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ABSTRACT

The problem of high speed two-dimensional turbulent boundary layers is
considered. An asymptotic analysis of the compressible boundary-layer equations is
carried out for large Reynolds numbers and mainstream Mach numbers O(1). A
self-consistent two-layer asymptotic structure is described wherein the time-mean
velocity and total enthalpy are logarithmic within the overlap zoue but in terms of
the Howarth-Dorodnitsyn variable; the proposed structure leads to a compressible
law of the wall for high speed turbulent flows and expressions are obtained relating
the friction coefficient and surface heat flux to the slope of the velocity and total
enthalpy profiles in the fully turbulent (logarithmic) zone. Representative velocity
and total enthalpy profiles are obtained for the inner region of the boundary layer
through consideration of typical time-dependent motions within the wall layer. The
outer layer profiles are determined from the leading order outer layer equations;
simple outer region Boussinesq eddy-viscosity and eddy-conductivity turbulence
models are formulated to reflect the effects of compressibility of the flow. The
conditions for self-similarity in a high-speed boundary layer are examined and a set
of self-similar velocity and temperature profiles are obtained for constant pressure
flows to test the proposed asymptotic structure and turbulence models; these are
combined with wall-layer profiles to form a set of composite profiles valid across
the entire boundary layer. A direct comparison with experimental data shows good
agreement over a wide range of conditions for flows with and without surface heat
transfer. To complete the analysis the case of an adiabatic wall is considered and
an expression for the adiabatic wall temperature is derived. It is shown that the
asymptotic analysis constrains the types of turbulence closures that can be used to
represent the effects of viscous dissipation. A simple algebraic model is proposed
and comparisons with measured total enthalpy profile data show good agreement.
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1. INTRODUCTION

1.1 Overview

The need to predict the behavior of compressible turbulent boundary layers
is encountered in a wide variety of applications, such as the design of compressor
blades and airfoils for supersonic vehicles. In many situations technological or cost
constraints rule out a detailed experimental investigation and the need for the
accurate prediction of friction and heat transfer behaviors becomes important.
Over the past two decades, the development of modern computational techniques,
dramatic increases in computer capability and high quality experimental
measurements have been directly responsible for an increase in the reliability of
incompressible turbulent boundary-layer flow predictions. This increasing success
with low-speed flow problems has naturally led many investigators to consider
similar approaches for the prediction of high-speed compressible flows.
Unfortunately, supersonic boundary layers are considerably more complex than
their subsonic counterparts, since it is necessary to account for temperature and
density variations. The thermal boundary-layer solution is generally coupled to
that of the velocity boundary layer and plays an important role in the
determination of the skin friction and heat transfer distribution at the wall. In
practice, the wall may be adiabatic or it may conduct heat energy either to (the
hot wall) or from (the cold wall) the gas above. The influence of heat transfer at
the wall can dramatically alter mean profile behavior in the boundary layer. A
potential additional complication is that, at sufficiently high Mach numbers,

density fluctuations may affect the structure of the boundary-layer turbulence.



A major obstacle in the development of compressible turbulence models is
the inherent difficulty in obtaining good experimental velocity and temperature
profile data. It is much more difficult to take reliable data in the high-speed
environment and measurements of the temperature distribution appear to be
especially challenging. Compared to the substantial data base that has been
developed for subsonic flows, a relatively small base exists for velocity and
temperature profiles in supersonic flow with heat transfer. Because a supersonic
boundary layer is often extremely thin, accurate measurements near the wall are
very difficult and hence rather rare. Established theoretical results for high-speed
compressible turbulent boundary layers are also relatively scarce and many

competing and controversial theories exist.

It is well known that simple algebraic turbulence models yield good
predictions for attached turbulent boundary layers (see, for example, White, 1992)
at low to moderate subsonic speeds. In this study consideration will be limited to
simple algebraic models for transport of momentum and energy in a high-speed
compressible boundary layer, as opposed to more complicated higher-order
turbulence closure schemes. Examples of modern algebraic models include the
Cebeci-Smith (1974), the Baldwin-Lomax (1978), and the Johnson-King (1985)
models. Algebraic models normally consist of an eddy viscosity formulation in the
outer portion of the boundary layer that is then typically modified to a mixing
length form in the near-wall region. The term “overlap zone” denotes a region
between the viscous wall layer and the effectively inviscid outer part of the
boundary layer; here the velocity profile in incompressible flow is observed to be

logarithmic and thereby conform to the so-called “law of the wall”. ‘ilie mixing



length is typically taken to be linear in the coordinate normal to the wall within
the overlap zone, but is then reduced toward the wall through multiplication by a
van Driest damping factor (see, for example, Cebeci and Smith, 1974); for
prediction methods this produces the intense variation in the velocity profile
through the wall layer that is required to complete the adjustment to the no-slip
condition at the surface. This type of model has been validated reasonably well in
incompressible flow and is often used, almost without modification, in prediction
methods for supersonic turbulent boundary layers (see, for example, Talcott and
Kumar, 1985). The implicit assumption in such approaches is that a compressible
“law of the wall” exists which is similar to the incompressible form (see, for
example, Viegas et al., 1985). However, the generalization of the “law of the the
wall” to compressible flow has been somewhat controversial and a number of
different functional forms have been proposed (for example, van Driest, 1951;

Rotta, 1960; White and Christopher, 1972; Barnwell and Wahls, 1989).

Perhaps the most popular formulation for compressible boundary layers is
based on the effective velocity approach of van Driest (1951), which is critically
discussed by Fernholz and Finley (1980). This scheme consists of an extrapolation
of a popular incompressible formulation wherein the mixing length for compressible
turbulence is also assumed to be linear in physical distance from the wall within an
anticipated overlap zone between the wall layer and outer region. Upon accounting
for a variation in demnsity, an incompressible form of the “law of the wall” is
ultimately obtained (see, for example, Cebeci and Smith, 1974) but in terms of an
“effective velocity”; the latter quantity is calculated from the actual mean

streamwise velocity through a transformation involving an inverse sine function.



This has come to be known as the van Driest transformation and strictly should be
expected to yield only a localized description of the velocity profile (since it is
based on a specific type of mixing length model within the overlap zone). However,
Maise and McDonald (1968) found that a substantial amount of compressible
profile data for an adiabatic wall could be collapsed when an “effective velocity”
was defined across the entire boundary layer. The van Driest transformation is
used extensively in analysis of profile data and sometimes to infer values of skin

friction at the surface from measured velocity profile data.

There are aspects of the van Driest transformation which could be regarded
as disadvantageous. First the transformation is based on a particular turbulence
model (mixing length) in the overlap zone, and although it produces a logarithmic
behavior in the “effective velocity”, other types of models, such as eddy viscosity,
are found to produce a somewhat different functional form for the actual velocity in
the overlap zone (Degani et al., 1991). This situation may be contrasted with the
case of incompressible flow where all turbulence models are implicitly constructed
to produce a universal logarithmic “law of the wall”. A second point is that the
van Driest mixing-length model is based on a local analysis within the overlap
zone; therefore no information about the boundary layer as a whole can be deduced
to elucidate the changes of various features with Mach number. Lastly, the inverse
sine behavior in the actual velocity distribution is somewhat awkward to deal with.
For these reasons a principal objective of the present study was to look for an
alternative, and perhaps simpler, theoretical description of the compressible

turbulent boundary layer.

It is well known (Stewartson, 1964) that the Howarth-Dorodnitsyn variable



Y is an appropriate normal coordinate in the description of compressible laminar
boundary layers. This variable Y is defined in terms of an integral of the density in
a direction normal to the surface and may be interpreted as a density-averaged
distance from the wall. A main thrust of this study is to introduce the same
variable in the description of the turbulent boundary layer and further to
determine whether the mean velocity profile in the overlap zone may be
conveniently represented in a form which is logarithmic in Y. It is then
subsequently shown that a self-consistent asymptotic two-layer structure valid in
the limit of large Reynolds number, Re, exists. To obtain velocity and
temperature profiles, a simple algebraic turbulence model, which is a generalization
of existing incompressible turbulence models, is formulated. The éventual test of
the proposed structure carried out here is a direct comparison with experimental
profile data. These comparisons strongly support the premise of universal

compressible law of the wall for velocity in terms of the Howarth-Dorodnitsyn

variable.

Established theoretical results are relatively scarce for the total enthalpy
and temperature distributions in compressible boundary layers. In low speed
subsonic flows with heat transfer, data for the static temperature distribution
(Weigand, 1978) clearly displays a logarithmic behavior in the overlap zome.
However, the value of the slope of the temperature profile in the overlap zone
appcars to vary with pressure gradient and local flow conditions, unlike that of the
velocity profile. In supersonic boundary layers the total enthalpy plays a similar
role to the static temperature at low speeds, but direct measurements of this

quantity, particularly in the overlap zone, are relatively rare. Consequently, it is



difficult to determine the slope of the total enthalpy profile in the overlap zone
from existing experimental data, or in some cases even if the total enthalpy is
logarithmic there. At subsonic speeds, the turbulent heat flux terms in the energy
cquation are usually represented by an algebraic model, in which an “eddy
conductivity” is related to the eddy viscosity through a turbulent Prandtl number.
Unfortunately, turbulent Prandtl numbers are generally found not to be constant in
thermal boundary-layer flows (Crawford and Kays, 1980), and often semi-empirical
relations are introduced so that the turbulent Prandtl number varies with distance
across the boundary layer. For high-speed compressible flow, similar modeling
concepts are often employed, as well as various semi-empirical versions of the
Crocco relations (Fernholz and Finley, 1980). In the present study one goal was to
treat the thermal problem independent from the velocity problem and without
introducing a turbulence model based explicitly on either a turbulent Prandtl
number, a Reynolds analogy argument, or an empirical version of the Crocco
integral. In this study a self-consistent, two-layer structure is developed for the
total enthalpy distribution in the boundary layer, in which the enthalpy is
logarithmic in the overlap zone in the Howarth-Dorodnitsyn variable. A formula
for the slope of the total enthalpy is derived, as well as a relationship from which
the surface heat transfer at the wall can be evaluated. Again, the proposed
structure is tested by comparing total enthalpy directly with the existing
experimental data.

One motivation of this investigation was to establish a theoretical

foundation for more efficient algorithms for the prediction of high-speed

compressible turbulent boundary layers. For subsonic two-dimensional boundary



layers, it is well-known that the inner wall layer exhibits a self-similar behavior
(Fendell, 1972). In the embedded function methodology described by Walker,
Werle and Ece (1991), this self-similar wall-layer structure is incorporated in a
prediction method by representing the mean velocity and total enthalpy
distributions by analytical profiles across the entire wall layer; the profile models
are derived through consideration of the coherent structure and dynamics of the
near-wall flow (Walker et al., 1989; Smith et al., 1991). In the algorithm a
conventional numerical solution is matched systematically to embedded wall-layer
functions, and Walker et al. (1991) demonstrate that up to a 50% reduction in total
mesh points (as well as computational effort) can be achieved with no degradation

in accuracy, as compared to a conventional scheme that computes the flow all the

way to the wall.

Because the embedded-function approach involves the smooth joining of an
exterior numerical solution to a set of embedded functionals which are logarithmic
near the surface, the numerical algorithms involved are not straightforward. A
crucial step in the methodology is the determination of the appropriate asymptotic
scaling laws for the velocity and total enthalpy in the overlap zone. This is carried
out in the present study through the development of asymptotic expansions, which
describe the structure of the solution of the compressible boundary-layer equations
for large Reynolds number. The analysis is based on the Howarth-Dorodnitsyn
variable Y which implicitly incorporates the influence of mean density variations
across the boundary layer. As a test of the asymptotic results, as well as the new
turbulence models, a limiting case is considered corresponding to self-similar

profiles that evolve in a constant pressure flow; in this situation, the governing



equations in the outer region of the boundary layer reduce to ordinary differential

equations, for which both exact analytic solutions and accurate numerical solutions

may be found.

1.2 Governing Equations

The governing equations of interest in this study describe the transport of
momentum and thermal energy in either a two-dimensional or axisymmetric
compressible turbulent boundary layer. The general assumptions that are applied
throughout are:

1) the velocity components and total enthalpy may be written as a sum of a
conventional time-mean term and a fluctuating component;
2) the influence of density fluctuations is negligible;
3) the fluid properties such as viscosity g and conductivity k are functions of
temperature alone;
4) the effects of normal pressure gradients due to curvature are negligible.
The basic coordinate system used in the present study is depicted in Figure 1.1.
An orthogonal coordinated system (s*,n*) is selected, measuring distance along the
contour and normal to the wall respectively; the corresponding time-mean velocity
components are u* and v*, with instantaneous components being u*’ and v*’. Here
and throughout this study, an asterisk superscript denotes a dimensional quantity.
The mean total enthalpy H~ is defined in terms of uw* and the mean static

temperature T by



Figure 1.1. Boundary-layer coordinate system for an axisymmetric body
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H =T+ S u?, (1.1)

where cp is the specific heat at constant pressure and is assumed to be constant.

The turbulent boundary-layer equations describing compressible nominally

steady flow in dimensional form are (Cebeci and Smith, 1974):

continuity

A (rpu) + () = 0 ; (1.2)

streamwise momentum

dp* —
I o T a3

energy equation (written in terms of static temperature)

d»n*
e ey Qle e Sy D[ 9T o]
(ﬂ 3Z~ - prur"v’ ) gz ; (1.4)

or in terms of total enthalpy,

OH'  ——0H" _ 8 |k 0H" ou* s
pruTG S+ P = an‘lch o~ U (1 '),u B —p*vYH } (1.5)

Here p*, p* and p; denote the dimensional time-mean density, absolute viscosity

and mainstream pressure respectively and p*v* denotes a time-average of the
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density/normal velocity product. r*=r*(s*) is the dimensionless radius of
revolution for an axisymmetric body. The primes denote instantaneous

fluctuations about the mean values and the overbar indicates a long time average.

In the derivation of equations. (1.2) through (1.5) it has been assumed that
density fluctuations are not significant to the leading order; this assumption is
sometimes known as the Morkovin’s hypothesis and is discussed in §1.3. In the
above equations, the principal unknowns are u*, v*, p* and H"; the viscosity u* and
conductivity k~ are properties of the fluid which taken to vary only with
temperature 7. To complete the system, an equation of state is required and in
this study a calorically perfect gas is assumed so that,

p;=RpT", (1.6)

thereby relating the density and static temperature across the boundary layer to
the mainstream pressure p7(s*); here R is the gas constant. Another quantity of
interest is the ratio of the specific heats defined as v = cp/c; for practical purposes
~ can be considered as virtually invariant for the diatomic gases of interest here
(air, nitrogen) and for helium (which is found not diatomic recently). For a pure,
nonreacting gas, the viscosity coefficient is dependent only on temperature and at

moderate temperatures may be calculated from the Sutherland relation

3/2 - *
1, T T +S")’ '

where S™ has the value 110K for air.

The effects of normal pressure gradients due to curvature effects are
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assumed negligible. The n*-momentum equation implies that at a given s*
station, the pressure is invariant across the boundary layer and p* = pi(s*). The

boundary conditions for the system (1.2) through equation (1.5) are

w*=v =0, T =Ty(s"), and H = Hy(s*) at n*=0
and (1.8)

u— Ug(s*), T*-+T;(s*), and H*-»H} as n*-oo.

Here and throughout this study, the subscripts w and e are used to denote
quantities evaluated at the wall and boundary-layer edge respectively. The
limiting behavior of the turbulence correlations is also known. At the outer edge of

the boundary layer, the turbulence terms must vanish and
pruslve . pror! T pruxHY 4 0 as n*ooo. (1.9)

Near the wall Reichardt (1951) has shown that u*'v*' behaves as a cubic function of

n* and using similar arguments, it is easily demonstrated that

prurvr,  prT, provHY = 0m3) as n*-0. (1.10)

The governing equations may be cast in dimensionless form using a
reference length L., f » velocity U re fs Viscosity px f and density p¥, I3 in addition
T™ and H™ are made dimensionless with respect to a reference temperature T f

and cp Ty, f respectively. The dimensionless total enthalpy is therefore given by
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H=T+1_= 1M26fu2 (1.11)

where the reference Mach number is defined by

Uref’
M2 =T 1.12
ref = YRT I ( )
Lastly, the pressure is made dimensionless with respect to Pre f ,.ef . The

boundary- layer equations (1.2) through (1.6) become:

D rpu) + L-rpm) = 0 5 (1.13)
. dp, 7
R e e (ﬁeg_z‘P“”); (19

oT , —dT _ dpe 9 (1 3T _
pua—+pv—-_('7 l)Mrefu de +%(m§r—l-va’)

+(y— 1)Mref(/‘ _g_U_puU )g%, (1.15)

0H  __oH_ 9 &
PUPs TP on = %(PrRe G+ (y=1)M ef—(l“‘)” = pv' ) (1-16)

where the fact that r =r(s) in the boundary layer (to leading order) has been used.
For two-dimensional plane flow r is set to be unity for convenience. The

dimensionless form of the equation of state is
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pT
p, = . (1.17)
¢ 7Mgef

and the boundary conditions are

u:'v:O, T:Tw(s), H:Hw(s) , at n=0, (118)

U~ Ug(S) , T~ Te(s), H-H, as n - oo (1.19)
and

puv’, pu'T’, pvH =0m3), asn-0, (1.20)

pu'v’, pv_’fIT, pv'H' 50,  as n-co. (1.21)

Two important dimensionless parameters appear in these equations

p* ut oLy o
_frefref7rel o p K (1.22)

Re -
”ref

namely the reference Reynolds number and Prandtl number, respectively.
Although both p* and k™ vary with temperature, the Prandt] number can generally

be assumed constant in the temperature ranges of practical interest.

