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Cj skin friction coefficient

C t inner logarithm ic law “co n stan t” for m om entum  boundary layer
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C p constant in Baldwin-Lom ax turbulence model

c* specific heat (constant pressure)

c* specific heat (constant volume)
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F  lo o  

F  c o m

A

fn

9x

H

Hc

I  = H / H e 

I c o m

K

K*

k

A

norm alized stream w ise velocity

outer region defect stream function

lim iting value of F j at infinity

com posite velocity defined in equation (5.72)

inner region expansion function for the  stream function

wall layer expansion functions, see equations (4.11) and (4.12)

inner region gauge function in the asym ptotic  expansion for (j)

dimensionless m ean to ta l enthalpy

leading order com posite to ta l en thalpy

norm alized m ean to ta l en thalpy

com posite to ta l en thalpy  defined in equation (5,73)

eddy viscosity “constan t” , see equation (5.14)

eddy conductiv ity  “constan t” , see equation (5.17)

dimensionless therm al conductivity

dimensionless tu rbu len t therm al conductivity

characteristic length of w all-layer streaks

m ixing length, see equation (2.9)

M local M ach num ber, see equation (1.24)
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M ach num ber a t the  edge of boundary layer 

representative param eter, see equation (3.4.1) 

reference Mach num ber, see equation (1.12) 

dimensionless norm al coordinate 

constant in equation (6.38)

P ran d tl num ber, see equation (1.22) 

tu rbu len t P ran d tl num ber, see equation (2.26) 

m ixed P ran d tl num ber, see equation (2.32) 

dimensionless instantaneous pressure

fluctuating  pressure due to  the  vortex m otion above the  wall layer 

pressure variation  due to  organized m otion w ithin the  wall layer 

steady m ainstream  pressure (dimensionless) 

scaled m ainstream  pressure gradient defined in equation (4.10) 

transform ed pressure gradient defined in equation (4.19) 

heat flux

heat flux at the wall

heat flux tem peratu re  defined in equation (2.13)

heat flux tem peratu re  defined in equation (4.34)
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norm alized heat flux, see equation (3.104) 

gas constant

Reynolds num ber based upon the  reference quantities, see 
equation (1.22)

Reynolds num ber based upon the  fluid properties evaluated 
at T0, see equation (3.86)

Reynolds num ber based on displacem ent thickness 

Reynolds num ber based on m om entum  thickness 

recovery factor

dimensionless radius of revolution for an axisym m etric body 

constant in Sutherland relation (1.7)

S tan ton  num ber, see equation (5.65) 

dimensionless tangential coordinate 

dimensionless m ean tem perature  

tim e period of the “b u rs t”

average tim e period between bursts (m ean burst period) 

inner-region representative tem perature  

quiescent tim e period 

tem peratu re  a t the wall



recovery tem perature  defined in equation (2.43) 

tim e (dimensionless)

scaled tim e in the  wall layer form ulation, see equation (4.4)

defect velocity

m ainstream  velocity

inner region velocity function

dimensionless m ean stream wise velocity

leading order com posite velocity

Von D riest effective velocity, see equation (2.55)

expansion functions for the  stream w ise velocity in the wall- 
layer model, see equation (4.30)

dimensionless friction velocity

friction velocity defined in equation (3.24)

norm alized friction velocity w ith  respect to Ue

dimensionless instantaneous stream w ise velocity 
(scaled on wall variables)

dimensionless m ean norm al velocity

transform ed m ean norm al velocity, see equation (3.4)



dimensionless instantaneous norm al velocity 
(scaled on wall variables)

transform ed instantaneous norm al velocity, see equation (4.20) 

wake function

dimensionless spanwise m ean velocity

dimensionless instantaneous spanwise velocity 
(scaled on wall variables)

dimensionless stream wise coordinate

scaled inner region stream w ise coordinate

transform ed norm al coordinate (dimensionless)

scaled inner region norm al coordinate

wall-layer characteristic range of y  + , see equation (5.51)

scaled inner region norm al coordinate for therm al boundary layer

dimensionless norm al coordinate

scaled inner region norm al coordinate

local of m axim um  F = y\  du /dn\

dimensionless spanwise coordinate

scaled inner region spanwise coordinate



Greek Symbols

a  param eter defined in equation (3.9)

j3 equilibrium  pressure gradient param eter, see equation (2.5)

I’j outer region velocity scale

7  ra tio  of specific heats c*/c*

7  velocity scale in the inner region

7  Eulers constant, 7  =  0.5772156649 . . .I o 7 ' O

A t dim ensionless inner region length scale, see equation (3.43)

A0 dim ensionless outer length scale, see equations (3.25), (5.40)

8 boundary-layer thickness (dimensionless)

8* kinetic displacem ent thickness defined in equation (5.8)

8c displacem ent thickness

8t thickness of therm al boundary layer

e dimensionless eddy-viscosity function

ea dimensionless eddy-conductivity  function, see equation (6.38)

eti dimensionless eddy-conductivity  function

(  in term ediate  m atching variable defined in equation (3.80)

C,x scaled stream w ise vorticity
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scaled norm al coordinate in the  outer region 

param eter defined in equations (5.27) and (5.31) 

param eter defined in equations (5.27) and (5.31) 

scaled outer coordinate for therm al boundary layer 

m om entum  thickness

leading order outer-region expansion function for the 
to ta l enthalpy

leading order outer-region expansion function for the 
to ta l en thalpy  in ad iabatic  flows

leading order inner expansion function for the to ta l en thalpy

leading order inner expansion function for the to ta l en thalpy  
in ad iabatic  flows

scaled instantaneous to ta l en thalpy  function, see equation (4.33)

von K arm an constant; inverse of the slope in the  
logarithm ic region of the velocity profile

logarithm ic function constant for ad iabatic  flows

inverse of the  slope in the logarithm ic region of the 
tem peratu re  profile

outer region to tal en thalpy  scale

dimensionless m ean streak spacing

xxiii



inner region to ta l en thalpy  scale 

norm alized wall-layer streak spacing 

coefficient of viscosity 

characteristic  viscosity 

tu rbu len t viscosity, see equation (2.3.9) 

viscosity a t the wall 

kinem atic viscosity

velocity wake streng th  param eter, see equation (5.1) 

dimensionless inner length scale of therm al boundary layer 

dimensionless outer length scale of therm al boundary layer 

dimensionless density 

characteristic density

outer region expansion function for the Reynolds stress term

Reynolds stress term , see equation (3.30)

inner region expansion function for the Reynolds stress term

shear stress

lam inar shear stress

wall shear stress
xxiv



outer region expansion function for cp 

(f> turbulence product term , see equation (3.3.19)

<{>j inner region expansion function for <p

(j) 2 inner region expansion function for <p in adiabatic flows

xp stream function

Subscripts

a w  adiabatic wall

c boundary-layer edge

r recovery

r e f  reference quan tity

iv wall

Superscripts

tim e mean 

~ instantaneous variable

/ differentiation; tu rbu len t fluctuation

+ scaled inner region variable

* dim ensional variable
xxv



ABSTRACT

T he problem  of high speed two-dim ensional tu rb u len t boundary layers is 

considered. An asym ptotic analysis of the compressible boundary-layer equations is 

carried out for large Reynolds num bers and  m ainstream  M ach num bers 0(1). A 

self-consistent tw o-layer asym ptotic s truc tu re  is described wherein the tim e-m ean 

velocity and to ta l en thalpy  are logarithm ic w ithin the overlap zone but in  term s of 

th e  H ow arth-D orodnitsyn variable; th e  proposed struc tu re  leads to  a com pressible 

law of the  wall for high speed tu rbu len t flows and expressions are obtained  relating 

the  friction coefficient and surface heat flux to the  slope of th e  velocity and to ta l 

en thalpy  profiles in the fully tu rbu len t (logarithm ic) zone. R epresentative velocity 

and to ta l en thalpy  profiles are obtained for the inner region of the boundary layer 

through consideration of typical tim e-dependent m otions w ithin the wall layer. T he 

outer layer profiles are determ ined from th e  leading order outer layer equations; 

simple outer region Boussinesq eddy-viscosity and eddy-conductivity  turbulence 

models are form ulated to  reflect the  effects of com pressibility of the flow. The 

conditions for self-sim ilarity in a  high-speed boundary layer are exam ined and  a  set 

of self-similar velocity and tem peratu re  profiles are obtained for constan t pressure 

flows to  test the  proposed asym ptotic s truc tu re  and  turbulence models; these are 

com bined w ith wall-layer profiles to form a  set of com posite profiles valid  across 

the  en tire  boundary layer. A direct com parison w ith experim ental d a ta  shows good 

agreem ent over a  wide range of conditions for flows w ith and w ithout surface heat 

transfer. To com plete the  analysis the  case of an ad iabatic  wall is considered and 

an expression for the  adiabatic wall tem peratu re  is derived. I t is shown th a t the 

asym pto tic  analysis constrains the  types of turbulence closures th a t can be used to  

represent the effects of viscous dissipation. A simple algebraic model is proposed 

and  com parisons w ith m easured to tal en thalpy  profile d a ta  show good agreem ent.
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1. INTRODUCTION

1.1 Overview

The need to predict the  behavior of compressible tu rb u len t boundary layers 

is encountered in a wide varie ty  of applications, such as the  design of compressor 

blades and airfoils for supersonic vehicles. In m any situations technological or cost 

constrain ts rule out a  detailed experim ental investigation and the  need for the 

accurate  prediction of friction and heat transfer behaviors becomes im portan t. 

O ver the  past two decades, the  developm ent of m odern com putational techniques, 

d ram atic  increases in com puter capability  and high quality  experim ental 

m easurem ents have been directly  responsible for an increase in the  reliability  of 

incom pressible tu rbu len t boundary-layer flow predictions. This increasing success 

w ith  low-speed flow problem s has naturally  led m any investigators to  consider 

sim ilar approaches for the  prediction of high-speed com pressible flows. 

U nfortunately , supersonic boundary layers are considerably m ore complex than  

the ir subsonic counterparts, since it is necessary to  account for tem p era tu re  and 

density  variations. The therm al boundary-layer solution is generally coupled to 

th a t of the  velocity boundary layer and plays an im p o rtan t role in  the  

determ ination  of the  skin friction and heat transfer d istribu tion  a t the  wall. In 

practice, the  wall m ay be ad iabatic  or it m ay conduct heat energy either to  (the 

ho t wall) or from  (the cold wall) the  gas above. The influence of heat transfer a t 

the  wall can dram atically  a lte r m ean profile behavior in the  boundary layer. A 

po ten tia l additional com plication is th a t, at sufficiently high M ach num bers, 

density  fluctuations m ay affect the  struc tu re  of th e  boundary-layer turbulence.
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A m ajor obstacle in the  developm ent of compressible turbulence m odels is 

the  inherent difficulty in obtaining good experim ental velocity and tem p era tu re  

profile da ta . It is m uch m ore difficult to  take reliable d a ta  in the  high-speed 

environm ent and m easurem ents of the tem pera tu re  d istribution  appear to  be 

especially challenging. C om pared to the  substan tia l d a ta  base th a t has been 

developed for subsonic flows, a  relatively sm all base exists for velocity and 

tem pera tu re  profiles in supersonic flow w ith heat transfer. Because a  supersonic 

boundary layer is often extrem ely th in , accurate  m easurem ents near the  wall are 

very difficult and hence ra ther rare. Established theoretical results for high-speed 

com pressible tu rb u len t boundary layers are also relatively scarce and m any 

com peting and controversial theories exist.

It is well known th a t simple algebraic turbulence models yield good 

predictions for a ttach ed  tu rbu len t boundary layers (see, for exam ple, W hite , 1992) 

at low to  m oderate  subsonic speeds. In this study  consideration will be lim ited  to 

simple algebraic m odels for transport of m om entum  and energy in a  high-speed 

com pressible boundary layer, as opposed to  m ore com plicated higher-order 

turbulence closure schemes. Exam ples of m odern algebraic models include the  

C ebeci-Sm ith (1974), the  Baldwin-Lom ax (1978), and the  Johnson-K ing (1985) 

models. A lgebraic models norm ally consist of an eddy viscosity form ulation in the 

ou ter portion of the  boundary layer th a t is then  typically  modified to  a  m ixing 

length  form  in the  near-wall region. T he te rm  “overlap zone” denotes a region 

betw een the  viscous wall layer and the  effectively inviscid ou ter p a r t of the 

boundary layer; here the  velocity profile in incom pressible flow is observed to  be 

logarithm ic and thereby  conform to  the  so-called “law of the  w all” , i h e  m ixing
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length is typically  taken to  be linear in the coordinate norm al to  the  wall w ithin 

the  overlap zone, b u t is then  reduced tow ard the  wall through m ultip lication  by a 

van D riest dam ping factor (see, for exam ple, Cebeci and Sm ith, 1974); for 

prediction m ethods this produces the  intense variation in the  velocity profile 

through the  wall layer th a t is required to  com plete the  ad justm en t to  the  no-slip 

condition a t the  surface. This type of model has been validated reasonably well in 

incom pressible flow and is often used, alm ost w ithout m odification, in prediction 

m ethods for supersonic tu rbu len t boundary layers (see, for exam ple, T a lco tt and 

K um ar, 1985). The im plicit assum ption in such approaches is th a t a com pressible 

“law of the  wall” exists which is sim ilar to  the incom pressible form  (see, for 

exam ple, Viegas e t ah, 1985). However, the generalization of the  “law of the  the  

w all” to  com pressible flow has been som ewhat controversial and a  num ber of 

different functional forms have been proposed (for exam ple, van D riest, 1951; 

R o tta , 1960; W hite  and C hristopher, 1972; Barnwell and W ahls, 1989).

Perhaps the  m ost popular form ulation for com pressible boundary layers is 

based on the  effective velocity approach of van Driest (1951), which is critically 

discussed by Fernholz and Finley (1980). This scheme consists of an ex trapolation  

of a popular incom pressible form ulation wherein the m ixing length for com pressible 

turbulence is also assum ed to  be linear in physical d istance from  the  wall w ithin  an 

an tic ipated  overlap zone between the wall layer and ou ter region. Upon accounting 

for a varia tion  in density, an incom pressible form of the “law of the  w all” is 

u ltim ate ly  obtained  (see, for exam ple, Cebeci and Sm ith , 1974) bu t in term s of an 

“effective velocity” ; the la tte r quan tity  is calculated from  the actual m ean 

stream w ise velocity through a transform ation involving an inverse sine function.
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This has come to  be known as the van D riest transform ation and s tric tly  should be 

expected to  yield only a localized description of the  velocity profile (since it is 

based on a  specific type of m ixing length m odel w ithin the  overlap zone). However, 

Maise and M cDonald (1968) found th a t a  substantial am ount of com pressible 

profile d a ta  for an adiabatic wall could be collapsed when an “effective velocity” 

was defined across the  entire boundary layer. T he van Driest transform ation  is 

used extensively in analysis of profile d a ta  and som etim es to  infer values of skin 

friction a t the  surface from  m easured velocity profile data.

There are aspects of the  van Driest transform ation which could be regarded 

as disadvantageous. F irst the  transform ation is based on a particu lar turbulence 

model (mixing length) in the  overlap zone, and although it produces a  logarithm ic 

behavior in the “effective velocity”, other types of models, such as eddy viscosity, 

are found to produce a som ewhat different functional form for the actual velocity in 

the  overlap zone (Degani et al., 1991). This situation  m ay be con trasted  w ith  the 

case of incom pressible flow where all turbulence models are im plicitly  constructed  

to  produce a universal logarithm ic “law of the  wall” . A second point is th a t  the 

van D riest m ixing-length model is based on a local analysis w ith in  the  overlap 

zone; therefore no inform ation about the boundary layer as a whole can be deduced 

to elucidate the changes of various features w ith M ach num ber. Lastly, the  inverse 

sine behavior in the  actual velocity d istribu tion  is som ewhat awkward to  deal w ith. 

For these reasons a principal objective of the  present study  was to  look for an 

a lternative, and perhaps sim pler, theoretical description of the  com pressible 

tu rb u len t boundary layer.

It is well known (Stewartson, 1964) th a t the H ow arth-D orodnitsyn variable
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Y  is an appropria te  norm al coordinate in the  description of com pressible lam inar 

boundary layers. This variable Y  is defined in term s of an in tegral of the  density  in 

a direction norm al to  the  surface and m ay be in terp re ted  as a  density-averaged 

distance from the  wall. A m ain th ru st of this study is to in troduce the same 

variable in  th e  description of the  tu rbu len t boundary layer and fu rth er to 

determ ine w hether the  m ean velocity profile in  the overlap zone m ay be 

conveniently represented in a form which is logarithm ic in Y .  I t  is then 

subsequently shown th a t a self-consistent asym ptotic tw o-layer s tru c tu re  valid in 

the  lim it of large Reynolds num ber, Re,  exists. T o  ob ta in  velocity and 

tem pera tu re  profiles, a sim ple algebraic turbulence m odel, which is a generalization 

of existing incom pressible turbulence models, is form ulated. T he eventual te s t of 

the  proposed struc tu re  carried ou t here is a  direct com parison w ith  experim ental 

profile data. These comparisons strongly support the  prem ise of universal 

com pressible law of the  wall for velocity in term s of th e  H ow arth-D orodnitsyn 

variable.

E stablished theoretical results are relatively scarce for th e  to ta l en thalpy  

and tem pera tu re  d istributions in com pressible boundary layers. In low speed 

subsonic flows w ith heat transfer, d a ta  for the  sta tic  tem pera tu re  d istribu tion  

(W eigand, 1978) clearly displays a  logarithm ic behavior in th e  overlap zone. 

However, the  value of the slope of the tem peratu re  profile in the  overlap zone 

appears to  vary  w ith pressure gradient and local flow conditions, unlike th a t  of the 

velocity profile. In supersonic boundary layers the to ta l en thalpy  plays a sim ilar 

role to  the  sta tic  tem peratu re  at low speeds, but direct m easurem ents of this 

quan tity , particu larly  in the overlap zone, are relatively rare. Consequently, i t  is
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difficult to determ ine the  slope of the to ta l en thalpy  profile in the  overlap zone 

from  existing experim ental da ta , or in some cases even if the to ta l en thalpy  is 

logarithm ic there. At subsonic speeds, the tu rbu len t heat flux term s in the  energy 

equation  are usually represented by an algebraic model, in which an “eddy 

conductiv ity” is related  to  the  eddy viscosity through a tu rbu len t P ran d tl num ber. 

U nfortunately , tu rbu len t P rand tl num bers are generally found not to be constant in 

therm al boundary-layer flows (Crawford and Kays, 1980), and  often sem i-em pirical 

relations are in troduced so th a t the  tu rbu len t P ran d tl num ber varies w ith  distance 

across the  boundary layer. For high-speed compressible flow, sim ilar m odeling 

concepts are often em ployed, as well as various sem i-em pirical versions of the  

Crocco relations (Fernholz and Finley, 1980). In the  present study one goal was to  

tre a t the  therm al problem  independent from the velocity problem  and  w ithout 

in troducing a turbulence model based explicitly on either a tu rb u len t P ran d tl 

num ber, a Reynolds analogy argum ent, or an em pirical version of the  Crocco 

in tegral. In th is study a  self-consistent, tw o-layer s truc tu re  is developed for the 

to ta l en thalpy  d istribution  in the  boundary layer, in which the  en thalpy  is 

logarithm ic in the  overlap zone in the H ow arth-D orodnitsyn variable. A form ula 

for the slope of the  to ta l en thalpy  is derived, as well as a relationship  from which 

the  surface heat transfer a t the wall can be evaluated. Again, the  proposed 

s tru c tu re  is tested  by com paring to ta l en thalpy  directly  w ith the  existing 

experim ental data.

O ne m otivation of this investigation was to  establish a theoretical 

foundation for m ore efficient algorithm s for the prediction of high-speed 

com pressible tu rbu len t boundary layers. For subsonic two-dim ensional boundary
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layers, it is well-known th a t the  inner wall layer exhibits a self-similar behavior 

(Fendell, 1972). In the  em bedded function methodology described by W alker, 

W erle and Ece (1991), this self-similar wall-layer s truc tu re  is incorporated  in a 

prediction m ethod  by representing the  m ean velocity and to ta l en thalpy  

d istributions by analytical profiles across the en tire  wall layer; th e  profile m odels 

are derived through consideration of the  coherent struc tu re  and dynam ics of the  

near-wall flow (W alker e t al., 1989; Sm ith  e t ah, 1991). In the  algorithm  a 

conventional num erical solution is m atched  system atically  to  em bedded wall-layer 

functions, and W alker et al. (1991) dem onstrate  th a t up to  a 50% reduction in  to ta l 

m esh points (as well as com putational effort) can be achieved w ith  no degradation 

in accuracy, as com pared to  a conventional scheme th a t com putes the flow all the  

way to  the  wall.

Because the  em bedded-function approach involves the sm ooth joining of an 

exterior num erical solution to a set of em bedded functionals which are logarithm ic 

near the  surface, the  num erical algorithm s involved are not straightforw ard. A 

crucial step  in  the  m ethodology is the  determ ination of the  appropria te  asym ptotic  

scaling laws for the  velocity and to ta l en thalpy  in the overlap zone. This is carried 

out in the  present study  through the developm ent of asym ptotic expansions, which 

describe the  struc tu re  of the  solution of the  compressible boundary-layer equations 

for large Reynolds num ber. T he analysis is based on the  H ow arth-D orodnitsyn 

variable Y  which im plicitly incorporates the  influence of m ean density  variations 

across the  boundary layer. As a test of the  asym ptotic results, as well as th e  new 

turbulence models, a lim iting case is considered corresponding to self-similar 

profiles th a t  evolve in a  constant pressure flow; in th is situation , the  governing
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equations in the  outer region of the boundary layer reduce to  ordinary  differential 

equations, for w hich bo th  exact analytic solutions and accurate num erical solutions 

m ay be found.

1.2 Governing Equations

T he governing equations of in terest in this study describe the  tran sp o rt of 

m om entum  and therm al energy in either a two-dim ensional or axisym m etric 

com pressible tu rbu len t boundary layer. The general assum ptions th a t are applied 

th roughout are:

1 ) the velocity com ponents and  to ta l en thalpy  m ay be w ritten  as a  sum  of a 

conventional tim e-m ean term  and a  fluctuating  com ponent;

2 ) the  influence of density  fluctuations is negligible;

3) the fluid properties such as viscosity // and conductiv ity  k  are functions of 

tem pera tu re  alone;

4) the effects of norm al pressure gradients due to  cu rvatu re  are negligible.

The basic coordinate system  used in the  present study is depicted in F igure 1.1. 

An orthogonal coordinated system  (s*,n*) is selected, m easuring distance along the 

contour and  norm al to the  wall respectively; the  corresponding tim e-m ean velocity 

com ponents are u m and v*, w ith instantaneous com ponents being u *' and vm>. Here 

and  throughout th is  study, an asterisk superscript denotes a dim ensional quan tity . 

T he m ean to ta l en thalpy  H * is defined in term s of u* and the  m ean sta tic  

tem p era tu re  T* by
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Figure 1.1. Boundary-layer coordinate system for an axisymmetric body
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H* = c*pT* + l u *2 , ( 1 . 1 )

where cp is the  specific heat at constant pressure and is assum ed to  be constant.

T he tu rbu len t boundary-layer equations describing com pressible nom inally 

steady flow in dim ensional form are (Cebeci and Sm ith, 1974):

con tinu ity

< r V w * ) + - ^ r * / » V )  =  °  ;
ds* ( 1 .2 )

stream w ise m om entum

f ' u ' ,3 p  + P' v dn ds* d n *
*du*
dn* (1.3)

energy equation (w ritten in  term s of sta tic  tem perature)

P u  c p Q s * + P v  C p d n * ~ u  d s * +  dn> dn*
IT1*1— p*v*'T

+ [P dn* 9 V d n * ’ (1.4)

or in  term s of to ta l enthalpy,

P « g s .  + P  v  d n * -  an . k* dH*  , *, 
c* d n * + u (1.5)

H ere p*, /z* and p£ denote the dim ensional tim e-m ean density, absolute viscosity

and m ainstream  pressure respectively and p*v* denotes a  tim e-average of the
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density /norm al velocity product. r* =  r*(s*) is the  dimensionless radius of 

revolution for an axisym m etric body. The prim es denote instantaneous 

fluctuations about the  m ean values and the  overbar indicates a long tim e average.

In the derivation of equations. (1 .2 ) through (1.5) it has been assum ed th a t 

density  fluctuations are not significant to  the  leading order; this assum ption is 

som etim es known as the  M orkovin’s hypothesis and is discussed in  §1.3. In  the 

above equations, the  principal unknowns are u*, v*, p* and H*\ the  viscosity p* and 

conductiv ity  k* are properties of the fluid which taken to  vary  only w ith 

tem pera tu re  T*. To com plete the system , an equation of s ta te  is required  and  in 

this study  a  calorically perfect gas is assum ed so th a t,

Pe ~ Rp*T* , (1.6)

thereby  relating  the density and static  tem peratu re  across the  boundary layer to 

the  m ainstream  pressure p*(s‘); here R  is the gas constant. A nother q u an tity  of 

in terest is the ra tio  of the specific heats defined as 7  = cp/c*; for practical purposes 

7  can be considered as v irtually  invarian t for the  diatom ic gases of in terest here 

(air, nitrogen) and for helium  (which is found not diatom ic recently). For a pure, 

nonreacting gas, the viscosity coefficient is dependent only on tem pera tu re  and at 

m oderate tem peratures m ay be calculated from the  Sutherland relation

g  J  i i ) 3'2(  n + s - \
g  ( t v  \ t ' + s ' ) ’ '  1

w here S* has th e  value 110K for air.

T he effects of norm al pressure gradients due to cu rvatu re  effects are

12



assum ed negligible. The n* ~ m om entum  equation im plies th a t a t a given s* 

s ta tion , the  pressure is invarian t across the  boundary layer and p* = p*(s*). The 

boundary conditions for the  system  (1.2) through equation (1.5) are

u '  — v* — 0, T* — T*^(s*), and H* -  Hhj(sm) at n* = 0

and (1 -8 )

u*-+Ut{s*), T*-* T*(s*), and # * -* # *  as n*->oo.

Here and throughout th is study, the subscripts w and  e are used to denote 

quantities evaluated  a t the  wall and boundary-layer edge respectively. The 

lim iting behavior of th e  turbulence correlations is also known. A t the outer edge of 

the  boundary layer, the  turbulence term s m ust vanish and

p*um'v*', p*v*'T*\ pmv*'H*' -* 0  a s  n*-»oo. (1-9)

Near the  wall R eichardt (1951) has shown th a t u * 'v '  behaves as a cubic function of 

n* and using sim ilar argum ents, it is easily dem onstrated  th a t

p*um'v*\ p*v*'T*', p*v*'H*' — 0 (n * 3) as n*-*0. (1-10)

The governing equations m ay be cast in  dim ensionless form  using a 

reference length L*ref  , velocity U*.ef , viscosity p*ej  and density  P’rep  in  addition  

T * and H* are m ade dimensionless w ith respect to  a reference tem peratu re  T*ref  

and Cp T"ref  respectively. The dimensionless to ta l en thalpy  is therefore given by
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H  = T  + l ^ M 2ref u2,

where the  reference M ach num ber is defined by

( 1 1 2 )

m 2Lastly, the  pressure is m ade dimensionless w ith respect to  P*rf,fU*ref  . The 

boundary- layer equations (1 .2 ) through (1 .6 ) become:

d-(r p u ) + - d - ( r p v ) =  0 ; (1.13)

< 1 1 4 >

+ pv—  — (7 -  1 ) M 2 ru —— + ® (  p  —  -  o v 'T '\  p u g s + p v dn -  ( 7  1)M re fu ds + dn  ^Pri2e dn p v l  j

du  . 
dn  ’ (1.15)

pU dd l + pV dJn ~~§^PrRe ^ r e f l d 1 P ^ d n  p V > ( 1 ‘ 1 6 )

where the  fact th a t r =  r(s) in the  boundary layer (to  leading order) has been used. 
For tw o-dim ensional plane flow r is set to be un ity  for convenience. The 
dim ensionless form of the equation of s ta te  is
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and th e  boundary conditions are

u = v = 0, T  = T w(s), H  = H w(s ) ,  a t n = 0 , (1-18)

u-* ue(s) , T-» T e{s) , H  -* H e as n -* oo (1-19)

and

/ouV, pv'T ', pv 'H ' = O(n^), as n-*0 , (1.20)

pu'v', p v 'T ' , pv 'H ' -* 0 , as n-»oo. (1-21)

Two im p o rtan t dimensionless param eters appear in these equations

=  ( 1 .22 ,

nam ely the reference Reynolds num ber and P ran d tl num ber, respectively.

A lthough bo th  p* and k * vary w ith tem peratu re , the P ran d tl num ber can generally

be assum ed constan t in the tem peratu re  ranges of practical in terest.

The boundary-layer equations given here apply to  com pressible flow and are 

equally applicable to  subsonic and supersonic flows. In  principle, they  also apply to  

hypersonic flows. A lthough it is difficult to  draw a d istinction  betw een the  

“supersonic” and the “hypersonic” regime on the  basis of M ach num ber alone. It is 

expected  th a t a t sufficiently high Mach num ber, density fluctuations and 

fluctuations in the transport properties such as p  and k (which depend upon T )  

m ay have to be taken into consideration. In addition, viscous dissipation w ithin
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the  boundary layer gives rise to high tem peratures which in tu rn  prom otes 

chem ical reactions such as ionization and dissociation. Such cases m ight be 

classified as tru ly  hypersonic and here the  system  of equations given by equations 

(1.13) to  (1.17) is not complete; diffusion of chemical species, energy changes due to 

chem ical reactions and a m ore realistic equation of s ta te  m ust then  be considered.

1.3 Morkovin’s Hypothesis

In w riting down equations (1.2) to  (1.5), it has im plicitly  been assum ed th a t 

density  fluctuations are not significant to  leading order, and this assum ption will be 

discussed briefly here, following Fernholz and Finley (1980). Denoting 

dimensionless instantaneous quantities by a tilde, the instantaneous to ta l en thalpy  

is given by

H  = T  M 2re f( u 2 + v 2 + w 2). (1.23)

U pon w riting each quan tity  as a sum of m ean and fluctuating  quan tities (i.e. 

H  = H  + H '), it can be shown th a t

+ ( 7 - l ) M 2 £ ) ( l + 1^ - M 2) - '  (1.24)

where M 2 = v ^ M ^ f / T  denotes a local M ach num ber; in obtaining equation (1.24), 

it has been assum ed th a t second order quantities such as u'^ — u are negligible. 

Since H  represents the  to ta l energy of the  flow, it is reasonable to  expect for 

ad iabatic  walls th a t the  left side of equation (1.24) is at least an order of m agnitude
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sm aller th an  the  fluctuating term s on the right side. This assum ption is the so- 

called “strong Reynolds analogy” (M orkovin, 1960) and  is supported  by 

experim ents, a t least for boundary layers w ith adiabatic walls (K istler, 1959); for 

situations w ith strong heat transfer at the  wall, the assum ption m ay be 

questionable. In  any event, for either an ad iabatic  wall or for m oderate heat 

transfer a t the  wall, it follows from equation (1.24) th a t

A relationship between the fluctuating tem perature, pressure, and density  m ay be

M easurem ents by K istler (1959) indicated th a t p ' /p  is small and com bining 

equations (1.25) and (1.26) leads to

large, density fluctuations are sm all com pared to the  m ean density p and th a t

properties of turbulence (Bradshaw  and Ferris, 1971). The prem ise th a t

(1.25)

obtained from the equation of s ta te  P  = p T / ( y M ^ f )  (cf. equation (1.17)).

A ssum ing th a t pT  <  p'T', it is easily shown th a t

T  —_ (1.26)

(1.27)

This relation was obtained by M orkovin (1960) who argued th a t  if ( 7 -  1 )M 2 is not

turbulence structu re  should not be influenced by com pressibility effects. Here the  

te rm  “turbulence s truc tu re” is used to  denote relationships betw een the sta tistica l
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com pressibility effects do not affect turbulence s truc tu re  is evidently  partia lly  

based in em pirical m easurem ents and is known as M orkovin’s hypothesis. 

E xperim ents suggest th a t, for exam ple, < T '  > / T  is less th an  0.1 and  < H '  > / H  is 

less th an  0.05 throughout the  boundary layer for M ach num bers up to 5; here the 

symbol < > stands for the  rms fluctuation.

As discussed by Cebeci and Sm ith (1974), the  com pressible equations of 

m otion are m ost appropriately w ritten  in term s of m ass-w eighted or Favre 

variables; for the stream w ise velocity, the  Favre variable is

5  =  7 ? (1-28)

Using relations (1.27), it can be shown for p'/p  <. 1 and in a boundary layer 

(B radshaw  and  Ferriss, 1971; Cebeci and  Sm ith, 1974) th a t the  governing equations 

can be w ritten  in  term s of conventional tim e-averaged quantities u tilized  in 

equations (1.2) through (1.5).

It is worthw hile to bear in m ind th a t the M orkovin hypothesis is rooted 

strongly in em piricism  and m ay be expected to  become invalid a t some stage w ith 

increasing M ach num ber. M easurem ents in  a hypersonic boundary layer at 

Me =  9.4 over a cooled wall by Laderm an and D em etriades (1974) have shown 

values of p ' /p  approaching 0.15 and, furtherm ore, a large departu re  from  

M orkovin’s “strong Reynolds analogy” was found, i.e.

£ -  *  - ( 7 - 1  ) M2 ^ ,  (1.29)
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even though < p ' /p >  was always sm aller than  0.1. In th is case, the strong heat 

transfer in this flow m ay possibly be responsible for the  departu re  from  the  

M orkovin hypothesis.

1.4 Discussion of the Problem

The problem  to be addressed here is the  developm ent of prediction 

techniques for the  behavior of velocity and tem peratu re  profiles in tw o-dim ensional 

com pressible tu rbu len t boundary-layer flows. In terest will be confined to  flows 

w ith P ran d tl num ber 0 (1 ) in the  supersonic to  hypersonic regim e which are free 

from  shock-boundary layer in teractions and flow separation. T hroughout the 

analysis, a ra tional theoretical approach is em phasized using singular p ertu rb a tio n  

m ethods to derive leading order expressions for the  governing equations in each 

region of the  flow.

A principal m otivation  of the present study  was to develop the foundation 

for em bedded-function m ethods for high-speed com pressible tu rbu len t flows. In 

conventional schemes, a  large num ber of mesh points are required in order to 

resolve the intense variations in the velocity and tem pera tu re  d istributions th a t 

occur in the near-wall region. Such grids pu t a severe s tra in  on com puter resources 

and for approaches based on the  full Navier-Stokes equations, the  relatively sm all 

grid sizes near the  surface can give rise to  s tab ility  problem s in  the num erical 

algorithm . In an a ttached  two-dim ensional incom pressible tu rb u len t flow, the  wall 

layer exhibits an essentially universal and sim ilar behavior; thus, to  a large ex ten t, 

expending a  m ajor portion of the  com putation on a  known (and unexceptional) 

wall-layer solution seems wasteful. For a three-dim ensional flow, the problem s
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associated w ith using a refined mesh in the  wall layer are even m ore acute; 

however, recent asym ptotic  analyses (Degani, Sm ith and W alker, 1992, 1993) are 

strongly suggestive th a t a generic wall-layer s truc tu re  also exists in  th is case. 

Consequently, there  has been an  increasing in terest in w all-function m ethods 

(Viegas et al., 1985) wherein the  composite s truc tu re  of the  tu rb u len t boundary 

layer is exploited. In such schemes, velocity and tem pera tu re  profiles are 

com puted in  the ou ter p a rt of the  boundary layer and then  system atically  jo ined to 

some form of the “law of the  w all” near the surface. This procedure obviates the 

need for a densely packed mesh near the  surface, and, in principle, is m uch m ore 

efficient.

A necessary step in  the developm ent of the  em bedded function m ethod  for 

com pressible flows is to determ ine the asym ptotic  struc tu re  of the  boundary  layer 

in the  lim it of large Reynolds num ber. Such analyses for incom pressible flow have 

been considered by Yajnik (1970), Fendell (1972) and Mellor (1972), who were able 

to  establish the  n a tu re  and leading-order Reynolds num ber dependence of the  scales 

in each region of the  boundary layer, as well as the leading order equations for the 

velocity com ponents and the Reynolds stress. The results of the  asym ptotic 

analyses are consistent w ith  m ost of classical behavior observed in experim ental 

m easurem ents, b u t it m ust be recognized th a t these analyses do not resolve the 

closure problem . In order to  m ake progress w ith  closure, it is necessary to  either 

guess the functional form of the  unknown turbulence term s or to  model them  

through consideration of representative tim e-dependent m otions w ith in  the 

boundary layer. T he la tte r approach has been adopted for incom pressible flow in 

the wall layer by W alker e t al. (1989) (see also, W alker, 1990a, 1990b) and  for
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weakly compressible flow by W eigand (1978). A sim ilar approach will be taken 

here to  model the  wall-layer profile for to ta l en thalpy  and velocity in a 

com pressible boundary layer.

1.5 General Objectives

T he basic objectives of th is study are sum m arized in the  following points:

1) A first objective is to isolate the sim plest possible self-consistent two- 

dim ensional asym ptotic  s truc tu re  for compressible tu rb u len t boundary layers, 

which is valid for large Reynolds num ber. T he relevant scaling laws have 

been controversial and here a num ber of approaches will be considered, w ith 

the  m ost appropria te  being verified through direct com parison w ith 

experim ental data. One controversial issue concerns the  n a tu re  of the 

functional form  of the  tangential mean velocity in the  overlap zone near the 

surface and w hether it is logarithm ic in the  physical variable y. Here, the 

possibility of a  “com pressible law of the wall” in which the  m ean velocity  u is 

logarithm ic, b u t in term s of the H ow arth-D orodnitsyn variable Y, will be 

considered in depth.

2 ) A second objective is to develop a theory for the to ta l en thalpy  equation, 

which is independent from any type  of Reynolds analogy argum ent or semi- 

em pirical version of the Crocco integral. A self-consistent s tru c tu re  will be 

proposed for the  to ta l enthalpy d istribution  in the  boundary layer which is 

logarithm ic in Y w ithin the  overlap zone; a  form ula for the slope of the  to ta l 

en thalpy  there  will be derived through asym ptotic analysis, as well as a
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relationship to  evaluate the to ta l heat transfer a t the  wall;

3) A th ird  objective is to  form ulate relatively simple algebraic models for the 

outer layer, which account for the significant density  variations th a t can 

occur in supersonic boundary layers.

4) A fourth  objective is to  determ ine the  conditions necessary for the  existence 

of self-similar velocity and tem peratu re  profiles and to  develop a  uniform ly 

valid  set of such profiles. D irect comparison will then  be m ade w ith 

m easured experim ental d a ta  in order to  validate the results of the 

asym ptotic analysis, as well as the turbulence models. Since a  substan tia l 

portion of available d a ta  has been taken in constant pressure conditions, this 

study will focus on these types of flows. However, the  problem  of pressure 

gradient flows will also be addressed.

The plan of the  thesis is as follows. A lite ra tu re  review for high-speed 

com pressible flow is presented in §2. In §3 the  general asym ptotic s tru c tu re  of the 

high-speed compressible tu rbu len t boundary layer is addressed. In §4 a turbulence 

m odel is developed for the wall layer. In §5 simple outer region algebraic 

turbulence models are form ulated to  reflect the  effects of com pressibility. To test 

the  proposed asym ptotic struc tu re  and turbulence models, a  set of self-similar outer 

region profiles for velocity and to ta l enthalpy is obtained for constant pressure flow; 

these are com bined w ith  wall-layer profiles to  form a set com posite profiles valid 

across the  en tire  boundary layer. D irect comparisons w ith  experim ental d a ta  are 

carried  out in a  wide range of Mach num ber and heat transfer rates. Lastly, the
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influence of viscous dissipation and an appropriate  turbulence model is taken  up in 

§ 6  Conclusions and  a Sum m ary are given in §7.
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2 LITERATURE REVIEW

2.1 Introduction

A ccurate prediction of tu rbu len t flows near surfaces is curren tly  inh ib ited  by 

tw o basic problem s, one of which is prim arily  com putational, while the  o ther is 

associated w ith the uncertain ty  of how well a given turbulence m odel actually  

represents a particu lar flow environm ent. The first problem  is re la ted  to the 

necessity of resolving the large velocity and enthalpy  gradients typically 

encountered in  the  vicinity of a  solid surface in the  near-wall region; these gradients 

are always substantially  larger in the  near-wall region th an  in a lam inar flow and, 

hence, the  com putational grid m ust be relatively sm all there  in order to accurately  

determ ine skin friction and surface heat transfer. T he second problem  is m ore 

com plex and is associated w ith questions of validity  of th e  turbulence model. For 

incom pressible two-dim ensional boundary layers, the  existence of a large 

experim ental d a ta  base has led to  the  developm ent of reasonably reliable semi- 

em pirical turbulence models. However, m ore complex effects, such as property  

variations and three-dim ensionality, are considerably m ore difficult to  predict, 

partia lly  because the  d a ta  base is not as extensive and, in addition, two- 

dim ensional incom pressible models often do not ex trapolate  in an obvious way. 

Previous efforts in the  m odeling of compressible tu rbu len t boundary layers will be 

reviewed in th is section. Since m ost approaches have been carried out by 

a ttem p tin g  to  extend established incom pressible results to  the  com pressible case, 

the  behavior of incompressible tu rbu len t boundary layers will be considered briefly 

first.
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2.2 Incompressible Turbulent Boundary Layers

All present tu rbu len t flow analyses are sem i-em pirical in na tu re , and 

considerable success has been achieved over the  years in developing theoretical 

results and prediction m ethods for incompressible boundary layers. T he reason is 

th a t em pirically-m otivated concepts as “eddy viscosity” , “law of the wall” , and 

“law of the  wake” were found to  have a wide range valid ity  for two-dim ensional 

boundary layers, and th is has perm itted  the  developm ent of a  class of reasonably 

good models. A com m on feature of tu rbu len t boundary-layer and in ternal flows is 

th a t, in norm al circum stances, the m ean flow field is found to  be double-structured , 

consisting of an outer inviscid defect region and a relatively th in  inner wall layer 

ad jacent to  the  surface. In the  wall layer, the  effects of viscosity are im p o rtan t to  

leading order, and here the flow is relatively insensitive to  the  conditions rem ote 

from  the  wall as well as upstream . Consider a  boundary layer of thickness 8 w ith  a 

free-stream  velocity Ue, w ith  n m easuring norm al distance from  th e  surface. 

Em pirical observations suggest th a t for sm all enough n /8 ,  the  flow should not 

depend directly  on 8 or Ue; ra th e r a  direct dependence on the  distance n  from  the  

surface, the  shear stress t w , and the  fluid properties p and p  should be an tic ipated , 

viz.

u = g (rw, p, p, n). (2 .1 )

For a  constant property  flow, a velocity scale (called the  friction velocity) m ay be 

defined by u T = \ r wjp .  Consequently, v / u T has the  dim ension of length , and 

dim ensional analysis suggests a functional relationship of the  form
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£  =  /  ( T )  , (2 .2 )

for the velocity w ithin the  wall layer. Em pirical observations reveal th a t  a t the  

ou te r edge of th e  wall layer, /  is logarithm ic and this relationship is usually 

described as the  “law of the w all” .

