +7T2)] —exp [k T Ju(t) — T2) ~—exp [k T2 1u(t2 — T1)}

u(tu(t2) (59)

ha(T1,72) =

2.5.2.4 Higher Order Kernels

We proceed similarly to the determination of

h,(1,,7,,T;). In this case, we recognize that there are
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contributions to the third order Volterra series term from
the multinomial product terms [y, (1)}’ and [y (T)},(T)] in

equation (3). Let us label these h3',(‘c,,1:2,1:3) and hs,b (T, T5)
respectively; we shall determine them separately, for
convenience, and then combine the results. The complete

third order Volterra kernel is:
hy (7)1, %) = hs,a('tu'czl'ﬁ) + 2h3,b(17|:'czr'r3) (60)

where the A,, contribution is taken twice since it results

from two terms in the multinomial expansion.

Using the same sort of substitutions of previously
derived Volterra series terms which led to equation (51)
and following a rearrangement of integrations, we extract
the components of the third order kernel as was done for

the second order kernel in equation (53). We obtain:
h34(T1,T2,T3) = —as [ AT (T1 —Dh1 (T2 = D1 (T3 —T)d (61)
h35(T1,T2,T3) = —az [ A(DA1(T1 —Dha(T2 =T, T3 —T)dT (62)

Using equations (50) and (53), we can further expand

equations (61) and (62). This yields:
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h3,a(T1,72,73) = —;—ilh(’c)h(tl —Dh(t2 = h(T3 - T)dr (63)

hsa(81,02,T3) = =z | WOSACE -0 2 | Hodh(T; ~T- a)h(xs - ddor)dr
(64)

We observe that, in equation (64), there are now two
integrals to be evaluated in order to obtain the desired
contribution to the third order Volterra kernel. This
typifies the general character of the higher-order Volterra
kernels.

The characteristic which will be observed as we derive

higher order kernels is that each term in the expression
for the n™ order kernel, #A,[,,...T,), will be generated by the

convolution of the linear impulse response #i(f) with a

product of lower order Volterra series Kkernels. This

convolution requires one integration (which we have shown
with respect to the variable T). Each kernel, h,, in the

integrand for which m>1 can be replaced by its counterpart
expression to equation (64). Each such substitution will

result in the introduction of an additional convolution

integral. Since m is necessarily less than n, the

expression can be reduced ultimately to one containing only

the function A(t). There will be p replicas of A(T) in each

term of 4,/(1,,..,T,) where p=k+n and k is the number of
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integrations to be performed in order to obtain the kernel,

h,. In general, the different terms of h, will be generated

n

with a different number of integrations.

We may substitute the expressions previously found for
the h, (e.g. equations (55), (58)) into equations (61) and
(62) in order to explicitly determine the higher order

terms. While this is cumbersome for increasing n, it is a
straightforward procedure. For the third order kernels, we

obtain:

h3a(t1,72,13) = o :f; exp [—kt] exp [-k(t: —1)] exp [-k(T2 — )] exp [—H(T5 - T)]

u(tu(t; —DHu(t, —u(ts —1)dt

min {Tl »T2,T3 }

== (f) exp [+k(2T— T, — T2 —T3))dT (65)

Evaluating the integral yields:

h3,a(T1,T2,T3) = 5= {exp [=kt1] exp [-kt2] exp [-kTs)

—exp [+kt;] exp[—kt;)] exp [kt }u(ti)u(t)u(ts) (66)

where we have defined: T=min{7, 7, 7;} and {T,T} =
{%,,%,,T:}\T;. [The set notation {ab,c}\x is taken to mean:

the set of elements 4,b, and ¢ excluding the element x. The
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implication here is that we know the membership of the
complete set, i.e. a,b, and ¢ but the correspondance between

the deleted element x and the set members is not explicit.]
Similarly, we derive the second part of the third
order kernel, h,,(T,7,%,). Substituting equations (55) and

(58) into equation (62) gives one of six possible
expressions for this term:
h3,b(Tl’129 13) =

az

~as _]; —é' exp [kt o= exp [-k(T) — 7)] =saap Lexp [-k(T2 — D] exp [-k(T3 — 7)]

—exp[—k(max {12, 73} — )1 Ju(Du(t; — D)u(t2 —Du(ts —1)dt (67)

In equations (62) and (67) we have arbitrarily
assigned the variables ¢, to A, and t,, t, to h,. We could
have chosen to assign either ¢ or f, to A with the

complementary assignments to h,. It was by our choice in

the assignment of variables that we have determined the

shape of the asymmetric h,, term which we will obtain. No

choice is better than another; we have previously shown

(Section 2.5.1.1) that responses calculated from all

versions of h,, obtained by permutation of its arguments are

identical.
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We have ignored, here, the ordering of the arguments

of h, because we know already by equation (58) that the

second-order kernel is symmetric. Similarly, the A,, kernel

obtained in equation (66) is inherently symmetric.

Using the variable assignment of equation (67) we can

find the h,, Kernel as:

h3p(T1,72,73) = (68)

2 min {Tl T2 ,13}

——= | exp[+k21-T, =72 ~13)] —exp[~k(T) +max{T,, T3} - 27) Jdr
0

Integrating and simplifying yields:

2
h3p(T1,72,T3) = ;R%{exp [—k(T1 + T2 +T3)] —expl—A(T; + Tk — T:)]

(69)

—exp[—4(T1 + max{t2, T3 })]+ exp[~k(T1 + max{t2, T3} =271} u(T)u(t2)u(ts)

Since h,, as presented in equation (69) is asymmetric,

it may be symmetrized as described in Section 2.5.1.2. The

resulting kernel, S[h,,], is:
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S[h3p(T1,72,73)] = -;-ZR:—C;SEB exp [—k(T1 + T2 +73)] — 3 exp[—k(Tj + T — T.)]
—exp[~k(T, + max{t2,T3})] —exp[—k(T2 + max{t,,T3})] —exp[—k(T3 + max{Ti, T2 })]
+exp[—k(t; + max{t2, T3} —21;)] + exp[—k(t2 +max{Ti, T3} —21;)]

+exp[—k(T3 + max{t1, T2} —2t)]} u(t)u(t1)u(ts) (70)

The presence of a growing exponential term should not

be disturbing, since it is always the smallest value,

exp{kt,}, and is always dominated by the other terms.
In determining the fourth order term, h,, there are
contributions from [y, ) I, and [¥,]. We shall call

these h,, h,, h,., and h,,. The complete fourth order
Volterra kernel is then (accounting for the number of terms

in the multinomial expansion):
hy = h4,a + 2h4,b +h4,c + 3h4,d

The individual terms which comprise the fourth-order

kernel may be written as:
haa(T1,T2,73,Ta) =—as | h(Dh1(T1 —Dh1 (T2 = D1 (T3 = VA1 (T4 —T)dT

= of h(Dh(t, —h(Tt2 —DA(Ts —Dh(Ts —T)dr (71)

51



hap(T1,72,T3,T4) =—az [ A(Dh1(T1 = Dh3(T2 =T, T3 - T, T4 —T)dT

=22 ih(’t) (T —1) | (o= Th(T2 — 0)h(T3 — 0A(Ts — O)dodT | (72)

R

+§§—1 h(T)+h(T1 —1) ;[; h(o.—T)h(T2 —O) ih(ﬁ - a)h(‘ta - ﬁ)h(h - ﬁ)dﬂdadt

h4o(T1,72,73,T4) =—a2 ih(’t)hz(‘tl = 1,72 = Dh2(T3 =T, T4 —T)dT (73)
= —-;j—lh(r)lh(oc —Dh(Ty — h(T, - a)daih(ﬁ—t)h(’cs - ls)h(u - B)dﬁdt

haa(T1,%2,T3,T4) =—a3 [ h(Dh1(t1 = Dh1(T2 = Dh2(T3 — T, T4 —T)dT

(74)

=37 ih(ﬂh(‘cl —Oh(T2~1) | ho—T)h(ts — 0)h(Te — o)dotdt

Recognizing the complexity of the first three kernels
for our example, one can see that the fourth order kernel
will be exceedingly cumbersome to write out explicitly.
Nevertheless, if desired it may be determined in the same
straightforward manner. We will not present it here,

however.
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2.5.3 Determination of Volterra Kernel Transforms by the

Harmonic Input Method

A method, called the harmonic input method, for

obtaining the multivariate frequency-domain kernel

transforms, H,(f,,....f,):. (see equation (4)) was given by
Bedrosian and Rice [18]. By introducing inputs of the

form:

x(f) =exp (janl t) +exp (j21tf2t) + ---+exp (quﬁ,t) (75)

into the appropriate nonlinear differential equation (see

equation (2a)) the coefficient of the response at a
frequency f=f+..1f is found to be n!/ times the value of

H (f,,.../,) , the n*"-order nonlinear transfer function. If the
arguments, f are introduced as parameters, the kernel

transform, H, is determined as a function.

nt

2.5.3.1 Continuation of the Nonlinear Circuit Example
Returning to the example presented in section 2.5.2.1,
we may obtain a differential equation for the response

voltage. With reference to Figure 2, we write:

+vs(0) =gy + CLy(O + gy +f [(®)] (76)
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Multiplying both sides by R, recognizing that g=1/R, and

substituting the series expansion in equation (36) for

fly(n)] yields:

ve(f) =[1+Rg () + RCLy(0) + R ,Z:z M0 (77)

n!

If we arbitrarily truncate the power series expansion
at some finite degree, m, then we have a representation in

the form of equation (2a). (The value chosen for m may be

made sufficiently large that no error is introduced into

the first N terms of a finite Volterra series.)

2.5.3.2 Harmonic Probing

In presenting the harmonic probing method for
obtaining the nonlinear kernel transforms, we follow the
development given by Bussgang, et.al. [11]. We will
utilize several of the relationships derived in section
2.4.

Assume that the response to the system described by

equation (77) can be represented by a Volterra series:

() = 3:51 Yalt) (78)

where the y,(f) are expressed in the following form:
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yal®) = [ B fiveoofo V(1 ) X1 )xp (j2me £ Y- (79)

Setting v,(f) = x(f) and substituting equation (78) into

equation (77), we obtain:

#0) =[1+Rer] £ 30 +RCE £ ya)+R E, ”’;"[i’il y,,(t)] (80)

n

Choosing x(t)=exp (j2nft), we recognize that the only terms on

the right hand side of equation (80) which can contain

complex exponentials at the input frequency are the y, ()

components of the first two terms; all other y, (f) terms

necessarily contain complex exponentials at multiples of
the input frequency. Likewise, the nonlinear term
necessarily contains only products of the input signal and

higher order complex exponentials. Thus, expressing the

equality of the terms in exp(j2nft), we may write:

exp (jant) =[1+Rg/1H, (f) exp (jant) +RC%[ H, (f) exp (jZn:ft)] +0 (81)

Carrying out the differentiation and cancelling the

exp (j2nft) factors leaves:
1=[1+Rg1]H1(f)+RCj21tfH1(f) (82)
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After a simple algebraic manipulation, the first order

(i.e. linear) transfer function is obtained:

H1(f) = e (83)

This may also be written:

Hl(s)=ilgs+iiﬂxl (84)

RC

Recognizing the term (1+ Rg)/RC as k in equation (42), we

may write:

Hy ()= (85)
By the inverse Laplace transform, we have:
h(t) = }%exp (—kDu(z) (86)

which is identical to equation (55).
With this knowledge of the first order transfer
function, we set the input of the system (i.e., the forcing

function of the differential equation) to:

x(t) =exp (jan, t) +exp (janzt) (87)
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We recognize that a second order response component due to

the two exponentials in the input will occur at a frequency

f=fi+f, . Therefore, inserting this input into equation
(80) and equating the coefficients of the terms which have

a component at the sum frequency we obtain:

0=[1 +Rg,]H2(j'”1,f;;)+RCH2(ﬁ,ﬁ)i2n(]”1 +f2)+Ra2H1( I)Hl( 2) (88)

where we have defined: az=%le. This is the coefficient

of the only term in the nonlinear function approximation
polynomial which can produce a sum frequency of f +f,.

Solving algebraically for H,(f,,f,), we obtain:

s ) =eatn( (1 ) (59

Recognizing the final factor in equation (89) to be H(f|1f,),

we may write:

) s p )

This may be shown to be identically the Fourier transform

of equation (58) as we should expect.

O ) 0] R ) e
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Performing the individual inversions, we obtain:

ha(T1,72) = —a2{h1(T1)h1(T2)} * A(T) | verp4n, (92)

The relationship may be compared to equation (55).

2.6 Systems Containing Multiple Nonlinearities

The example previously shown illustrates how a
Volterra integral equation may be obtained for the simplest
of nonlinear circuits: a first order circuit containing a
single nonlinearity. Comparable, although more complicated
results may be obtained for circuits (or systems) of higher
order and containing multiple nonlinear elements. The
state variable formulation for a system provides a
convenient basis for illustration.

Let a nonlinear system be described by the following

state variable representation (with the independent

variable ¢t suppressed):

x=Ax+T flx)+Bu (93)

where: x is the n-dimensional state vector of the system
Aand I’ are n x n constant coefficient matrices
B is an nx! constant coefficient matrix

# is an / dimensional input vector
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f(x) is an n-dimensional vector of strictly

nonlinear functions of the state variables,

fx) = [Ge1), fo(x2), o fulxn) 1T

In defining f(x), we have assumed that no nonlinear
element is controlled by more than one state variable or by

the derivative of a state variable. The requirement that

f(x) be comprised of strictly nonlinear functions f(x,) is

readily accomplished by decomposition of the functions.

Suppose that f/(z) is given by:
f(2)=% a7 (94)
=0

If g,is nonzero, then it may be set to zero and replaced by
a source u,, with value q,, and the (/+1)°* column inB
becomes the i*" column of T.

If a, is nonzero, then it may be set to zex:o and the i™"

column of A increased by g, times the i"" column of T.

Taking the Laplace transform of both sides of equation

(93) yields:

sX(s) = AX(s) + TFIX(s)] + BU(s) (95)
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where F[X(s)] is the Laplace transform of f[x(f)]. The
transform of the n" degree term in each f(x) exists as the

n-fold convolution of X(s) with itself. It is clearly
cumbersome and uninformative to express it in this form;

however, it will not be needed explicitly, so the notation

F[X(s)] will suffice.

A rearrangement of equation (95) gives:

(sI—A)X(s) =T FIX(s)] + BU(s) (96)

where I is the nxn identity matrix. Defining H(s)=(sl-4)’, we

may write:

X(s) = H(s)BU(s) + H(s)T' F1X(s)] (97)

Now inverting the Laplace transform of both sides of

equation (97), we obtain:

x(2) = h(®) * Bu(t) + h(t) * TfIx(D] (98)

where h(f)=L'[H(s)]. Keep in mind that both H(s) and h(t) are
nxn matrices.

Equation (98) is the multidimensional equivalent of
equation (2b) with a change of sign for the second term on

the right hand side.
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It is customary in state variable formulations to

describe an output vector y(f) of the form:

y=Cx+Du (99)

This may, of course, be performed in the present situation
as well; however, the essential solution of the nonlinear
system is embodied in the solution of equation (98).

The solution of equation (98) for a large system may
entail a large number of convolution integrals, however,
the solution may be accomplished, albeit tediously, in

precisely the manner we have described in our example.
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CHAPTER 3

Discrete-Time Volterra Series

In order to effectively utilize Volterra series
representations of systems in simulations or other
discrete- time applications, it is necessary to obtain
discrete approximations to the continuous-time Volterra
series kernels described in Chapter 2. As with linear
systems, discretization entails approximation. 1In the
following sections, we discuss the nature of the
approximations and means for bounding the errors introduced

by them.

3.1 Approximation

Knowledge of the Volterra series for a particular
system is, by itself, insufficient to accurately determine
the response of the system to arbitrary inputs. 1In
practice, one must obtain an approximation to the complete
Volterra series response, as the generally infinite
Volterra series for a system is not computable.

To make an approximation a useful tool, we must
establish a bound on the error. Furthermore, it is
preferable that the bound be such that it may be reduced,
at the expense of additional computational effort, to any

desired value. Below, we consider the ways in which
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approximation errors must be introduced into a Volterra
series representation of a nonlinear system response in
order to obtain a computable discrete time model.
Although an infinite Volterra series is not
computable, we can, nevertheless, often derive a
practically useful tool for computing a system response.

This requires a satisfactory approximation of the complete
Volterra series response, y(f), to be realized by the first

N terms of equation (1) for a very small value of N.
Furthermore, if the nonlinear system input is
stochastic, for example a communication signal, then
explicit calculation of a response via the Volterra
integrals may not be possible. In such cases, the most
practical means of system evaluation may be Monte Carlo

computer simulation [19]. This necessarily requires

realization of discrete time approximations to the N
kernels of the truncated Volterra series - a second form of
approximation.

In discrete-time signal simulation, operations are
performed on samples of the input process; typically, these
samples represent values of the process at uniform periodic
instants of time. Where the process is strictly
bandlimited, the Nyquist criterion determines a sampling
rate at which full signal fidelity is preserved in linear

discrete-time processing. However, few processes may be
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regarded a strictly bandlimited; therefore, selection of a
sampling rate necessarily reflects the compromise between
accuracy and computational burden.
Hence, sampling of the input signal introduces a third form
of approximation. The error due to signal sampling has
been given the specific name "aliasing" due to the nature
of its manifestation for distinct frequency tones.
Nonlinear system representation in discrete time is
significantly complicated by the bandwidth-expanding

character of nonlinear systems. Recognizing that the

n-fold product of the input in the n*" term of the Volterra

series (1) corresponds to an n-fold convolution of the

input signal spectrum, it is immediately apparent that an

N-term truncation of the Volterra series can produce a
significant response over a bandwidth N times as great as
the essential bandwidth of the input'. Therefore, while
the compromise between accuracy and computational burden is
not a consequence of nonlinearity, the optimization of
sampling rate is far more difficult than for linear
discrete time processing.

While coefficient quantization, roundoff, and
saturation errors due to finite wordlength in digital

signal processing systems are often treated as a fourth

! This applies to lowpass signals; for bandpass signals,

the spectral convolutions implied by the higher order
signal products may not overlap, resulting in greater
bandwidth expansion.
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form of approximation error, we do not consider them here.
Simulation ordinarily utilizes floating point arithmetic
wherein we assume that finite wordlength effects are
controlled to a degree which reduces their impact to a
level far below that of the three sources of approximation

error which we examine here.

3.2 Discretization of the Linear Convolution Integral

As a prelude to quantifying and bounding the various
sources of error which accompany the discrete-time
simulation of continuous-time systems, we present a
derivation of the discrete-time convolution summation as a
counterpart to the continuous-time convolution integral.
We examine the discretization of the linear convolution
integral because this sets the stage for all that we shall
do with the multidimensional, higher-order Volterra series
terms. It permits us to identify the approximations
previously described in the context of a familiar
mathematical framework. It further provides a basis for
discrete time simulation of analog systems and establishes
the conditions which are implicit in such simulations for
linear systems. This is a necessary point of departure for
a study of simulations of nonlinear systems.

With regard to the difference between simulation and

digital signal processing, we have previously noted that
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simulation is normally not concerned with the finite
wordlength effects which can be an important issue in
digital signal processing. Digital signal processing, as
used here, implies quantization of signals. Furthermore,
in digital signal processing, filter structures are often
optimized with respect to filter specifications.
Simulation, on the other hand, is concerned with
optimization with regard to a particular set of analog
characteristics which may be less easily described than a

filter specification.

Let x(f) represent the input to a linear system, H,
which has the impulse response h(f). Let y(?) be the

response of H to x(¢). Then:
Y= | ht-D)x(@) de (1)

Assume that we can choose a frequency, W Hertz, such

that both x(¢) and A(#) are bandlimited by W, i.e.
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where X(f) and H(f) are the Fourier transforms of x(#) and

h(t) respectively.

Then we may represent x(f) and A(f) with sampling

expansions:
x(t)=n§;3“x(2LW) sinc ZW( —--2"—W) (2)
oo . B T
h(t)=k=};~h(2iw)smc _ZW(t—-i’-fi)_ (3)

where smc(z)=ﬂ%-—). The infinite limits (or, as a minimum,

semi-infinite if we assume causality) of summation are an

inescapable consequence of our assumption that x(¢) and A(?)

are bandlimited.

If we substitute equations (2) and (3) into equation

(1) we obtain:

y(t)=1k§.”h(%) sinc[ZW(t—‘c—E%)] ix(ﬁ) sinc[ZW( —ZLW)]dt (4)

Rearrangement gives:

y(t)=in§wh(ziw)x(z”—w)lsinc[ZW(t—t-ﬁ)] sinc[2W(t—2LW)]d‘c (5)

Recognizing that the integral represents the

convolution of two ideal lowpass filters (weighted by 1/2W)
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with delays k/2W and n/2W it can be seen that it evaluates

to: (ﬁ;)ﬁnc[2ﬂ(-—§%)]. Therefore,

0m . 51 i3]

But, this is the same as:

e £ S b ()]

Since x(f) is W-bandlimited and H is linear, y(f#) must also

be W-bandlimited. Therefore:

y(t)=n§,“y(#)sinc[2W(t—ﬁ)] (8)

Then by comparing equations (7) and (8), we recognize that:

()= (3 ] ©)

This apparently error-free result suggests that,
perhaps, we were too hasty in the earlier assertion that
approximation necessarily accompanies discretization.
Equations (8) and (9) justify the notion that discrete time
signal processing can simulate the processing of a linear,
continuous time system under the constraints that both the

signal and system are bandlimited. Unfortunately, the
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summation in equation (9) is infinite, hence not
computable. Furthermore, the bandlimitation constraint is
not strictly achievable for either signals or systems in
the physical world. Therefore, we must accept some

approximation in order to obtain a realizable simulation.

3.3 Discretization of the Second Order Response
The second order response component of a Volterra

system has potentially twice the bandwidth, W, of the input

signal. Therefore, the discrete time counterpart to the

second order term of equation (1) must, in general, produce
samples of the y,(f) term which permit reconstruction of a

signal having bandwidth 2W. oOtherwise, the response will

be incorrect, corrupted by aliasing. Accordingly, we seek

a representation for y,(f) of the form:

)h@)=ﬁ§iyz(ﬁ;)ﬁnc[4w(-—j%)] (10)

where y,(j/4W) can be determined by an operation on samples

of x(7) and the second order Volterra kernel h,(7,,7T,).