The boundary-layer equations given here apply to compressible flow and are
equally applicable to subsonic and supersonic flows. In principle, they also apply to
hypersonic flows. Although it is difficult to draw a distinction between the
“supersonic” and the “hypersonic” regime on the basis of Mach number alone. It is
expected that at sufficiently high Mach number, density fluctuations and
fluctuations in the transport properties such as g and & (which depend upon T)

may have to be taken into consideration. In addition, viscous dissipation within
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the boundary layer gives rise to high temperatures which in turn promotes
chemical reactions such as ionization and dissociation. Such cases might be
classified as truly hypersonic and here the system of equations given by equations
(1.13) to (1.17) is not complete; diffusion of chemical species, energy changes due to

chemical reactions and a more realistic equation of state must then be considered.

1.3 Morkovin’s Hypothesis

In writing down equations (1.2) to (1.5), it has implicitly been assumed that
density fluctuations are not significant to leading order, and this assumption will be
discussed briefly here, following Fernholz and Finley (1980). Denoting
dimensionless instantaneous quantities by a tilde, the instantaneous total enthalpy

is given by

__1)

-~
H=T4+ 5

M2 @2 +52+ 87, (1.23)

Upon writing each quantity as a sum of mean and fluctuating quantities (i.e.

H = H + H'), it can be shown that

—(F +r-nm2 ) (142502 ! (1.24)

o

where M2 = u?M 28 f/ T denotes a local Mach number; in obtaining equation (1.24),

it has been assumed that second order quantities such as w2 —u'? are negligible.

Since H represents the total energy of the flow, it is reasonable to expect for

adiabatic walls that the left side of equation (1.24) is at least an order of magnitude
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smaller than the fluctuating terms on the right side. This assumption is the so-
called “strong Reynolds analogy” (Morkovin, 1960) and is supported by
experiments, at least for boundary layers with adiabatic walls (Kistler, 1959); for
situations with strong heat transfer at the wall, the assumption may be
questionable. In any event, for either an adiabatic wall or for moderate heat

transfer at the wall, it follows from equation (1.24) that

~—(v-1)M2 Y (1.25)

B!

A relationship between the fluctuating temperature, pressure, and density may be
obtained from the equation of state P = pT/('yMgef) (cf. equation (1.17)).

Assuming that pT" « p’T", it is easily shown that

B

2
+ 5 (1.26)

Q
|
Y

Measurements by Kistler (1959) indicated that p'/p is small and combining

equations (1.25) and (1.26) leads to
% ~ ——g—z—('y—l)M2ﬂt£ (1.27)

This relation was obtained by Morkovin (1960) who argued that if (y - 1)M? is not
large, density fluctuations are small compared to the mean density p and that
turbulence structure should not be influenced by compressibility effects. Here the
term “turbulence structure” is used to denote relationships between the statistical

roperties of turbulence (Bradshaw and Ferris, 1971). The premise that
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compressibility effects do not affect turbulence structure is evidently partially
based in empirical measurements and is known as Morkovin’s hypothesis.
Experiments suggest that, for example, <T’> /T is less than 0.1 and < H' > /H is
less than 0.05 throughout the boundary layer for Mach numbers up to 5; here the

symbol < > stands for the rms fluctuation.

As discussed by Cebeci and Smith (1974), the compressible equations of
motion are most appropriately written in terms of mass-weighted or Favre

variables; for the streamwise velocity, the Favre variable 1s
— __pu

Using relations (1.27), it can be shown for p’/p<« 1 and in a boundary layer
(Bradshaw and Ferriss, 1971; Cebeci and Smith, 1974) that the governing equations
can be written in terms of conventional time-averaged quantities utilized in
equations (1.2) through (1.5).

It is worthwhile to bear in mind that the Morkovin hypothesis is rooted
strongly in empiricism and may be expected to become invalid at some stage with
increasing Mach number. Measurements in a hypersonic boundary layer at
M, =94 over a cooled wall by Laderman and Demetriades (1974) have shown
values of p’/p approaching 0.15 and, furthermore, a large departure from

Morkovin’s “strong Reynolds analogy” was found, i.e.
g 23

#-(v-1)M2 L, (1.29)

& !
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even though < p'/p> was always smaller than 0.1. In this case, the strong heat

transfer in this flow may possibly be respomsible for the departure from the

Morkovin hypothesis.

1.4 Discussion of the Problem

The problem to be addressed here is the development of prediction
techniques for the behavior of velocity and temperature profiles in two-dimensional
compressible turbulent boundary-layer flows. Interest will be confined to flows
with Prandtl number O(1) in the supersonic to hypersonic regime which are free
from shock-boundary layer interactions and flow separation. Throughout the
analysis, a rational theoretical approach is emphasized using singular perturbation
methods to derive leading order expressions for the governing equations in each

region of the flow.

A principal motivation of the present study was to develop the foundation
for embedded-function methods for high-speed compressible turbulent flows. In
conventional schemes, a large number of mesh points are required in order to
resolve the intense variations in the velocity and temperature distributions that
occur in the near-wall region. Such grids put a severe strain on computer resources
and for approaches based on the full Navier-Stokes equations, the relatively small
grid sizes near the surface can give rise to stability problems in the numerical
algorithm. In an attached two-dimensional incompressible turbulent flow, the wall
layer exhibits an essentially universal and similar behavior; thus, to a large extent,
expending a major portion of the computation on a known (and unexceptional)

wall-layer solution seems wasteful. For a three-dimensional flow, the problems
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associated with using a refined mesh in the wall layer are even more acute;
however, recent asymptotic analyses (Degani, Smith and Walker, 1992, 1993) are
strongly suggestive that a generic wall-layer structure also exists in this case.
Consequently, there has been an increasing interest in wall-function methods
(Viegas et al., 1985) wherein the composite structure of the turbulent boundary
layer is exploited. In such schemes, velocity and temperature profiles are
computed in the outer part of the boundary layer and then systematically joined to
some form of the “law of the wall” near the surface. This procedure obviates the

need for a densely packed mesh near the surface, and, in principle, is much more

efficient.

A necessary step in the development of the embedded function method for
compressible flows is to determine the asymptotic structure of the boundary layer
in the limit of large Reynolds number. Such analyses for incompressible flow have
been considered by Yajnik (1970), Fendell (1972) and Mellor (1972), who were able
to establish the nature and leading-order Reynolds number dependence of the scales
in each region of the boundary layer, as well as the leading order equations for the
velocity components and the Reynolds stress. The results of the asymptotic
analyses are consistent with most of classical behavior observed in experimental
measurements, but it must be recognized that these analyses do not resolve the
closure problem. In order to make progress with closure, it is necessary to either
guess the functional form of the unknown turbulence terms or to model them
through consideration of representative time-dependent motions within the
boundary layer. The latter approach has been adopted for incompressible flow in

the wall layer by Walker et al. (1989) (see also, Walker, 1990a, 1990b) and for
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weakly compressible flow by Weigand (1978). A similar approach will be taken

here

to model the wall-layer profile for total enthalpy and velocity in a

compressible boundary layer.

1.5

1)

2)

General Objectives

The basic objectives of this study are summarized in the following points:
A first objective is to isolate the simplest possible self-consistent two-
dimensional asymptotic structure for compressible turbulent boundary layers,
which is valid for large Reynolds number. The relevant scaling laws have
been controversial and here a number of approaches will be considered, with
the most appropriate being verified through direct comparison with
experimental data. One controversial issue concerns the nature of the
functional form of the tangential mean velocity in the overlap zone near the
surface and whether it is logarithmic in the physical variable y. Here, the
possibility of a “compressible law of the wall” in which the mean velocity u is
logarithmic, but in terms of the Howarth-Dorodnitsyn variable Y, will be

considered in depth.

A second objective is to develop a theory for the total enthalpy equation,
which is independent from any type of Reynolds analogy argument or semi-
empirical version of the Crocco integral. A self-consistent structure will be
proposed for the total enthalpy distribution in the boundary layer which is
logarithmic in Y within the overlap zone; a formula for the slope of the total

enthalpy there will be derived through asymptotic analysis, as well as a
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relationship to evaluate the total heat transfer at the wall;
3) A third objective is to formulate relatively simple algebraic models for the
outer layer, which account for the significant density variations that can

occur in supersonic boundary layers.

4) A fourth objective is to determine the conditions necessary for the existence
of self-similar velocity and temperature profiles and to develop a uniformly
valid set of such profiles. Direct comparison will then be made with
measured experimental data in order to validate the results of the
asymptotic analysis, as well as the turbulence models. Since a substantial
portion of available data has been taken in constant pressure conditions, this
study will focus on these types of flows. However, the problem of pressure

gradient flows will also be addressed.

The plan of the thesis is as follows. A literature review for high-speed
compressible flow is presented in §2. In §3 the general asymptotic structure of the
high-speed compressible turbulent boundary layer is addressed. In §4 a turbulence
model is developed for the wall layer. In §5 simple outer region algebraic
turbulence models are formulated to reflect the effects of compressibility. To test
the proposed asymptotic structure and turbulence models, a set of self-similar outer
region profiles for velocity and total enthalpy is obtained for constant pressure flow;
these are combined with wall-layer profiles to form a set composite profiles valid
across the entire boundary layer. Direct comparisons with experimental data are

carried out in a wide range of Mach number and heat transfer rates. Lastly, the
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influence of viscous dissipation and an appropriate turbulence model is taken up in

86 Conclusions and a Summary are given in §7.
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2 LITERATURE REVIEW

2.1 Introduction

Accurate prediction of turbulent flows near surfaces is currently inhibited by
two basic problems, one of which is primarily computational, while the other is
associated with the uncertainty of how well a given turbulence model actually
represents a particular flow environment. The first problem is related to the
necessity of resolving the large velocity and enthalpy gradients typically
encountered in the vicinity of a solid surface in the near-wall region; these gradients
are always substantially larger in the near-wall region than in a laminar flow and,
hence, the computational grid must be relatively small there in order to accurately
determine skin friction and surface heat transfer. The second problem is more
complex and is associated with questions of validity of the turbulence model. For
incompressible two-dimensional boundary layers, the existence of a large
experimental data base has led to the development of reasonably reliable semi-
empirical turbulence models. However, more complex effects, such as property
variations and three-dimensionality, are considerably more difficult to predict,
partially because the data base is not as extensive and, in addition, two-
dimensional incompressible models often do not extrapolate in an obvious way.
Previous efforts in the modeling of compressible turbulent boundary layers will be
reviewed in this section. Since most approaches have been carried out by
attempting to extend established incompressible results to the compressible case,

the behavior of incompressible turbulent boundary layers will be considered briefly

first.
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2.2 Incompressible Turbulent Boundary Layers

All present turbulent flow analyses are semi-empirical in nature, and
considerable success has been achieved over the years in developing theoretical
results and prediction methods for incompressible boundary layers. The reason is
that empirically-motivated concepts as “eddy viscosity”, “law of the wall”, and
“law of the wake” were found to have a wide range validity for two-dimensional
boundary layers, and this has permitted the development of a class of reasonably
good models. A common feature of turbulent boundary-layer and internal flows is
that, in normal circumstances, the mean flow field is found to be double-structured,
consisting of an outer inviscid defect region and a relatively thin inner wall layer
adjacent to the surface. In the wall layer, the effects of viscosity are important to
leading order, and here the flow is relatively insensitive to the conditions remote
from the wall as well as upstream. Consider a boundary layer of thickness § with a
free-stream velocity U,, with n measuring normal distance from the surface.
Empirical observations suggest that for small enough n/é, the flow should not
depend directly on é or U,; rather a direct dependence on the distance n from the
surface, the shear stress 7y, and the fluid properties p and u should be anticipated,
viz.

u = g(Tw, Ps #, N)- (2.1)
For a constant property flow, a velocity scale (called the friction velocity) may be

defined by uT:,I'rw/p. Consequently, v/u, has the dimension of length, and

dimensional analysis suggests a functional relationship of the form
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=7 (%), 2.2)

for the velocity within the wall layer. Empirical observations reveal that at the
outer edge of the wall layer, f is logarithmic and this relationship is usually

described as the “law of the wall”.

The outer layer is usually referred to as the wake region; here the
instantaneous flow is observed to be dominated by vortex motion and is effectively
inviscid. Thus, the mean outer velocity is expected to be independent of viscosity
and to depend only upon the wall shear stress 7,, and the distances n and é. The
effect of upstream history is not usually accounted for explicitly but is implicit
since in a boundary layer having a streamwise pressure gradient, the profile shape
at any station s depends in a complicated way on the upstream boundary-layer
development. For the outer layer, the velocity is measured as a difference from the
free-stream value U, since the wall layer (where a substantial velocity difference
does occur) is not accounted for as yet; consequently a functional relation of the

form

Ue —u= f(TUh py 1, 67 dpe/ds) (23)

is proposed and dimensional analysis yields the relation

Ur 6 Tw ds

- - d
Ue “:F(I‘- é pe), (2.4)

where F' is an arbitrary function. This relationship is called the velocity-defect

law, with (U, -wu) being the “defect” or retardation of the flow due to effects near
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the wall. The parameter involving the pressure gradient is characteristic of the
mean flow in the outer layer, and in a set of classic papers, Clauser (1954, 1956)
developed the concept of specific situations which he termed equilibrium turbulent
flows. Clauser replaced the ill-defined boundary-layer thickness é by the rigorously
defined displacement thickness and introduced an equilibrium pressure gradient

parameter by

8= “7675 d_’;e , (2.5)
After considerable experimental effort, Clauser (1954, 1956) showed clearly that a
boundary layer with variable p,(s), but constant 3, is in turbulent equilibrium in
the sense that all the gross properties of the boundary layer can be scaled with a
single parameter called the defect thickness A, =U,§ fu,. A zero-pressure-
gradient flow is a special case of an equilibrium boundary layer. It has been found
empirically that for such a flow, the function F is independent of Reynolds number
(except in boundary layers at rather low Reynolds numbers) and, significantly,
independent of surface roughness. These special situations may also be referred to

as self-similar turbulent boundary layers.

Between the inner and outer layers there is a “region of common validity”,
usually referred to as the overlap region. A variety of arguments (see, for example,
White, 1992 and Bradshaw, 1984) suggest a logarithmic behavior for the mean

streamwise velocity profile in the overlap region, according to

(2.6)
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in inner variables and

Flogh +C,, 2.7)

in terms of outer variables. Here, the von Karman constant « and C; are found to
be near-universal constants for turbulent flow past smooth impermeable walls,
having values of about 0.41 and 5.1 respectively; on the other hand, the outer
logarithmic function constant C,, varies with the pressure gradient parameter 3, as
well as with streamwise distances. The validity of the law of the wall (given in
equation (2.6)) is strongly supported by experimental! data, but should be

primarily regarded as an empirical law.

In order to close the equations governing the mean flow and temperature
field, it has traditionally been assumed that there exists some unknown functional
relation between the puv’ (pv'T’ ) product and the mean velocity (temperature)
field. This view is adopted throughout this study; however, it must always be
recognized that no general such functional relationship has ever been shown to exist
and for the present any such hypothesis must be regarded as no more than a useful
approximation. The main reasons for adopting such models for boundary layer
flows are (1) their simplicity and (2) the relatively high degree of success that this

type of model has enjoyed in prediction methods.

Boussinesq (1877) suggested a model for the Reynolds stress u’v’ based on an
analogy with the coefficient of viscosity g in Stokes’ law for laminar flow and the

eddy viscosity function € was defined according to
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— pv'u’ = pe g% . (2.8)
It should be noted that € has no physical relation to the fluid properties. A
criticism often leveled at the Boussinesq-type approximations is that they lack
generality and depend only on the local flow parameters. A wide variety of much
more complicated closure schemes have been proposed over the years (see, for
example, White, 1992). However, it is not clear whether the increasing variety of
these much more involved higher-order closure schemes offers any significant

advantage in connection with predicting turbulent boundary-layer flows.

Prandtl (1925) formulated the mixing-length hypothesis in an attempt to
improve Boussinesq’s eddy-viscosity hypothesis. Using an intuitive argument,
Prandtl hypothesized that turbulent transport is analogous (but on a much larger
scale) to molecular transport which has traditionally been modeled by kinetic

theory. In the mixing-length model, the Reynolds stress is represented by,
—7_ 1210u,0u
- pu'v’ = pl* | an | on’ (2.9)

where [ is the mixing-length function which is to be modeled. In the kinetic theory
of gases, [ is the mean free path; however [ is not as clearly defined for the mixing-

length hypothesis and only represents some local characteristic length within the

turbulence.

When there is a temperature difference between the wall and the mainstream,
heat transfer occurs in incompressible flow. The list of independent variables for

the temperature profile will again exhibit a dependence on n, 7, p and u because
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the temperature field for a forced convective flow is mainly governed by the
character of the velocity field; in addition, the assumptions used to model the
turbulence in the velocity field are usually carried over to the heat transfer problem
for situations when the Prandt] number Pr is O(1l). Since the velocity field
depends on the rate of transfer of momentum toward the surface, 7, the
temperature field may be expected to depend, analogously, on the rate of heat

transfer from the surface to the flow, ¢q,,. A total flux of heat ¢ may be defined by

_K# 0T

9= ~PrRe 6n+va (2.10)

where q:q*/p:efu:efc;',T:e s because the thermal wall layer is thin, a generally
accepted approximation is that the heat flux at any height is constant and equal to

the wall value; thus, from equation (2.10)

_K aT

9w = ~PBrke on + T, Gw=9| _ (2.11)

Denoting the thickness of the thermal boundary layer by é,, it may be expected
that the temperature profile does not depend on §, in the inner region where
n* « 6;. Thus, the form of equation (2.11) suggests that mean temperature in the
inner region is a function of n, q, Ty, p, 4, Pr and T,,—T; using dimensional

analysis. Squire (1951) showed that in the inner region

T = f. (%5, Pr), (2.12)
where q; is the so-called heat flux temperature defined by
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4r = i (213)
and f; is an arbitrary function, whose behavior has usually been guessed or

developed from semi-theoretical considerations.