T he ou ter layer is usually referred to  as the  wake region; here the  

instan taneous flow is observed to  be dom inated by vortex m otion and  is effectively 

inviscid. Thus, the  m ean outer velocity is expected to  be independent of viscosity 

and  to depend only upon the wall shear stress t w  and the distances n and  8 .  The 

effect of upstream  history  is no t usually accounted for explicitly bu t is im plicit 

since in a boundary layer having a stream w ise pressure gradient, th e  profile shape 

a t any station s depends in a com plicated way on the  upstream  boundary-layer 

developm ent. F or the outer layer, the  velocity is m easured as a  difference from  the  

free-stream  value Ue since the  wall layer (where a substan tia l velocity difference 

does occur) is no t accounted for as yet; consequently a functional relation of the  

form

Ue - u  = f ( r w, p, n , <5, dpe/d s) (2.3)

is proposed and dim ensional analysis yields the  relation

Up — U r-i ( n 8 p \J e ~ u _  ri ( n  Jl
U T  U  ’ w ds (2.4)

where F  is an a rb itra ry  function. This relationship is called the velocity-defect 

law, w ith (Ue -  u) being the  “defect” or retardation  of the  flow due to  effects near
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the wall. T he param eter involving the pressure gradient is characteristic  of the 

m ean flow in the outer layer, and in  a set of classic papers, C lauser (1954, 1956) 

developed the  concept of specific situations which he term ed equilibrium  tu rbu len t 

flows. C lauser replaced the ill-defined boundary-layer thickness S by the  rigorously 

defined displacem ent thickness and introduced an equilibrium  pressure gradient 

param eter by

R dPe to ^P = TTu d T -  (2-5)

A fter considerable experim ental effort, C lauser (1954, 1956) showed clearly th a t a 

boundary layer w ith variable pe(s), bu t constant /?, is in tu rbu len t equilibrium  in 

the  sense th a t all the gross properties of the  boundary layer can be scaled w ith  a 

single param eter called the defect thickness A 0 = U e6*juT. A zero-pressure- 

gradient flow is a special case of an equilibrium  boundary layer. It has been found 

em pirically th a t for such a flow, the function F  is independent of Reynolds num ber 

(except in boundary layers a t ra th e r low Reynolds num bers) and, significantly, 

independent of surface roughness. These special situations m ay also be referred to  

as self-similar tu rbu len t boundary layers.

B etw een the  inner and outer layers there  is a  “region of com m on valid ity” , 

usually referred to  as the  overlap region. A variety  of argum ents (see, for exam ple, 

W hite , 1992 and Bradshaw , 1984) suggest a logarithm ic behavior for the  m ean 

stream w ise velocity profile in the  overlap region, according to

i  = i  log « + ( ? , . ,  (2 .6 )
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in inner variables and

^  =  l l o g  | + C 0 , (2.7)

in term s of ou ter variables. Here, the von K arm an constant k and C^ are found to 

be near-universal constants for tu rbu len t flow past sm ooth im perm eable walls, 

having values of about 0.41 and 5.1 respectively; on the  o ther hand, th e  ou ter 

logarithm ic function constant C Q varies w ith the pressure g radient param eter /3, as 

well as w ith stream w ise distances. The valid ity  of the law of th e  wall (given in 

equation (2.6)) is strongly supported by experim ental da ta , bu t should be 

prim arily  regarded as an em pirical law.

In order to close the  equations governing the m ean flow and  tem p era tu re  

field, it has trad itionally  been assum ed th a t there exists some unknown functional 

relation between the  pu'v'  (pv'T ' ) product and the  m ean velocity (tem peratu re) 

field. This view is adopted throughout th is study; however, it m ust always be 

recognized th a t no general such functional relationship has ever been shown to exist 

and for the present any such hypothesis m ust be regarded as no m ore th an  a  useful 

approxim ation. T he m ain reasons for adopting such models for boundary layer 

flows are (1) their sim plicity and (2) the relatively high degree of success th a t th is  

type of model has enjoyed in prediction m ethods.

Boussinesq (1877) suggested a  model for the Reynolds stress u'v'  based on an 

analogy w ith the coefficient of viscosity p  in Stokes’ law for lam inar flow and th e  

eddy viscosity function e was defined according to
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-  =  r * ^ (2.8)

It should be noted th a t e has no physical relation to the  fluid properties. A 

criticism  often leveled at the Boussinesq-type approxim ations is th a t they  lack 

generality  and depend only on th e  local flow param eters. A wide varie ty  of m uch 

m ore com plicated closure schemes have been proposed over the  years (see, for 

exam ple, W hite, 1992). However, it is not clear w hether the increasing varie ty  of 

these m uch more involved higher-order closure schemes offers any significant 

advantage in connection w ith predicting tu rbu len t boundary-layer flows.

P ran d tl (1925) form ulated the m ixing-length hypothesis in an  a ttem p t to 

im prove Boussinesq’s eddy-viscosity hypothesis. Using an in tu itive  argum ent, 

P ran d tl hypothesized th a t tu rbu len t transport is analogous (but on a  m uch larger 

scale) to  m olecular transport which has trad itionally  been m odeled by kinetic 

theory. In the  m ixing-length model, the  Reynolds stress is represented by,

-  p u ' v '= pi2 (2.9)

where I is the  m ixing-length function which is to  be m odeled. In the  k inetic theory 

of gases, I is the  m ean free path; however I is not as clearly defined for the mixing- 

length  hypothesis and only represents some local characteristic  length  w ith in  the 

turbulence.

W hen there  is a tem peratu re  difference betw een the  wall and  the  m ainstream , 

heat transfer occurs in incom pressible flow. T he list of independent variables for 

the  tem pera tu re  profile will again exhibit a dependence on n, r w, p and p because
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the  tem pera tu re  field for a forced convective flow is m ainly governed by the 

character of the  velocity field; in addition, the  assum ptions used to  model the 

turbulence in the  velocity field are usually carried over to  the  heat transfer problem  

for situations when the P rand tl num ber P r is 0 (1 ) . Since the  velocity field 

depends on the  ra te  of transfer of m om entum  tow ard the  surface, t w ,  the 

tem pera tu re  field m ay be expected to depend, analogously, on the  ra te  of heat 

transfer from the  surface to  the flow, q . A to ta l flux of heat q  m ay be defined by

q ~ P r R e d n +pV,T ' ’ (2' 10)

w here q = q* /  p*e fu*e f c*T*e f  because the  therm al wall layer is th in , a generally 

accepted approxim ation is th a t the  heat flux at any height is constant and equal to 

th e  wall value; thus, from  equation (2.10)

qw ~  P r R e  dn  + pV'T  ’ Qw ~  9|n = O' (2-U)

D enoting the  thickness of the  therm al boundary layer by St , it m ay be expected 

th a t th e  tem pera tu re  profile does not depend on St in  th e  inner region where 

n* <  8t. T hus, the form of equation (2.11) suggests th a t m ean tem p era tu re  in the 

inner region is a function of n, q w , t w , p , p, P r  and T w — T ; using dim ensional 

analysis. Squire (1951) showed th a t in the inner region

T  - T± w  
Qr f t  (  T  . P r )  , (2 .1 2 )

where q T is the  so-called heat flux tem peratu re  defined by
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—  p u T (2.13)

and f t  is an a rb itra ry  function, whose behavior has usually been guessed or 

developed from  sem i-theoretical considerations.

For flow a t large Reynolds num ber, the  outer region of the  boundary layer is 

essentially a ro ta tional inviscid flow, and here the  tu rb u len t transport of therm al 

energy is expected to be considerably larger th an  conduction; thus, far away from  

the  wall it is generally assum ed th a t the  m ean tem pera tu re  is independent of 

m olecular properties. This assum ption is often referred to  as the  Reynolds and 

Peclet num ber sim ilarity  principle (the Peclet num ber is defined as Pe = R e P r ). 

This principle indicates th a t th e  m ean tem peratu re  in the  ou ter layer (analogous to  

the  m ean velocity) should be in the form of a  defect law

T - T e
= F ‘ ( V ■ <2 1 4 >

E xperim ental d a ta  suggests a region of com m on valid ity  w ith a logarithm ic 

varia tion  for th e  norm alized tem pera tu re  difference in the  overlap region

T  - TX W  X 1 ,  U r n  ^ ^ _

/felog - v - + B i  (2.15)9 r * 0

in inner variables and

- - r -  -  j f e lo g f -  + » »  (2.16)I t R St
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in outer variables. Here k,q plays the  role of the  von K arm an constant in the 

velocity d istribu tion , b u t Kq is not constant in general and depends on local flow 

conditions (W eigand, 1978). A detailed description of the  general behavior of the  

tem p era tu re  profile in each of these flow regions can be found in the  thesis of 

W eigand (1978).

For compressible tu rbu len t boundary layer flows, the  com posite double layer 

s truc tu re  found in  incom pressible boundary-layer flows should also apply for 

variable-property  flows a t least over a range of M ach num bers, provided th a t the 

local m ean density  and o ther tem peratu re  dependent quantities are used in 

differential equations or algebraic form ulae relating turbulence term s to  the  m ean 

velocity and tem peratu re  fields. There have been m any a ttem p ts , bo th  analytical 

and em pirical to  describe the  m ean velocity, tem peratu re, as well as turbulence 

field distributions in compressible tu rbu len t boundary layers. The m ost popular 

and com m only used approaches are reviewed next.

2.3 The Crocco-Walz Relation

In a  compressible flow, the velocity and tem pera tu re  problem s are coupled, 

and it is no t possible to  determ ine the m ean velocity profile w ithout knowing how 

the  tem peratu re  and  density vary across the boundary layer (and vice versa). Over 

the  years m any  authors have sought to develop exact or sem i-em pirical solutions 

yielding relationships betw een the  m ean static  en thalpy  h (or the m ean sta tic  

tem peratu re  T)  and  the  m ean velocity u; in these relationships, the  M ach num ber, 

specific heat ratio , and some type of heat transfer quan tity  appear as param eters. 

In th is  section, the  approach developed first by van D riest (1954, 1956) and
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subsequently  by W alz (1959) will be outlined. T he end result is a  sem i-em pirical 

tem peratu re/velocity  relationship. It is convenient to in troduce Crocco variables in 

which £ =  s and u = u(s,n)  are utilized as independent variables while th e  lam inar 

shear te rm

< 2 - 1 7 >

is used as the dependent variable; note th a t Tj has been m ade dim ensionless w ith 

respect to  Prej U The derivatives transform  according to

d  _ d u  d
ds  d£ ds  d u 1 dn  d n  du   ̂ ‘ '

By using the  first of equations (2.18) to  differentiate n , it can be shown th a t

du __ du d n  (0 1Q\
ds  ~  d n d i  1’ u

and in equations (2.18) and (2.19) d u / d n  m ay be related to  through equation

(2.17). However, it is convenient to leave the  transform ed derivatives in th e  form

(2.18) on the  understanding th a t d u / d n  and d u / d s  are given by equations (2.17) 

and (2.19). Substitu tion  in the  m om entum  equation (1.14) and energy equation 

gives

pu%  + pv = -  d ^  + ife (T/ ~ p u 'v 0  (220)

and

+ + i*  t ; ) %  = <7 -  *>M " !  + i s  i -

3 3



Elim ination of pv  using equation (2.20) leads to the  following form  of th e  energy 

equation:

pudT, L ^  + d u ± ( _ oWP + T\ \dT  M2 *le
P d i  +  1 d (  dn  du  \ P + 0  j du  ~  (T 3 M ref  U d£

+ k £ ( - pU'V'W-f + T ? ) ^  + ( T '- 1 )M r e / ( - ^ / + r / ) | ^ >  (2.22)

where th e  tu rb u len t P ran d tl num ber is defined by th e  relation

d T / d n
P r ‘ = i r ^ -  <2-23)

It is worthw hile to  digress briefly to  discuss the  tu rbu len t P ran d tl num ber. In 

dim ensional variables, the relevant turbulence quantities are often re la ted  to  the  

m ean profile gradients by Bousinesq-type relations of the form

- p u ' v 11 = / 4 f e f .  - p c pvrT '  | = ^ ^ L ,  (2.24)

where p.* and k* are  the  so-called tu rbu len t viscosity and conductiv ity  which are to 

be modeled in general. In the present dimensionless variables, the  equivalent 

relations to equations (2.24) are
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- ' “ v = f e &  - ^ ' T ' = k § '  < 2 2 5 >

where fit = p*/ 'fi*ef  an<^ = / ( ^ r e ^ p )  are dimensionless eddy viscosity and

conductiv ity  functions respectively. The tu rbu len t P ran d tl num ber defined by 

equation (2.23) is therefore also described by

P r < =  ¥t = T T ' <2-26)

which evidently  derives its designation by analogy w ith the  definition of the 

P ran d tl num ber in equations (1.22). In introducing the tu rbu len t P ran d tl num ber 

concept, th e  best th a t can be hoped for is th a t P r t  is a constant, a t least for some

classes of tu rbu len t flows; then , if a model for u'v' is known, an expression for v 'T ' 

follows directly  from  equation (2.23), and it is not necessary to m odel the tu rbu len t 

therm al problem  independently. U nfortunately, experim ental m easurem ents in 

m odern tim es indicate th a t P r t  varies across a therm al boundary layer, and this 

brings in to  question th e  usefulness of introducing the  tu rb u len t P ran d tl num ber 

concept at all. Nevertheless the  q u an tity  appears in m ost classical analyses of 

tu rb u len t therm al boundary layers and will be utilized in th is section.

Consider now th e  sim plest case of a  compressible boundary layer, being at 

constan t pressure and w ith constant wall tem peratu re; the  last condition suggests 

th a t d T / d £  =  0 and equation (2.22) reduces to

ri j<7 - 1 )m2„j+ (jL ) |  + j1 pfr aJ w f  %

+ ) } = 0  (2.27)
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The sim plest form  of equation (2.27) occurs for th e  so-called model fluid w ith 

P r  = 1 (S tew artson, 1964) and  for lam inar flow wherein equation (2.27) reduces to

< 2 - 2 S >

The solution of equation (2.28) subject to  the boundary conditions

T  - T w a t n = u = 0; T  — T e as u—>7/c. (2.29)

is the  fam ous Crocco-Buseman relation given by

£  < 2 - 3 0 >

where the fact th a t — has been used. This re la tion  applies for

lam inar boundary layers w ith Pr  = 1 and Ue, T e and T w constant.

The eventual form of the Crocco-W alz equation  is sim ilar to  equation (2.30) 

and is based on the objective of extending the Crocco-Busem an relation  to 

a rb itra ry  b u t constant P ran d tl num ber for bo th  lam inar and  tu rbu len t 

com pressible boundary layers. To th is end van D riest (1955) considered a 

som ewhat different form of the energy equation. T he to ta l dim ensionless shear 

stress is given by

V dur  = r , - Pn V  = ^ - Pu V ,  (2.31)

and V an D riest (1955) defined a  m ixed P ran d tl num ber by
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P r  -  V + _  „* 0**+/*?)
M  ~  k  +  k t ~  P k*  +  k*t (2.32)

Upon using equations (2.25), (2.31) and (2.32), it m ay be shown th a t equation 

(2.27) can be w ritten  according to

r  {(7 - l)M 2 e/ + ^ ^ ^ ) }  + - p_ M | I | j  =  0 (2.33)

This equation is equivalent to equation (2.27), and although it appears to be a 

sim pler form, it m ust be understood th a t the “m ixed” P ran d tl num ber P r ^  is a 

hybrid q u an tity  involving actual and tu rbu len t viscosity; in  general P r ^ j  is not 

known, and its  actual variation across a boundary layer m ay be qu ite  com plicated.

Defining a norm alized velocity and tem peratu re  by

u = u / U e, T  =  T / T e , (2.34)

equation (2.33) m ay be w ritten  in the  form

= - ( 7 - l ) A f l ,  (2.35)

which is a linear, first-order differential equation  in ( T ' /P r ^ j )  as a  function  of u; it 

is valid for constan t pressure flows which have Ue, T e and  T w constan t and for 

which the  solution is independent of £ and a  function of u  along. In tegration of 

equation  subject to conditions (2.29) yields

f l  =  7 7  +  O ' “  2 7 ) S(T) { s j j j  R (i)-R (w ) } , (2.36)
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as given first by V an D riest (1955); here S(u) and  R (u) are th e  following integrals:

S (u)=  [ P r M e x p ( - f  - — P ^ d r ) d t ,  (2.37)
J 0 J Tw

R(u) =  [ P r M  exp( -  [ - — dr )  { [ exp ( [ -— dr )  dC} d t, (2.38) 
J  0 J  r w  > o  t w  '  J

Equation (2.36) relates the  tem peratu re  to th e  velocity d istribu tion  bu t is 

useful only if P r ^  and r  are  known as functions of u. W alz (1959) m ade w hat m ay

be regarded as questionable assum ption by assum ing th a t P r ^  is constant; th is

leads to

s ( w )  =  ^ m J o ^ J  d t i r m  =  J 0 s ( * ) j 0 ( ^ J  d ^ d t - ( 2 - 3 9 )

W alz (1959) fu rther assum ed th a t P r^ j  was close to 1 and then , to leading order; it 

follows from equation (2.39) th a t

S(u) _  R (u) _ 2
s ( i y = ^ + "  ' ’ r ( i T = u + —   ̂ ^

Introducing these relationships in to  equation (2.36) gives

£  = 7?  -  7?) £  + M‘ {t  - ■ <2 '41)

where r is a constan t defined by

r = 2 R ( l )  = 2 [ , { ( ^ ) P r « - 1 f ' ( ^ - ) 1- p ' ' M d c } d t .  (2.42)
» n J n
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It is easily seen th a t r is the  recovery factor. By differentiating equation  (2.41) 

w ith  respect to  n and tak ing  zero heat transfer a t the  wall, th e  recovery 

tem pera tu re  T r is then  obtained

= T e ( l + r ^ M f ) . (2.43)

Consequently, r is the  recovery factor; note from  equation (2.42) th a t r = 1 when 

P r ^  = 1. Using equation (2.43), equation (2.36) m ay be w ritten  in term s of the 

recovery tem peratu re  to  give the  following tem peratu re/velocity  relation.

f. = 7? '+ t  ~1 (tf '  <2 -44>

which is equivalent (using equation (2.43)) to the  Crocco-Buseman relation  (2.30) 

when r = 1. T he tem peratu re/velocity  relation (2.44) is called W alz’s equation  or 

Crocco-W alz relationship.

It m ay be noted th a t W alz’s relation (2.44)) is exact only when either 

P r m  = 1 or t  = constant. The la tte r condition is never true  in  a  boundary-layer 

flow. M ost technically im portan t gases have th e  m olecular P ran d tl num ber in  the 

range of 0.7 < P r  < 1 and thus there is a reasonable expectation th a t equation (2.44) 

m ay apply as an approxim ation in a boundary-layer flow. A com plete survey of 

m easured and predicted  tem peratu re  profiles has been carried o u t by Fernholz and 

Finley (1977), based on a variety  of m easurem ents in com pressible tu rbu len t 

boundary layers w ith zero pressure gradient along adiabatic and isotherm al walls. 

T hey concluded th a t in the approxim ate param eter range of P r  ks 0.71, M e < 10, 

and  0.2 < T w/ T e < 1, the  m ean tem peratu re  d istribution  is adequately represented
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by the Walz relationship within an error range of 10%.

However, the  W alz (1955) form ula m ust be regarded as a  sem i-em pirical 

approxim ate formula. T here are so few m easurem ents in the  wall layer th a t it  is 

impossible to  judge w hether the  relation can predict the  slope of the  tem pera tu re  

profile (d T / d n )  a t the wall, in order to  determ ine the  surface heat transfer ra te . 

The relationship is potentially  useful in the  ou ter layer of the  boundary layer to  

obtain  an expression for the  m ean tem peratu re  d istribution  when the  m ean velocity 

is known. However, there  are certain  conditions which the  profile cannot describe, 

such as adiabatic boundary layers; here a  to ta l tem pera tu re  overshoot (i.e. values of 

T  > T e near the boundary layer edge is typically  found in data. In  sum m ary, th e  

W alz relation is a  simple form ula bu t is restric ted  to  constant tem p era tu re  and  

pressure flows; even here the  assum ptions concerning the  behavior of the  m ixed 

P ran d tl num ber seem ra th e r restrictive, and the  form ula should be regarded as a 

useful approxim ation a t best.

2.4 The Van Driest Effective Velocity Concept

In analogy w ith incom pressible flow, it is com m only assum ed th a t in th e  

th in  inner region of the  boundary layer, the  convection term s and the  pressure 

gradient are negligibly sm all w ith respect to  the  viscous and Reynolds stresses in 

the stream w ise m om entum  equation; this result will be shown to hold form ally in 

the  lim it R e—>oo in C hapter 3. I t follows from  equation (1.14) th a t, to leading 

order, the to ta l stress



is constant in the inner region and equal to  the value a t the  wall (1951) r w. Van 

D riest (1951) argued th a t the  viscous term  is negligible w ith respect to  the  

Reynolds stress near the outer edge of the  wall layer and  here the  turbu lence term  

was represented using the sam e m ixing length form ulation (2.9) as for 

incom pressible flow according to

i f 11 t b  <2-46>

The sam e m ixing length & = Kn was assum ed to  hold for com pressible boundary 

layers, where k = 0.41 is von K arm an’s constant. Note th a t th is is the fundam ental 

basis of the  van Driest theory and constitu tes w hat m ay be regarded as a 

questionable ex trapolation  of an incom pressible theory. It follows th a t near the 

ou ter edge of the wall layer

du  _  
dn  ^ P ut nn  ’ (2-47)

where

Ut ~ \  p™, ' (2.48)

F orm ula (2.47) is the  sam e as the incom pressible result, except th a t it contains a 

density  variation. Because the  pressure is constant across the  boundary layer, the 

ideal gas law yields



and introducing the Crocco-Walz relation (2.44), it follows that

Substitu tion  in to  equation (2.47) gives

I1' 2 ^ e )  “{l + B ( u /U e) -  A 2 (w/[7e)2} 

where the  constants A  and B  are defined by

dn 
n >

e
(2.51)

A 2 = r V M ^ ,  B  = 1 .  (2.52)
^  • *  W  J- II)

In tegration  of equation (2.51) yields

i s in  ' { } = v i * lo g ( n ) + D ’ ( 2 M )

where D  is a constant. Since equations (2.47) (and hence (2.53)) hold only near the  

ou ter edge of the  wall layer, the  constant D  cannot be found by applying conditions 

a t e ither the  wall or the  m ainstream . Instead, a value of D  is obtained by  le tting  

M e—► 0 and forcing equation (2.53) to  be equivalent to  the  incom pressible law  of the  

wall for no heat transfer (i.e. T w = T e); in this lim it A , B —►[). This procedure can 

be accom plished in a  variety  of ways and the  result is therefore not unique; th e  

particu lar form adopted by van Driest (1951) is

1 r i n - l [ 2 A \ u / U e) - B \  l . i n - l ( B  )
A  l ( f l2 + 4/42)1/2J A  l(B2+4/l2)1/2/

= W ' { *  logf i £ r ) +  c }  - ( 2 5 4 )
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Here C  is the  log-law constant for incompressible flow (C  ~  5.0). N ote th a t this 

s tep  is som ewhat ad hoc since a num ber of o ther functional forms for D  could also 

be used. If an “effective” velocity is defined by

Ue
Ue f f =  ~ f Sln

m  ' {  ( B 2 +  4 4 2>) 1 /2  } +  ^  +  <2'55>

then  w ith B  = 0 and A —>0, the inverse sine function m ay be expanded for small 

argum ent, and it is easily shown th a t uef j —>u. Consequently, equation (2.54) 

reduces to  the incom pressible law of the wall in the  lim it M e—>0 .

E quation (2.55) is called the  van Driest effective velocity or van Driest 

transform ation; it can be regarded as transform ing the  velocity profile in the 

overlap zone of a compressible boundary layer, u(n), to  an equivalent 

incom pressible flow «eyy(n ) th a t obeys the  s tandard  logarithm ic form ula given by 

the  right side of equation (2.54). Fernholz and Finley (1977) have concluded from 

th e ir survey of two-dim ensional compressible tu rbu len t boundary-layer th a t the 

transform ed logarithm ic law agreed satisfactorily w ith m easurem ents in  boundary 

layers w ith  zero pressure gradient along isotherm al walls, and the sam e value of 

C  ~  5.0 as for incom pressible flow appeared to apply in equation (2.54) for the 

com pressible case. T he M ach num ber range investigated by Fernholz and Finley 

(1977) is 3 < M e < 7.2 and a range of heat transfer param eters corresponding to 

0.31 < T w/ T r <1 . 0  were considered, where T w is the  wall tem peratu re  and  T r is the 

recovery tem perature. Deviations between the logarithm ic law and m easurem ents 

were som etim es a ttrib u ted  to  upstream  history effects or to a  system atic  e rro r in 

the  skin friction m easurem ent in high Mach num ber flows with strong heat 

transfer. A lthough equation (2.55) is derived on the basis of a local analysis of the
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com pressible overlap zone, it is som etim es used to  define a transform ation  for the 

en tire  boundary layer. Maise and M cDonald (1968) found th a t compressible 

boundary-layer d a ta  for an adiabatic wall could be collapsed to  an alm ost universal 

form  using the van Driest effective velocity transform ation; however, the  approach 

was found to  be m uch less im pressive in  flows w ith h ea t transfer. C onsequently, 

the  van Driest effective velocity m ethod should be viewed as an in teresting 

represen tation  of velocity in  the overlap zone of a com pressible tu rb u len t boundary 

layer but for which the range of valid ity  is not clearly established.

2.5 A General Velocity Transformation

T he van Driest transform ation  is based partia lly  on the  Crocco-W alz

relation  which is an  approxim ate equation for the tem pera tu re  d istribu tion  in the

en tire  boundary layer and applies to a constant pressure flow along an isotherm al 

wall. An a lternative  theory  can be developed for the com pressible tu rbu len t wall 

layer which does not have some of these restrictions. In the  wall layer, the  to ta l 

stress r  is constant and equation (2.33) reduces to

( ' l '- l ) V 2 e / + | - ( P r JH ^ )  =  0 , (2.56)

w here the  m ixed P ran d tl num ber P r  ̂  is defined by equation (2.32). It m ay be

noted  th a t equation (2.56) also applies to  flows w ith pressure gradient since the

term s due to  d P e/d £  th a t are om itted  in equation (2.33) are generally negligible in 

the  wall layer to leading order (cf. C hapter 3). For constan t P r ^ j ,  equation (2.56) 

m ay be in tegrated  from the wall, and the  solution having u = u s = u(ns), 

T  = T s = T ( n s) at some point in th e  wall layer where n — n s is

44



T
T  w ~  1 +  ( *TW W) + P rM  7  2  T SW t e )  } ’ 2̂ '57^

where M \  -  u*‘2/ ( y R T l ) .  For constant P r it can be verified by differentiation of 

equation  (2.57) th a t the  recovery tem perature  m ay be related  to  the tem pera tu re  

T s and Mach num ber M s a t n  = n s by

T r = T S ^1 + P r -^2 — , (2.58)

o r equivalently

T r = T s + P rm  ~ 2— - ^ r e / ’ (2.59)

S ubstitu ting  in to  equation (2.57) yields a tem perature-velocity  relation for the  

inner layer according to

h  = 1 + ( ^ )  *  -  P r»  t e ) 2- <2-60>

T his relationship  is som ew hat more general than  the  Crocco-W alz relationship  and 

can  be applied to flows w ith  varying wall tem pera tu re  which have a pressure 

grad ien t. Here and  T s should be in terpreted  as a velocity and tem pera tu re  

characteristic  of the wall layer and evaluated at a  representative location n = n s .

T h e  relation (2 .GO) can now be in troduced in equation (2.7) to  obtain  an 

a lte rn a te  effective velocity definition given by

u ^ - - l f  2 A  ^U/ U e ) - B \  . • -  i f  B  \  ( 2 6 UW  + 4AV'2J l(fi2 + 4A2)>/2/ (261)
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where

^  = (2-62)

such th a t

U e f  f  =  u T  | i  lo§ + < j • (2.63)

T o  utilize this relation, a  representative value of ns m ust be selected for th e  wall 

layer. This general approach will be revised subsequently in  th is thesis.

2.6 The Van Driest Skin Friction Formula

V an D riest (1951) developed a skin friction form ula for com pressible 

tu rb u len t fla t p la te  flows which was based on his effective velocity concept. These 

form ulae are still in wide use today, and it is therefore of in terest to  understand  the  

basis of these expressions. Consider flow over a flat p la te  a t a rb itra ry  Mach 

num ber and wall tem perature. Van Driest (1951) assum ed th a t the m ajor 

contributions to the  in tegral thickness could be evaluated  by using ucyy in the 

overlap zone of the  boundary  layer. T he compressible m om entum  thickness is 

defined by

e = J  f z r . i 1 - U l ) d n - ( 2 6 4 )
o e

T he velocity d istribution  in th is integral is then  represented using equation (2.54), 

and  rew riting (2.54) to obtain  n  as a function of u /U e gives
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Upon differentiation of equation (2.65) w ith  respect to  n  and using th e  Crocco- 

W alz relation (2.44) for the  density ra tio  in equation (2.64), along w ith  the  ideal 

gas law, it  is readily shown

0  = e -  kC Vw
K p  U e a2 exp i t sin -  1

( B 2 + 4 A 2)1/2 }X

where J  is the  in tegral

J
1

■ J

 z ^ ~ z ) exp i-3- sin 1 2 A 2z - i
(1  + B z  -  yl2 ^ 2 )3 / 2 [A {B 2 + 4 A 2) ^ 2} dz >

and a and 2  are defined by

a — KUe/ u T, z = u / U e.

If y denotes

y = exp { i 5in
- 1 2 ; 4 2 z  -  B  

+ 4 A 2)u)} -

(2 .66 )

(2.67)

(2 .68)

(2.69)

it is easily verified th a t



and  th is relation m ay be used to  facilitate an evaluation of J  by successive 

in tegration  by parts  to  produce a descending series in a ~  Since a >  1 as Re 

becomes large, the  leading order te rm  for J  follows from tw o integrations by  parts 

and  is given by

a \ l  + B  -  A 2)l/2
exp sin 1—  I t T?}

[A ( B 2 + 4A ) / j

+ exp -  A -  sin 1— ^ B  9 . 9 > , (2.71)
«2 I  A  ( B + 4 A ) / J K

w ith  an error 0 ( a - ^). Since the  exponent of the second te rm  in equation (2.71) is 

negative, and A  is usually larger th an  unity , th e  second term  in equation (2.71) can 

norm ally  be neglected to  yield

J -----------   oTTo exP \ i r  s*n 1—  TTFH • (2.72)
a ^ ( l + B - A 2)l/2 \ A  (B  + 4 A  ) /  j

T he result is now substitu ted  in to  equation (2.66), and using the  fact

A * = \ ^ - - 1  * 4 ,  (2.73)
\ x w  J x w

an expression for the skin friction coefficient cj  defined as

( 2 7 4 )

m ay be obtained in the  form
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= | i  loe (̂Ree ^  (t )̂1/2)+constant} ̂  > (2.75)

where the  m om entum  thickness Reynolds num ber is defined as

p J J e&
R e e = ^ - -  (2.76)

H ere F c is regarded as a com pressibility correction and is defined by

F  -  T r/ T e -  1______  (2.771
2 (sin ~ *c*c + sin -  l/?c )2  

w ith a c and f3c given by

q  — 2A 2 — B  a________B   ,cy jq \
C ~ ( B 2 + 4 A 2)1' 2 ’ "  (B 2 + 4A2 ) 1' 2 ' ( }

E quation  (2.75) is usually referred to as van Driest form ula I. As the  M ach 

num ber becomes large, the representation of the  skin friction is found to  be 

progressively worse; in addition, the  predicted values are poor when the  heat 

transfer rates a t the surface are high. Som etim e la te r van Driest (1956) developed 

a second skin-friction form ula which has been widely used and is referred to  by 

W hite  (1992) as “the best of its  type ever developed.”

T he van Driest I form ula is based on the  P ran d tl m ixing-length form ula 

I = kti in the  overlap zone, which, com bined w ith W alz relationship , leads to the  

effective velocity concept. If th e  procedure leading to  form ula I is repeated  w ith the 

m ixing-length expression given instead by von K arm an’s sim ilarity  law
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, d u /d n
I = k — -  , (2.79)

d 2u/dn2 y '

a form ula sim ilar to  equation (2.75) is obtained except th a t  the  tem peratu re  ratio  

■\Te/ T w inside the logarithm ic term  is not present. This form ula is known as van 

Driest II and is of the  form

= ji loS (R e e j f y  +  constant j ̂ F~c . (2.80)

The constants in equations (2.75) and (2.80) can be determ ined from  a requirem ent 

th a t, when M e—>0 and  T w/ T e = 1 both  equations m ust reduce to th e  incom pressible 

flow case, nam ely, approxim ately  5.0. Several surveys (see, for exam ple, Bradshaw , 

1977) have been carried out concerning the  accuracy of these skin-friction form ulae 

and form ula II generally shows be tte r agreem ent w ith experim ental d a ta  than  

form ula I. This is som ew hat surprising because the  von K arm an m ixing-length 

form ula (2.79) has never gained wide acceptance, partia lly  because it is not possible 

to  obtain  a useful velocity expression from it. Both form ulae should be regarded as 

in teresting  sem i-em pirical relations which are based on a num ber of questionable 

assum ptions. A lthough V an Driest II is believed to  give a  b e tte r representation  of 

da ta , the  range of valid ity  is uncertain  and the  problem  is com pounded by 

uncertain ties in the d a ta  to which the  form ulae are com pared. For exam ple, there 

are discrepancies between sim ilar experim ents because of differences in the  m ethod 

of finding R eq. It can be seen from  the definition of m om entum  thickness in 

equation (2.64) th a t the  quality  of tem peratu re  m easurem ents has a strong effect 

on the in tegral as M ach num ber increases. G enerally, a  lack of reliable inner region 

velocity and tem peratu re  d a ta  makes the  situation  worse, especially in the 

hypersonic range since the wall layer grows as a percentage of the  to ta l boundary
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layer thickness as Mach num ber increases. A t M e = 5 (the approxim ate s ta r t of 

the  hypersonic range), the  wall layer is ten  tim e as thick as in low-speed flow a t the 

sam e Reynolds num ber. Of course, w hether or not the  V an D riest theory  applies in 

the  hypersonic regim e is questionable a t all.

2.7 Compressibility Transformations

T he use of a  m athem atical transform ation to  account for the  effect of

com pressibility has been extensively applied to  lam inar boundary layers and wakes.

H ow arth (1948), Stew artson (1949), and m any others have used th is approach. The

m otivation  behind such transform ations is to  a ttem p t to  convert th e  system  of

equations describing compressible boundary layers in to  a  sim pler form  which is

sim ilar to  the  incom pressible problem . For lam inar flow, the  Stewartson-

Illingw orth transform ation (Stewartson, 1964) provides such a relationship. It

m ight be expected th a t similar transform ation can be used in compressible

tu rbu len t flow. This question has been considered by Burgraff (1962), Crocco

(1963), Coles (1964) among others. A po ten tia l problem  in the  tu rbu len t case has

been identified by Crocco (1963) as follows:

“Since the m echanism  determ ining the d istribu tion  of the  tu rb u len t 
shearing stress is unknown, one cannot be assured of the physical valid ity  
of the transform ation, even if this correctly transform s the  inertia  and 
pressure term s of the equations” .

However, Coles (1964) argued to  the  contrary  accordingly:

“The accelerations and the pressure force are well-defined quantities th a t 
can be evaluated experim entally. The unbalance between these quantities 
m ay sim ply be taken to  define an apparent shearing stress, and num erical 
values for the  la tte r m ay thus be inferred from m easurem ents of velocity 
and pressure. It is clearly irrelevant, for exam ple, th a t this apparen t stress
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m ay have a tu rb u len t p a rt th a t can be independently  defined in term s of 
certain  velocity fluctuations capable of being m easured d irectly . If a 
transform ation  can be found to  trea t the  acceleration and  pressure term s in 
the equations, and  if th is transform ation  is required to  be physically 
realistic, then  it m ust follow w ithout reference to  any special definition of 
the shearing stresses th a t these stresses can also be trea ted  by the  
transform ation” .

T he use of com pressibility transform ations in tu rbu len t com pressible flow has been 

controversial and was debated in the  lite ra tu re  (see, for exam ple, Econom s, 1970 

and Lewis, 1970) w ithout apparent resolution.

A variety  of approaches to  com pressibility transform ations have been 

discussed by B urggraf (1962) and Coles (1964). Im plicit in m any  of these 

approaches is th e  notion of a reference condition a t which the  variable 

therm odynam ic properties are to  be evaluated in the  hope th a t the  gross properties 

of the boundary layer m ay be represented by incom pressible form ulae. One 

exam ple discussed by Burggraf (1962) which will be used in the  present s tudy  is 

th e  H ow arth-D orodnitsyn variable defined by

K = f "  f -  d n  (2.81)
J  o

where pQ is a “reference density” and p is the  dimensionless tim e-m ean density. 

T he use of th is transform ation  is common in lam inar boundary-layer analysis where 

the  wall density is often used for pQ. However, the  problem  of com pressible 

tu rb u len t boundary layers poses a dilem m a because a  suitable reference density  is 

not im m ediately apparen t. In the outer region of the  boundary layer, the  m ean 

density  can be expressed as a pertu rbation  about th e  m ainstream  value. O n the
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other hand, the density  at the  wall is often substantially  different from  the 

m ainstream  value, and an  intense varia tion  occurs in density  and tem pera tu re  

across the com pressible tu rbu len t wall layer. Consequently, there  is a  difficulty in 

the tu rb u len t case in defining a  reference density which is characteristic  of both  

regions. In B urggraf’s (1962) approach, the  reference conditions were defined at 

Y + = Y u t / v w  = 11 which is a location p art way through the  wall layer; the  value 

of 11 is where the  extension of a logarithm ic law (for large Y  + ) in tersects the 

linear relation  (which is valued for sm all Y  + ). T he velocity d istribu tion  in  this 

new scaled coordinate was then assum ed to  conform to  known incom pressible 

results, such as the  “law of the wall” . A variety  of sim ilar approaches are discussed 

by Coles (1964). In  this study, the  concept of a reference s ta te  will also be utilized 

and the  approach first considered by B urggraf (1962) will be pursued.

2.8 Status of Experimental Knowledge

It is ex trem ely  difficult to  m easure skin friction directly  w ith  good accuracy. 

U nfortunately  detailed  knowledge of the  surface shear stress is v ita l to  prediction of 

perform ance and design of s tru c tu ra l requirem ents in both  supersonic and 

hypersonic aircraft. In general, the design of aircraft and m ateria l selection 

depends heavily on a  predicted skin friction distribution  over the  en tire  aircraft 

configuration and of the convective heat flux along the  various surfaces. In 

supersonic flight, the  surface tem peratu re  of the aircraft is norm ally close to  

ad iabatic  wall tem peratu re. However, a t hypersonic speeds tem peratu res near the 

surface are generally m uch larger, and as a  result of the  relative im portance of 

rad ia tive  cooling to  the  atm osphere (as well as possible heat transfer to  the  in terior 

of the a ircraft), the  cooled-wall situation  is of m ost im portance, since the  surface
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tem pera tu re  is often 30 to 50 percent of the  ad iabatic  wall tem perature. 

Considerable effort has been devoted to  developing accurate m eans to  m easure skin 

friction. E vidently  the  d irect m easurem ent of skin friction (such as by floating 

(dement balances on the surface) would be m ost desirable, bu t various difficulties 

associated w ith  applying such m ethods in a variety  of com m on situations, such as 

flows w ith pressure gradients, has led to the  developm ent of a  num ber of indirect 

m eans of inferring skin friction d istributions from  o ther m ore easily m easured 

quan tities. In a survey article, Hopkins (1971) has given a  critical review of these 

indirect m ethods which include: (1 ) surface heat transfer m easurem ents in which 

skin friction is then  inferred by assum ing the  skin friction is proportional to  the 

wall heat flux (the  Reynolds analogy); (2) skin friction is estim ated  from  the 

m om entum  in tegral equation by estim ating  the  ra te  of change of m om entum  

thickness w ith longitudinal distance from m easured velocity profiles; (3 ) a ttem p ts  

to  estim ate  th e  velocity gradient at th e  surface from  d a ta  taken close to the  wall 

(where experim ental errors are of the  large and (4) schemes such as the  Clauser 

plot in which the  velocity profile is assum ed to conform to  some functional form, 

such as the incom pressible law of the  wall, containing the skin friction as a 

param eter; th is param eter is then  adjusted un til a “best f it” to  m easured velocity 

profile d a ta  is obtained. All of these indicated m ethods suffer from  various 

uncertain ties, and those which rely on the availability  of velocity profile d a ta  close 

to the  wall are especially problem atic, in view of the difficulty of obtain ing accurate 

d a ta  in the very th in  boundary layers characteristic of high speed com pressible 

flows.

As discussed by Hopkins (1971), there is a  long history of a ttem p ts  a t direct 

m easurem ent of wall shear stress using floating elem ent balances, however, the
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technique is beset by m any pitfalls which can be overcome in particu lar situations, 

and  unfortunately  a  priori specifications of the  requirem ents th a t m ust be m et in 

any situation  to achieve accurate results rem ains difficult. Questions associated 

w ith  the effects of: (1 ) the  necessary gaps around the  floating elem ent, (2 ) local

wall tem peratu re  changes, and (3) surface heat transfer and a  variety  of o ther 

influences are far from  being well understood. Unless the  floating elem ent is very 

large, it is difficult to be certain  th a t various forms of system atic  gap-induced- 

errors are not present; unfortunately  the m easurem ent is not local when the 

elem ent is large. F urtherm ore, gap-induced errors are likely to  be m ore significant 

when com plicated by inflow and outflow associated w ith  pressure gradients. If the  

floating elem ent has a  tem peratu re  different from  th a t of the  wall, significant errors 

m ay arise in  flows in heat transfer an d /o r varying wall tem peratu re. For exam ple, 

an uncooled floating elem ent in a cooled wall m ay give unrealistically  low shear 

stress values; a difference on the  order of 20% was found by Voisinet and Lee 

(1972) for a  case w ith  T w/ T r = 0.22 (Fernholz and Finley 1977). A survey of errors 

in obtain ing skin friction arising from various causes has also been given by W inter 

(1977).