Let us assume that the second-order Volterra kernel,

h,(7,,7;) is known. Then the second order response component

is given by:
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y2(8) = _fz ha(T1,T2) x(t — T )x(t —T2)dt dv, (11)

Assume, as before, that the input x(f) is

W-bandlimited. Equation (2) applies; however, it will be

convenient to express x(f) with respect to the sampling

interval T=//4Wused in equation (10):

x(t)=k§“x({;) sinc[4W( —;’f;)] (12)

Further assume that the second-order nonlinear

transfer function is 2W-bandlimited in each dimension:

HZ(], 2)=O if lfll,lfgl >2W

where Hf,f,) is defined by equation (2-4). Then:

hz(Tl,’Cz)="§“n§“hz(f’ﬁ,#)sinc[4W(’cl—ﬁ)]sincl}W(t —2%)]

(13)
Our bandwidth constraint on #4,(7,,t,) permits sampling

at a rate consistent with that necessary to correctly

represent a doubled bandwidth response. Substituting for

x(t) and h,(7,,T,) in equation (11) using equations (12) and

70



(13) but maintaining separate subscripts, for the moment,

on the T variables, yields:
yz(tl,t2)=ng“é“hz(%,‘a%)SiHC[4W(’tl 4W)]Sin0[4W(’Cz—Ti)] (14)
xix(—f;) sinc[4W(t1 'cl——)]x p x(—’:i)sinc[4W(t2 —12——)]dt1d1:2

Note that y,(¢) = y,(4,,) evaluated for f,=t=t. A

rearrangement of equation (14) yields:
= £ £ 55 b (i b{)
xlsinc[4 r1—4—W)]smc[4W(t1 ‘cl——)]d‘cl (15)
xsinc [4 W(’Cz - W)] sinc [4W(t2 —Ty— —)]d‘cz

Each of the integrals is a convolution of two ideal
lowpass functions with equal bandwidth but different
magnitudes and delays. Each integral evaluates to an ideal
lowpass function having the same bandwidth, the product of

the magnitudes, and the sum of the delays. Equation (15)

then becones:
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)’2(f1,t2)=iim§mn§”hz(ﬁ,fi)"({ﬁ)x(ﬁ) (16)
{;’:,;sinc[4W(t1—%—$)]} {4+,,sinc[4 tz—fn;—#)]}

The m/4W and n/4W delays in the sinc[ ] functions may

be transferred to the x( ) terms to yield a two-dimensional

discrete time convolution of the expected form:
ya(t1,2) = ki.,i X X h (4",, 4';,,)x(%)x(i‘—,;';)

) sl ()]

Setting f,=t,=¢, we may rewrite equation (17) as:

(a5 sl (=) s an(1- 35

In order to determine the required values, y,(j/4W), to

satisfy equation (11), we evaluate the right hand side of

equation (18) at r=j/4W.

n(:—?,,,) = iimiihz(ﬁ-,#)x(%)x(f;)(ﬁ) sinc[j — k] sinc[j—1]
(19)
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Since sinc[j-k]=0 unless j=k, equation (19) can be

simplified to:
J 1 2 e g J-m J-n
n(ir)= () L) (5 H(5) (20)

Substituting equation (20) in equation (11) gives the

deisred result:

0= £ E (3 W W el -4)] o

Equations (20) and (21) provide the extension to two
dimensions of the linear discrete-time convolution
foundation which was presented in section 3.2. Comparable
expressions for the higher order Volterra series responses

may be similarly obtained.

3.4 Aliasing and Signal Truncation Error

Aliasing is the name given to the error introduced by
insufficient sampling. This error is introduced when
sampling is not performed at a rate greater than the
Nyquist rate and becomes unavoidable when a signal or a
transfer function is not strictly bandlimited. When this
occurs, equations (2) or (3) fail to yield an exact

reconstruction of the signal or impulse response and the
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discrete~-time convolution derived in section 3.2 is not a
perfect simulation of the continuous-time system response.

Signal truncation is described here as a companion to
aliasing. It is, in fact, a dual problem. While aliasing
results when a signal sﬁectrum is nonzero beyond the
Nyquist frequency associated with the sampling rate (i.e.,
the signal spectrum is not truncated), truncation error
occurs when arbitrary elimination of samples of a
discrete-time domain representation is performed to
preserve a manageable finite representation.

Aliasing and truncation errors must be understood and
controlled when discrete time techniques are applied to any
problem. Bandlimited signals and systems exist only as
idealizations of physical waveforms and hardware.
Moreover, from Fourier transform theory, it is clear that
no signal or response can be both bandlimited and duration
limited. Consequently, discrete-time processing of a
finite duration signal record as a simulation of an analog
system's behavior is inherently in error. Thus
understanding, quantifying, and bounding aliasing and
signal truncation errors is essential to meaningful
discrete-time signal processing and simulation.

While aliasing of a samﬁled signal representation and
of a discrete time system impulse response are

fundamentally equivalent, we choose to differentiate
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between them here for two reasons. First, we view signals
in general as stochastic processes, while we treat systems
as deterministic operators. For this reason, the bounds
which will be applied to aliasing of signals and system
impulse responses (in general, the Volterra kernels) differ
somewhat: the error component of a stochastic process can
only be bounded in an average sense (e.g. mean square),
while an absolute error bound may be obtained for a
deterministic waveform, such as a filter impulse response.

Second, the nature of the cause of aliasing differs
between signals and systems. We can analytically force a
"known" system to be bandlimited. Thus, the error in
system representation will be caused by truncation of (or
perhaps by a recursive filter approximation to) the system
response. This results from the need to make the system
response computable, i.e. calculable in a finite number of
operations.

On the other hand, the physically justified assumption
of causality, applied to both a system and signal, permits
us to avoid truncation of the signal, except on halting the
execution of discrete time processing. However, no error
is incurred within the segment of the response which has
been computed at the time of the halt. Therefore, our

primary concern about aliasing error in signals is due to
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signal energy outside the assumed bandlimit used to
establish the sampling rate.

The remedies available for minimizing aliasing and
truncation error may also differ between systems and
signals. The means of minimizing aliasing error for
signals is to increase the sampling rate of the discrete
time processor. The reduction of aliasing in system
responses (e.g., Volterra kernels) is achieved by extending
the duration of the response approximation by lengthening
the truncation window (or by a comparable complexity
increase in a recursive filter implementation).

Aliasing and truncation errors have been treated at
length by numerous authors [20,21,22,23,24,25)]. We offer a

summary of relevant results below.

3.4.1 Aliasing Error in a Sampled Non-Bandlimited Signal

When the assumption that a signal (or system response)
is bandlimited to one half the sampling rate is violated,
equation (2) fails to correctly reconstruct the signal.

That is:

?c(t)=k§°°x(2iw) sinc[ZW( -—;f;)];tx(t) whenX(f) #0forall |f]>W (22)

Nevertheless, for many realizable waveforms, it is

feasible to establish a frequency interval (-W,W) which
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represents the essential bandlimit of the signal [26].
Consequently, while aliasing error may be present in the
approximation, it may be bounded. Furthermore, if
Hn13(f)=0 is satisfied (a condition met by a system with a

[/1—e

strictly proper transfer function), the bound will be

monotonically decreasing for increasing W.
When x(f) is a stochastic process with power spectral

density S,(f), a bound on the mean square error due to

aliasing is given by Brown [22]:
E{(x() -1} <8 ];Sx(f)c# (23)

The aliasing error introduced by improperly sampling a
deterministic signal, such as the impulse response of a
linear system, can be upper bounded in absolute value by

[23]:
LIGETIG] 54;1;|H(f)|df (24)

Observe that equations (23) and (24) are fundamentally
different bounds and cannot be directly compared. Equation

(23) provides a bound based on the L’ norm. Equation (24),

on the other hand, is based on the L™ norm. Therefore, no
attempt should be made to compare the two bounds on an

equivalent basis. Furthermore, equation (23) implicitly

77



accounts for the fact that while the absolute error may be
large at some instants of time, it is identically zero at

the sampling instants.

3.4.2 Signal Truncation Error

Various bounds may also be obtained for the error
introduced by truncating the sampling expansion of a
bandlimited signal. These bounds are useful in
establishing limits on the error introduced in a finite,
hence computable, realization of a filter. We present two
bounds which apply to the accuracy of a reconstructed
signal estimate based only on a finite number of samples
about that instant. The first bound, given by Helms and
Thomas [25], can be applied only to oversampled signals
(i.e., where the bandlimit applied to the signal is less
than the Nyquist frequency for the particular sampling
rate). A second bound, due to Papoulis [21,27] is more
general in its applicability to truncated representations
of filter responses; however, it is applicable only to
finite energy signals. Under the constraints of a
particular situation, one bound may perform better than the
other, if, in fact, both are applicable.

The Helms-Thomas bound applies to the partial sum

nominally centered on the time instant of interest:

K+N n . n
xN(t)=n=1§-Nx(7"_) smc[ZW( "W)] ,0<N<eoo (25)
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where the integer K has a functional dependence on the

time, ¢, at which the error bound is desired:
2Wt— 1 <K& S2Wt+5

Then a bound on the maximum absolute deviation of the
finite sampling reconstruction when x(f) is sampled at t=

k/2W and X(f) =0for |f|>rW, 0<r<lis:

am
lx@®) -xr(®)| < ey —o<Lt< oo (26)

where M is defined as:
M=max |x()] , co<t<oo

The extension of equation (26) to asymmetric partial

sums of the form:

K+N,
XN, N, () = %JN x(#) sinc[ZW(t—-i’-’;,;)] (27)
n=K-N;

is given by:

|%(8) = xn, 3, @ | sﬁ-ﬁl’_-;)-(;—lﬂv%) (28)
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A basic limitation of either equation (26) or equation
(28) is that the bound is applicable only to instants of
time between the first and last sampling instants which
define the partial sum, i.e. equation (25) or equation
(27) . Furthermore, these estimates tend to be very poor

when the time instant for which the error bound is desired

falls close to the point of truncation (i.e., N, or N, is

small). However, the bound may be applied to either finite
energy or finite power signals.

The second bound was derived by Papoulis [21,27] and
applies to the error at any time - either within or
external to the signal truncation window - but is
necessarily limited to finite energy signals. When the

truncated sampling expansion is given by:

xn(t) = éNx(#) sinc [2 W(t— ﬁ)] (29)

The energy contained in that portion of the signal

discarded by truncation is:

see 1)

Then the maximum absolute error is bounded by:

2 N
df-T ENIx(nT)I2 (30)

[x(®) =xn(®)| < J2WEN (31)
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Under appropriate conditions, we may compare the
bounds offered by Helms and Thomas (equation (28)) and

Papoulis for finite energy signals. First, we must choose
a signal bandlimit, B, which is less than W, the Nyquist

frequency for the chosen sampling interval, 7. Then, we may
use the following relationship between the maximum value of

a bandlimited signal and its energy [27]:

Ix()| < J2WE (32)

where: E= _’f:’ IX(f)

By replacing M in equation (28) with the right hand

2
df (33)

side of equation (32), we obtain:

|x(®) — w3, (D] < %(NLW‘—) (34)

where we have substituted B for the specific bandlimit of

the signal, where B=rW. Then, the Papoulis bound is:

|x(2) —xn()| < J2BEy (35)

By computing both equations (34) and (35), the tighter

bound may be selected as:
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Bound=min{2'/m (NL,"'X}'{)’ ,/2BEN} (36)

n2(1-r)

If we express the truncation error energy in relation

to the total bandlimited signal energy as:
Ex=mE (37)

then, the tighter bound may be selected according to the

minimum of:

TG+ m o)

Clearly, the tighter bound will depend on the fraction
of total energy contained in the truncation error signal
and the location of the time instant for which the error is

to be computed. The former dependency is related both to

the relative error parameter, 1N, and the truncated signal

duration as expressed through the parameters N, and N,.

Clearly, the minimum value of the Helms-Thomas bound will

be obtained for N,=N,=N. 1In this case, selection of the

tighter bound depends on the lesser of:

—4
1:2(l—r)N > M (39)
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Ultimately, however, the optimum bound will be determined

by the specific signal or impulse response of interest.

3.4.3 Multidimensional Extension of the Papoulis Signal

Truncation Bound

In order to establish bounds for the errors inherent
to finite realizations of the higher order Volterra series

terms, we may extend the bound derived by Papoulis to

multiple dimensions. Consider the n*"-order Volterra series

term:

yn@®=J - T ha(T1, -+, Ta)x(t=1T1)- - X(t—Tu)dTy- - -dTn (40a)

=l...1y(ﬁ,...,fn) fl)-w\’(ﬁz)exp (j?_miz";lfi)cm...dﬁ (40b)
= Yu(T1s ) gy (40c)

In order to establish the normalized energy of the

n‘"-order Volterra kernel, let us evaluate equations (40)

for x(1)=06(). Since X(f)=1, we have:

Yn(O) =ha(t,---,0) (41a)

=_z'“iﬂ(fl,"',ﬁ)exp(ﬂﬂtéfi)(%'"dfn (41b)
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From equation (40a) it is evident that we must evaluate the

response over the n-dimensional space in which A4 ) is

defined, i.e., not only on the hyperdiagonal defined by:

T,=...=T,=t. Therefore, define the n'"-order impulse

n

response enerdgy as:

o0

E"= I “..[ Ihn(TIQ“',Tn)lzd't]"'d'tn (42)

—00

This expression is equivalent to:

Bo=] o] [{f)

and for bandlimited Volterra kernels, equation (42) may

2
dfy--dfn (43)

also be expressed as:

E‘”’-_-(_ZIF) s ... 3 (44)

T iy=—o0

hn(%s Y é—"B—)

Equation (44) is applicable when the n‘"-order nonlinear

transfer function satisfies:

Hn(ﬁs"',f1)=0, l/;|>B, i:l,...,n

Then for a truncated sampling expansion of a

bandlimited n*"-order Volterra kernel:
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puatinin= § o § ha(tee ) fromel28(s- )] cem

i] =N in=-N

the maximum absolute error of the n"'-order impulse response

is given by:
|BnCt, -, )= Bun(t, -+, D] S J2NBED (46)

where the truncation error energy is obtained as:

n 2
Eﬁ’:g(n)_(%) 3 ... 3 (47)

il=—N in=—N

The factor, N, on the right hand side of equation (46)

reflects the potential bandwidth expansion of the n*"-order
response relative to the bandwidth restriction imposed in

each dimension of the Volterra kernel.

3.5 Volterra Series Truncation Error

It was previously noted that an infinite Volterra
series is not computable. Consequently, in order to be a
generally useful tool for evaluation of nonlinear systems,
the Volterra series for a system to be evaluated must admit

to a bound on the error introduced by truncating the series

to a finite order, N. Such a bound was obtained by Boyd
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[8]) by a simple extension of the development of his gain
bound function, described in section 2.3.1. We present
Boyd's result for completeness.

Let a truncated Volterra series be given by:
N ]

y™()=ho + Zl Jrofa(Tr, - Tt —T1)- - X — Ta)dTy - - -dTh (47)
n= —0

where we have included the zero-order term, 4,, to maintain

consistency with Boyd's notation. Then:

y(©) -y™ () = F};H EJ“’”(T" vy Tt =T1) - Xt~ Th)dTy - AT (48)

We may bound the absolute error as:

bo-y®0|s £ IIZI Fn(T1, -, TaX(t = T1)- - X(2 = Tu)dT; - - -diT,

(49)
< 3 |lkalle”
n=N+1

where |x(f)|<b<p for all ¢ where p is the radius of

convergence for the complete (infinite) Volterra series.
This may easily be recognized as the tail of the gain

bound function. The convergence of the series implies that
for any arbitrary real number, &, there exists an integer,

N, such that:

86



ly@®-y™ @] <e (50)

Consequently, for any system which has a valid Volterra

series representation, we may approximate the response to a

bounded signal, x(f), which has its greatest absolute value

within the radius of convergence of the series, by a

truncated series with an absolute error less than Ee.

While it is helpful to know that the truncation error
implicit in y™(f) is bounded, it may be less simple to
compute a tight bound for a given system. Alternatively,

it may be acceptable to show that amplitudes of frequency

components of the k™"-order response are less than a factor,

U, times the amplitudes of the linear response components.

3.6 Continuous-Time Filter Approximation in Discrete Time

Previously we indicated that approximation to the
response computation of equation (6) is necessary in order
to yield a computable response. If we implement the
discrete-time response computation by an FIR realization of
the system suggested by equations (6) and (9), then an
approximation error results from truncation of the infinite
duration filter response. On an intuitive level, this is a
convenient way to think of the approximation; however, it
may be neither the most accurate nor the most

computationally efficient approach to a discrete-time
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response computation. 1In the first place, the assumption
of a bandlimited impulse response is not satisfied in
practice; hence, the sampling expansion for A(f) includes
some aliasing error to start.

The classical problem in emulating the behavior of a
realizable continuous-time system with a discrete-time
computational structure is that there is no unique,

error-free mapping from the continuous-time domain (the

s~domain) to the discrete-time domain (the z-domain).
Consequently, every discrete-time counterpart to a
continuous-time prototype system represents an
approximation based on optimization with respect to some
criterion, typically the minimization of error in some
sense (e.g., mean square error, maximum absolute error,
etc.). Unfortunately, the error bound obtained in any case
is signal specific; that is, it is applicable only with
respect to a particular input. We explore the problenms
associated with controlling the error in discretizing

filter structures in the following sections.

3.6.1 Determination of a Signal-Optimized Discrete
Filter

The following discussion of the derivation of a
discrete-time linear filter follows the presentation given

by Kowalczuk [28]. It is presented here for completeness.
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Assume that we have a linear system which is described

by the following equivalent relationships:

Y(s) = H(s)X(s) (51a)

and
y() = h(t) *x(f) = T h(t)x(t—1)dx (51b)

where X(s), Y(s), and H(s) are, respectively, the Laplace
transforms of x(t), y(¥), and h().

For the continuous time system, the H(s) which is

defined by:
H(s)=Y(s)/ X(s) (52)

is perfectly general; it will be the same for any input X(s)

and the corresponding system response X(s).
In the discrete-time case, however, the situation is

different. Let us determine the discrete-time transfer
function H/(z) as follows. Choose a training input signal,
x,(f). Using the continuous-time relationship, equation
(51b) , compute the continuous-time response, y,(f). For each

of these signals, determine their respective z-transforms,
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X,(2) and Y,(2), with reference to a set of sampling instants,
t,=kT. It is preferable that the sampling interval, T, be
chosen to satisfy the Nyquist criterion for the essential
bandwidth of x,(f), although this has no direct bearing on
the immediate derivation of H[z).

We may now define the discrete-time transfer function

H,(z) as:

H;1(2) =Y1(2)/ X1 (2) (53)

Alternatively, we may repeat the same procedure for a

different training signal, x(f), to obtain H,(z). 1In

general:

Hy;(2) # Hyp(2) . (54)

Accordingly, error-free discretization of a
continuous-time filter can be performed only with respect

to a specific signal; that filter will yield errors for

other signals. Moreover, the z-domain transfer function

obtained for a particular signal with reference to a

sampling interval 7,, will in general, be different than the

transfer function obtained with reference to a sampling

interval T,. While the specific transfer function obtained
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for a particular continuous-time prototype system will
precisely respond to its training signal for the particular
sampling interval chosen, it will in general, produce
better representations of other responses for shorter
sampling intervals.

The difficulties of designing a discrete-time filter
(or system) by preserving the response to a particular
input are well known; the inadequacies of the
impulse-invariance design technique have been understood
for some time [29]. 1In particular, the poor reproduction
of the continuous-time frequency response in the
corresponding discrete-time filter makes the impulse-

invariance technique a poor choice in many applications.

3.6.2 Discrete Filter Determination by s-to-z Mapping
As an alternative to determining the z-domain transfer
function for a system based on a specific signal,

contemporary signal processing design methods rely heavily

on techniques for mapping s-domain transfer functions into

the z-domain by some form of s-to-z transformation. We
present a brief description of a family of mappings based
on numerical integration formulas. The presentation
follows the work by Schneider, Kaneshige, and Groutage
[30)]. A significant contribution of that paper is the

determination of the error introduced by discrete-time
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approximation of a continuous-time prototype filter for

various s-to-z mappings and sampling intervals. It must be
noted, however, that these error assessments were made with
respect to a specific input signals. No perfectly general
bound on the approximation error for filter discretization

is evident in the literature.
Based on interpretation of s' as an integration
operator, where s is the Laplace s-operator, numerical

integration techniques may be brought to bear on the

problem of establishing a discrete-time counterpart to a

continuous-time transfer function, H(s). Schneider, et al

[30] offer an analysis of the performance of several

higher-order s-to-z mapping functions based on the
Adams-Moulton family of numerical integration formulas.
Among them, the first-order mapping function is the

familiar bilinear transformation:

g=22L (55)

The second-order mapping function takes the form:

12 22
$=7 52248z-1 (56)

In each case, the z-domain transfer function is obtained by

substituting the right hand side of the appropriate mapping
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function for s in the continuous-time system transfer

function which is to be approximated.
As with the signal-specific approach to deriving a

discrete-time transfer function for a continuous-time
prototype system, the s-to-z mapping technique benefits, in

terms of accuracy, from smaller sampling intervals, 7.
More important, however, the error in reproducing the
response of a continuous-time prototype for a specific
input is significantly reduced when higher-order mappings
are utilized.

The penalty for applying a higher-order s-to-z mapping
function is that the complexity of the resulting z-domain

transfer function is increased. The discrete~time filter

resulting from an m*-order mapping being applied to an n‘"

order continuous-time prototype transfer function has order

mn. Consequently, the computational burden is increased by
using a mapping of higher order than required to satisfy
the accuracy requirements of a particular application.

In an example presented by Schneider, et al [30], the
reduction of rms response error for a sinusoidal input
decreased approximately linearly with the sampling rate 1/T.
The slope of the error decrease was proportional to the

order of the mapping function which had been applied to
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obtain the discrete-time transfer function from the

continuous-time transfer function.

3.6.3 Reduction of Filter Discretization Error for

Bandlimited Applications

In any simulation application, we are necessarily
interested in essentially bandlimited systems; otherwise,
aliasing error will distort results beyond usefulness.
Therefore, it is beneficial to consider filters which are

optimized for bandlimited applications.

If we sample a filter impulse response, A(f), at

instants # =k7T, -o<k<e, then the frequency response of
the sampled filter is related to the original analog filter

frequency response by:

T k
Hs(f)'—' = fmT_)’ ~aw S5 (57)
0, otherwise

where H(f) is the Fourier transform of A(f). Consequently,

the difference between H(f) and H/(f) is not only the

truncation of H(f) beyond |f|=1/2T, but also the inclusion of

the aliasing components within the passband of H(f).

Furthermore, when the input signal to a simulation is

essentially bandlimited to W Hertz, frequency components of
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the filter response beyond the essential bandwidth of the
signal offer no benefit to the response. Therefore, if the

analog filter frequency response is arbitrarily set to zero

for |f|>W, then aliasing will be eliminated. (Of course,
the bandlimited filter necessarily has an infinite duration
impulse response; therefore, some signal (impulse response)
truncation error will be implicit in an FIR realization of

the filter.)

3.7 Composite Error Bound

Having considered each of the sources of error --
input signal aliasing, filter impulse response truncation,
and Volterra series truncation -- it is necessary to
establish the manner in which these errors manifest
themselves jointly in the discretized nonlinear system
response. Clearly, the truncation of the Volterra series
simply removes the series terms beyond the truncation order
from the response estimate. The approximation inherent to
the terms which are retained consists of processing a

corrupted (aliased) input with imperfect realizations, in
discrete time, of the first N Volterra filters (i.e.,
implementations of the n'"-order convolutions with the

n‘"-order Volterra kernel). Expressed in continuous time

(i.e., the discrete-time response is presumed to be
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reconstructed, as for example, in equation (8)) the

N'-order approximation to the complete nonlinear system

response is:
YD) =yt)+e™ () (58)

where the (N) superscript denotes that this is an N*'-order

approximation. The error term may be written:
™m=_ 3 > s
e®=-3% y)+E {Hlx]-A[3]} (59)
=N+1 =1

In equation (59) the first summation on the right hand
side is the Volterra series truncation error. The second
summation reflects the term-by-term difference between the
ideal Volterra series term and the approximation to the
Volterra filter as applied to the aliased input. While
this is not precisely the form in which we have obtained
the individual contributions to the error, we may expand

the second summation term to obtain:
™ oo N A N ra A a
e™ == 5 y(0)+Z (Hix-Ailx}+ 2 {Aix-A 5]} (60)
i=N+1 =1 =1
The three summation terms in equation (60) may now be
associated with the Volterra series truncation, filter

approximation and aliasing errors. Figure 1 depicts the
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realization of a system as a truncated Volterra series and
shows the points at which the various sources of error

enter the system.