For flow at large Reynolds number, the outer region of the boundary layer is
essentially a rotational inviscid flow, and here the turbulent transport of thermal
energy is expected to be considerably larger than conduction; thus, far away from
the wall it is generally assumed that the mean temperature is independent of
molecular properties. This assumption is often referred to as the Reynolds and
Peclet number similarity principle (the Peclet number is defined as Pe = RePr).
This principle indicates that the mean temperature in the outer layer (analogous to

the mean velocity) should be in the form of a defect law

T;TTe =Ft(3n;)- (2.14)

Experimental data suggests a region of common validity with a logarithmic

variation for the normalized temperature difference in the overlap region

-T
T"(’]T ~ ,cl—glog E{,—n + B; (2.15)

in inner variables and

T-T, lel n (2.16)
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in outer variables. Here k, plays the role of the von Karman constant in the
velocity distribution, but x4 is not constant in general and depends on local flow
conditions (Weigand, 1978). A detailed description of the general behavior of the
temperature profile in each of these flow regions can be found in the thesis of

Weigand (1978).

For compressible turbulent boundary layer flows, the composite double layer
structure found in incompressible boundary-layer flows should also apply for
variable-property flows at least over a range of Mach numbers, provided that the
local mean density and other temperature dependent quantities are used in
differential equations or algebraic formulae relating turbulence terms to the mean
velocity and temperature fields. There have been many attempts, both analytical
and empirical to describe the mean velocity, temperature, as well as turbulence
field distributions in compressible turbulent boundary layers. The most popular

and commonly used approaches are reviewed next.

2.3 The Crocco-Walz Relation

In a compressible flow, the velocity and temperature problems are coupled,
and 1t is not possible to determine the mean velocity profile without knowing how
the temperature and density vary across the boundary layer (and vice versa). Over
the years many authors have sought to develop exact or semi-empirical solutions
yielding relationships between the mean static enthalpy h (or the mean static
temperature T) and the mean velocity u; in these relationships, the Mach number,
specific heat ratio, and some type of heat transfer quantity appear as parameters.

In this section, the approach developed first by van Driest (1954, 1956) and
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subsequently by Walz (1959) will be outlined. The end result is a semi-empirical
temperature/velocity relationship. It is convenient to introduce Crocco variables in

which £ =s and u = u(s,n) are utilized as independent variables while the laminar

shear term
=t gg (2.17)
is used as the dependent variable; note that 7, has been made dimensionless with

respect to p,., fU ge f The derivatives transform according to

=9,

=2+ ai (2.18)

QJIQJ

ud 0 _0u
s Ju’ On

QJ'Q)

9
Os

By using the first of equations (2.18) to differentiate n, it can be shown that

Ou _ _Qudn
3s= " on 3£ (2.19)

and in equations (2.18) and (2.19) Ou/0n may be related to 7, through equation
(2.17). However, it is convenient to leave the transformed derivatives in the form
(2.18) on the understanding that du/dn and Ju/ds are given by equations (2.17)
and (2.19). Substitution in the momentum equation (1.14) and energy equation
gives

pugE + pu gz = (3126 + Ou 6u (Tl—pu’v’) (2.20)

and

_ au a
”“Ff“(”“'aZ* ”‘5)7)5‘(7‘1)Mref &+ on da

— du N T o B 0u 0T \Ou
(—-puv+Re )+(7 l)M"C’f( va+PrRe on au)az' (2:21)
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Elimination of p7 using equation (2.20) leads to the following form of the energy

equation:

. d
pu%? {'—&+Qﬂ au( Pu’v'+71)}aT (=D My d%e

+ Gt e (- TP+ B ) G + - DM (- e ) G (2:22)

where the turbulent Prandtl number is defined by the relation

wy OT/0n (2.23)

Pry =T Ou/On

It is worthwhile to digress briefly to discuss the turbulent Prandtl number. In
dimensional variables, the relevant turbulence quantities are often related to the
mean profile gradients by Bousinesq-type relations of the form

—_k a * —_—k T*
- pu'v" =u} 5:‘;; , —-pcpv’T’| =kj %7 , (2.24)

where pj and k} are the so-called turbulent viscosity and conductivity which are to

be modeled in general. In the present dimensionless variables, the equivalent

relations to equations (2.24) are
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_ vaTI

_ pu/,vl —

or (2.25)

1
" Re on’

=
Q>|®
3l

where p, = ,u*/;t:,‘ef and k; = kz‘/(/t:efc;‘,) are the dimensionless eddy viscosity and
conductivity functions respectively. The turbulent Prandtl number defined by

equation (2.23) is therefore also described by

* o
Pr, = Pt _ l‘]tc*p, (2.26)
t t

which evidently derives its designation by analogy with the definition of the
Prandt]l number in equations (1.22). In introducing the turbulent Prandtl number
concept, the best that can be hoped for is that Pr, is a constant, at least for some
classes of turbulent flows; then, if a model for u’v’ is known, an expression for v'T"
follows directly from equation (2.23), and it is not necessary to model the turbulent
thermal problem independently. Unfortunately, experimental measurements in
modern times indicate that Pr, varies across a thermal boundary layer, and this
brings into question the usefulness of introducing the turbulent Prandtl number
concept at all. Nevertheless the quantity appears in most classical analyses of

turbulent thermal boundary layers and will be utilized in this section.

Consider now the simplest case of a compressible boundary layer, being at
constant pressure and with constant wall temperature; the last condition suggests

that 97T /0¢ = 0 and equation (2.22) reduces to
2 d (1 0T 1—Pr?ﬂ 1-Pry 9, ==\ 08T
I {(V—I)Mf'ef*'a_u(ﬁ u)} +{ Pr Ou  Pr, IAGRRRI

_pm{(’y—l)Mgef+3%(?%‘;%%)}=0 (2.27)
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The simplest form of equation (2.27) occurs for the so-called model fluid with

Pr =1 (Stewartson, 1964) and for laminar flow wherein equation (2.27) reduces to

The solution of equation (2.28) subject to the boundary conditions

T=T, at n=u=0;, T=T, as u—-U,. (2.29)

is the famous Crocco-Buseman relation given by

Lo Tu _&)UU.Jr’VglMg_u_(l__u_) (2.30)

where the fact that M§=MECfU§/Te has been used. This relation applies for

laminar boundary layers with Pr =1 and U, T, and T, constant.

The eventual form of the Crocco-Walz equation is similar to equation (2.30)
and is based on the objective of extending the Crocco-Buseman relation to
arbitrary but constant Prandtl number for both laminar and turbulent
compressible boundary layers. To this end van Driest (1955) considered a
somewhat different form of the energy equation. The total dimensionless shear

stress is given by

&

T=T7;—pu'v = Rl% — pu't, (2.31)

Q

n

and Van Driest (1955) defined a mixed Prandtl number by
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Upon using equations (2.25), (2.31) and (2.32), it may be shown that equation

(2.27) can be written according to

1 oT 1-Pry 9T O
{7 1)M?2 ,+—(PrM au)} PTMM S SL=0 (2.33)

This equation is equivalent to equation (2.27), and although it appears to be a
simpler form, it must be understood that the “mixed” Prandtl number Pr,, is a
hybrid quantity involving actual and turbulent viscosity; in general Prj, is not

known, and its actual variation across a boundary layer may be quite complicated.

Defining a normalized velocity and temperature by
i=u/U,, T=T|T,, (2.34)

equation (2.33) may be written in the form

‘T/ / 1 Tl 2
(PTM) +(1=Pry) %(—,ﬁ) = ~(v-1) M2, (2.35)
which is a linear, first-order differential equation in (T'/Pr M) @s a function of @; it
is valid for constant pressure flows which have U, T, and T,, constant and for
which the solution is independent of ¢ and a function of ¥ along. Integration of

equation subject to conditions (2.29) yields

T _Tu( _wa)ﬁ@ +(7—1)M§{§8‘; R()-R@) }, (2.36)
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as given first by Van Driest (1955); here S(%) and R(%) are the following integrals:

S(@) = JZ Pryy exp(— J: 1—"—?1’- dr)dt (2.37)
R@) = JZ Pry, exp(— J: L —er dr) {J:exp (I: 1———1;24— dT) d(} dt, (2.38)
w w

Equation (2.36) relates the temperature to the velocity distribution but is
useful only if Pry, and r are known as functions of z. Walz (1959) made what may
be regarded as questionable assumption by assuming that Pr,, is constant; this

leads to

w

S(@) = Pry, j: (%)PTM i ldt, R(7) = j: S(t) J; (TL)I e dcdt.  (2.39)

Walz (1959) further assumed that Prj, was close to 1 and then, to leading order; it
follows from equation (2.39) that

S() R(z)

wZ +..., R(l)

=al+. ... (2.40)

&l

Introducing these relationships into equation (2.36) gives

T _ T T\ u (Y=Dr2f u (u)
o=t M- (2.41)
where r is a constant defined by
1 Prp,—1 (¢ 1-P
r = 2R(1) :2[0 (L) ™ Jo () "™ ac} at . (2.42)
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It is easily seen that r is the recovery factor. By differentiating equation (2.41)
with respect to n and taking zero heat transfer at the wall, the recovery

temperature T’y is then obtained

TrzTe(l +r 751 M%). (2.43)

Consequently, r is the recovery factor; note from equation (2.42) that r =1 when
Pryr=1. Using equation (2.43), equation (2.36) may be written in terms of the

recovery temperature to give the following temperature/velocity relation.

oy @zl - Oz (o, (2.44)

T _
Te -
which is equivalent (using equation (2.43)) to the Crocco-Buseman relation (2.30)

when r=1. The temperature/velocity relation (2.44) is called Walz’s equation or

Crocco-Walz relationship.

It may be noted that Walz’s relation (2.44)) is exact only when either
Prp =1 or T=constant. The latter condition is never true in a boundary-layer
flow. Most technically important gases have the molecular Prandtl number in the
range of 0.7 < Pr <1 and thus there is a reasonable expectation that equation (2.44)
may apply as an approximation in a boundary-layer flow. A complete survey of
measured and predicted temperature profiles has been carried out by Fernholz and
Finley (1977), based on a variety of measurements in compressible turbulent
boundary layers with zero pressure gradient along adiabatic and isothermal walls.
They concluded that in the approximate parameter range of Pr~0.71, M, < 10,

and 0.2<T,/Te <1, the mean temperature distribution is adequately represented
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by the Walz relationship within an error range of 10%.

However, the Walz (1955) formula must be regarded as a semi-empirical
approximate formula. There are so few measurements in the wall layer that it is
impossible to judge whether the relation can predict the slope of the temperature
profile (0T /On) at the wall, in order to determine the surface heat transfer rate.
The relationship is potentially useful in the outer layer of the boundary layer to
obtain an expression for the mean temperature distribution when the mean velocity
is known. However, there are certain conditions which the profile cannot describe,
such as adiabatic boundary layers; here a total temperature overshoot (i.e. values of
T > T, near the boundary layer edge is typically found in data. In summary, the
Walz relation is a simple formula but is restricted to constant temperature and
pressure flows; even here the assumptions concerning the behavior of the mixed
Prandtl number seem rather restrictive, and the formula should be regarded as a

useful approximation at best.

2.4 The Van Driest Effective Velocity Concept

In analogy with incompressible flow, it is commonly assumed that in the
thin inner region of the boundary layer, the convection terms and the pressure
gradient are negligibly small with respect to the viscous and Reynolds stresses in
the streamwise momentum equation; this result will be shown to hold formally in
the limit Re—oco in Chapter 3. It follows from equation (1.14) that, to leading

order, the total stress

T= —pW+—1fzie-g—Z (2.45)
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is constant in the inner region and equal to the value at the wall (1951) 7,,. Van
Driest (1951) argued that the viscous term is negligible with respect to the
Reynolds stress near the outer edge of the wall layer and here the turbulence term
was represented using the same mixing length formulation (2.9) as for

incompressible flow according to

Tw=p 12 '%’f:' g%. (2.46)
The same mixing length £ =kxn was assumed to hold for compressible boundary
layers, where k = 0.41 is von Karman’s constant. Note that this is the fundamental
basis of the van Driest theory and constitutes what may be regarded as a

questionable extrapolation of an incompressible theory. It follows that near the

outer edge of the wall layer

4 1
Q% =\ P2 ur 7 (2.47)
where
uy = ;—Z . (2.48)

Formula (2.47) is the same as the incompressible result, except that it contains a

density variation. Because the pressure is constant across the boundary layer, the

ideal gas law yields

P

D (2.49)

I
Tw,
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and introducing the Crocco-Walz relation (2.44), it follows that

# =y =t(rE g i M)

Substitution into equation (2.47) gives

)
1/2 )
{1+ By - Ay 2y \Ve) Ve

where the constants 4 and B are defined by

2_ .7 1 2 _:r_e - Tr
A =r-—5— MeTw, B—T,;—
Integration of equation (2.51) yields
1 . - 2A2(u/U y-B ur 1
4 sin 1{ B+ 4;2)1/2 = UE % log(n)+ D,

(2.50)

(2.51)

(2.52)

(2.53)

where D is a constant. Since equations (2.47) (and hence (2.53)) hold only near the

outer edge of the wall layer, the constant D cannot be found by applying conditions

at either the wall or the mainstream. Instead, a value of D is obtained by letting

M _.—0 and forcing equation (2.53) to be equivalent to the incompressible law of the

wall for no heat transfer (i.e. T, = T¢); in this limit A,B—0. This procedure can

be accomplished in a variety of ways and the result is therefore not unique; the

particular form adopted by van Driest (1951) is

1. -1 [2A%u/U)-B) 1. 1 B
A sinl {(B2+4A2)1/2} +ZSIH (32+4A2)1/2

- { * log(P 1) + c} .
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Here C is the log-law constant for incompressible flow (C ~5.0). Note that this
step is somewhat ad hoc since a number of other functional forms for D could also

be used. If an “effective” velocity is defined by

U, . _1f 2A%w/U,)-B . B
ueff = A sin { (32 +4A2)1/2 }+ sin { m , (255)

then with B =0 and A—0, the inverse sine function may be expanded for small
argument, and it is easily shown that Ug f foU Consequently, equation (2.54)

reduces to the incompressible law of the wall in the limit M ,—0.

Equation (2.55) is called the van Driest effective velocity or van Driest
transformation; it can be regarded as transforming the velocity profile in the
overlap zone of a compressible boundary layer, wu(n), to an equivalent
incompressible flow u, 7™ that obeys the standard logarithmic formula given by
the right side of equation (2.54). Fernholz and Finley (1977) have concluded from
their survey of two-dimensional compressible turbulent boundary-layer that the
transformed logarithmic law agreed satisfactorily with measurements in boundary
layers with zero pressure gradient along isothermal walls, and the same value of
C ~ 5.0 as for incompressible flow appeared to apply in equation (2.54) for the
compressible case. The Mach number range investigated by Fernholz and Finley
(1977) is 3< M. < 7.2 and a range of heat transfer parameters corresponding to
0.31 < T /Tr < 1.0 were considered, where T, is the wall temperature and T, is the
recovery temperature. Deviations between the logarithmic law and measurements
were sometimes attributed to upstream history effects or to a systematic error in
the skin friction measurement in high Mach number flows with strong heat

transfer. Although equation (2.55) is derived on the basis of a local analysis of the
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compressible overlap zone, it is sometimes used to define a transformation for the
entire boundary layer. Maise and McDonald (1968) found that compressible
boundary-layer data for an adiabatic wall could be collapsed to an almost universal
form using the van Driest effective velocity transformation; however, the approach
was found to be much less impressive in flows with heat transfer. Consequently,
the van Driest effective velocity method should be viewed as an interesting
representation of velocity in the overlap zone of a compressible turbulent boundary

layer but for which the range of validity is not clearly established.

2.5 A General Velocity Transformation

The van Driest transformation is based partially on the Crocco-Walz
relation which is an approximate equation for the temperature distribution in the
entire boundary layer and applies to a constant pressure flow along an isothermal
wall. An alternative theory can be developed for the compressible turbulent wall
layer which does not have some of these restrictions. In the wall layer, the total

stress T is constant and equation (2.33) reduces to
2 o) aT
(’7—1)M,-ef+—a(P7'M%)=0, (2.56)

where the mixed Prandtl number Pr,, is defined by equation (2.32). It may be
noted that equation (2.56) also applies to flows with pressure gradient since the
terms due to dP,/J€ that are omitted in equation (2.33) are generally negligible in
the wall layer to leading order (cf. Chapter 3). For constant Pr,,, equation (2.56)
may be integrated from the wall, and the solution having u=ug=u(nyg),

T =T, = T(ng) at some point in the wall layer where n = ng is
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*m—l-l—( STw w)Us--f—PT'M ——2 Ms 'Iq—w{-zrg—(u—s-) y (257)

where M2 = u;‘2/(7RT;). For constant Pry,, it can be verified by differentiation of
equation (2.57) that the recovery temperature may be related to the temperature

T, and Mach number M, at n = n, by

T, =Ty (1+ Pryy 152 M2), (2.58)
or equivalently

T,=Ts +Pry, 7—;—1 M,?ef ul . | (2.59)

Substituting into equation (2.57) yields a temperature-velocity relation for the

inner layer according to

T _ Tr—Ty\ u Y-1 00T, 2
T _1+(———rTw W) % _ Pry 15— M2 Ti(u%)‘ (2.60)

This relationship is somewhat more general than the Crocco-Walz relationship and
can be applied to flows with varying wall temperature which have a pressure
gradient. Here ug and T, should be interpreted as a velocity and temperature

characteristic of the wall layer and evaluated at a representative location n = ng.