A nother m eans of inferring skin friction is through use of the  Preston  (1954) 

tube, which consists of a circular p ito t tube lying on the  surface. Preston  

dem onstrated  using a range of sizes of tube in fully developed pipe flow th a t a 

unique relationship could be obtained betw een the m easured pressure and velocity 

if it was assum ed th a t the velocity profile had a  specific form. This is known as 

the calibration. A lthough some investigators consider this approach to  be reliable 

in com pressible flow, there rem ain m any uncertain ties concerning the effects of 

pressure gradient, flow unsteadiness, heat transfer and th ree  dim ensional effects.
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B oth th is m ethod and the Clauser cross-plot m ethod are questionable in 

com pressible flow because they rely on knowing the  form  of the  velocity profile 

near the  wall and the form of the “law of the  wall” for com pressible flow is not well 

established (particu larly  w ith increasing M ach num ber). As yet there is no 

universal agreem ent on Preston tube  calibration; experim entalists often present 

several different values of skin friction obtained by various m ethods and  leave it to 

the  reader to  choose (Carvin 1988) the  m ost reliable. In fact, it m ay n o t be 

possible at present to  extend the  Preston  tube calibration to  supersonic flow 

because there is no general agreem ent of the “law of wall” for com pressible 

boundary  layer flow. This therefore appears to leave floating elem ent balances as 

the  preferred way to  m easure the skin friction in a supersonic boundary layer.

T he m easurem ent of m ean flow velocity profile d a ta  should be relatively 

straightforw ard if it were easy and inexpensive to  carry out supersonic experim ents 

in steady flow facilities at large scale. However, most supersonic flow d a ta  are 

usually obtained from  relatively sm all size facilities and are often “blow dow n” 

facilities w ith relatively short run tim es to keep the  costs low; in the  hypersonic 

range such facilities are often derivatives of shock tubes. T he relatively  small size 

of m ost of these facilities, as well as probe size lim itations, do not significantly 

affect the  qu an tity  of experim ental d a ta  taken  throughout m ost of th e  boundary 

layer. U nfortunately  there are serious restrictions as the wall is approached. As a 

consequence, there  are virtually  no high-speed com pressible flow experim ents for 

which a  significant num ber of d a ta  points are in the  wall-layer region, an d  thus it is 

not possible to  place a high level of confidence in estim ates of wall shear stress and 

heat flux obtained from extrapolating the  slope of the  velocity and to ta l 

tem pera tu re  d a ta  near the surface. It is therefore not possible to check wall

5 6



m easurem ents against profile d a ta  unless it can be assum ed th a t the  profile as a 

whole obeys a general sim ilarity  relationship. M uch of the existing m ean 

boundary-layer d a ta  has been m easured through use of P ito t tubes which m easure 

the  difference between the  static  pressure and the local stagnation  pressure. The 

s ta tic  pressure at any s-station is constant to  leading order across the  boundary 

layer, and the static  pressure can therefore be obtained  from  a surface 

m easurem ent. In order to  obtain  velocity from  the  P ito t d a ta , it is necessary to 

know the  local density. In m any cases, tem peratu re  and hence density  (from the 

ideal gas law w ith p  constant at any s location) were obtained approxim ately  from  

the  Crocco-W alz relation. In some experim ents, to ta l tem pera tu re  is m easured 

directly  w ith a stagnation tem peratu re  probe (STP) consisting of a tube in which 

the  flow is brought to  rest and the  tem peratu re  is m easured using a therm ocouple. 

A nother com m on m eans of velocity m easurem ent is w ith a  hot wire, although the 

P ito t m easurem ents are believed to  be m ore reliable. R ecently  a  non-intrusive 

technique, nam ely the laser-Doppler-velocim eter (LDV) has been used to  m easure 

velocity directly in compressible tu rbu len t boundary layers. LDV m easurem ents 

yield m ean and fluctuating  velocity d a ta  by evaluating the  m otion of individual 

particles in the flow, and at least for velocity, to ta l tem peratu re  inform ation is not 

needed; in principle, LDV m easurem ents provide a direct check on th e  calibration 

and d a ta  reduction procedures used in the classical com pressible boundary-layer 

experim ents. U nfortunately, for reasons re lated  to the optics, it is very difficult to 

m ake m easurem ents close to the  wall, and  often results for the th in  wall layer m ay 

not be very precise. Therefore once again im portan t inform ation in the  near wall 

region is often lacking.

M easurem ents of turbulence quantities (i.e. tim e-averaged velocity and
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tem peratu re  fluctuation  products) are principally used as an aid to  the  m odeling of 

turbulence term s in the  m ean equations. D irect experim ental m easurem ents of the 

Reynolds shear stress are relatively scarce. Such m easurem ents have been com m on 

in incom pressible flow for some tim e (see, for exam ple, Kleblanoff, 1955, and 

Townsend, 1956). Some m easurem ents of the fluctuating  velocities and 

tem peratu re  in  supersonic boundary layers have been m ade, bu t thus far the  results 

cannot be considered conclusive in  the  sense th a t it is not clear how the  Reynolds 

stress is influenced by Mach num ber and heat transfer rate. F luctuating  velocities 

are norm ally m easured with either hot wires or an LDV. F luctuating  tem peratu re  

m easurem ents are relatively rare and difficult to  obtain; they  are norm ally carried 

out w ith a stagnation tem peratu re  probe using a therm ocouple to  m easure 

tem perature. There have been m any a ttem p ts  to  find a  m eans to  collapse 

com pressible d a ta  for e ither u'v' or pu'v'  at various longitudinal stations to  a single 

curve in the search for some type of sim ilarity  law. Such a ttem p ts  have been 

inconclusive as surveyed by Fernholz and Finley (1981), who carried ou t an 

exhaustive bu t futile a ttem p t to find sim ilarity in d istributions of Reynolds norm al 

stresses; no com m on trends could be found and the  search was ham pered by large 

discrepancies betw een sim ilar experim ents. It appears th a t  system atic  

investigations of fluctuating  velocities, even in constant pressure com pressible 

boundary layers are needed which cover a wide range of Reynolds num bers, M ach 

num bers and surface heat transfer. T he question w hether self-sim ilarity can exist 

in com pressible tu rbu len t boundary layers will be discussed in  §5.

2.9 Sum m ary

T he cu rren t s ta te  of knowledge for high-speed com pressible tu rb u len t
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boundary layers m ay  be sum m arized as follows. D ata  for velocity and tem pera tu re  

profiles, as well as turbulence quantities w ithin the wall layer are sca ttered  and 

often of uncertain  reliability. A lthough a  num ber of approaches have been 

developed to  represent the  velocity and tem peratu re  d istributions in the  near-wall 

region, m any are based on questionable assum ptions th a t are difficult to  verify. It 

has been common practice  to  ex trapolate  results of incom pressible theories, alm ost 

w ithout m odification to  the com pressible regime. T his approach seems to  give 

plausible predictions for m oderate M ach num ber boundary layers, bu t the  en tire  

approach for the  hypersonic range needs to  be critically assessed.

A t least for a range of M ach num bers, the  direct effects of density  

fluctuations on turbulence are believed to  be sm all (M orkovin’s hypothesis) if the 

root-m ean-square fluctuation  is small com pared w ith the  absolute density . Thus it 

is expected th a t w ithin some M ach num ber range (usually take  up to  Me = 5), the 

“turbulence s tru c tu re” of boundary layers is closely re la ted  to  th a t in a constant- 

property  flow; the te rm  “stru c tu re” m eans th a t the  com posite n a tu re  of tu rbu len t 

boundary layers holds for compressible flows and fu rther th a t the  effect of m ean 

density  variations in s or n directions on the  turbulence is essentially param etric. 

Consequently, assum ptions concerning turbulence s truc tu re  th a t apply to  constant- 

density  flow will, if properly scaled, carry over to com pressible boundary layers as 

long as M orkovin’s hypothesis holds. U nfortunately the  range of valid ity  in Me is 

not known, and it is often not clear which incom pressible results can be carried 

over and which cannot; in  the end all turbulence m odels are em pirically based to  

one degree or another, and a m ajor difficulty here lies in the  fact th a t even m any 

incom pressible theories cannot be considered to  be firm ly established.

T he Crocco-Walz (1959) tem peratu re  relationship and van D riest (1954,
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1956) effective velocity concept form the  basis of m ost current prediction m ethods 

for compressible tu rb u len t boundary layers. However, both  theories involve 

questionable assum ptions and restrictions which would seem to be lim iting in  their 

application. For exam ple, the W alz form ula cannot describe the to ta l tem peratu re  

overshoot near the  boundary-layer edge observed in high speed flows w ith  ad iabatic  

walls. Generally the  theory  for energy transport can be considered incom plete and 

lacking relations for the  m ean tem peratu re  profile when: ( 1 ) the  wall tem pera tu re  

varies in s or (2) a longitudinal pressure gradient d p /d s  exists W ithout a general 

trea tm en t of the wall layer, it is impossible to  predict e ither the  skin friction or the 

surface heat transfer rates.

It is evident from the brief synopsis in this chapter th a t there are m any 

controversial and unresolved issues. An asym ptotic analysis has the po ten tia l of 

system atically  addressing and resolving some of these aspects. In the  end, however, 

some appeal or com parison to experim ental d a ta  is always necessary in theoretical 

turbulence research. U nfortunately, there  is a relatively sm all database of velocity 

and  tem peratu re  profile for the near-wall region in high-speed com pressible flows.
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3. ASYMPTOTIC STRUCTURE FOR Re-K»

3.1 Introduction

Concepts which have proven successful for incom pressible flows provide a

useful s tarting  point for the analysis of com pressible boundary layers. A t low

speeds (when the  m ainstream  Mach num ber approaches zero), the  fluid has

constant transport quantities // and k , and the velocities and lengths depend on the

Reynolds num ber in a specific way; for exam ple, the  incom pressible lam inar
—  1 /2boundary layer thickness is easily shown to be 0 (Re  ). A system atic  ra tional

analysis is m ore difficult for tu rbu len t boundary layers because the  equations 

contain  Reynolds stress term s such as pu'v', whose functional form  and precise 

order of m agnitude (in term s of Reynolds num ber) is not known. In principle, this 

difficulty can be resolved by introducing a specific closure model which relates the  

tu rbu len t stress to  the  m ean profiles. However, a  m u ltitu d e  of different closure 

schemes exist, and since the objective in this study is to obtain  general results, a 

m inim um  num ber of assum ptions will be m ade concerning the  turbulence models.

In addition to  the  Reynolds num ber, com pressible tu rbu len t boundary layers 

depend on at least two more param eters, nam ely the M ach num ber and the  surface 

heat transfer, and it is im portan t to determ ine how the  length  and velocity scales 

depend on these param eters. An im m ediate problem  is associated w ith the 

representative  Reynolds num ber, since all transport coefficients are tem pera tu re  

dependent and large variations in tem peratu re  (and density) are typical across 

supersonic boundary layers. It is also im portan t to  a ttem p t to  determ ine the  

asym ptotic  s truc tu re  w ith  a m inim um  appeal to  experim ent, especially since the  

experim ental d a ta  for velocity and tem peratu re  in supersonic flows is not as
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com plete as for incompressible flows. In the  analysis described in this chapter, an 

explicit closure model is not adopted, and the  goal is to  ex trac t as m uch 

inform ation as possible using the m ethod of m atched asym ptotic  expansions from  a 

m inim al num ber of reasonable physical assum ptions.

T he problem  under consideration is a fully developed com pressible tu rb u len t 

boundary layer with finite M ach num ber and large Reynolds num ber, satisfying 

e ither th e  two-dim ensional or axisym m etric nom inally steady tu rb u len t boundary 

layer equations. In addition, it is assum ed th a t  the  boundary layer can be 

subdivided in to  a relatively th in  wall layer and an outer defect layer, as in the 

incom pressible case. In  this chapter, the  leading order expansions and equations 

for velocity and to tal enthalpy will be established w ithout recourse to  a specific 

closure assum ption. T he plan of th is chapter is as follows. In §3.2 and  §3.3 

supersonic flow experim ental d a ta  are analyzed and a velocity scale appropria te  for 

com pressible tu rbu len t boundary layer flows is proposed. The governing equations 

in term s of H ow arth-D orodnitsyn variable is also given in §3.3. T he leading order 

asym ptotic  expansions of the tim e-m ean equations will be developed for the  inner- 

region and outer-region profiles respectively in §3.4 and §3.5. T he resulting leading 

order expressions are m atching to  form  com plete com posite expansions in  §3.6. 

F inally  a sum m ary is given in §3.7 to  put the  leading order results of the  

asym pto tic  expansion in an organized fashion.

3.2 The Nature of Compressible Turbulent Boundary Layers

An im portan t feature th a t distinguishes high-speed com pressible tu rb u len t 

boundary layers from their incom pressible counterparts is th e  large changes in 

density  and  tem peratu re  which typically occur across the  boundary layer. Some
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representative  tem pera tu re  profiles for constant pressure flows w ith ad iabatic  walls 

are shown in F igure 3.1 for increasing M ach num ber. The num bering schem e used 

is th a t given in  Fernholz and Finley (1977) w ith the  first two digits ind icating  the  

year in which the  d a ta  was taken. Because the  m ainstream  pressure is in general 

im pressed across the boundary layer, the density  a t any station  in a boundary  layer 

is inversely proportional to  the tem peratu re. It m ay be noted  th a t  th e  density  and 

tem pera tu re  changes become m ore severe w ith increasing M ach num ber; these 

changes are a resu lt of com pressibility and viscous dissipation and can be strongly 

influenced by heat transfer at the  wall. Such changes generally im ply a variation  

in the  tran sp o rt properties such as viscosity // and heat conductiv ity  k across the 

boundary layer.

In Figure 3.2, a set of m ean velocity profiles, corresponding to  the  

tem pera tu re  profiles in Figure 3.1, m easured in fully tu rbu len t boundary layer is 

shown; these profiles correspond to  the  tem pera tu re  profiles shown in  F igure 3.1. 

A lthough the  M ach num bers differ considerably, the velocity d istribu tions all look 

very sim ilar; they  are characterized by a rapid  velocity change in  a relatively  th in  

region near the wall w ith a slowly varying profile in the  outer p a rt of the  boundary 

layer. T he profiles in  the outer p a rt of the  boundary layer are sim ilar to  th a t 

observed in a wake and are som etim es referred to as “wake-like” . An im p o rtan t 

trend  should be noted and this is the  grow th of the viscous wall layer as a fraction 

of the  to ta l boundary-layer thickness; in  the  hypersonic range, th e  wall layer 

comprises a  m uch larger portion of the  boundary layer in low-speed flow, and  the 

velocity reaches a significantly higher percentage of the  local m ainstream  speed at 

the edge of wall layer. This effect is believed to be associated w ith  increased 

dissipation in th e  wall layer w ith increasing M ach num ber and, consequently,
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Figure 3.1. Temperature profiles in constant pressure gradient boundary layers 
with different Mach numbers; 73020402, Me=0.79; 58020207, 
Me=2.74; 74021801, Me=4.52; 71030406, Me=6.69(in helium). 
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higher tem peratures; this is believed to  influence the velocity profile near th e  wall 

and thereby reduce the shear stress. A sim ilar effect is of course responsible for the  

observed increase in the thickness of a lam inar boundary layer a t high Mach 

num bers. A nother distinguishing feature of hypersonic flow is the  relatively slower 

variation  of velocity in the  outer p art of the  boundary layer. In an incom pressible 

flow d u / d n  approaches zero rapidly away from the  wall, but in hypersonic flows the  

decay is less rapid; this makes comparisons of hypersonic d a ta  sets on the basis of 

boundary-layer thickness 8 problem atic, especially since 8 is no t precisely defined. 

D ensity  and tem peratu re  variations are also associated w ith th is  problem . M ost of 

the  total-pressure gradient across the  boundary layer is a ttr ib u tab le  to  d p /d n  

instead  of d u /d n .  Bushnell and M orris (1971) have indicated th a t a t M e = 20, 8gg§ 

is only about half a thickness defined w ith pito t-pressure profile as a basis. 

B radshaw  (1977) has suggested th a t an alternative  definition of 8 should be the 

distance from  the surface a t which the  to ta l pressure P f otai (or m ore accurately  the 

pressure difference Pto ta l~P ) reaches 0.995 of its m axim um  value a t the 

m ainstream .

Issues associated w ith tem peratu re  and density variations across the 

boundary layer will receive the  m ost a tten tion  in th is  chapter. The relative 

im portance of such variations is illustra ted  for the  M ach 6  flow in helium  shown in 

Figure 3.1; here for an adiabatic wall, the  tem peratu re  ra tio  of the  wall to  the 

m ainstream  value is more than  10! A large fraction of this to ta l variation occurs 

across the  wall layer. As a second exam ple, Figure 3.3 shows two tem peratu re  

profiles containing rare near-wall m easurem ents a t sim ilar M ach num bers; here 

T w/ T r denotes the  ratio  of wall tem peratu re  to the adiabatic  wall tem perature. 

O ne profile corresponds to a m oderately cooled wall, while the  second represents a
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strongly cooled wall having the tem peratu re  ra tio  between th a t of the  wall and the  

m ainstream  close to one. The strongly cooled case dem onstrates well the  p o ten tia l 

influence of tem peratu re  and density  variations in each portion  of a com pressible 

tu rbu len t boundary layer. The tem perature  rapidly  “recovers” or increases from  

the  wall value, near the  edge of the wall layer a value of T  is achieved which is not 

radically different from  the  corresponding adiabatic  flow tem peratu re . In fact, as 

the  tem peratu re  decreases tow ard the  m ainstream , the  profile soon becomes alm ost 

indistinguishable from a corresponding profile w ith  an ad iabatic  wall. The p lo tted  

results in Figure 3.3 suggest th a t the flow in the  outer region is alm ost unaw are of 

th e  precise value of the  wall tem peratu re  and tw o conclusions can be drawn: 1 ) in 

defining an appropriate  asym ptotic s truc tu re  for the  boundary layer, it should be 

expected th a t neither the  wall tem peratu re  nor the  density should appear in the  

leading term s for the asym ptotic  expansions in the  outer layer, and 2 ) it m ay be 

necessary to define characteristic  tem peratu re  or density  which is representative of 

conditions in the outer portion of the wall layer.

3.3 General Considerations

By analogy w ith  incom pressible flows, analyses of the  inner com pressible 

wall layer are norm ally based upon neglecting the  convection and  pressure grad ien t 

term s; then  in an argum ent based on M orkovin’s hypothesis, the  velocity in  the  

wall layer of a  compressible boundary layer is hypothesized to  have a  form sim ilar 

to th a t in incom pressible flows, viz.

“  = f ( r w, p, ft, n), (3.1)
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w ith, however, the  fluid properties p and p. varying w ith n, it is com m only argued 

th a t all the tem pera tu re  dependent param eters in equation (3 .1 ) can be represented 

by some em pirical relationships. For exam ple, p can be expressed as a  function of 

T,  such as p  oc T u for some u>, which is often a good approxim ation for com m on 

gases over a  range of tem perature. Bradshaw (1984) assum ed an inner velocity 

form according to

^ = f ( r w, Pu)j Pw  Qwi T w, "y, n), (3-2)

and dim ensional analysis yields

u  _  f  ( P w u T n_ Qw p  \  r o
U T  -  J \ [  P l V  ’ PwCpUr T w  ’ a W  ’ 7 ’ r r )

where u T = -\rw/p w is the wall friction velocity and aw = ^7 R T W is the speed of 

sound a t the  wall. The quan tity  u T/ a w is called the  friction M ach num ber.

Bradshaw  (1984) has suggested th a t the  local value of ,\ r w/p  should provide a 

b e tte r velocity scale than  the  wall value ur where the  density  now varies w ith n. 

However, the  reasoning is not clear, and in any case it is difficult to  accom m odate 

this in an asym ptotic expansion. Most authors a ttem p t to  expand the  density 

about the value a t th e  wall pw. However, it is evident (cf. Figure 3.3) th a t the 

density variation  across the  wall layer can be substan tia l, and  the density  in the 

outer portion of the wall layer is com parable to  th a t in the  outer layer. In 

sum m ary, it is evident th a t the  direct extrapolation of constan t-p roperty  flow 

concepts to compressible case m ay produce plausible models for low M ach 

num bers, b u t will become less satisfactory w ith increasing M ach num ber.
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The possibility  of using a com pressibility transform ation for high speed 

tu rb u len t boundary layer flows was discussed in §2 and will be pursued  here. T he 

H ow arth-D orodnitsyn transform ation is defined by

y  = l„ ( £ ) * • ’ (3'3-4)

where pQ is a  reference density and Y  m easures a density-w eighted d istance from  

the  surface. U nder th is transform ation, the  governing equations (1.13), (1.14) and 

(1.16) become

£ ( r u )  + d_
d Y

(rv  ) = 0 (3.5)

OS
du
d Y TT-T* + Po pu>v' + Po Re d Y  )  ’ (3'6)

u
d s + d Y ~  P0 W Y \  P Po P r R e  d n  J

+ 17 1)m refpo d Y  P r )  Po Re d Y  \ 2 J (3.7)

Here the  energy equation in term s of to ta l en thalpy  H  has been listed since it is the 

form  th a t will be used throughout.

For a nom inally steady flow, the  tim e-m ean to ta l en thalpy  in the 

m ainstream , H e, is a  constant and the  M ach num ber a t the  outer edge of the 

boundary layer is re la ted  to  H e and Ue by
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Ue h - l ) M 2ref  (3‘8)

where a  is defined by

a= if% • <3-9>

T he density  is re lated  to the  sta tic  tem peratu re  T  through the  equation  of sta te , 

equation  (1.17) and it is easily shown th a t the  tem peratu re  is re la ted  to H  and u  by

X - J  1 + l z
T e ~ \  +  27 2 lMe2} { ^ e 2 “ ^ } '  (3 1 °)

T he pressure is independent of n to leading order across the  boundary  layer and 

equal to  the value pe(s) a t the  boundary-layer edge and the  Bernoulli equation  for 

steady com pressible flow gives

In addition, it follows from the  ideal gas relation equation (1.17)

p T  = poT 0 = peT e , (3.12)

where pQ and T 0 can be taken at any location w ithin  the boundary layer. 

C onsequently, the  density  ra tio  in equation (3.6) m ay be replaced by the  right side 

of equation (3.10) and the  compressible problem  is thereby  expressed solely in 

term s of the unknowns u, v , H  and the turbulence term s according to
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7rSr u ) + - § y ( rv ) =  0 ;ds

udu ~ d u  _  1 d M j  H  j j 2 
ds  d Y  ~  M e ds { H e e

.. dH_ , ~ dH_ _  1 dq_ 
ds  + u  d Y  “  P0 d Y

d r
d Y

(3.13)

(3.14)

(3.15)

Here the  to ta l shear stress and heat flux are defined as

t  =  a  + HP 1 du  . 
Po Re d Y  ’ (3.16)

PP_ 1 d H  , (7 _da - 6  +  — ___ - ___________ .q-<p+ po prRe dY + 2 nref QYV  P r  ) Po Re  d Y  \  ) (3.17)

respectively, where a  and <f> are  the Reynolds stress and tu rbu len t heat flux given 

bY

a  = — pu'v' , 4> = -  pv 'H ' (3.18)

T he boundary conditions are

u = v — 0, T  = T w(s), and H  = H w(s) a t Y  — 0 ; (3.19)

for specified wall tem peratu re  and

d H
d Y = 0 a t Y  = 0 (3.20)

for an ad iabatic  wall. At the  m ainstream
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u-* Ue(s) , T-* T e(s) , and H  -» H e as Y  -* oo . (3.21)

A t th is stage, the  reference density  pQ th a t has been used to  define the 

transform ed variables should be regarded as a  density  characteristic  of e ither the 

inner or ou ter p art of the  boundary layer; a specific selection will be m ade 

subsequently  in this thesis. Consider first the  wall layer where the  viscous and 

tu rb u len t stress dom inate and where the  to ta l shear stress is therefore constant 

w ith  r  =  tWi to  the  leading order. F or a  com pressible lam inar boundary layer, p 

and  p can  be form ally rem oved from  the  viscous term  in th e  transform ed equation 

of m otion if the  C hapm an relation pp. =  constant (S tew artson, 1964) is used. In  a 

boundary  layer th is is equivalent to  p oc T , and for such a relation  the 

com pressible-to-incom pressible transform ation is com plete for lam inar boundary 

layers. For a  tu rb u len t flow, the  situation  is com plicated because knowledge of the 

Reynolds stress term s is inexact. In general, the  Reynolds stress vanishes a t the 

surface and asym ptotes to  a m axim um  value of tw, in the  overlap zone betw een the 

inner and  ou ter layer; th is behavior has been confirm ed by a  num ber of 

experim ents in bo th  com pressible and incom pressible flow. Based on th is type of 

behavior, it does seem reasonable th a t the  turbulence te rm  can also be trea ted  by 

the  com pressibility transform ation  and the transform ed Reynolds stress cr can be 

independent of com pressibility, if a  characteristic  density  po is suitably  defined 

using the  new variable Y .  The velocity profile for the  inner layer should therefore 

be determ ined by the  d istance Y , the  shear stress t w, and the  characteristic  fluid 

properties pQ and p Q\ because the convective term s are negligible to  leading order, 

the  dependence of the  wall-layer relation on the  stream w ise variable s can a t m ost 

be param etric  and hence
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U — f ( TWiP0^P0^ ) (3.22)

It is easily shown th a t a  norm alized relation can then  be obtained by dim ensional 

analysis which is analogous to  the  incom pressible law of th e  wall according to

< 3 - 2 3 >

where here

U T o  = Tt  = ^ « r -  <3 2 4 >

is a  generally defined velocity scale.

The flow in the  ou ter portion of th e  boundary layer is inviscid to leading 

order, and here for a  constant pressure flow the shear stress r  reaches a  m axim um  

t w  near the  surface in order to  m atch  w ith  the inner layer profile; a r  asym ptotes 

to  zero tow ards the ou ter edge of th e  boundary layer. Because the  shear-stress has 

th is sim ple profile shape, the  change of th e  t  d istribu tion  w ith  M ach num ber is not 

seen to  be large. Therefore the velocity profile for a constan t pressure flow can 

plausibly be assum ed to  depend only on t w , p Q. Y ,  and  some outer-layer length  

scale A 0 proportional to the  local boundary-layer thickness. The ou ter defect 

velocity is therefore

U e — u — F ( t w, pQ, Y ,  A q) . (3.25)

and  dim ensionless analysis yields
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U e - n _  (  Y  \  
Ut0 - ' { A o) (3.26)

for a constan t pressure com pressible tu rbu len t boundary layer. N ote th a t uTq is 

again a  generally defined velocity scale defined in term s of the  characteristic  

density.

Two conclusions can be draw n from  the  above brief analysis. F irst, 

a lthough  in principle the  velocity scales for inner and outer layer profiles could be 

selected separately, there  m ust be a velocity scale of com m on valid ity  betw een the 

inner and  ou ter layers, and  th is requires a  single selection for pQ so th a t u To is the  

sam e for bo th  layers, in o ther words only a single velocity scale is feasible. 

Secondly, pQ cannot be selected a t e ither the  surface tem p era tu re  or the  

m ainstream  tem perature; in the  form er case, the  velocity profile in the  ou ter layer 

would th en  depend on a  wall param eter, and  th is is a situation  which is excluded 

from  th e  cu rren t analysis. The la tte r case is also no t acceptable since it would 

require a  dependence of the  wall layer solution on the  ex ternal density. It therefore 

appears th a t the  characteristic  density should be representative of the  density  in 

b o th  layers, and th is would suggest th a t th is q u an tity  should be selected to  be 

rep resen tative  of the overlap zone. This possibility will be pursued subsequently.

3.4 Asym ptotic Structure of the Inner Layer

T he asym ptotic  s truc tu re  of the  velocity field in the lim it of large Reynolds 

num ber has been considered for a constan t-property  tw o-dim ensional tu rbu len t 

boundary  layer by a num ber of authors (e.g., Fendell, 1972, and M ellor, 1972). A 

procedure sim ilar to  th a t of Fendell (1972) was followed by W eigand (1978) in an
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analysis of therm al boundary layers in low flow speeds where the  asym ptotic  

s tru c tu re  is deduced for first principles using a m inim um  of em pirically  m otivated  

assum ptions. Here a  sim ilar analysis will be carried out for high-speed 

com pressible tu rbu len t boundary-layer flow utilizing the  transform ed form  of 

governing equations (3.13) through (3.18) in  term s of the  H orw arth-D orodnitsyn 

variable Y .

E xperim ental evidence strongly suggests th a t the boundary layer consists of 

a  th in  inner wall layer and a relatively thick outer defect layer. In th e  wall layer, 

th e  asym ptotic  expansions for the stream  function and velocity are w ritten

if>(s,Y) = Aj(s; R e , M 0) 7 ^ 3 ; R e , M 0) r(s) f 1{ s ,Y  + )+ ■ • • (3.27)

u(s,V") = 7 j(s; R e , M a) U * ( s , Y  + )+  ■ • • (3.28)

where A a n d  7  ̂ are gauge functions to  be found, and r(s) is the  dim ensionless 

rad ius of revolution for an axisym m etric body. T he velocity function U  + (s, Y  + ) is 

defined here according to  U + = d f 1/ d Y *  and

r  + " A i(s-,Re,M0) ' (3'29)

Here Y + is the  scaled norm al coordinate in the  inner layer and A ? is the 

dim ensionless inner-layer length scale, representing a  typical norm al length  scale in 

th e  inner region; 7  ̂ is th e  inner velocity scale. A characteristic  M ach num ber M 0 

is in troduced  to  allow for possible M ach num ber effects associated w ith 

com pressibility and heat transfer, described in  §3.3. The final results will contain
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the  influence of M a im plicitly in such param eters as pQ and  /iQ. The Reynolds 

stress a  is zero a t the  wall and asym ptotes to a m axim um  value near the  outer 

edge of the  wall layer, bu t is otherwise unknown. T o leading order cr is w ritten

er(s,F) = R e , M a) crl ( s ,Y  + ) + • • • , (3.30)

where th e  gauge function ej is to  be found.

In a com pressible flow the  equations governing the  transport of energy and 

m om entum  are norm ally strongly coupled, and here the s tru c tu re  of the  therm al 

problem  is taken  up. At low subsonic speeds, W eigand (1978) has reviewed an 

extensive am ount of experim ental d a ta  showing th a t the  static  tem p era tu re  

d istribu tion  clearly displays a logarithm ic behavior in the  overlap zone. W ith  

increasing M ach num ber, there are relatively fewer d a ta  points in the overlap zone, 

as well as less experim ents th a t m easure tem peratu re  directly; in addition  the 

influence of dissipation is expected to  become significant. In m ost of the  d a ta  

considered by W eigand (1978), the  to ta l and static  tem pera tu res  are quan tita tive ly  

equivalent. It is not obvious th a t the  static  tem pera tu re  is the  appropria te  

dependent variable, and here the  to ta l en thalpy  will be used instead  as the  p rim ary  

therm al independent variable, in view of the fact th a t equation  (3.15) is m ore 

analogous to the  energy equation in low speed flows. In the  wall layer, the  to ta l 

en thalpy  is w ritten  as a pertu rbation  about the wall value, according to

H  = H w + \i (s ;  R e , P r , M a) 6 + ( s , Y ^  ) + • • ■ ,

where

(3.31)



Here Y q is the scaled norm al coordinate for the therm al wall layer where the 

length  scale and the to ta l en thalpy  scale Aj are to be found subject to  the 

requirem ent th a t Aj-»0 and n^-d) as Re-*oo. I t  m ay be noted th a t a  m odel for the 

dynam ics of the wall layer will be discussed in §4. It will be argued th a t the  

therm al norm al scale should differ from the  corresponding hydrodynam ic scale only 

th rough a  function of P ran d tl num ber. Thus, for the  common gases of in te rest here 

where P r  =  0 (1 ) , bo th  A , and should be of com parable m agnitude.

B oth the  functional form  and Reynolds num ber dependence associated w ith 

th e  tu rb u len t heat flux term  (f> are unknow n, and unfortunately  there  is little  

reliable d a ta  in high speed flows for (f). F rom  low-speed experim ents (see, for

exam ple, Orlando et al., 1974), — pv'T'  or -  pv 'H' behave m uch the  sam e as the

Reynolds-stress te rm  a  increasing from zero a t the  wall to a m axim um  in the

overlap zone. Here the tu rbu len t heat flux term  (j> is w ritten

<f>(s,Y) =  g x{s\ Re, P r , M 0) ^ ( s . F ^  ) + ■ • • •  (3.33)

w here is a gauge function to  be found.

S ubstitu ting  equations (3.17) through (3.31) in to  the  m om entum  equation 

(3.14) leads to

,, h  d f i ,, g2/- ) ((&.-, ye 8/. d*f '
1 d Y*  \ ' d Y + 1 dsdY +)  \  1 1 1  , l dY*  , l r  ') g y  + 2



where the  prim es denote to ta l differentiation w ith  respect to s. B alancing in 

equation (3.34) is carried out here by assum ing (subject to verification) th a t  to 

leading order the  viscous and Reynolds stress are com parable while the  convection 

term s are negligible. Specifically, it is assum ed th a t

(3.35)

Here the  C hapm an density-viscosity relation pp ~  p opD has been used to  delineate 

the  various orders of m agnitude; this relationship is not q u an tita tive ly  accurate  

over significant tem pera tu re  ranges but is valid  for representing qua lita tive  

relationships. It will be verified subsequently th a t the  pressure g radient te rm  in 

equation  (3.34) is also negligible to  the  leading order and, as a resu lt, equation  

(3.34) reduces to

d ( w  Tl a2f l ) , c d°l  0 ,3 36,
d Y + \ po Re&i q y  + 2J  1 d Y  +

in th e  lim it Re  -» oo.

T he gauge functions 7  and ej m ay now be re la ted  to  a  conventionally 

defined friction velocity u T in term s of quantities a t th e  wall according to

, , 2  _  duUr —
PwRe dn U = o ’

which in term s of inner variables is

(3.37)

2 _  M l  d  / ^ O )
Ur ~ p 0R e d Y  + 2 • (3-38)
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It is convenient to define the following wall normalization

f)TT +
5 F t Ŝ,0^=  q y  + 2 = 1 ’ (3'39)

and  equation  (3.38) becomes

= (3.40)

It now follows from  equation (3.35) th a t the  Reynolds stress scale is 0 ( p u ;u r)- 

W ith o u t loss of generality  the  gauge function m ay be selected according to

e ^ s ; Re)  = pw{s)ul{s-, Re)  . (3.41)

It m ay be noted th a t the reference M ach num ber M 0 is no t involved in  the 

definition of ej since the  C hapm an relation has been assum ed.

T he scale for Reynolds stress is now fixed in term s of th e  friction velocity 

and  the  density  a t the  wall. However, 7  ̂ is still unknow n and th a t som e additional 

inform ation re la ted  to the  characteristics of compressible tu rb u len t boundary layers 

is required. As discussed in §3.3, one proposed velocity scale is

w~y 1(s-,Re;M0) = uT0(s ;R e ,M 0) = y - ^ u T(s-,Re) , (3.42)

and it then  follows from  equation (3.40) th a t A- is given by

A,(s; Re, M 0) = ■ (3.43)
p*Re uTO
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For reasons discussed in §3.3, th is definition of the  wall layer velocity scale is 

believed to  be superior to  the  choice 7 j =  uT. T he wall layer equation (3.36) m ay 

now be in teg ra ted  from  0 to Y  + using the  boundary condition (3.39), as well as the 

fact th a t a  =  0 a t Y  + = 0, to  obtain

"+p°Ur° ( ^ f c )  ~§ihr = p°u™ ’ <344)

cy n
where the  to ta l stress r  =  pwu T — P0uro is constant across the inner layer, to  leading 

order. F urtherm ore, since the  viscous stress becomes small as y  + -» oo, it m ust 

follow th a t

2 2 i “f"a -* pqUt0 = pwuT as Y  -* oo, (3.45)

to  leading order. It m ay be noted th a t any m odel which is adopted for the  

Reynolds stress in the  outer layer m ust conform to  the  behavior ind icated  by 

equation (3.45) in the overlap zone. By using equations (3.28), (3.30), (3.41), and 

(3.42), the  final form  of th e  wall layer m om entum  equation is

'*+( p S f c ) ^ = 1 - <3-46)

Now consider the  energy equation in the  wall layer. U pon su b stitu tin g  the  

expansions for the  to ta l en thalpy  (3.31), velocity (3.28) and the  tu rbu len t heat flux 

(3.33) in to  th e  energy equation (3.15), it  follows

U „ - ^ V ^  + A1«+ + AlSPl ) - U iurcy / 1 +

+ A u dd+ -  1 dq n  47A+  A t U r o r f l j  n . d Y + - p n . d y + >
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to  leading order, where the to ta l energy flux q is

2 „.2
a - n A Al d 6 +
v  ~  9 1 <P1 +  p o p r R e n . d Y + + 2 TZeAj

P r  -  1 PP d(*/ + 2) 
P r  P0 q y  + (3.48)

If the  convection term s are again assum ed negligible to  leading order (subject to 

verification), equation (3.47) reduces to

dq
d Y

=  0 . (3.49)

C onsequently, the  to ta l flux q is invarian t, to  leading order, across the wall layer 

and  equal to  the  value a t the  wall qw(s). Since U + and vanish  at Y + = 0 ,  it 

follows from  equation (3.48) th a t

9 w W -  po P r R e  IT d Y  +
d0 + (s, 0 )

(3.50)

w here q denotes a dimensionless heat flux a t the w all defined by

9 J S) =
9uw

P * e j U  r e f c p T r e ]
91 = ku dT*

dn' n = 0
(3.51)

Here k*w is the dim ensional therm al conductiv ity  of the  fluid a t th e  wall. N ote th a t 

qw denotes a heat flux from  f luid to the wall.

It will subsequently be argued th a t \ i / H e = 0 ( u TO/ U e) if th e  heat transfer 

betw een the  flow and th e  wall is significant. It is then easily seen th a t the  last 

te rm  on the  right side of equation (3.48) (which is re lated  to  viscous-dissipation) is 

negligible to  leading order and, consequently, th e  only acceptable balance is
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betw een the  viscous diffusion te rm  and the tu rb u len t heat flux term ; thus, it is 

assum ed th a t

as Re  -» oo , (3.52)

where again the  C hapm an relation has been assum ed. An additional assum ption 

th a t has been m ade here is th a t th e  w all-tem perature gradient d H w/d s  is 

sufficiently sm all (a t m ost 0 (1 )) so th a t  the associated te rm  on the  left side of 

equation  (3.47) does not en ter the  balance to  leading order. C onsequently, the  

energy equation in the  wall layer reduces to

7% PrReTli d Y j  + 91 ^  = 9w ’ (3 '53)

to  leading order. T he auxiliary equation (3.50) m ay now be used to  re la te  th e  heat 

flux qw to  the  gauge functions Aj and g ^

The study  of W alker, A bbott, Scharnhorst and W eigand (1986) on the 

dynam ics of wall-layer turbulence suggests th a t the  norm al scale in the  energy 

equation is re la ted  to  th a t in the m om entum  equation by a  factor of th e  square 

root of the  P ran d tl num ber. Since P r  is assum ed to  be 0 (1 )  in th is s tudy , this 

scaling m ay be adopted w ithout loss of generality, viz.

II '(s ;iJe ,P r,M (,) = A,(s;72e,Af0)/-JPr , Y q = aJPr F + , (3.54)

and it is therefore convenient to select the wall norm alization

8 3



d0 + (s,O) r= -

i r = f l T - (3-55)

As a result equation  (3.50) reduces to

S r, \    11) ^ 1  / o  c . c \
9 -  po R e A :  • (3‘56)

It follows from  equations (3.52) and (3.56) th a t g  ̂ is O (qw), and w ithout loss in 

generality , the  leading order te rm  for the  tu rbu len t heat flux m ay be selected as

9 \(s ) = 9 « /s ) • (3 -57)

W ith  the  inner-layer length scale A , specified by equation (3.43), the  gauge 

function for the  to ta l en thalpy  in the  wall layer is found from  equation (3.56), viz.

A l {s- ,Re,Pr,M0) = • (3.58)r  o  T O

Consequently, the  energy equation in the  wall layer m ay now be w ritten  as

^  d v j  = 1 (3 ' 59)

to  leading order.

A t this point the  leading order inner-layer expansions for bo th  velocity and 

to ta l en thalpy  have been established and the  outer-layer expansions will be 

considered next.
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3.5 The Outer Layer

In th e  outer layer the  stream w ise velocity will be w ritten  as a sm all 

p ertu rb a tio n  about the  m ainstream  value in accordance w ith the concept of 

velocity defect in the  ou ter layer. This was originally hypothesized by von K arm an 

(1930), who argued th a t the  velocity in the  outer layer is re tarded  due to the  

presence of the  wall in a m anner which is independent of th e  viscosity, b u t depends 

on th e  wall shear stress and a length scale characteristic  of the  norm al distance 

over which the  presence of the  wall is felt. The outer-layer expansion for the  

longitudinal velocity is w ritten  in the  form

u (s ,F ) =  Ue(s) + r ^ s ;  R e , M 0) Ui(s,rj) + • • • (3.60)

w here U\{s,ri) is the  defect velocity and tj is the  scaled norm al coordinate

71 ~  A 0(s; YRe,Mo)  ' (3'61)

Here A 0 is the  dimensionless ou ter region length scale and is the  scale of the  

p e rtu rb ed  velocity in the  outer region. B oth A 0 and Tj are to  be found subject to  

the  requirem ents th a t A 0/A j -* oo and Tj -» 0 as Re -* oo.

A stream  function m ay be defined by

% n  = r u , ^ n = _ r ? , (3.62)

which satisfies the con tinu ity  equation (3.13) identically. It follows from equation 

(3.60) th a t has the  expansion
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^ { s , Y )  = A 0( s ;R e , M0) r(s)[Ue(s)rj+ T l (s-,Re,M0) F l (s,Tj) + ■ • •] (3.63)

where F i ( s , tj)  is defined as U i  = d F i / d r j .  T he norm al velocity function v is given

by

v = - } ; ( A 0rUe)lr1--§-s ( A 0r r 1F l )+ • ■ • , (3.64)

where the  prim e denotes differentiation w ith respect to s. It is assum ed here 

(subject to  verification) th a t d T i / d s  is a t m ost O (r^).

Consider next the  expansion for the  Reynolds stress a  in the  ou ter region. 