Input Response Estimate

t +e(f)
x( )' @ " E @ Yo
Aliasing Filter Realization Error /

Error ' @

Error due to
Unrealized VS
Terms

[ H

Terms Omitted by Truncation

n+l

Figure 1: Composite Error Model
We may begin to establish a bound on the error

expressed in equation (60) by writing:
[ N A N A A
|e®| < Lﬁly,-(t)|+ 2 |[Hbd- A} | + 2 |{fua - AT} (61)

When [x(f)]<b for a value of b within the radius of
convergence for the Volterra series, we may substitute

equation (3-49) into equation (60) for the Volterra series
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truncation term. For the filter realization error term, we

may substitute the expression:

2 [{Hixd - Fulal} | = Z [Peallo (62)

where ||h..|| is the norm of the nth-order filter realization
error defined following equation (2-3). This approach is

outlined for the linear component in Appendix A (Section
A.5).

The aliasing error was bounded in a mean square sense
in Section 3.4 for stochastic input signals. While we

cannot obtain an absolute bound for the aliasing error in
this case, we can choose to establish an r6 bound, where ©
is the root mean square aliasing error and r is any
arbitrary positive constant. To establish an r6 bound, we
choose an appropriately large value of r that the

probability of the aliasing error magnitude exceeding rc is

sufficiently small. Thus for the aliasing term, we obtain:

A

£ {1 -z} | < £

i=

[b"—(b+ro)"] (63)

where the inequality applies in the ro sense, i.e., to
cases where the aliasing error is less than ro. 1In
equation (63) we define ¢ as:
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1
0'=[8 jsx(f)df] i (64)
w
Equation (61) may now be rewritten as:

b N N qfa
|e®| < T halld”+ T o]l + Z ||
n=N+1 n=1 n=1

[b"-(b+ro)"] (65)

The bound expressed by equation (65) applies in the sense
that the error magnitude is less than or equal to the
expression on the right-hand side of equation (65) with

probability equal to the probability that the aliasing

error magnitude is less than ro.

99



CHAPTER 4

The Bandlimited Volterra Series

In general, the response of an N"-order Volterra

system occupies up to N times the bandwidth of the systen
input. Therefore, a complete discrete-time response

computation entails the determination of response sample

values for N times as many samples as required to represent

the input. As a consequence, even for small values of N,
the computational burden of computing a discrete-time
response approximation may become enormous when the number
of response samples and the multidimensional convolution
summation are considered.

Although it may be tempting to reduce the
computational burden by undersampling, failure to account
for the bandwidth expansion necessarily produces a response
which is corrupted by aliasing. Undersampling, therefore,
does not provide a reduced-effort alternative. We show,
however, that a portion of the complete response can be
computed at a reduced level of effort. Specifically, that
part of the system response which shares the same passband

as the input signal can be determined without the need to

compute response samples at the N-1 interpolated sampling

instants (with respect to the Nyquist samples of the input)
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which are required to faithfully construct the complete
response. The result is that the desired, i.e. "in-band",
part of the system response is computed at the Nyquist rate
of the input signal, without aliasing and without any
explicitly implemented interpolation or decimation

operations.

4.1 Scope of the Compuational Burden of the Discrete-Time

Volterra Series

In order to facilitate comparisons of computationally
efficient discrete-time techniques to a direct Volterra
series computation of a system response, we first obtain a
reference point in the form of an estimate of the
computational complexity of a direct discrete-time Volterra
series realization. This will provide both the motivation
for the Bandlimited discrete-time Volterra series and a
basis for measuring the improvement in computational
efficiency obtained. Below, we derive an estimate of the
computational effort required to compute a full-bandwidth
response using a truncated Volterra series for a
bandlimited input signal. The metric applied is the number
of multiplication operations necessary to compute a
one~second segment of the response (not including any

initialization).
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Assume that the input signal to a Volterra system is
bandlimited to W Hertz. Then the minimum sampling rate,
i.e., the Nyquist rate, for the input is R=2W. An
N'-order Volterra series will, in general, expand the
signal bandwidth by a factor of N resulting in a required

sampling rate of NR for the response. Efficient
discrete-time processing will seek to avoid oversampling
and match this rate as closely as possible, consistent with
satisfying the accuracy requirements imposed on the
processing.

To minimize the aliasing error in discrete-time
representions of the Volterra kernels, the associated
(non) linear transfer functions should be bandlimited to one
half the selected sampling rate before discretization is
performed. Since the input is bandlimited, however, this

has no direct effect on the computed response.

4.1.1 A Computational Estimate for the Linear Response

Component
While the computational effort required to compute an

Nth-order response is dominated by the Nth-order term, it

is easier to grasp the difficulties of Nth-order response
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computation by first examining the computation of the

Nth-order response for a first-order (linear) systenm.

The first-order response computation is most easily
considered in a finite form related to equation (3-9). Let
us assume that an acceptable-fidelity approximation to the

infinite summation is obtained using:

A n n—k 1 n—k k
yl(z_"’) 2Wk—z]\:l. h( ) (2"') Z_Wk-EN, h( ) (2”') (1)
The determination of the values N, and N, is discussed in

Appendix A.

Equation (1) indicates that we must compute N=N,-N, +1

terms in the summation for each linear response sample. We

shall refer to the number of coefficients, N, as the
length, L,, of the convolution sum. Each term in the linear
convolution sum requires a single multiplication (M =1).

Thus, L,M,=N multiplications per response sample are

required.
Response samples must be computed at the input

signal's sampling rate. Therefore, the discrete-time

linear response component requires computation of R,=2W

samples per second with LM, multiplications per sample.

Thus, the compuational complexity of a linear system with

input bandwidth W is on the order of:
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C1 =R1L1M1 (2)

Substituting the previously determined values for each
factor in the computational complexity expression, we

obtain:

C1=21WV (3)

Recognizing that the number of terms, N, in the filter

approximation is proportional to the bandwidth, W, of the
input and the time-bandwidth product of the bandlimited
impulse response of the filter, we may alternatively write

equation (3) as:

C, o pw? (3a)

where P is the time-bandwidth product of the impulse

response for the established accuracy requirements.

4.1.2 A Computational Estimate for the Second Order

Response Component

Maintaining the assumption of a W-bandlimited input
signal, the general second-order Volterra series response

will exhibit spectral components to a maximum frequency of
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2W. Therefore, samples of the second-order response must

be computed at a rate R,=4W. Equation (3-33) provides the
basis for our estimate of the computational effort required
to determine the second-order discrete-time response.

Substituting finite limits of summation, we obtain:

2 Ny $ -} n—i
=) 2 S HEHE)

Recognizing (see equation (2-53)) that the second-order
kernel is necessarily symmetric, the summation limits
should be chosen to be equal, i.e. N,=N, and N,=N;.

Furthermore, the symmetry of the kernel permits us to

reduce the computational effort. Recognizing that:

(i e o33 ) =i o (5

we may rewrite equation (4) as:

palm) = 2k=243 1=§v3h2(4”” 4W)X(Z_;)X(:;)+k—§r3h2(%”7 “LW)X(:_T’:)X(%)
(4a)
The continuous-time second-order Volterra kernel will
have an essential duration in each dimension which is on

the order of that applicable to the first-order kernel.

The second-order nonlinear transfer function, equation
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(2-90) necessarily falls off at a faster rate than does the

first-order transfer function because the roll-off of the

H((f) terms is accentuated by the H(f, + f,) term. This
suggests a somewhat longer essential duration than that of

the first order response; however, the overall magnitude of

the second-order term (as expressed by the a, coefficient in
equations (2-53) and (2-90)) is expected to be smaller.
This implies that the absolute error contribution due to
second-order response truncation is relatively less than
that of the first-order response component. Thus it
permits the second-order term to accept a greater relative
error contribution and correspondingly shorter essential

duration. Consequently we shall base our estimates of the
computational load on the same essential duration, T=N/2W,

which was used for the first order response estimate. The

number of FIR coefficients for the discrete-time
second-order Kernel must, however, be based on the R,
sampling rate. This means that the number of coefficients

in each dimemsion will be approximately double the number

required to represent the first-order response’.

Therefore, we have L,=2N=N,-N,+1, and since the

! As the density of filter coefficients increases to
match the required sampling rate, the total number of
coefficients must increase by the same proportion to span
the same essential duration.
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second-order response computation is two-dimensional, the
effort will be proportional to length squared.
Within each term to be computed in the summation, the

second-order response requires two multiplications, hence

M,=2. Therefore, each term also requires additional

effort to compute.
The resultant computational effort required for the
second-order response component, as expressed in equation

(4), is:

C2=R,LIM, (5)
Substitution of the specific values yields:

C; = (4W)(2N)*(2) = 32 WN? (6)

When the computation is performed as indicated in

equation (4a), we obtain, in place of equation (5):
Cas =RayL, (L2 + DM, (5a)

For large L,, the value of equation (5a) is approximately

one half the value computed in equation (5), i.e.:

Cz,s = %RzL%Mz, Lz >>1 (5b)
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4.1.3 Higher Order Response Computational Estimates

The foregoing discussion of computational complexity

may be generalized in a straightforward manner; the

n‘*~order, asymmetric discrete-time response computation’

requires on the order of:
Ch=R,L'M, = Q2nW)(nN)"(n) = 2WN" 2 (7)

multiplications. Exploitation of the symmetry in an
n*"~order symmetrized kernel permits the computational

burden to be reduced by a factor of n! in the limit. Thus,

we obtain:

Cns = 2RaLiMy = 2-2nW)(nN)"(n) = ( 11)|2WN"n"+‘ (7a)
n—
It is apparent that even for small values of N, the
n"-order response computational effort for asymmetric

kernels grows enormously fast due to the n"? factor. For

2 Strictly speaking, we are discussing the computational

burden of the N‘'"-order response term only for a Volterra

series truncated to N terms. For the N™-order response
term in a series truncated to a number of terms greater

than N, the N"-order response component would likely be
expressed at the sampling rate for the maximum order of the
series (otherwise, interpolation would also be required in
order to express the composite response). The compuational
effort would be correspondingly greater, although the
highest order response component will dominate the
computational effort.
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n=2, the value of this factor is 16; for n=3, it becomes

243; and for n=4, it grows to 4096. With symmetric kernels,
the situation is improved somewhat, although full
realization of the symmetry benefits comes only with long
filters. Moreover, the structure of computations to

exploit the symmetry is more complex. In the symmetric
case, the preceding values become (approximately) for n=2,
the value of the n™'/(n-1)! factor is 8; for n=3, it becomes
approximately 40; and for n=4, it grows to approximately
170. While the decrease in these factors is substantial,
the overall computations are unwieldy for any but the

shortest impulse response durations.

4.2 Definition of the Response of Interest

In many practical situations, the nonlinear part of a

system response (corresponding to the terms n>2 in the

Volterra series expansion) represents unwanted distortion.
This is not to suggest that these terms may be neglected;
the distortion is real and must be considered as a part of
the response. However, requiring that the essential

bandwidth [26] of the input be finite (e.g., its essential

bandwidth is W), means that the components of the response

which lie outside the essential bandwidth of the input
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necessarily result from the nonlinear effects of the
systen.

In such systems, the out-of-band response components
can be effectively eliminated by zonal filtering. Figure 1
shows a nonlinear system with a lowpass filter cascaded
with the nonlinear system to eliminate out-of-band response
components. If the nonlinear system has a Volterra series
representation of the form presented in Chapter 2, then the
essential bandwidth of the desired response is effectively
limited to the essential bandwidth of the linear

(first-order) transfer function.

X(t) NONLINEAR | y(¥) LOWPASS Yol)
A IR FILTER |~
SYSTEM (Bandwidth W)

Figure 1: A Zonally-Filtered Nonlinear System

4.2.1 Proposition

Because we have constrained the input processes under
consideration to be essentially bandlimited, we may

represent any input signal by its Nyquist samples with an
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error bounded as described in Chapter 3. Similarly, the
response of a system which is bandwidth constrained as
shown in Figure 1 must necessarily be representable by
samples taken at the Nyquist rate corresponding to the
filter bandwidth®.

All of the information about the input process is
contained in its Nyquist samples. We postulate, therefore,
that an operator exists which computes samples of the
discrete-time, bandlimited, truncated Volterra series
response directly from samples of the input process without

the need to operate on any additional data samples®:

£ "y =vy [ £ x(kn] (8)

We shall call this operator, V,,, the bandlimited,
discrete-time Volterra series operator. It must be
recognized that this is not the same operator as that which
computes every N" sample of the discrete Volterra series

response; such an operation would necessarily alias the

3 We shall choose the filter bandwidth to be the the
same as the essential bandwidth of the input process;
however, any suitable limit may be selected. In the event
that a response bandwidth is selected which is different
than that of the input, the sampling rate should be based
on the greater of the two bandwidths.

In effect, the operator could generate intermediate
input values by interpolation and discard intermediate
response values by decimation in a manner transparent to
external observation.
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out-of-band components of the response back into the
bandwidth-of-interest rather than eliminating these

components as we propose.

4.3 Construction of The Second-Order Component of the
Bandlimited Discrete-Time Volterra Series

It will be easier to grasp the concept of a
bandlimited Volterra series if we approach the subject in
terms of a specific case. Therefore, we begin our
presentation by considering the second-order term in the

bandlimited discrete-time Volterra series.

Let the ideal lowpass filter of bandwidth W be

designated by:

w{r)-{ b sy (sa

The filter impulse response is:
rw(t) = 5 sinc (2W1) (9b)

Let the second-order response of a Volterra system be

given by y,(f). Then the lowpass portion of y, is given by:

Vo w(t) =y2(8) * rw(t) (10)
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Employing the general expression for a second-order

Volterra series response, we may write equation (10) as:

yar®) = | [ hat, mx(a =t~ to)dnidns ralt—d (11a)
or
yow(t) = 1 ji ha(T—7T1,T—T2)x(T)x(T2)dt 1dv, rp(t—T)de (11b)

By interchanging the order of integration in equations

(11a) and (11b), we obtain:

yaw® = [[ ha(11,%5) | 53-8 -ttt - Ddsdide, (122)
or
yaw(® = [ X0)%T) | hT-11,T=T)rwt—Ddrduidr, (12b)

Equation (12a) expresses the bandlimited second-order
response as the two-dimensional convolution of the
second-order kernel with a bandlimited signal product.
Alternately, equation (12b) expresses the bandlimited
second-order product in terms of a two-dimensional
convolution of a second-order signal product with a
bandlimited second-order kernel. These equations motivate
the following approaches to bandlimitation of the

second-order Volterra series response.
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4.3.1 Bandlimitation of the Signal Product

If we assume that the system input, x(f), is essentially

bandlimited to W (or less), then the bandlimited signal

product of equation (12a) may be written in terms of the

sampling expansion of x(f):

oo

u2(;71,72) = [ x(t =Tt —)ralt—t)de

—c0

=l|:mix(2lw—tl)sinc(2W(‘c—-le))] (13)
[ix(;—W—n)sinc(ZW( —2%))][2Wsinc(2W(t—‘c))]d'c

Interchanging the order of integration and summation

yields:
uz(t;'cl,'cz)="E«x(2%—11)n§lx(—2%—‘cz) (14)

lsinc [2W(’r - 3’%;)] sinc [ZW(’C - —2'—;;)] sinc [2W(t—1)ldr

Equation (14) gives an expression for the bandlimited
signal product in a form which might be useful if the
integral could be obtained in closed form by a simple means
which included the delays in a parametric fashion.
Unfortunately, this sort of representation is not

available. Nevertheless, even if, for a specific input

114



case or for a class of inputs, equation (13) can be solved
in closed form, we must also find a means for representing
the second-order Volterra kernel such that a

minimized-sampling-rate expansion of the kernel is valid.

4.3.2 Bandwidth Restriction of the Volterra Kernel

We may approach equation (12b) in the same manner that
we considered bandlimiting the signal product in the
second-order Volterra series response. Using the
expression developed for the second-order kernel in Chapter

2, we write the inner integral of equation (12b) as:
hz,w(t—’cl,t—’tz)=—% | h(o—T1)h(o—12) | A(T—0) 2Wsinc [2W(t—1)ldtdo.  (15)

If we define the result of the convolution integral

with respect to T as hy(t-0), we may rewrite equation (15)

as:

haw(t=1,t=12) == | h(ot—t)h(e=T2)hlr—0)dex (16)

While equation (16) provides an expression for the
bandlimited kernel, it is not obvious that a useful
simplification can be obtained in a general way in this
form. The difficulty is, in part, due to the fact that we
are attempting to apply a one-dimensional bandwidth

restriction to an inherently two-dimensional function. 1In
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addition, the fact that we attempted to separate the kernel
and signal product before applying the bandlimitation made
it difficult to take a systems approach. We may address
the issue more directly by taking a frequency-domain

approach to the problen.

4.3.3 Frequency Domain Modification of the Nonlinear
Transfer Function

Bandlimiting a linear filter to a maximum frequency,
W, may be accomplished analytically by truncating the

transfer function of the filter at |f|= W as described in

Section 3.5.3. This can be achieved by multiplying the
original transfer function by a "spectral mask" which is
the frequency-domain representation of the ideal lowpass

filter:

Ml(f)={ L, MSZ (17)

It was demonstrated in Chapter 2 that the response at

a frequency f=f is due, for the second-order case, to
complex exponential excitation components at all
frequencies f; and f, such that f,+f,=f . This suggests that
the response can be constrained to contain no response

components at frequencies |f|>W if the second-order
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nonlinear transfer function, Hf,,f,), is multiplied by a
spectral mask which is zero for all f,f, such that |fi+f|>W.
Conversely, preserving the characteristics of H)(f,.,f,) at

frequencies f; and f, such that |f,+f;| <W assures that the
computed response will include the desired "in-band"
distortion components. Furthermore, since we intend to

sample the two-dimensional Volterra kernel at the minimum

allowable rate, we also want to set the mask to zero for

|f|>0, i=1,2. since we intend to consider only

W-bandlimited input signals, this causes no unintended
error because there is no input component (by assumption)
at the discarded frequencies. The resulting spectral mask

is:

0, |Al>Ww
0, I2l>w
0

, LA+ >W

1, otherwise

(18)

wl.5)-

The mask characteristic is shown graphically in Figure 2.
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Figure 2: Bandlimiting Mask for Second-Order Nonlinear

f1
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Transfer Function

The bandlimited, second-order nonlinear transfer

function is:

Hz,w(ﬁ,ﬁ)=H2(ﬁ,ﬁ)M2(ﬁ,fz) (19)
The corresponding second-order bandlimited Volterra kernel

is:
haw(T1,T2) = ha(T1, T2) * ma(T1,7T2) (20)

where: mz('rl,'cz)=F“[M2(fl,f2)] (21)

and where the * implies a two-dimensional convolution.
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4.3.4 The N-Dimensional Bandlimited Nonlinear Transfer
Function

The approach taken to obtain a bandlimited

second-order nonlinear transfer function may be generalized

to arbitrary order. For the n"-order transfer function, in

order to eliminate response components at frequencies

greater than W, we require:

H,,(fl,---,f,,)=0, {f,-,i=1,---,n| E:lf|>W} (22a)

and: H,,(fl,---,f,,)=0, Ifi|>w,i=1,--n (22b)

Equation (22a) expresses the fundamental requirement
that the response contain no components at frequencies
|f|>W. Equation (22b) permits the sampling of the
associated n'"-order Volterra kernel at a rate 2W in each of
the n dimensions by recognizing that the input signal is

W-bandlimited.

4.4 A Computational Complexity Estimate for the
Bandlimited Volterra Series

The advantage of the bandlimited discrete-time
Volterra series is that the computational complexity of
computing a response is drastically reduced. The

bandlimited Volterra series eliminates the need to sample
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both the Volterra kernels and the system response at a rate
consistent with an N-fold bandwidth expansion relative to
the W-bandwidth of the input. Therefore, both the number
of response samples to be computed and the length of each
dimension of the convolution sum are reduced by a factor N.

The computation of the N‘"-order term in the series

will still dominate the computational complexity of the
bandlimited response. The complexity of this computation

is:
Cwn =RwnLiyyMwn (23)

In equation (23), the W subscript indicates that the

terms apply to the W-bandlimited response computation. The

rate, Ry, is 2W, identically the rate R, used in section 4.2
to express the sampling rate required for the linear
response term computation.

The length term is decreased from that value given in
section 4.1.2, because the Volterra kernels need only be
sampled at intervals corresponding to the required

computational rate, hence:

Lyy=QwWDn¥
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where T is the essential duration of the linear impulse

response.

The multiplication count for each Volterra kernel

coefficient, My, is the same as the multiplication count M,

previously described as it has no bandwidth dependence.

Thus equation (23) becomes:
CW,]V:RIL%’NMN:(ZW)(zWDN(N) = QW)™ TVN (24)

By comparison with equation (7), the computational
complexity has been reduced by a factor of N™'. For N=2,
this represents an 8-fold reduction of computation; for N=
3 it is a factor of 81 decrease; and for N=4, computational

complexity is reduced by a factor of 1024 - three orders of
magnitude. This decrease is sufficient to make
discrete-time Volterra series computationally feasible for
engineering problems where previously they represented a

burden which could not be afforded.
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CHAPTER 5

Serial Realization of the Volterra Series

A direct realization of the multidimensional
convolution operators is not the only approach to synthesis
of a Volterra series response. We illustrate here an
approach which we call the Serial Realization of the

Volterra Series.

5.1 The Basis for the Serial Realization

Based on the form of the Volterra kernels and their
associated nonlinear transfer functions, obtained as

demonstrated in sections 2.5.2 and 2.5.3, an alternative

realization of the n"-order response can be synthesized.
Referring to equation (2-46) and the subsequent derivations

of the first several Volterra kernels, it may be seen that

every n‘’-order response component' has the form:

ne(®) == ] ht=a, Ty, e (1)

k
where: n=_le,-, k22, (1a)

Thus a realization based on equation (1) can be constructed

as shown in Figure 1. The k-fold product is filtered by

! The n'"-order term in a Volterra series may have

several components, i.e. a number of sets {/,...l,} which
satisfy equation (1la).
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the associated linear characteristic of the system and
weighted by the &" degree series expansion coefficient’ to
yield an n*"-order response component. The n'"-order

character of the response is determined by the sum of the £

orders of the product ternms.

@——y H(s) o
e
: HE) [
— £
—) H(s) —

Figure 1: An n'"-order Volterra Series Component

Response Realization

Due to the constraints on k£ and the /, it is clear that
each lower-order response which contributes to the product

operation must be of order n-i+l or less. Therefore, a

"serial realization" of the Volterra series response may be

2 This refers to the power series expansion of the

nonlinear element characteristic, equation (2-44a).
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synthesized recursively in analogous fashion to the
determination of the Volterra kernels. Each input term, of
second or higher order, to the product operator may be
replaced by its serial realization until all of the
operators are reduced to linear filters, product operators,
or linear gain elements. The advantage of this serial
implementation is that only linear filters are required -

in fact, only one linear filter type is required.