The relation (2.60) can now be introduced in equation (2.7) to obtain an

alternate effective velocity definition given by

~2 ~
U, . _1{2A (u/Ue)—B} ._1{ B }

U, fr=—==SIN — ~ + sin - —
114 (B +4A%)1/2 (B® +44%)1/2

(2.61)
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where

-2 -1 T - T U

A =PrM12—M§T;:, B:(T—;- )us, (2.62)
such that

Ugpp = Ur {% log (p%'f;") +c} : (2.63)

To utilize this relation, a representative value of ng must be selected for the wall

layer. This general approach will be revised subsequently in this thesis.

2.6 The Van Driest Skin Friction Formula

Van Driest (1951) developed a skin friction formula for compressible
turbulent flat plate flows which was based on his effective velocity concept. These
formulae are still in wide use today, and it is therefore of interest to understand the
basis of these expressions. Consider flow over a flat plate at arbitrary Mach
number and wall temperature. Van Driest (1951) assumed that the major
contributions to the integral thickness could be evaluated by using u, £f in the

overlap zone of the boundary layer. The compressible momentum thickness is

defined by

@:T ”Z (1- £ )dn. (2.64)
0

The velocity distribution in this integral is then represented using equation (2.54),

and rewriting (2.54) to obtain n as a function of u/U, gives
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2
n= %:%7__ exp(-kC) exp {nj;eT {sin -1 (2A (/Ug) — B)

(B? +44%)1/2
in—1 B
+ sin — 575 .
((BQ+4A2)‘/2)}}

Upon differentiation of equation (2.65) with respect to n and using the Crocco-

(2.65)

Walz relation (2.44) for the density ratio in equation (2.64), along with the ideal

gas law, it is readily shown

——kC_ w2 a -1 B
O=e Rp, e © exp{A sin ————(B2+4A2)1/2}XJ’ (2.66)

where J is the integral

1
_ z(l-2) a o1 2A22—B
J= l T B {A sin” 1AL} dz (2.67)
and a and z are defined by
a=cU,[ur, z=ufU,. (2.68)

If y denotes

_ . —1(_24%_B
y=exp {% 511 (m)—l/—z)} s (2.69)

it is easily verified that

1+Bz-A%2d
y=\—t2aae 3, (2.70)
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and this relation may be used to facilitate an evaluation of J by successive

integration by parts to produce a descending series in a=1

Since a > 1 as Re
becomes large, the leading order term for J follows from two integrations by parts

and is given by

1 a .. —1_24%2_B
J = ex — S11 ————m—e
21+ B_ Ay {A (B2+4A2)1/2}

1 _a .—1 B

+ 2 €XP { 3 Sin ——————(B2 +4A2)1/2} , (2.71)
with an error O(a ~3). Since the exponent of the second term in equation (2.71) is
negative, and A is usually larger than unity, the second term in equation (2.71) can

normally be neglected to yield

~ 1 a gn—-1_24°-B__
J =~ 211 B A2)1/2 exp {A sin (32 +4A2)]/2} . (2.72)

The result is now substituted into equation (2.66), and using the fact

T T
A2 (2T 1) ¢, 2.73
(Tw )Tw (2.73)

an expression for the skin friction coefficient ¢ f defined as

2
- pwUT (274)

may be obtained in the form
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S {715 log (Ree Tl—,e; (%e;) )+ constant} \]T’_c , (2.75)

-

where the momentum thickness Reynolds number is defined as

_pPUeO
Here F, is regarded as a compressibility correction and is defined by
Fe=— ?'/T‘B.—l : (2.77)
2(sin " ‘e +sin 143, )2
with o, and f, given by
2
242_ B B 2.78)

(8] =8 5 19 9 ﬁ =55 15 °
© (B 444} © (B yaa)l/?

Equation (2.75) is usually referred to as van Driest formula I. As the Mach
number becomes large, the representation of the skin friction is found to be
progressively worse; in addition, the predicted values are poor when the heat
transfer rates at the surface are high. Sometime later van Driest (1956) developed
a second skin-friction formula which has been widely used and is referred to by

White (1992) as “the best of its type ever developed.”

The van Driest I formula is based on the Prandtl mixing-length formula
l = kn in the overlap zone, which, combined with Walz relationship, leads to the
effective velocity concept. If the procedure leading to formula I is repeated with the

mixing-length expression given instead by von Karman's similarity law
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’

a formula similar to equation (2.75) is obtained except that the temperature ratio
,lTe/Tw inside the logarithmic term is not present. This formula is known as van

Driest II and is of the form

\J—%; = {-,15 log (Reg gi)+ constant} JF. . (2.80)
The constants in equations (2.75) and (2.80) can be determined from a requirement
that, when M,—0 and T+, /T =1 both equations must reduce to the incompressible
flow case, namely, approximately 5.0. Several surveys (see, for example, Bradshaw,
1977) have been carried out concerning the accuracy of these skin-friction formulae
and formula II gencrally shows better agreement with experimental data than
formula I. This 1s somewhat surprising because the von Karman mixing-length
formula (2.79) has never gained wide acceptance, partially because it is not possible
to obtain a useful velocity expression from it. Both formulae should be regarded as
interesting semi-empirical relations which are based on a number of questionable
assumptions. Although Van Driest II is believed to give a better representation of
data, the range of validity is uncertain and the problem is compounded by
uncertainties in the data to which the formulae are compared. For example, there
are discrepancies between similar experiments because of differences in the method
of finding Rey. It can be seen from the definition of momentum thickness in
equation (2.64) that the quality of temperature measurements has a strong effect
on the integral as Mach number increases. Generally, a lack of reliable inner region
velocity and temperature data makes the situation worse, especially in the

hypersonic range since the wall layer grows as a percentage of the total boundary
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layer thickness as Mach number increases. At M, =05 (the approximate start of
the hypersonic range), the wall layer is ten time as thick as in low-speed flow at the
same Reynolds number. Of course, whether or not the Van Driest theory applies in

the hypersonic regime is questionable at all.

2.7 Compressibility Transformations

The use of a mathematical transformation to account for the effect of
compressibility has been extensively applied to laminar boundary layers and wakes.
Howarth (1948), Stewartson (1949), and many others have used this approach. The
motivation behind such transformations is to attempt to convert the system of
equations describing compressible boundary layers into a simpler form which is
similar to the incompressible problem. For laminar flow, the Stewartson-
Ilingworth transformation (Stewartson, 1964) provides such a relationship. It
might be expected that similar transformation can be used in compressible
turbulent flow. This question has been considered by Burgraff (1962), Crocco
(1963), Coles (1964) among others. A potential problem in the turbulent case has
been identified by Crocco (1963) as follows:

“Since the mechanism determining the distribution of the turbulent
shearing stress is unknown, one cannot be assured of the physical validity
of the transformation, even if this correctly transforms the inertia and

pressure terms of the equations”.

However, Coles (1964) argued to the contrary accordingly:

“The accelerations and the pressure force are well-defined quantities that
can be evaluated experimentally. The unbalance between these quantities
may simply be taken to define an apparent shearing stress, and numerical
values for the latter may thus be inferred from measurements of velocity

and pressure. It is clearly irrelevant, for example, that this apparent stress
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may have a turbulent part that can be independently defined in terms of
certain velocity fluctuations capable of being measured directly. If a
transformation can be found to treat the acceleration and pressure terms in
the equations, and if this transformation is required to be physically
realistic, then it must follow without reference to any special definition of
the shearing stresses that these stresses can also be treated by the

transformation”.

The use of compressibility transformations in turbulent compressible flow has been
controversial and was debated in the literature (see, for example, Economs, 1970

and Lewis, 1970) without apparent resolution.

A variety of approaches to compressibility transformations have been
discussed by Burggraf (1962) and Coles (1964). Implicit in many of these
approaches is the notion of a reference condition at which the variable
thermodynamic properties are to be evaluated in the hope that the gross properties
of the boundary layer may be represented by incompressible formulae. One
example discussed by Burggraf (1962) which will be used in the present study is

the Howarth-Dorodnitsyn variable defined by
"p
y = Jo P dn (2.81)

where p, is a “reference density” and p is the dimensionless time-mean density.
The use of this transformation is common in laminar boundary-layer analysis where
the wall density is often used for p,. However, the problem of compressible
turbulent boundary layers poses a dilemma because a suitable reference density is
not immediately apparent. In the outer region of the boundary layer, the mean

density can be expressed as a perturbation about the mainstream value. On the
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other hand, the density at the wall is often substantially different from the
mainstream value, and an intense variation occurs in density and temperature
across the compressible turbulent wall layer. Consequently, there is a difficulty in
the turbulent case in defining a reference density which is characteristic of both
regions. In Burggraf’s (1962) approach, the reference conditions were defined at
Y+ =Yu;/v, =11 which is a location part way through the wall layer; the value
of 11 is where the extension of a logarithmic law (for large Y *) intersects the
linear relation (which is valued for small Y *). The velocity distribution in this
new scaled coordinate was then assumed to conform to known incompressible
results, such as the “law of the wall”. A variety of similar approaches are discussed
by Coles (1964). In this study, the concept of a reference state will also be utilized

and the approach first considered by Burggraf (1962) will be pursued.

2.8 Status of Experimental Knowledge

It is extremely difficult to measure skin friction directly with good accuracy.
Unfortunately detailed knowledge of the surface shear stress is vital to prediction of
performance and design of structural requirements in both supersonic and
hypersonic aircraft. In general, the design of aircraft and material selection
depends heavily on a predicted skin friction distribution over the entire aircraft
configuration and of the convective heat flux along the various surfaces. In
supersonic flight, the surface temperature of the aircraft is normally close to
adiabatic wall temperature. However, at hypersonic speeds temperatures near the
surface are generally much larger, and as a result of the relative importance of
radiative cooling to the atmosphere (as well as possible heat transfer to the interior

of the aircraft), the cooled-wall situation is of most importance, since the surface
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temperature is often 30 to 50 percent of the adiabatic wall temperature.
Considerable effort has been devoted to developing accurate means to measure skin
friction. Evidently the direct measurement of skin friction (such as by floating
clement balances on the surface) would be most desirable, but various difficulties
associated with applying such methods in a variety of common situations, such as
flows with pressure gradients, has led to the development of a number of indirect
means of inferring skin friction distributions from other more easily measured
quantities. In a survey article, Hopkins (1971) has given a critical review of these
indirect methods which include: (1) surface heat transfer measurements in which
skin friction is then inferred by assuming the skin friction is proportional to the
wall heat flux (the Reynolds analogy); (2) skin friction is estimated from the
momentum integral equation by estimating the rate of change of momentum
thickness with longitudinal distance from measured velocity profiles; (3) attempts
to estimate the velocity gradient at the surface from data taken close to the wall
(where experimental errors are of the large and (4) schemes such as the Clauser
plot in which the velocity profile is assumed to conform to some functional form,
such as the incompressible law of the wall, containing the skin friction as a
parameter; this parameter is then adjusted until a “best fit” to measured velocity
profile data is obtained. All of these indicated methods suffer from various
uncertainties, and those which rely on the availability of velocity profile data close
to the wall are especially problematic, in view of the difficulty of obtaining accurate

data in the very thin boundary layers characteristic of high speed compressible

flows.

As discussed by Hopkins (1971), there is a long history of attempts at direct

measurement of wall shear stress using floating element balances, however, the
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technique is beset by many pitfalls which can be overcome in particular situations,
and unfortunately a priori specifications of the requirements that must be met in
any situation to achieve accurate results remains difficult. Questions associated
with the effects of: (1) the necessary gaps around the floating element, (2) local
wall temperature changes, and (3) surface heat transfer and a variety of other
influences are far from being well understood. Unless the floating element is very
large, it is difficult to be certain that various forms of systematic gap-induced-
errors are not present; unfortunately the measurement is not local when the
element is large. Furthermore, gap-induced errors are likely to be more significant
when complicated by inflow and outflow associated with pressure gradients. If the
floating element has a temperature different from that of the wall, significant errors
may arise in flows in heat transfer and/or varying wall temperature. For example,
an uncooled floating element in a cooled wall may give unrealistically low shear
stress values; a difference on the order of 20% was found by Voisinet and Lee
(1972) for a case with T,/T, = 0.22 (Fernholz and Finley 1977). A survey of errors

in obtaining skin friction arising from various causes has also been given by Winter

(1977).

Another means of inferring skin friction is through use of the Preston (1954)
tube, which consists of a circular pitot tube lying on the surface. Preston
demonstrated using a range of sizes of tube in fully developed pipe flow that a
unique relationship could be obtained between the measured pressure and velocity
if it was assumed that the velocity profile had a specific form. This is known as
the calibration. Although some investigators consider this approach to be reliable
in compressible flow, there remain many uncertainties concerning the effects of

pressure gradient, flow unsteadiness, heat transfer and three dimensional effects.
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Both this method and the Clauser cross-plot method are questionable in
compressible flow because they rely on knowing the form of the velocity profile
near the wall and the form of the “law of the wall” for compressible flow is not well
established (particularly with increasing Mach number). As yet there is no
universal agreement on Preston tube calibration; experimentalists often present
several different values of skin friction obtained by various methods and leave it to
the reader to choose (Carvin 1988) the most reliable. In fact, it may not be
possible at present to extend the Preston tube calibration to supersonic flow
because there is no general agreement of the “law of wall” for compressible
boundary layer flow. This therefore appears to leave floating element balances as

the preferred way to measure the skin friction in a supersonic boundary layer.

The measurement of mean flow velocity profile data should be relatively
straightforward if it were easy and inexpensive to carry out supersonic experiments
in steady flow facilities at large scale. However, most supersonic flow data are
usually obtained from relatively small size facilities and are often “blow down”
facilities with relatively short run times to keep the costs low; in the hypersonic
range such facilities are often derivatives of shock tubes. The relatively small size
of most of these facilities, as well as probe size limitations, do not significantly
affect the quantity of experimental data taken throughout most of the boundary
layer. Unfortunately there are serious restrictions as the wall is approached. As a
consequence, there are virtually no high-speed compressible flow experiments for
which a significant number of data points are in the wall-layer region, and thus it is
not possible to place a high level of confidence in estimates of wall shear stress and
heat flux obtained from extrapolating the slope of the velocity and total

temperature data near the surface. It is therefore not possible to check wall
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measurements against profile data unless it can be assumed that the profile as a
whole obeys a general similarity relationship. Much of the existing mean
boundary-layer data has been measured through use of Pitot tubes which measure
the difference between the static pressure and the local stagnation pressure. The
static pressure at any s-station is constant to leading order across the boundary
layer, and the static pressure can therefore be obtained from a surface
measurement. In order to obtain velocity from the Pitot data, it is necessary to
know the local density. In many cases, temperature and hence density (from the
ideal gas law with p constant at any s location) were obtained approximately from
the Crocco-Walz relation. In some experiments, total temperature is measured
directly with a stagnation temperature probe (STP) consisting of a tube in which
the flow is brought to rest and the temperature is measured using a thermocouple.
Another common means of velocity measurement is with a hot wire, although the
Pitot measurements are believed to be more reliable. Recently a non-intrusive
technique, namely the laser-Doppler-velocimeter (LDV) has been used to measure
velocity directly in compressible turbulent boundary layers. LDV measurements
yield mean and fluctuating velocity data by evaluating the motion of individual
particles in the flow, and at least for velocity, total temperature information is not
needed; in principle, LDV measurements provide a direct check on the calibration
and data reduction procedures used in the classical compressible boundary-layer
experiments. Unfortunately, for reasons related to the optics, it is very difficult to
make measurements close to the wall, and often results for the thin wall layer may
not be very precise. Therefore once again important information in the near wall

region is often lacking.

Measurements of turbulence quantities (i.e. time-averaged velocity and
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temperature fluctuation products) are principally used as an aid to the modeling of
turbulence terms in the mean equations. Direct experimental measurements of the
Reymnolds shear stress are relatively scarce. Such measurements have been common
in incompressible flow for some time (see, for example, Kleblanoff, 1955, and
Townsend, 1956). Some measurements of the fluctuating velocities and
temperature in supersonic boundary layers have been made, but thus far the results
cannot be considered conclusive in the sense that it is not clear how the Reynolds
stress is influenced by Mach number and heat transfer rate. Fluctuating velocities
are normally measured with either hot wires or an LDV. Fluctuating temperature
measurements are relatively rare and difficult to obtain; they are normally carried
out with a stagnation temperature probe using a thermocouple to measure
temperature. There have been many attempts to find a means to collapse
compressible data for either ©/v' or pu'v’ at various longitudinal stations to a single
curve in the search for some type of similarity law. Such attempts have been
inconclusive as surveyed by Fernholz and Finley (1981), who carried out an
exhaustive but futile attempt to find similarity in distributions of Reynolds normal
stresses; no common trends could be found and the search was hampered by large
discrepancies between similar experiments. It appears that systematic
investigations of fluctuating velocities, even in constant pressure compressible
boundary layers are needed which cover a wide range of Reynolds numbers, Mach
numbers and surface heat transfer. The question whether self-similarity can exist

in compressible turbulent boundary layers will be discussed in §5.