The Reynolds stress vanishes a t the  m ainstream  and reaches a m axim um  near the 

overlap zone, and it is therefore reasonable to  expect the  Reynolds stress to  have 

the  sam e gauge function in the  inner and outer regions and to  en ter the equations 

to  leading order in b o th  regions; for this reason the  ou ter layer expansion for a  has 

a form sim ilar to  equation (3.30) and

a ( s ,Y )  = e l (s; R e , M 0) Xq(.s,tj) + • • • . (3.65)

where th e  gauge function e1 is given by equations (3.41) and (3.42) according to

ej(s; Re,Mo) = p0(s) u^0(s; R e , M 0) ■ (3.66)

In the outer region the  to ta l en thalpy  is w ritten  as a  pertu rb a tio n  about the 

m ainstream  value in accordance w ith experim ental evidence according to

86



H ( s , Y )  = .He + A i(s;i2e ,P r,A /o) &i(s,rf)+ • • ■ , (3.67)

w here tj = Y / A 0 and Aj is the  order of the  pertu rbed  to ta l tem peratu re . Here 

because th e  m ajor heat transfer processes occur near the  surface and P r  is 0 (1 ) , 

the  thickness of the therm al layer is assum ed to  be com parable to  th a t of the

velocity boundary layer. The gauge function Aj is to  be found subject to  Aj -» 0 as

Re -* oo. T he scale for the  tu rbu len t heat flux <f> in the  ou ter layer is selected as for 

th e  inner layer for reasons previously discussed and from  equation (3.57)

<j>{s,Y) = qw(s)$ i(s ,r/)+  • ■ • . (3.68)

S ubstitu ting  equations (3.60) through (3.67) in to  (3.14) and  neglecting term s of

0(T ?) yields

W .  S ■W . y  - r , ^  C l( &  e, -«  £  f i )

■ e l + (3.69)
Po^o dr] pgAo drl \PoR e  drJ2 )  ’

where the prim es denote to ta l differentiation w ith respect to  s. A balance betw een 

the  Reynolds stress and the  convective term s implies th a t

r> = ° ( ^ k ) -  <3™>

In add ition , it will be assum ed (subject to verification) th a t the  viscous stress is 

negligible to  leading order, viz.
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R e A i oo as Re oo . (3.71)

Effectively th is is a s ta tem en t th a t the  thickness of the outer layer is greater th an  

th a t of the  lam inar boundary layer, and this is a result which is w ell-substantiated  

by experim ent (Cebeci and Sm ith, 1974; Fernholz, 1976). The m om entum  

equation  in th e  outer layer is therefore

d 2F i  ( rr r  y r  (A0rUey  d 2F 1
* dsdr) '  e dr}  ̂ A 0r ^  dr)2

1 d M e u 2 / A j e  Ti  d F A  ex d
M e ds  e \ H e 1 U e dff J  poA 0 dr) (3.72)

to  leading order. The ou ter asym ptotic analysis is not com plete un til the  outer 

velocity scale Tj is form ally specified, and th e  solution is m atched  to th a t in the  

wall layer. T he question of m atching will be taken up in the  next section where it 

will be argued th a t a  self-consistent s truc tu re  can be obtained  if the  scale for the  

deflect velocity is the sam e as th a t for the  velocity in the wall layer, viz.

T x(s-,Re,M0) = u ro{s\ R e , M 0) = ur(s; Re) (3.73)

N ote th a t pQ and the  ou ter length scale A 0 are  as yet unspecified.

The leading order energy equation is obtained next upon substitu ting  the  

expansions for the to ta l en thalpy  (3.67), the  tu rbu len t heat flux (3.68), the  

velocities (3.60) and (3.64) in to  the  governing equation (3.15) and retain ing  term s 

linear in Aj and u TO to obtain
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91 d*x Ax d (  PP dQl \  , , 7,*
Po^o drl poA% drl \ P 0P r R e  drl ) '

Here th e  prim es represent differentiation w ith respect to  5 . N ote th a t th e  term  

associated w ith viscous dissipation is second order in m agnitude  and is therefore

negligible to  leading order. It is assum ed (subject to  verification) th a t  the

convective term s balance the  tu rb u len t heat flux to  leading order so th a t

A> = ° ( ^ k ) -  <3-75>

In view of equation (3.71), th e  conduction term  on the  righ t side of equation  (3.74) 

is negligible and, consequently, the  energy equation in the  outer region is

to  leading order. In a m anner sim ilar to  th e  m om entum  equation, th e  scale of the  

defect for to ta l en thalpy  is selected equal to  th a t in the  inner layer according to

A l ( s ;R e ,Pr ,M o)  = - ^ .  (3.77)

The m atching of the  outer expansions to  the  wall layer will be considered next.

3.6 The Overlap Zone

In the  asym ptotic  s truc tu re  described thus far, there  are two term s in  the



ou ter expansion which m ust be m atched  to  a  single te rm  in the  wall layer; 

m oreover, a t th is stage the  Reynolds num ber (as well as the  M ach num ber) 

dependence of the  outer layer length  scale is unknown. F u rth e r inform ation or 

assum ptions are required concerning the  tu rbu len t problem  before it is possible to 

proceed fu rther. B oth M illikan (1939) and Gill (1968) have discussed a m atch ing

procedure where the  q u an tity  n d u / d n  is m atched  in itia lly  and a logarithm ic

dependence in  the  velocity profile is obtained. However, th is  type  of argum ent in 

effect assum es the  experim ental result for the  following reason. In  any type  of 

double layer, th is  type of m atching  condition is independent of th e  norm al 

coordinate scale sim ply because the  length scale on n for the  inner or th e  ou ter 

layer cancels out. For an a rb itra ry  velocity profile u, there  are th ree  possibilities for 

the  behavior of n ( d u / d n ) in  the  overlap region:

(1 ) n (d u /d n )  -» oo in  the  m atching  region (e.g., u  ~  na for a > 0 );

(2 ) n{du/dn)  0  (e.g., u ~  n a or u  ~ n  logn, a < 0 );

(3) n(d u /d n )  -*■ c (if u ~  logn).

T here  exists a wide varie ty  of functional forms which will satisfy possibilities (1) 

and (2) bu t only the  logarithm  which satisfies possibility (3). C onsequently , in 

selecting (3) M illikan (1939) essentially assum ed the  logarithm ic dependence he was 

a ttem p tin g  to  prove. It should be kept in  m ind th a t the  difficulty is due to  lack of 

com plete inform ation about turbulence term s, and if the  functional form  of both  

th e  Reynolds stress and tu rb u len t heat flux term s were know n, the  m atch ing  can 

be carried ou t in the  conventional way. R ather th an  assum e a  specific turbu lence 

m odel, the  approach th a t will be adopted here is to  assum e th a t  the  analog of the  

law of the  wall for high speed com pressible flow is given by

u * ( Y * ) ~ - ^ l o t Y + + C i ,  as

9 0

(3.78)



Here « is the  von K arm an constant and C ,• is th e  inner log-law constant, usually 

assum ed to  have universal values of k = 0.41 and C,- = 5.0; in  general bo th  k and Cj  

could be functions of s, depending on the p articu la r constitu tive model adopted for 

the Reynolds stress. For the to ta l en thalpy  problem , the wall-layer function 0 + is 

sim ilar in form  to  U  + and  the  following form is assum ed

~ 7̂  log Y q  + B j ,  as Y q - *  o o . (3.79)

Here Kq plays the  role of the  von K arm an constant in the  velocity d is tribu tion , but 

both  Kg and J3j are not constant in general and can depend on local flow condition 

(W eigand, 1978). Equations (3.78) and  (3.79) constitu te  th e  two m ain  assum ptions 

of th is  study , i.e. th a t the  wall layer profiles for velocity and to ta l en thalpy  are 

logarithm ic in  K, the  H ow arth-D orodnitsyn variable. It will now be dem onstrated  

th a t a  set of self-consistent asym ptotic  expansions can be developed. The te s t of 

the original hypotheses will be carried out subsequently th rough direct comparisons 

with experim ental data.

To carry ou t the m atching, an in term ediate  variable is first in troduced by

C = , A 0 »  A io »  A,- as Re -* oo . (3.80)
^ i o

Thus, Tj = Y / A 0 = ( A io/ A 0)(  -» 0 and Y + = Y / A i =  (A,-0 /A,-)C -► oo as R e  -* oo with 

s and C fixed. It is easily seen th a t th e  same (  can be used for th e  therm al problem  

for P r  = 0 (1 ) . In general, it is required th a t the  slope of the  profile and  the profile 

itself m erge sm oothly in th e  overlap region according to  the  relations
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d F l
U e  + U T O  +

Jn =
A U T 0  U  +

A 0
V+ A- <3'81>+   ^lOA   _

-  A 7 < - “

and

U T 0 d 2F  i U T O d U + .
|_A0 drf- 1 d Y + ‘ J Y + = A i ° ^ o o

A t-

(3.82)

The lim its in  both  relations are taken  for the fixed s and  C, an d  for R e  -* oo. Using 

equation  (3.78), it is easily determ ined th a t th e  outer defect profile m ust behave 

logarithm ically  w ith

dFd t ’>)~ w i ]os’l+Co for  ,' ~ 0 ’
(3.83)

where th e  o u te r log-law constant C 0 is, in  general, a function of s.

M atching th e  velocity using equations (3.78), (3.81) and (3.83) leads to  

m atch  condition

U f
u T O

(3.84)

Introducing th e  inner region length scale A, defined by equation (3 .4 3 ), it follows 

th a t

U e _  1
U T O  «(S)

log (  Pi
V ^wPwp  R e  uT0A 0 l + Cj — C Q ,

r  i
(3.85)
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which relates the  velocity scale uTO to  the unknown ou ter layer length scale A 0. It 

follows from  equations (3.70) and (3.73) th a t A 0 is 0 ( u TO/ U e), and  consequently 

from  equation (3.85)

1̂2 -  o  (__1 ^
Ue ~  U [log R e 0) as Re (3.86)

or, in  term s of the  friction velocity u T

}h
U, = ° ( S ) as Re oo (3.87)

T his relation  should be com pared w ith th e  incom pressible result 

u T/ U e = 0(l/log/2e). The M ach num ber and the  heat transfer influence are 

contained in equation (3.87) where R e 0 = p * U * e f L * e j / is a Reynolds num ber w ith 

the  fluid properties evaluated a t the  characteristic conditions. F rom  equation 

(3.43), the  inner length scale can also be shown to have the  following order of 

m agnitude:

A,- = O f J as Re-*  oo . (3.88)

It is worthwhile to  note th a t m any of the  assum ptions leading to  the  inner

and outer leading order equations of m otion m ay now be verified. In the  outer
. . .  0layer analysis the  viscous stress was assum ed negligible w ith R eAo  -> oo as Re  -» oo. 

W ith  the  order of outer length scale known, it  is evident th a t

f o r  < 3 - 8 9 >
Re  Ao =  O

93



and  so the  assum ed behavior is consistent. The o ther assum ptions m ade during the 

course of the  analysis m ay be easily justified  similarly.

T he m atching for velocity is complete to  leading order, and  com posite 

expansions can now be form ed across the entire boundary layer according to  the 

procedures discussed by Van Dyke (1975). The com posite expansion is form ed as 

th e  sum  of th e  inner and outer layer expansions and th en  sub tracting  the  com m on 

p a rt. T he com m on p a rt is defined to  be either th e  lim iting form  of th e  inner layer 

asym pto tic  expansion V + -> oo, or equivalently, the  lim iting form  of th e  outer layer 

asym pto tic  expansion as •q -* 0. T he composite leading order expansion for the 

velocity profile is form ed using equations (3.18), (3.60), (3.78), (3.83) and (3.84), 

and  it follows

d F
±(S,»?) + £/ + (S ,y  + ) - - i - Tlog T j - C o ( s ) (3.90)

T he inner layer and ou ter layer Reynolds-stress expansions are m atched  

according to  the  relation

M " 2 ,  +  '  '  '  =  ^  _  0  = +  "  ■ ] y  +  =  A * ,  <3 91)
A  o Aj

N ote th a t p0v%o = pwu% and  using equations (3.46) and (3.78), it follows th a t the 

w all layer Reynolds-stress function <Tj behaves according to

<Tj(s, Y  + ) ~  1 + ■ ■ ■ for Y +~* oo (3.92)
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and furthermore from equation (3.91), it follows that

Ei(s,q)  ~  1 + • • • for q -* 0 . (3.93)

M atching for th e  energy equations is carried out in a sim ilar m anner by 

requiring the  to ta l en thalpy  and its slope to  m erge sm oothly in the  overlap region. 

A logarithm ic dependence also occurs for the  outer to ta l en thalpy  according to

0 1(s ,7/ ) ~ /c ^ s )  log V + Bo  for 77- » 0 ,  (3.94)

w here B 0 is, in general, a  function of s. The actual stream w ise d is trib u tio n  of Kg 

and  B 0 is strongly influenced by the  outer-region flow conditions; there  is no 

universally  agreed upon constant value of Kg, and careful com parisons (W eigand, 

1978) w ith m easured tem peratu re  profile d a ta  in low-speed subsonic boundary 

layers show th a t Kg depends on local flow conditions. A m eans to  evalua te  Kg will 

be developed subsequently  in §5.

M atching of the  to ta l en thalpy  leads to  the  m atching  condition 

(H e -  H w)p0u7
l w

-1- B i - B o ,  (3.95)

which relates th e  dimensionless heat flux qw to  u T and the  outer-layer length  scale. 

Recall th a t the  ou ter length  scale n o has been taken  to  be A 0 while th e  inner scale 

11; is selected w ith  Ilj = A,"\|Pr; thus equation  (3.95) m ay be w ritten

( H e -  H w)p u T O

K g (S) l°g  # e tiroA 0< F r^  +  B { -  B 0 . (3.96)

It follows from  th is re la tion  and the velocity m atch ing  condition (3.85) th a t  if H w
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is significantly different to  H e due to the  heat transfer betw een the  flow and the  

surface

- rT u  = 0 ( ^ ¥ )  as Re ^  oo . (3.97)
P0U eHe \ U 2J

T he m atching  is now com plete for the  energy equation and  a com posite 

profile H com can be form ed from the inner and  ou ter to ta l en thalpy  expansions 

according to
o r j. 1 i

(3.98)tr  _  xj in co m  -  +  p ~ u ~ 0 1 ( S , 7 ?)  +  0  +  ( 5 , F  +  ) - _ j L  l o g  T ) - B o ( s )

I t m ay be noted th a t the  assum ptions m ade in arriving a t th is set of 

asym pto tic  expansions m ay easily be verified using equation (3.97). For exam ple, 

in  the inner-layer analysis the  to ta l en thalpy  scale Ai / H e was assum ed to  be 

0 (u ro/ U e)] now it is easily verified using equation (3.58) to ob tain

V * e  = ^ = 0 ( ^ ) .  (3.99,

T he m atching of the  tu rbu len t product term s is straightforw ard. By using 

equations (3.53) and (3.79), the  lim iting form of inner turbulence heat flux function 

<j>̂ is shown to  be

<£1(.s ,y  + ) ~ l +  • ■ • for F +-» oo , (3 .1 0 0 )

and  the ou te r turbulence function m ust then have
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$ l ( S ,  V) ~  1 +  ’ ' ' f ° r Tf -* 0 (3.101)

3.7 Summary of the Asymptotic Expansions

In th e  previous th ree  sections asym ptotic  expansions have been developed 

for velocity and to ta l en thalpy  profiles in the  com pressible tu rbu len t boundary  

layer. The leading order results can be sum m arized as follows.

In the  inner region, the velocity u  and to ta l en thalpy  H ,  Reynolds stress a  

and tu rb u len t p roduct (j> m ay be expanded to leading order as

f i - ( s ,Y )  = u*U + ( s ,Y  + )+ • • • ,

J f - ( s ,Y )  = ^ ( s )  + q J  + ( s ,Y j -  ) + ■ • ■ .  (3.102)

Y )  = p0i 4 0crl ( s ,Y  + )+ • • • , <t>(stY )  = qw<f>l (stY j '  ) + • • • .  (3.103)

Here and are norm alized velocity and  to ta l en thalpy  scales defined as

“* = 7p- ^TITTT’ (3104>u e  P 0 U T O I J e

w ith uTO = \ p w/p 0 uT, and  uT is the dimensionless friction velocity a t th e  wall. 

These scales are defined in  term s of a characteristic reference density  p0. The 

scaled wall layer variables Y  + and Yg  are

V  + _  Y  V  + _ ^ P r  Y  /o l n c\
~A ’ e ~ A- ’ (3.105)
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w ith th e  wall layer length scale defined by

A { = - ~ w-Pw- ~ . (3.106)
p0R e u ro

T he velocity and to ta l enthalpy functions U  + and 6 + satisfy the  following leading 

order equations in the  wall layer:

^  a r 17 =  1 ’ ^ + ( ^ f c )  d r f  = 1 ’ (3,107)

and have the  following asym ptotic behavior:

c / + (r + ) ~ i 5 lo* y + + c . ' ’

0 + ( Y e+ ) ~ j k lo& Y e+ + B i  as y  + , y / - o o  (3.108)
V

and

c r ^ s . y + ) ~  1 + • • • , ^ ( s , F  + ) ~ l  as y  + ->oo.  (3.109)

T he asym pto tic  expansions for velocity and to ta l en thalpy  in th e  outer layer 

have th e  following defect forms

d F
f f < s , Y )  = 1 + u *~g^  («.*/)+ * • ' » j f < s , Y )  = l + q ^ e i (s,ri)+ ■ • •, (3.110)

0 ( s ,Y )  = p ^ l o E ^ T ) )  + ■ ■ •, <f>(s,Y) = qw$i(s,T})+ ■■■ , (3.111)

where th e  scaled outer region variable tj = Y / A 0. The velocity and to ta l 

tem pera tu re  functions d F i / d q  and 0 j satisfy the  equations
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to leading order and  have the  asym ptotic behavior

a f ^ ’') ) ~ ^ 5 ) lo g ’, +  C ° ' + for ,' ^ 0 '

£ 1(5 , 77) ~  1 + • • •, $ 1 (5 , 77) ~  1 + • • ■ for 77 -» 0  .

In the  above equations, prim es denote to ta l differentiation w ith  respect to  s. 

F inally the velocity and the to ta l en thalpy  m atching conditions a r

by:

Ue. _  ^  (  - J L -  ReuroA o )  +  C , -  C Q ._ __  _ ’l
U T O  K { S ) *'"'6  V PWPW

( H e — H w)p( 
Qw

(3.114)

(3.115)

5 given

(3.116)

(3.117)

The asym ptotic  expansions sum m arized above have been ob ta ined  using 

pertu rba tion  m ethods applied to  the tim e-m ean, two-dim ensional or axisym m etric  

com pressible tu rbu len t boundary layer problem . An im portan t aspect is th a t  the



leading order boundary-layer s truc tu re  was determ ined w ithout recourse to  specific 

turbu lence closure models. T he leading order Reynolds num ber dependence in the  

velocity, to ta l enthalpy, and  length scales has been established in the  lim it of large 

Reynolds num ber. A ctual solutions in each layer are not possible u n til a functional 

form  is developed for the unknown turbulence term s, and this aspect is taken  up 

next.

100



4. T H E  W ALL LA Y ER  M ODELS F O R  C O M PR ESSIB LE 

TU R B U LEN T BO U N D A RY  LAYERS

4.1 In troduction

As a result of over two decades of experim ental work, it  has been possible to  

identify  a repeatable  and cyclic process th a t occurs in low-speed tu rb u len t flows 

near walls; in  th is process, the tu rb u len t wall layer is observed to grow slowly over 

a period of tim e and then  in teract strongly w ith the  ou ter flow in an  event usually 

referred to  as bursting. These events are known to  dom inate the dynam ics of the  

wall-layer flow. If observations are carried out over a fixed area of the  wall, the 

wall layer will be seen to  be in  a  quiescent s ta te  for a  large m ajority  of th e  to ta l 

observation tim e. D uring th is quiescent period, the  wall-layer streaks can be 

observed w hen a visualization m edium  such as dye or hydrogen bubbles is 

in troduced in to  the near-wall flow in a  w ater tunnel. These streaks are a result of 

the  tendency of the  hydrogen bubbles to  collect in the  wall layer near vertical 

surfaces across which there  is no relative spanwise m otion and where the  m otion in 

the  cross flow plane is away from  the  wall. T he streaks are relatively  stab le  and  

separated  by an average spanwise distance of 100 v j u T (W illm arth , 1975 and  Sm ith, 

1983), where v  is the  kinem atic viscosity and u T is the  local m ean friction velocity; 

the  streaks are elongated in the  stream wise direction and typically  m ay have a 

length on the  order of 1000 v / u T. The stream w ise velocity in the  v icin ity  of the  

streaks is generally less th an  th a t of the  m ean profile and thus th e  term inology 

“low-speed streaks” is common. The cause of the  wall-layer streaks is not generally 

agreed upon b u t it is reasonable to  suppose th a t the streaks are th e  signature of
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vortices which are being convected over the wall w ithin the  boundary layer bu t 

above the  streaks (S m ith  e t al., 1991).

W hile the  observed portion of th e  wall layer is in th e  quiescent s ta te , the  

tim e-dependent flow in the  tu rbu len t boundary layer m ay be considered to  have a 

d istinc t double s truc tu re ; th a t is, there is a well defined inner wall layer and an  

outer layer. T he wall layer is very th in  w ith respect to  the whole boundary layer; 

furtherm ore, a t this stage, the wall layer only responds passively to  events which 

are taking place in the  ou ter layer. In o ther words, there  are no strong in teractions 

betw een the  inner and outer regions during the  quiescent period. T he quiescent 

period is generally observed to in itia te  w ith  the  “sweep” which is characterized by 

a  penetration  of high speed fluid from  the ou ter region of the  boundary  layer 

tow ard the  wall; in the  la tte r stages of the  sweep event, the  w all-layer streaks 

appear. A t th is stage the  wall layer is very th in . T here th en  ensues a relatively  

long quiescent in which there  are no m ajor interactions w ith th e  ou ter flow and the  

wall layer continuously thickens due to viscous diffusion.

T he quiescent period is observed to  term ina te  at isolated spanwise and 

stream w ise locations in th e  bursting process. E ventually  the  organized m otion of 

th e  quiescent period is in te rrup ted  by a  rap id  and  violent ejection of fluid in to  the  

ou ter layer. T he ejection process is observed to originate deep w ithin the  wall layer 

and  culm inate in an inviscid-viscous in teraction  w ith  the outer layer. As the  

bursting  fluid leaves the  wall layer, it is followed alm ost sim ultaneously by an 

inrush  of fluid from  the  outer layer into the  inner layer; this event has been called 

th e  sweep by Corino and Brodkey (1969). In the  la tte r  stages of the  sweep event 

th e  streak  p a tte rn  near th e  wall reappears bu t now at different spanwise locations
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and  the  quiescent flow behavior begins a  new cycle. Over a  long period of tim e the  

d istribu tion  of the  streaks near the  wall appears to  be essentially random ; of course, 

for a  two-dim ensional tim e-m ean flow this is the  expected m athem atica l behavior.

At present the  cause of the  streaks and the  bursts is still regarded as 

controversial. It was dem onstrated  by W allace, Eckelm ann and  B rodkey (1972) 

th a t the vast m ajority  of the contribution  to  the  Reynolds stress occurs during 

bursting for both the  inner and the  outer layer. C learly, to  arrive a t a theoretical 

m odel over the  en tire  boundary layer for the  Reynolds stress, the  dynam ics of th is 

bursting process m ust be understood. An early explanation for the  wall layer 

breakdown is th a t the  breakup of the  quiescent grow th and  subsequent bu rst are 

induced by  the passage of a vorticular d isturbance (W alker, 1977). T here are 

various studies of the  large-scale m otions in the  ou ter p a rt of the  boundary layer. 

The observations by H ead and Bandyopadhyay (1981) are of particu lar note. These 

au thors used flow visualization to  study a zero-pressure-gradient boundary  layer 

over a wide range of Reynolds num bers based on th e  m om entum  thickness 

(500 < ReQ < 17500). T hey found clear evidence of hairp in-type vortices th a t had  

been assum ed to  have a connection w ith the near-wall bursting  process (see, for 

exam ple, K line et al., 1967, and Offen and Kline, 1974) m ay  extend throughout th e  

en tire  boundary layer. In  the visualization studies, the layer appeared to  contain 

hairp in  eddies a ttached  to  th e  wall region and inclined to  the  wall at a 

characteristic  angle of 40° -  50°. Recently a  com prehensive model of the  tu rb u len t 

boundary layer has been given by  Sm ith et al. (1991), in which the  m ain observed 

features of th e  tim e-dependent flow have been explained in  term s of the  m otion of 

hairp in  vortices and  their influence on each o ther and the  near-wall flow. In th is
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m odel the wall layer streaks are a ttr ib u ted  to th e  m otion of hairp in  vortices which 

are convected above the wall layer and induce an  upwelling; the  streaks are 

described as th e  passive tra ils of a  m oving vortex  in the  near-w all flow. T he 

bursting  process is described as an inviscid-viscous in teraction  betw een th e  wall 

layer and the  ou ter inviscid region which is also induced by th e  m otion of ha irp in  

vortices. I t is argued th a t the  hairp in  vortex induces an adverse pressure grad ien t 

on the  wall layer flow and, after a period of tim e, separation of th e  wall layer is 

provoked locally. T he separation  culm inates in  a strong localized in teraction  in 

which wall-layer vorticity  is sharply compressed in the  stream w ise d irection and 

ab ru p tly  throw n into the  ou ter portion  of th e  boundary layer. As indicated  by the  

m odel of Sm ith  e t al. (1991), as well as o ther considerations and m easurem ents, the  

principal lasting  contributions to  the Reynolds stress are m ade during the  brief 

periods w hen localized breakdowns of the wall layer occur. The n a tu re  of the  

in teraction  when this occurs is very com plex and well beyond the  scope of m odern 

com putational m ethods. O n the  o ther hand, th e  wall layer is in a  passive order 

s ta te  for a m ajority  of any to ta l observation tim e, and  th is suggests an a lte rn ativ e  

stra tegy  for turbulence modeling for th e  wall layer. In  th is  approach (W alker and 

A bbo tt, 1977; W alker et al., 1989), th e  idea is to  focus on the developm ent of the  

m ean velocity profile in  the  wall layer. In view of th e  relatively  long du ra tion  of 

the  quiescent s ta te , the  vast m ajority  of contributions to  th e  m ean profile are m ade 

during this period when the  wall-layer flow is reasonably well-ordered and when no 

strong in teractions occur betw een the wall layer and th e  outer layer. A nother 

im p o rtan t piece of experim ental inform ation used in the  m odeling is re la ted  to  the  

spanwise spacing of the  streaks. E xperim ental evidence (a t least in a  lim ited  

R eynolds num ber range) indicates th a t the streaks possess an average dim ensionless
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spanwise spacing of A + = \ u TRejv  =  100 where A is the  m ean streak  spacing (Sm ith  

and M etzler, 1983). W alker and A bbott (1977) have cataloged values of the 

average streak  spacing over th e  existing experim ental range of Reynolds num bers; 

un fo rtunate ly  there  is still insufficient d a ta  for large Reynolds num bers to  

definitively determ ine a  trend . However, it is clear th a t e ither A + —>-oo or a  large 

positive constant as R e —*oo. It is also evident th a t A constitu tes the  appropria te  

length  scale in th e  spanwise direction for the tim e-dependent w all-layer flow. This 

m odeling approach has been successful for incom pressible flow and extensive 

com parisons w ith d a ta  (W alker and Scharnhorst, 1977; W alker et al., 1989) 

ind icate  th a t the  “unsteady wall layer m odel” represents m easured d a ta  very well. 

A form ula for the Reynolds stress can th en  be recovered from  th e  m ean m om entum  

equation. A sim ilar m odeling approach for therm al tran sp o rt in low-speed flows 

was subsequently  carried out by W eigand (1978), and  excellent agreem ent was 

obtained  w ith  m easured tem pera tu re  profile data. In th is chap ter, the  extension of 

th is m odeling approach to high-speed compressible flow will be considered.

4.2 Coherent Structures in High-Speed Flows

For incom pressible flow, the unsteady wall layer m odel is based strongly  on 

the  observed coherent s truc tu re  of th e  near wall flow. T he first question th a t m ust 

be addressed is w hether such s tru c tu re  is present in com pressible flows and  w hether 

the  m odel discussed by Sm ith  e t al. (1991) is appropria te  in the  com pressible wall 

layer. Most of the  com m on flow visualization m ethods, such as dye or hydrogen 

bubbles used in w ater tunnels, are not applicable to  a supersonic boundary  layer.
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However, coherent structures can also be detected  indirectly  by using, for exam ple, 

arrays of hot wires and  wall pressure transducers to  record th e  d isturbances 

provoked by m otions such as hairpin vortices. M ost recent work has been confined 

to  incom pressible boundary-layer flows for a varie ty  of technical reasons (see, for 

exam ple, Robinson, 1985) and has indicated  the  presence of a  com plex hierarchy of 

organized m otions. Com bining th is inform ation w ith  flow visualization results, it 

has been possible to  p u t together a general descriptive account of the  tu rbu len t 

boundary  layers (see, for exam ple, Sm ith  et al., 1991), even though a  varie ty  of 

questions concerning the  causes and effects of the observed phenom ena are still 

controversial.

There is evidence for the  presence of coherent m otions in supersonic flows, 

and  th is should be expected since the  dynam ical m odel described by Sm ith  et al. 

(1991) should carry over in some form  to  com pressible flows. T he Schlieren 

photographs of Deckker and Weekes (1976) and Deckker (1980) show large-scale 

m otions w ith boundaries inclined a t about 45° to  the  wall in tu rb u len t boundary 

layers a t M ach num bers of 1.84 and  2.58 (see van Dyke 1982). By and large, 

however, q u an tita tiv e  study  of tu rbu len t boundary layer s tru c tu re  in  com pressible 

flows is relatively rare. Owen and H orstm an (1972) have carried out extensive 

space-tim e correlation m easurem ents in a hypersonic boundary layer and focused 

th e ir m ain  a tten tio n  on m ean convection velocities. M ore recently, Robinson 

(1986) has reported average m easurem ents for the  angle struc tu res m ade w ith the 

surface for a supersonic flow, and these were found to  bear a resem blance to  those 

found in  incom pressible flows. Spina and Sm its (1986) a ttem p ted  to  provide some 

of the  first m easurem ents of instantaneous struc tu re  in  com pressible flow, and their
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work also suggests the  existence of organized structu res in a boundary layer. They 

evaluated  instan taneous angle structures m ade w ith  th e  wall, as well as th e  average 

structure-angle; these m easurem ents produced results which are consistent w ith 

those associated w ith distributions of hairpin vortex  loops found in incom pressible 

flows. It was observed th a t near the  wall, the  m ajority  of the  struc tu res m ake an 

angle below 45° w ith the  wall, with the  m ost populated  s ta te  being 15°-30°. Away 

from  the  wall (y/S  = 0.3), the  angular d istribu tion  shifts tow ards 45°. A t th e  edge of 

th e  boundary layer (y/S = 0.9), the  population w ith angles betw een 75°-90° has 

increased dram atically  and becomes dom inant. These trends are consistent w ith 

w hat is known concerning the dynam ics of hairp in  vortices in a shear flow (see, for 

exam ple, Head and B andyopadhyay, 1981, Hon and W alker, 1991, Sm ith  et al., 

1991). H airpins of all sizes populate the  boundary layer. A typical hairp in  vortex 

(see, for exam ple, Sm ith , 1991, Sm ith et al., 1991) consists of elongated legs near 

the  surface inclined a t shallow angles to  the wall, a  central portion  inclined at 

angles in the  v icinity  of 45°, and a  head w hich bends back in  the  shear flow 

reaching angles close to  90°. Therefore, m easurem ents of Spina and Sm its (1986) 

are fairly consistent w ith  sim ilar s truc tu ra l observations in incom pressible flow, and 

it appears th a t the  effect of com pressibility on th e  basic character of the  struc tu re  

is small.

In addition to  the  experim ental evidence, M orkovin’s (1962) hypothesis 

would also support these ideas. The strong correlation between tem p era tu re  and 

velocity fluctuations shown in equation (1.25) is often used to im ply th a t the 

density  field has no m ore effect th an  a passive scalar and plays no role in the 

dynam ics of tu rb u len t mixing. M orkovin (1962) concluded on th is  basis th a t the
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dynam ics of com pressible tu rbu len t shear layers should correspond to  the 

incom pressible p a tte rn  closely, as long as the  fluctuating  M ach num bers rem ain 

sm all (i.e. the  M ach num ber is m oderate). It is worthw hile to  point ou t th a t this 

does not im ply th a t  the  turbulence quantities in  incom pressible and com pressible 

flows have closely com parable d istributions since the  density  will have a t least a 

param etric  influence on the  turbulence shear stress, even if density  fluctuations are 

negligible. Laderm an and  D em etriades (1979), for exam ple, in terp re ted  M orkovin’s 

(1962) hypothesis to m ean th a t the  tu rbu len t shear d istribution  across the 

boundary layer, when expressed in the  form t / t w , should be invarian t w ith M ach 

num ber and  correspond to  the  incom pressible shear stress profile. In fact, Sm its 

and Spina (1989) found from  their d a ta  in th e  low supersonic range (1.7 < M e < 4.6) 

th a t the  M ach num ber dependence for the turbulence in tensity  -Jid2 was no longer 

evident w hen the d a ta  were norm alized by a  velocity scale derived using the  wall 

shear stress and th e  local density  (i.e., - \ t w / p ) .  However, the  situation  in regards to 

proper scaling of the turbulence quantities is far from  clear for com pressible 

boundary layers. Most a ttem p ts  to  determ ine sim ilarity  w ith Mach num ber for 

turbulence term s are controversial. It m ay  be evident th a t even though the 

p a tte rn  of turbulence m otions appears to be sim ilar to  the  incom pressible case, 

density  gradients in  a com pressible shear layer could possibly affect hairpin  vortex 

m otion. F rom  a m athem atica l standpoin t, it would no t be surprising to  find 

differences betw een compressible and incom pressible boundary layers, since the 

vorticity  transpo rt equation describes the transport of vo rticity  per u n it m ass, 

ra th e r th an  the absolute vorticity. D ensity gradients will therefore affect the  

vorticity  dynam ics to  some ex ten t, and the ex ten t of this influence will clearly vary 

w ith M ach num ber and h ea t transfer rate.
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Studies of unsteady com pressible wall-layer s tru c tu re  would seem to  be 

desirable although it m ust be adm itted  th a t the  experim ental difficulties are 

form idable. In th is thesis it has been assum ed th a t the  wall-layer m ean equations 

can be converted in to  a  corresponding constant p roperty  problem  th rough the 

H ow arth-D orodnitsyn transform ation. Here this sam e transform ation  will be used 

to  exam ine the  unsteady compressible wall-layer flow, and  it will be shown th a t to  

the  leading order the  wall layer problem  is a  corresponding incom pressible form. 

T he analysis closely follows th a t  in low-speed flows described by W eigand (1978) 

and  W alker et al. (1989). It is w orthw hile to  note th a t the  physical basis of the  use 

of th e  com pressibility transform ation  is the belief th a t a sim ilar coherent behavior 

occurs in the  com pressible wall layer as has been thoroughly docum ented  for 

incom pressible flows. T hus th e  com pressible wall layer is expected to  be in the 

quiescent s ta te  for a m ajority  of any to ta l observation tim e w ith  localized 

breakdowns occurring only in te rm itten tly  a t isolated locations. T hus, the tim e- 

dependent flow in the  wall layer is regarded as essentially ordered and  stratified  

m ost of the  tim e.

4.3 Unsteady Wall Layer Model for Compressible Flows

In th is section the full Navier-Stokes equations will be investigated  during 

the  quiescent period and in lim it of large Reynolds num ber w ith th e  overall 

objective of considering the  n a tu re  of th e  flow evolution during a  typical quiescent 

period. A com plete solution for the wall-layer flow is not expected; instead, 

rep resen tative solutions will be considered w ith the  m ain objective being to  obtain
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realistic expression for the  tim e-m ean velocity and to ta l en thalpy  d istributions 

w ithin the  wall layer.

T he m ain ideas inherent in the  analysis are strongly m o tivated  by 

experim ent of incom pressible flows and axe as follows. For a fixed and sm all area of 

the  surface, define T q as the  average period during which the  wall layer is in 

quiescent state; during th is period the  wall layer is in tac t, the  wall layer length 

scale associated w ith the norm al coordinate is therefore 0( f iQ/p Qu TORe)  as discussed 

in §3.4. N ote th a t as M e ~* 0 th is scaling reduces to  its incom pressible expression of 

0 (u /u r Re). F u rth er, suppose th a t the  average tim e associated w ith a localized 

breakdow n corresponding to burst-sw eep sequence is Tf). T he experim ents of Kline 

et al. (1967) and Offen and Kline (1974) suggest th a t the  period over which a burst 

takes place is considerably sm aller th an  th e  tim e scale associated w ith  the  

quiescent period (i.e. T ^ ^ T q ) .  Therefore, the  actual average tim e period of a 

cycle T c should be close to  the quiescent tim e period T q, and W alker and 

Scharnhorst (1977) and W alker et al. (1989) argue th a t the  ra tio  T q/ T j should 

becom e large as Re -* oo. C onsequently, consideration of rep resen ta tive  time- 

dependent m otions in the  wall layer during the  quiescent period and subsequent 

tim e averaging should produce a reasonable m odel (the unsteady wall layer model) 

for the  m ean profiles. The sam e argum ent should hold for com pressible flows if the  

influence of density gradient to the  turbulence m otion is only param etric .

A nother im portan t assum ption associated w ith the  unsteady wall layer 

model is th a t the  average spanwise spacing A is such th a t the  dim ensionless spacing 

A+ =  XuTR e / v  is large as Re-*  oo. T here are two po ten tia l problem s in  extending 

the analysis to  the  compressible regime. F irst it is not well established from
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experim ent th a t wall layer streaks exist in compressible flow. However, th e  model 

of Sm ith  e t al. (1991), as well as M orkovin’s (1962) hypothesis, would suggest th a t 

it is reasonable to assum e wall-layer streaks are present. A second question then  

concerns th e  appropria te  length scale th a t could characterize th e  spanwise spacing. 

In particu lar, w hat local param eters should be used in defining A + in an 

environm ent where th e  fluid properties such as density p an d  viscosity p. vary 

across th e  boundary layer? The answers to  these questions will rem ain partia lly  

unresolved un til additional experim ental work is carried o u t in th e  supersonic 

regime. For the  present analysis, th e  reference tem p era tu re  concept will be utilized 

again and a  dimensionless m ean streak  spacing defined by  A+ =  A (p%uT0R e / p wpw). 

N ote th a t this expression reduces to the incom pressible form as M e -> 0. 

F urtherm ore , it is assum ed th a t A+ is large in  the  lim it R e - to o  as in the 

incom pressible case.

Consider now a nom inally steady tw o-dim ensional boundary layer and  let 

(ar, y, z) m easure distances in  the  stream wise, norm al and spanwise directions 

respectively w ith corresponding instan taneous velocities ( u , v , w).  N ote th a t  here 

x  and  y (instead of s and n in th e  previous chapters) are used to  denote the 

stream w ise and norm al directions. Since th e  ra tio  of wall-layer to boundary  layer 

thickness 6^/6-* 0 in th e  lim it of large Reynolds num ber (cf. §3.4), and since in 

addition  it has been assum ed th a t 6 <C r(s), where r  is th e  radius of revolution for 

an axisym m etric body, it  is easily inferred tha t r/Sj  -»oo, and it follows th a t  the 

wall layer can be sim ply trea ted  as a  three-dim ensional problem  along an 

essentially flat surface. Therefore it  is convenient to  sim ply use conventional 

no tations in the  study of w all-layer m odeling th a t apply  to  e ither the  two­
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dim ensional or axisym m etric cases.

During a typical quiescent period, the wall layer is well-defined and  the  low- 

speed streaks axe present. It is well established from  experim ent th a t th e  tu rbu len t 

intensities u '2, u/2, ?n'2 as well as the  Reynolds stress -  v'u' are 0 ( r w/p)  in the  wall 

layer, and  this suggests th a t the  velocity scale obtained in  §3.4 is also appropria te  

for the  instan taneous velocities during the  quiescent period. F irst define the  scaled 

velocity com ponents in the  stream w ise and spanwise directions by

u + = u / u TO , w + = w / u TO . (4.1)

N ote th a t  the  tilde  is used to denote instantaneous quan tities here and throughout 

th is study. It is also assum ed th a t the  length scale associated w ith typical time- 

dependent m otions in the  norm al direction is com parable to  the  m ean wall-layer 

thickness. A t the  sam e tim e, variations in the  stream w ise d irection  are considered 

to  be less im portan t, in view of the long length of the streaks re la tive  to  their 

spacing. T he characteristic  length in th e  spanwise direction is known to  be A and 

therefore the  following scaled coordinates are introduced:

X + = u "f —_______ —_______  r + — —_________ Z_________  (A
L x ’ (PWPW/P lu roRe) ’ ^ A + (fiwpw/p2uroRe)

Here L x  is a characteristic  length in the  x  d irection which is no t known b u t is 

expected to  be associated w ith the  stream w ise ex ten t of the outer-region structu res 

responsible for the  creation and evolution of the  wall-layer streaks; recent evidence
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(Sm ith  et al., 1991) indicates th a t these are convected hairp in  vortices. In  any 

event it is assum ed, in accordance w ith  experim ent, th a t L x >• p wpw/p ^ u T0Re,  the 

norm al direction length scale. It then  follows from th e  continuity  equation (1.13) 

and  equations (4.1) and (4.2) th a t the scaled norm al velocity should be defined by

v + = v (A + / u ro) ; (4.3)

here the  balance is betw een th e  term s d (p v ) /d y  and  d (p w ) /d z  in th e  continuity  

equation. The proper scaling in  tim e follows from a  balance betw een the  viscous 

diffusion and unsteady term s in the  stream w ise m om entum  equation and

t + = ---------------- 5-------. (4.4)
(VwPw/P0uroRe)

Finally  the  pressure m ay be w ritten  in a  general form as

P =  P e(*) + Pou To{ Rp P° p T° Po(x  + + ) + ~ T T P i (x  + + + + ) + ' ‘ ' }> (4-5)
 ̂ W  W  \  J

where pe(x ) is the  steady m ainstream  pressure d istribu tion  outside th e  boundary 

layer. T he term  p l is associated with th e  relatively organized m otion betw een the 

streaks during the  quiescent period. T he pressure pQ is an unsteady  pressure 

varia tion  which is im pressed across the  wall layer during the  quiescent period and 

which m ay be thought of as due to th e  m otion of convected d isturbances in the 

ou ter region (such as hairp in  vortices); it  is easily verified, upon substitu tion  in  the
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Navier-Stokes equations, th a t pQ is independent of y+ and z + as ind icated  in 

equation  (4.5). In general, the  pQ te rm  in the i-m o m en tu m  equation  is not known 

and po ten tia lly  poses a problem . T he d a ta  of Em m erling (1973) provides evidence 

of in tense localized centers of pressure w ithin the tu rbu len t boundary layer and 

large fluc tuating  pressure gradients m ay not be ruled out entirely. However, it is 

believed th a t the  observed large pressure fluctuations are probably associated w ith 

the  bursting  process and localized wall-layer breakdowns and, therefore, probably 

do no t have significant influence during quiescent periods. W alker and A bbott

(1977) have suggested th a t if such a large pressure fluctuation  is convected in to  the  

region under consideration and above the  wall layer, then  a rap id  breakdow n of 

quiescent period m ight be expected. On the  other hand, sm all scale pressure 

g rad ien t fluctuations are possible if they  are tru ly  random  w ith  a zero tim e-m ean 

average. It m ay be concluded from the  observed well-ordered m otion in the  wall 

layer during the  quiescent period th a t it is not reasonable to  expect th a t  sm all scale 

unorganized pressure fluctuations dom inate the  wall layer flow. T hus, it is not 

necessary to  consider m otions arising from  sm all scale pressure fluctuations at the 

edge of the  wall layer since in the  end such m otions will not produce lasting 

contributions to  the m ean profile.