5.2 An Example of the Serial Realization

The simplicity of this approach may be somewhat
obscured as the number of terms increases; however, it is
instructive to consider the detailed implementation for a
low order system (i.e. truncated at third order, for the
purpose of this example). This will illustrate the process
which may be followed in constructing a serial realization
of the Volterra series for any finite order.

Figure 2 shows the construction of the first order

(linear) response. It consists of the linear filter, H(s),

cascaded with the constant gain element, g,.
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x(?) y@®)
—— gy e

Figure 2: Linear Response Component of a Volterra Series

Figure 3 shows how the second-order response may be
synthesized. As indicated by equation (2-47), the

second-order response consists of the square of the
first-order response, a constant gain stage, -g,, and

filtering by the linear filter, H(s). Although the
realization of the first-order response is indicated twice
in the Figure (analogous to the approach taken in equation
(2-52)), this is redundant and there is no need to do so in
practice. The first-order response may simply be squared

instead.
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H,(s) -\y, ®

x() C H(s) . »®
/;, ®
H,(s)

Figure 3: Second Order Response Component Realization

A combined implementation of the first- and second-
order responses is shown in Figure 4. Since the linear
response is a constituent of the second order response, the
combined second-order system realization requires less
computation than the aggregation of Figures 2 and 3. 1In
fact, only a summation operation needs to be added to the

simplification of Figure 3 which was previously discussed.

)

0)
H) o> % 3 >

x(9)

@

2

— HS) >

Figure 4: A Combined Second-Order Response Realization
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In Figure 4, the redundant first order operation has
been removed, and the multiplier replaced with a squarer.
The sequential nature of the serial realization is evident
for the second-order system. Only two linear filters are
required; however, the second filter requires, as its
input, a processed (squared and amplified) version of the
first filter response. Therefore, it can be seen that the
signal dispersion characteristic of the second order
response is effectively double that which is introduced by

the first order response.

5.3 A Third-Order Serial Realization

Continuing with the third order response, the third
order term has two components, shown in Figures 3a and 3b.
The first component is constructed from the cube of the
first order response, while the second component is formed
from the product of the first and second order responses.
Therefore, the composite third order response requires a

succession of three linear filters.

»nw ¥ ,0
O me P T By a5

Figure 5a: First Component of the Third-Order Response
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Hi(s) —— »®
x® 6 Y500
H(s) -——a{i!l..»————»

Hy(s) %®

Figure 5b: Second Component of the Third-Order Response

When the two components of the third order response

are combined, they may be summed before the final filter,

H(s). In order to do this, it is necessary to place the
constant gain operators ahead of the linear filter as
different gain values are applied to the two components. A
complete third order system realization is shown in Figure
6. Only three linear filters are required, but they must
be connected sequentially. Accordingly, the signal
dispersion of the third order response is effectively three
times that of the linear response component. In addition
to the filters, three two-input multipliers (including the
squarer), three constant gain multipliers, and two summers

are required.
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Figure 6: Combined Third-Order Response Serial Realization

5.4 Generalization of the Serial Reélization to N® Order

It is straightforward to extend the serial realization

approach discussed above for second- and third-order

systems to an N"-order system. Each successively
higher-order term is synthesized in exactly the same manner
as the corresponding Volterra series term was realized in
section 2.5.2. As only linear filters are required to
obtain the response, multidimensional convolution is
unnecessary. However, the bandwidth expansion of the
higher-order terms is still present and must be accomodated
in the discrete-time representation of the system.

We observe that the synthesis of Volterra systems
suggested by Shanmugam and Lal [3] is similar to several of

the component responses which have been illustrated in the
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preceding sections. The premise of Shanmugam and Lal was
that if the nonlinear transfer functions of a Volterra
series admitted to a particular form of factorization, then
the realization of that term of the Volterra series
response could be conveniently obtained as a linear filter
followed by a memoryless power-law nonlinearity followed by
a second linear filter as shown in Figure 7. This is
substantially similar to components of the nonlinear
response which have been given above, i.e., the second
order~response and the first component of the third-order
response. What we have shown, however, is that for systems
which can be represented by equations (2-2a) and (2-2b),
the corresponding Volterra series and their associated
nonlinear transfer functions have a well-defined form which
does not coincide precisely with the form expected by

Shanmugam and Lal.

x(1) VAU
— 1 H@ (J CGH)

Figure 7: Shanmugam and Lal's Realization of the n'"-order

Volterra Series Term
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The general form of the n'"-order nonlinear transfer

function for which Shanmugam and Lal [3] presented their

system realizations is:

)= ) o)

If we interpret the coefficient C, and linear filter G(f) as:

Comman  ana o{f)=r(f),

then we obtain, identically the first component of each of
the nonlinear transfer functions. Since there is only one
component to the second-order response, the complete
second-order Volterra series term is obtained.

We have also shown, however, that there are components
of the most general form of the response which do not fit
the form for which Shanmugam and Lal presented their
realization. In particular, the second component of the
third-order response cannot be so obtained. More
generally, any nth-order response component for which the
representation as in equation (1) contains less than n

terms in the product of lower-order responses (i.e. any

[;>1) cannot be represented in the form of equation (2).
Therefore, except in instances where particular elements of

the complete response are degenerate or contribute
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insignificantly to the overall response, the system may

only be partially realized in the Shanmugam and Lal form.

5.5 A Computational Estimate for the Serial Realization

With reference to the notation established in section
4.1, we may evaluate the computational burden associated
with implementing a discrete-time serial realization of the

Volterra series. Considering, however, the necessity of
evaluating the k-1 lower-order terms of the Volterra series

in order to compute the k"-order response term by the

serial realization, we determine the computational

estimates jointly for the complete k*"~order response rather
than separately as was done previously.

To compute a discrete-time approximation to the
second-order response as shown in Figure 4, we require two
linear filters, two linear gain elements and one squarer
(essentially a two-input multiplier with identical inputs).

Although the response of the first linear filter is
necessarily bandlimited to the bandwidth of the input, it
would be impractical to sample and process the input at the
Nyquist rate for the input. This is due to the necessity
of deriving the samples for the interpolated instants
required to represent the doubled bandwidth present at the
output of the squarer. Therefore, we assume that the input

process is sampled at a rate consistent with the bandwidth
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of the system response and that the linear filters used in
a k"-order system have a computational length, L ,=iN, where

N is the number of filter coefficients required at the

Nyquist rate of the input signal.
For a second-order system realization, the

computational effort is dominated by the two linear filters
(F,=2), each having a length, L,=2N, and operated at a
computational rate, R,=4W. Since each filter is linear, the

nunber of multiplications per filter coefficient is M=1.
Thus the computational burden for the second order response

is:
C2 =Ry (FaLy + G)M> = 4W[2(2N) + 3](1) (3)

where G, represents the number of isolated multiplications.

Assuming that N >>G,, equation (3) reduces to:
C, = 16WN (3a)

which is a factor of 2N less than indicated by equation

(4-6) for a full-bandwidth direct realization of the

second-order Volterra series component and a factor of N/4
less than indicated by equation (4-24) for a bandlimited

second-order Volterra series component realization.
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For a third-order system serial realization, the
computational savings is even more dramatic. With

reference to Figure 6, it can be seen that the third-order
response requires three linear filters (F,=3) and seven
auxilliary multipliers (G;=7), including linear gain
elements and signal product multiplications. The

processing rate required is three times the Nyquist rate

for the input process and the computational length of each
linear filter is also three times the reference value, N

(R;=6W,L,=3N). The computational effort required to

obtain the complete third-order response by the

discrete-time serial realization is thus:

Cs =R3(F3Ly+ G3)M3 = (6W)[3(3N)+ 71(1) (4)

Again, neglecting the auxilliary multiplications, we have
that the third-order, discete-time serial realization

computational effort is approximately:

C; =54WN (4a)

Equation (4a) is readily generalized. For a k*™"-order

discrete-time serial realization, the computational effort

is (neglecting the auxilliary multiplications):

Cr=2k*WN (5)
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Comparing this expression to that which was obtained
for the computational burden of the nth-order term of a

bandlimited Volterra series in Chapter 4:
Cn =2-(2W)nN" (6)

Thus, while the serial realization necessitates processing

samples at the higher Nyquist rate of the response, the

computational savings of n l-dimensional filters instead of

one n-dimensional filter becomes the dominant factor in
determining the more computationally efficient approach for
all but the shortest filter lengths. For systems up to
seventh order, comparison of equations (5) and (6) reveals

that unless the truncated length of the linear filter is

less than 8 samples less computational effort will be
required to implement the system as a serial realization.
However, the representation of the Volterra series in the
serial form makes it clear that extremely short response
duration truncation of the direct (or bandlimited) Volterra
series kernels is likely to result in significant response

error contributions.
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CHAPTER 6

Computation of a Nonlinear System Response by
Picard Iteration

In addition to illustrating a procedure for obtaining
the Volterra series kernels for a nonlinear system from the
Volterra integral equation for that system, Leon and
Schaefer [1] presented the development of an iterative
method (Picard iteration) for solving the integral equation

(see equations (2-2b) and (2-2c)):
t t
() = _L gt —)x(t)dt— _L h(t—)f[y(z)]dr (1)

when f(z) has a polynomial representation or approximation

of the form:
m ,
f(z)=i)_.",2a,-z' (la)

The iteration sequence for equation (1) is:

Yoa() = | glt—tx(0de (22)
| |

Yp2(®) =ig(t—-‘C)x(t)d‘C— _L h(t—t)f[ypa(v) ] dr (2b)

Vox(®) = _J:g(t — (- j” Wt =) [yppn (] dt (20)
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The double subscript, p,k, indicates the k™" Picard iterate

so as to avoid any confusion with Volterra series terms.

Leon and Schaefer [1] show that the %" Picard iterate

includes the first &k Volterra series terms and some of the

information contained in components of Volterra series

terms having orders k+1 and greater. This makes Picard
iteration potentially a very powerful tool. Furthermore,
the iteration procedure may be discretized very

efficiently.

6.1 A Computational Structure for Picard Iteration

Figure 1 shows how the successive Picard iterates may
be computed. Recognize, however, that the iteration

procedure outlined by equations (2a) through (2c) implies

that the & iterate is computed for all time before the

k+1% iterate is computed. Therefore, the procedure is not
immediately adaptable to real-time signal processing.
However, recognition of the implications of causality will
permit sample-by-sample computation of the response.

Figure 2 shows a concatenation of multiple basic
iteration blocks with several simplifications incorporated.
First, the calculation of the linear portion of the

response is common to all iterates; there is no need to

repeat it. Second, the first iteration has no 0" iterate
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result (i.e., a component on the lower path) as an input.

Alternatively, we may consider that input to be identically

x(?) G(s) u(?)

Y, er®

®
2 F[] H(s)

Figure 1: A Single Element for Computation of the Picard

Iteration Approximation to the Volterra Integral Equation

zero. The result is»a ladder structure which has no
computations performed along the top path past the first

iteration.

x(0)
—)) 6o

o

FUHY w19 PO Y g . {@—i FUL Y m )

%0 %20 ()

Figure 2: Basic Iteration Blocks Cascaded to Create an

Iteration Ladder Structure
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6.2 Contraint on Bandwidth Expansion

In anticipation of discretizing the structure in

Figure 2, we observe that since the linear filter, H(s),

follows the element nonlinearity, F[], the response
bandwidth at the input to each summer is restricted by the
essential bandwidth of the filter. Furthermore, at the

input to each filter, the bandwidth expansion is limited by
the degree, m, of the polynomial, f(z) (see equation (1a)),

which represents the nonlinear element in the system.

Therefore, the maximum sampling rate required for a
discrete-time processor based on the Picard iteration

method of Leon and Schaefer is restricted to:
Ry, =2Bm (3)

where B is the essential bandwidth of the linear filter
characteristic associated with the systen. This may offer
a particularly efficient approach to discrete-time
processing for cases where the input signal bandwidth is

greater than the bandwidth of the system.

6.3 Constraints Due to Causality

If we assume that the system is causal and that the

input is identically zero for ¢< f, with the system

initially at rest, then equation (1) becomes:
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(@)= j g(t—x(t)dr —j h(t-)fy(t)]dr (4)

Therefore, for two arbitrary instants of time, ¢ and ¢, we

may write:

Wt) = J gt —fc)x(r)dr-j h(t, —Df[y@] de (5a)
t 1
y(t2) = :I g(t; —x(t)dr —‘I h(t, - Dfy(1)]dt (5b)

Choosing t,, t,, such that t,>¢ >¢, and taking the

difference of equations (5b) and (5a) gives the result:
173 N [
y(t2) =y(t) = ’I g(t2 —Ox(t)dr - ‘I g(t; —x(t)dr— ,I h(t2 = O)f[y(v) ]dr (6)
4
+ bt ~nf (@) Jav

Moving the y(;,) term to the right hand side anad

splitting the third integral yields:

123 15 h
y(t2) =y(ty) +;[ gt —t)x(t)dt— 'j gt —T)x(t)dt - ! h(ts —Of[y(t) Jdr
(7)

_j h(t; — ) [y(t) Jdr + 'jl h(t, — ) y(t)]de
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Finally, combining the third and fifth integrals

gives:

73 4 4
y(t2) =y(t) + ;f gty —Dx(t)dt - i[ gt —x(t)dt - tf [A(t2 =) = h(ty — DY Dy(T) Jdx
(8)
- ! h(t, — D) [y(®) Jde

Assume that y(f) is known for t<t,. This would be the
case when, for example, equation (5a) had been solved by
Picard iteration. Then, only the last term on the right
hand side of equation (8) needs to be established by
iteration. The first term is, by assumption, known, the
first two integrals depend only on the input, and the third
integral can be solved explicitly from the knowledge of y(f)

over the limits of integration.

6.4 Discretization of the Revised Volterra Integral
Equation

Assume that the input signal, x(f), is W-bandlimited

and that the nonlinear element characteristic, fz), has a

polynomial approximation in the form of equation (la) with

degree m. Further assume that the associated linear

transfer function H(f) is insignificant for |f|>B; i.e.,
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the essential bandwidth of the filter is B'. Then we may
construct a discrete-time realization of the system based
on a Picard iteration solution of the Volterra integral

equation.

Let us choose the system bandwidth, B, to be related

to the input bandwidth W as B=I[W, where |/ is an integer.
Then the required sampling rate for unaliased discrete-time

processing is:
R=2imW (9)
Further, let us choose the difference t,-f such that:

Lh-t1=QImW)" ' =At (10)

Then, for time values delayed longer than the filter length

after the beginning of the input signal, i.e., for

nAt>t,+ NAt, equation (8) can be represented approximately as

the discrete-time convolution summation expression:

Y(nAD =y((n—DAD+Ata; L h((n-RA)x(kA) —Atar 3 h((n - DADX((k— 1)Af
k=n—-N+1 k=n-—-N+1

(11)
-At >:N [h((n = k+ 1)A) — h((n—0)AD)] { §2 a[y((k—-1 )At)]"] — h(0A) ﬁz a[ykAD T
=n—-N+ = =
' We assume for convenience that B>W. If this is not

satisfied, then set B=W.
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where we have written g(f) as a,h(f) in accordance with the

results obtained in section 2.5 and an N-term FIR

realization of the system's associated linear response has

been assumed, i.e., A(nAf) is non-zero only for 0<n<N-1.
Equation (11) indicates that the iteration need be

applied only to a single~term summation. We may simplify

the appearance of equation (11) and make the relationship

more evident by defining the following:

unA)=Ata; S h((n-DADx(AD (12)
k=n—N+1
ha(nAt) =h((n+ 1A —-h(nA), 0<n<N-1 (13)

where h((N-DAf) =h((N-1)A) since h(NAf)=0.

Equation (11) may now be rewritten as:

y(nAD) = y((n — DAL +u(nAs) ~u((n~ DAH A _ >:':N+l ha((n— k)At){ )'52 ai[y((k- l)At)]"}
(14)

—h(OAt){ £ a,-[y(kAz)]"}

In equation (14) the values u(nAf) and u((n-1)Af) represent the

present and previous values of the output of a linear

filter (defined in equation (12)) operating on the system

input. The term )((n-1)Af) is the previous value of the
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nonlinear system response. The only term in equation (14)
with a summation indicates a linear filter operating on
past values only of the nonlinear system response. The
Picard iteration need then be performed only with regard to
the present sample value of the nonlinear system response.
Since it involves only a single sample value it may readily

be performed using Newton's method.

6.5 Computational Complexity Estimate for the Picard
Iteration Technique

The computational effort required tc obtain a
nonlinear system response using the Picard iteration
technique is less sensitive to the order of the
nonlinearity than the techniques previously discussed.
When a solution is mechanized using equation (14) with an
appropriate iteration technique, the computational effort
depends more on the essential bandwidth of the associated
linear transfer function and the degree of the nonlinear
element's polynomial approximation than it does on the
order of the nonlinear response. When the lengths of the
linear filters dominate the iteration computation required
to achieve a convergent solution, the effort may become
essentially independent of order. However, the necessarily
high processing rate, as indicated in equation (9), may
make this technique unattractive for applications which do

not require high-order response approximations.
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For a response approximation which need be accurate
only to the m'"-order, it is clearly unnecessary to maintain
a filter essential bandwidth greater than mW for an input
signal bandwidth W. Accordingly, the required sampling

rate is R=2m*W. Let us assume that the essential duration

of the associated linear system impulse response is N'
samples expressed with respect to the Nyquist rate for the
input signal?’. Then the number of filter coefficients

required at the discrete-time processing rate will be
N=m’N'. Two linear filters are required as are a number of

auxilliary multiplications, 4, in the filtering and
iteration procedures. The overall computational magnitude

is approximately:
Cnm =2m2W(m2N’+A) (15)

If the auxilliary operations can be neglected, equation

(15) reduces to:

Cn =2Wm*N' (16)

2 We express the filter length in this manner in order
to maintain consistency with the computational estimates
derived in earlier chapters so that a comparison can be
made for the purpose of selecting the most efficient
technique for a particular application.
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Comparing equation (16) to equation (5-5) for the
computational effort of the serial realization, it is

apparent that the Picard iteration approach may require a

factor of m more multiplication operations than the serial
Volterra series realization approach. This result should
be applied cautiously, however, as equation (16) is based
on the assumption that the essential bandwidth of the
system is at least as wide as the m-fold convolution of the

input signal spectrum with itself. This assumption may or

may not be valid in any particular case.
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CHAPTER 7

A Computational Comparison of Discrete-Time
Nonlinear System Responses

In order to assess the capabilities of the
computational methods described in the foregoing chapters,
the various nonlinear system realizations were constructed
and exercised using several test signals. These activities
demonstrated both the utility of the techniques for
predictive analyses of nonlinear systems via simulation and
the relative degrees of difficulty associated with
obtaining the system realizations'. In presenting these
results, we first describe the determination of the
specific system realizations. The selection and scaling of
the test inputs is described next with estimates of the
accuracies expected for each nonlinear system realization.
This is followed by the presentation of the results

obtained for the test inputs by each system realization.

! The estimates of computational complexity presented in
Chapters 4-6 apply to execution of discrete-time
simulations with the particular system realizations. The
computational burdens associated with obtaining the
coefficients for higher-order Volterra kernels are also
substantial and have considerable bearing on the usefulness
of such techniques in particular applications.
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7.1 Computational Issues in Volterra Filter Coefficient
Determination

Having obtained explicit representations of the
continuous-time Volterra kernels in Chapter 2 for the
first-, second-, and third-order terms as in equations
(2-55), (2-58), and (2-66/2-70), we still must obtain
suitable representations for use in discrete-time
processing. Since the corresponding nonlinear transfer
functions are not bandlimited, the "appropriate" discrete
Volterra filter coefficients are very much dependent on the
signal(s) to be processed and their frequency extent
relative to the parameters of the systen.

For the purpose of developing the example based on the
circuit presented in Chapter 2, we have utilized the

following parameter values:

Capacitance C 100 pF (1.0%107*° F)
Resistance R 12.5 MQ (12.5x10° Q)
Diode Reverse Saturation Current

I, 1 nA (1.0x10°° Aa)

Inverse Thermal Voltage Constant

A 40 V1
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These parameter values result in a reciprocal time
constant, k (defined in equation (2-42)), for the circuit of

1200 sec™.

Additionally, we have chosen to limit the maximum
input signal frequency to 1000 Hertz. At the chosen
maximum input frequency, the magnitude of the first-order

(linear) filter's frequency response is not insignificant:

o)l 158

#0)

Therefore, some form of aliasing control is needed - for
the Volterra filters of all orders - if the sampling rate
of the simulation is to be minimized consistent with the
maximum input frequency.

As illustrated in Appendix A, frequency-domain
windowing of the (nonlinear) transfer functions can be
utilized to eliminate aliasing in the Volterra kernels. A
rectangular window was utilized in our evaluations to
restrict the frequency response to the passband of the
input signal. The filter coefficients were then obtained
by numerical integration of the inverse Fourier transform

integrals, i.e.:

ha(kiAL, - keyAt) = j;;j H,,(ﬁ, . f,,) exp [j21t(flk1At+ et f,,k,,At)]dfl- dfy (1)
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The character of the single-pole filter in the simple
diode circuit used in our example precludes establishing a
bound on the absolute error of the time-domain response’.
Therefore, the error induced by truncation of the
discrete-time domain Volterra kernels was estimated by the

response enerdgy technique which is described in Appendix A.

7.1.1 Selection of a Numerical Integration Technigue

In the one-dimensional, jointly bandlimited and
duration-limited response outlined in Appendix A,
trapezoidal integration was utilized with an associated
explicit error bound calculation based on the second
derivative of the integrand. While this is an effective
method for obtaining the filter coefficients for a linear
filter (a single integral approximation), it does not offer
an a priori means for controlling the coefficient accuracy
since the error estimate is a function of the chosen step
size’. Furthermore, it can be seen from the coefficients
in Appendix A and their associated error bounds that the
number of trapezoidal regions required to maintain a
specified accuracy (either absolute or relative) varies.

In this specific case, i.e., an inverse Fourier

transform integral, as the time instant nAt of the

2 The integral in equation (3-24) is divergent for this

choice of H(f).
3 In fact, the error bound calculation requires more
operations than the trapezoidal integration.
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coefficient (impulse response sample) being calculated

increases, the transform kernel exp(j2rnAf) becomes more

oscillatory over the region of integration in the frequency

domain. As a result, a trapezoidal approximation to the

integral using a fixed step size, Af, becomes less accurate

with increasing nAt.

An alternative approach is to utilize an extrapolation
technique for numerical integration. One such technique is
Romberg integration [31]. This technique produces a
succession of approximations to the integral for
successively decreased trapezoidal widths and extrapolates
the series of approximations to zero step width. Upon
achieving two successive extrapolation estimates which
differ by less than a pre-specified tolerance, convergence
of the procedure is declared to an accuracy equal to the
value of the specified tolerance’.

The Romberg integration technique is implemented in
the Mathcad software package [32)]) which was used to obtain
the coefficient results reported in this Chapter. The
particular implementation of Romberg integration which is
utilized by Mathcad carries the procedure at least one
additional step; two successive extrapolation estimate

differences less than the tolerance are required before

‘ Typically, the tolerance is specified relative to the
magnitude of the most current extrapolation estimate.
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results are reported. Thus, the results obtained are
significantly more accurate than indicated by the tolerance

value.

7.1.2 Comments on the Discrete Fourier Transform as a
Numerical Integration Technique

The (inverse) discrete Fourier transform (DFT) may be
viewed as a numerical integration (see Appendix B).
Therfore, efficient techniques - the class of fast Fourier
transform (FFT) algorithms - for calculating the (inverse)
DFT may be considered as alternatives for computing the
coefficients of Volterra filters. These techniques have
not been used here for two reasons.