2.9 Summary

The current state of knowledge for high-speed compressible turbulent
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boundary layers may be summarized as follows. Data for velocity and temperature
profiles, as well as turbulence quantities within the wall layer are scattered and
often of uncertain reliability. Although a number of approaches have been
developed to represent the velocity and temperature distributions in the near-wall
region, many are based on questionable assumptions that are difficult to verify. It
has been common practice to extrapolate results of incompressible theories, almost
without modification to the compressible regime. This approach seems to give
plausible predictions for moderate Mach number boundary layers, but the entire

approach for the hypersonic range needs to be critically assessed.

At least for a range of Mach numbers, the direct effects of density
fluctuations on turbulence are believed to be small (Morkovin’s hypothesis) if the
root-mean-square fluctuation is small compared with the absolute density. Thus it
is expected that within some Mach number range (usually take up to Me = 5), the
“turbulence structure” of boundary layers is closely related to that in a constant-
property flow; the term “structure” means that the composite nature of turbulent
boundary layers holds for compressible flows and further that the effect of mean
density variations in s or n directions on the turbulence is essentially parametric.
Consequently, assumptions concerning turbulence structure that apply to constant-
density flow will, if properly scaled, carry over to compressible boundary layers as
long as Morkovin’s hypothesis holds. Unfortunately the range of validity in Me is
not known, and it is often not clear which incompressible results can be carried
over and which cannot; in the end all turbulence models are empirically based to
one degree or another, and a major difficulty here lies in the fact that even many

incompressible theories cannot be considered to be firmly established.

The Crocco-Walz (1959) temperature relationship and van Driest (1954,

59



1956) effective velocity concept form the basis of most current prediction methods
for compressible turbulent boundary layers. However, both theories involve
questionable assumptions and restrictions which would seem to be limiting in their
application. For example, the Walz formula cannot describe the total temperature
overshoot near the boundary-layer edge observed in high speed flows with adiabatic
walls. Generally the theory for energy transport can be considered incomplete and
lacking relations for the mean temperature profile when: (1) the wall temperature
varies in s or (2) a longitudinal pressure gradient dp/ds exists Without a general

treatment of the wall layer, it is impossible to predict either the skin friction or the

surface heat transfer rates.

It is evident from the brief synopsis in this chapter that there are many
controversial and unresolved issues. An asymptotic analysis has the potential of
systematically addressing and resolving some of these aspects. In the end, however,
some appeal or comparison to experimental data is always necessary in theoretical
turbulence research. Unfortunately, there is a relatively small database of velocity

and temperature profile for the near-wall region in high-speed compressible flows.
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3. ASYMPTOTIC STRUCTURE FOR Re—oo0

3.1 Introduction

Concepts which have proven successful for incompressible flows provide a
useful starting point for the analysis of compressible boundary layers. At low
speeds (when the mainstream Mach number approaches zero), the fluid has
constant transport quantities g and k, and the velocities and lengths depend on the
Reynolds number in a specific way; for example, the incompressible laminar
boundary layer thickness is easily shown to be O(Re ™ 1/ 2). A systematic rational
analysis is more difficult for turbulent boundary layers because the equations
contain Reynolds stress terms such as pu'v’, whose functional form and precise
order of magnitude (in terms of Reynolds number) is not known. In principle, this
difficulty can be resolved by introducing a specific closure model which relates the
turbulent stress to the mean profiles. However, a multitude of different closure
schemes exist, and since the objective in this study is to obtain general results, a

minimum number of assumptions will be made concerning the turbulence models.

In addition to the Reynolds number, compressible turbulent boundary layers
depend on at least two more parameters, namely the Mach number and the surface
heat transfer, and it is important to determine how the length and velocity scales
depend on these parameters. An immediate problem is associated with the
representative Reynolds number, since all transport coefficients are temperature
dependent and large variations in temperature (and density) are typical across
supersonic boundary layers. It is also important to attempt to determine the
asymptotic structure with a minimum appeal to experiment, especially since the

experimental data for velocity and temperature in supersonic flows is not as
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complete as for incompressible flows. In the analysis described in this chapter, an
explicit closure model is not adopted, and the goal is to extract as much
information as possible using the method of matched asymptotic expansions from a

minimal number of reasonable physical assumptions.

The problem under consideration is a fully developed compressible turbulent
boundary layer with finite Mach number and large Reynolds number, satisfying
either the two-dimensional or axisymmetric nominally steady turbulent boundary
layer cquations. In addition, it is assumed that the boundary layer can be
subdivided into a relatively thin wall layer and an outer defect layer, as in the
incompressible case. In this chapter, the leading order expansions and equations
for velocity and total enthalpy will be established without recourse to a specific
closure assumption. The plan of this chapter is as follows. In §3.2 and $§3.3
supersonic flow experimental data are analyzed and a velocity scale appropriate for
compressible turbulent boundary layer flows is proposed. The governing equations
in terms of Howarth-Dorodnitsyn variable is also given in §3.3. The leading order
asymptotic expansions of the time-mean equations will be developed for the inner-
region and outer-region profiles respectively in §3.4 and §3.5. The resulting leading
order expressions are matching to form complete composite expansions in §3.6.
Finally a summary is given in §3.7 to put the leading order results of the

asymptotic expansion in an organized fashion.

3.2 The Nature of Compressible Turbulent Boundary Layers

An important feature that distinguishes high-speed compressible turbulent
boundary layers from their incompressible counterparts is the large changes in

density and temperature which typically occur across the boundary layer. Some
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representative temperature profiles for constant pressure flows with adiabatic walls
are shown in Figure 3.1 for increasing Mach number. The numbering scheme used
is that given in Fernholz and Finley (1977) with the first two digits indicating the
year in which the data was taken. Because the mainstream pressure is in general
impressed across the boundary layer, the density at any station in a boundary layer
is inversely proportional to the temperature. It may be noted that the density and
temperature changes become more severe with increasing Mach number; these
changes are a result of compressibility and viscous dissipation and can be strongly
influenced by heat transfer at the wall. Such changes generally imply a variation

in the transport properties such as viscosity g and heat conductivity k across the

boundary layer.

In Figure 3.2, a set of mean velocity profiles, corresponding to the
temperature profiles in Figure 3.1, measured in fully turbulent boundary layer is
shown; these profiles correspond to the temperature profiles shown in Figure 3.1.
Although the Mach numbers differ considerably, the velocity distributions all look
very similar; they are characterized by a rapid velocity change in a relatively thin
region near the wall with a slowly varying profile in the outer part of the boundary
layer. The profiles in the outer part of the boundary layer are similar to that
observed in a wake and are sometimes referred to as “wake-like”. An important
trend should be noted and this is the growth of the viscous wall layer as a fraction
of the total boundary-layer thickness; in the hypersonic range, the wall layer
comprises a much larger portion of the boundary layer in low-speed flow, and the
velocity reaches a significantly higher percentage of the local mainstream speed at
the edge of wall layer. This effect is believed to be associated with increased

dissipation in the wall layer with increasing Mach number and, consequently,
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Figure 3.1. Temperature profiles in constant pressure gradient boundary layers

with different Mach numbers; 73020402, Me=0.79; 58020207,
Me=2.74; 74021801, Me=4.52; 71030406, Me=6.69(in helium).
Note the staggered origins.
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higher temperatures; this is believed to influence the velocity profile near the wall
and thereby reduce the shear stress. A similar effect is of course responsible for the
observed increase in the thickness of a laminar boundary layer at high Mach
numbers. Another distinguishing feature of hypersonic flow is the relatively slower
variation of velocity in the outer part of the boundary layer. In an incompressible
flow Bu/On approaches zero rapidly away from the wall, but in hypersonic flows the
decay is less rapid; this makes comparisons of hypersonic data sets on the basis of
boundary-layer thickness 8 problematic, especially since § is not precisely defined.
Density and temperature variations are also associated with this problem. Most of
the total-pressure gradient across the boundary layer is attributable to dp/0n
instead of Ju/On. Bushnell and Morris (1971) have indicated that at M, = 20, égg5
is only about half a thickness defined with pitot-pressure profile as a basis.
Bradshaw (1977) has suggested that an alternative definition of é should be the
distance from the surface at which the total pressure P, ,, (or more accurately the

pressure difference P, ,.,—p) reaches 0.995 of its maximum value at the

mainstream.

Issues associated with temperature and density variations across the
boundary layer will receive the most attention in this chapter. The relative
importance of such variations is illustrated for the Mach 6 flow in helium shown in
Figure 3.1; here for an adiabatic wall, the temperature ratio of the wall to the
mainstream value is more than 10! A large fraction of this total variation occurs
across the wall layer. As a second example, Figure 3.3 shows two temperature
profiles containing rare near-wall measurements at similar Mach numbers; here
T./T, denotes the ratio of wall temperature to the adiabatic wall temperature.

One profile corresponds to a moderately cooled wall, while the second represents a
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strongly cooled wall having the temperature ratio between that of the wall and the
mainstream close to one. The strongly cooled case demonstrates well the potential
intluence of temperature and density variations in each portion of a compressible
turbulent boundary layer. The temperature rapidly “recovers” or increases from
the wall value, near the edge of the wall layer a value of T is achieved which is not
radically different from the corresponding adiabatic flow temperature. In fact, as
the temperature decreases toward the mainstream, the profile scon becomes almost
indistinguishable from a corresponding profile with an adiabatic wall. The plotted
results in Figure 3.3 suggest that the flow in the outer region is almost unaware of
the precise value of the wall temperature and two conclusions can be drawn: 1) in
defining an appropriate asymptotic structure for the boundary layer, it should be
expected that neither the wall temperature nor the density should appear in the
leading terms for the asymptotic expansions in the outer layer, and 2) it may be
necessary to define characteristic temperature or density which is representative of

conditions in the outer portion of the wall layer.

3.3 General Considerations

By analogy with incompressible flows, analyses of the inner compressible
wall layer are normally based upon neglecting the convection and pressure gradient
terms; then in an argument based on Morkovin’s hypothesis, the velocity in the
wall layer of a compressible boundary layer is hypothesized to have a form similar

to that in incompressible flows, viz.

u=f(Tw, p 1 N, 3.1)
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with, however, the fluid properties p and p varying with n, it is commonly argued
that all the temperature dependent parameters in equation (3.1) can be represented
by some empirical relationships. For example, u can be expressed as a function of
T, such as pocT% for some w, which is often a good approximation for common
gases over a range of temperature. Bradshaw (1984) assumed an inner velocity

form according to

u= f(T'w’ Pu» Hws Qu> Cpy T‘w, k'llh v, Tl), (32)

and dimensional analysis yields

U _ PulUsn Qw Ur
Ur — fl( Fw 7 pycpursTqy’ w’ RE Pr) (3.3)

where u, = |T/p,, is the wall friction velocity and ay = |yRT, is the speed of
sound at the wall. The quantity wr/a, is called the friction Mach number.
Bradshaw (1984) has suggested that the local value of |7,/p should provide a
better velocity scale than the wall value u, where the density now varies with n.
However, the reasoning is not clear, and in any cas= it is difficult to accommodate
this in an asymptotic expansion. Most authors attempt to expand the density
about the value at the wall p . However, it is evident (cf. Figure 3.3) that the
density variation across the wall layer can be substantial, and the density in the
outer portion of the wall layer is comparable to that in the outer layer. In
summary, it is evident that the direct extrapolation of constant-property flow
concepts to compressible case may produce plausible models for low Mach
numbers, but will become less satisfactory with increasing Mach number.
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The possibility of using a compressibility transformation for high speed
turbulent boundary layer flows was discussed in §2 and will be pursued here. The

Howarth-Dorodnitsyn transformation is defined by
Ve[ (£)dn, ¥=E04u2¥ 3.3.4
—Jo(p—o) n, 'U—'ﬁ;"’UFS—, ( .. )

where p, is a reference density and Y measures a density-weighted distance from
the surface. Under this transformation, the governing equations (1.13), (1.14) and

(1.16) become

B—%(ru) + —é)é’?(r% ) =0 ; (3.5)

Ou , ~ Ou _ P\N19P, 1 0 7, PP 1 Ou .
“9s+Y gy = ‘(T)Pe as * PoaT(“’”“’*Po Re d ) (3.6)

O0H ~0H 1 0O o, ke 1 OH
u_;"'v_?—Toa va+PoPrRe n)
2 1 9 1\ 1 O u?
+( I’Mreffow[(l*ﬁ)Tm‘a?(T)]- 3-7)

Here the energy equation in terms of total enthalpy H has been listed since it is the

form that will be used throughout.

For a nominally steady flow, the time-mean total enthalpy in the
mainstream, H¢, is a constant and the Mach number at the outer edge of the

boundary layer is related to H, and U, by
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Ug = _C_Yi_ (3.8)
(v - I)Mfef

where a is defined by

2
-y M; (3.9)

e

The density is related to the static temperature T through the equation of state,

equation (1.17) and it is easily shown that the temperature is related to H and u by

T _Jy, d=1p2VJH 1, 42
Te—{1+ 5 Me}{He ZQUE}' (3.10)

The pressure i1s independent of n to leading order across the boundary layer and
equal to the value p,(s) at the boundary-layer edge and the Bernoulli equation for

steady compressible flow gives

dp dU

In addition, it follows from the ideal gas relation equation (1.17)
pT =p To=p.Te (3.12)

where p and T, can be taken at any location within the boundary layer.
Consequently, the density ratio in equation (3.6) may be replaced by the right side
of equation (3.10) and the compressible problem is thereby expressed solely in

terms of the unknowns u, ¥, H and the turbulence terms according to
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%(run gy;(r?i):o; (3.13)
Ou ,~0u_ 1 dM.( H .2 2 1 dr .

ups T oY = I, dse(HCUe‘%“ t P07 (3.14)
0H ~90H _ 1 9¢

ues TV ey =P oY - (3.15)

(3.16)

'b":
©

_ Bp 1 OH | 7 D2 0 1 9
9=¢+ 5, PrRe oy * i efT' R_W(“Q)J- (3-17)

respectively, where o and ¢ are the Reynolds stress and turbulent heat flux given

o= —pu't, ¢=-pv'H' (3.18)

The boundary conditions are

u=7 =0, T =Ty(s), and H = Hy(s) at Y =0; (3.19)

for specified wall temperature and

a—H =0 at Y=0 (320)

for an adiabatic wall. At the mainstream
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u—- Ueg(s) , T-Tes), and H-H, as Y = o0 . (3.21)

At this stage, the reference density p, that has been used to define the
transformed variables should be regarded as a density characteristic of either the
inner or outer part of the boundary layer; a specific selection will be made
subsequently in this thesis. Consider first the wall layer where the viscous and
turbulent stress dominate and where the total shear stress is therefore constant
with 7 =7y, to the leading order. For a compressible laminar boundary layer, p
and g can be formally removed from the viscous term in the transformed equation
of motion if the Chapman relation py = constant (Stewartson, 1964) is used. In a
boundary layer this is equivalent to p o T, and for such a relation the
compressible-to-incompressible transformation is complete for laminar boundary
layers. For a turbulent flow, the situation is complicated because knowledge of the
Reynolds stress terms is inexact. In general, the Reynolds stress vanishes at the
surface and asymptotes to a maximum value of 7, in the overlap zone between the
inner and outer layer; this behavior has been confirmed by a number of
experiments in both compressible and incompressible flow. Based on this type of
behavior, it does seem reasonable that the turbulence term can also be treated by
the compressibility transformation and the transformed Reynolds stress o can be
independent of compressibility, if a characteristic density p_ is suitably defined
using the new variable Y. The velocity profile for the inner layer should therefore
be determined by the distance Y, the shear stress 7, and the characteristic fluid
properties p, and g ; because the convective terms are negligible to leading order,
the dependence of the wall-layer relation on the streamwise variable s can at most

be parametric and hence
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u= f(va Po,ﬂo,y) . (3.22)

It is easily shown that a normalized relation can then be obtained by dimensional

analysis which is analogous to the incompressible law of the wall according to

pUr Y
o=t (2). 029
where here

urg =\ 72 =\pLur, (3.24)

is a generally defined velocity scale.

The flow in the outer portion of the boundary layer is inviscid to leading
order, and here for a constant pressure flow the shear stress 7 reaches a maximum
Tw Near the surface in order to match with the inner layer profile; a 7 asymptotes
to zero towards the outer edge of the boundary layer. Because the shear-stress has
this simple profile shape, the change of the 7 distribution with Mach number is not
seen to be large. Therefore the velocity profile for a constant pressure flow can
plausibly be assumed to depend only on 7y, p,, Y, and some outer-layer length
scale A, proportional to the local boundary-layer thickness. The outer defect

velocity is therefore
Ue—u=F(ru, p,, Y, Q) . (3.25)

and dimensionless analysis yields
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Ue'":F(Y) (3.26)

uTO AO

for a constant pressure compressible turbulent boundary layer. Note that ur, is
again a generally defined velocity scale defined in terms of the characteristic

density.

Two conclusions can be drawn from the above brief analysis. First,
although in principle the velocity scales for inner and outer layer profiles could be
selected separately, there must be a velocity scale of common validity between the
inner and outer layers, and this requires a single selection for p, so that ur_ is the
same for both l;zyers, in other words only a single velocity scale is feasible.
Secondly, p, cannot be selected at either the surface temperature or the
mainstream temperature; in the former case, the velocity profile in the outer layer
would then depend on a wall parameter, and this is a situation which is excluded
from the current analysis. The latter case is also not acceptable since it would
require a dependence of the wall layer solution on the external density. It therefore
appears that the characteristic density should be representative of the density in
both layers, and this would suggest that this quantity should be selected to be

representative of the overlap zone. This possibility will be pursued subsequently.