T hroughout this analysis the  density p  is viewed as a  function whose 

d is tribu tion  is the same as the  m ean. Thus, the  density is akin to a m ore passive 

scalar whose fluctuations p lay no im portan t role in the  dynam ics of leading-order 

tu rbu lence  m otion. This is in line w ith  th e  view th a t the com pressible wall layer is 

essentially  stab ly  stratified  during the  quiescent state. Two sim plifications result 

from  this assum ption. F irst, the  m om entum  and therm al boundary-layer problem s
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decouple, and  second, the  tim e derivative of density  does not appear in  the  

governing equations. Upon substitu tion  of equations (4.1) to  (4.5) in to  the 

unsteady  Navier-Stokes equations, the  following equations governing the  wall layer 

are obtained

+ du  + ,
d t + + x + d y +

p w  + du  + 
, + d z  +

- p +  + d  ( Po» du  + - 
dy + ̂ w P w  dy  + '

+ ■ ( f a  du  ' \
d z + ) '+ 2 d z  +
du (4.6)

n d ^ , p ^ d v ± , p u ^ _ d v ± _  _ n d Pi , d  ( f a  dv  + \ 
d t + \ + dy+ \  + dz  + p° dy+ dy  + \PwPw dy+ )

f a

+  ■ a  + 2 dz
( p\ p  d v  ' \dv (4.7)

d£w
a t H

pw dw_^_,pw_  
d y + a +

+  P q d P l
dz+ x  + 2 dz +

as)
d y  + ̂ PwPw dy+ )~r ĵ  + 2 d z + \P wPw d z

pI p dw
I ) - (4.8)

d(p v  +) d(p w + )
dy d z  + =  0 (4.9)

w here p — p(x + ,y + ). Here p+  is the  scaled m ainstream  pressure g radient defined
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by

p +  = _  (4.10)
p lu \0Re dx

D uring a  typical quiescent s ta te  the  presence of th e  wall-layer streaks 

indicates th a t  there  are planes at certain  spanwise locations which on average are 

aligned in th e  stream w ise direction and across which there  is no spanwise flow. 

Consider therefore the flow developm ent betw een a typical pair of wall-layer 

streaks located a t z + = 0  and z + =  1; since w + m ust vanish a t 2 + = n /2 , here 

n  = 0, 1, • • • , it follows from the con tinuity  equation th a t it is possible to  w rite 

v  + and  w + during a typical quiescent period according to  (4.91)

% + = n? j  J p F sin(2n7r2 + ) , (4.11)

v + = -  2tt Yj n  fn cos(2n7ra + ) . (4.12)
' n = 1

Here fn(j/ + , t  + ) are  the functional coefficients of the  Fourier series which are to  be 

determ ined subject to  th e  following boundary  conditions a t the  wall

i n = - j f c T  = °  at V+ = (4.13)

A varie ty  of different conditions could be considered for th e  asym ptotic  behavior of 

th e  instan taneous flow in  the ou ter edge of the  wall layer subject to  the  restric tion
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th a t  w  + is a t m ost 0 (1 ) as j/ + -*oo; this restriction  is necessary since the  m otions 

represented by equations (4.11), (4.12) should m ake significant contributions to  the  

turbulence in tensities and m easurem ents show th a t w'^ is at m ost O(n^o) f° r large 

y  + . T he sim plest ou ter condition th a t will produce the  observed type of wall-layer 

s tru c tu re , corresponding to  the situation  depicted schem atically  in F igure 4.1, is 

ob tained  for

-> 0 , n > l ,  as J/ + -+ 0 0 . (4.14)dy  + P0 15 dy

H ere W i  represents an average spanwise velocity a t the  wall-layer edge. This 

ex ternal m otion is sim ilar to  the  type of flow th a t m ight be induced on th e  wall 

layer from  above by a convecting hairpin vortex. It is evident th a t the  solution of 

equations (4.7) to  (4.9) develops independently  from  th a t of the  stream w ise 

m om entum  (4.6). Equations (4.6) through (4.14) form  th e  basis of th e  unsteady  

wall-layer model.

T o consider the  com pressible problem , the  H ow arth-D orodnitsyn 

transform ation

Y + = C ( & ) d y * <4i5)

is in troduced and equations (4 .6 )-(4 .1 4 ) become
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O'-v + A ^  “t"
O U  ! Jt f  c m

a* + a + a r +
a s + 
a z +

A +

•P

.  a  ( ppq d u +'
a + 2 a z +  \PoP d z + y

1 (4.16)

a s
a t

A  0 ~  +  r>j
, V  o v  , w

a + a r + AJ
dv
d z  +

d p x 
d Y  +

+  ■
a /i/> dv  +

)+ a  p p o d v
d Y + Y'wPw d Y + I x  + 2 d z+  I PQP d z  +

(4.17)

8 w + . v + d w + , w + dw  +  1 Pq dp ,
a< + a + a y + A + dz + A+2 ^ ^  +

a  ( pp  a a + V  i _ d_ ( p p q d_w_'_\ ,4 1 8 )
a y + v ^ a r V  A+ 2 ^ + I w  dz+  h

d y + <13*. _ o r4 191
d Y + dz+  _ U ’ (4-iy)

where v + = {p/p0)v + and a  newly defined m ainstream  pressure g radien t param eter 

p + has th e  form

n + — _ P’wPw 1 ^Pe _  PwPu> 1 d M e (  JJ jj2 _ a  2p  =

Pour 0R e ^ ^X Pon r o ^ e ^ e ^X ' ^ e 6 ^( £ i7' - f u2) ’ <4-20>

which follows from  §3.3. Note th a t in m ost cases p + is negligibly sm all and can
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only becom e and 0 (1 ) te rm  when the  pressure gradient in the  m ainstream  d p J d x

becom es 0 (u ^ o/2e); w ith th e  Reynolds num ber large, th is can occur only as u T0 -* 0 

or m ore specifically when u TO =  O (Re ~ 1̂ 3). T his la tte r case is only possible in a 

very  large pressure gradient flow or near a  point of tim e-m ean separation. This 

ty p e  of flow is no t considered in  this analysis. Thus, the  p + te rm  is negligible to  

leading order as R e  -* oo and m ay be om itted  from  the  leading order m om entum  

equations.

T he density  still appears in the  transform ed equations, (4.16) th rough (4.19), 

in two different forms, one of which is the density-viscosity p roduct ra tio  p p / p wpw. 

Again th e  C hapm an law will be  assumed so th a t  th is ra tio  is taken  to  be unity. 

T he density  also appears e ither in the  form p j p  or w ith the  viscosity p/p]  however, 

each of these term s contains inverse powers of A + , and since it is argued th a t A + is 

large for R e - * o o, term s containing 1/A+ and (1/A + )2 m ay be trea ted  as higher 

order and the  unsteady Navier-Stokes equations are therefore in  a  constant 

p roperty  form

ml-_ft + + s_( 2bJA ,4211
d t + ~  p  + d Y * \ d Y + r  { ’

\ d Y  + ) ' < 4 - 2 2 >

d w
d t d Y + V d Y

d w +\  
d Y  + J ’

(4.23)
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f p r  + = 0 ’ <4 '24>

Equations (4.11) and (4.12) m ay now be w ritten  in a constan t p ro p erty  form 

according to

& + = ~ S  sin(2n7rz+ ) , (4.25)
n  = l dY

v  + = -27r n fn cos(2n7rz+ ) . (4.26)
n  = l

Finally, the  boundary conditions are

fn =  - ^ %  = 0 at y + = 0 ,  (4.27)d Y +  >

W x , ——5r -* 0 , n > 1 , as y  + -♦ oo . (4.28)
q Y +  1 5  d Y  +

A t this point, the  density has been form ally rem oved from  th e  unsteady 

wall-layer equations using the H ow arth-D orodnitsyn transform ation , th e  C hapm an 

density  viscosity law, and the  perfect gas law relation. In addition, it has been 

assum ed th a t characteristic  spanwise spacing A + is large as R e  -> oo. T he range of 

valid ity  of th is last assum ption is not known and  can only be verified th rough 

fu tu re  experim ental work. However, w ith  increasing M ach num ber, it is known 

th a t the  wall layer thickens and occupies a  m uch larger portion of the whole
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boundary layer th an  in low-speed flows. Thus it is en tirely  possible th a t the 

present analysis m ay eventually  become invalid  in the  hypersonic regime.

It is evident th a t the solution of equations (4.22) -  (4.24) develops 

independently  from  th a t of equation (4.21); in fact these equations describe the 

evolution of the  scaled stream w ise vorticity  defined by

/■ + = d w  +, _  dy + (4 29)
x d v + d z + v ■ /

T he m otions represented by the  stream w ise vorticity  transpo rt equation  produce
9  o

contributions to  th e  turbulence in tensities v' and to' . However, there  will be  no 

neat contribu tion  to  an average value of e ither w  or v  from  the tim e-dependent 

m otions represented  by equations (4.25) and  (4.26). T his is because after each wall- 

layer breakdown and subsequent sweep, the  low-speed streaks appear a t different 

spanwise locations; over a large num ber of cycles the  span wise d is tribu tion  of the 

streaks m ust be random . W alker and A bbo tt (1977) have discussed typical values 

of v + and w  + across the  span from 2 + =  0 to  A + . A t least for incom pressible 

flow, the  present theoretical p icture is consistent w ith the  known m ean results th a t 

w  =  0 and v is sm all and 0 ( i2 e - 1 ). I t  m ay be verified upon su bstitu tion  of 

equations (4.25) and (4.26) in to  equation (4.21) th a t u + m ay be w ritten  according 

to

u  + = u 0 ( Y  + , t + ) +  “  n ( Y  + 1 f + ) cos(2nxz + ) . (4.30)
n  = l
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A variation  in i + has not been w ritten  explicitly in th is equation, since the  

dependence on £+  is a t m ost param etric  (entering from the outer conditions for 

u + as Y + -* oo). T he procedure of W alker and Scharnhorst (1977) and W alker e t 

al. (1989) m ay  now be followed to  obtain  the represen tative  solutions and a 

subsequent expression for the  tim e-m ean stream w ise velocity d istribu tion  U  + . For 

com pleteness the final form of the  tim e-m ean inner region velocity profile 

approxim ation  U + will be given in Appendix A.

4.4 W all Layer for the Thermal Boundary Layer

In  this section an expression for the w all-layer to ta l en thalpy  profile will be 

developed through consideration of th e  leading order form of the  tim e-dependent 

energy equation in th e  wall layer for large Reynolds num ber. T he to ta l en thalpy  

equation  for a  three-dim ensional flow is

. d i v  dH\  a t  c dif) dr  r  a i i \  ft
chkP rRe  d x ) d ^ P r R e  dy  / (Pz^PrRe d z ) ’

w here th e  dissipation function is
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<j> = 2  1 Jt/f2
^ r e / ^ 1 -  f5f) { | ^  % - )  + % )  +  § i j f c  %~)

, _dJJi_ d v \  , d(J i_  d v \  d j  M dv  2n\ d  ( f1 d w \  
dx /  d ^ R e  dy  > dzVHe d z  ) dxvffe d x  >

, _djj i_  dw  \  d (  /* dw \  \  2 // f/du_X2 ZdtU\2 , (dw\*  
Tm^Re dy  )  l& R e  d z ) )  R e v ^ d x '  ' d y ) \ d z >

, o ( d u  d v \  r>( d v  d w \  n f d w  d u \  2 f d u  , d v ,  d w y  \ [  (A o 9 ^
+2K t y ^ ) +2t t e W + / / •  (4-32)

T he function $  contains a  long list of term s involving the  derivatives of velocity 

com ponents whose term s are associated w ith  the  viscous dissipation of kinetic 

energy in to  therm al in ternal energy. It m ight be an ticipated  th a t w ith increasing 

m ainstream  M ach num ber, the  influence of viscous dissipation will becom e 

significant a t some stage.

U nfortunately , m easurem ents of the  fluctuating  to ta l en thalpy  are  very 

scarce; however, it is expected th a t the tu rb u len t fluctuations in tem p era tu re  or 

to ta l en thalpy  should have scales com parable to  those associated w ith velocity 

fluctuations. It is known from experim ent th a t the  tim e-m ean and instan taneous 

velocities have the  same order of m agnitude, and therefore it is not unreasonable to  

assum e the  scale of H  to be the sam e of the  m ean to ta l enthalpy. C onsequently, 

th e  following scale to ta l en thalpy  function for the  wall layer is defined
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2) +  H  — H id
— 9 r o  ’

(4.33)

where the  scale for to ta l enthalpy is

qT° — p u TO (4 ‘34)

W hen the  surface heat transfer ra te  is m oderate or large, it was shown in §3.6 th a t 

qT0 is 0 ( u ro ). T he wall tem peratu re  H w is p e rm itted  to vary  in the  a;-direction 

b u t d H w/ d x  is taken  to  be small so th a t stream w ise variation  of H w is always slow 

in x  according to  the  inner-layer asym ptotic  analysis described in §3.4. Since the  

scales of velocity com ponents are all u T0, it is easily verified th a t $  will only en ter 

the  leading-order form  equation (4.32) for to ta l en thalpy  when 

( 7  -  \ ) M ^ efUT0 = 0(1). This estim ate  is consistent w ith  current physical views of 

the  s tru c tu re  of the  supersonic tu rb u len t boundary layer and in the  present wall 

layer analysis th e  influence of dissipation will be neglected. Upon su b stitu tio n  of 

equations (4.1) through (4.5) and (4.33) in to  the  unsteady energy equation  (4.31), it 

m ay be verified th a t to ta l-en thalpy  equation  reduces to

1de+ pv+ dd+ , pw + do+ 
d t+ X + dy+ \ +  d z  +

d  ( P i t  d 0 +\  . 1 d (  P2oV d 0 +\
dy  + \Pr / iwpw dy  + ) x + 2 d z  + \ P r y wpw d z  + ) '  '

to  leading order in  the  lim it of large Reynolds num ber. Note th a t equation  (4.35) 

and the  x -m om entum  equation (4.6) are th e  sam e in m athem atica l form  for P r  = 1.
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For m ost practical situations P r  is 0 (1 ) , and  it is convenient to in troduce new 

scalings to e lim inate  the P ran d tl num ber from  leading order term s in the  final 

equations. T h is procedure results in

where

Y ° =<irrC ( £ ) d» * -  <4-37>

T he form  of equation  (4.36) is now identical to the  stream w ise velocity equation 

(4.16) to  the leading order and th e  analysis leading to  the final profile resu lt for 9 + 

is exactly  the same as the velocity problem. F or com pleteness th e  final form of the 

tim e-m ean inner region profiles U  + and 9 + are given in A ppendix A.

T h e  developm ent of the  therm al inner-layer m odel for the case w hen these is 

significant heat transfer a t  the surface is now complete. However as indicated  in 

equation  (4.36), the term s associated w ith  viscous dissipation do not appear in the 

leading-order equation  and  it is of in terest to  ascertain  when such term s will 

becom e im portan t. To th is  stage it has been im plicitly assum ed th a t the  total- 

en th a lp y  scaling for the wall layer qT0, defined in equation  (4.34) is 0 ( u TO), and 

because of th is  the viscous dissipation term s in equation (4.31) were neglected. 

T here  appear to  be a t  least two situations where the viscous dissipation, 4>, will be 

im port. The first occurs for a nearly ad iabatic  surface an d  the  second is in the 

hypersonic regime. If the leading order term s in  the dissipation te rm  are re ta ined  in
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equation (4.31), it follows that

d9 d
d t d Y r d Y a

d
d Y t ( - (4.38)

where

D T0 = ( P r -  l ) ( 7 - l ) - ^ r ,
T O

ref qT0 (4.39)

If qT0 is O (uTO) and M rej  is 0 (1 ), then  D T0 <  1. Here situations where D ro is 0 (1 ) 

are considered; such cases occur when to ta l-en thalpy  scale

9 ro =  o((Pr-l)(7-l)M?e/ ti?0) . (4.40)

This can happen either when qT0 is 0 ( u ^ 0) and Mrey is 0 (1 ) corresponding to a 

nearly  ad iabatic  supersonic flow case, or w hen ( 7  -  l ) M y ejUT0 is 0 (1 ) corresponding
,  n  _ i_  0

to  hypersonic flows. N ote th a t th e  instan taneous k inetic energy k «  (u + w  )/2 

appears in the  leading order energy equation (4.38), and  the  norm al v - velocity 

re la ted  com ponent is not present since it is 0(1/A  + ).

It follows from equations (4.33) and (4.40) th a t for a  nearly  ad iabatic  wall the 

unsteady to ta l en thalpy  in the  wall layer m ay be expanded according to

H  =  H w + o ( l  — Pr)He  u* 9 2 + ■ ■ ■ • (4.41)

N ote th a t a H e is re lated  to  the  reference M ach num ber through equation  (3.8). 

W hen th is lim iting form  is in troduced in to  the  instan taneous energy equation , it
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yields a relation similar to equation (4.38),

'*•»* 4*
90 2 = d
d t+  d Y $

/ dd
( a y *i ) +

d Y t dY,
u +2 + w +2 (4.42)

U nfortunately  th is equation is very different to analyze and th e  extension of the  

w all-layer analysis of W alker e t al (1989) to  consider representative  tim e-dependent 

m otions in  the  wall layer is not easily extended. The difficulty is associated w ith 

the  quadratic  term s in velocity on the  right side of equation (4.42); during a  typical 

quiescent s ta te  these velocities are representable as Fourier series and  th u s  they  

give rise to  a  very com plicated forcing function in equation (4.42). For th is reason a 

tim e  dependent analysis of equation (4.42) was not a ttem p ted . F o rtu n a te ly  the 

deviation of the  to ta l en thalpy  from  Hw is not large (cf. equation  (4.41)) for an 

insulated  wall and  an expression for the  tim e-average of 6 2+ is not needed to  give 

an adequate  representation of H in a com posite profile for th e  en tire  boundary 

layer.

4.5 Sum m ary

In th is chap ter a  theory has been presented in which represen tative m otions 

have been considered during a  typical assum ed quiescent period in  the com pressible 

tu rbu len t wall layer. A tim e average of these m otions has produced expressions for 

the  m ean stream w ise velocity u + and  th e  to ta l en thalpy  8 + in th e  wall layer. 

These wall layer profiles constitu te  th e  turbulence model for th e  wall layer and  no
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fu rth er m odeling, say of the  Reynolds stress, is required. T he quality  of the  models 

will u ltim ate ly  be tested  through direct com parison w ith experim ental da ta.

H aving successfully described the wall-layer d istributions, it m ight be 

thought th a t a  sim ilar line of reasoning could be pursued to  develop a profile in the  

ou ter region. However, the  ou ter layer problem  is m uch m ore com plicated since 

the  ou ter region receives vorticity  in sharp  short bu rsts  from  the  near wall. T hus 

the  bursting problem  cannot be avoided as it was for the  wall layer analysis. 

U nfortunately , the  m athem atica l problem s associated w ith  the  strong unsteady 

viscous-inviscid in teraction  th a t occurs during the bu rst are form idable, and there  

is little  hope for a resolution to  this problem  in th e  foreseeable fu ture. 

Consequently, it  is necessary a t present to  use some sort of conventional m odel for 

the  outer region flow, and this is considered in C hapter 5.

1 2 9



5. TURBULENT BOUNDARY LAYERS WITH HEAT TRANSFER

5.1 Introduction

T he asym pto tic  analysis given in §3 has identified th e  leading-order 

equations in the  inner and outer region of the com pressible tu rb u len t boundary 

layer w ithout recourse to  a specific tu rbu lence closure model. A ctual solutions of 

these equations cannot be produced u n til the  turbulence term s are m odeled. In  §4 

an unsteady w all-layer model has been developed for the wall layer, and th is  yields 

m ean profiles for the  wall-layer velocity and to ta l en thalpy  th a t are based on the 

observed coherent behavior of the  flow in th e  near-wall region. T he question of a 

m odel for the ou ter layer is m ore complex however. Recent studies (e.g., Sm ith  et 

al., 1991) suggest th a t the  outer layer dynam ics are dom inated by the com plicated  

m otion of hairp in  vortices th a t  provoke in te rm itten t eruptions of the wall layer 

thereby giving rise to  the  production of new turbulence. A lthough m any  of the  

m echanism s of vortex interactions in th e  ou ter layer are understood, there  are still 

form idable difficulties in  form ulating a  m odel for th e  tim e-m ean flow in th e  ou ter 

layer based on these dynam ics. At present there are two possible a lternatives for 

dealing w ith  the  outer layer, namely: (1 ) use an em pirically-m otivated ou te r region 

profile approxim ations, or (2 ) introduce some type of turbulence closure m odel for 

th e  Reynolds stress and  tu rbu len t heat flux term s and th en  seek solutions of the  

ou ter-layer equations for velocity and to ta l enthalpy.

T he first approach is often used in m om entum  integral prediction m ethods, 

and  the  m ost popular velocity profile approxim ation for th e  outer layer is “law of
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th e  w ake” described by Coles (1956) for incom pressible tu rbu len t boundary layers. 

Coles (1956) assum ed th a t the  velocity profile could be expressed as a com bination 

of the logarithm ic “law of the  wall” and a wake com ponent according to

J L - l l o * + + (5.1)

H ere W ( n /8 )  is th e  wake function and II(s) is the  so-called w ake-strength 

p a ram eter. T he wake function W  is essentially an em pirical correlation based upon 

velocity da ta  taken in wide varie ty  of conditions w ith  and w ithout pressure 

gradients. T he wake function W  is often assum ed to be effectively universal, and 

w hen different d a ta  sets were reduced to  this form , they  appeared to  exhib it a 

com m on behavior. Hinze (1959) has suggested th a t the  wake function could be 

adequately  described by

W(rj) = 1 + sin §  (2/7-1) (5.2)

T h e  so-called “w ake-strength” param eter II is selected to  reflect a  dependence on 

th e  pressure gradient and, to  a  lesser ex ten t, Reynolds num ber (W hite, 1992). A 

detailed  description of the “law of th e  wake” can be found in Coles and H irst (1969) 

w here th e  results of d a ta  fitting  carried ou t for th e  1968 Stanford Conference is 

given.

T h e  question now arises as to  how a form ula based on low speed d a ta  can be 

ex tended  to  supersonic boundary layers if a t all. As previously discussed, d a ta  for
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the  velocity profile in  com pressible boundary layers, especially in the  hypersonic 

range, are sparse and som etim es of uncertain  reliability  near the  surface. However, 

there  have been various a ttem p ts  to  ex trapo late  the  incom pressible “law of the  

w ake” to  the com pressible regime. Both S talm ach (1958) and M aise and  M cDonald 

(1968) utilized the  van  D riest effective-velocity transform ation  to try  to  express the  

com pressible profile in an equivalent incom pressible form  and then  use m odeling 

concepts based on th e  “Law of the  W ake” . The approach enjoyed some success, 

although it lacks a sound theoretical basis and m oreover seems to perform  poorly in 

flows w ith significant heat transfer. Consequently, th is approach will not be 

considered fu rther here.

In connection w ith the  second approach, it should be noted th a t there  are an 

enorm ous num ber of turbulence models for the  Reynolds stress curren tly  in use for 

incom pressible flows. For sim plicity, the discussion here will relate  prim arily  to  

algebraic turbulence models which are the  sim plest possible class of models. 

Exam ples of algebraic models th a t are in com m on use include the  C ebeci-Sm ith 

(1974) model and  the  Baldwin-Lom ax (1978) model. T he essence of th is type of 

m odel is a simple ram p function for eddy viscosity which behaves linearly in 

d istance from the  wall near the  surface and then  ab rup tly  changes to  a uniform  

value fu rther from  th e  surface th a t depends on the local flow conditions. In 

conventional boundary-layer prediction m ethods, the  eddy viscosity model is 

typ ically  modified to  a m ixing length  form ulation in th e  w all-layer region; the  

m ixing length is linear in distance from  the  wall in  the  overlap zone, b u t is reduced 

tow ard the  wall through m ultip lication  by a  van D riest dam ping  factor (Cebeci and 

Sm ith , 1974).
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It should be noted  th a t because of the  rap id  variation of the dam ping factor, 

relatively  large num bers of m esh points are required in the  wall layer to  ensure 

reasonable accuracy in  any com putational algorithm  which seeks to  com pute the  

velocity profile all the  way to  the  wall. In the  em bedded-function m ethod 

developed by W alker, W erle and Ece (1987) and  W eigand and  W alker (1978), the  

m ean velocity and tem pera tu re  profiles are represented by  sm ooth  analy tical 

functions throughout the  wall layer. In an a ttached  tw o-dim ensional tu rb u len t 

flow, the  wall layer exhibits an essentially universal and self-similar behavior, and 

thus expending a m ajor portion of the  com putational resources on a  known wall- 

layer solution seems wasteful. In the  em bedded-function algorithm , the  analytical 

wall layer functionals are sm oothly m atched  to  an outer-region num erical solution 

of th e  tu rb u len t boundary-layer equations. Therefore only sim ple outer region 

closure models are needed and th e  analytical functionals provide the  tu rb u len t 

m odel for the  wall layer; thus, inner models involving the van D riest dam ping 

factor are no longer necessary. The em bedded-function approach has been 

effectively applied to the  calculation of low-speed compressible flows (W alker e t al., 

1989).

T he work described in this chap ter represents a  first s tep  tow ard extending 

the  em bedded-function m ethodology to  the  com putation of high-speed com pressible 

tu rb u len t flows. It has been previously argued th a t bo th  regions of a  com pressible 

tu rb u len t boundary layer can poten tia lly  be trea ted  using a com pressibility 

transform ation  and  th a t certain  features of constant property  tu rb u len t flow may 

then  carry  over. The m ajor prem ise of th is chap ter is th a t the  profiles for velocity 

and to ta l en thalpy  conform to  th e  law of th e  wall in w hich b o th  exhib it a
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logarithm ic dependence, bu t in term s of a density weighted variable Y  instead  of 

the  physical d istance y. In th is chap ter turbulence m odels will be constructed  in 

order to ensure th a t th is behavior is realized in a self-consistent m anner. One 

constrain t in  deriving these models is th a t they m ust reduce to  conventional 

incom pressible m odels in the  lim it M rej  -» 0. T he quality  of the  theory thus 

constructed  will u ltim ate ly  be decided on the  basis of d irect com parisons of the  

results w ith  experim ental data.

It is worthw hile to  note th a t th e  em bedded-function approach of in terest 

here can only be sensibly applied to an a ttached  tu rb u len t flow. As a  tu rb u len t 

flow separates, it is well known th a t the  logarithm ic behavior in the velocity profile 

disappears. A lthough there  is some evidence th a t there  m ay  be a  logarithm ic 

portion  of the  profile in the  back-flow region beyond th e  separation  po in t, it is 

evidently  a  far different functional form  than  in the  upstream  boundary  layer. 

T his is sim ply an indication th a t  the  physics in the back-flow zone are different 

from  the  w ell-docum ented behavior of the a ttached  wall layer upstream  of 

separation. A t the  sam e tim e, it is also im portan t to  appreciate  th a t in  most 

practical flow problem s, the  tu rbu len t boundary layer layer is a ttach ed  over a large 

portion  of the  to ta l surface.

5.2 Turbulence Closure Models

As discussed in §2.2, the  Reynolds shear stress a  and tu rb u len t heat flux <j> 

in a  boundary  layer m ay be represented by gradient diffusion models of the  form
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where e and are the  eddy viscosity and eddy conductiv ity , respectively. T he 

C ebeci-Sm ith (1974) and Baldwin-Lom ax (1978) m odels are represen tative of a 

num ber of eddy viscosity models currently  in  com m on use and will therefore be 

described here. B oth  m odels behave linearly in d istance from the  wall near the  

surface having the form

e =  k u t 7i n  <  n Tn , (5.5)

for incom pressible flow; here n m  represents a  p a tch  point where th e  form ula 

switches to  a sim ple expression (which is constant for fixed s) such as

e =  K U e6* n  >  n m  , (5.6)

for the Cebeci-Sm ith (1974) model and

£ = Cp K nm aiF  m a x  i (5.7)

for the Baldwin-Lom ax (1978) model. In these form ulae, k is the  von K arm an 

constan t, K is a constant norm ally having a value K = 0.0168, and 6 * is the  

d isplacem ent thickness defined by



s'=iy ~ ^dn (5.8)

F o r the  Baldwin-Lom ax (1978) m odel, nmax is the  physical location in the 

boundary  layer where the  function F  =  n  | d u / d n  | achieves a m axim um , and F  max 

is the corresponding value of F ; in addition, Cp is a  constant w hich was originally 

ad justed  by Baldwin and Lomax (1978) so th a t th e  m odel produced essentially 

sim ilar results to the  Cebeci-Sm ith (1974) model in  constant-pressure boundary 

layers; usually a  value of Cp = 1.65 is employed. In  this study, an exact value of 

C p has been determ ined in A ppendix B through a  sim ilarity  analysis of 

incom pressible two-dim ensional flows. In  particu lar, It is shown th a t th e  Baldwin- 

Lom ax (1978) model w ith Cp =  1.7332 produces identical results to th e  Cebeci- 

Sm ith  (1974) m odel in the  lim it of M r e f - *  0 for two-dim ensional constan t pressure 

boundary  layers.

I t  is evident from  equations (5.5) through (5.7) th a t this type  of model is a 

sim ple ram p function, w ith the  junction  point being n m determ ined  by th e  location 

where equation (5.5) intersects e ither equation (5.6) or (5.7). In  addition, a  so- 

called “in te rm itten cy ” factor is often in troduced  as an option, in  order to  reduce 

th e  eddy viscosity to  zero far from  the  wall. A t th e  outer edge of th e  boundary 

layer, th e  turbulence is observed to  become in te rm itten t for a fraction 7  of any 

to ta l observation. An in term ittency  factor d istribu tion  was obtained by K lebanoff 

(1954) and  can be fitted  approxim ately by  the expression

7 =  5  { l -  erf [5(n/6 -  0.78)] |  . (5.9)
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T hrough  m ultip lication of e ither equation  (5.6) or (5.7) by 7 , a m odel is obtained  in 

which th e  eddy viscosity e is reduced to  zero a t the  boundary-layer edge. In this 

study  the  in te rm ittan cy  factor will not be used, since it was found to  have only a 

m inor effect on com puted profiles in the  outer p a rt of the  boundary; thus 7  m ay  be 

regarded as an em bellishm ent to th e  central m odel, which only serves to  com plicate 

the  analysis and is not cen tra l to th e  m ain  issues to be decided. E ddy-conductiv ity  

models are typically  used for the  turbulence term s in the  energy equation, bu t 

these are often form ulated as being proportional to  the  eddy viscosity by 

in troducing a factor of p roportionality  (usually taken  to  be constan t) and which is 

referred to  as the  tu rbu len t P ran d tl num ber. It is im portan t to  apprecia te  th a t 

such m odels were prim arily  developed and fine tuned  for low-speed flows and, 

consequently, the arb itra ry  extension of this type  of m odel to  the  prediction of 

high-speed com pressible flows is questionable. A t the  same tim e, it is well known 

in high speed com pressible flows th a t the  Reynolds stress in th e  ou te r region does 

have a sim ilar shape to  th a t observed in incom pressible flows, reaching a 

m axim um , r w, near the  surface, and asym ptoting to  zero a t th e  ou ter edge of the  

boundary layer. Thus it is likely th a t a  reasonable corresponding sim ple eddy- 

viscosity form ulation is possible for com pressible flows. An a ttra c tiv e  feature of 

algebraic models is their relative sim plicity, and it is therefore of in terest to  

develop such an approach which adequately accounts for the  effects of 

com pressib ility .

T he leading order expansions for both  tu rbu len t stress a  and heat flux <f> in 

the  ou te r layer have been form ally established in §3 and  given in equations (3.111), 

which are repeated here for convenience,
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cr(s ,Y )  = pou%0'Ll (s,r})+  • • • , (j>{s,Y) = qJ$>l {s,r,) + (3.111)

B oth functions m ust exhibit the  asym ptotic  behavior of S j ~ 1 and ~  1 as r, -» 0, 

where the  scaled outer variable r, is defined as ?, = Y / A 0 and A 0 denoted  a 

thickness characteristic  of the  outer layer. Consider first the  eddy viscosity 

function. In term s of the  H ow arth-D orodnitsyn variable Y  defined in equation  (3.4) 

and the  scaled outer variable r.

 P* „ du  _  du
a - P o  d Y ~  p0A 0 dr, • (5.10)

In  the  outer layer, u is expressed in th e  form  of a defect law as given in equations 

(3.110), and as indicated  in equations (3.114), the  defect function is logarithm ic for 

sm all r,. It follows th a t

p2euTo _ p 2euT0 .
a ~ poa oKV ~  PqKy  ' a s ^ ° -  <5-n )

However, it follows from  equations (3.111) and (3.115) th a t a ~ p Qu20 as 77-►0. 

C om paring th is w ith equation (5.11), it follows th a t the  eddy viscosity function 

m ust have the  following asym ptotic form

p 2 p 2
e  % u Tok Y  =  u T0A 0kt, , as r, -» 0 . (5.12)

P P
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T he linear form in Y  shown in equation (5.12) is a necessary featu re  of all proper 

outer-region models in order to produce the logarithm ic behavior in th e  m ean 

profile. T he im portan t aspect of equation (5.12) is the  functional dependence on the  

density. As M r e f  -*■ 0 it is easily seen th a t the eddy-viscosity form ula takes the  

incom pressible form , e ~  nuTn.

For large distances from  the  wall, th e  linear dependence in e on Y  m ust be 

m odified so th a t the  tu rbu len t shear stress a  will be reduced to  zero a t th e  ou te r 

edge of th e  boundary layer; in  addition, th e  model should reduce to  e ither equation 

(5.6) or (5.7) for low M ach num bers for large Y .  U nfortunately , there  is a wide 

varie ty  of functional forms th a t would fulfill bo th  of these requirem ents. A 

question arises first as to  w hat characteristic  boundary-layer thickness should be 

used in th e  com pressible form ulation. At first glance, it m ight seem reasonable to 

replace th e  displacem ent thickness 8* w ith  its corresponding com pressible two- 

dim ensional definition 8c, given by

f 00MJ1 -*£)**• ( 5 - 1 3 )

However, 8* is not generally satisfactory for scaling tu rb u len t profiles because it 

contains th e  influence of both  the  velocity d istribu tion  and  density  variations; 8g is 

really characteristic  of pu, the  m ass flow ra te  d istribu tion , while 8* is re lated  

essentially  to  the velocity d istribu tion  in th e  boundary layer. It m ay be noted  th a t 

com pressible velocity profiles in the  outer layer often have sim ilar shapes over a
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wide range of surface heat transfer conditions. Since the  ra tio  of the  inner-layer to 

outer-layer thickness approaches to  zero as Re-*  oo (see §3), 8* is uniquely defined 

once th e  ou ter velocity d istribu tion  u /U e is known and here 8* will be taken  to  be 

the characteristic  length  scale for the  outer layer.

An additional consideration relative to  m odel selection was th a t the  adopted  

form should represent the  situation  well over a  range of M ach num bers w ithou t 

in troducing additional em piricism . Here the  m odification of the  C ebeci-Sm ith-type 

model will be described first. In view of the  com pressible n a tu re  of the  tu rb u len t 

field, it  seems reasonable to  carry  the  varia tion  in density  ind icated  by equation  

(5.12) across the  outer layer and to  define the  ou ter portion  of the  m odel by

€ = ^ § . K U e8* , for rj>T)m . (5.14)

Here T)m is th e  value of T) where equations (5.12) and (5.14) in tersect. T he form  of 

equation  (5.14) was adopted partia lly  for convenience; the  factor of density  p ~ ^ ,  

m andated  by the  m atching  to  the  wall layer, is carried through the  outer layer in 

order th a t p a tch  point r)m  betw een the  tw o pieces of the ram p function is a 

function of stream w ise d istance alone and  does not depend upon p(s,rj). T he 

equivalent form  for the  Baldwin-Lom ax model can be readily shown to  be

p  p  ~
e — °^ K  Cp n max F  max ■> as T] > T}m . (5.15)

A num ber of form ulations were tested  in this study by producing profiles which 

could be com pared directly  w ith experim ental da ta. The com bination of param eters
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p0pe/ p 2 appearing in equations (5.14) and (5.15) has been found to  produce the  best 

results. A com pact representation of these eddy viscosity functions will be given in 

§5.3.

Following sim ilar argum ents to  those used for the  eddy-viscosity function, it 

is easily shown using equations (3.111), (3.114) and (5.4) th a t th e  com pressible 

eddy-conductiv ity  function t j j  m ust have th e  following form  for sm all rj:

P2 P2eH  %uTo = -% uTo Ao KqT) , as Tf —» 0 . (5.16)
P P

For large values of r], the  linear dependence on r/ m ust be m odified and a  sim ple 

far-field eddy-conductiv ity  form ula for low-speed flow has been given by W eigand

(1978) and W alker e t al. (1986) according to

ejj = K/jt/ e 6  , (5.17)

and extensive com parisons w ith tem peratu re  profile d a ta  in constant pressure low- 

speed boundary layers have shown th a t K/, = 0.0245. Again, a generalization to 

high-speed compressible flow is sought which conforms to  th e  equation (5.16) and 

reduces to  equation (5.17) in the  outer p a rt of th e  boundary layer for low M ach 

num bers. T he eddy-conductivity  form ula adopted is consistent w ith  the  form  of 

equation (5.14) and  is

eH = ^ f r  K h Ue 6* ’ 3 8  *? — *? ’ (5 -18)
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where rj m is the  value of r\0 where equations (5.16) and (5.18) in tersect. I t is 

w orthw hile to  note th a t Kq has been found (W eigand, 1978) to  depend on th e  local 

flow variables such as the  surface heat transfer ra te  and pressure gradient; a  m eans 

for evaluating  Kq will subsequently be discussed

A t th is po in t com pressible form ulae for bo th  eddy viscosity and eddy 

conductiv ity  have been proposed. T he asym ptotic results suggest a deficiency in 

the  conventional form  of outer-region algebraic models now in com m on use, and a 

m odification to  account for density variations has been suggested. The tu rbu lence 

m odels used in the  present study for the  outer region are m odifications of Cebeci- 

Sm ith (1974) and Baldwin-Lom ax (1978) models and have been selected here as the  

sim plest possible outer algebraic m odels in order to  dem onstrate  th e  concepts 

involved. In order to  test the results of the asym ptotic theory, as well as th e  new 

turbulence models, a  lim iting case will be considered in the  nex t subsection 

corresponding to  self-similar profiles th a t evolve in a  constan t pressure flow w ith 

heat transfer; in this situation the governing equations in the  ou ter region of the  

boundary layer reduce to  ordinary  differential equations and exact analy tical 

solutions for the  profiles can be found.

5.3 Self-Similar Profiles in the Outer Layer

The governing equation for the velocity and total-enthalpy profiles in the

outer region and their associated boundary conditions were developed in §3 and are

given in equations (3.112) -  (3.114) in the form of defect velocity t/j = d F i / d r )  and
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defect total enthalpy ; the outer region equations are rewritten here according to

d 2F 1 <  d F x ( / \ 0rUey  d 2F l
dsdrj u * drf A 0rUe drjl

(5.19)

(5.20)

where the  prim es denote differentiation w ith respect to  stream w ise d istance s. The 

boundary conditions associated w ith these equations axe

d F ^ V )  ~  log t) + Co for 7 7 - O ,  (5.21)

0 l( s ,77) ~ K ^ s j log ^ + for 77"+ 0 ’ (5-22)

and

dF 1 ^
-q^ -  , -»0 , as 7f - » 0 0  . (5.23)

The turbulence quantities a  and  <f> are defined in term s of eddy viscosity and

and

1 d M e I?*  & 0
~  'M~e ~  1 ~  Oi — 2

d F ,
ds dn  r  p0u ^ 0u \  dn

d a

a© ,
a s • +

<?* (A 0r(7ey
%  A 0rU e

a Q | _  1_____ d±
dr} ~  PoqmA 0U eH e dr] ’
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conductivity functions according to

du P2 uJ7e d Ft 
a ~ pe dn ~ P0 6 Ac drfi ’ (5‘24)

oe M - £ eP H dn ~ P0 H A0 drf2 ' (5‘25^

The first eddy viscosity function used here is a  m odification of the C ebeci-Sm ith 

(1974) m odel and  has the  sim ple ram p form ula

K , n > V m ’

{
e =  Ues *Hv) , €(s,Tf) = j  (5.26)

where

K = 0.0168, (5.27)
Po^ o^ to

while the  eddy conductiv ity  is defined by

p p a a r K * ’
eH = ~ ^ T Ue6 tH(V) , CH(S’V) = { (5.28)

P l V / l ,

where 7/. is defined in equation (5.27) and

=  Kft =  0.0245. (5.29)
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For th e  m odification of Baldwin-Lom ax (1978) m odel, U e6* is replaced by
/N»l

QpVmaxF max m  the  first of equations (5.26) an d  (5.28) while U e6* is replaced by 

VmaxFmax  m  ^ e  definition of ^  in  equation (5.27). T he  explicit represen tation  of 

eddy viscosity is

f K ’ V < V™ ’
e =  °̂ i CpVmaxFmaxe (V) ? e I5*7/) = ) (5.30)

P I KTj/r]1 , r }<r ) m ^

w ith

/ \ P eV m a x ^ m a x  C p K l ] }  j r  n  r\i c o  m  ^
7 l0 0  = a  ------  ’ 7m = K— - . K = 0.0168. (5.31)

PoL*Oa TO

T he Baldwin-Lom ax (1978) model was originally in troduced  because of the 

difficulty of defining Ue and 6* unam biguously in  certain  types of flows, especially 

in te rn a l flows. In th e  model ymax denotes the physical location where the  function 

F  =  y\du\dy\  achieves a  m axim um , norm ally a t a location in  the ou ter region. 

N ote here th a t y denotes actual physical d istance from th e  surface and , in general, 

Umax m ust be found iteratively . T he determ ination  of th e  constant Cp is discussed 

in A ppendix B.

Here it is required th a t th e  governing equations m u st reduce to  the 

corresponding incom pressible form as M re/-» 0 . For constan t-property  flows, 

C lauser (1954) has exam ined a large num ber of outer region velocity profiles and 

dem onstrated  em pirically th a t the  outer velocity profile can exhibit self-similar 

behavior when scaled using the single length scale A 0  = UeS*/uT, provided the 

pa ram ete r f3 =  (6*/ r w)(dpe/ds)  is constan t. The thickness A 0 was in troduced  to
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avoid the problem s tha t are invariably encountered when dealing w ith  th e  ill- 

defined boundary-layer thickness <5; note however th a t for each set of equilibrium  

profiles, A 0 is generally proportional to  S. C lauser (1954) found th a t velocity 

profiles w ith constan t /3 could be collapsed to a single curve and  concluded th a t a 

tu rb u len t flow is equilibrium  (or is self-similar) w hen and  only when /? is constant 

in the  incom pressible boundary layer. M ellor and Gibson (1966) and Fendell (1972) 

la ter described theoretical argum ents th a t  support C lauser’s (1954) em pirical 

results, and there  is a general acceptance tha t self-similar velocity profiles can 

occur in incom pressible tu rb u len t boundary layers. L ater W eigand (1978) 

dem onstrated  th a t self-similar tem peratu re  distributions can occur in  low-speed 

com pressible tu rb u len t boundary layers.