First, the DFT does not address the accuracy of the
numerical integration. As discussed in section 7.1.1, the
accuracy of trapezoidal integration improves with
decreasing trapezoid width; however, a bound on the
accuracy requires a further computation based on the second
derivative of the integrand. The DFT does not provide any
such assessment, nor is it apparent that such an error
bound calculation could be streamlined in any manner
similar to the DFT itself. The indications of accuracy

obtained in Appendix A for the tapered window example

suggest that the number of trapezoidal regions - N in the

DFT - may need to be very large to preserve the accuracy of

some coefficients. An FFT approach would require that the
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largest value of N needed for any coefficient be used in
determining all coefficients.

Second, the number of coefficients computed by a block
FFT routine is equal to the number of frequency increments
(trapezoids) used in the numerical integration. This may
be substantially more than the number of coefficients
required by the truncation error constraints of a
particular system evaluation. Consequently, the expected
efficiencies of the FFT algorithms are not likely to be
realized when computing filter coefficients.

Because the accuracy of an FFT-based approach to
computing the Volterra coefficients is uncertain and the
computational efficiency is not expected to offer a
significant advantage, the Romberg integration method
described above was used to calculate all of the

coefficients in this Chapter.

7.1.3 Frequency Domain Window

While the frequency domain windowing which was
illustrated in Appendix A may be beneficial in reducing the
Gibbs' phenomenon at transition points, it substantially
adds to the complexity of obtaining the Volterra filter
coefficients in two ways. As a result, a rectangular
frequency-domain window was selected for computing the

Volterra filter coefficients reported in this Chapter.
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The first effect of frequency-domain windowing on
coefficient computation is that it increases the density of

sampling points required in the time-domain discrete

Volterra kernels. If the tapering function, T(f), is
applied for A<|f|<B such that B=(1+¢)4 where A is the
maximum input frequency, then the n"-order kernel obtained

in this manner will require (1+¢&)" times as many

coefficients as one obtained for a rectangular truncation

at |f|=4. For instance, in Appendix A, the values of 4 and
B used are 4=2000 and B=3500, so that €=0.75. Accordingly,

this will require approximately (1.00+0.75)=5.36 times as
many coefficients to represent the third-order kernel as
one determined from a rectangular windowed nonlinear
transfer function. Given the magnitude of the
computational burden required to obtain these coefficients,
as well as the corresponding large increase in the
discrete-time processing burden, this is a very undesirable
increase in effort. 1In fact, the tapering necessarily
extends into the regions which we want to eliminate in
order to construct the bandlimited Volterra kernel as
described in Chapter 4.

The second source of complexity is the need for

separate integrations over the different tapered regions.
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In the one-dimensional case, only one additional

integration region (due to symmetry) was required,

AZ|f|<B. 1In the case of the second-order Volterra kernel,

three additonal regions would be required, assuming that
the same exploitation of symmetry is obtained: taper in f,

taper in f,, and taper in f#f,. The third order Volterra
kernel coefficient calculations would require the primary
integration plus seven tapered-region integrations. This
represents a highly objectionable increase in the

computational load.

7.1.4 Coefficient Indexing

Since the result of discrete-time processing with a
Volterra series is not affected by the symmetry (or lack
thereof) of the kernels obtained for a system, it is
advantageous to obtain the unique symmetric kernels, as
this reduces the computational load in executing a
discrete-time simulation. (There is no significant
difference in the computation required to obtain the
coefficients of a symmetric kernel as opposed to the
asymmetric coefficients.) For the higher-order kernels, it
is important to use a structured method for indexing the
coefficients to preclude any confusion or double-counting.

For the example system, we have chosen a third-order

system realization. Therefore, we will illustrate the
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indexing scheme for the third-order Volterra kernel; it may
be extended to any order in a straightforward manner (the
second-order scheme is even simpler).

Let the third-order, discrete-time symmetric Volterra

kernel sample at ¢, =/At, t,=mAt, t,=nAt be written as

h, (I, m,n). Then for distinct’ / mand nwe have:

hy (I, m,n) = hy (m, 1 n)

= hy (I, n, m)

h, [(n, I, m)
= hy(mnl)

= hy (n,m )

Since we have assumed a symmetric kernel, only one of

these coefficients need be determined. Therefore, let us
determine the set of coefficients h,(/, m n) for indices

l,mandn such that /<m=<n. Consequently, if we choose to

determine the coefficients of the third-order kernel for

0<l,mn<9 , there will be 1000 coefficients within the
index bounds so defined; however, only 220 of the
coefficients will be unique. Our indexing technique

effectively exploits the six-fold symmetry of the

3 When / m, and nare not all distinct, some of the

coefficient index sets will be indistinguishable.
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third-order kernel; the reason that the number of
coefficients required exceeds one-sixth of the total number

of coefficients is that no symmetry reductions can be

obtained when /=m=n and only three fold symmetry exists

when two of the three indices have the same value.

7.2 Determination of the Volterra Filter'Coefficients

Our evaluations considered four discrete-time
realizations of the example system presented in Chapter 2.

These realizations are:

+ Direct realization of the Volterra series (not
bandlimited in the sense described in Chapter 4, but
truncated to the input signal bandwidth in order to

control the effect of filter response aliasing)
- Bandlimited Volterra series (Chapter 4)
+ Serial Realization of the Volterra series (Chapter 5)
+ Picard Iteration realization (Chapter 6)
In order to construct the four discrete-time

realizations of our example system, we require the

following Volterra kernels, based on the assumption of an

input signal which is bandlimited to 1000 Hertz:
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First-order kernel, bandwidth truncated to 1000 Hertz,

sampled at 7=1/2000 second; to be used as the first-order

kernel of the Bandlimited Volterra Series

First-order kernel, bandwidth truncated to 1000 Hertz,

sampled at 7=1/6000 second; to be used as the first-order

kernel of the Direct Realization of the Volterra series

First-order Volterra integral kernel, i.e. A(nAf) which
differs from A,(rA?) by the factor a,, bandwidth truncated

to 3000 Hertz, sampled at T=1/6000 second; to be used as
the first-order filter module for the Serial Realization

of the Volterra Series

First-order Volterra integral kernel, i.e. A(nAf) which

differs from h(nAf) by the factor a,, bandwidth truncated

to 9000 Hertz, sampled at 7=1/18000 second; to be used as
the first-order filter module for the Picard Iteration

Realization
Second-order kernel, bandwidth truncated (in f; and f;) to
1000 Hertz, bandlimited to 1000 Hertz in f1f,, and sampled

at T=1/2000 second; to be used as the second-order kernel

of the Bandlimited Volterra Series
Second-order kernel, bandwidth truncated (in f, and f;) to

1000 Hertz, sampled at T=1/6000 second; to be used as the
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second-order kernel of the Direct Realization of the

Volterra Series
+ Third-order kernel, bandwidth truncated (in f,f,, and f;)
to 1000 Hertz, bandlimited to 1000 Hertz in f#f,+f;, and

sampled at 7=1/2000 second; to be used as the third-order

kernel of the Bandlimited Volterra Series
+ Third-order kernel, bandwidth truncated (in f,f,, and f;)

to 1000 Hertz, sampled at T=1/6000 second; to be used as
the third-order kernel of the Direct Realization of the

Volterra Series

Each of the required discrete-~time Volterra filters,
i.e. the kernels, was constructed using the Romberg
(numerical) integration technique to evaluate equation (1)
for the appropriate (non)linear transfer function and
transform kernel to obtain a sufficient number of samples
(coefficients) to yield a sufficiently accurate

representation.

7.2.1 First-Order (Linear) Kernel Determination

The four sets of coefficients for the first-order
kernel realizations are obtained by numerical solutions of

the integral:
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w
h1a(nAf) = 2= {V k+;2 = €Xp (quﬁtAt)ay (2)

for values Ar=1/18000, 1/6000, 1/2000 and W=1000, 3000, 9000 as

appropriate. The index parameter, n, defines the
individual coefficients of the filters. The number of
coefficients required for an acceptable representation is
determined by the fraction of the response energy contained
by the selected set of coefficients.

The coefficients for the filters which are bandwidth-

truncated to 1000 Hertz are identical when the sample-time
instants agree, i.e. the first filter coefficient set is a
subset of the second. The actual coefficient sets are given
in Appendix C. It is more intuitively appealing to examine
a graph of the coefficient values compared to the values of
the continuous-time response at the same time instants.
This is shown in Figure 7-1.

It is clear from the Figure that as the truncation
bandwidth is expanded, the approximation to the
continuous-time prototype filter characteristic becomes
quite good. The most significant difference between the
two discrete-time filter characteristics is the slower

rise-time of the more severely-bandlimited characteristic.
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Solid trace (hcont) represents the continuous-time
prototype linear filter response

Dotted trace (hl) represents the first-order Volterra
kernel response

Dashed trace (hpicard) represents the filter
characteristic used to compute the Picard

iteration response (scaled by coefficient a, to
allow comparison)

Figure 7-1: First-order (linear) filter realizations

The sufficiency of the number of coefficients which
are included in each of the discrete-time realizations was
assessed by applying the response energy comparison which
was developed in Appendix A. By computing the energy of
the response from the bandwidth truncated-transfer

function, the proportion of the energy which is captured by
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a set of N coefficients can readily be determined. For the

first-order kernel based on a 1000 Hertz truncation of the
transfer function and Nyquist sampling (to be used in the
Bandlimited Volterra series realization), the 13 samples
identified in Appendix C capture 99.5% of the total energy
(the truncation energy error is 23.1 dB down). The 31
samples of the kernel based on 1000 Hertz truncation but
sampled at 3 times the Nyquist rate (for use in the Direct
Volterra series realization) yield 99.7% of the response
energy (error 25.1 dB down). For the kernel based on a 3000
Hertz truncation of the transfer function and Nyquist
sampling for the truncation frequency (for the Serial
realization), the 31 samples capture slightly greater than
99.9% of the response energy, leaving the response energy

error 30.9 dB below the truncated response energy. The 60
samples of the kernel truncated to 9000 Hertz, sampled at Af

=1/18000 second, include 99.9% of the response energy
leaving the error 30.3 dB down. Each of the first-order
filter realizations is non-causal; the transfer function
truncation in the frequency domain produces an anticipatory
time response. Since slightly greater than 0.5% of the
response enerqgy occurs for 7<0, a non-causal realization is

necessary to obtain an error greater than 22 4B down.
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7.2.2 Second-Order Volterra Kernel Determination
The second-order Volterra kernel coefficients for an

input which is bandlimited to 1000 Hertz are found as the

solution to the inverse Fourier transform integral:

1000 1000

holeAt kA= | | Hz(l, 2)exp[jZn(f]klAt+ﬁk2At)]dﬁdﬁ (3)

-1000 -1000

where, as determined in Chapter 2:

o) e o 1)

The set of coefficients is indexed by the parameters k, and

k,.

The coefficients for the second-order filters are
determinable in a reasonable time, although with
substantially more effort than the first-order filter
coefficients. Two cases were evaluated.

First, the complete second-order Volterra kernel was

determined for a third-order system realization. That is,
for a third-order system with a 1000 Hertz input, the

maximum response frequency which can occur is 3000 Hertz.

Accordingly, the necessary coefficient interval to form a

part of the third-order system is 1/6000 second. The

resulting filter characteristic which was obtained in our
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evaluation is shown in Figure 7-2. The set includes 225
coefficients which collectively represent 92.4% of the
response energy; correspondingly, the truncation error is

approximately 11.2 dB down.

9.72°10°

12041.912

Coeff

Figure 7-2: The second-order Volterra filter

The surface contour in the Figure shows the amplitude
of the second-order Volterra filter at the two-dimensional
discrete-time instant in the base plane. The increments

for which the amplitudes are given (as indicated by the

intersections of the contour lines) are the indices (m, n)

for which the Volterra filter coefficients, h,(mAt, nAf), have
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been computed. The value of Af is 1/6000 second. The origin

(i.e. m,n=0) is at the far (into the page) left side of the

plot. The peak value shown on the vertical scale bar is

the value of the largest coefficient, Ah,(4A1, 4A7).

The second representation of the second-order Volterra
filter is for the Bandlimited realization which was defined
in Chapter 4. The second-order nonlinear transfer function
for this filter requires the two-dimensional mask function
to be applied to the transfer function given in equation

(4) . The resulting bandlimited transfer function is:

ol o Y 5 (o i)

where the mask function is defined in equation (4-18). The
second-order bandlimited Volterra filter thus obtained is
shown in Figure 7-3. In our evaluation, we obtained a 7 by

7 coefficient matrix. The Figure may be interpreted in

precisely the same way as Figure 7-2 with the value of Af

set to 1/2000 second.
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Figure 7-3: Second-order Bandlimited Volterra kernel

The coefficient values obtained for the bandlimited
second-order kernel are given in Appendix C. The 49
coefficients obtained captured 98.25% of the response
energy. Therefore, the truncation error is 17.6 dB below
the computed second-order response component. The |
truncation error for the coefficients of the second-order
bandlimited kernel is significantly less than that for the
direct realization second-order kernel primarily because
the sampling interval has been decreased threefold for the
Bandlimited realization. Nevertheless, it will offer a
substantial computational efficiency improvement; the

direct realization has 120 unique coefficients in the 15 by
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15 array whereas the bandlimited kernel has only 28.
Consequently, a greater than four-fold reduction in
computational effort can be obtained while delivering an

improved representation of the in-band response.

7.2.3 Third-Order Volterra Kernel Determination

Determination of the coefficients of the third-order
Volterra kernels introduced an additional dimension to the
computational problem. It had been observed that
calculation of the second-order filter coefficients was
substantially more time-consuming than calculation of the
first-order coefficients®; whereas the calculation of all
the coefficients for the linear filters required a matter
of a few minutes, the calculation of the second-order
coefficients required nearly 24 hours for the bandlimited
realization.

This difference can be easily understood by

considering the numerical integration. If a single

integration requires N trapezoidal increments in order to

achieve a predetermined accuracy, then a double integration

of a similarly behaved integrand will require on the order

s All of the ccefficient calculations described here
were performed on an Intel 80386/80387 based computer (33
MHz). Clearly, more powerful systems are available, so
that it is not particularly meaningful to discuss the
tractability of a problem in absolute computation times.
However, the relative durations of the calculations for
coefficients of different-order Volterra filters provides
insight into the computational issues involved.
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of N elemental regions in order to achieve a comparable

accuracy. Correspondingly, a triple integration, as

required to determine the coefficients for the third-order

Volterra filters, will require on the order of N’ elemental
regions.

Given the similar growth in the number of coefficients
required to "fill" a volume in a three-dimensional
time-domain space with a linear dimension comparable to
that used for the first- or second-order kernels, it is
impractical to compute every coefficient. Therefore, a
search for the most significant, i.e. greatest energy
contributing, coefficients was conducted. This effectively

amounts to a selective truncation of the time domain

response rather than a uniform truncation at 7,=T7, .

Since the first- and second-order filters were
well-behaved in the sense that their largest coefficients
were concentrated around a single large peak value, it was
relatively straightforward to calculate coefficient values,
moving outward from the peak value found on the primary
diagonal of the third-order Volterra kernel. Additional
coefficients were computed until a sufficient proportion of
the total third-order response energy was obtained. The
implementation of this approach resulted in a

disproportionate amount of time being spent to determine
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the direct realization of the discrete-time Volterra series
for use as a reference case.

As for the linear and second-order filters,
coefficient values for the third-order Volterra filters
were calculated as the numerical inverse Fourier transform
integral for the specific sampling instants of interest.

The integral to be computed is:

h3(IAt, mAt, nAr) =
(6)

1000 1000 1000

f H;( e 3)M3(f1, 2,f3)exp[j21t(f,lAt+f2mAt+f3nAt)]df1dfzdf3

—1000 -1000 —1000

where:

) o o o)
s s ) s oo )

is the symmetrized third-order nonlinear transfer function
and the third-order mask function for the bandlimited

kernel is:

0, lal>w
0, I2| >w
Ms(l, 2 3)=‘ 0, Ifs|>w (8)
0, A+fatfsl>w
1, otherwise
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for W=1000.

For the direct implementation of the third-order
kernel, the mask is not required, i.e. it is identically 1
everywhere within the region of integration’.

For the bandlimited third-order Volterra kernel, the
sampling interval is At=1/2000 second; for the direct

implementation, the required sampling interval is

At=1/6000 second. Accordingly, it takes twenty-seven times
as many coefficients to fill the same volume in

three-dimensional time space for the direct implementation
kernel as for the bandlimited Volterra kernel realization.

For the direct realization, we constrained the
coefficient sampling time indices to: 0</m,n<11. This
resulted in a set of 1728 coefficients, only 364 of which
(due to symmetry) are unique. For the bandlimited kernel
we considered coefficients within the range: 0</m,n< 5.

While this latter range of indices actually spans a

significantly larger time interval in each of the three

7 Actually, the bandwidth truncation which is applied to
prevent response aliasing is equivalent to a mask which is

0 for [f]>W. From an implementation standpoint for the

bandlimited kernel, only the [Xf]>W aspect of the mask need
be explicitly applied separate from the limits of
integration. In fact, this condition could be applied
through the integration limits; however, this would require
partitioning the region of integration and results in a
much less compact expression.
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temporal dimensions of the Volterra kernel, it contains
just 216 coefficients, only 56 of which are unique.

Whereas coefficients for the linear filters could be
computed in seconds each and second-order coefficients
required, typically, tens of minutes to compute, the
third-order coefficients consumed several hours apiece to
compute. Accordingly, for the direct realization kernel,
only 198 of the 364 unique coefficients within the index
range were actually computed. These coefficients
represented 858 of the total 1728 coefficients within the
defined index range. The calculated coefficients
represented only 70.6% of the response enerqgy, however,
leaving the truncation energy error 5.3 dB below the energy
of the infinite-duration third-order response. While
additional coefficients may be calculated to increase the
proportion of the total response energy captured by the
filter realization, no remaining unique coefficient is
expected to deliver more than 0.15% of the total response
enerqgy.

For the bandlimited filter realization, 38 unique
coefficients representing 132 of the 216 coefficients
within the defined index ranges were computed. These
coefficients represented 89.0% of the total third-order
bandlimited response energy, leaving the truncation error

9.6 dB down.
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Visualization of a three-dimensional filter is
difficult in a single diagram. We have found it helpful to
construct planar slices of the third-order kernels as a
means of viewing the characteristic piecewise. The complete
characteristics for both the direct realization and

bandlimited third-order Volterra Kkernels are provided in
Appendix C. Figures 7-4, 7-5, and 7-6 show the t=1/6000,

t=5/6000, and t=9/6000 planes respectively of the direct

realization of the third-order Volterra kernel.

Similar to the plots shown for the second-order

Volterra filters, Figures 7-4, 7-5, and 7-6 show
h,(IAt, mAt, nAf) for fixed !/ over the m, n plane. Figure 7-4
shows the /=1 plane; Figures 7-5 and 7-6 show the /=5 and

/=9 planes, respectively.
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Figure 7-4: The ?=1/6000 Plane of the Third-Order Volterra

Kernel (Direct Realization)

The sections of the displayed grid which are zero
typically indicate coefficients which were not computed;
however, these are expected to be less than the adjacent,
computed coefficients. The time origin for the two
variable dimensions of the coefficient surface is at the
upper left hand corner of the plot. Note that the surface
plot presentations of the Volterra kernel slices
deceptively suggest that the peak coefficient magnitudes

are similar from plane to plane; in fact, they vary
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substantially. The largest coefficient calculated was the
I=4,m=4,n=4 coefficient. Its magnitude was more than five
times that of any coefficient in the /=0 plane, and nearly

two and one-half times that of any coefficient in the /=11

plane.

7.‘743'109

P4

Figure 7-5: The ¢=5/6000 Plane of the Third-Order Volterra

Kernel (Direct Realization)

It can be seen in the figures that substantially more

of the coefficients in the /=5 plane of the direct

realization kernel have been computed than were computed
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for /=1. Due to the generally larger values of the filter

coefficients in the /=5 plane, it was more advantageous
from a truncation error minimization perspective to expend
the computational effort to compute these coefficients than
to compute additional coefficients on the fringes of planes

further removed from the peak coefficient value.

P9

Figure 7-6: The 71=9/6000 Plane of the Third-Order Volterra

Kernel (Direct Realization)
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The trend which is evident in Figures 7-4, 7-5, and
7-6 is that the peak value of the Volterra kernel tends to

occur when the delay in each of the three time variables,

i.e. 1,17,,1,, is relatively equal. The largest values of
h(t,,T,,T,) occur very close to the principal diagonal:

T, =T, =1;.

The shape of the characteristics exhibited by the
planar slices through the third-order bandlimited Volterra
kernel are substantially similar to those shown in Figures
7-4, 7-5, and 7-6. Due to the much smaller number of
coefficients required for the bandlimited kernel
representation, however, there are a generally insufficient
number of points in any one plane to give an especially
helpful view of the response. The full bandlimited filter

coefficient set is given in Appendix cC.

7.3 Selection of System Inputs

In order to demonstrate and assess the performance of
the various nonlinear system realizations, a set of test
signal inputs was constructed. These included single
sinusoids and sums of sinusoids. The amplitudes of these
signals were carefully controlled to assure that meaningful
responses were obtained. For too small an amplitude, the

circuit will behave in an essentially linear manner, such
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that the nonlinear Volterra series terms have magnitudes
smaller than the error of the first-order response
representation. On the other hand, for large input
amplitudes, the actual system response would be dominated
by fourth and higher order terms, rendering a third-order
Volterra series model inadequate.

Based on the practical limitations of obtaining a
sufficient number of third-order kernel coefficients to
make the truncation error for the direct realization
discrete-time Volterra kernel arbitrarily small, it was
important to choose an input amplitude range which permits
a realistic comparitive assessment of the various models.
To do this, frequency-domain analysis based on the
nonlinear transfer functions obtained by the harmonic
probing technique, as illustrated in Chapter 2, was

utilized.

7.3.1 Response Estimation
As a basis for estimating the expected response

amplitudes, a single complex exponential with an angular

frequency, ®, equal to the 3 dB frequency, k, of the

associated linear circuit was chosen. Then, the response

magnitudes for harmonic excitation at angular frequency o
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were determined as a function of input amplitude, 4. We

based on H(k)
based on H,(k k)
based on H,(k k -k)
based on H,(k k, -k)

based on Hk k, k, -k)

obtained:
|Y, (k)| = 0.474
|Y,(2k)| = 0.6642
|Y3_a (k)| = 6.584°
L&bobk=2ﬁ8A3
|Y4_, (2k)| = 19.634*
We have

fourth-order
higher-order
the Volterra

terms of the

shown the estimate of the most significant
term to point out that we must assure that the
terms which are eliminated by truncation of
series do not dominate the response. The two

third-order response are shown separately to

illustrate their relative significance. Depending on the

frequency of

the excitation, the two terms may add

constructively or destructively. By choosing an input

signal amplitude of A4=0.075 Volt, we obtain:

|¥, (k)] = 0.035

|¥, (2K)| = 0.0037
I¥,,(®)| =0.0028
|¥,, (&)] = 0.0011

|¥,,(2k)| = 0.0006
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7.4 Error Estimates for Discrete Volterra Series

Realizations

Prior to computing results for the various test
inputs, error estimates were obtained for each of the
discrete-time Volterra series realizations which are
described here. These estimates are important to
evaluating the validity of results obtained by a particular
technique and, accordingly to the selection of a technique

for application to a specific problem.