3.4 Asymptotic Structure of the Inner Layer

The asymptotic structure of the velocity field in the limit of large Reynolds
number has been considered for a constant-property two-dimensional turbulent
boundary layer by a number of authors (e.g., Fendell, 1972, and Mellor, 1972). A
procedure similar to that of Fendell (1972) was followed by Weigand (1978) in an
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analysis of thermal boundary layers in low flow speeds where the asymptotic
structurc is deduced for first principles using a minimum of empirically motivated
assumptions.  Here a similar analysis will be carried out for high-speed
compressible turbulent boundary-layer flow utilizing the transformed form of
governing equations (3.13) through (3.18) in terms of the Horwarth-Dorodnitsyn

variable Y.

Experimental evidence strongly suggests that the boundary layer consists of
a thin inner wall layer and a relatively thick outer defect layer. In the wall layer,

the asymptotic expansions for the stream function and velocity are written
(s, Y) = Dy(s; Re,Mo) v,(s; Re,Mo) r(s) fl(s,Y+)+ ce (3.27)
u(s,Y) = 7,083 Re,M,) UtsY )+ - (3.28)

where A, and 7; are gauge functions to be found, and r(s) is the dimensionless
radius of revolution for an axisymmetric body. The velocity function U ¥ (s,Y ) is
defined here according to Ut =9 fi /0Y * and
Yt=r-Y . 3.29
A,(s;Re,M,) (3.29)
Here Y ' is the scaled normal coordinate in the inner layer and A; is the
dimensionless inner-layer length scale, representing a typical normal length scale in
the inner region; ol is the inner velocity scale. A characteristic Mach number M,
is introduced to allow for possible Mach number effects associated with

compressibility and heat transfer, described in §3.3. The final results will contain
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the influence of M, implicitly in such parameters as p, and #,- The Reynolds
stress o is zero at the wall and asymptotes to a maximum value near the outer

edge of the wall layer, but is otherwise unknown. To leading order o is written
o(s,Y)=e(s; Re,M,) 01(5,Y+)+ N (3.30)

where the gauge function e, is to be found.

In a compressible flow the equations governing the transport of energy and
momentum are normally strongly coupled, and here the structure of the thermal
problem is taken up. At low subsonic speeds, Weigand (1978) has reviewed an
extensive amount of experimental data showing that the static temperature
distribution clearly displays a logarithmic behavior in the overlap zone. With
increasing Mach number, there are relatively fewer data points in the overlap zone,
as well as less experiments that measure temperature directly; in addition the
influence of dissipation is expected to become significant. In most of the data
considered by Weigand (1978), the total and static temperatures are quantitatively
equivalent. It is not obvious that the static temperature is the appropriate
dependent variable, and here the total enthalpy will be used instead as the primary
thermal independent variable, in view of the fact that equation (3.15) is more
analogous to the energy equation in low speed flows. In the wall layer, the total

enthalpy is written as a perturbation about the wall value, according to

H =H, + )\ (s; Re,Pr,M,) 0+(3,Y6}")+ SR (3.31)

where

4 _ y
Yo =W Re,Pr iy (3.32)
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Here Y9+ is the scaled normal coordinate for the thermal wall layer where the
length scale and the total enthalpy scale A; are to be found subject to the
requirement that A;+0 and II,20 as Re—co. It may be noted that a model for the
dynamics of the wall layer will be discussed in §4. It will be argued that the
thermal normal scale should differ from the corresponding hydrodynamic scale only
through a function of Prandtl number. Thus, for the common gases of interest here

where Pr = O(1), both A, and II; should be of comparable magnitude.

Both the functional form and Reynolds number dependence associated with
the turbulent heat flux term ¢ are unknown, and unfortunately there is little
reliable data in high speed flows for ¢. From low-speed experiments (see, for
example, Orlando et al., 1974), — pv'T’ or — pv'H behave much the same as the
Reynolds-stress term o increasing from zero at the wall to a maximum in the

overlap zone. Here the turbulent heat flux term ¢ is written
$(s,Y)=g,(s; Re,Pr,M,) ¢ (s,Yg )+ - -. (3.33)

where g, is a gauge function to be found.

Substituting equations (3.17) through (3.31) into the momentum equation

(3.14) leads to

of,_(,9f 9
oy F \ Mgyt T g0y T

2
1 dM. [(Hy Mg+ )0 9f,
- e (B e (gt

Y 32f e oo
19 (;_tg 1 1)+plA,-6Yl+’ (3.34)
o

’ afl r
(B fi+ Amger+ Amrh

po ReAl aY+2
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where the primes denote total differentiation with respect to s. Balancing in
equation (3.34) is carried out here by assuming (subject to verification) that to
leading order the viscous and Reynolds stress are comparable while the convection
terms are negligible. Specifically, it is assumed that
1o74 2

ep=0 (—R—GA—z) , 71Ai Re-+0 asRe-»o. (3.35)
Here the Chapman density-viscosity relation pup~u_p_ has been used to delineate
the various orders of magnitude; this relationship is not quantitatively accurate
over significant temperature ranges but is valid for representing qualitative
relationships. It will be verified subsequently that the pressure gradient term in
equation (3.34) is also negligible to the leading order and, as a result, equation

(3.34) reduces to

0 P 71 62f1 aa-l 0 3.36
oy * \Po Rel; gy +2) 1y + =" (9.99)

in the limit Re - .

The gauge functions 7 and e; may now be related to a conventionally

defined friction velocity u, in terms of quantities at the wall according to

2_ _Hw Ou
u =t anL . (3.37)

which in terms of inner variables is

nyv,  9f1(s0)

PoReD; gy +2 (3:39)

ul=
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It is convenient to define the following wall normalization

2
+ 9°f . (s,0)
gg+ (s,0) :——ayl” =1, (3.39)

and equation (3.38) becomes

2 HuYy
uy = —poReAi . (3.40)

It now follows from equation (3.35) that the Reynolds stress scale e; is O(p wug).

Without loss of generality the gauge function may be selected according to
e(s; Re)= pw(s)ug(s; Re) . (3.41)

It may be noted that the reference Mach number M, is not involved in the

definition of e, since the Chapman relation has been assumed.

The scale for Reynolds stress is now fixed in terms of the friction velocity
and the density at the wall. However, 7, is still unknown and that some additional
information related to the characteristics of compressible turbulent boundary layers

is required. As discussed in §3.3, one proposed velocity scale is
V1083 Re; M,) = uro(s; Re,M ) = %;ﬂ u,(s; Re) , (3.42)
and it then follows from equation (3.40) that A; is given by

AysiRe,Mp) = —f 2w (3.43)
PORC Uro
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For reasons discussed in §3.3, this definition of the wall layer velocity scale is
believed to be superior to the choice y; =u,. The wall layer equation (3.36) may
now be integrated from 0 to Y * using the boundary condition (3.39), as well as the

fact that o =0 at Y =0, to obtain

0+ Pylro (ﬂp‘zw) aa}g.q. =pU ro, (3.44)

where the total stress 7 = pwu% = pou:,?.o is constant across the inner layer, to leading

order. Furthermore, since the viscous stress becomes small as Y 1 oo, it must

follow that
o - pougo = pwug as Y1o oo, (3.45)

to leading order. It may be noted that any model which is adopted for the
Reynolds stress in the outer layer must conform to the behavior indicated by
equation (3.45) in the overlap zone. By using equations (3.28), (3.30), (3.41), and

(3.42), the final form of the wall layer momentum equation is

po \oU™* _
"1+(ﬂwﬂw)’a—)77 =1. (3.46)

Now consider the energy equation in the wall layer. Upon substituting the
expansions for the total enthalpy (3.31), velocity (3.28) and the turbulent heat flux

(3.33) into the energy equation (3.15), it follows

of,

o1,
ot (Bt 308" + 0% )~ (gurat £+ Bgur

A 98t _ 1 _Og
+Aurorf1)‘lraya+ =PH,' oy ¥ (3.47)
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to leading order, where the total energy flux ¢ is

2 2 9
_ pe M 88t (v=1) Mresuro| pr_1 pp 8U Y
9= 91%1* 5, PrRe aygF © 2 ReA; | Pr P, gy * | (3.48)

If the convection terms are again assumed negligible to leading order (subject to

verification), equation (3.47) reduces to

k)
a}jﬁ =0. (3.49)

Consequently, the total flux ¢ is invariant, to leading order, across the wall layer
and equal to the value at the wall g,(s). Since U* and ¢; vanish at Y ¥ =0, it

follows from equation (3.48) that

_ByPy M 087 (s,0)
q,(8) = tgow PrRel, GY; , (3.50)

where ¢, denotes a dimensionless heat flux at the wall defined by

q; - OT"
q (S) = * v - ¥ ] q‘ = k . . (351)
v p:er"fchTref w= T an n=20
Here ky, is the dimensional thermal conductivity of the fluid at the wall. Note that

q,, denotes a heat flux from fluid to the wall.

It will subsequently be argued that A{/H¢ = O(u,,/Ug) if the heat transfer
between the flow and the wall is significant. It is then easily seen that the last
term on the right side of equation (3.48) (which is related to viscous-dissipation) is

negligible to leading order and, consequently, the only acceptable balance is
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between the viscous diffusion term and the turbulent heat flux term; thus, it is

assumed that

o~ M
9, = O (Reﬂi) as Re - oo, (3.52)
where again the Chapman relation has been assumed. An additional assumption
that has been made here is that the wall-temperature gradient dH,/ds is
sufficiently small (at most O(1)) so that the associated term on the left side of
equation (3.47) does not enter the balance to leading order. Consequently, the

energy equation in the wall layer reduces to

e M 987 _
Py PrRell, Yy +91 6= > (3:53)

to leading order. The auxiliary equation (3.50) may now be used to relate the heat
flux g, to the gauge functions Ay and 9,

The study of Walker, Abbott, Scharnhorst and Weigand (1986) on the
dynamics of wall-layer turbulence suggests that the normal scale in the energy
equation is related to that in the momentum equation by a factor of the square
root of the Prandtl number. Since Pr is assumed to be O(1) in this study, this

scaling may be adopted without loss of generality, viz.
II,(s; Re, Pr,M,) = A(s; Re, Mo)\Pr , Y =NPrY*t | (3.54)

and it 1s therefore convenient to select the wall normalization
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+
%‘i’—(’) =\Pr . (3.55)

As a result equation (3.50) reduces to

PPy A
9 (5) =~ R_elA_i : (3.56)

It follows from equations (3.52) and (3.56) that 9, is O(q,), and without loss in

generality, the leading order term for the turbulent heat flux may be selected as
9,(8) = q,,(9) - (3.57)

With the inner-layer length scale A; specified by equation (3.43), the gauge

function for the total enthalpy in the wall layer is found from equation (3.56), viz.

Ay(s;Re, Pr.Mo) = 2w (3.58)

Polro

Consequently, the energy equation in the wall layer may now be written as

¢1+( pp ) 1 80 _, (3.59)

PP

to leading order.

At this point the leading order inner-layer expansions for both velocity and
total enthalpy have been established and the outer-layer expansions will be

considered next.
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3.5 The Quter Layer

In the outer layer the streamwise velocity will be written as a small
perturbation about the mainstream value in accordance with the concept of
velocity defect in the outer layer. This was originally hypothesized by von Karman
(1930), who argued that the velocity in the outer layer is retarded due to the
presence of the wall in a manner which is independent of the viscosity, but depends
on the wall shear stress and a length scale characteristic of the normal distance
over which the presence of the wall is felt. The outer-layer expansion for the

longitudinal velocity is written in the form

u(8,Y)=Ue(s)+Ty(s; Re,My) Uy(s,mp) + - - - (3.60)

where U;(s,n) is the defect velocity and 7 is the scaled normal coordinate

_ Y
1= Bo(si Re,Mg) (301

Here A, is the dimensionless outer region length scale and I'; is the scale of the
perturbed velocity in the outer region. Both A, and I'; are to be found subject to

the requirements that A,/A; + 0o and I'} » 0 as Re - oo.

A stream function may be defined by

Ap(s,Y (s, Y ~
¢(§§/ )~ ru d)gss B (3.62)

which satisfies the continuity equation (3.13) identically. It follows from equation

(3.60) that ¢ has the expansion
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(s, Y) = Ag(s; Re,Mp) r(s) [Ue(s)n + T1(s; Re,Mo)Fy(s,m) + - - -] (3.63)

where F(s,n) is defined as Uy =0dF/0n. The normal velocity function ¥ is given

by
5= -} (QarUe)n- L (AorT Fp)+ - - - (3.64)

where the prime denotes differentiation with respect to s. It is assumed here

(subject to verification) that 9T'y/0s is at most O(T'¢).

Consider next the expansion for the Reynolds stress ¢ in the outer region.
The Reynolds stress vanishes at the mainstream and reaches a maximum near the
overlap zone, and it is therefore reasonable to expect the Reynolds stress to have
the same gauge function in the inner and outer regions and to enter the equations
to leading order in both regions; for this reason the outer layer expansion for o has

a form similar to equation (3.30) and
o(s,Y)=e(s; Re,My) Z1(s,m)+ - - - . (3.65)
where the gauge function e is given by equations (3.41) and (3.42) according to
ey(s; Re,M,)=p (s) u,(s; Re,M,) . (3.66)

In the outer region the total enthalpy is written as a perturbation about the

mainstream value in accordance with experimental evidence according to
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H(s,Y)=He+Aq(s;Re, Pr,M,) Oy(s,m) + - - -, (3.67)

where =Y /A, and A; is the order of the perturbed total temperature. Here
because the major heat transfer processes occur near the surface and Pr is O(1),
the thickness of the thermal layer is assumed to be comparable to that of the
velocity boundary layer. The gauge function A is to be found subject to A; - 0 as
Re = co. The scale for the turbulent heat flux ¢ in the outer layer is selected as for

the inner layer for reasons previously discussed and from equation (3.57)

#(5,Y) = q(8)®1(8,m) + -+ - . (3.68)

Substituting equations (3.60) through (3.67) into (3.14) and neglecting terms of

O(F ) yields

62 OE _p(Agrle PPy _ 1 dM. ;2 8o, 11 OF)
eg 05 Ty g pp 0°Fy
P80 On + poA?’ on\p,Re 9n2 |’ (3.69)

where the primes denote total differentiation with respect to s. A balance between

the Reynolds stress and the convective terms implies that

_ €1
ry=0 (POUe Ao) . (3.70)

In addition, it will be assumed (subject to verification) that the viscous stress is

negligible to leading order, viz.
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ReAg - 00 as Re -+ o . . (3.71)

Effectively this is a statement that the thickness of the outer layer is greater than
that of the laminar boundary layer, and this is a result which is well-substantiated
by experiment (Cebeci and Smith, 1974; Fernholz, 1976). The momentum

equation in the outer layer is therefore

8%F OF AorU 62F
Uerl 1+(U6F1)’ 1 ( gore) 6,’21
__l__dMe 2 A Pl 6F1 61 621
= Js Ue (—GH 1— U. 677 +POA0 07] (3.72)

to leading order. The outer asymptotic analysis is not complete until the outer
velocity scale I'; is formally specified, and the solution is matched to that in the
wall layer. The question of matching will be taken up in the next section where it
will be argued that a self-consistent structure can be obtained if the scale for the

deflect velocity is the same as that for the velocity in the wall layer, viz.

I'y(s; Re, M) = uro(s; Re,M,) _J— u,(s; Re) . (3.73)

Note that p, and the outer length scale A, are as yet unspecified.

The leading order energy equation is obtained next upon substituting the
expansions for the total enthalpy (3.67), the turbulent heat flux (3.68), the
velocities (3.60) and (3.64) into the governing equation (3.15) and retaining terms

linear in A; and u,, to obtain
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00 A,rU,) 00
UeA —531+U6A1' 04 —A1( Zro,,e) 7 67]1

9, 0% A 6( up 591)
= . el I 3.74
p,A0 On + POA3 on \ p,PrRe On (3.74)

Here the primes represent differentiation with respect to s. Note that the term
associated with viscous dissipation is second order in magnitude and is therefore
negligible to leading order. It is assumed (subject to verification) that the

convective terms balance the turbulent heat flux to leading order so that

g
A = o(p UiA ) (3.75)
0 0

In view of equation (3.71), the conduction term on the right side of equation (3.74)

is negligible and, consequently, the energy equation in the outer region is

00,

_a? (AOTUE)I rael_ ‘ql aq’l (376)

Aor " 0n " p, A, On

UeAl +U6A'191—A1

to leading order. In a manner similar to the momentum equation, the scale of the

defect for total enthalpy is selected equal to that in the inner layer according to

Ay(s;Re, Pr,Mo) = 22 . (3.77)

=P,uro

The matching of the outer expansions to the wall layer will be considered next.