Consider now the m om entum  equation (5.19) and  specifically th e  order of 

m agnitude of the  ra tio  u*/u*. M atching of the inner and  the outer layer velocity 

expansions has resu lted  in th e  m atch  condition (3.116), which is rew ritten  here  in 

term s of u* according to

= /c[sj *°S (p wPw ^ eu*^oUe) +  C { -  C 0 . (5.32)

D ifferentiation of equation (5.32) w ith  respect to s leads to

< 5 - 3 3 >

I t  is now assum ed th a t  k' / k is negligibly sm all, and  term s such as A'0 are  at m ost
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0 ( A C) in the  braces in equation (5.33); it  is widely assum ed in any event th a t k is 

a  universal constant and  stream w ise variations in a tu rb u len t boundary layer are 

expected  to be slow in s. Consequently, it  follows th a t

u'* =  0 ( W2) , (5.34)

and  th e  te rm  containing u*/u* m ay be neglected in equation  (5.19). A sim ilar 

argum ent m ay be applied to  the  m atching condition (3.117) for th e  energy 

equation, which using equations (3.104) m ay be w ritten

< 5 - 3 5 >

where I w = H w/ H e. Com parison of equations (5.32) and  (5.35) establishes th a t 

q* =  0 (u ,)  for Kq = 0 ( k ). F rom  e ither th e  result or by differentiation of equation  

(5.35), it follows th a t

q* =  O(«2) , (5.36)

and thus th e  term  q+/q* is negligible to  leading order in th e  energy equation  (5.20). 

Therefore, to  leading order equations (5.19) and (5.20) become



d_ | a  d & A  
dr] |  H dr] J

5 0 ,  5 0 ,
+  a(s)7/“5 ^  =  c (5 )“5 7 ’ (5’38)

w here the  coefficients in  these equations are given by

a W  = ^ T '  bM  =  $ 7 ^ T '  = <5-39>

On th e  basis the  these equations a  set of self-similar ou ter-layer velocity and total- 

en thalpy  profiles will now be developed. These resu lts will subsequently  be 

com bined w ith  inner wall-layer profiles to  form com posite profiles across th e  en tire  

boundary  layer. A large portion  of m easured profile d a ta  in supersonic and 

hypersonic boundary layers has been taken in  constant pressure conditions, and 

therefore this situation  will be addressed here first; the  problem  of flows w ith 

pressure gradient will be considered subsequently.

Self-similar solutions of equations (5.37) and (5.38), for which F \  =  F\(rj) and 

0 j = 0 j(j/)  and M e is constant (b = 0), are now sought. F or self-sim ilar profiles to 

exist, the  coefficients in the  governing equations m ust be constan t values; it follows 

from  equations (5.22) and (5.24) th a t ^  and e  and e  j j  m ust be functions of r f  alone, 

which requires th a t r̂  be independent of s; a  second requirem ent is th a t  a(s) is 

constant. T he first requirem ent m ay be satisfied by selecting the  ou ter scale A c 

according to

A o - Ppou To ; (5.40)
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consequently, the  two conditions are

r)l = l  , a(s) = a , (5.41)

w here a is constant. U nder these circum stances, equations (5.37) and (5.38) reduce 

to

a J a ^ i I  d 2F* n
d i i Y - T r ,r j +̂ -dijr = 0’ <5 -4 2 )

A f  a dQi
( 5 4 3 )

w here e and e jj are given by  equations (5.26) and (5.28) b u t w ith 7̂  = 1 . The 

solution of equation  (5.42) which satisfies conditions (5.21) and (5.23) is given by

,  - > E e' Ka/2K2erfC{ ^ }
d F 1 (5.44)_ ^ I  = J
dr) \

-K El f f l  + C'o-jr{70 -lo g (f)]  V — ,

where C 0 is th e  outer region log-law constan t (cf. equation (5.21)) which is given by 

C 0  = 1  { l„  -  log (S) + E , ( $ ) }  -  ^  e -aK/2«2 erfc j  . (S .« )

149



In the  above equations erfc and E j denote the  com plem entary  error function and 

exponential in tegral, respectively and  7 0 = 0.577215... is E uler’s constant. The 

solution for th e  to ta l en thalpy  function is also given by equation (5.44) b u t w ith 

K and k  replaced by K/j and Kq respectively; in addition  B 0, the  ou ter region log- 

law constan t for to ta l en thalpy  (cf. equation (5.22)), replaces C 0. T he constan t B 0 

is also given by equation  (5.45) but w ith  K = and k  = K q .  T he exact solutions 

(5.44) and (5.45) provide a convenient representation of the  defect profiles for the  

sim ple eddy-viscosity and eddy-conductivity  functions. N ote th a t m ore com plicated  

models such as th e  Johnson-King (1985) m odel or o ther effects such as 

in te rm ittency  are included in the  basic turbulence m odel, it  is necessary to  ob ta in  

solutions of th e  sim ilarity  equations num erically. This is easily accom plished using 

the  tw o-tier schem e described in Y uhas and W alker (1982). In this approach, for 

exam ple, num erical solution of equation (5.42) is obtained using finite difference 

m ethods in an  ou ter tier defined by j]m < if < oo, where r}m is given in equation  

(5.27) w ith 77j =  1; th is  solution satisfies d F i / d r j - *  0 as 77-»oo. In the  inner tie r for 

77 < 77m  power series solutions are constructed  for sm all 77 containing the  logarithm ic 

behavior in equation  (5.17). T he set of solutions are jo in ted  a t rj = rjm  so as to 

ensure th a t th e  defect functions and the ir derivatives are continuous there.

It should be no ted  th a t the  solution described above depends on the , as yet, 

undeterm ined constan t a. In tegrating  equation (5.42) across the  boundary layer and 

m aking use of the  boundary conditions (5.21) and (5.23), as well as the fact th a t  

F j ( 0 ) =  0 , it is easily shown th a t

a  = - 1 / F loo , (5.46)
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where F is th e  lim iting value of Fi(rj) as rj~* oo. For incom pressible flow 

( M e ~* 0), it is readily dem onstrated  th a t = - 1  (see Fendell, 1972); however, 

for com pressible flow F m ay be significantly different from  one. In  fact in 

com pressible flows, the  solutions of equations (5.42) and (5.43) are closely coupled 

th rough the  pa ram ete r a; for incom pressible flows a = 1 and the m om entum  

equation  can be solved independently. To an ex ten t the  value of a  indicates the  

degree of coupling between the  m om entum  and therm al equations as the  M ach 

num ber increases. This will be dem onstrated  subsequently once the  procedure to 

determ ine  the appropria te  value of a  is described.

For each value of the solution of equation (5.42) gives profile for dF^/dr),  

w hich also satisfies the  integral form (5.46) which m ay be rew ritten  according to

( 5 - 4 7 )

Using th e  defect velocity form ula (3.111) and equation (5.40), it is easily shown 

from  the  definition of 6* in equation (5.8) th a t

L  _ 1 - ( 5 - 4 8 )

Therefore the constant a m ust be determ ined iteratively  so th a t the  integral 

condition (5.48) is satisfied. It should be noted th a t the  integral (5.48) is taken 

across th e  outer layer, since contributions to  8* due to  the  wall layer are negligible 

to  leading order in the lim it Re  -* 0 0 . Because the pressure is invarian t across the
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boundary layer a t any stream w ise location, it follows from the  ideal gas law and 

equation (3.10) th a t

r = f t = { i+(2^ M« } { £ - r 2} ' <5 «>

where a  is defined by equation (3.9). It is evident from  equation  (5.49) th a t the  

solution of the  m om entum  and  energy equations is coupled through the  

p a ram ete r a.

5.4 The Reference Condition

T he w all-layer profiles and  the outer-region solutions described in  §5.3 can 

now be com bined to  form profiles th a t are valid for the  en tire  boundary layer once 

the  reference density  p0 is specified. It was argued in §3 th a t ne ither the wall value 

p nor the  value a t the  edge of the boundary layer pe is likely to  be a  suitable 

choice for pQ. R ather a suitable choice would appear to require a  value which is 

representative of bo th  layers. Here two possibilities will be considered to  define pQ 

and the  corresponding reference tem peratu re  T 0; this choice then  form ally defines 

the  velocity scale u T^. Recall th a t  the m ajor changes in density occur across the  

wall layer and, consequently, a choice based on either an average density  (or 

tem pera tu re) or a  m ean density would seem logical. It has been suggested th a t a 

wall-layer characteristic  density m ight be a suitable selection of pQ for the  

com pletion of asym ptotic analysis of a  tu rb u len t boundary layer.

Consider first a definition of T 0 based on an average w all-layer tem p era tu re
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defined by

T o = - K t \ y ' T  d Y + , (5.50)
Y I  * o

where Y f  is regarded as a universal value of Y + which is characteristic  of the 

ex ten t of the wall layer in equation (5.49) th a t

T 0 = T W~ T e[ ^ M 2e u l A,+ - ( l  + 1 ^ 4 )  q B i + } , (5.51)

where the  constants A *  and B f  are given by

A,+ = - l T [ ’''+|U + ( Y * ) f d Y * ,  B ,+ =  1 r , V (y  + ) (J l ' + , (5.52)
i |  J o  Y  i  J o

and the m ean values of the  wall-layer profile for (U + ) 2 and  6 + in the  wall layer. 

Since U + and 9 + are known analytical functions of F  + , A/+ and B/+ can be 

readily evaluated  and the  results depend only param etrically  on the  log-law 

constants «, Cj  and Kg, B ,• .

A lthough Y *  is assum ed to  be representative of the  norm al ex ten t, it  is not 

possible to  define th e  quan tity  uniquely since there  is no t a  d istinc t boundary 

betw een the  inner and outer layer, b u t ra th e r an overlap zone where the  solutions 

m erge sm oothly together. To determ ine specific universal value for Y f , a 

com parison w ith experim ent is indicated. For experim ental flow and heat transfer 

conditions, a set of wall-layer velocity and to ta l-en thalpy  profiles can be calculated 

for a  specified Y f , and a m ean density  p Q can be evaluated using equation (5.51).
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In principle, the  resulting profiles could then  be com pared w ith m easured d a ta  to 

decide on which value of Y f  produces optim al results. U nfortunately , d a ta  in  the 

wall layer is sparse and often of uncertain  reliability , and an a lte rnative  m ethod  to  

ob ta in  the  best value of Y /+ was carried out as follows.

A nother basis for com parison w ith experim ent is the  quoted values of wall 

shear stress. A lthough it is difficult to  m easure skin friction directly, th e re  has 

been m uch effort to  im prove reliability  of these m easurem ents using floating 

elem ent balances (F E B ), and currently  there  is d a ta  over a  w ide range of M ach 

num ber and surface heat transfer rates. This d a ta  is perhaps least reliable in  the 

hypersonic regim e and  when large tem p era tu re  differences exist across the  

boundary layer. Nevertheless skin friction d a ta  in  the supersonic regim e and w ith 

m oderate  heat transfer ra tes are generally considered reasonably credible and 

certain ly  m ore reliable th an  estim ates based on an ex trapo lated  slope of the 

velocity profile at the  wall. Here a sufficient am ount of skin friction d a ta  obtained  

in recent tim es using the  d irect FEB  m ethod was collected in the  range of 

0 < Afe <11 and 0.22 < T w/ T r < 1 to carry  out a reasonably extensive com parison; 

here TV is the  recovery tem peratu re  defined in equation  (2.43). For each given flow 

and heat transfer condition (taken from  each experim ent), a  set of self-sim ilar 

com posite velocity and  to ta l-en thalpy  profiles were calculated using the  procedure 

to be described in §5.5. For each value of Y  * used in defining T 0 in equations 

(5.51) and (5.52), different skin-friction coefficient Cj will be obtained. T he object 

here is to  com pare results for a  large num ber of values of calculated cj  w ith  the 

corresponding da ta , cj  j ata, and through th is process determ ine a “b e s t“ fixed 

value of Y  * .  T he principal difficulty w ith the  fitting  process is th a t th e re  are
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relatively large discrepancies between experim ents, especially at hypersonic speeds 

or when th e  wall is strongly cooled. T here are still m any questions associated w ith  

the  accuracy of th e  FEB  m easurem ent in high speed flows w ith heat transfer and , 

u n til a  m ore reliable d a ta  base is established, it m akes no sense to  perform  a highly 

refined op tim ization  process. For this reason, the  final value of Y  + was obtained  

through tr ia l and error and  selected on a visual basis.

T he results of th is process are shown in Figures (5.1), (5.2) and  (5.3) for 

Y = 4 0 , 60 and 70 respectively. The points denote the  skin friction coefficient cy 

obtained in  the calculation procedure to  be described in §5.5; this value constitu tes 

a prediction  for c y, and a  point will be on the  stra igh t line when cy agrees exactly  

w ith  its corresponding d a ta  cy ^ata. T he circles on these graphs represent cases 

where the wall is nearly  ad iabatic  while the  squares are for flows having significant 

heat transfer tow ards the  wall (the strongly cooled wall). T h e  d a ta  is presen ted  in 

term s of th e  qu an tity  ( 7  —l)A ffcy; consideration of several re lated  quan tities, th is  

group of physical variables was found to  be very convenient to  represent the  

influence of Reynolds num ber, M ach num ber, and surface heat transfer. Suppose, 

for exam ple, th a t the  M ach num ber is held constan t and th e  Reynolds num ber is 

increased; th is will result in a decrease in cy. However, an increase in M ach 

num ber will also result in a  decrease in  Cy. A t the  same tim e, cooling of the wall 

tends to resu lt in an increase in Cy. Consequently, if Cy alone were used in  Figures

5.1 to  5.3, m ost of the  high speed d a ta  would appear shifted to  the  left w hile m ost 

of th e  cold wall d a ta  would appear far to  the  right of th e  graph. In a  plot of 

( 7 - l ) M f c y ,  the portion of the graph to  the  left represents high Reynolds num ber, 

low M ach num ber, and nearly adiabatic  flows; on th e  o ther hand, the  portion  to
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Figure 5.1. Comparison o f theoretical skin friction with data, using the reference
condition in equation (5.51) based on Y/+= 40; the data is from Femholz
and Finley (1977,1981) and tabulated results are given in Table 5.1.



Case No. M e T w /T r Cy (data) 

xlO 3

Cy (theory) 
x lO 3

53010401 2.540 « 1 2.420 2.312

53010601 2.578 «  1 1.660 1.578
53011302 4.544 «  1 1.260 1.196
58020103 1.739 «  1 1.900 1.940
58020207 2.739 f» 1 1.515 1.481
58020304 3.667 * 1 1.306 1.280
58020306 3.681 « 1 1 . 2 2 0 1.189

65060101 2.445 0.9721 1.030 0.9774

67020701 6.430 0.9282 1.256 1 . 1 0 2

67020801 6.340 0.8607 0.9920 0.9041
73020402 0.793 «  1 1.650 1.706
73020914 2.208 RS 1 1.290 1.242

74020303 2.500 1.0019 1.560 1.493

74021001 3.483 1.0098 1.470 1.453
74021204 3.496 1.0023 1.170 1.097
74021801 4.517 1.0242 1.080 1.024

74021805 4.493 0.9829 0.880 0.8345

77030101 5.994 0.8983 0.8017 0.7557

73050304(H) 9.830 w l 0.3040 0.2836

73050504(H) 10.31 « 1 0.2400 0.1998
78040104(H) 11.04 1.0418 0.2826 0.2410
78040105(H) 11.23 1.0298 0.2578 0 . 2 0 1 0

78040106(H) 11.40 1.0658 0.2311 0.1907

78040107(H) 11.51 1.0570 0.2148 0.1637

Table 5.1a. Parameters associated with near-adiabatic wall experiments;
Cy (theory) is calculated for F/+ = 4 0  in equation (5.51) and
(H) denotes that the gas is helium.
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Case No. M e T w/ T r Cy (data) Cy (theory)
xlO 3 x lO 3

65060103 4.915 0.7105 1.330 1.286

65060104 4.895 0.5951 1.410 1.383

65060105 4.961 0.5228 1.480 1.505

67020104 6.490 0.5253 1.336 1.344

72021203 4.857 0.2279 1 . 1 1 0 1.253

72021401 4.792 0.2107 1.720 1.794

72021501 4.929 0.2242 1.300 1.326

72040101 6 . 2 1 0 0.3330 1.560 1.572

72040201 6.390 0.3136 1 . 2 2 0 1.242

72040301 6.420 0.4377 1.230 1.176

72040401 6.420 0.4194 1.250 1.261

72040501 6.500 0.5082 1.060 1.006

72040601 6.500 0.5014 1 . 0 0 0 0.9409

72050102 7.200 0.4984 0.850 0.7881

72050103 7.200 0.4764 0.800 0.7991

N103838 8.013 0.2970 0.980 1.185

78040204(H) 11.17 0.4455 0.304 0.3201

78040205(H) 1 1 . 0 0 0.4319 0.288 0.3046
78040206(H) 11.47 0.4364 0.248 0.2855
78040207(H) 11.42 0.3808 0.250 0.2804

Table 5.1b. Parameters associated with cooled-wall experiments;
Cy (theory) is calculated for Y/+ = 4 0  in equation (5.51)
and (H) denotes that the gas is helium.
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Figure 5.2. Comparison of theoretical skin friction with data using the reference
condition in equation (5.51) based on Y/+ = 60; the data is from Femholz
and Finley (1977, 1981) and tabulated results are given in Table 5.2.
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Case No. M e T wf T r cy (data) 

xlO 3

cy (theory) 

xlO 3

53010401 2.540 ss 1 2.420 2.400
53010601 2.578 ss 1 1.660 1.627
53011302 4.544 ss 1 1.260 1.278
58020103 1.739 «  1 1.900 1.975
58020207 2.739 ss 1 1.515 1.531
58020304 3.667 » 1 1.306 1.344
58020306 3.681 «  1 1 . 2 2 0 1.246
65060101 2.445 0.9721 1.030 1.038
67020701 6.430 0.9282 1.256 1.216
67020801 6.340 0.8607 0.9920 0.9658
73020402 0.793 «  1 1.650 1.713
73020914 2.208 «  1 1.290 1.267

74020303 2.500 1.0019 1.560 1.537
74021001 3.483 1.0098 1.470 1.527
74021204 3.496 1.0023 1.170 1.143
74021801 4.517 1.0242 1.080 1.091

74021805 4.493 0.9829 0.880 0.8755
77030101 5.994 0.8983 0.8017 0.7997
73050304(H) 9.830 w 1 0.3040 0.3220
73050504(H) 10.31 «  1 0.2400 0 . 2 2 1 2

78040104(H) 11.04 1.0418 0.2826 0.2789
78040105(H) 11.23 1.0298 0.2578 0.2279
78040106(H) 11.40 1.0658 0.2311 0.2173
78040107(H) 11.51 1.0570 0.2148 0.1838

T able 5.2a. Param eters associated w ith near-adiabatic  wall experim ents;

Cy (theory) is calculated for Y f  = 6 0  in equation  (5.51) and 
(H) denotes th a t the  gas is helium . T he Y = 6 0  is believed 
to  be the  op tim um  choice.
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Case No. M e T w/ T r Cy (data) 
xlO 3

Cy (theory) 
xlO 3

65060103 4.915 0.7105 1.330 1.319
65060104 4.895 0.5951 1.410 1.405
65060105 4.961 0.5228 1.480 1.510
67020104 6.490 0.5253 1.336 1.388
72021203 4.857 0.2279 1 . 1 1 0 1.173

72021401 4.792 0.2107 1.720 1.663
72021501 4.929 0.2242 1.300 1.239

72040101 6 . 2 1 0 0.3330 1.560 1.536
72040201 6.390 0.3136 1 . 2 2 0 1 . 2 0 0

72040301 6.420 0.4377 1.230 1.176

72040401 6.420 0.4194 1.250 1.258

72040501 6.500 0.5082 1.060 1.019

72040601 6.500 0.5014 1 . 0 0 0 0.949
72050102 7.200 0.4984 0.850 0.797

72050103 7.200 0.4764 0.800 0.804

N103838 8.013 0.2970 0.980 1.164

78040204(H) 11.17 0.4455 0.304 0.333

78040205(H) 1 1 . 0 0 0.4319 0.288 0.312

78040206(H) 11.47 0.4364 0.248 0.293
78040207(H) 11.42 0.3808 0.250 0.282

T able 5.2b. Param eters associated w ith  cooled-wall experim ents;
cj  (theory) is calculated for Y = 6 0  in  equation (5.51) 
and  (H) denotes th a t the  gas is helium . The value of 
Y = 6 0  is believed to be the op tim um  choice.
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Figure 5.3. Comparison of theoretical skin friction with data using the reference
condition in equation (5.51) based on Y/+ = 70; the data is from Femholz
and Finley (1977, 1981) and tabulated results are given in Table 5.3.
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Case No. M e T  u>/T r Cy (data) 
xlO 3

c r (theory) 

x lO 3

53010401 2.540 ps 1 2.420 2.513
53010601 2.578 ps 1 1.660 1.677
53011302 4.544 « 1 1.260 1.378
58020103 1.739 PS 1 1.900 2.007
58020207 2.739 « 1 1.515 1.581
58020304 3.667 PS 1 1.306 1.416
58020306 3.681 PS 1 1.220 1.307
65060101 2.445 0.9721 1.030 1.115
67020701 6.430 0.9282 1.256 1.383
67020801 6.340 0.8607 0.9920 1.081
73020402 0.793 PS 1 1.650 1.717
73020914 2.208 PS 1 1.290 1.286
74020303 2.500 1.0019 1.560 1.577
74021001 3.483 1.0098 1.470 1.611
74021204 3.496 1.0023 1.170 1.188
74021801 4.517 1.0242 1.080 1.162
74021805 4.493 0.9829 0.880 0.9202
77030101 5.994 0.8983 0.8017 0.8709
73050304(H) 9.830 PS 1 0.3040 0.3664
73050504(H) 10.31 PS 1 0.2400 0.2461
78040104(H) 11.04 1.0418 0.2826 0.3184
78040105(H) 11.23 1.0298 0.2578 0.2573
78040106(H) 11.40 1.0658 0.2311 0.2445
78040107(H) 11.51 1.0570 0.2148 0.2046

Table 5.3a. Parameters associated with near-adiabatic wall experiments;
Cy (theory) is calculated for Y f  = 70 in equation (5.51) and
(H) denotes that the gas is helium.
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Case No. M e T w/ T r Cy (data) cy (theory)
x 1 0 3 x 1 0 3

65060103 4.915 0.7105 1.330 1.432
65060104 4.895 0.5951 1.410 1.531
65060105 4.961 0.5228 1.480 1.651
67020104 6.490 0.5253 1.336 1.601
72021203 4.857 0.2279 1 . 1 1 0 1.223
72021401 4.792 0.2107 1.720 1.799
72021501 4.929 0.2242 1.300 1.302

72040101 6 . 2 1 0 0.3330 1.560 1.775
72040201 6.390 0.3136 1 . 2 2 0 1.350
72040301 6.420 0.4377 1.230 1.327
72040401 6.420 0.4194 1.250 1.431
72040501 6.500 0.5082 1.060 1.136
72040601 6.500 0.5014 1 . 0 0 0 1.049
72050102 7.200 0.4984 0.850 0.883
72050103 7.200 0.4764 0.800 0.8915
N103838 8.013 0.2970 0.980 1.393
78040204(H) 11.17 0.4455 0.304 0.3937
78040205(H) 1 1 . 0 0 0.4319 0.288 0.3644
78040206(H) 11.47 0.4364 0.248 0.3437
78040207(H) 11.42 0.3808 0.250 0.3284

Table 5.3b. Parameters associated with cooled-wall experiments;
Cy (theory) is calculated for Y/+ = 7 0  in equation (5.51)
and (H) denotes that the gas is helium.
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the  right tends to  represent high M ach num ber flows (and re latively  lower 

Reynolds num bers) an d /o r strongly cooled walls. T he factor (7 - I ) M g  is 

in troduced  here because it appears n a tu ra lly  in com pressible flow form ulae (cf. 

equations (2.43) and (5.49) for exam ple) and using the  factor ( 7 - I )  facilitates 

com parisons for different gases.

It m ay be noted  th a t the  direct m easurem ent of skin friction by  the  direct 

FE B  m ethod becomes increasingly m ore difficult in flows w ith high M ach num ber 

an d /o r strongly cooled walls; th is is believed to  be partia lly  responsible for the 

increased sca tte r on each of Figures 5.1 to  5.3 for large values of ( 7  — l ) A f f c y .  It 

does appear th a t  the  calculated values of (7 - 1 )M |c ^  tend  to  be underpred icted  in 

the  hypersonic flows w ith ad iabatic  walls. However, in th is  M ach num ber 

(M e «  10), the  d a ta  are only for helium  and are too sca ttered  to  m ake definite 

conclusions. A t present there does not seem to  be d a ta  taken  in  air flow a t such 

high M ach num bers th a t could be used to  confirm  the  trend  shown in Figures 5.1 

to  5.3. D ata  w ith  strong heat transfer exhibit even m ore sca tte r, and  there  is a 

clear indication in Figures 5.1 to  5.3 th a t there is a tendency for th e  cj- values in 

the  cold wall, hypersonic regim e to  be overpredicted for each of th e  Y f  values 

used in obtain ing  Figures 5.1 to  5.3. In Tables 5.1 to 5.3, the  te s t cases used in this 

com parison are listed along w ith the  num erical values used in p reparing  the  figures. 

In Tables 5.1(a) through 5.3(a), the  cases for an alm ost adiabatic  wall are listed, 

while situations w ith strongly cooled walls are given in T ables 5.1(b) th rough 

5.3(b). T he m ajo rity  of the d a ta  was taken  from the  com pilation due to  Fernholz 

and F inley (1977), and  their identification schem e for each profile is used in  Tables

5.1 th rough 5.3. T he calculated values of the  skin friction coefficient are given in
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these tab les and  m ay be com pared directly w ith  the quoted experim ental values. 

A part from  som e uncerta in ty  in th e  hypersonic range, the calculated  Cj are very 

close to  the  experim ental values for the value Y  * = 60, and this is believed to  be 

fairly represen tative  of an average across th e  wall layer. It is ev ident from 

com paring the  graphs in Figures 5.1 through 5.3 th a t the  value Y f  = 6 0  gives the  

best representation  of the da ta . For the  cases where the  wall is alm ost ad iabatic , 

th e  discrepancies betw een calculated  and m easured skin-friction values are less than  

4%. F o r hypersonic flows in helium , the  cj  tend to  be som ewhat scattered; 

however, the  m ean average of the  differences betw een cj  ^ata and the  predicted  

value is less th an  6 %. For the flows w ith  h ea t transfer (in  T able 5.2(b)), the  

calcu lated  skin friction agrees w ith the d a ta  to  w ithin 5% of a  M ach num ber of 7 

and  tem p era tu re  ratio  T w/ T r of approxim ately 0.2; these results are also shown in 

Figure 5.2. It is worthw hile a t th is stage to reinforce the idea of using a realistic 

reference condition (for both  parts of the  boundary layer) by considering th e  case 

Y i+ = 0 ; th is corresponds to  taking the  reference condition at th e  wall. It is evident 

from  com paring Figure 5.2 w ith 5.4 th a t the representation  of the  d a ta  is m uch 

worse, an d  this confirms previous argum ents th a t indicate wall values are not 

suitable as a  reference condition for bo th  portions of the boundary  layer. It is 

evident th a t T 0 = T w is no t acceptable even in supersonic range. It is also 

in teresting  to no te  for a strongly cooled wall, T 0 (evaluated a t Y f  = 60) can be 

substan tia lly  larger th an  either T w or T e, as m ay be evident from  (3.4).

The results given in Figure 5.2 are based on defining the reference condition

at an average temperature across the sublayer defined by equation (5.49). The

evaluation of this value of T 0 requires an integration of the wall-layer profiles
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Figure 5.4. Comparison o f theoretical skin friction with data using the value at the
wall as the reference condition; the data is from Femholz and Finley
(1977, 1981) and tabulated results are given in Tbale 5.4.
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Case No. M e T  w (T  r Cy (data) 

x lO 3

Cy (theory) 
xlO 3

53010401 2.540 «  1 2.420 2.114
53010601 2.578 «  ] 1.660 1.475

53011302 4.544 «  1 1.260 1.046
58020103 1.739 «  1 1.900 1 . 8 6 6

58020207 2.739 «  1 1.515 1.380

58020304 3.667 « 1 1.306 1.155

58020306 3.681 s i 1 . 2 2 0 1.078

65060101 2.445 0.9721 1.030 0.8656
67020701 6.430 0.9282 1.256 0.9459

67020801 6.340 0.8607 0.9920 0.7980
73020402 0.793 «  1 1.650 1.694
73020914 2.208 «  1 1.290 1.194

74020303 2.500 1.0019 1.560 1.404

74021001 3.483 1.0098 1.470 1.305
74021204 3.496 1.0023 1.170 1.009

74021801 4.517 1.0242 1.080 0.9020
74021805 4.493 0.9829 0.880 0.7577

77030101 5.994 0.8983 0.8017 0.6753
73050304(H) 9.830 « 1 0.3040 0.2391

73050504(H) 10.31 s i 0.2400 0.1691

78040104(H) 11.04 1.0418 0.2826 0.2035
78040105(H) 11.23 1.0298 0.2578 0.1684

78040106(H) 11.40 1.0658 0.2311 0.1588

78040107(H) 11.51 1.0570 0.2148 0.1368

Table 5.4a. Parameters associated with near-adiabatic wall experiments;
Cy (theory) is calculated using the value at the wall as the
reference condition. (H) denotes that the gas is helium.
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Case No. M e T w/ T r Cy (data) Cy (theory)
x 1 0 3 x 1 0 3

65060103 4.915 0.7105 1.330 1.265
65060104 4.895 0.5951 1.410 1.405
65060105 4.961 0.5228 1.480 1.602

67020104 6.490 0.5253 1.336 1.345

72021203 4.857 0.2279 1 . 1 1 0 2.019

72021401 4.792 0.2107 1.720 2.987

72021501 4.929 0.2242 1.300 2.150

72040101 6 . 2 1 0 0.3330 1.560 1.915
72040201 6.390 0.3136 1 . 2 2 0 1.599
72040301 6.420 0.4377 1.230 1.296

72040401 6.420 0.4194 1.250 1.403

72040501 6.500 0.5082 1.060 1.055

72040601 6.500 0.5014 1 . 0 0 0 0.9996

72050102 7.200 0.4984 0.850 0.8353
72050103 7.200 0.4764 0.800 0.8620

N103838 8.013 0.2970 0.980 1.468
78040204(H) 11.17 0.4455 0.304 0.3238
78040205(H) 1 1 . 0 0 0.4319 0.288 0.3241
78040206(H) 11.47 0.4364 0.248 0.3018
78040207(H) 11.42 0.3808 0.250 0.3159

T able 5.4b. Param eters associated w ith cooled-wall experim ents;
Cy(theory) is calculated using the value at the wall as 
the reference condition. (H) denotes that the gas is 
helium.
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across the wall layer, and  while this can be carried out once and  for all for the 

velocity profile, th e  to ta l en thalpy  profile can vary from  case to  case depending on 

the  value of Kq and  the  surface heat transfer. For Y f  = 60 a  value of A f  =  142.84 

is obtained  while B + varied betw een 9.554 and  9.565; in principle an average value 

of Bi+ = 9.56 could be used in applying th is  theory. Here following B urggraf 

(1962), an a lte rnative  and perhaps m ore convenient way of defining th e  reference 

condition is considered. Burggraf (1962) selected the reference condition a t 

Y  + = 11 and here various choices were considered. The value which seem ed to 

produce the  best overall correspondence w ith  the  experim ental d a ta  was for 

Y q = 23. T he com parisons using th is sim ple criterion are shown in F igure 5.5 and 

Tables 5.5. I t is evident th a t the  d a ta  com parisons are in reasonable agreem ent 

w ith  those shown in Figure 5.2. Consequently this simple definition of a reference 

tem pera tu re , i.e. T 0 = T 0 ( Y J ) where Y q = 2 3  is also a viable m odel; th is 

definition of the  reference tem peratu re  m ay be thought of as m ean tem p era tu re  for 

the  com pressible wall layer.

It is generally accepted th a t the  wall layer ends som ewhere in th e  range 

y + ss 40 in an  incom pressible tu rbu len t boundary layer, and beyond th a t range the  

wall layer blends in to  the  outer layer. It has been shown th a t sim ilar w all-layer 

functions are valid  in com pressible flow bu t in term s of Y + ; thus the  wall layer 

should end in the  sim ilar range, bu t in term s of Y  + . T he present results appear to 

confirm  the wall-layer m ean tem peratu re  concept, and it m ay be concluded th a t in 

nearly  adiabatic  flows w ith M ach num bers up to  10, or in strongly cooled wall cases 

w ith  T w/ T r > 0 .2  and  M e < 7, the  suggested com pressible wall layer m odel produces 

good results. Beyond these ranges it  is not clear yet w hether the  discrepancies

170



CO

o
CM O - 
O

O
CM
O “
o

0.01200.0000 0.0240 0.0360

( -̂1 )Me Cf data

Figure 5.5. Comparison of theoretical skin friction with data, using the reference 
condition evaluated at Y* =23; the data is from Femholz and Finley 
(1977, 1981) and tabulated results are given in Table 5.5.
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Case No. M e T w/Tr Cy (data) 

x lO 3

Cy (theory) 
x lO 3

53010401 2.540 PS 1 2.420 2.394
53010601 2.578 PS 1 1.660 1.618
53011302 4.544 PS 1 1.260 1.274
58020103 1.739 PS 1 1.900 1.970
58020207 2.739 PS 1 1.515 1.521
58020304 3.667 PS 1 1.306 1.346
58020306 3.681 PS 1 1.220 1.238
65060101 2.445 0.9721 1.030 1.038
67020701 6.430 0.9282 1.256 1.234
67020801 6.340 0.8607 0.9920 0.983
73020402 0.793 PS 1 1.650 1.710
73020914 2.208 PS 1 1.290 1.259
74020303 2.500 1.0019 1.560 1.527
74021001 3.483 1.0098 1.470 1.519
74021204 3.496 1.0023 1.170 1.134
74021801 4.517 1.0242 1.080 1.090
74021805 4.493 0.9829 0.880 0.870
77030101 5.994 0.8983 0.8017 0.805
73050304(H) 9.830 PS 1 0.3040 0.3232
73050504(H) 10.31 PS 1 0.2400 0.2208
78040104(H) 11.04 1.0418 0.2826 0.2791
78040105(H) 11.23 1.0298 0.2578 0.2276
78040106(H) 11.40 1.0658 0.2311 0.2161
78040107(H) 11.51 1.0570 0.2148 0.1824

Table 5.5a. Parameters associated with near-adiabatic wall experiments;
Cy (theory) for the reference temperature taken at Y + = 23;
(H) denotes that the flow is helium.
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Case No. M e T  w / T  r Cy (data) 
x lO 3

Cy (theory) 
x lO 3

65060103 4.915 0.7105 1.330 1.249
65060104 4.895 0.5951 1.410 1.447
65060105 4.961 0.5228 1.480 1.569
67020104 6.490 0.5253 1.336 1.463
72021203 4.857 0.2279 1 . 1 1 0 1.245

72021401 4.792 0.2107 1.720 1.803
72021501 4.929 0.2242 1.300 1.321
72040101 6 . 2 1 0 0.3330 1.560 1.615
72040201 6.390 0.3136 1 . 2 2 0 1.251
72040301 6.420 0.4377 1.230 1.244
72040401 6.420 0.4194 1.250 1.307
72040501 6.500 0.5082 1.060 1.064

72040601 6.500 0.5014 1.000 0.9882
72050102 7.200 0.4984 0.850 0.8299
72050103 7.200 0.4764 0.800 0.8398
N103838 8.013 0.2970 0.980 1.283
78040204(H) 11.17 0.4455 0.304 0.3544
78040205(H) 11.00 0.4319 0.288 0.3324
78040206(H) 11.47 0.4364 0.248 0.2927
78040207(H) 11.42 0.3808 0.250 0.2906

Table 5.5b. Param eters associated w ith cooled-wall experim ents;
cy (theory) for th e  reference tem pera tu re  taken  a t 
Y  + =23. (H) denotes th a t th e  flow is helium.
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betw een the  calculations and d a ta  are due to  a  failure of the  theory  or error in 

m easurem ents.

5.5 Comparison with Mean Profile Measurements

In this subsection the  m ethod of constructing com posite profiles for to ta l 

en thalpy  and velocity will be described. Assume th a t a t a given stream w ise 

location along the  surface, following dim ensional d a ta  are known: (a) the 

m ainstream  velocity U*e, tem pera tu re  Te and density p*, (b) th e  wall tem pera tu re  

Tlu, and (c) the  kinetic displacem ent thickness 8**, which is re lated  to  the 

dim ensionless thickness 6* by 8** = L^ef8*. In general th e  incom pressible 

d isplacem ent thickness m ay be evaluated from  m easurem ents of u / U e across the  

boundary  layer through num erical in tegration  and consequently only involves one 

source of experim ental error; therefore 8** should be considered to  be one of the 

m ost reliable quantities quoted in experim ental studies. T he com pressible 

displacem ent thickness and the  m om entum  thickness, for exam ple, im plicitly  

con tain  experim ental errors associated w ith m ean tem p era tu re  m easurem ents and 

therefore m ay be considered to be som ewhat less reliable.

Note th a t th e  form al definition of kinetic displacem ent thickness for an 

axisym m etric boundary layer is slightly different to  th a t for a tw o-dim ensional 

flow. In  general, the  kinetic displacem ent thickness is re la ted  to the  difference in 

volum etric flux between th a t for the actual viscous profile and th a t which would 

occur if the flow were inviscid (i.e., u = Ue). This difference is evaluated  by 

in teg ra ting  (U e - u ) across the  boundary layer, and 8* is defined by im aging an 

equivalent inviscid flow in which the  solid surface is displaced upw ard a d istance to
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m ake up for the  “lost” volum etric flux associated w ith viscous effects. This 

thought process leads to  the  equation

UeA * =  (Ue - u ) d A  (5.53)
j  o

where A*  is th e  displaced area between n = 0 and n = 8* given by

A*  = 7r j( r  + 6* ) 2 -  r 2j  = i^2r8* +  <5*2} (5.54)

for an axisym m etric  flow, where r is the  dimensionless radius of revolution for an 

ax isym m etric  body. It follows th a t

d A  = 7r | ( r  + n + d n ) 2  — (r  +  n )2j  a  7t | 2 (r + n )d n | , (5.55)

and  su b stitu tio n  of equations (5.54) and (5.55) in to  (5.53) yields

r + f F = I J ( C/' - “) ( +? ) ‘i"- <5'56>

For an axisym m etric  body shaped like a needle, 8* m ay be com parable to  r. 

However, in m any situations 8* <  r, and to  leading order equation (5.56) reduces to  

the  two dim ensional definition of 8*, viz.

- C M *  ( 5 - 5 ? )

However, since equation (5.56) has been used throughout the  d a ta  com pilation of
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Fernholz and  Finley (1977) for all axisym m etric flows, it will also be used in this 

study.

T here  are th ree  gases com m only used in the  com pressible experim ents (see 

Fernholz and  Finley, 1977); these are air, nitrogen and helium  and all are  norm ally 

trea ted  as perfect gas having constan t specific heats. The gas properties assum ed 

in th e  present calculations are listed  in  Table 5.6.

Gas air nitrogen helium

Gas constant 287.14 296.50 2078.74
R  (mP/s^K)

R atio  of specific heats a 1.40 1.40 1.667

T able 5.6. Gas properties used in the  calculations.

The tran sp o rt properties are using form ulae given by Keyes (1952) for diatom ic 

gases and N eubert (1974) for helium . F or the diatom ic gases, the  absolute viscosity 

is given by Keyes (1952).

^  = ------ 1 0  6 a° - f a , t  (N s/ m2) (5.58)
1 + a , ]T~  10 2/

where the  constan ts and th e  associated range of valid ity  are given in T able  5.7.
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Gas a o a i a 2 range of valid ity

air 1.488 1 2 2 . 1 5 79“K < T  < 1845°K

nitrogen 1.418 116.4 5 81°K < T  < 1695°K

T able 5.7. C onstants used in equation (5.58) for viscosity.

For helium , N eubert (1974) gives the form ula

u —_______ 5Q.23T10'647________ , „ -  T(Qi 273T 3
M ' l + ^ ( T - 0 .3) e - W - ° - 3) +  e  ( 6 L 2 7 3 r

-1 9 9 .1 7 5 4 T 1 +  1 7 9 .1 3 5 3 T -59.05466), (1 0 ~ 8N s/m 2), (5.59)

w ith the  range of valid ity  being 0.4 K < T  < 400 K.

A Reynolds num ber based on the  kinetic displacem ent thickness m ay be 

defined by

Res- = - lti ‘- -  = R e S ^ - ,  (5.60)
r w

and  th e  velocity m atching  condition (5.32), w ith the  definition of the  ou te r scale 

given in equation  (5.40) becomes
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i  = l  l o g { ^ iJ v }  + C ,- C , (5.61)

E quation  (5.61), com bined w ith  the definition of the  reference tem p era tu re  T 0 

(5.50), provides a relation to  evaluate the  skin friction coefficient c j-, which is given 

in  te rm s of u* by

c^ = 2 - ^ - 1 / * .  (5.62)

The m atch ing  condition (5.35) for the  to ta l en thalpy  profile and the  definition of 

the  ou te r scale in equation (5.40) yields

(1 - ^  = ,|L lo g f^ J fe j .V T v }  + B i  -  B 0 . (5.63)

A t th is stage, equation (5.63) contains two unknowns Kg and <7,. It has been 

found (W eigand, 1978) th a t  the  value of the slope of the  tem p era tu re  profile in  the  

overlap zone (which is re la ted  to  Kg)  appears to vary  w ith local flow and heat 

transfer conditions. In a  conventional approach (see, for exam ple, Cebeci and 

Sm ith , 1974), some type of tu rbu len t P ran d tl form ulation is used to  define a 

tu rb u len t heat flux model for th e  outer region which thereby  im plicitly  defines a 

constan t value for K g .  Here it is dem onstrated th a t th is approach m ay not yield a 

self-consistent form ulation. In th e  lim it of large Reynolds num ber, the  logarithm ic 

term s on the righ t side of equations (5.61) and (5.63) dom inate, and it follows th a t

7 T ~  7i— —  as Re-*  0 0 . (5.64)
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Consequently Kq exhibits a strong dependence on local conditions and in  p a rticu lar 

on th e  local surface heat transfer. In this thesis the  value of k& is therefore taken  

to be defined by th e  asym ptotic result in equation (5.64); this effectively fixes the 

m ost significant aspect associated w ith the turbulence model for the  to ta l en thalpy  

equation, nam ely th e  slope of the  profile in the  overlap zone. T he th e rm a l m atch  

condition (5.63) serves to  determ ine the  heat transfer param eter q* for given values 

of P ran d tl num ber, wall tem peratu re  and u„; the  characteristics of th e  outer-layer 

and inner-layer profiles en ter through th e  log-law param eters B 0 and  B i 

respectively. In practice, Kq m ay  be calculated from  equation (5.64) in a general 

ite ra tive  process for a given estim ate  of q+ and ix„, and then  q„ m ay be u p dated  

using the full therm al m atch  condition (5.63); bo th  quantities m ay then  be refined 

th rough an obvious ite ra tion  (W eigand, 1978).