7.4.1 Direct Volterra Series Response Error Estimate

Given our determination of the coefficient truncation
errors of the second- and third-order direct kernel
realizations (11.2 dB for the second-order and 5.3 dB for
the third-order), the error of the second-order response
realization will be 21.0 dB below the first-order
response®. Similarly, the error of the third-order
response realization will be 16.3 dB below the first-order
response. Since the dominant component of the fourth-order
response is 17.6 dB below the first-order response, the
elimination of the fourth order term by truncating the

Volterra series to third-order results in an error which is

s This value represents the combination of the magnitude
of the true second-order response, expressed relative to
the first-order response, and the 1level of the
second-order filter realization error relative to the true
second-order response.
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below the realization error for the included terms. Since
the first-order filter truncation error is 25 dB down, it
will not significantly affect the overall accuracy of the

model.

7.4.2 Bandlimited Volterra Series Response Error

The increased sampling interval of the bandlimited
Volterra series afforded the opportunity to capture a
greater proportion of the total response energy in a
smaller number of coefficients than did the direct
realization. As obtained in Sections 7.2.2 and 7.2.3, the
response truncation error for the second-order bandlimited
Volterra kernel was 17.6 dB down and that of the
third-order bandlimited Volterra kernel was 10.0 dB down.
Accordingly, these values place the second-order filter
realization error (for a 3-dB frequency input at 75
millivolts) 27.4 dB below the linear response component.
The third-order response truncation error will be 21.0 dB
below the linear response component. Since the primary
fourth-order response component is only 17.5 dB below the
linear response term, the Volterra series truncation error
becomes the dominant error in this case. The linear
(first-order) filter error (-23.1 dB) is not the smallest
error in this model, however it should not materially
affect the overall accuracy of discrete-time processing

with the Bandlimited realization model because it is still

180



5.6 dB below the Volterra series truncation error and 5.5
dB below the second-order bandlimited Volterra filter

truncation error.

7.4.3 Serial Realization Response Error

For the serial realization of the Volterra series, the
filter truncation error is due to the error in the
determination of the linear filter and the cascaded
processing of corrupted intermediate signals.’ This can
readily be estimated based on the filter truncation error
already obtained.

Assuming that the first-order filter response

truncation error results in a signal error component which

is e(®)=w:1(® where y,(f) is the intended first order
response, the second-order response error must consist of

the composite of the result of second-order processing on
the first-order error and the second-order filter response
truncation error.

The second-order processing effect is the direct
result of the signal squaring operation. With reference to

Figure 5-3, for the signal plus error term, we obtain:

ex(?) =[y1(l‘)+€1(t)]2—D11(t)]2 (8)

’ In the direct and bandlimited Volterra series
realizations, there is no subsequent processing of the
various response components.
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Based on the first-order error expression, e/(?)=7v(), this

is:

2 2 2 2
ern®=(1+7) D1OT -[1 0] = (2r+72 )] (9)

Since the filter used to obtain the second-order
response for the serial realization is precisely the filter
which was used to obtain the first order response, the
proportional error coefficient, Y, is identical to that

which pertains to the first-order response. Furthermore,
since the filter is linear, it applies equally to the

signal and error components of its input. For small values

of Y, we may neglect the ¥ term in equation (9) and the

effect of filter error on the error input component.

Accordingly, the filter output response can be stated as:

eZ,out(t) = (27+'Y))'2(t) (10)

Therefore, the relative response error of the second order

response will be approximately 4.8 dB poorer than that

obtained for the first-order response. Given that a linear
filter response truncation error of -30.9 dB can be obtained,
the second-order response error will be 26.1 dB below the

second-order response. This is appreciably better than the
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error obtained for either the direct realization or the
bandlimited realization of the discrete-time Volterra
kernels.

The same approach can be applied, separately, to the a
and b components of the third-order serial realization
response. The results of the third-order error analysis

are:
e3,a,oul(t) = (3Y+ Y)Y3,a (t) (11a)

e3pom(t) = (4'Y + ‘Y))’s,b(t) (11b)

This means that the relative response errors for the a and

b components of the third-order Volterra series serial

realization will be 6.0 dB and 7.0 dB, respectively, poorer
than the first-order response error.

The relative response error deteriorates as the order
of a Volterra series term increases. However, for weakly
nonlinear systems, the relative significance of each higher
order term is expected to decrease. To the extent that the
significance of the higher-order terms decreases as fast as
the relative error level increases, the error floor of the
serial realization model will remain fixed with respect to

the magnitude of the linear response component.
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7.4.4 Picard Iteration Response Error

In order to estimate the error of the Picard iteration
procedure for computing the Volterra series response, we
follow essentially the same procedure as for the Serial
Realization. With reference to Figure 6-2, it may be seen
that the signal computed at the output of the summer

following the first nonlinear section is:

Y1 =10 +y2(D+y3.0 + - -+ Yma(®) (12)

where m is the degree of the polynomial approximation used
to represent the nonlinear constitutive relationship, and
only the a components of each higher order response are
contained in the first Picard iterate.

The relative error levels of each of the terms are
precisely the values computed for the serial realization in
section 7.3.4. These error terms become a part of the
input to the polynomial operator in the second stage of the
Picard iteration procedure. Consequently the relative
error levels will be compounded in much the same manner as
interest on a savings account. Therefore, the relative
error levels after the each subsequent iteration can be
expected to be at least 3 dB higher than the levels at the
output of the previous nonlinear iteration (except the

first-order relative error level which will remain constant
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since it is not processed by the nonlinear operator).
Unless each successive Picard iteration stage improves the
response content by an amount greater than the error
increase, it will degrade rather than enhance the overall

response accuracy.

7.5 Discrete-Time Processing Results

The discrete-time processing models which have been
constructed for the example nonlinear circuit were
evaluated using two basic input signals. First, each model
was exercised for an input consisting of a single
sinusoidal signal. This provided an initial assessment of
their suitability. Subsequently, two of the models were
run for an input consisting of three sinusoidal signals at
incommensurable frequencies. In each case, the exact
response amplitude at each fundamental, harmonic, and
intermodulation frequency was determined from the
continuous frequency domain (non)iinear transfer functions
in order to provide a basis for model accuracy assessment.’’

The responses are examined in the following sections.

1o Determination of the exact response of a nonlinear
system to an input consisting of discrete-frequency signals
provides a means of calibrating a model. This establishes
its validity so that it may be applied with confidence to
problems for which the inputs do not contain discrete
frequency components and thus cannot be evaluated via a
frequency-domain Volterra analysis.
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7.5.1 Single Sinusoidal Response Results

In order to assess the fidelity with which each
of the models responded to a single sinusoid input, the
responses of each were computed for a sinusoidal signal
with an angular frequency equal to the 3 dB frequency of

the associated linear circuit of our example. Since the 3

dB frequency, approximately 159 Hertz!', is less than
one-third of the input bandlimit selected for our
evaluations of the example system, a third-order Volterra
series response is completely contained within the input
passband. Therefore, all of the models, including the
Bandlimited Volterra series, should faithfully deliver the
full third-order response. A sinusoidal signal amplitude
of 150 millivolts was chosen, consistgnt with the
assessment of section 7.3.1 which was made for a
complex-exponential signal having an amplitude of 75
millivolts. Since the sinusoid is the sum of two complex
exponentials at complementary frequencies, the magnitudes
of the fundamental-frequency sinusoidal response terms
contain contributions from both the first and third-order

Volterra series terns.

1 The angular frequency of 1200 radians/sec assures that
the input will not be sampled at the same sinusoidal phase
in each period.
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7.5.1.1 Direct Volterra Series Realization Response to a
Single Sinusoid

It is helpful to examine the first-, second-, and
third-order terms of the Volterra series response
individually before considering the composite third-order

response. Figure 7-7 shows the computed first-order
response (broken line trace, Y1) plotted against the input

signal (solid trace, xs,). The amplitude of the computed

120

Figure 7-7: The First-Order System Response

response is 0.0711 volt, only 0.0004 volt more than the
expected 0.0707 volt value. The expected 45 degree phase
shift (delay) is also clearly evident in the Figure. In
the Figure, the time scale is marked according to the index

of the response sample sequence with each increment equal

to the sampling interval, 1/6000 second.
The second-order response component, computed using

the direct realization of the Volterra series, is shown in
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Figure 7-8. Here, the computed response consists of two

components: a DC term and a double-frequency ternm.

001 -
-¥2),,

-0.02f =

-0.03
20 40 60 80 100 120

Figure 7-8: The Second-Order Volterra Series Response

The amplitude of the computed double-frequency

sinusoid is 0.0105 volt. It rides on a DC term of -0.0165

volt. The corresponding expected values for these two

components are 0.0120 volt and -0.0167 volt, respectively.

The errors in these two terms are well within the accuracy

predicted for the second-order term (error 11.2 dB below the
response) .

The third-order response component computed via the
direct realization of the Volterra series is shown in
Figure 7-9. The simultaneous presence of fundamental
frequency and third-harmonic terms is evident in the
Figure. The filter rolloff at the third harmonic
frequency, combined with the three-to-one trigonometric

dominance of the fundamental frequency'’, results in the
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greater significance of the third-order contribution at the
fundamental frequency when compared to the third-order,

third-harmonic level. The amplitude of the fundamental-

frequency term in the third-order response is 0.0255 volt

and the amplitude of the third-harmonic response term is

0.00516 volt. These values may be compared with the expected

values of 0.0290 volt and 0.00314 volt, respectively.

0.05 T T T T T T T T |

Yout 0 -

1 | | | i
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m

=0.05

Figure 7-9: Third-Order Volterra Series Response

The smaller amplitudes of the second- and third-order
response components than that of the first-order response
result in a combined third-order response which roughly
retains the appearance of a (distorted) sinusoid at the
fundamental input frequency. The combined third-order
response is shown in Figure 7-10. The spectrum of the
response is shown in Figure 7-11 where the second and third

harmonic terms are evident.

12 sin’(wf) = 3/4 sin(wf) + 1/4 sin(3wy)
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Figure 7-10: Combined Third-Order System Response

The composite sinusoidal response amplitude at the

input frequency for the complete response is 0.0465 volt.

By the exact analysis using the frequency-domain nonlinear

transfer functions, a fundamental frequency response

amplitude of 0.0563 volt was expected. Accordingly, the

error, 0.0098 volt is approximately 152 dB below the
expected value. That this combined error is greater than
the sum of the first- and third-order contribution errors
indicates that a relative phase error is also present
between the first and third-order response components.
This is consistent with the sparseness of the third-order
filter coefficients. The DC, second-harmonic and
third-harmonic terms in the complete third-order response
are identical to those shown above for the second- and

third-order Volterra series terms.
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The number of time-domain samples (2400) used to obtain
the spectral plot was selected to yield a spectral
resolution of 2.5 Hertz. Only the first 1000 Hertz range is
shown, as there are no response components for a
third-order system beyond that for the particular input

used.

0 50 100 150 200 250 300 350 400

Figure 11: Volterra Series Response Spectrum

For the direct realization, only the third-harmonic
frequency response term, as computed by the third-order
Volterra filter deviated significantly from the expected
response value. On balance, excellent agreement is
obtained between the third-order discrete-time direct
realization of the Volterra series and the theoretically
expected third-order system result for a single sinusoid
input. Computationally, however, the direct realization is

the most expensive to implement. For the present case, the

computation of a response segment of 04 second required
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approximately 3 hours. Thus, coupled with the fact that

determination of the third-order filter coefficients had to

be terminated with only about 70% of the response energy
obtained, this "brute-force" approach is indeed very

unwieldy.

7.5.1.2 Bandlimited Volterra Series Response to a
Single Sinusoid

The same input signal as used to evaluate the
performance of the direct Volterra series realization was

used to exercise the discrete-time, Bandlimited Volterra

series model. Again, a 0.4 second response record was

obtained, allowing the response spectrum to be computed

with the same 2.5 Hertz granularity used for the direct
realization.

There is little benefit to showing plots of the
computed waveforms for the bandlimited response as, except
for a sampling granularity difference!, there is no
visually perceptible difference from those computed by the
direct response. The sinusoidal response component
amplitudes computed using the Bandlimited Volterra series
model are shown in Table 7-1, along with those for the

direct realization and the expected values.

13 The sampling interval for the Bandlimited Volterra
series model was 1/2000 second.
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Overall, the response computed via the Bandlimited
model was comparable in accuracy to the direct realization

for this particular sinusoidal input. However, the results

for the 0.4 second record were obtained in only 8 minutes

instead of the 3 hours required by the direct response.

Again, the most severe error was encountered for the

third-harmonic term where the error was only 3.5 dB below

the expected response amplitude.

7.5.1.3 Serial Volterra Series Realization Response to
a Single Sinusoid

The Serial Volterra series realization was run for the
same sinusoidal excitation which was used for the direct
and Bandlimited Volterra series realizations. A response

record of 0.4 second duration was computed in approximately

34 minutes; this is significantly faster than the direct
Volterra series realization, but slower than the
Bandlimited Volterra series model. However, the only
required preparation for executing the serial realization
model is determination of the linear filter coefficients
which requires less than 1 minute, whereas the direct and
Bandlimited models required hours apiece for computation of
each third-order filter coefficient.

The ease with which the Serial Realization can be set

up points to a significant advantage where fast-turnaround
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results are necessary for a relatively short response
computation. The substantial set-up effort required for
the Bandlimited Volterra series will place that model at a
distinct disadvantage for single short response
computations. The shorter run time of the Bandlimited
Volterra series will be an advantage, however, where the
model must be exercised many times for different input
signals or for extended response durations.

The computed response amplitudes for the serial
realization are also tabulated in Table 7-1. The errors
for the serial realization were less than those obtained
with the Bandlimited model at every response frequency.
They were less than those of the direct realization for the
fundamental and third-harmonic frequencies, essentially

equal for the DC component, and somewhat poorer for the

second harmonic (9.9 dB below the expected signal
amplitude). Overall, the serial realization delivered a
better result due to the improvement of the third-order
response characteristic.

The serial realization response appears substantially
similar to the responses obtained by the direct and

Bandlimited Volterra Series realizations, however, the
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Frequency Expected Direct Bandlimited Serial
Amplitude Realization Realization Realization

DC -0.0167 v =-0.0165 v =-0.0174 v  -0.0165 Vv
fundamental 0.0563 v 0.0465 v 0.0502 v 0.0558 v
2% harmonic 0.0112 Vv 0.0105 v 0.0075 Vv 0.0076 Vv
3¢ 0.00314 v 0.00520 v 0.00445 v  0.00327 Vv

Table 1: Comparison of Model Results for a Single
Sinusoidal Input

improved performance at the fundamental frequency and
adjustments to the harmonic amplitudes result in a slight
appearance diffence. The computed serial realization

response is shown in Figure 12.

0.05
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Figure 12: Computed Third-Order Serial Realization

Response

7.5.1.4 Picard Iteration Realization Response to a
Single Sinusoid

A Picard iteration realization was constructed to be

consistent with the third-order Volterra series
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realizations. Recognizing that the required sampling rate
depends on both the number of iterations and the degree of
the polynomial approximation chosen to represent the
nonlinear element constitutive relationship, a realization
consisting of two iterations and using a third degree
polynomial was constructed as shown in Figure 6-2.

For the chosen model, with a maximum input frequency

of 1000 Hertz, the maximum response frequency may be as
great as 9000 Hertz. Therefore, a sampling interval of

1/18000 second was utilized for the Picard iteration model.
This rate will allow parts of the ninth-order Volterra
series response to be included in the Picard iteration
model output.

The increased sampling rate (three times that of the
direct Volterra series and Serial realizations) requires
that the filters (all linear, as in the Serial realization)
include three times as many coefficients for the same
time-domain truncation length. This significantly
increases the computational cost of executing the model.

The output of the first Picard iteration stage is the

same as the third-order Volterra series response, except

for the b term in the third order kernel, i.e., h,(T,1,T,),
equation (2-69). Figure 7-13 shows the first iteration

output.
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Figure 13: The First Picard Iteration Response

The first iteration response exhibits nearly the same
distortion as the serial realization. The b-term of the
third-order Volterra kernel is about a factor of 5 smaller
than the a-term. Accordingly, its influence on the overall
response is small.

The second Picard iteration response is shown in
Figure 14. The effect of the fourth- and higher-order
terms is such that they tend to cancel some of the
distortion components produced by the second- and

third-order terms.
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Figure 14: The Second Picard Iteration Response

The spectrum of the second Picard iteration response
is shown in Figure 15. Comparison of Figure 15 with Figure
11 shows that the second and third harmonics of the input
frequency are significantly lower in the second Picard
iteration response. The measured harmonic amplitudes for

the second iteration response are:

DC -0.00527 volt
fundamental 0.06635 volt
2nd harmonic 0.00230 volt
3rd harmonic 0.00162 volt
4th harmonic 0.00060 volt
5th harmonic 0.00021 volt

198



0 100 200 300 400 500 €00

Figure 15: Spectrum of the Second Picard Iterate

A frequency domain analysis for a complete fifth-order
Volterra representation of the system provides the
following expected values for the DC component and the

first five harmonics of the input signal.

DC -0.07962 volt
fundamental 0.07450 volt
2nd harmonic 0.02402 volt
3rd harmonic 0.01038 volt
4th harmonic 0.00131 volt
5th harmonic 0.000386 volt

The observed values for the amplitudes of the
sinusoidal components of the response at the input
frequency and its harmonics do not correspond well to the
expected values as derived from the first five Volterra

series terms. However, it is also clear that some response
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contributions up to ninth-order are present, but that only
the first three Volterra series terms are fully computed by
a two-iteration Picard realization''. Consequently, it is
difficult to say with certainty that the Picard iteration
technique is.accurate; it is fair to state that the Picard
iteration response to a single sinusoid for the example
system does not correspond well to the response predicted

by a frequency domain Volterra analysis.

7.5.2 System Response Calculation for a Multiple
Sinusoid Input Signal

The single sinusoid results presented in Section 7.5.1
do not demonstrate the validity of the models under a
variety of conditions, particularly for inputs which would
be expected to produce harmonics and intermodulation
products outside the input passband. Therefore, a second
input signal was constructed to further exercise the

models. The signal was constructed of three sinusoids at

angular frequencies of: ®, =1000 radians/second
(approximately 159 Hertz), w,=2828.43 radians/second

(approximately 450 Hertz), and w,=2n850 radians/second

14 In principle, the specific part of the Volterra series
response to which the Picard iteration response corresponds
can be exactly determined. However, the fifth-order
nonlinear transfer function contains six separate terms
with over fifty argument permutations which for which the
various terms must be computed in order to obtain the
fifth-order response to a sinusiodal input. Extension to
the sixth or higher order is impractical.
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(exactly 850 Hertz). The sinusoid amplitudes were all set

to 150 millivolts.

Due to the uncertain nature of the Picard iteration
model, it was not used for the three-sinusoid input.
Similarly, because there is little benefit to the direct
Volterra series realization and it requires lengthy
computation times, the direct realization was not used for

the multiple sinusoid-input case.

7.5.2.1 Multiple Sinusoid Response Computation Using the
Serial Volterra Series Realization

The incommensurate nature of the three sinusoidal
components of the input signal results in an aperiodic
input signal. A segment of the input (approximately 17

milliseconds) is shown in Figure 16.

0.5 | T T |
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Figure 16: Multitone Input Signal for the Serial

Realization
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The corresponding segment of the response, as computed
using the Serial Volterra series realization is shown in

Figure 17.

.1 T T T T T T T T T

100 110 120 130 140 150 160 10 180 190 200

Figure 17: Serial Realization Response

The response spectrum is shown in Figure 18. Table
7-2 identifies the intermodulation frequencies, response
amplitudes, and the expected values of the intermodulation
response amplitudes as determined by a frequency-domain

Volterra analysis.

800 1000 1200

Figure 18: Serial Realization Response Spectrum
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Frequency

DC
50
132
159
241
291
318
400
450
477
532
559
609
691
741
768
850
900
1009
1059
1141
1168
1250
1300
1350
1459
1541
1700
1750
1859
2150
2550

Hz
Hz
Hz
Hz
Hz
Hz
Hz
Hz
Hz
Hz
Hz
Hz
Hz
Hz
Hz
Hz
Hz
Hz
Hz
Hz
Hz
Hz
Hz
Hz
Hz
Hz
Hz
Hz
Hz
Hz
Hz

Table 2:

Response

Expected

Components Amplitude

£,-f;
2f,~-f,
£,-2f,
£,;2f£,-f,
£f.-f,-f,
f,-f,
2f,
f.-f,
£,;2f,-f,
3f,
f,-2f,
£,-f,+£,
£f,+£f,
£f,-f,
2f,-f,
2f +f,
£,;2f,-1,
2f,
£f,+£f,
2f,+f,
£,+£f,-f,
2f +f£,
2f,-f,
£,+£f,
3f,
£,+£,+f,
2f,-f,
2f,
2f,+1£,
2f,+f£,
2f,+f£,
3f,

~-0.02636
0.00249
0.01642
0.05568
0.00612
0.01098
0.01012
0.00246
0.03821
0.00501
0.00331
0.00333
0.00598
0.00299
0.0024s8
0.00443
0.02187
0.00106
0.00209
0.00153
0.00169
0.00159
0.00022
0.00083
0.00020
0.00122
0.00033
0.00018
0.00025
0.00026
0.00011
0.00002

€ 99 <9 <9 d <9 99 <dddddddddedddd e e << e < g

Serial

-0.02658
0.00262
0.01737
0.05048
0.00641
0.01030
0.01007
0.00269
0.04007
0.00529
0.00323
0.00306
0.00581
0.00291
0.00235
0.00436
0.02200
0.00105
0.00198
0.00153
0.00156
0.00155
0.00021
0.00084
0.00021
0.00121
0.00031
0.00019
0.00027
0.00026
0.00013
0.00003

99 9 9 9 €9 <d < < <d ddddddddddedddddeddee g

Bandlimited
Realization Realization

=-0.02375
0.00147
0.00139
0.00244
0.00100
0.00121
0.00087
0.00257
0.03829
0.00128
0.00045
0.00046
0.00071
0.00059
0.00078
0.00263
0.02311
0.00107

Multi-sinusoidal Response Characteristics
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The correspondance of the computed intermodulation
response amplitudes to the expected values is excellent.
Most intermodulation products have an error greater than
25 dB below the exact value as computed using a frequency-

domain analysis.

7.5.2.2 Multiple Sinusoid Response Computation Using the
Bandlimited Volterra Series Realization

The reduced sampling rate which is applied to the
Bandlimited Volterra series results in a substantially more
coarse appearance of the signal waveforms. Figure 19 shows
the three-sinusoid input signal as it was applied to the
Bandlimited model. By comparison with Figure 16, it may be

seen however, that the inputs are the same.