3.6 The Overlap Zone

In the asymptotic structure described thus far, there are two terms in the
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outer expansion which must be matched to a single term in the wall layer;
moreover, at this stage the Reynolds number (as well as the Mach number)
dependence of the outer layer length scale is unknown. Further information or
assumptions are required concerning the turbulent problem before it is possible to
proceed further. Both Millikan (1939) and Gill (1968) have discussed a matching
procedure where the quantity ndu/On is matched initially and a logarithmic
dependence in the velocity profile is obtained. However, this type of argument in
effect assumes the experimental result for the following reason. In any type of
double layer, this type of matching condition is independent of the normal
coordinate scale simply because the length scale on n for the inner or the outer
layer cancels out. For an arbitrary velocity profile u, there are three possibilities for
the behavior of n(Qu/dn) in the overlap region:

(1) n(0u/dn) - oo in the matching region (e.g., u ~ n@ for a > 0);

(2) n(O0u/dn) -0 (e.g., u~n%or u~nlogn, a<0)

(3) n(du/dn) - c (if u ~ logn).
There exists a wide variety of functional forms which will satisfy possibilities (1)
and (2) but only the logarithm which satisfies possibility (3). Consequently, in
selecting (3) Millikan (1939) essentially assumed the logarithmic dependence he was
attempting to prove. It should be kept in mind that the difficulty is due to lack of
complete information about turbulence terms, and if the functional form of both
the Reynolds stress and turbulent heat flux terms were known, the matching can
be carried out in the conventional way. Rather than assume a specific turbulence
model, the approach that will be adopted here is to assume that the analog of the

law of the wall for high speed compressible flow is given by

U+(Y+)~E(1?)logY++C,-, as Y7o o (3.78)
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Here & is the von Karman constant and C; is the inner log-law constant, usually
assumed to have universal values of x = 0.41 and C; =5.0; in general both « and C;
could be functions of s, depending on the particular constitutive model adopted for
the Reynolds stress. For the total enthalpy problem, the wall-layer function 67 is

similar in form to U and the following form is assumed
e+(ygf)~.,}_alog Y +B;, as Yg-co. (3.79)

Here x, plays the role of the von Karman constant in the velocity distribution, but
both k, and B; are not constant in general and can depend on local flow condition
(Weigand, 1978). Equations (3.78) and (3.79) constitute the two main assumptions
of this study, i.e. that the wall layer profiles for velocity and total enthalpy are
logarithmic in Y, the Howarth-Dorodnitsyn variable. It will now be demonstrated
that a set of self-consistent asymptotic expansions can be developed. The test of
the original hypotheses will be carried out subsequently through direct comparisons

with experimental data.

To carry out the matching, an intermediate variable is first introduced by

(=X, Ay>A;,>A; as Re-co. (3.80)

Aio
Thus, =Y /A0 = (Aj/A0) » 0 and Y =Y /A; = (A;,/A;)¢ » o0 as Re - oo with
s and ( fixed. It is easily seen that the same ( can be used for the thermal problem
for Pr =0(1). In general, it is required that the slope of the profile and the profile

itself merge smoothly in the overlap region according to the relations
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oF
[Ue-i-uro—a?l'f'"'l' A =[U1‘0U++"']Y+ A (3.81)
t =_10

= o 0 -
oC_’ Aic =
and
2

Ure 0°F Uro U+
Y107 “ 1. ..., —|=re QY ., .. 3.82)
[Ao a2 * ] RAYS [Ai oy * " } +_ A (

n_—AO -0 Y _—AiC—ooo

The limits in both relations are taken for the fixed s and (, and for Re -+ oc. Using

equation (3.78), it is easily determined that the outer defect profile must behave

logarithmically with

BFI(S’W)

1
o~ R) logn+C, for 7-0, (3.83)

where the outer log-law constant C, is, in general, a function of s.

Matching the velocity using equations (3.78), (3.81) and (3.83) leads to

match condition

Ue _ 1 _1og (—A—Q)+ C;-C,. (3.84)

u—‘ro = K,(S) Ai

Introducing the inner region length scale A; defined by equation (3.43), it follows

that
U P2
u—reo = % log (—"uu)_zuj Re uTOA0)+ Cl _CO [ (3-85)
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which relates the velocity scale u,, to the unknown outer layer length scale A,. It
follows from equations (3.70) and (3.73) that A, is O(ur,/Ue), and consequently

from equation (3.85)
—1_ ) as Re - oo, (3.86)

or, in terms of the friction velocity u,

Up _ (J”w’po) as Re-oo. (3.87)

U, log Re,

This relation should be compared with the incompressible result
u,/Ue=0(1/logRe). The Mach number and the heat transfer influence are
contained in equation (3.87) where Re, = p3U resLres/ s is a Reynolds number with
the fluid properties evaluated at the characteristic conditions. From equation

(3.43), the inner length scale can also be shown to have the following order of

magnitude:
A;=0 ("bfz_f2> as Re-oo. (3.88)

It is worthwhile to note that many of the assumptions leading to the inner
and outer leading order equations of motion may now be verified. In the outer
layer analysis the viscous stress was assumed negligible with ReAZ 4 o as Re + o.

With the order of outer length scale known, it is evident that

ReAg =0 (ﬁ?‘)) +00 for Re- oo, (3.89)
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and so the assumed behavior is consistent. The other assumptions made during the

course of the analysis may be easily justified similarly.

The matching for velocity is complete to leading order, and composite
expansions can now be formed across the entire boundary layer according to the
procedures discussed by Van Dyke (1975). The composite expansion is formed as
the sum of the inner and outer layer expansions and then subtracting the common
part. The common part is defined to be either the limiting form of the inner layer
asymptotic expansion ¥ T = 0o, or equivalently, the limiting form of the outer layer
asymptotic expansion as n » 0. The composite leading order expansion for the

velocity profile is formed using equations (3.18), (3.60), (3.78), (3.83) and (3.84),

and 1t follows

oF
Ucom = Uro [—3771(3» n+U * (sY * )~ k% log - CO(S):I . (3.90)

The inner layer and outer layer Reynolds-stress expansions are matched

according to the relation

2 . - 2 Ce
[pourozl + - ]nzé_gc -0 -[pwufoal + ]Y+ =%€ oo (391)
0 .

1
Note that p ou?.oz pwug and using equations (3.46) and (3.78), it follows that the

wall layer Reynolds-stress function o, behaves according to

oY )~14 .-+ for Y ao (3.92)
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and furthermore from equation (3.91), it follows that

Sissmy~14--- for n-0. (3.93)

Matching for the energy equations is carried out in a similar manner by
requiring the total enthalpy and its slope to merge smoothly in the overlap region.

A logarithmic dependence also occurs for the outer total enthalpy according to

O1(s,m) ~ K,gl(s) logn+B, for n-0, (3.94)
where B, is, in general, a function of s. The actual streamwise distribution of &,
and B, is strongly influenced by the outer-region flow conditions; there is no
universally agreed upon constant value of xy, and careful comparisons (Weigand,
1978) with measured temperature profile data in low-speed subsonic boundary
layers show that x4 depends on local flow conditions. A means to evaluate x4 will

be developed subsequently in §5.

Matching of the total enthalpy leads to the matching condition

(He— Hy)p uro 1 II,
- 0770 _ ) log T, +B;-B,, (3.95)
which relates the dimensionless heat flux ¢, to u, and the outer-layer length scale.
Recall that the outer length scale II, has been taken to be A, while the inner scale

II; is selected with IT; = A;VPr; thus equation (3.95) may be written

(He— Hy)pu p2
e q:: olTo _ Kol(s) log (m Reu, o ANPr |+ B;- B, . (3.96)

It follows from this relation and the velocity matching condition (3.85) that if Hy,
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is significantly different to He due to the heat transfer between the flow and the
surface

_ Iy =0 (u—g") as Re - oo. (3.97)
poUCHe Ug

The matching is now complete for the energy equation and a composite

profile H¢om can be formed from the inner and outer total enthalpy expansions

according to

Hcom=HW+pq_&U—[el(3v77)+0+(5aY+)— l Iogn—Bo(s)]- (3.98)
0°TO

Kg($)

It may be noted that the assumptions made in arriving at this set of
asymptotic expansions may easily be verified using equation (3.97). For example,
in the inner-layer analysis the total enthalpy scale A\;/H. was assumed to be

O(uro/U¢); now it is easily verified using equation (3.58) to obtain

- Yw___of%e
/\I/He—m—O(Ue). (3.99)

The matching of the turbulent product terms is straightforward. By using
equations (3.53) and (3.79), the limiting form of inner turbulence heat flux function
¢S1 is shown to be

¢ (8 Y ) ~14 oo for Yoo, (3.100)

and the outer turbulence function ®; must then have
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®i(s,)~1+--- for n-0. (3.101)

3.7 Summary of the Asymptotic Expansions

In the previous three sections asymptotic expansions have been developed
for velocity and total enthalpy profiles in the compressible turbulent boundary

layer. The leading order results can be swummarized as follows.

In the inner region, the velocity u and total enthalpy H, Reynolds stress o

and turbulent product ¢ may be expanded to leading order as
E V) =wU (Y-
[

yfie(s,Y) - %’—:(s) +g 0 Y )+ - (3.102)

o(s,Y) = p o0 (s Y T+ oo, G(sY) =g, (s Y )+ - (3.103)
Here u, and ¢, are normalized velocity and total enthalpy scales defined as

—Yro = 9w __
Uy = Ue ’ q* = pouTOHE ? (3104)

with uro = {puw/Po ur, and u, is the dimensionless friction velocity at the wall.
These scales are defined in terms of a characteristic reference density p,. The

scaled wall layer variables Y * and Y are

+_Y + PrY
r+-X, vy =YX (3.105)

97



with the wall layer length scale defined by

Aj=—gtPu (3.106)
poReuTO

The velocity and total enthalpy functions Ut and 87 satisfy the following leading

order equations in the wall layer:

pe \dU* pp N 1 96*
1 +(ahp) =t () F =1 (3.207)

5
QO
~

and have the following asymptotic behavior:

Uty )~L logy? +C;,

K(8)
0+(Y9+)~~iologYe++B,- as Y*,YF oo (3.108)
and
oY) ~14 o, (Y T)~1 as Yoo, (3.109)

The asymptotic expansions for velocity and total enthalpy in the outer layer

have the following defect forms
oF
Ule(s,Y)=1+u*—a# sm+ -, %(S»Y)=1+q*@1(3,71)+ T T (3.110)
o(s,Y) =Po“72-021(3,77)+ ey (s Y)=q,2ism+ - (3.111)

where the scaled outer region variable n=Y/A,. The velocity and total

temperature functions 0F/0n and O, satisfy the equations
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dMe (g—:el-za—Fl) Uy OX1(3112)

and

(AorUe)’ 691 _ PPy 9%,
BorUe "0 = iop, Ay O @119

to leading order and have the asymptotic behavior

OF(s,m) 1 1
o "R log n+Co, ©4(s,n) ~ #5(®) logn+ B, for n »0. (3.114)
Lism~1+ -, ®(sip)~14--- for n-0. (3.115)

In the above equations, primes denote total differentiation with respect to s.

Finally the velocity and the total enthalpy matching conditions are given

by:
U
Uro = :c(ls) ( ﬂwl’ Reuon) +Ci-Co . (3.116)
(He—Huy)puro 1
T o - o) log “wp Reu, o, ANPT +B;- B, . (3.117)

The asymptotic expansions summarized above have been obtained using
perturbation methods applied to the time-mean, two-dimensional or axisymmetric

compressible turbulent boundary layer problem. An important aspect is that the
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leading order boundary-layer structure was determined without recourse to specific
turbulence closure models. The leading order Reynolds number dependence in the
velocity, total enthalpy, and length scales has been established in the limit of large
Reynolds number. Actual solutions in each layer are not possible until a functional
form is developed for the unknown turbulence terms, and this aspect is taken up

next.
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4. THE WALL LAYER MODELS FOR COMPRESSIBLE
TURBULENT BOUNDARY LAYERS

4.1 Introduction

As a result of over two decades of experimental work, it has been possible to
identify a repeatable and cyclic process that occurs in low-speed turbulent flows
near walls; in this process, the turbulent wall layer is observed to grow slowly over
a period of time and then interact strongly with the outer flow in an event usually
referred to as bursting. These events are known to dominate the dynamics of the
wall-layer flow. If observations are carried out over a fixed area of the wall, the
wall layer will be seen to be in a quiescent state for a large majority of the total
observation time. During this quiescent period, the wall-layer streaks can be
observed when a visualization medium such as dye or hydrogen bubbles is
introduced into the near-wall flow in a water tunnel. These streaks are a result of
the tendency of the hydrogen bubbles to collect in the wall layer near vertical
surfaces across which there is no relative spanwise motion and where the motion in
the cross flow plane is away from the wall. The streaks are relatively stable and
separated by an average spanwise distance of 100 v/u, (Willmarth, 1975 and Smith,
1983), where v is the kinematic viscosity and u, is the local mean friction velocity;
the streaks are elongated in the streamwise direction and typically may have a
length on the order of 1000 v/u,. The streamwise velocity in the vicinity of the
streaks is generally less than that of the mean profile and thus the terminology
“low-speed streaks” is common. The cause of the wall-layer streaks is not generally

agreed upon but it is reasonable to suppose that the streaks are the signature of
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Figure 4.1 Schematic diagram of average wall-layer structure during the
quiescent state.

102



vortices which are being convected over the wall within the boundary layer but

above the streaks (Smith et al., 1991).

While the observed portion of the wall layer is in the quiescent state, the
time-dependent flow in the turbulent boundary layer may be considered to have a
distinct double structure; that is, there is a well defined inner wall layer and an
outer layer. The wall layer is very thin with respect to the whole boundary layer;
furthermore, at this stage, the wall layer only responds passively to events which
are taking place in the outer layer. In other words, there are no strong interactions
between the inner and outer regions during the quiescent period. The quiescent
period is generally observed to initiate with the “sweep” which is characterized by
a penetration of high speed fluid from the outer region of the boundary layer
toward the wall; in the latter stages of the sweep event, the wall-layer streaks
appear. At this stage the wall layer is very thin. There then ensues a relatively
long quiescent in which there are no major interactions with the outer flow and the

wall layer continuously thickens due to viscous diffusion.

The quiescent period is observed to terminate at isolated spanwise and
streamwise locations in the bursting process. Eventually the organized motion of
the quiescent period is interrupted by a rapid and violent ejection of fluid into the
outer layer. The ejection process is observed to originate deep within the wall layer
and culminate in an inviscid-viscous interaction with the outer layer. As the
bursting fluid leaves the wall layer, it is followed almost simultaneously by an
inrush of fluid from the outer layer into the inner layer; this event has been called
the sweep by Corino and Brodkey (1969). In the latter stages of the sweep event

the streak pattern near the wall reappears but now at different spanwise locations
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and the quiescent flow behavior begins a new cycle. Over a long period of time the
distribution of the streaks near the wall appears to be essentially random; of course,

for a two-dimensional time-mean flow this is the expected mathematical behavior.

At present the cause of the streaks and the bursts is still regarded as
controversial. It was demonstrated by Wallace, Eckelmann and Brodkey (1972)
that the vast majority of the contribution to the Reynolds stress occurs during
bursting for both the inner and the outer layer. Clearly, to arrive at a theoretical
model over the entire boundary layer for the Reynolds stress, the dynamics of this
bursting process must be understood. An early explanation for the wall layer
breakdown is that the breakup of the quiescent growth and subsequent burst are
induced by the passage of a vorticular disturbance (Walker, 1977). There are
various studies of the large-scale motions in the outer part of the boundary layer.
The observations by Head and Bandyopadhyay (1981) are of particular note. These
authors used flow visualization to study a zero-pressure-gradient boundary layer
over a wide range of Reynolds numbers based on the momentum thickness
(500 < Rey < 17500). They found clear evidence of hairpin-type vortices that had
been assumed to have a connection with the near-wall bursting process (see, for
example, Kline et al., 1967, and Offen and Kline, 1974) may extend throughout the
entire boundary layer. In the visualization studies, the layer appeared to contain
hairpin eddies attached to the wall region and inclined to the wall at a
characteristic angle of 40°-50". Recently a comprehensive model of the turbulent
boundary layer has been given by Smith et al. (1991), in which the main observed
features of the time-dependent flow have been explained in terms of the motion of

hairpin vortices and their influence on each other and the near-wall flow. In this
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model the wall layer streaks are attributed to the motion of hairpin vortices which
are convected above the wall layer and induce an upwelling; the streaks are
described as the passive trails of a moving vortex in the near-wall flow. The
bursting process is described as an inviscid-viscous interaction between the wall
layer and the outer inviscid region which is also induced by the motion of hairpin
vortices. It is argued that the hairpin vortex induces an adverse pressure gradient
on the wall layer flow and, after a period of time, separation of the wall layer is
provoked locally. The separation culminates in a strong localized interaction in
which wall-layer vorticity is sharply compressed in the streamwise direction and
abruptly thrown into the outer portion of the boundary layer. As indicated by the
model of Smith et al. (1991), as well as other considerations and measurements, the
principal lasting contributions to the Reynolds stress are made during the brief
periods when localized breakdowns of the wall layer occur. The nature of the
interaction when this occurs is very complex and well beyond the scope of modern
computational methods. On the other hand, the wall layer is in a passive order
state for a majority of any total observation time, and this suggests an alternative
strategy for turbulence modeling for the wall layer. In this approach (Walker and
Abbott, 1977; Walker et al., 1989), the idea is to focus on the development of the
mean velocity profile in the wall layer. In view of the relatively long duration of
the quiescent state, the vast majority of contributions to the mean profile are made
during this period when the wall-layer flow is reasonably well-ordered and when no
strong interactions occur between the wall layer and the outer layer. Another
important piece of experimental information used in the modeling is related to the
spanwise spacing of the streaks. Experimental evidence (at least in a limited

Reynolds number range) indicates that the streaks possess an average dimensionless
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spanwise spacing of A* = Au,Re/v = 100 where ) is the mean streak spacing (Smith
and Metzler, 1983). Walker and Abbott (1977) have cataloged values of the
average streak spacing over the existing experimental range of Reynolds numbers;
unfortunately there is still insufficient data for large Reynolds numbers to
definitively determine a trend. However, it is clear that either A* —o0 or a large
positive constant as Re—oo. It is also evident that A constitutes the appropriate
length scale in the spanwise direction for the time-dependent wall-layer flow. This
modeling approach has been successful for incompressible flow and extensive
comparisons with data (Walker and Scharnhorst, 1977; Walker et al., 1989)
indicate that the “unsteady wall layer model” represents measured data very well.
A formula for the Reynolds stress can then be recovered from the mean momentum
equation. A similar modeling approach for thermal transport in low-speed flows
was subsequently carried out by Weigand (1978), and excellent agreement was
obtained with measured temperature profile data. In this chapter, the extension of

this modeling approach to high-speed compressible flow will be considered.