For high-speed compressible flow, it is possible to  calculate  a S tan ton  

num ber defined by

Com bining equation (5.65) w ith the definitions of and q+ defined in equations 

(3.104) gives

and using equation (5.64) gives
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fi St
K0 ~  K  2  ■ (5.67)

V *

However, it should be noted th a t a significant d isadvantage of using the  S tan ton  

num ber in the  analysis of high speed com pressible flow is th a t for a heated  wall St 

will become very large when H w is close to H e as is evident from equation  (5.65). 

This is not a  significant issue in low speed flows since the  case H e = H w im plies 

th a t the  s ta tic  tem p era tu re  is effectively constant and there  is no heat transfer. An 

a lternative  heat transfer param eter Qw  was suggested by Fernholz and Finley  

(1977) which avoids the  difficulty; this param eter is defined by

= T T T W  = W  ’ (5 ‘68)P,„u  e12 e

which is clearly bounded in all relevant situations.

Now consider the  ite ra tive  procedure th a t was used to  calculate  the  

sim ilarity  constan t a  in  equations (5.42) and (5.43), as well as self-similar velocity 

and to ta l-en thalpy  profiles a t a  given sta tion  along the  wall. Using equations 

(3.110) for the  defect velocity and definition of th e  ou ter variable, the  definition of 

k inem atic  displacem ent thickness (5.56) becomes

< 5 - 6 9 )

for an axisym m etric flow and
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(5.70)

for a tw o-dim ensional flow (cf. equation (5.57)). In equation  (5.69) r — r*fL*ej  is 

the  dim ensionless radius of revolution for an axisym m etric  body. T he constan t a

following ite ra tive  procedure was used to  find a. S tarting  from  an in itia l guess for 

a, solutions for F^r j)  and © 1(17), as well as C 0 and B 0, are evaluated  from  equations 

(5.44) and (5.45). The profile Q\(r)) is based on some in itia l estim ate  of Kq. W ith  

th e  wall layer constants B{ and C,- com puted from  the  form ulae given in A ppendix 

C, Kq is th en  re-evaluated using equation (5.64). Since B 0 and B j  are im plicit 

functions of Kq, an inner ite ra tion  is carried out to  determ ine a  converged value of 

Kq. An estim ate  of qm is then  evaluated  from  equation (5.63) w ith being obtained  

from  the  m atch  condition (5.61). A t th is stage in the  ite ra tio n  com posite, profiles 

for velocity and to ta l en thalpy  across the  en tire  boundary layer are evaluated  as 

follows. The inner variable Y  + is re la ted  to  r] by

m ust be determ ined so th a t e ither of equations (5.69) or (5.70) is satisfied. T he

(5.71)

and w ith the  calculated value of u„, a  com posite profile for the  velocity across the 

boundary layer is defined by

F  com  — 1 +  u .com (5.72)

A com posite profile for to ta l en thalpy  m ay be constructed  according to
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I  com — 1 + 9 *  |® l(9 ) +  ̂ ( y  + +  ) + -®i)| (5.73)

T he in tegral in either of equations (5.69) or (5.70) was then  evaluated  num erically 

using e ither a  trapezoidal or Simpsons rule; typically  150 to  300 m esh points across 

the  en tire  boundary layer were found to  yield good accuracy. T he m esh chosen was 

tigh tly  com pacted near the  surface. For a  given value of a, e ither of equations 

(5.69) or (5.70) will not be satisfied in general, and the value of a is then refined 

using an ite ra tion  based on the  secant m ethod. This ite ra tiv e  procedure was 

continued u n til either of equations (5.69) or (5.70) is satisfied to  w ith in  a  given 

tolerance; for the  present comparisons, the  iterations were continued until 

successive values for a  agreed to  five significant figures. T he final com posite 

profiles in equations (5.72) and (5.73) were then  used to  m ake direct com parisons 

w ith  experim ental data.

In the following com parisons w ith  m easured profile da ta , bo th  the  m odified 

C ebeci-Sm ith turbulence model (equation (5.26)) and the  m odified Baldwin— 

Lom ax m odel (equation (5.3)) will be used. Between these tw o models th e  are 

some slight differences betw een the  calculated values of skin friction and surface 

heat transfer, bu t the  profiles obtained are v irtually  indistinguishable; thus only  the 

results for th e  modified Cebeci-Sm ith model will be shown. T h e  reference 

tem p era tu re  T 0 was evaluated in three ways using the  average value defined by 

equation  (5.51) w ith Y £  = 6 0 , a m ean wall layer tem p era tu re  evaluated  at 

Y  + = 23 and the  wall tem peratu re . As previously discussed, the  first two options 

produce values of skin friction which axe very close to  the  m easured experim ental 

values, while there  is m uch m ore sca tte r w ith  the  th ird  choice; again there  is little
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to  choose between the  p lo tted  profiles. Results will be quoted here for th e  first two 

choices of the  reference tem peratu re  T a for the  modified C ebeci-Sm ith model.

T he corresponding fluid properties such as pQ and fiQ are assum ed to  be the 

functions of tem pera tu re  alone and are evaluated  a t T a. D irect com parisons were 

carried ou t w ith a  representative selection of experim ental da ta , and the  theoretical 

profiles com pare directly  w ith  the  d a ta  listed in T able 5.8. T he fifteen cases listed 

in T able 5.8 were taken  from the  d a ta  com pilations of Fernholz and  Finley 

(AGARD-223, 1977 and AGARD-263, 1981); here the  sam e identification schem e is 

used. T he first four digits identify a particu lar set of experim ents while the  last 

four designate a  specific profile w ithin  th a t set. Generally, profiles nearest the  end 

of th e  te st section were selected for the  present purposes, since such profiles were 

expected to  be closest to equilibrium  conditions. In all experim ents in T able 5.8, 

the  velocity d istribu tion  was m easured across the  boundary layer, bu t tabu la ted  

tem p era tu re  d a ta  were generally inferred from  Crocco-W alz relationship. In Table

5.8 T r is the  recovery tem peratu re  and T w/ T r ~  1 denotes wall which is nearly 

adiabatic . The theory in th is chapter does not account for th e  influence of viscous 

d issipation; therefore for an adiabatic wall, qw = 0 and H  =  H e to  leading order 

across the  en tire  boundary layer. However, H w will usually be m easured as sm aller 

th an  H e in  m ost adiabatic-w all experim ents, and generally th e  difference ( H e -  H w) 

increases w ith increasing M ach num ber. In order to  consider such cases here, the 

value of th e  wall tem pera tu re  quoted in the  experim ental d a ta  was used; this 

resu lts in a  calculated profile for to ta l en thalpy  having very sm all value of qt . The 

case w ith T W/ T r < 1 represents a  cooled wall, while T w/ T r > 1 corresponds to  a 

heated  wall.
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D irect comparisons for the  cases listed in T able 5.8 are illu stra ted  in Figures

5.6 through 5.10. The comparisons w ith d a ta  for velocity are shown in Figures 5.6a 

through 5.10a, where it m ay be noted th a t the  agreem ent is quite  reasonable. 

F igure 5.6 considers the  cases used in the illustra tive Figure 3.1, in which th e  M ach 

num ber varies from subsonic through hypersonic range. V elocity profile 

com parisons are shown in Figure 5.6a w ith  sta tic  tem pera tu re  com parisons in 

Figure 5 .6 b. It is evident th a t  the logarithm ic region narrows w ith  increasing M ach 

num ber w ith  th e  velocity asym ptoting to  the  m ainstream  value a t m uch slower 

ra te . T he present self-similar profiles closely represent this behavior and, in 

add ition , represents the  d a ta  very well. In Figure 5.7, a set of supersonic flows over 

a  nearly adiabatic  surface are considered; Figures 5.8 and 5.9 illu s tra te  situations 

w ith  heat transfer a t the  surface where the wall is cooled. F igure 5.10 shows a set 

of hypersonic flows in helium ; the highest M ach num ber, M e = 10, occurs in flow 

No. 73050504. Since the  ra tio  of specific heats in helium  7  = 1.667 (as com pared to  

1.4 for air), com pressibility effects in  helium  flow are m ore significant th an  th a t  in 

air. T here is evidently some scatter in the d a ta  near the  wall in profiles 71030406 

and 73050504, bu t otherwise the  self-similar solutions agree w ith  the  d a ta  

reasonably well.

It is worthw hile to  note th a t closer correspondence w ith  the  d a ta  for a given 

profile can be achieved by adjusting the param eters in the  turbulence models in 

equations (5.26) and (5.28), such as K and K^. However, the  objective here is to 

dem onstrate  th a t there is a  degree of universality over a  range of M ach num bers 

using the  present models, and so no a ttem p t to “fit” the  d a ta  was m ade; the 

profiles were produced solely from the  known physical quantities a t each d a ta
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s ta tion , as well as <5**, and clearly do represent th e  d a ta  reasonably well. A t the 

sam e tim e, since true  self-sim ilarity will rarely  be achieved in  an  experim ent, a  

very close correspondence betw een the d a ta  and th e  theoretical profiles should not 

be  expected. T he calculated values of the  skin friction param eter u , are given in 

T ab le  5.8 along w ith  th e  heat transfer param eter which, as an tic ipated , is very 

sm all and a t least an order of m agnitude sm aller th an  u , for the  nearly  adiabatic  

cases; for flows w ith significant heat transfer, q„ and are of com parable 

m agnitude. T he values given in Table 5.8 are for th e  modified C ebeci-Sm ith model 

using a  reference tem pera tu re  based on an  average tem peratu re  across th e  wall; the 

corresponding results using a m ean reference tem peratu re  (at Y  + = 23) for the  wall 

layer and  also an outer region modified Baldwin-Lom ax model are given in Tables

5.9 and 5.10 respectively. Note th a t the  com puted values are all very close, and 

th e  profiles cannot be distinguished graphically for all three models.

T he d a ta  listed in  T able 5.11 is of special in terest because to ta l tem pera tu re  

was m easured directly  for all these data. Again calculations were carried ou t for 

th e  modified Cebeci-Sm ith model for both  an average and  m ean wall-layer 

reference tem peratu re  and a  modified Baldwin-Lom ax model; calculation results are 

given in Tables 5.11 through 5.13 where it m ay  be noted th a t all p red icted  values 

are  very similar. The first set of profiles presented in  Figure 5.11 is taken  from  the 

recen t experim ents of C arvin (1988), where th e  velocity profile was m easured by 

laser-D oppler-velocim etry. T he experim ents were a t  relatively low M ach num ber 

( M e «  2 .2 ) w ith supersonic flow over an ad iabatic  or a heated surface. Therefore 

th is  d a ta  affords an opportun ity  to  exam ine the  self-similar solutions in the 

tem p era tu re  range of T w/ T r > 1 . The first tw o digits used in the  identification
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num ber of these profiles denote the  value of the tem pera tu re  ra tio  T w/ T r\ for 

exam ple, 10 indicates th a t T w/ T r = 1.0. The last two digits denote the  distance (in 

cm) from  the  leading edge of the  test section, and in this experim ent 48 denotes the 

end of the  test section. It should be noted th a t the  trends in the  d a ta  are 

unrealistic near the  wall, and  th is problem  appears to be persisten t throughout 

C arv in ’s (1988) m easurem ents. O therwise, the  agreem ent betw een theory  and the 

d a ta  is quite  reasonable. T he to ta l tem pera tu re  was also m easured d irectly  in this 

experim ent, and th e  present results shown in Figure 5.11 support th e  m odeling of 

the  to ta l en thalpy  equation developed here. T he d a ta  shown in Figure 5.11 was 

taken  using a hot wire in supersonic boundary-layer flows. U nfortunately , the 

velocity d a ta  does not appear to  be of com parable quality  to th a t tak en  w ith  

conventional techniques; this is particu larly  tru e  as M ach num ber increases. In 

addition, the  near-w all d a ta  were not taken in these experim ents (K istler, 1958). It 

is believed th a t calibration of a hot wire anem om eter for the  m easurem ent in  a flow 

w ith a large tem pera tu re  gradient flow is extrem ely difficult. D espite these 

potentia l problem s, the agreem ent of the  present theory  w ith experim ental results 

for velocity and sta tic  tem peratu re  is still quite reasonable.

In Figures 5.13, profiles for axisym m etric flows w ith strong heat transfer and 

a t high M ach num ber are shown; th is environm ent is the practical s itua tion  for re ­

en try  vehicles and missiles. The theoretical profiles again represent the  

experim ental results well and w ithin the  uncerta in ty  in the  da ta . In  Figures 5.14, 

three profiles are shown in which the test section was a  nozzle wall and in  these 

situations th e  flow is recovering from  substan tia l upstream  disturbances. In the  

flow from  which profile 72021203 was taken, there  was substan tia l heat transfer
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(cooling) in th e  nozzle th roat; consequently, there  are dow nstream  history  effects 

due to both  heat transfer and the  pressure gradient in the  nozzle. In  the  flow from  

which profile 72020205 was taken, the heat transfer h istory effect is not present 

since th e  nozzle region was not cooled. For the flow w ith  profile 73010501, there  is 

bo th  upstream  heat transfer and pressure gradient effects because th e  nozzle th ro a t 

was heated  and  contained a  predom inately reflected-wave expansion. I t is clear 

th a t  none of th e  flows presented in Figures 5.14 are close to  being self-similar; 

however, it can be seen th a t representation of the  velocity profiles and 

tem pera tu res is reasonable and is especially good in th e  wall layer conform ing 

closely to  the  wall function solutions. In §3 it was shown th a t in  th e  inner region: 

( 1 ) the  convection term s are negligible w ith  respect to  the  viscous and  tu rbu lence 

term s and, hence, the  flow only depends on local conditions, and (2 ) the  pressure 

g radien t te rm  is negligible. These results are supported  by Figure 5.14. It m ay be 

noted  th a t the  inner-region flow and tem peratu re  d istribu tion  recovers quickly from  

disturbances and  depends m ainly on local flow conditions.

F inally , it m ay be noted th a t calculations were also carried out using the  

wall tem pera tu re  as the  reference condition. This produces profiles which agree 

w ith  the  d a ta  in  a  m anner which is visually indistinguishable from  those presen ted  

here (see He, K azakia, and W alker); as an exam ple some resu lts are shown in 

Figures 5.15 which m ay be com pared w ith Figure 5.6. T he influence of the  

reference tem peratu re  T 0 is reflected im plicitly in  the  calculation of th e  constan t a 

and appears to  have less influence on the  outer region profiles th an  th e  skin friction 

coefficient. The over-riding consideration in using the  reference tem p era tu re  is th a t 

th e  prediction of skin friction is significantly im proved rela tive to  direct
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experim ental m easurem ents obtained w ith  a  floating elem ent balance.

5.6 Discussion of Self-Similarity

In  any experim ent, a  tu rbu len t boundary layer can a t best be only “locally 

self-sim ilar” ; this m eans th a t the  m ain feature of a  tu rbu len t boundary layer a t any 

point can be m ainly described (but not com pletely) in term s of m ean flow 

boundary  conditions a t th a t point. The reason is th a t  self-similar solutions can 

only be achieved a t m ost in  practice as “term inating  solutions” of m ore general 

flows, in which the  pressure gradient is constant and has acted  over a  su b stan tia l 

stream w ise distance. In the  com parisons carried ou t w ith experim ental da ta , 

profiles were selected close to  the  end of the  test section where the  flow was 

believed to  have recovered from  conditions upstream . T he com parisons w ith  d a ta  

seem  to  support the  idea th a t  these constant pressure flows are relatively  close to  

being self-similar. Here th e  question of the range of valid ity  of the  constan t 

pressure solutions, as well as the  possibility of self-similar solutions in  flows w ith  

pressure gradients, will be considered.

T he leading order outer-region boundary layer equations were given in 

equations (5.37) and (5.38), and in order for self-sim ilarity

q 2  p  q q

g ^  = o(l), and -g ^  = °(l), (5.74)

while the  derivatives of all the  coefficients in equations (5.39) w ith respect to  s 

m ust be o (l) in some lim it, say s -»oo. In addition w ith  the  choice (5.40) of the  

ou ter scale, the  integral condition (5.48) m ust be satisfied. Because th e  pressure is
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constan t across th e  boundary layer, the  variation  in density  across th e  boundary 

layer is given by equation (5.49) and substitu tion  in to  equation (5.48) leads to

- F lo o  =  1 + ( l  + X ^ M l ) a ,  [(1 -  I w y £ \  C&lir)

|  (5.75)

w here F ^  is the  lim iting value of as q -♦ 0 0 . For self-sim ilarity 6j =  6^(q) and 

d F ^ / d q  =  F\(q)]  assum ing such behavior and  a constant M ach num ber M e and 

then  differentiating equation (5.75) w ith  respect to  s leads to

d F lo o

— (T -  X )A f |u i  J ■ (5 .7 6 )

Here u* denotes th e  differentiation w ith  respect to  s and, as shown in equation 

(5.34), u* = 0 (u* ). It is obvious th a t for d F i ^ / d s  to  be sm all (which is equivalent 

to d 2F y /d s d q  = o (l)), the  condition th a t m ust be satisfied is

( 7  -  l)M g u* = o ( l )  . (5.77)

E quation  (5.77) therefore defines the  condition for the  existence of “local s im ilarity” 

in constan t pressure boundary layers. It combines the  influences of Reynolds 

num ber, M ach num ber and  fluid properties; when M e < 1, F loo «  1 from equation

(5.71) and  the  condition (5.73) will be satisfied anyway. A ctually since the

189



m om entum  and energy equations are not closely coupled, incom pressible flow 

m odel m ay  be used a t th is tim e. The next s itua tion  is M e > 1 and 

( 7  -  = 0(1), which is the  area of in terest of th is study. F inally  as M e ~* 0 0

and ( 7  -  l)M fu *  = 0 (1 ) the  sim ilarity  solutions developed in th is section are not 

valid anym ore. It is worthw hile to  note th a t according to  equation (3.6.9), 

i/„ = 0 (l/lo g i?eo), therefore for each fixed M e equation (5.73) will be eventually  

satisfied as Re  -» 0 0 , however, as M ach num ber increases the  sim ilar profiles can 

only be reached a t a far m ore dow nstream  location.

W hen th e  boundary-layer flow is experiencing a  longitudinal pressure 

g radient, m ainstream  M ach num ber M e becomes a function of s; however, when 

M e <c 1, d F ^ / d s  = o (l) in some lim it s - w ith or w ithout pressure grad ien t and 

therefore C lauser’s “equilibrium ” concept is valid; C lauser (1954) argued th a t a 

tu rbu len t boundary-layer flow is self-similar when the  “equilibrium  co n stan t” (3 is 

constan t in  incom pressible tu rb u len t boundary layers, here the  constan t j3 is 

defined as

P  =  ( t ' / T w )  (<i p j d s ), M e <  1 . (5.78)

Now consider the  situation  of ( 7  -  l)MgU* = 0(1 ) where the  varia tion  of pressure 

m ay have significant influence on th e  defect velocity dFi /dr j .  For convenience 

consider only the  second term  on the  right hand of equation  (5.75) to  dem onstrate  

th e  concept involved here; differentiating w ith respect to  s yields the  expression
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(5.75)

for a  profile w ith F j  = It can evident th a t a fu rther condition for self­

sim ilarity  in  a flow with pressure gradient is th a t <  1 in w hich case the

coefficient b  in equation (5.37) is sm all and the governing equation again reduces to 

equation  (5.42). If a  strong longitudinal pressure gradient occurs it is no t known 

w hether self-similar profile exist. However it does appear th a t self-similar m ay not 

occur and th is is supported by experim ental observations; by closely exam ining the 

d a ta  profiles presented in  Figure (3.1) and Figure (5.6) it can be seen th a t 

appreciable M ach num ber changes lead to  significant changes in the  inner layer 

characteristics. W ith  increasing M e inner layer grows as a fraction  of boundary- 

layer thickness and the  variation  of velocity in the  ou ter region becomes slower 

w ith th e  logarithm ic region becoming less d istinct.
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Case No. M e T  w / T  r R e6* U. q,

73020402* 0.793 »  1 139480 0.0308 0.0005

58020207 2.739 1 12255 0.0422 0.0031

74021801* 4.517 1.0242 6945.5 0.0507 0.0037

73021203 2.799 « 1 66393 0.0355 0.0028

53010401 2.540 ss 1 2635.5 0.0508 0.0035

53011302 4.544 s» 1 4240.5 0.0546 0.0054

65060101 4.886 0.9755 6699.7 0.0515 0.0068

65060105 4.801 0.5228 4987.8 0.0461 0.0287

72090402* 7.780 0.7998 5686.5 0.0564 0.0188

79030103*(N) 8.788 0.3375 7518.1 0.0461 0.0382

72040201 6.390 0.3136 7667.2 0.0407 0.0348

72040601 6.500 0.5014 8435.7 0.0458 0.0297

71030207(H) 6 . 6 8 6 0.9811 33813 0.0721 0 . 0 1 0 1

71030406(H) 6 . 6 8 6 0.9817 6580.2 0.0617 0.0086

73050504(H) 10.31 « 1 17177 0.0600 0.0072

Table 5.8 C om puted  dimensionless friction velocity and  heat flux values for 

Y  * = 6 0  in equation (5.51); (H) denotes th a t the  gas is helium  

and (N) denotes nitrogen. An asterisk signifies th a t direct 

m easurem ents of to ta l tem perature.
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Case No. Me T w/ T r R e ^

73020402* 0.793 «  1 139480 0.0308 0.0005

58020207 2.739 * 1 12255 0.0422 0.0031

74021801* 4.517 1.0242 6945.5 0.0508 0.0037

73021203 2.799 «  1 66393 0.0355 0.0029

53010401 2.540 «  1 2635.5 0.0508 0.0035

53011302 4.544 *  1 4240.5 0.0546 0.0054

65060101 4.886 0.9755 6699.7 0.0515 0.0068

65060105 4.801 0.5228 4987.8 0.0463 0.0288

72090402* 7.780 0.7998 5686.5 0.0578 0 . 0 2 1 1

79030103*(N) 8.788 0.3375 7518.1 0.0464 0.0384

72040201 6.390 0.3136 7667.2 0.0410 0.0349

72040601 6.500 0.5014 8435.7 0.0460 0.0299

71030207(H) 6 . 6 8 6 0.9811 33813 0.0714 0 . 0 1 0 0

71030406(H) 6 . 6 8 6 0.9817 6580.2 0.0617 0.0086

73050504(H) 10.31 «  1 17177 0.0600 0.0072

T able 5.9 C om puted dimensionless friction velocity and heat flux for the 

reference tem peratu re  taken  at Y  + = 23; (H) denotes th a t the 

gas is helium  and (N) nitrogen. An asterisk denotes th a t direct 

m easurem ents of to ta l tem pera tu re  were m ade.
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Case No. Me T w/ T r Re6* 9.

73020402' 0.793 «  1 139480 0.0309 0.0005

58020207 2.739 «  1 12255 0.0425 0.0032

74021801' 4.517 1.0242 6945.5 0.0509 0.0037

73021203 2.799 «  1 66393 0.0357 0.0029

53010401 2.540 «  1 2635.5 0.0509 0.0036

53011302 4.544 «  1 4240.5 0.0549 0.0055

65060101 4.886 0.9755 6699.7 0.0517 0.0069

65060105 4.801 0.5228 4987.8 0.0467 0.0289

72090402* 7.780 0.7998 5686.5 0.0565 0.0188

79030103*(N) 8.788 0.3375 7518.1 0.0463 0.0383

72040201 6.390 0.3136 7667.2 0.0412 0.0351

72040601 6.500 0.5014 8435.7 0.0462 0.0299

71030207(H) 6 . 6 8 6 0.9811 33813 0.0721 0 . 0 1 0 1

71030406(H) 6 . 6 8 6 0.9817 6580.2 0.0617 0.0086

73050504(H) 10.31 ss 1 17177 0.0600 0.0072

T able 5.10 C om puted dimensionless friction velocity and heat flux values using 

Baldwin-Lom ax model and Y /+ = 6 0  in equation (5.51). (H) denotes 

th a t the  gas is helium  and (N) nitrogen. A sterisk denotes th a t 

d irect m easurem ents of to ta l tem peratu re  were m ade.
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Case No. Me T w / T r Re * it, o,0

f-1048 2.160 1 . 0 1 2 6450.5 0.0439 0 . 0 0 2 1

f-1548 2.170 1.475 5139.6 0.0492 -0.0233

f-2048 2.140 1.961 4831.9 0.0526 -0.0539

58030101 1.720 1.006 31521 0.0362 0.0014

58030201 3.560 1.031 29121 0.0403 0 . 0 0 2 2

58030301 4.670 1.045 13621 0.0465 0.0035

67010105 5.970 0.4888 14120 0.0414 0.0274

67010204 6.040 0.4257 12083 0.0409 0.0300

72050103 7.200 0.4764 10433 0.0451 0.0305

72020205 4.823 0.9277 20730 0.0435 0.0079

72021203 4.857 0.2279 56517 0.0275 0.0260

73010501 4.742 1 . 0 2 1 2 12352 0.0473 0.0037

Table 5.11. Computed dimensionless friction velocity and heat flux values for

Y *  = 6 0  in equation (5.51). Direct measurements of total

temperature were made.
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Case No. Me T w/ T r R e ^  u „ g.

f-1048 2.160 1 . 0 1 2 6450.5 0.0439 0 . 0 0 2 1

f-1548 2.170 1.475 5139.6 0.0491 -0.0233

f-2048 2.140 1.961 4831.9 0.0525 -0.0583

58030101 1.720 1.006 31521 0.0362 0.0014

58030201 3.560 1.031 29121 0.0403 0 . 0 0 2 2

58030301 4.670 1.045 13621 0.0465 0.0035

67010105 5.970 0.4888 14120 0.0417 0.0276

67010204 6.040 0.4257 12083 0.0413 0.0301

72050103 7.200 0.4764 10433 0.0433 0.0307

72020205 4.823 0.9277 20730 0.0435 0.0079

72021203 4.857 0.2279 56517 0.0277 0.0261

73010501 4.742 1 . 0 2 1 2 12352 0.0473 0.0037

T able 5.12. C om puted dimensionless friction velocity and heat flux values for

the  reference tem pera tu re  taken  a t Y  + = 23. D irect m easurem ents

of to ta l tem pera tu re  were m ade.
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Case No. Me T w/ T r Re  »
0

f-1048 2.160 1 . 0 1 2 6450.5 0.0441 0 . 0 0 2 1

f-1548 2.170 1.475 5139.6 0.0492 -0.0233

f-2048 2.140 1.961 4831.9 0.0526 -0.0539

58030101 1.720 1.006 31521 0.0363 0.0014

58030201 3.560 1.031 29121 0.0406 0 . 0 0 2 2

58030301 4.670 1.045 13621 0.0467 0.0035

67010105 5.970 0.4888 14120 0.0418 0.0276

67010204 6.040 0.4257 12083 0.0414 0.0302

72050103 7.200 0.4764 10433 0.0453 0.0306

72020205 4.823 0.9277 20730 0.0438 0.0080

72021203 4.857 0.2279 56517 0.0281 0.0265

73010501 4.742 1 . 0 2 1 2 12352 0.0475 0.0037

T able 5.13. C om puted dimensionless friction velocity and heat flux values using

Baldwin-Lom ax model and = 6 0  in equation (5.51). D irect

m easurem ents of to ta l tem pera tu re  were m ade.
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5.7 Summary

In th is section, a theory  and turbulence models have been developed which 

give good com parison betw een self-similar profiles for velocity and sta tic  

tem pera tu re  and experim ental profile d a ta  over a  wide range of M ach num bers and 

surface heat transfer rates. Extensions of simple algebraic turbulence models to  

high speed com pressible flow have been suggested and both  have been found to  give 

sim ilar results; the  results presented in all figures were obtained  using the  ex tended 

C ebeci-Sm ith type m odel b u t are indistinguishable from  plots ob tained  using the  

extended Baldwin-Lom ax model. The good comparisons w ith  experim ental d a ta  

tend  to  validate the  sim ple asym ptotic  struc tu re  proposed in th is  study in which 

bo th  th e  velocity and  to ta l en thalpy  confirm  to  a simple logarithm ic behavior in 

the  overlap zone b u t in te rm s of the H ow arth-D orodnitsyn variable. T he lim iting 

condition for the  self-sim ilarity has been dem onstrated  to be ( 7  — 1 = o (l), as

s ta ted  in equation (5.77). T he variation of the  self-similar profiles w ith  M ach 

num ber can be seen in Figures (5.16) and  (5.17) for a  fixed value of = 10,000; 

the  trends shown in these figures are sim ilar for o ther values of Re^*. The velocity 

profiles shown in Figure (5.16) illu stra te  the  tendency for re la tive grow th of the  

wall layer w ith  the  increasing M ach num ber, and the  velocity achieves a higher 

percentage of the m ainstream  speed. As shown in Figure 5.17, the  varia tion  of 

s ta tic  tem peratu re  in  the  near-wall region is m ore severe w ith increasing Mach 

num ber for an ad iabatic  wall. In  Figure 5.18, the influence of wall cooling on the  

tem p era tu re  profile is shown for a  fixed m ainstream  M ach num ber. It m ay be 

observed th a t there is a  significant variation  of the tem pera tu re  (and density) inside 

th e  wall layer for all different tem pera tu re  ratios. A t a certain  stage in the  lim it
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M e -»oo, th e  thickening wall layer will lead to breakdown of the  present analysis.

It is of in terest to com pare the  present theoretical results for the  

tem pera tu re  d istribu tion  w ith th a t predicted by the Crocco-W alz re la tion  given in  

equation (2.50). A comparison of the two profiles for two different M ach num bers 

and over a  range of surface heat transfer conditions is shown in Figures 5.19a and 

5.19b; it m ay  be seen th a t the  agreem ent is very close for nearly  ad iabatic  walls (as 

expected), b u t becomes progressively less so for strong surface heat transfer rates.

In the  preceding comparisons, th e  velocity and sta tic  tem pera tu re  profiles 

have been com pared w ith experim ental d a ta  over a wide range of experim ental 

conditions, and the  agreem ent w ith  d a ta  is seen to be quite  reasonable. Sim ilarly 

good agreem ent is obtained for the to ta l en thalpy  profile in flows w ith  heat 

transfer. However for an ad iabatic  wall, the variation  in to ta l en thalpy  is not 

substan tia l across th e  boundary layer, and the present theory  appears to  miss a  

phenom enon which is in m ost m easurem ents of to ta l tem peratu re. This is depicted 

for the  d a ta  sets shown in  Figure 5.20 where the to ta l en thalpy  overshoots or 

exceeds the  m ainstream  value in the  outer portion of the boundary  layer. 

A lthough the  deviations from H e are  relatively sm all, they are observed 

consistently, and as shown in F igure 5.20, the present theoretical profiles for to ta l 

en thalpy  are incapable of capturing  this effect. Thus the  ad iabatic  wall case m ust 

be re-exam ined and th is is the  focus of nex t chapter.
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Figure 5.6a. Comparison of two-dimensional velocity data with the theoretical profile.
Data from Femholz and Finley, 1977 (5802-Stalmach; 7302-Winter and 
Gaude; 7402-Mabey et. al.; 7103-Fischer and Maddalon). Note the 
shifted origins.
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Figure 5.6b. Comparison o f two-dimensional temperature data with the theoretical
profile. Data from Femholz and Finley, 1977 (5802-Stalmach; 7302-
Winter and Gaude; 7402-Mabey et. al.; 7103-Fischer and Maddalon).
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Figure 5.7a. Comparison o f two-dimensional velocity data with the theoretical profile.
Data from Femholz and Finley, 1977 (5301-Coles; 7302-Winter and
Gaude). Note the shifted origins.
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Figure 5.7b. Comparison of two-dimensional temperature data with the theoretical
profile. Data from Femholz and Finley, 1977(5301-Coles; 7302-Winter
and Gaudel).
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Figure 5.8a. Comparison of two-dimensional velocity data with the theoretical profile. 
Data from Femholz and Finley, 1977 (6506-Young; 7209-Stone and 
Gary). Note the shifted origins.
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Figure 5.8b. Comparison of two-dimensional temperature data with the theoretical 
profile. Data from Femholz and Finley, 1977 (6506-Young; 7209-Stone 

and Gary).
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Figure 5.9a. Comparison of two-dimensional velocity data with the theoretical profile.
Data from Femholz and Finley, 1977 and 1981 (7204-Keener and
Hopkins; 7903-Barlett et al.). Note the shifted origins.
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Figure 5.9b. Comparison o f two-dimensional temperature data with the theoretical
profile. Data from Femholz and Finley, 1977 and 1981 (7204-Keener
and Hopkins; 7903-Barlett et al.).
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Figure 5 .10a. Comparison o f two-dimensional hypersonic velocity data with the
theoretical profile. Data from Femholz and Finley, 1977(7103-Fidcher
and Maddalon; 7305-Watson et al.). Note the shifted origins.
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Figure 5 .10b. Comparison o f two-dimensional hypersonic temperature data with the
theoretical profile. Data from Femholz and Finley, 1977 (7103-Fidcher
and Maddalon; 7305-Watson et al.).

209



o _ro 1

f - 1 0 4 8

O -rsj

f - 1 5 4 8CD .

f - 2 0 4 8

o-

o -

+

Figure 5.1 la. Comparison o f  two-dimensional velocity data with the theoretical
profile. Data from Carvin, 1988. Note the shifted origins.
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Figure 5.1 lb. Comparison o f two-dimensional temperature data with the theoretical
profile. Data from Carvin, 1988.
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Figure 5 .12a. Comparison of two-dimensional velocity data with the theoretical 
profile. Data from Femholz and Finley, 1977 (5803-Kistler). Note 
the shifted origins.
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Figure 5 .12b. Comparison o f two-dimensional temperature data with the theoretical
profile. Data from Femholz and Finley, 1977 (5803-Kistler).
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Figure 5 .13a. Comparison o f axi-symmetric velocity data with the theoretical profile. 
Data from Femholz and Finley, 1977 (6701-Samuels et al.; 7205- 
Horstman and Owen). Note the shifted origins.
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Figure 5 .13b. Comparison o f  axi-symmetric temperature data with the theoretical 
profile. Data from Femholz and Finley, 1977 (6701-Samuels et al.; 
7205-Horstman and Owen).

215



72021203

O -t o l

CM

72020205

73010501+
Z> ° "

o-

o  -

+

Figure 5 .14a. Comparison of two-dimensional velocity data with the theoretical 
profile. Data from Femholz and Finley, 1977 (7202-Voisinet and 
Lee; 7101 -Gates). Flows are recovering from an upstream distur­
bance. Note the shifted origins.
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Figure 5.14b. Comparison of two-dimensional temperature data with the theoretical 
profile. Data from Femholz and Finley, 1977 (7202-Voisinet and Lee; 
7301-Gates). Flows are recovering from an upstream disturbance.
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Figure 5 .15a. Comparison of two-dimensional velocity data with the theoretical profile
using the wall temperature as a reference condition. See Figure 5.6a for
data identifications. Note the shifted origins.
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Figure 5.15b. Comparison of two-dimensional temperature data with the theoretical 
profile using the wall temperature as a reference condition. See 
Figure 5.6b for data identifications.
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Figure 5.16. Variation o f the velocity profile with M e for Res*= 10,000.
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Figure 5.17. Variation of the temperature profile with Me for Res*= 10,000.
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Figure 5.18. Variation of the temperature profile with the ratio o f Tw/Tr for 
Re £*=10,000 and Me=7.0.
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Figure 5.19a. Comparison of Crocco-Walz relationship (-------) with the theoretical
profile (-------- ). Adiabatic flows with Reg* = 10,000. Note the
staggered origins.
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Figure 5.19b. Comparison of Crocco-Walz relationship (------- ) with the theoretical
profile (---------). Me= 5.0, Re6.=  10,000. Note the staggered origins.
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Figure 5.20. Comparison of total enthalpy data with the theoretical profile.
Data from Femholz and Finley, 1977 (5803-Kistler; 7301-Gates)
and Carvin, 1988 (f-1048).
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6. THE ADIABATIC WALL

6.1 Introduction

In  this section, the  effect of viscous dissipation on a  high speed flow over an 

ad iabatic  surface will be addressed. Note th a t  the to ta l en thalpy  equation  contains 

a te rm  associated w ith m ean viscous dissipation which vanishes for a gas w ith 

P ran d tl num ber unity ; for convenience this te rm  will be referred to  throughout the  

study  as being the “influence” or “effect” of viscous dissipation in the  to ta l 

en thalpy  equation. It has been shown in §3 and §4 th a t in th e  lim it of large 

Reynolds num bers and for m ainstream  M ach num bers 0 (1 ), the  effects of m ean 

viscous dissipation do not explicitly en ter th e  leading-order equations if there  is at 

least m oderate heat transfer a t the  wall; this is consistent w ith the  com m on view of 

the  s tru c tu re  of th e  supersonic tu rb u len t boundary layer. In general the  dissipation 

te rm  is believed to  have only a lim ited effect on the  m ean tem p era tu re  profile. 

D ensity and  tem pera tu re  changes reflect th e  com bined effects of com pressibility, 

viscous dissipation an d /o r heat transfer a t the  wall; the  dissipation “effect” appears 

to  be of little  im portance if only an expression for the  m ean tem pera tu re  

d is tribu tion  is needed. This can be clearly seen by exam ining the  d a ta  com parisons 

given in §5. However, the  theory described in §5 cannot describe th e  to ta l 

tem p era tu re  overshoot near the  boundary layer edge th a t is observed consistently  

in data; in  this phenom enon, the  to ta l en thalpy  increases m onotonically from  the  

near wall region and actually  exceeds the m ainstream  value before decreasing 

tow ard th e  boundary-layer edge; this overshoot always occurs near th e  m ainstream  

in the  ou ter p art of the  boundary layer. T he reason for the  overshoot is not clear, 

b u t w ith  increasing m ainstream  M ach num ber, viscous dissipation m ay becom e a
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progressively im portan t influence in  the  solution of the  energy equation. In  §4 it 

was shown th a t viscous dissipation first gives rise to a  term  in the expansion for 

to ta l en thalpy  in th e  wall layer as the qu an tity  D TO becomes 0 (1 )  m agnitude; this 

te rm  eventually  dom inates in th e  wall-layer equation w hen heat transfer ra te  

qw -* 0. O nly the lim iting case of an insulated wall is considered in th is section.

The leading order asym ptotic analysis presented in §3 is valid w hen the 

effect of dissipation is negligible. W hen dissipation becomes significant, the 

asym ptotic  s tru c tu re  is expected to  be modified. However, it is easily inferred th a t 

the  expansions for the  leading order m om entum  equation rem ains th e  sam e since 

the  influence of dissipation only affects the velocity profile im plicitly  through 

density  and tem peratu re  changes. The s tru c tu re  associated w ith  the to ta l-en thalpy  

equation  evidently  needs reconsideration. In order to  concentrate solely on the 

influence of m ean viscous dissipation for P ran d tl num bers w hich are not equal to 

one, th e  case of supersonic flow w ith an adiabatic wall is considered exclusively 

here for large Reynolds num bers and m ainstream  M ach num ber 0(1).

6.2 Asymptotic Structure

The basic equations governing the  boundary layer flow were given in §3 and 

the  energy equation is w ritten  again here, viz.

,6 1 ,
ds d Y ~  P o d Y  ' 1 1

where the  to ta l flux is defined as
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q = 4 > + ¥VP 1 frff , ( 7 - l ) a , r 2  , d
P0 P r R e  d Y + M 2 ( 1  _ _ u J L  („2\ 

lvlre fd Y  V  P r )  Po Re d Y  Vu J ( 6 . 2 )

In  th is section the  m ain in terest is in the  influence of viscous dissipation on the  

s tru c tu re  of the  to ta l en thalpy  profile. T he term  associated w ith  viscous 

dissipation is represented in  the energy equation  (6 .1 ) by the  second te rm  on the  

righ t side of equation (6.2) for the  flux q; th is te rm  is proportional to u(du /dn) .  To 

assess the  behavior of this quan tity , it is useful to  exam ine a typical p lo t. F irs t 

recall th a t in §5 a procedure was described for obtain ing self-sim ilar velocity 

profiles w ithin  a  high-speed compressible boundary layer. A typical resu lt for 

U + = u / u ro is shown in Figure (4.1) for an ad iabatic  flow a t M e = 2.3 (C arvin, 

1988); it is evident th a t a close representation  of m easured velocity profile d a ta  has 

been obtained. On th is sam e plot, U + (dU  + / d Y  + ) is also shown; th is q u an tity  

exhibits an absolute m axim um  deep w ithin the  wall layer (a t Y + ~  8 ) and 

decreases rapidly  tow ard zero near the  ou ter edge of the  wall layer. It is ev iden t 

th a t  the m ean viscous dissipation is the  largest in the  wall layer and the  influence 

of this q u an tity  is expected to  become progressively m ore im p o rtan t as M e 

increases. T hus th e  wall layer is th e  s tarting  point for the  present analysis.

Now consider the  energy equation (6.1) and in troduce th e  inner norm al 

variable Y + and velocity scaling. Again it follows th a t the  convective term s are 

negligible to  leading order and the  energy equation  reduces to

_dq_
d Y 4

0 . (6.3)

T his resu lt also applies to  flows w ith  heat transfer bu t now qw = 0 , since th e  wall is
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Figure 6 .1. Typical velocity and mean dissipation distribution in a supersonic 
boundary layer; data is from Carvin, 1988, for adiabatic wall and 
with Me= 2.3.
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insulated and the integrated form of equation (6.3) is

+  P0u to~ (7 -  1 W l e f  ~ ^ T  (Hf) = o . (6.4)

E xam ination  of equation (6.4) suggests th a t the  wall-layer expansions should 

proceed as follows:

*  = i f  i ^ )  H Y  + ) + ' ' ' ■ (6.5)U p

H  = T r + a(  1 -  P r ) H e ( Y  + ) + - - -  , (6 .6 )

where T r denotes a  recovery tem peratu re  (or ad iabatic  wall tem pera tu re) defined 

as

IV = r e{ l + r  (1 ^ 1 ) M l } .  (6.7)

T he form of the  expansion (6 .6 ) was also suggested by the  unsteady  wall-layer 

analysis for the lim it ^ - * 0  (see §4.4). Substitu tion  of equations (6.5) and  (6 .7 ) in to  

equation (6.4) leads to

d h _ _  v  + d u l  , »S1
*2 d Y * ~  d Y *  ' (6-8)
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w here th e  C hapm an-R ubesin density-viscosity law has been used in obtain ing 

equation  (6 .8 ). The right side of equation (6 .8 ) should be regarded as a known 

function  w ith asym ptotic  properties described in §3, which are

1 ^ = 1 ,  U + = 0, a t Y + = 0 ,  (6.9)
d Y

and

U + ~ i  log Y + + C i , as y  + -* o o . (6.10)

In  add ition , a t the  wall

^ 2  =  *2+ = J p r  = 0 a t Y + = 0 .  (6.11)

N ote th a t both  and 82 are  unknown, apart from conditions (6.11) and th e  fact

th a t  they  satisfy equation (6 .8 ). There is essentially no m easured d a ta  for either

the  turbulence term  or the to ta l tem pera tu re  near an ad iabatic  wall th a t can give 

guidance as to  the  general behavior of these functions in a  supersonic boundary 

layer. F urtherm ore , since th e  gauge functions associated w ith  these term s in 

equations (6.5) and (6 .6 ) are relatively small, it is expected th a t experim ental 

in form ation  concerning these quantities will not be forthcom ing in th e  near future. 