6.5 T T T T T T T

"
o

T

!
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Figure 19: The Multi-sinusoid Input to the Bandlimited

Volterra Series Model

The corresponding time interval of the response

(chosen to also match the time interval shown in Figures 16
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and 17) is shown in Figure 20. The response spectrum is
shown in Figure 21 and the intermodulation product

amplitudes are tabulated in Table 7-2.
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Figure 20: Bandlimited Volterra Series Response to the

Multi-sinusoid Input Signal
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Figure 21: Bandlimited Volterra Series Response Spectrum

A visual comparison of Figure 20 with Figure 17
reveals substantial differences between the two response
waveforms. These differences may also be seen in the large

errors in the Bandlimited response intermodulation product

amplitudes.
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7.5.3 Analysis of the Response Calculations

The multi-sinusoidal input examples provide a much
clearer picture of the performance of the discrete-time
Volterra series models than did the single sinusoid case.
The inadequacy of the Bandlimited model, due perhaps to the
necessity of restricting the number of third-order discrete
kernel coefficients, is most apparent. The serial
realization, by contrast, delivered excellent
approximations to virtually all of the intermodulation

products.
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CHAPTER 8
Conclusions

Discrete-time evaluation of nonlinear systems using
techniques based on the Volterra series can be effective
provided that accuracy is sufficiently controlled. This
was demonstrated for the Serial realization technique. On
the other hand, we have shown that other approaches to
development of efficient discrete-time Volterra models
encounter substantial difficulties and suffer from accuracy
limitations which may make them unusable in some

applications.

8.1 Assessment of the Direct Realization

Discrete-time processing using a direct Volterra
series realization demands an enormous computational
effort. Determination of the discrete-time filter
coefficients for the third-order kernel used in our example
required greater than two orders of magnitude more
computation than did the execution of the resulting model'.
Even so, the accuracy of the results obtained is inadequate

to merit a recommendation of the technique.

! The purpose of this dissertation was not to develop
the direct realization; however, a model based on the
direct realization was used as a basis of comparison for
both accuracy and computational-cost assessments of the
three efficient techniques presented.
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Calculation of the filter coefficients for
higher-order Volterra kernels by numerical integration of
the inverse Fourier transform integrals presents a
formidable task. This necessitates compromise with respect
to accuracy, both in the precision of the coefficients
determined and their number. The particular example system
considered in this dissertation did not allow acceptable
accuracy to be obtained by directly sampling the
continuous-time Volterra kernel. Other systems may permit
the aliasing error to be bounded at an acceptable level

when a direct sampling approach is applied.

8.2 Assessment of the Bandlimited Volterra Series

Application of the Bandlimited Volterra series
technique to computing the in-band response of a nonlinear
system is similar to the direct realization of the Volterra
series. It permits a reduction of the sampling rate which
may result in a significant computational savings relative
to a direct realization; however, the effort required to
produce a discrete-time response is still dominated by the
determination of the filter coefficients. Unlike the
direct Volterra series realization, the Bandlimited
technique cannot be applied without computing the inverse
Fourier transform integrals for the higher-order filter
coefficients. We found that even though a computationally

efficient realization (relative to the direct realization)
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of the example system could be obtained by the Bandlimited
Volterra series technique that, accuracy remained poor.
Improvements to the accuracy of the Bandlimited realization
will require that more coefficients be computed and that a

tighter numerical integration tolerance be applied.

8.3 Assessment of the Serial Realization

Discrete-time computation of the response of the
example system to single and multi-sinusoidal inputs with
the Serial Realization of the Volterra series produced
results which compared very favorably with the exact values
as determined by a frequency domain Volterra analysis. The
Serial Realization of the discrete-time Volterra series
does not escape the sampling rate increase complexity
issue; however, it entirely avoids the problems inherent to
determining the higher-order filter coefficients. We found
that while model execution time was greater than that of
the Bandlimited realization, minimal effort was needed to
set up the model.

Consequently, the Serial Realization provides an
accurate, flexible technique for discrete-time nonlinear
signal processing. Although our evaluations considered
only a third-order system realization, the Serial
Realization can be extended to fourth or higher orders with
a far lesser increase in complexity than any of the other

techniques presented. While the computational burden of
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computing a response to a higher-order system will grow,
the dominant contribution to this effort is the increase in
sampling rate required to faithfully represent the
response. The complexity of the model needed for a
higher-order system, in terms of the number of filters
required, is directly proportional to the order of the
response conmputed.

The sequential filtering of the signal components
within the Serial realization model shows that the
higher-order Volterra series terms will tend to be more
dispersive than the linear (first-order) component. This
further demonstrates why capturing a sufficient proportion
of the response energy of a discrete-time Volterra filter

in a reasonable number of coefficients is so difficult.

8.4 Assessment of the Picard Iteration Realization

The use of the Picard iteration model for computing a
discrete-time response to a nonlinear system produced
results which are difficult to compare to any of the
Volterra series realizations. The Picard technique
computes, in the limit, exactly the same terms as the
infinite Volterra series, but it incorporates the terms in
a different order. In a finite accuracy realization,
however, the Picard iteration approach accumulates error
more rapidly than any of the Volterra series techniques.

In our evaluations, the accuracy of the Picard iteration

210



model results was significantly poorer than the results
obtained with the Serial Volterra series realization. (The
Picard iteration technique bears the greatest structural
similarity to the Serial realization.)

For the system considered here, the Picard iteration
model required a significantly greater computational effort
due to sampling rate considerations: the two-iteration
Picard model required a sampling rate nine times the
Nyquist rate of the input, whereas the Serial realization
required a three-times-Nyquist rate. For a system which
exhibits a significantly sharper frequency cutoff, the
required sampling rate increase may be less dramatic;
however, in the general case, the Picard technique will be

less computationally efficient than the Serial realization.

8.5 Summary

We have examined three computationally efficient
techniques for implementing a discrete-time Volterra series
for a nonlinear system. In contrast to a direct, or
brute-force, implementation of a discrete-time Volterra
series, each of the techniques offers a substantial
improvement in computational effort. With regard to
accuracy, however, one technique stands out. The Serial
realization of the Volterra series provided excellent
representation of the exact response characteristics in our

evaluations of multifrequency sinusoidal inputs. This
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gives a high degree of confidence that a Serial Volterra
series realization can give highly accurate results in
discrete-time simulations for inputs which cannot be

evaluated by frequency domain techniques.
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Appendix A

Error Considerations on the Computational Length
of a Discrete-Time Filter

The computational complexity of the response to a
discrete-time nonlinear filter is inseparably linked to the
degree of error which is acceptable in the response. When
a finite impulse response (FIR) realization - or its
multidimensional extension - of a filter is chosen, a
significant component of the error is due to the truncation
of the response. Therefore, control of the error in a
response is intimately related to the selection of the
quantity and "significance" of the samples which describe

the discretized response.

A.l1 Bandlimitation of the Filter Response to Prevent
Aliasing

Let the response to a linear system be given as:
y(®) =x(t) * h(2) (A-1)

where x(f) is the input signal, and h(f) is the impulse
response of the filter which represents the system. Assume
that x(f) is W-bandlimited, i.e., X{(f)=0, |f|>W, where X(f) is

the Fourier transform of x(i).
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Since the input is bandlimited, there is no difference

between the response as calculated from equation (A-1) and:

y(8) =x(t) * h,(2) (A-2)
where:
w
ha(®) = | f) exp (j21r,ft)df (A-3)
-w

when H(f) is the Fourier transform of A(f). We call A(?) the
bandlimited impulse response. Failure to properly
bandlimit the filter (system) response as in equation (A-3)
before discretizing the filter necessarily introduces
aliasing into the discrete-time representation.

Since both x(f) and A (f) are W-bandlimited, each has a

valid sampling expansion. 1In particular, for the

bandlimited filter impulse response:

h()= 2 (35 )sine| 2012 )] (A-4)

The input signal, x(f), may be similarly represented, as in

equation (3-2).

A.1.1 Frequency Domain Windowing
The choice, h(f), for a bandlimited impulse response

yields the minimum bandwidth, hence it permits the lowest
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possible sampling rate to be applied. However, the abrupt
truncation of the frequency response yields discontinuous
transitions which will exhibit the overshoot and ripple
characteristics of Gibbs' phenomenon [33,34] when the
time-domain response is truncated. Consequently, it may be
advantageous to apply a multiplicative windowing function

in the frequency domain to the continuous-time prototype

transfer function, H(f). The result of frequency-domain

windowing is the modified transfer function Hi(f) where:

)=l

A window function which will mitigate the Gibbs'
phenomemon without compromising the important features of

the prototype transfer function satisfies:

1, Iflsw
W(f) = T(f) wW<|f| <wW+AW (A-5)
0, Ifl > w+Aw

where 7I(f) is a bounded continuous function such that

(wh =1 and N(|W+AW)=0.

The impulse response associated with the transfer

function Hy(f) is h(t) which may be expressed as:
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) =_'Ji £)s(7) exp (2t )t (A-6)

The Nyquist bandwidth of the frequency-domain windowed

system response is B = W+AW.

A.2 Response Energy
We shall assume that the prototype analog filter

impulse response has finite energy:

2
df<

Eu=] 1h)%ar=] |H(y)

Then, the W-bandlimited filter impulse response must also

have finite energy, which can be expressed in three forms:

—i

= ] Ihuo1ar (A=7b)

()

This final form holds because the sampling basis functions,

sinc[ZW( —ZLW)], are orthogonal [27].

In cases where a frequency-domain windowing function

2
df (A-7a)

2

)

2W p=oo

(A-7¢c)

is employed, we have:
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df (A-8a)
= | |hy(0)|2dt (A-8b)

(A-8c)

In the succeeding sections, we present the
developments only for A/f); however, one may directly

substitute #,(f) or other appropriate windowed-response form
in the event that a frequency-domain window has been

applied.

A.3 Response Truncation

In order to utilize the representation of a system
which is suggested by equation (A-4) in a computable
discrete-time realization, it is necessary to abbreviate
the infinite summation of terms. The finite result which

we obtain is a truncated sampling expansion’, i.e.:

— =’§l hw(zLW) sinc [2w( -W)] (A-9)

! Neither the signal approximation nor the error caused
by truncating the sampling expansion is duration limited;
consequently, both the truncated sampling expansion and the
error are bandlimited to the frequency interval occupied by
the bandlimited analog prototype filter response.

217



Using equations (A-4) and (A-9), we can describe the

error inherent to the truncated sampling expansion:

he® =0 =hum®= E }hw(-z%) sine[ 20(1- )] (a-10)

The energy associated with the error signal given in

equation (A-10) is:

2
E.== A-11
¢ {n|n<Nyorn>N, } ( )

m(37)

An objective of discrete-time processing is to reduce

the error represented by equation (A-11) below some
threshold using the smallest practical number of terms in
the sampling expansion. Optimization cannot, in general,
be obtained in closed form. Nevertheless, equation (A-11)
can be used to verify that for a particular number of terms
the impulse response error energy is less than a prescribed
limit. If the terms are selected based on a knowledge of
the specific characteristics of a system, demonstration
that the number of terms is the minimum may be possible.

It may also be observed that the abrupt truncation of
the sampling expansion of the impulse response may
introduce significant distortion into the bandlimited
transfer function. Consequently, it may be desirable to

apply a time-domain window to the sequence of sample values

218



as a means of reducing the degradation to the transfer
function. When a time-domain window is applied,
corresponding adjustments will be required to equations
(A-10) and (A-11).

Consider a window function of the form:

0, n <N1
Wi N, (‘5";) = Q(ZLW) Nisn<h,; (A-12)
0, n>N,

where §(n/2B) is an arbitrary, bounded function of n, chosen

to minimize the transitions of A(f) at n=N,N,. The

resulting truncation error (compare with equation (A-10))

is:

ho(t) = huld) —E}l (25 JE(% )sinc| 2#(e- %) ] (A-13)

The energy associated with the error signal in

equation (A-13) is:

Ee= g5 2| 1-wmm (357 (3

In order to minimize the error energy, it may be desirable

2
(A-14)

to choose a window function, &(n/2B), which is identically 1
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over a central range of values of n and is tapered to 0

outside this range.

A.4 Absolute Error Bound

Using the truncation error bound given by Papoulis
[27], the maximum absolute error in the truncated,

bandlimited filter impulse response is bounded by:

|he(0)] < J2WE. (A-15)

A.5 Response Error Bound

Ordinarily, it is more relevant to discuss the error
introduced in the system response than the bound on the
error in representing the system impulse response. For a

linear system described in the form of equation (A-9),

assume that the inpﬁt,.ﬂﬂ, is bounded by some real number,

B, such that:

x(0] <P (A-16)

Stability requires that the system impulse response be

absolutely integrable. Let us assume that:

J hu@)|dt=S<oo (A-17)

—
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Then the response can be decomposed into approximation and

error terns:

y@) =y@) +y.(0 (A-18a)
Wt) = b, vy () * X(O) + he(2) * x(2) (A-18b)

where h.v,n, () and h(f) are defined in equations (A-9) and
(A-10), respectively. Since the system impulse response

is, by assumption, absolutely integrable, the error

component must also be absolutely integrable:
J @] =8.<8 (a-19)

Therefore, the response error term can be bounded as

follows:
ped| = | ] hetaytt=n)|an

< | ke 1x=1)]de
(A-20)

<] Ih@Ipar

:SeB

The relative significance of the error signal

amplitude is on the order of §,/§. As a matter of
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practicality, however, it may be difficult to explicitly
determine the values of either § or S, since, in general, a

closed form expression for A(f) may not be obtainable. 1In
this case, the energy bound of the system (impulse)
response established in section A.3 may have to be relied
upon as a relative indicator of the response error

significance.

A.6 An Example of the Application of Bandlimitation and
Truncation

It is difficult to work with many analytically
described bandlimited transfer functions since their
inverse transforms cannot be expressed in closed form. It
is illustrative, therefore, to examine the bandlimitation
and subsequent sampling-expansion truncation of an ideal
lowpass filter (i.e. a brick wall filter). Although there
is no processing utility to lowpass filtering a signal of
lesser bandwidth, one may consider a filter which
introduces a fixed delay in the signal path as might be
done as a part of a signal equalization network. For this
specially constructed case, it is possible to obtain an

inverse transform for the bandlimited filter and the

partial energy terms can be expressed in terms of sinc()

functions.
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Let H(f) be an ideal lowpass filter with bandwidth C

Hertz and delay 7,. The filter transfer function is:

wf)-{ (wrms) nse a-21)
, >

Assume that the class of inputs which are of interest
for discrete-time processing are bandlimited to A4 Hertz,

such that 4<C. Let H(f) be windowed by a trapezoidal

spectrum mask having the characteristic:

1, lf] <4
Wg(f)= 2 4<|fl<B (A-22)
0, If1z2B

where B is any frequency which satisfies 4<B<C. For the
limiting case, 4=B, this window represents abrupt

truncation. At the other extreme, 4A=C, the window is so
broad that no reduction in sampling rate (without aliasing)

is possible. Then,

r

exp (—j21tho ), lf] <4

) H)0)- | 5t (),

0,

B

IA
vV <

S
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The transfer function magnitude is shown in Figure A.1l.
Taking the inverse Fourier transform of equation
(A-23), the impulse response of the bandlimited transfer

function is found to be:

hs(® = (A4 +B){sinc[(4 +B)(t— To)l sinc[(4 —B)(t — To)1} (A-24)

H®

A

Figure A.1: Magnitude Spectrum of Hf)

In the limit, as B approaches 4, equation (A-24)

degenerates to the (delayed) ideal lowpass filter form:

zlaiﬁh”(t) =2A4sinc[2A4(t - To)] (A-25)
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The windowed, bandlimited impulse response, equation

(A-24), can be sampled, without error, at instants t=n/2B

to obtain its Nyquist samples:

hb(ﬁ) =(A+B) sinc[(A +B)(%— To)] sinc[(A —B)(;’;r - To)] (A-26)

The energy of the bandlimited impulse response is
found by direct integration after substitution of equation

(A-23) into equation (A-8a). We obtain:

EH,B=%(2A+B) (A-27)

When 4, B, and 7, are specified, we can determine

values of N, and N, such that the value of the truncation
error energy (equation (A-11)) is held below a
predetermined threshold. Since the total impulse response
energy, equation (A-27), is known and the truncation error
is orthogonal to the truncated sampling expansion [27], the
truncation error energy, equation (A-11), can be expressed

as:

2
(A-28)

(a)

1 ¥
Ee =EH’B_E,3):V
=iy
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Assume that we want to reduce E, to a level 20 dB below

E,;. Then we require:

E.<0.01Exs (A-29)

Using equations (A-27) and (A-29) in equation (A-28), we

obtain:

2

b >2B(0.99)2(24 + B) = (1.32)B(24 + B) (A-30)

z

II=N1

()

For this example let us choose B=154 and I;=0. Then,

choosing N,=-N,, since h(f) is symmetric for T,=0 (or T,
equal to any integer multiple of the sampling interval), we
obtain N,=3. The truncation error is 0.0026 E;, or 25.8 dB

below the total response energy. Thus, a seven-sample

symmetric approximation to A,(f) suffices to include 99

percent of the impulse response energy’.
Applying equation (A-15) shows that the absolute error

of the impulse response must be bounded by:

lhe(t)| < J2BE, =2 [TB= /74 (A-31)

2 If an asymmetric approximation is acceptable in this

case, a six-sample approximation will meet the 99 percent
impulse response energy containment criterion with an error

of 0.0085E,,.
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The error introduced in the frequency response by
truncating the time-domain impulse resonse sampling
expansion may be seen by taking the Fourier transform of

the seven-sample approximation. This yields:

Hps3 (efm) = hap(0) + 2hap(1) 08 (0) + 2ha(2) c08 (260) +2h4(3) cos (3w)

(A-32)
where hg,(n) = %hb(—z%) . When the values of the #k,(n) are
computed, equation (A-32) becomes:

Hp_33 (ei“’) = -2— + % cos(w) — 89? cos(Qw) + ?i'z' cos (3w) (A-33)

The spectrum indicated by equation (A-33) is plotted in

figure a-2.
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Figure A-2: Seven-sample Approximation Filter Magnitude

Spectrum

It may be seen from the figure that the abrupt
truncation of the impulse response sampling sequence
results in a significantly greater distortion of the
frequency response than suggested by the 1 percent loss of
impulse response energy. This effect may be mitigated by
applying a window to the sampling sequence to effect a
smoother transition in the time domain which will, in turn,

reduce the distortion to the frequency response.
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A.7 Application of the Truncation Error Control
Procedure to the Circuit Example

In the nonlinear circuit example of section 2.5.2.1,
the associated linear circuit had an impulse response given

by:
h(2) = < exp [-klu(z) (A-34a)

The corresponding transfer function is:

H(f) = %;MIW (A-34b)

We will develop the appropriate truncation limits for a
bandlimited filter with the same passband characteristic as
expressed in equation (A-34b). We will follow the same

approach as in the previous section.

Let H(f) be windowed in the frequency domain by the

trapezoidal spectrum mask given in equation (A-22). Then,

we obtain:

0, f<-B
11 fB
T —BSfsH
HB(f) =3 T —ASfs4 (A-35)
1 1 By
Chia, ASSSB
i 0, f>B

229



The bandlimited impulse response energy can be

obtained in closed form by integration. We obtain:

S Ll el ol

The impulse response associated with the bandlimited
transfer function, as given in equation (A-35) cannot be
obtained in closed form. However, since we only require

values (samples) of the impulse response at distinct
instants of time, e.g. t=n/2B, we may obtain these to any
desired degree of accuracy by numerical integration.

The inversion integral which defines A,(f) may be

written using equation (A-35) as:

h,,(t)—f L_A5 eﬂ'sﬁdf+j

J 7enpk B eﬂmdf (A-37)

&2 df+ j

'Znﬁk 21|:f+k B -A

Since Hy(f) is antisymmetric, Ah,(f) will be real. Accordingly,

expansion and combination of the various terms in equation
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(A-37) will yield a simplification prior to application of

numerical integration. We obtain:

4

A cos 27I,:ﬁ) sin (ZIV?) B cos(21gﬁ) 4nf SiD (21;[2) B-
B =[] Z ( 4anf p ok o sy .
o-frre el T e o

Establishing a bound on the error of the Fourier
integral inversion by numerical integration using the
trapezoidal integration formula requires that we establish
a bound on the magnitude of the second derivative(s) of the

integrands [35]. Labelling the first and second

integrands, respectively, H;(f) and H,,(f), we obtain the

following derivatives:

i3t 2@)2:-(21502

[e+(en)

2r:[k2(21y‘)1+(21§f) 3:—22k(21q)]

HQJ (f) = %’t cos (ant) [k2+(2ﬂ)2]

+42 in (2n11
(A-39)

and

_ o oc(on 27!{(—2t—k12)(215!')4+(6k—2k3t2)(21\_'[)2+2k‘t—2k3-kst2]
) c (2 it ) [k2+(27V)2]3

(A-40)

87r2(275f) G (Zuft) —t2(Zry’)4+2(1-k212+2kt)(Zigf)zﬂk’t—ﬁz—k‘tz

‘ [i+(ax) ]

+
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Recognizing that the second integrand has the form:

MR

where:

Q)-GO mrl) o
- e
40)- 2.0)- £0)

For specific sets of the parameters t,k,f,4,B, and C,
magnitude bounds on the integrand second derivatives can be

obtained in each numerical integration sub-interval.

Consequently, for each sample obtained for A/(f), an

associated error bound can also be derived. The resulting
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approximations to the bandlimited impulse response samples

are given as:

A

h(5) - Hm 0 o))

(A-46)

+ % %[Hs,z(A +(m— I)Af"') +HB'2(A +mAfm)]

m=1 n

=25

where Af,=A/L and Af,=(B-A)/M. Their associated error

bounds are:

(3) (o)

where m, and 1, are the frequency argument values within the

L
<X

=1

(A-47)

_(flf;ng’l (TII)

M
+ 2
m=1

applicable intervals for which the magnitude of the

appropriate second derivative is maximized for the specific
time instant, f=n/2B, at which the sample value of A is
computed.

The specific values of L and M which are used to
define the sub-interval size of the numerical integration
may be chosen to preserve a predetermined accuracy in the
determination of each sample value. Iteration may be
required to obtain the required accuracy; however, the
process of determining the filter coefficients is only

necessary one time. Once determined, the filter
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coefficients remain unchanged for the duration of
discrete-time processing.

As an example of the results obtained using equations
(A-46) and (A-47), the coeffiecients of a discrete-time

filter were obtained for the parameter set:

Frequency break-point A 2000. Hz
Nyquist frequency B 3500. Hz
Inverse time constant k 1200. sec’
Capacitance C normalized 1 £

Note that for the windowed transfer function, the impulse
response is no longer strictly causal as the analog
prototype, equation (A-34a) was. Table A-1 shows the
coefficient values, their respective numerical integration
error bounds, and the cumulative fraction of the total
bandlimited impulse response energy represented by the

coefficients. The number of steps in the numerical

integration procedure was set at L=M=10,000.
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Coefficient

Number

10

11

12

13

14

15

16

17

Coefficient

Value

-0.0069030

~0.0473697

0.4773606

0.9024777

0.7110701

0.5844567

0.5094609

0.4269101

0.3542025

0.3009782

0.2557755

0.2130949

0.1790633

0.1525623

0.1282104

0.1069255

0.0907252

0.0769961

0.0641472

0.0539005

Coefficient

Error Bound

3.096471

2.906999

2.057313

4.058704

6.225556

6.414444

7.672586

8.052886

9.070353

9.831162

1.054984

1.160481

1.216838

1.332188

1.394066

1.497328

1.580297

1.662661

1.770609

1.837307

E-6

Cunmulative

Coeff. Energy
1.717230 E-5
8.264408 E-4
0.0830199
0.3767941
0.5591677
0.6823760
0.7759927
0.8417284
0.8869791
0.9196519
0.9432473
0.9596246
0.9711883
0.9795822
0.9855100
0.9896327
0.9926006
0.9947380
0.9962214

0.9972687
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18 0.0460186 1.954778 E-S5 0.9980319
19 0.0386485 2.025542 E-5 0.9985701
20 0.0321061 2.137101 E-5 0.9989414
21 0.0273404 2.229762 E-5 0.9992105
22 0.0232769 2.322558 E-5 0.9994056
23 0.0192786 2.438909 E-5 0.9995393
24 0.0161628 2.516876 E-5 0.9996333
25 0.0139382 2.642932 E-5 0.9997030
26 0.0116672 2.724396 E-5 0.9997519
27 0.0095944 2.845249 E-5 0.9997849
28 0.0082360 2.947604 E~5 0.9998093
29 0.0070862 3.050417 E-5 0.9998271
30 0.0057673 3.176054 E-5 0.9998390
31 0.0048219 3.264365 E-5 0.9998473
Table A-1: Bandlimited Filter Design Example

Since the thrust of our determination of the required

filter coefficients is to bound the error, the energy

contribution of each coefficient was determined on a

minimum basis.

That is, the energy contribution of each

coefficient was determined by reducing the calculated

magnitude by the amount of the calculated coefficient error
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bound. While the number of numerical integration steps
chosen was large, this is inevitable for applications which
require high accuracy.

The required number of coefficients for any desired

accuracy can quickly be determined. (If a causal
approximation is desired, the cumulative energy of the n=-1

and n=-2 coefficients should be subtracted from the

cumulative energy value shown for the appropriate

coefficient.) The n=-1 and n=-2 coefficients are small;

however, if an application limits truncation error to less
than approximately 0.4% of the impulse response energy, it
may be advantageous to include the n=-1 term before the
n=18 and subsequent terms. If it is required that
truncation error energy be greater than 31 dB down, it will

be necessary to include one or more terms for n<0.
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APPENDIX B

Viewing the Discrete Fourier Transform as a
Numerical Integration

The discrete Fourier transform is equivalent to a
trapezoidal numerical integration procedure under very mild
assumptions regarding the form of the integrand. We show
this below for the inverse Fourier transform, which was
used (see Chapter 7) to obtain the Volterra kernels from
frequency-domain windowed transfer functions.

Let a desired continuous-time function be given as the
inverse Fourier transform of a bandlimited frequency

domain transfer function:

x(t) = j;/\’(f) exp (j21tf t)df (B-1)

Since the time~domain function is bandlimited, if only

because the transform is truncated at [f|=W, it can be

completely described by the values of its samples at

instants of time, r=n/2W. At these instants of time, using

a trapezoidal approximation to the integral with N

increments, we obtain:

X
x(ﬁ) =8f I, T{aCkfJexp[j2mkdsiy |+ X6+ DAJexp [2n(k+ DARE T} (B-2)
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where Af= 2—3: .

Since the second term of the k" summand is the first

term of the k+ 1" summand (except the first term of the

first summand and the second term of the last summand), we

may write equation (B-2) as:

N
3'—1
x(z—';v-) = 222 X(-W) exp( jnn) s ) 2"W)exp (J— )

k='-?+l
+22 1X(W)exp(ﬂl:n) (B-3)

Recognizing that exp (—jnn) = exp (jun) , if X(-W)=X(W), then

equation (B-3) reduces to:
¥
kW
x(—z%i)z-zﬁw— z 24 )exp(]— ) (B-4)

This assumption is clearly valid if we force X()=0 at
|f|=W. 1In the event that this assumption is not satisfied,
the error will diminished as N increases.

If we further assume that X(f) is periodic in 2W,then we

may also write in place of equation (B-4):
n —-_.ZNZ 2k B-5
Now )= N BN )OXP 1 ( )
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Defining: 5c'(n)=x(;”"-;) and X(b)= %’Y-) equation (B-5), when

expressed as an equality is the inverse discrete Fourier

transform multiplied by the constant 2W.
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APPENDIX C
Volterra Filter Coefficients

The calculated filter coefficients for the linear
(first-order) filter of the Bandlimited Volterra series

realization used to obtain the results in Chapter 7 are
listed in Table 1. The bandwidth of the filter is 1000

Hertz and the sampling interval is 1/2000 second.

Coeff. Coefficient
Number Value

-3 -24.69
-2 35.83
-1 -64.49
351.95
514.41
201.37
158.78
52.68
55.72

8.64
23.31
-3.31

VW 0 N4 &6 U1 b W N = O

12.39

Table 1: Bandlimited Volterra Series Realization

First-Order Filter Coefficients
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All of the linear filter coefficients were computed

with the Romberg integration tolerance set to 0.001 times
the final extrapolation estimate.

The calculated filter coefficients for the linear
(first-order) filters used in the Direct and Serial

Volterra series realizations are listed in Table 2. The
bandwidth of the Direct realization filter is 1000 Hertz and
the sampling interval is 1/6000 second. The bandwidth of
the Serial realization filter is 3000 Hertz and the sampling

interval is 1/6000 second. Each filter has 31 coefficients.
The seven order-of-magnitude difference between the
coefficient values is due to the inclusion of the al factor
in the direct realization filter; the Serial realization
filter is utilized in three separate parts of the Serial
realization model where it is multiplied by appropriate

(but different) scaling factors.

Coefficient Direct Realization Serial Realization

Number Coefficient Value Coefficient Value
-9 - 24.69 -1.114 E+8
-8 - 6.58 1.251 E+8
=7 24.10 -1.428 E+8
-6 35.83 1.662 E+8
-5 8.00 -1.987 E+8
-4 - 42.79 2.470 E+8
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=3 - 64.49 -3.257 E+8

-2 - 3.67 4.760 E+8
-1 151.21 -8.690 E+8
0 351.95 4.800 E+9
1 514.88 9.103 E+9
2 572.41 6.211 E+9
3 514.41 5.822 E+9
4 390.04 4.242 E+9
5 270.35 3.881 E+9
6 201.37 2.844 E+9
7 181.93 2.610 E+9
8 178.31 1.893 E+9
9 158.78 1.765 E+9
10 118.24 1.252 E+9
11 75.83 1.200 E+9
12 52.68 8.229 E+8
13 52.10 8.205 E+8
14 58.97 5.359 E+8
15 55.72 5.653 E+8
16 38.37 3.444 E+8
17 18.07 3.932 E+8
18 8.64 2.171 E+8
19 13.16 2.769 E+8
20 22.07 1.326 E+8
21 23.31 1.981 E+8

Table 2: First-Order Volterra Filter Coefficients for the

Direct and Serial Realizations
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The calculated filter coefficients for the linear
filter used in the Picard iteration realization of the

Volterra series are listed in Table 3. The bandwidth of

the 9000 Hertz and the sampling interval is 1/18000 second.

Coeff. coefficient Coeff. coefficient Coeff. cCoefficient

Number Value Number Value Number Value
-4 2.494 E8 16 3.378 E9 36 8.790 EB8
-3 -3.294 ES8 17 3.279 E9 37 8.761 E8
-2 4.829 E8 18 2.956 E9 38 7.673 E8
-1 -8.868 ES8 19 2.871 E9 39 7.687 E8
0 4.932 E9 20 2.585 E9 40 6.695 ES8
1 1.026E10 21 2.514 E9 41 6.747 ES8
2 8.263 E9 22 2.261 E9 42 5.840 E8
3 8.519 E9 23 2.202 E9 43 5.924 ES8
4 7.408 E9 24 1.977 E9 44 5.092 ES8
5 7.367 E9 25 1.929 ES 45 5.204 E8
6 6.535 E9 26 1.728 E9 46 4.437 E8
7 6.415 E9 27 1.691 E9 47 4.573 ES8
8 5.740 E9 28 1.510 E9 48 3.865 ES8
° 5.601 E9 29 1.482 E9 49 4.020 E8
10 5.033 E9 30 1.320 E9 50 3.365 E8
11 4.895 E9 31 1.299 E9 51 3.536 ES8
12 4.409 E9 32 1.153 E9 52 2.927 E8
13 4.281 E9 33 1.139 E9 53 3.112 ES8
14 3.860 E9 34 1.097 E9 54 2.545 E8
15 3.746 E9 35 9.987 E8 55 2.740 ES8

Table 3: Picard Iteration Filter Coefficients
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All of the second-order Bandlimited filter

coefficients were computed with the Romberg integration

tolerance set to 0.001 times the final extrapolation

estimate.
The second-order coefficients for the Bandlimited
Volterra series realization are shown in Table 4. The

Table is structured in an array format which may be used
for computation (although since the ij term is identical to
the j,i term, this is not the most computationally efficient

method). The top left element of the array is the A,(0,0)

coefficient.

126410° 1898:10° 50410 5627-10° 92%6-10° 2048-10° -1749-10°

5 5

1899-10° 38.468-10° 5985-10° 3093-10° 1789-10° 9.498-10* 5.422-10°

50410 5985.10° 8443-10° 4897-10° 271410° 143-10° 8303-10*
h2 =| 5627-10* 3093-10° 4911-16° 5335-10° 3317110° 177416 1.003-10°

5 5

9256-10° 1789-10° 2714-10° 3317-10° 3391-10 1.069-10°

2048-10* 949810 143-10° 177410° 1879-10° 1838-10° 1.154-10°

1874-10

-1749-10° 542210 8303-10* 1003-10° 1069-10° 1154-10° 1.12410°

Table 4: Second-Order Bandlimited Filter Coefficients
The second-order coefficients for the Direct Volterra

series realization are shown in Table 5. The table is

broken into two parts, the first part including the first
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eight columns of the A(ij) array and the second part

including the remaining seven columns. All of the

second-order coefficients were computed with a Romberg

integration relative tolerance of 0.001.

[ 9.451-10* 1605-10° 19310° 1799-10° 134710° 857310° sex-10' 5065-10° |
1605:10° 31710°  4292:10° 4517.10° 387410° 2823-10° 192:10°  1.46510°
193-10°  4292-10° 6319-10° 720310° 6726-10° 5346-10° 384-10° 2834-10°
1799-10° 4517-10° 7203-10° 8842-10° 8918-10° 767810° 591-10°  4.406-10°
1347-10° 387410° 6726-10° 891810° 9732-10° 909510° 7.552:10° 5872:10°
8.573-10' 282310° 534610° 767810° 9095-10° 926-10° 8358-10° 6.926-10°
5622:10' 19210°  3349-10° 591-10°  7552-10° 8358-10° 822510° 7.367-10°

5 S S 5

5872:10° 6926110° 7367-10° 7.163-10

* 5516-10° 6171-10° 6.443-10°

5065-10° 146510° 283410° 440610
5612-10" 1379-10° 2.409-10° 3521-10° 459410
5603-10" 1367-10° 227-10°  3106-10° 3816-10° 4433-10° 4991-10° 5.441-10°
4377-10" 1.196-10° ® 330910 g

2576-10' 86210 1617-10° 231510° 2808-10° 3089-10° 3277-10° 3.508-10°

204910°  2786+10 > 3676-10° 4018-10° 4403-10

1337-10* 537710 1.119-10° 1736-10° 2236-10° 2545-10° 2702-10° 2824-10°
1204-10* 382-10* 781810 125510° 17.10° 2031-10° 222510° 2329-10°

1739-10" 3988-10" 6879-10" 1012:10° 133210° 161110° 13818-10° 1949-10°

Table 5, Part I: Second-Order Volterra Kernel Coefficients

for the Direct Realization (Columns 0 - 7)
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[ 561210 s603-10' 437710° 257610 1337-10° 120410° 1739-10° |
1379-10° 1367-10° 1.196-10° 862-10* 537710 382-10* 3.988-10*
2409-10° 22710°  2040-10° 1617-10° 1119-10° 7318-10* 6.879-10
3521-10° 3106-10° 2786-10° 2315-10° 1736-10° 1255-10° 1.012-10°
459410° 3816:10° 3309-10° 2808-10° 2236-10° 1710°  1332:10°
551610° 4433-10° 3676-10° 3089-10° 23545-10° 2031-10° 1.611-10°
6171-10° 4991-10° 4018-10° 3277-10° 2702-10° 2225-10° 1318-10°
6.443-10° 5441-10° 4.403-10° 33508-10° 2824-10° 2329-10° 1949-10°
6.258-10° 564610° 4753-10° 3813-10° 3007-10° 2424-10° 2028-10°
5646-10° 5474-10° 4909-10° 4093-10° 325-10° 256710° 21-10°

4758-10° 4909-10° 4717-10° 4182-10° 3455:10° 274610° 2.195-10
3813-10°  4093-10° 4.182-10° 397510° 3496-10° 288%-10° 2313-10°
3007-10° 32510°  3455-10° 3496-10° 33-10°  29-10°  2.406-10°
242410° 23567-10° 2746-10° 2888-10° 29.10°  273310° 2.409-10°
| 2028-10° 2110°  2195-10° 2313-10° 2406-10° 2400-10° 2276-10°

5

Table 5, Part II: Second-Order Volterra Kernel

Coefficients for the Direct Realization (Columns 8 -14)
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Table 6 contains a listing of the coefficients for the

third-order Bandlimited Volterra filter. Only the unique

coefficients, h,(lIAt, mAt, nAif), for I, m,n defined as in section

7.1.4 are listed (Af=1/2000 sec). The Romberg integration

tolerance for determining the third-order coefficients was

0.05 times the final extrapolation estimate; however, as
described in Section 7.1.1, the actual errors are
significantly less than suggested by the tolerance value.

For several coefficients computed at varying tolerances,

the actual error associated with a 0.05 relative tolerance

appear to be on the order of 0.0005.
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Coefficient Coefficient

h(IAt, mAt, nAY) h(IAt, mAt, nAf)
Indices I, mn Indices I, mn
0, 0, O 5.614 ES8 2, 2, 2 8.062 E8
0, 0, 1 1.007 E9 2, 2, 3 4.711 E9
0, 0, 2 4.051 ES8 2, 2, 4 2.684 E9
0o, 1, 1 1.700 E9 2, 2, 5 1.385 E9
o, 1, 2 5.974 ES8 2, 3, 3 3.713 E9
o, 2, 2 1.364 ES8 2, 3, 4 2.014 E9
1, 1, 1 7.361 E9 2, 3, 5 1.125 E9
1, 1, 2 4.966 E9 2, 4, 4 1.426 E9
i, 1, 3 2.653 E9 2, 4, 5 6.154 E8
i, 1, 4 1.467 E9 3, 3, 3 5.044 E9
1, 1, 5 8.139 E8 3, 3, 4 3.097 E9
i, 2, 2 4,736 E9 3, 3, 5 1.685 E9
i, 2, 3 2.395 E9 3, 4, 4 2.546 E9
1, 2, 4 1.144 E9 3, 4, 5 1.347 E9
1, 2, 5 7.001 E8 3, 5, 5 9.546 ES8
1, 3, 3 1.607 E9 4, 4, 4 1.873 E9
i, 3, 4 9.989 E9 4, 4, 5 1.873 E9
1, 3, 5 5.104 E8 4, 5, 5 1.412 E9
i, 4, 4 8.733 E8 5, 5, 5 1.735 E9

Table 6: Third-Order Bandlimited Volterra Filter

Coefficients
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Filter coefficients for the third-order direct

realization Volterra filter are listed in Table 7. Only
the unique coefficients are listed for Ar=1/6000 second.

The Romberg integration tolerance was set at 0.05 times the

final extrapolation estimate.

Coefficient hy(IAL, mAL, nAt) Coefficient hy(IAY, mAL, nAf)

Indices I, mn Indices I, mn
0, 0, O 3.465 E8 0, 4, 4 1.025 E9
0, 0, 1 5.936 E8 1, 1, 1 1.950 E9
0, 0, 2 7.394 E8 1, 1, 2 2.574 E9
o, 0, 3 7.343 ES8 i, 1, 3 2.678 E9
o, 0, 4 6.097 ES8 1, 1, 4 2.305 E9
0, 1, 1 1.041 E9 i, 1, 5 1.722 E©
0, 1, 2 1.312 E9 i, 2, 2 3.503 E°
o, 1, 3 1.295 E9 i, 2, 3 3.739 E°
0, 1, 4 1.082 E9 i, 2, 4 3.293 E9
0, 1, 5 7.835 E8 1, 2, 5 2.499 E9
o, 2, 2 1.659 E9 1, 2, 6 1.783 E9
0, 2, 3 1.638 E9 i, 2, 7 1.378 E9
0, 2, 4 1.352 E9 i, 3, 3 4.075 E9
o, 2, 5 9.571 E8 1, 3, 4 3.653 E9
0, 3, 3 1.629 ES9 1, 3, 5 2.810 E9
0, 3, 4 1.311 E9 1, 3, 6 2.003 E9
0, 3, 5 9.009 ES8 1, 4, 4 3.326 E9

’ ’

Table 7, Part I: Direct 3"-Order Volterra Coefficients
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Coefficient Coefficient

hy(IAt, mAt, nAf) h(IAt, mAt, nAf)
Indices [, mn Indices [, m,n
1, 4, 5 2.588 E9 2, 5, 6 3.356 E9
1, 4, 6 1.849 E9 2, 5, 7 2.519 E9
i, 5, 5 2.036 E9 2, 5, 8 2.032 E°
2, 2, 2 5.003 E9 2, 6, 6 2.656 E9
2, 2, 3 5.575 E9 2, 6, 7 2.034 E9
2, 2, 4 5.118 E9 2, 6, 8 1.650 E9
2, 2, 5 4.038 E9 2, 7, 7 1.618 E9
2, 2, 6 2.937 E9 3, 3, 3 7.824 E9
2, 2, 7 2.227 E9 3, 3, 4 7.800 E9
2, 2, 8 1.936 E9 3, 3, 5 6.644 E9
2, 3, 3 6.442 E9 3, 3, 6 5.084 E9
2, 3, 4 9.709 E9 3, 3, 7 3.815 E9
2, 3, 5 4.984 EO9 3, 3, 8 3.104 ES
2, 3, 6 3.691 E9 3, 3, 9 2.774 E9
2, 3, 7 2.768 E9 3, 3,10 2.481 E9
2, 3, 8 2.331 E9 3, 4, 4 8.131 E9
2, 3, 9 3.849 E9 3, 4, 5 7.224 E9
2, 4, 4 6.011 E° 3, 4, 6 5.715 E9
2, 4, 5 5.038 E9 3, 4, 7 4.323 E9
2, 4, 6 3.805 E9 3, 4, 8 3.431 E9
2, 4, 7 2.841 E9 3, 4, ©° 2.976 E9
2, 4, 8 2.330 E9 3, 4,10 2.651 E9
2, 5, 5 4.346 E9 3, 5, 5 6.685 E9

Table 7, Part II: Direct 3"-Order Volterra Coefficients

P

251



Coefficient Coefficient

h,(IAt, mAt, nAY) h,(IAt, mAt, nAt)
Indices I, mn Indices [, mn
3, 5, 6 5.473 E9 4, 5, 7 5.692 E9
3, 5, 7 4.205 E9 4, 5, 8 4.431 E9
3, 5, 8 3.294 E9 4, 5, 9 3.607 E°
3, 5, 9 2.778 E° 4, 5,10 3.100 E©
3, 5,10 2.446 E9 4, 5,11 2.667 E9
3, 6, 6 4.633 E9 4, 6, 6 6.471 E9
3, 6, 7 3.647 E9 4, 6, 7 5.314 E9
3, 6, 8 2.864 E9 4, 6, 8 4.182 E9
3, 6, 9 2.376 E9 4, 6, 9 3.352 E9
3, 6,10 2.060 E9 4, 6,10 2.813 E9
3, 7, 7 2.957 E9 4, 7, 7 4.514 E°
3, 7, 8 2.383 E9 4, 7, 8 3.641 E9
3, 8, 8 2.004 EO9 4, 7, 9 2.930 E9
4, 4, 4 8.962 E9 4, 7,10 2.426 E9
4, 4, 5 8.398 E9 4, 8, 8 3.035 E9
4, 4, 6 6.949 E9 4, 8, 9 2.512 E9
4, 4, 7 5.368 E9 4, 8,10 2.101 E9
4, 4, 8 4.191 E9 4, 9, 9 2.169 E9
4, 4, 9 3.510 E9 5 5, 5 8.664 E9
4, 4,10 3.082 E9 5, 5, 6 7.917 E9
4, 4,11 2.634 E9 5, 5, 7 6.543 E9
4, 5, 5 8.279 E9 5, 5, 8 5.145 E9
4, 5, 6 7.164 E9 5, 65, 9 4.097 E9

Table 7, Part III: Direct 3"-Order Volterra Coefficients
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Coefficient Coefficient

h,(IAt, mAt, nAY) h.(IAt, mAt, nAY)
Indices I, mn Indices [, m,n
5, 5,10 3.423 E9 6, 6,11 3.083 E9
5, 5,11 2.935 E9 6, 7, 7 6.750 E9
5, 6, 6 7.617 E9 6, 7, 8 5.847 E9
5, 6, 7 6.571 E9 6, 7, 9 4.742 E9
5, 6, 8 5.285 E9 6, 7,10 3.759 E9
5, 6, 9 4.179 E9 6, 7,11 3.039 E9
5, 6,10 3.404 E9 6, 8, 8 5.272 E9
5, 6,11 2.876 E9 6, 8, 9 4.407 E9
5, 7, 7 5.908 E9 6, 8,10 3.528 E9
5, 7, 8 4.904 E9 6, 8,11 2.817 E9
5, 7, 9 3.915 E9 6, 9, 9 3.806 EO9
5, 7,10 3.146 EO° 6, 9,10 3.125 E9
5, 8, 8 4.208 E9 6, 9,11 2.512 E9
5, 8, 9 3.445 E9 6,10,10 2.651 E°
5, 8,10 2.784 EO 7, 7, 7 6.829 E9
5, 8,11 2.277 E9 7, 7, 8 6.212 E9
5, 9, 9 2.917 E9 7, 7, 9 5.195 E9
5, 9,10 2.424 E9 7, 7,10 4.137 E9
6, 6, 6 7.781 EO 7, 7,11 3.283 E9
6, 6, 7 7.070 E9 7, 8, 8 5.927 E9
6, 6, 8 5.882 E9 7, 8, 9 5.151 E9
6, 6, 9 4.675 E9 7, 8,10 4.182 E9
6, 6,10 3.731 E9 7, 8,11 3.301 E9

Table 7, Part IV: Direct 3"-Order Volterra Coefficients
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Coefficient Coefficient

h(IAt, mAt, nAt) h(lAt, mAt, nAf)
Indices I, mn Indices [, mn
7, 9, 9 4.653 E9 9, 9, 9 5.214 E9
7, 9,10 3.890 E9 9, 9,10 4.731 EO9
7, 9,11 3.102 E9 9, 9,11 3.936 E9
7,10,10 3.359 E9 9,10,10 4.489 E9
7,10,11 2.747 E9 9,10,11 3.874 E9
7,11,11 2.323 E9 9,11,11 3.473 E9
8, 8, 8 5.977 E° 10,10,10 4.485 E9
8, 8, 9 5.442 E9 10,10,11 4,045 E9
8, 8,10 4.549 E9 10,11,11 3.815 E9
8, 8,11 3.608 E9 11,11,11 3.787 E9
8, 9, 9 5.188 E9
8, 9,10 4.501 E9
8, 9,11 3.638 E9
8,10,10 4.054 E9
8,10,11 3.375 E9
8,11,11 2.904 E9

Table 7, Part V: Direct 3™-Order Volterra Coefficients
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