In spite  of these deficiencies, it is still possible to  m ake progress in the 

d e term ina tion  of the  asym ptotic s truc tu re  of the  boundary layer. In tegrating  

equation  (6 .8 ) from  0 to  Y + results in
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@2 = i (u+)2 -  \Y h dY* 1 0
(6.12)

T he function (f>2 is associated w ith  the turbulence and is unknown; however, it  is 

assum ed here th a t, a t m ost,

Y  ^ 2  d Y +  ~ ^ ( > o g  I '  + ) 2  + ®1log K + +  ■ ■ ■ , (6.13)

as F + -+oo, where $ 2 > ‘ ' ’ are constants to  be determ ined. C ondition (6.13)

im plies th a t

_ log Y  + , ,  +
<j>2 ~  y +—  as Y  -* oo . (6.14)

Since it is an tic ipated  th a t each term  in equation (6 .8 ) will approach zero as 

T  + -»oo, equation (6.14) is equivalent to  assum ing th a t <f>̂ does not decay slower 

th an  the  right side of equation (6 .8 ) as Y  + ~* oo. It follows from  equation (6.12) th a t

~ i ( i - * 2 ) (l0* V  + )2 + ( ^ - * I) l o g y + • • ■ , (6.15)

as f  + -> oo.

Now consider the outer layer where the velocity in the  form of a defect law 

(cf. equation 3.110) is rew ritten  here according to

p * r 1 + u - V + " ' ■ <6 1 6 >
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The outer to ta l-en thalpy  expansion is also expected to  be in defect form  according 

to

I  = j f - = l + u , r 2Q2 + • • • , (6.17)

where is a  gauge function to  be determ ined. In the  ou ter layer th e  deviations of 

th e  to ta l en thalpy  from  its m ainstream  value are expected to  be sm all and the  form  

of equation (6.17) is assum ed here subject to confirm ation.

Substitu ting  equation (6.17) in to  the  energy equation  gives,

ae2 (A0ru ey de>2 t  d q
d s  (A 0 r{/,) V dri -  pou A JU,H,T.l  di, ' ( )

to  leading order, where the  prim e denotes differentiation w ith  respect to  s and A 0 

is the  outer length  scale of the  boundary layer and as discussed in §3 is 0(u„). The 

boundary  conditions associated w ith this equation are taken  to  have th e  form

0 2  ~  7̂ - log V + B 0 as i j - tO , (6.19)

and

@ 2 -* 0  as t)  -* oo . (6 .2 0 )

Here the  quan tity  K a  is the  analogous qu an tity  to  th e  von K arm an  constant bu t 

bo th  Ka and B 0 are unknow n a t th is stage. The asym ptotic  form  (6.19) should be 

regarded  as an assum ption a t this point, which is subject to  confirm ation and
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which is m otivated  by the fact th a t a sim ilar behavior is known to  occur for H  in 

flows w ith heat transfer at the wall; in addition, the  logarithm ic behavior is also 

suggested by the  form  of the  inner expansion in equation (6.15).

M atching the  wall-layer and outer-layer velocity profiles has been carried 

out in §3. N ote th a t a relationship between inner variable Y  + and outer variable 77 

is ob tained  through the  m atching (see equation 3.116) according

log Y + = ^  + log i7 + K(C'0 - C i) . (6 .2 1 )

Here to ob ta in  a m atch  of the  to ta l en thalpy  expansions, relation (6.21) is 

su b stitu ted  in to  the  asym ptotic  form  (6.15) and this yields

^2 ~  ^ 2^  ~~ k2^ 2 )  +  TUI j (  «— ~) +  ~  Cj)] +  Cj -  ■ (6.22)

to leading order. Using equations (6 .6 ), (6.17) and (6.19), it m ay be confirm ed th a t 

in order for the  leading term s to m atch  in  the  to ta l en thalpy  profile,

l  = / r + | ( l  —P r ) ( l - K2$ 2) , (6.23)

where I r = H r/ H e = T r/ H e is the ra tio  of to ta l en thalpy  a t the  wall to  th a t  in the  

m ainstream  for an adiabatic wall and a  is given by equation (3.9). Sim ilarly 

m atch ing  of the  logarithm ic term s in (6.17) and (6.22) yields an expression for the  

gauge function T2 according to
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(6.24)

Using equation  (6.22), it  follows th a t

J f  =  I ( l  - I r ) .  (6.25)

T he q u an tity  na is re la ted  to  the slope of the  to ta l en thalpy  profile in th e  overlap 

zone and is expected to  be 0(1); on the  o ther hand, I r is a function of M e. It is 

convenient to select the  gauge function T2 in equation (6.17) from  equation  (6.25) 

according to

r 2 = 2 ( l - / r) . (6.26)

It follows th a t

Ka = k , (6.27)

and thus na is equivalent to  the  von K arm an constant. It is noted th a t the 

q u an tity  $ 2, appearing in equation (6 .2 2 ) and originally in troduced in equation

(6.13) in association w ith the  assum ed asym ptotic  behavior of the  turbu lence term , 

m ay be subsequently  expressed in term s of the  recovery factor; th is  will be 

considered in the  next section.

Lastly  it m ay be shown th a t an expression for the  constant (c.f. equation

(6.13)) m ay be obtained through m atching of the  term s 0 (u„); it can be shown th a t
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^1 — b (1 -  k^ 2 )  (Co -  C* -  Bo) , (6.28)

which in general defines as a  function of s (stream w ise d istance along the 

surface). N ote th a t for universal values of k , Cj  and <]>2 i ^ 1  = ^ i ( 5) since C 0 and 

B 0 are functions of s, in general, whose values depend on the  specific outer-region 

tu rbu lence  m odel adopted in the  m om entum  and energy equations, respectively.

A t this point the  outer-region to ta l-en thalpy  expansion m ay sum m arized as 

follows: the outer defect law takes the  form

I  = j f -  = l  + u , [ 2 ( l - I r j \Q  2 + • • ■ , (6.29)

w ith  th e  lim iting behavior of 0 2  according to

© 2  ~  i  loS V + B o as 7} -»0 , as V 00• (6.30)

E quation  (6.29) im plicitly  contains a dependence on M ach num ber in / r ; as M e -»0, 

I r approaches unity , and in  th is lim it th e  to ta l en thalpy  is constant across the  

boundary  layer. T he hypersonic lim it M e -* oo will be considered subsequently , 

where it will be shown th a t I r approaches a finite lim it.

6.3 T h e  Recovery F ac to r

It is known from  the  derivation of Crocco in tegral th a t if the  m olecular 

P ran d tl num ber is un ity  and the  tu rbu len t transport te rm s pu'v'  is exactly  equal to 

pv 'H',  then  the  to ta l en thalpy  H  m ust be constan t across the boundary  layer in an
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ad iabatic  flow. However, the  turbulence term s in the  m ainstream  and  energy 

equations are never identically equal, and in such cases and  whenever P ran d tl 

num ber is no t unity , the  to ta l en thalpy  is not constant. For m ost gases P r  < 1 and 

energy m igrates from  near the  wall to  regions near the  edge of the  boundary layer. 

In general it is observed th a t the  wall tem peratu re  for ad iabatic  surfaces is g rea ter 

th an  th e  m ainstream  static  tem peratu re  bu t less th an  th e  m ainstream  to ta l 

en thalpy . This experim ental fact is characterized by the  so-called recovery factor r 

defined by

(6.31)

From  equation (6.31) it is easily shown th a t

I r = TTe = l ~ i  ( 1 ~ r ) ’ (6'32)

where a  is defined by equation (3.9). It is worthwhile to  note th a t since 0 < a  < 2 

for 0  < M e < oo, I r =  1 when M e =  0 , and  in the  hypersonic lim it M e -* oo, I r -* r.

C om paring equations (6.22) and  (6.32), it follows th a t the  recovery factor r is 

given in term s of th e  constant $ 2  in troduced in equation (6.13) by

r =  P r  + (1  -  P r)/c2$ 2 • (6.33)

T he recovery factor th a t is usually quoted for tu rbu len t flow (see Cebeci and  

S m ith , 1974) is r =  Pr^**; th is value is a  correlation of em pirical da ta . It m ay be

r =  T r - T e
( 7  -  l ) M |/2  ’ 

which in general lies between 0  and 1 .
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noted th a t the  functional dependence on P r  exhibited  in equation  (6.33) is different 

from  th e  conventional relation; unfortunately , available experim ental d a ta  for T r is 

for gases having P ran d tl num bers in the  range 0.71 to  0.72, and  this range is not 

sufficiently broad to  discern a possible dependence on P r  in the  data . If the 

conventional expression is equated  to  equation  (6.33) for Pr  = 0.71, a universal 

value of

$ 2  = 3.736 (6.34)

is im plied. In Figure (6.2), values of the  recovery factor r com puted  from  the  

com pilation of d a ta  for adiabatic walls (Fernholz and Finley, 1977) and  the  recent 

experim ents of C arvin (1988) are shown. For each point, r was calculated from  the  

definition in equation (6.31) using the  quoted experim ental values of TV, T e and 

M e. For the  m ajo rity  of the  d a ta  P r  = 0.71 and the  solid line denotes the  s tan d a rd  

value of the  recovery factor of ( 0 .7 1 ) ^  for which $ 2  = 3.736. A regression analysis 

was carried  out for the  points shown on Figure (6.2) and yielded th e  broken stra igh t 

line having alm ost zero slope; th is also tends to  support the  hypothesis of a  

constan t value of $ 2  given by equation (6.34), a t least for an alm ost constan t Pr.  

There is considerable sca tter in the “d a ta ” shown on Figure (6 .2 ) bu t to  an ex ten t 

this is to  be expected because of the  n a tu re  of the  evaluation of r. Suppose for the  

sake of argum ent th a t r = (0 .71 )^3 is the tru e  value of r and th a t errors of A T r and 

A T e are  present in the  experim ental d a ta  for T r and T e, respectively. T hen  it is 

easily shown from  equation (6.31) th a t

r ~  r | Tr  /ATr ATet  2____ + . . .  m 35)
+ T e I T r r J ( 7 _ i ) M 2  '

2 3 8



0.
80

 
0.

85
 

0.
90

 
0.

95
 

1.
00

1 .5 10
Me
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As an exam ple, suppose th a t errors of 1% are present in the  tem pera tu re  d a ta , then  

m ax im um  and m inim um  values of r are given by

- _ = | 0-04 T r
i  — 1 IE n  m

(7 - 1  )Aff
(6.36)

These curves are shown in Figure (6.2) and are seen to bound m ost of the  “d a ta ” .

For low values of M e, there is considerable sca tte r in the  data; in m ost of these 

experim ents, there  is uncertain ty  in the  tem p era tu re  da ta  as well as w hether or not 

the  wall was tru ly  adiabatic . Consequently, a lthough $ 2 could, in principal, be

th e  trends in the  d a ta  itself justifies such a  correlation.

6.4 Turbulence Flux Modeling

In order to  develop to ta l-en thalpy  profile for the ou ter region, it is now 

necessary to  in troduce specific turbulence models for q in the  ou ter layer. In  §5.2 it 

was argued th a t the  Reynolds shear stress and flux can be m odeled by Boussinesq’s 

gradient-diffusion m odels having the  form

where t  and are eddy viscosity and  eddy conductiv ity , respectively. Here in this 

section, however, a  ra th e r unconventional m odel for tu rbu len t flux te rm  is proposed 

according to

correlated as a  function of M e, neither the  accuracy of presently  available d a ta  or

(6.37)
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where ea denotes eddy-conductiv ity  coefficient in an adiabatic  flow. T he form  of 

equation  (6.38) m erits some discussion. Consider th e  energy equation  (6.18) and 

using equations (6.19),it follows th a t for a self-similar flow ( 0 2 = © 2^))

dq  Pou * H 2 m  rr v  * n <a on\dr}~ KaUe as 77->0. (6.39)

B ut for an ad iabatic  wall, qw = 0 and since q is constant across th e  wall layer, it 

follows from  equation  (6.35) and (6.39) th a t

q „  _ 2p ou * H e ( A 0U ey  ( 1 _ j ^ T} as (6 40)

Since I r < 1 and  (A 0£7e)' > 0, it follows th a t q is negative for sm all r/ a t th e  inner 

edge of the  wall layer. C onsequently, it is clear th a t if an  a ttem p t is m ade to  

m odel th e  tu rb u len t heat flux in the  outer layer, where from  equation (6.2) q ~  (j) to  

leading order, w ith an eddy conductivity  form ula such as th e  second of equations

(6.37), then  ej j  would have to be negative for sm all 77 and  also quad ra tic  in 77. 

Form ulae of th is n a tu re  were not considered to  be physically appealing, and 

although several were tried , it was not possible to  find one which gave a 

satisfactory representation  for H.  For this reason the  a lternative given in equation  

(6.39) was considered. In fact there are two processes associated w ith  d issipation of 

energy in the  tu rbu len t boundary layer, and  these are associated w ith viscous 

dissipation and the production  of tu rbu len t kinetic energy, and  in th e  outer layer it 

is the  la tte r  which dom inates. Thus there  is reason to  believe th a t Reynolds stress



re la ted  work should be involved in  the turbulence m odeling as indicated  in 

equation  (6.37). Here (f> is w ritten  in term s of an eddy conductiv ity  plus an 

additional term  representing tu rb u len t dissipation, the  form of which is suggested 

to  some ex ten t by equation (6.2). Here P  is a  constant whose value will be 

subsequently  be defined. The form  of the  coefficient of the  second te rm  in equation

(6.37) has been selected so th a t -» 0 as t) -» 0, as subsequently  shown. It m ay be 

no ted  th a t th e  second te rm  in equation  (6.37) vanishes as M e -* 0 and  I r -+■ 1. It is 

possible to  model <f> in o ther ways, but the relation (6.37) has proven to  be effective 

in representing m easured to tal tem peratu re  profiles for supersonic boundary  layer 

layers w ith an adiabatic wall.

Consider first the form ulation of eddy conductiv ity  for sm all ij. In term s of 

H ow arth-D orodnitsyn variable Y  and then  the  scaled ou ter variable rj

^  P2 , d H  p 2 , 2 P f / e( l - / r ) _ d u

( 6 - 3 9 )

In th e  outer layer, u and H  are both in the form of defect law and, according to 

equations (6.16) an d  (6.29), the defect functions are logarithm ic for sm all /?; also 

no te  from equation (5.111) th a t Reynolds stress a ~  pou %.0 for sm all rj. I t  follows 

th a t to  leading order

* ~ -  2Fj H \  M <6'4°>

B ut from equations (6.5) and  (6.14) it can be seen th a t the  turbulence term  ^ - * 0  as 

Y + -» oo. It then  follows th a t to  provide a sm ooth transition  betw een the  inner
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and  ou ter layer, the eddy conductiv ity  function m ust have the following form for 

sm all Tj

P2 % u to A 0(Pk) rj , as rj — 0  . (6.41)
Pl

For large values of 17, th e  form  of eddy conductivity  is taken to be same as eg,  th e  

eddy conductiv ity  function used in §5, according to

ea = ^ K hU e6* . (6.42)
P

It is w orthw hile to  note th a t in expression (5.14) for e g ,  the  constan t K^ =  0.0245. 

This value of was originally obtained  from an extensive set of com parisons and  

synthesis of experim ental d a ta  for sta tic  tem peratu re  in subsonic tu rb u len t 

boundary layers (W eigand, 1978); it was utilized in the  eddy-conductivity  m odel for 

heat transfer problem  in §5 and provided good agreem ent w ith supersonic da ta .

In th e  present case, the wall is ad iabatic  and some m odification of th e  eddy- 

conductiv ity  near the inner edge of the outer layer is necessary. However, the  d a ta  

base for supersonic boundary layers w ith  ad iabatic  walls is not large, and  in any  

case d a ta  near th e  wall is relatively scarce. Thus it is not possible to develop a  

model based purely on em piricism , and in order to m ake progress, it  is necessary to  

postu late  a  functional form  and investigate its perform ance. A convenient choice is 

to take

ea(v) =  P  <Kt/) » (6.43)
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where e(rj) is the eddy-viscosity function given by equation (5.26) and the constan t 

P is now selected according to

P = K h/ K  = 1.4583 . (6.44)

This choice is so th a t the  eddy conductiv ity  m odel has an outer form  identical to  

the  previous model for heat transfer, equation (5.27), in the  ou ter portion  of the  

boundary layer. A nother m otivation for selecting th is model is th a t it proves 

possible to  obtain  exact analytical solutions for 0 2 in the  case of self-similar profiles 

which are described in  the  next section.

6.5 Self-Similar Profiles

In this subsection, a self-similar to ta l-en thalpy  profile is developed for 

ad iabatic  flows. This solution will subsequently used in the  d irect com parison w ith 

experim ental d a ta  to  validate the turbulence model adopted, as well as the  general 

approach. Most of the  m easured to ta l en thalpy  d a ta  for adiabatic  walls in 

supersonic boundary layer layers has been taken under constant pressure 

conditions, and here a solution of outer-region to ta l en thalpy  equation constan t M e 

is sought. T he governing m om entum  equation for a  constant M ach num ber is the  

sam e as th a t in §5.3, which is rew ritten  here, together w ith the  energy equation 

(6.18)

<6-45)
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d_ JpA d & 2 \  , ^©2 _ c(s )  ^©2 d _ [  Â l l
d r ) \  dr) j  +  a ^  dr) ( } d s  +  dr) \  J ’ (6.46)

w here the  coefficients in these equations are given by equations (5.xx), (6.37), and 

(6.43), and the  eddy-viscosity function for the  m odified Cebeci-Sm ith m odel is 

rew ritten  from  §5 with

. K, r,>r)m
A€ = |  (6.47)

* v / v v  v < n m ,

where

. , p eU e8 * k
"1 ( s ) = ; r / w - K =  0.0168 . (6.48)

Here r)m denotes the patch  point betw een the two portions of the  ram p function, 

T he boundary conditions associated w ith these equations are

d  F
— ~ ^ l o g r /  + C 0 as 77 —► 0, ©2 ~  ^  log 77 + i ?0 as 77 -* 0 (6.49)dr)

and

d F  1
, O2 - » 0 ,  as 77-* 0 0 . (6.50)

For th e  self-similar solutions, a convenient choice for the  ou ter length scale is the  

sam e as discussed in §5 and
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where S* is the  dimensionless “kinetic” displacem ent thickness defined by equation 

(5.8). T his choice leads to a particu larly  sim ple form ulation since c is th en  a 

function of r) alone. Equations (6.45) and (6.46) reduce to

d_
drj

respectively for the  defect profile functions F j and ©2 - Here a is the  sim ilarity  

constant and a m ethod for determ ining a has previously been described in §5.5. 

N ote th a t the  difference between equations (6.53) and  (5.43) is the  non-zero right 

side in equation  (6.53) which m ay be in te rp re ted  as the  leading order contribu tion  

arising from  tu rb u len t dissipation. In tegration of equation (6.53) across the  

boundary layer results in

[ ©2(’I) drl = 0 ’ (6-54)J O

from  which it follows th a t © 2  m ust change sign in the  outer region. The physical 

m eaning of this result is evident. Since the  flow is ad iabatic , the  to ta l therm al 

energy in the  boundary  layer m ust rem ain constant. T hus, if one region of the  flow 

has H  < H e, some o ther region m ust have H  > H e and an overshoot m ust occur in 

to ta l enthalpy.

T he exact solution of equation (6.52) was given in  §5.5. An exact solution of
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the energy equation (6.53) may also be obtained. In the outer tier,

02  “  (P -  1)\
[ 3 1  / j p  e-aK/2/c2P f f  r a Z  „) 
2aK | Nr 6 erIC V\2KP V

-  P e-K a/ 2Ac2erfc ' T ] > T J m (6.55)

and in the  inner tier

® 2=  - ^ T T > { P * i( ¥ ) - E i( $ ) }

+ B ° - 7 ^ y 0 -  loS (s ) +  p T I  loSP } ’ ^ (6.56)

T he outer-log-law constan t for to ta l en thalpy  is given by

B o = V - : log ( I )  }.+ {P E , ( f ) -  E , ( 4 § )

+ lo * p } + F i r x f f i { ^ <!' aK /2 'c P “ fc'
aK

A2«2p

_ p e -aK/2/c2 erfc< aK  1 
N2k2 J (6.57)

In the  above equations erfc and E j denote the  com plem entary  error function and  

exponential integral, respectively and 7 0 = 0.577215... is E u ler’s constant. T he exact 

solutions (6.55) and  (6.56) provide a  convenient representation  of th e  defect profiles 

for the  sim ple eddy-conductiv ity  function in equation  (6.43). T ogether w ith  th e  

leading order defect-velocity profile (5.44), a com plete set of outer-region solutions
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has therefore been obtained. For the  wall layer, an expansion for to ta l en thalpy  

was given in equation (6.6), bu t the  function is unknown at th is tim e except for 

conditions (6.11) and  (6.15). A representative solution of 9 £  could be obtained  in 

principle through unsteady  wall-layer analysis as described in §4; however, th e  wall 

layer problem  for 9 £  is significantly m ore difficult, and to  leading order 9£  is not 

needed. It m ay be noted from equation (6.6) th a t the  second term s associated  w ith 

Q£ is small for Y  + = 0 (1 ).

6.6 Comparison with Total Temperature Data

The solution described in (6.55) and (6.56) depends on the  sim ilarity  

constan t a which m ust satisfy the  condition (5.54). Assum e th a t a t a  given 

stream w ise location along an adiabatic surface, the  following d a ta  are known for a 

specified gas: (a) the  m ainstream  velocity Z7e, tem pera tu re  T*t and  density  p *, and 

(b) the  dim ensional kinetic displacem ent thickness <5**. T he m ainstream  Mach 

num ber m ay now be determ ined by the  relation

M l = ^ k '  ( 6 ' 5 8 )

and the  wall tem peratu re  is then  determ ined since T w = T r , where

n  = T e* ( l + r ^ M ? 2) .  (6.59)

T h e  sam e iterative procedure as th a t in §5.5 m ay now be followed to  determ ine a so 

th a t  equation (6.54) is satisfied. T he final solutions are then  used to  m ake direct
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com parison w ith experim ental profile data.

Com parisons for to ta l en thalpy  were carried out for several cases, and the  

resu lts of six typical comparisons are shown in Figures 6.3 and 6.4 for the  cases 

listed  in Table 6.1. T he m ajority  of the  d a ta  is taken  from  the  com pilation of d a ta  

by Fernholz and Finley (1977) and again the  same identification schem e is used; 

the  exception is the  recent d a ta  from C arvin (1988), f-1048. In m any of th e  d a ta  

sets com piled in Fernholz and Finley, the to ta l tem p era tu re  was often estim ated  by 

using some version of the  Crocco integral from  direct m easurem ents of the  velocity. 

However, there  are some d a ta  sets in which th e  to ta l tem pera tu re  was actually  

m easured, and only these were considered here. U nfortunately , th is m eans th a t 

there  is a relatively sm all d a ta  base suitable for direct comparisons.

Case No. M c T  w /T  r R e f . 9*

58030101 1.720 1.006 31521 0.0362 0.00

58030201 3.560 1.031 29121 0.0403 0.00

58030301 4.670 1.045 13621 0.0465 0.00

f-1048 2.160 1.012 6450.5 0.0439 0.00

73021203 2.80 1.00 66393 0.0360 0.00

73010501 4.742 1.0212 12352 0.0473 0.00

Table 6.1. Parameters associated with experimental data for an adiabatic

wall and computed dimensionless friction velocity and heat flux.
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Figure 6.3. Comparison of total enthalpy data with the theoretical profile. Data 
from Fernholz and Finley, 1977 (5803-Kistler)
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Figure 6.4. Comparison o f total enthalpy data with the theoretical profile. Data
from Fernholz and Finley, 1977 (7301-Gates; 7302-Winter and
Gaudel), and Carvin, 1988.
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Figure 6.5. Comparison of velocity data with the theoretical profile. Data 
from Fernholz and Finley, 1977 (5803-Kistler).
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Figure 6.6. Comparison o f velocity data with the theoretical profile. Data
from Fernholz and Finley, 1977 (7301-Gates; 7302-Winter and
Gaudel), and Carvin, 1988.
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Again, profile distributions in a given experim ent were selected closest to  the 

end of the  te st section, since such profiles are expected to be closest to  exhibiting 

self-similar behavior. U nfortunately, it  is no t possible to  assess how close each 

situation  is to  equilibrium ; in addition, it is also difficult to  ascertain  w hether the  

wall is tru ly  ad iabatic  in some of the  experim ents. N evertheless, the  results of the  

d irect com parisons for to ta l en thalpy  are shown in Figures 6.3 and 6.4, the 

corresponding velocity results are in Figure 6.5 and 6 .6 ; each d a ta  set is identified 

as listed in T able  6.1. It m ay be seen th a t the  representation  of th e  to ta l en thalpy  

profiles are quite  good over the entire range of Mach num bers listed in T able 6.1. 

T he results for skin friction should be com pared w ith  those ob ta ined  using the 

theory  in §5 and  listed in Tables 5.8 and 5.11; note th a t the  predicted values for u* 

are very close. In  addition the  velocity profiles obtained using the  present adiabatic 

wall theory  are essentially identical to  those shown in Figures 5.11 to  5.14. It is 

m ay be noted th a t the  deviations of H  from the  m ainstream  value of H e are  not 

large and some sca tte r is evident in th e  da ta . Nevertheless, th e  present profiles 

correctly p redict the  shape of the d istribution  as well as th e  slope of th e  profile in 

the  overlap zone. N ote th a t the  to ta l en thalpy  d istribu tion  reaches a  m axim um  

(above the  m ainstream  value) w ithin the  boundary layer. F or P r  < 1 , H r < H e and 

0 2 m ust be negative near the  wall. In view of equation (6.54), 0 2  m ust be positive 

fu rther away from  th e  surface and th is behavior is reflected for all cases. Lastly, it 

should be em phasized th a t the  theoretical profiles shown in Figures 6.3 and 6.4 are 

predicted  results and th a t the comparisons have not been enhanced through 

ad justm en t of any model param eters. It should be noted th a t th e  to ta l en thalpy  

overshoot from  the  value of H e is relative sm all, therefore its influence on velocity 

profiles (Figures 5.5 and 5.6) is not noticeable com paring w ith  the  results obtained
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in §5.

6.7 Summary

In th is section, an algebraic turbulence m odel has been developed to 

represent the  influence of viscous dissipation in supersonic tu rb u len t boundary 

layers. T he theory developed here is valid in the  param eter range 

( 7  -  l)AfgU^ < 0 (1 ) bu t ( 7  -  l )MgU^  =  o (l) in the lim it Re-*0 0 . T he  calcu lated  to ta l 

en thalpy  profiles have been shown to  agree well w ith m easured experim ental data. 

T he variation  of the  self-similar profiles w ith M ach num ber is shown in Figures 6.7 

and  6 . 8  for a fixed value of Re^,\ the  trends shown here are sim ilar for o ther values 

of Re^». N ote overshoot th a t occurs in the  to ta l en thalpy  profiles in the  outer 

portion  of th e  boundary layers; this overshoot appears to  dim inish a t M e = 8  b u t it 

should be noted th a t this hypersonic case is probably outside the  range of valid ity  

of the  present theory. It should be noted th a t the  analysis described in th is chap ter 

is a  lim iting situa tion  in supersonic boundary-layer flows, where th e  heat flux <^->0 . 

A nother lim iting case of 5 ,  = 0(u„) in which significant heat transfer occurs a t the 

surface was discussed in §5. I t  m ay be noted th a t the  results for velocity and sta tic  

tem p era tu re  obtained  when the  theory of chap ter 5 is applied to  nearly  ad iabatic  

wall cases are essentially the sam e as those obtained in  the  present chap ter. T he 

m ain difference is th a t the  present theory  is bale to cap ture  the  overshoot in to ta l 

en thalpy  for adiabatic  walls whereas the  theory  in chap ter 5 cannot.
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Figure 6.7. Variation o f the total enthalpy profile with Me for Reg* =10,000.
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7. Summary and Conclusions

T he objectives of th is study  as outlined in §1.5 have been successfully m et . 

T he first objective was to  determ ine the  asym ptotic tim e-m ean s truc tu re  of the  

com pressible tu rb u len t boundary layers for large Reynolds num ber and M ach 

num ber 0 (1 ). T his was carried out in §3, w ith a detailed  sum m ary  of the 

theoretical results given in §3.7. In sum m ary the  high-speed com pressible boundary 

layer was to  possess a self-consistent two layer struc tu re . The im p o rtan t scaling 

param eter in  the  velocity problem  was found to  be uro = ^Tw/ p 0, w here p a denotes a 

reference density  characteristic  of the wall layer as a whole; in  term s of the 

conventional friction velocity u TO =« \ p w/ p 0u T• F ° r to ta l en thalpy  and im portan t 

scaling param eter was determ ined to  be q ro =  qw /P o u To f°r flows w ith  heat transfer; 

here q w denotes a  dimensionless heat flux a t the  wall. T he  case of the  adiabatic  

wall was analyzed separately  in chapter 6 . The asym ptotic  analysis was carried out 

w ithout recourse to  a specific closure m odel, w ith  a m in im um  of appeal to  

experim ent. A m ajor prom ise of th is study  is th a t the  velocity and  to ta l en thalpy  

profiles are logarithm ic in the  H ow arth-D orodnitsyn variable w ith in  th e  overlap 

zone betw een the  tw o regions of the  boundary layer. Thus a  new com pressible law 

of the  wall has been developed and confirm ed through direct com parisons w ith  d a ta  

in §5.

In §4 a theory was presented for the  m ean flow in the  wall layer which is 

based on the  coherent s tru c tu re  of the near-w all tu rb u len t flow. T hrough 

consideration of represen tative m otions during a typical cycle in  the  wall layer, 

expressions for the  m ean profiles were produced via a  tim e averaging over a cycle
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and  this process results analytic functions for velocity i/ + (K + ), and to ta l en thalpy  

function 6 + across the en tire  wall layer.

In  §5 self-similar profiles, which are uniform ly valid across the  ou ter layer, 

were developed by using sim ple eddy-viscosity and eddy-conductiv ity  models for 

closure in  the  ou te r layer. T he  asym ptotic results revealed a deficiency in  the  

conventional form  of outer-region algebraic models and a m odification to  account 

for density  variations was proposed. In  order to  test the  results of the  asym ptotic  

theory , as well as the  new turbulence models, a  lim iting case was considered 

corresponding to  constan t pressure flows w ith heat transfer; in th is situa tion , the  

governing equations in the  ou ter region of th e  boundary layer reduce to  ord inary  

differential equations, for which exact analytical solutions are found. Definitions of 

a  reference density  were proposed in §5 as e ither an average or a m ean density  for 

the  inner layer. D a ta  com parisons were carried out using the  self-similar solutions 

to  verify th e  selection of reference density  pa; it was found th a t th e  pa evaluated  as 

a m ean average betw een Y  + = 0 and Y +  = 60 or a  m en value evaluated  a t Y  + = 23 

provided uniform ly good results over the  following range of M ach num bers and 

surface tem peratu re: M e < 7 and 0.3 < T w / T r < 1 where T w  and T r  are the  wall and 

recovery tem peratu res respectively. D irect com parisons w ith d a ta  show th a t the 

profiles give a good representation  of m easured m ean velocity and tem pera tu re . It 

is w orthw hile to note th a t closer correspondence w ith the  d a ta  for a given profile 

can be achieved by adjusting the  param eters in the  turbulence models. However, 

th e  objective was to  dem onstrate  th a t there is a  degree of university  over a  range of 

M ach num bers using the  present models, and so no a ttem p t to  “fit” the  d a ta  was 

m ade; the  profiles were produced solely from th e  known physical quan tities a t each
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d a ta  station , and  no adjustab le  param eters were used.

T h e  lim iting case of adiabatic flows in  supersonic range w ith  m ainstream  

M ach num ber 0 (1 ) was discussed in §6 . A n algebraic model was developed to  

represent the influence of viscous dissipation in supersonic tu rb u len t boundary  

layers. T he theory  developed here is valid in the param eter range 

( 7  — 1)M%u to = 0 (1 ). T he  calculated profiles have been shown to  agree well w ith 

m easured experim ental da ta  for velocity and to ta l en thalpy .

T he work described in  th is  thesis represents a first s tep  tow ard extending 

the  em bedded-function m ethodology to  the com putation  of tu rb u len t supersonic 

flows. In addition, a set of m odels for boundary layers in a  high-speed com pressible 

flow has been developed. A further byproduct of the present study is a  set of 

com posite velocity and to ta l enthalpy profiles which gives a good represen tation  

across the  entire boundary layer. These profiles could be used to  define an in itial 

d is tribu tion  of th e  flow quantities to in itia te  a  Navier-Stokes solution in a  m ore 

general flow environm ent, sim ply by estim ating  displacem ent thickness 

d istributions along all walls.

T he high speed compressible boundary-layer models developed in th is study  

have been confirmed for zero pressure gradient flows. A t present, it is no t clear 

w hether a  self-similar structure  can exist for flows w ith  significant pressure 

gradients. The discussion of the conditions for self-similar in §5 concluded th a t  the  

present theory  does n o t describe self-sim ilarity for flows w ith significant pressure 

gradient. However, a  sim ilarity profile m ay be possible w ith  using a lte rn a te  

scalings. F o r this reason th a t fu ture research m ight consider th is situation.

T he models in §5 and §6 covered the lim iting cases of flow w ith  significant
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heat transfer and flow w ith  an adiabatic  wall respectively. F u rth er s tudy  is needed 

to  bridge th e  gap betw een these lim iting situations for cases where bo th  heat 

transfer transfer and the  influence of viscous dissipation need to  be considered 

sim ultaneously. Lastly  the present theory become invalid for very high M ach 

num bers and it is of in terest to  develop th e  extension of th e  presen t theory  to  the  

hypersonic case.
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Appendix A

The Unsteady Wall Layer Model

In  th is appendix, the  analytical em bedded functions for th e  wall-layer 

profiles of m ean velocity and to ta l en thalpy  are sum m arized (W alker e t al., 1986, 

1989). These m ean profile functions are valid for the  case of flow w ith  heat transfer 

and  are obtained by com puting a  tim e-average of th e  instan taneous velocity and 

to ta l en thalpy  over a  typical in terval between bursts in the  wall layer. Both wall- 

layer profile models are of the  form

U + , $ + = ( l + ^ \ ^ R ( T i , t  + ) Q ( Y  + ) + Z ( Y * ) j

- ^ . | i i ( 0 , t  + )<2(r„+ ) + Z(?„+ ) | .  (A .l)

Here to is a  param eter (to be determ ined) and T g  is the  m ean period between

bursts  in  the  wall layer having a typical value of =  110.2 (W alker e t al., 1989). 

T he functions in equation (A .l) are given by:

R(t ,  t  + ) = C'l - i ^ - l o g  2^ + i  log (< + <0+ ) , (A .2)

Q (y )= ( 2 y2 + l ) e r % ) +  ^ y e ~ y  , (A.3)

Z ( y )  = | ( 2 y2 + 1 ) S(y) + y  S\ y )  - ^  (6y2 + 1 ) e i i ( y ) - 1 y e ~ y  J . (A.4)
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For the  velocity profile U + , C , is the inner region log-law constan t, k  is th e  von 

K arm an  constan t and 7 0 is E u ler’s constant. F o r th e  to ta l en thalpy  profile 8 + ,

replace k  w ith  Kg and C*,- w ith  B in equation (A.2). For the  velocity profile U + ,

the  norm al variables appearing in equation (A .l) are

V" + — Y + V +  — Y + t A
Y  2 ( A ' 5 )

while for the  to ta l en thalpy  profile 0 + , Y + is replaced w ith Yg  in equation  (A.5) 

where Yg  — >JPr Y  + . Finally, the  function S is defined by

f y  . 2  i 2  r (  2
E(y)  =  e z e^ e d £ d x d z  . (A .6 )

J O * O J o

A list of the  properties of th is function is given by Scharnhorst and W alker (1986) 

and, in particu lar, it m ay be shown tha t

S(y) = ^ ( log(y) +  ^ - ^ 2 + ■ • • |  , a s y - * o o .  (A .7)

A t the  wall, the  profile U + and 8 + satisfy

V *  = 0 , 4 J j p r = 1 ' a t r + = 0 , (A .8 )

+ = 0 ' a t y + = ° -  (A .9)O Y  a

In addition, bo th  profiles m ust satisfy the wall com patib ility  conditions w hich are
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th a t  second and th ird  profile derivatives m ust vanish a t Y + = 0 ; for the  velocity 

profile U + , these conditions require th a t (W alker e t al. 1989)

> Jr£  + t0+ =  (A.iO)

R ( T ^ , t  + ) - ^ r R(0, t  + ) = 0 . (A .1 1 )

For the to ta l en thalpy  profile, kq replaces k in equations (A.10) and (A. 11) and  B ; 

replaces C,' in equation (A.2 ); in addition, the  right side of equation  (A .1 0 ) is 

m ultip lied  by -jPr.

For the  velocity profile U + , it m ay  be readily inferred th a t equation (A .l) 

contains th e  following param eters: (a) th e  von K arm an constan t «, (b) the inner 

“log-law” constant Cj,  (c) the  bu rs t period and (d) t g . These param eters are 

not independent since equations (A.10) and (A .11) provide tw o in terconnecting 

relations. F o r exam ple, for the com m only used values of k  = 0.41 and = 5.0, the 

solution of equations (A.10) and (A .1 1 ) gives

= 110.2, *0+ = 0.00801 (A .12)

and this value of T g  com pares favorably with experim ental m easurem ents of the 

period betw een bursts  in the  wall layer (W alker et al., 1989). O ther values of k 

an d /o r T g  m ay be used to  produce other values of C,-; in general T g  is large w ith  

respect to  tg , and  thus an expansion of equations (A.10) and (A .l l)  for sm all 

( t£  / T g ) yields
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ci = ̂ NFrJ+i|i+^-^iog(4r^)|= + . .. , (A.13)

to leading order. This relation gives C, as an explicit function of k  and  T g ;  the 

estim ate  of C t- m ay be refined by iteratively  solving equations (A.10) and  (A .1 1 ) for 

given values of /c and  T g .  For to ta l enthalpy, a  corresponding estim ate  of _£?, is 

obtained  by replacing k  by Kq and replacing T g  by T g  P r  in  the  term  on the  right 

side of equation (A.10).
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Appendix B

The Baldwin-Lomax Model

T he turbulence closure model proposed by Baldwin and Lom ax (1978), was 

partia lly  p a tte rn ed  after th a t of Cebeci and Sm ith (1974). I t is a sim ple eddy 

viscosity model which does not use the  boundary-layer displacem ent thickness; this 

is advantageous in  some situations, such as in ternal flows or near a  backw ard-facing 

step , where it is difficult to  identify a displacem ent thickness. In addition , the  

model is defined in term s of the vorticity  which is invarian t under coordinate 

transform ations, and therefore, in principle, the  model m ay be applied to  three- 

dim ensional configurations. Due to these advantages and an ease of 

im plem entation , the  Baldwin-Lom ax m odel has become a  popular algebraic eddy 

viscosity m odel in com putational aerodynam ics and, therefore, was used in the  

present study. In this Appendix, a  value for the  model constan t C p appearing in 

equation  (5.xx) is developed. Originally C p was determ ined th rough num erical 

calculations to  be approxim ately 1.6, in order th a t the  Baldwin-Lom ax model 

produces sim ilar results to th e  Cebeci-Sm ith m odel a t low M ach num bers and in 

incom pressible flows. Here an exact value for C p will be ob tained  according to  the  

foregoing criterion.

According to §5, eddy viscosity e in bo th  the  modified Cebeci-Sm ith and 

Baldwin-Lom ax models m ay be w ritten  in  the  form

(B .l)
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where

f Ke ’ Tl > Vm
6 = (B.2)

1 W / V i  . V <  Vm

and  T]m and rj  ̂ were given in equation (5.xx) by 

P U e8* K
i -  (B.3)

H 0  O U T 0

T h e  values of the  pa ram ete r K e are given by

K f = K , (B.4)

for the  Cebeci-Sm ith model and

K( = K ( C pn” °*!’,’“' j  , (B.S)

for the  Baldwin-Lom ax m odel. In these form ulae, K is a  constan t w hich norm ally 

has the  value K=0.0168. For the  Baldwin-Lom ax model, n max is the  physical 

location where the  function F  =  n  | d u / d n  | achieves a  m axim um  and F max is the
(V

corresponding value of F ; C p is a constant which is to  be ad justed  so th a t the 

m odel produces the  sam e results as th e  Cebeci-Sm ith m odel a t low M ach num bers. 

N ote th a t  as M e ~* 0, equation (A .l) reduces to  the  incom pressible form  of e ither 

th e  C ebeci-Sm ith (1974) or Baldwin-Lom ax (1978) model.

T he differential equation for the  velocity defect function dF^fdr)  in the
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lim iting case of self-similar flow was given in  equation (5.yy); in this equation the  

p aram eter a is a  constant such th a t a -*■ 1 as M e -* 0, and for self-sim ilarity, the 

r)i = 1 in equation  (B.3). The solution for the  defect function was given in 

equations (5.xx) and  (5.yy).

Using th is solution, it is possible to  determ ine the  constant C p in the  

Baldwin-Lom ax m odel. In the  lim it of M e -* 0

^  = n ^  = 1 %  = UToV~ d i f  ' ( B ' 6 )

Upon differentiating equation (5.xx) and noting th a t a = 1 as M e ~* 0, it is easily 

shown th a t

C p r i m a x ^ m a x
— u j - — = 1 >  (B ' 7)

or

C p = exp ( l  + ^  )J  . (B .8 )

Upon substitu ting  « = 0.41 and K =  0.0168 in to  equation  (B .8 ), C p can then  be 

determ ined to  be

C p = 1.7332 • (B.9)

Direct comparisons of the two profiles show that the Baldwin-Lomax model having
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the constant C p = 1.7332 produces essentially the  sam e results as the C ebeci-Sm ith 

m odel a t low M ach num bers as well as in supersonic flows w ith M e being 0 (1 ).
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