4.2 Coherent Structures in High-Speed Flows

For incompressible flow, the unsteady wall layer model is based strongly on
the observed coherent structure of the near wall flow. The first question that must
be addressed is whether such structure is present in compressible flows and whether
the model discussed by Smith et al. (1991) is appropriate in the compressible wall
layer. Most of the common flow visualization methods, such as dye or hydrogen

bubbles used in water tunnels, are not applicable to a supersonic boundary layer.
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However, coherent structures can also be detected indirectly by using, for example,
arrays of hot wires and wall pressure transducers to record the disturbances
provoked by motions such as hairpin vortices. Most recent work has been confined
to incompressible boundary-layer flows for a variety of technical reasons (see, for
example, Robinson, 1985) and has indicated the presence of a complex hierarchy of
organized motions. Combining this information with flow visualization results, it
has been possible to put together a general descriptive account of the turbulent
boundary layers (see, for example, Smith et al., 1991), even though a variety of
questions concerning the causes and effects of the observed phenomena are still

controversial.

There is evidence for the presence of coherent motions in supersonic flows,
and this should be expected since the dynamical model described by Smith et al.
(1991) should carry over in some form to compressible flows. The Schlieren
photographs of Deckker and Weekes (1976) and Deckker (1980) show large-scale
motions with boundaries inclined at about 45 to the wall in turbulent boundary
layers at Mach numbers of 1.84 and 2.58 (see van Dyke 1982). By and large,
however, quantitative study of turbulent boundary layer structure in compressible
flows is relatively rare. Owen and Horstman (1972) have carried out extensive
space-time correlation measurements in a hypersonic boundary layer and focused
their main attention on mean convection velocities. More recently, Robinson
(1986) has reported average measurements for the angle structures made with the
surface for a supersonic flow, and these were found to bear a resemblance to those
found in incompressible flows. Spina and Smits (1986) attempted to provide some

of the first measurements of instantaneous structure in compressible flow, and their
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work also suggests the existence of organized structures in a boundary layer. They
evaluated instantaneous angle structures made with the wall, as well as the average
structure-angle; these measurements produced results which are consistent with
those associated with distributions of hairpin vortex loops found in incompressible
flows. It was observed that near the wall, the majority of the structures make an
angle below 45° with the wall, with the most populated state being 15— 30°. Away
from the wall (y/6 = 0.3), the angular distribution shifts towards 45°. At the edge of
the boundary layer (y/é=0.9), the population with angles between 75-90° has
increased dramatically and becomes dominant. These trends are consistent with
what is known concerning the dynamics of hairpin vortices in a shear flow (see, for
example, Head and Bandyopadhyay, 1981, Hon and Walker, 1991, Smith et al.,
1991). Hairpins of all sizes populate the boundary layer. A typical hairpin vortex
(see, for example, Smith, 1991, Smith et al., 1991) consists of elongated legs near
the surface inclined at shallow angles to the wall, a central portion inclined at
angles in the vicinity of 45, and a head which bends back in the shear flow
reaching angles close to 90°. Therefore, measurements of Spina and Smits (1986)
are fairly consistent with similar structural observations in incompressible flow, and
it appears that the effect of compressibility on the basic character of the structure

is small.

In addition to the experimental evidence, Morkovin’s (1962) hypothesis
would also support these ideas. The strong correlation between temperature and
velocity fluctuations shown in equation (1.25) is often used to imply that the
density field has no more effect than a passive scalar and plays no role in the

dynamics of turbulent mixing. Morkovin (1962) concluded on this basis that the
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dynamics of compressible turbulent shear layers should correspond to the
incompressible pattern closely, as long as the fluctuating Mach numbers remain
small (i.e. the Mach number is moderate). It is worthwhile to point out that this
does not imply that the turbulence quantities in incompressible and compressible
flows have closely comparable distributions since the density will have at least a
parametric influence on the turbulence shear stress, even if density fluctuations are
negligible. Laderman and Demetriades (1979), for example, interpreted Morkovin’s
(1962) hypothesis to mean that the turbulent shear distribution across the
boundary layer, when expressed in the form 7/7y, should be invariant with Mach
number and correspond to the incompressible shear stress profile. In fact, Smits
and Spina (1989) found from their data in the low supersonic range (1.7 < M, < 4.6)
that the Mach number dependence for the turbulence intensity Ju? was no longer
evident when the data were normalized by a velocity scale derived using the wall
shear stress and the local density (i.e., {7y/p). However, the situation in regards to
proper scaling of the turbulence quantities is far from clear for compressible
boundary layers. Most attempts to determine similarity with Mach number for
turbulence terms are controversial. It may be evident that even though the
pattern of turbulence motions appears to be similar to the incompressible case,
density gradients in a compressible shear layer could possibly affect hairpin vortex
motion. From a mathematical standpoint, it would not be surprising to find
differences between compressible and incompressible boundary layers, since the
vorticity transport equation describes the transport of vorticity per unit mass,
rather than the absolute vorticity. Density gradients will therefore affect the
vorticity dynamics to some extent, and the extent of this influence will clearly vary

with Mach number and heat transfer rate.
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Studies of unsteady compressible wall-layer structure would seem to be
desirable although it must be admitted that the experimental difficulties are
formidable. In this thesis it has been assumed that the wall-layer mean equations
can be converted into a corresponding constant property problem through the
Howarth-Dorodnitsyn transformation. Here this same transformation will be used
to examine the unsteady compressible wall-layer flow, and it will be shown that to
the leading order the wall layer problem is a corresponding incompressible form.
The analysis closely follows that in low-speed flows described by Weigand (1978)
and Walker et al. (1989). It is worthwhile to note that the physical basis of the use
of the compressibility transformation is the belief that a similar coherent behavior
occurs in the compressible wall layer as has been thoroughly documented for
incompressible flows. Thus the compressible wall layer is expected to be in the
quiescent state for a majority of any total observation time with localized
breakdowns occurring only intermittently at isolated locations. Thus, the time-
dependent flow in the wall layer is regarded as essentially ordered and stratified

most of the time.

4.3 Unsteady Wall Layer Model for Compressible Flows

In this section the full Navier-Stokes equations will be investigated during
the quiescent period and in limit of large Reynolds number with the overall
objective of considering the nature of the flow evolution during a typical quiescent
period. A complete solution for the wall-layer flow is not expected; instead,

representative solutions will be considered with the main objective being to obtain
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realistic expression for the time-mean velocity and total enthalpy distributions

within the wall layer.

The main ideas inherent in the analysis are strongly motivated by
experiment of incompressible flows and are as follows. For a fixed and small area of
the surface, define T, as the average period during which the wall layer is in
quiescent state; during this period the wall layer is intact, the wall layer length
scale associated with the normal coordinate is therefore O(p /p uroRe) as discussed
in §3.4. Note that as M, — 0 this scaling reduces to its incompressible expression of
O(v/urRe). Further, suppose that the average time associated with a localized
breakdown corresponding to burst-sweep sequence is Ty. The experiments of Kline
et al. (1967) and Offen and Kline (1974) suggest that the period over which a burst
takes place is considerably smaller than the time scale associated with the
quiescent period (i.e. Ty « Tq). Therefore, the actual average time period of a
cycle T, should be close to the quiescent time period Tg¢, and Walker and
Scharnhorst (1977) and Walker et al. (1989) argue that the ratio T'q/T} should
become large as Re-+oco. Consequently, consideration of representative time-
dependent motions in the wall layer during the quiescent period and subsequent
time averaging should produce a reasonable model (the unsteady wall layer model)
for the mean profiles. The same argument should hold for compressible flows if the

influence of density gradient to the turbulence motion is only parametric.

Another important assumption associated with the unsteady wall layer
model is that the average spanwise spacing A is such that the dimensionless spacing
AT = Au,yRe/v is large as Re +oco. There are two potential problems in extending

the analysis to the compressible regime. First it is not well established from
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experiment that wall layer streaks exist in compressible flow. However, the model
of Smith et al. (1991), as well as Morkovin’s (1962) hypothesis, would suggest that
it is reasonable to assume wall-layer streaks are present. A second question then
concerns the appropriate length scale that could characterize the spanwise spacing.
In particular, what local parameters should be used in defining At in an
environment where the fluid properties such as density p and viscosity u vary
across the boundary layer? The answers to these questions will remain partially
unresolved until additional experimental work is carried out in the supersonic
regime. For the present analysis, the reference temperature concept will be utilized
again and a dimensionless mean streak spacing defined by A+ =\ (P3uroRe/p p,)-
Note that this expression reduces to the incompressible form as M.-0.
Furthermore, it is assumed that A™ is large in the limit Re—oo as in the

incompressible case.

Consider now a nominally steady two-dimensional boundary layer and let
(z, y, z) measure distances in the streamwise, normal and spanwise directions
respectively with corresponding instantaneous velocities (%, ¥, @). Note that here
z and y (instead of s and n in the previous chapters) are used to denote the
streamnwise and normal directions. Since the ratio of wall-layer to boundary layer
thickness 6;/6 -0 in the limit of large Reynolds number (cf. §3.4), and since in
addition it has been assumed that é < r(s), where r is the radius of revolution for
an axisymmetric body, it is easily inferred that r/6; -+ oo, and it follows that the
wall layer can be simply treated as a three-dimensional problem along an
essentially flat surface. Therefore it is convenient to simply use conventional

notations in the study of wall-layer modeling that apply to either the two-
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dimensional or axisymmetric cases.

During a typical quiescent period, the wall layer is well-defined and the low-
speed streaks are present. It is well established from experiment that the turbulent
intensities ;'7, Zﬁ, w? as well as the Reynolds stress —v'u’ are Q(7y/p) in the wall
layer, and this suggests that the velocity scale obtained in §3.4 is also appropriate
for the instantaneous velocities during the quiescent period. First define the scaled
velocity components in the streamwise and spanwise directions by

2t =%/ urp, DY =% /up - (4.1)

Note that the tilde is used to denote instantaneous quantities here and throughout
this study. It is also assumed that the length scale associated with typical time-
dependent motions in the normal direction is comparable to the mean wall-layer
thickness. At the same time, variations in the streamwise direction are considered
to be less important, in view of the long length of the streaks relative to their
spacing. The characteristic length in the spanwise direction is known to be A and

therefore the following scaled coordinates are introduced:

rt =2 t = y 2t =2= £ . 4.2
y ('uwpw/pguToRe) ' AT (”wpw/PgUToRe) *2

Here L, is a characteristic length in the r direction which is not known but is
expected to be associated with the streamwise extent of the outer-region structures

responsible for the creation and evolution of the wall-layer streaks; recent evidence
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(Smith et al., 1991) indicates that these are convected hairpin vortices. In any
event it is assumed, in accordance with experiment, that Ly > u p, /p2uroRe, the
normal direction length scale. It then follows from the continuity equation (1.13)

and equations (4.1) and (4.2) that the scaled normal velocity should be defined by
5 =57 Juro) ; (4.3)

here the balance is between the terms 0(p¥)/0y and O(pi)/0z in the continuity
equation. The proper scaling in time follows from a balance between the viscous

diffusion and unsteady terms in the streamwise momentum equation and

tt = 4 . (4.4)
(P PoUr» ReE)

Finally the pressure may be written in a general form as

2 Repgum T 1 + g+ o+t
P=Pe(:ﬂ)+pou-,-o _M—w_pw_po(a: 't )+T+‘p1($ YT,z Tt )+ (45)

where p,(r) is the steady mainstream pressure distribution outside the boundary
layer. The term p, is associated with the relatively organized motion between the
streaks during the quiescent period. The pressure p, is an unsteady pressure
variation which is impressed across the wall layer during the quiescent period and
which may be thought of as due to the motion of convected disturbances in the

outer rcgion (such as hairpin vortices); it is easily verified, upon substitution in the
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Navier-Stokes equations, that p, is independent of y* and z* as indicated in
equation (4.5). In general, the p, term in the z-momentum equation is not known
and potentially poses a problem. The data of Emmerling (1973) provides evidence
of intense localized centers of pressure within the turbulent boundary layer and
large fluctuating pressure gradients may not be ruled out entirely. However, it is
believed that the observed large pressure fluctuations are probably associated with
the bursting process and localized wall-layer breakdowns and, therefore, probably
do not have significant influence during quiescent periods. Walker and Abbott
(1977) have suggested that if such a large pressure fluctuation is convected into the
region under consideration and above the wall layer, then a rapid breakdown of
quiescent period might be expected. On the other hand, small scale pressure
gradient fluctuations are possible if they are truly random with a zero time-mean
average. It may be concluded from the observed well-ordered motion in the wall
layer during the quiescent period that it is not reasonable to expect that small scale
unorganized pressure fluctuations dominate the wall layer flow. Thus, it is not
necessary to consider motions arising from small scale pressure fluctuations at the
edge of the wall layer since in the end such motions will not produce lasting

contributions to the mean profile.

Throughout this analysis the density p is viewed as a function whose
distribution is the same as the mean. Thus, the density is akin to a more passive
scalar whose fluctuations play no important role in the dynamics of leading-order
turbulence motion. This is in line with the view that the compressible wall layer is
essentially stably stratified during the quiescent state. Two simplifications result

from this assumption. First, the momentum and thermal boundary-layer problems
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decouple, and second, the time derivative of density does not appear in the
governing equations. Upon substitution of equations (4.1) to (4.5) into the
unsteady Navier-Stokes equations, the following equations governing the wall layer

are obtained

p8§++p'z7+ aa++pm+ ot _ oty
6t+ A+ ay+ A+ az‘l' ay'l-\ﬂwpw ay"'

2
1 8 (Pt out
+A+2 0z T\F,,Py, 6z+) ’ (4.6)

~ ~ 2
SOt ATt et 0P g Pk aa‘“)

2
1 9 ( Pot oyt

ot W ont @ omt s 0P
P o¢t Nt Oy* T yF 9z T T, +20:¢
o (Pok gm*ty. 1 @ (Por omt
MY TRV 6y+)+ L2 0z PPy, 6z+)’ (4.8)
Ip¥ ")  dp®") (4.9)

oy+ T Tzt

where p=p(zt,y*). Here p+ is the scaled mainstream pressure gradient defined
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d
PyPy CPe (4.10)

p+ - W W
PguéoRe dz

During a typical quiescent state the presence of the wall-layer streaks
indicates that there are planes at certain spanwise locations which on average are
aligned in the streamwise direction and across which there is no spanwise flow.
Consider therefore the flow development between a typical pair of wall-layer
streaks located at z+ =0 and 2%+ =1; since w* must vanish at 2+ =n/2, here
n=0,1, - -, it follows from the continuity equation that it is possible to write

7 * and @ * during a typical quiescent period according to (4.91)

ot = __pe z; 21 sin(2n7z + ), (4.11)
1

7 = -2 be E n f, cos(2nmz+) . (4.12)

n—l

Here f,(y+, t) are the functional coefficients of the Fourier series which are to be

determined subject to the following boundary conditions at the wall

of
fnzayn+=0 at y+=0. (4.13)

A variety of different conditions could be considered for the asymptotic behavior of

the instantaneous flow in the outer edge of the wall layer subject to the restriction
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that @ *is at most O(1) as y*— oo; this restriction is necessary since the motions
represented by equations (4.11), (4.12) should make significant contributions to the
turbulence intensities and measurements show that w2 is at most O(u2,) for large
y*+. The simplest outer condition that will produce the observed type of wall-layer
structure, corresponding to the situation depicted schematically in Figure 4.1, is

obtained for

oh £—W1, %’faO,n>l, as yt-—oo. (4.14)

Here W, represents an average spanwise velocity at the wall-layer edge. This
external motion is similar to the type of flow that might be induced on the wall
layer from above by a convecting hairpin vortex. It is evident that the solution of
equations (4.7) to (4.9) develops independently from that of the streamwise
momentum (4.6). Equations (4.6) through (4.14) form the basis of the unsteady
wall-layer model.

To consider the compressible problem, the Howarth-Dorodnitsyn

transformation

y+ =Jy+(£)dy+ (4.15)

is introduced and equations (4.6) — (4.14) become
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where 5+ = (p/p )0 * and a newly defined mainstream pressure gradient parameter

P * has the form

Ar _ __Puly ldpez PPy _l_dMe(ﬂ_U2_g_u2) 4.20)
T T oaubRe P O T g Re Me Tdz \He T2 ) (

which follows from §3.3. Note that in most cases p* is negligibly small and can

119



only become and O(1) term when the pressure gradient in the mainstream dp, /dz
becomes O(u3,Re); with the Reynolds number large, this can occur only as u,, + 0
or more specifically when u,, = O(Re~'/3). This latter case is only possible in a
very large pressure gradient flow or near a point of time-mean separation. This
type of flow is not considered in this analysis. Thus, the p * term is negligible to
leading order as Re -+ oo and may be omitted from the leading order momentum

equations.

The density still appears in the transformed equations, (4.16) through (4.19),
in two different forms, one of which is the density-viscosity product ratio up/p,p, -
Again the Chapman law will be assumed so that this ratio is taken to be unity.
The density also appears either in the form p /p or with the viscosity pu/p; however,
each of these terms contains inverse powers of A", and since it is argued that A+ is
large for Re - 00, terms containing 1A% and (1//\4')2 may be treated as higher

order and the unsteady Navier-Stokes equations are therefore in a constant

property form

out _ At 9 [ou’

at+ - p + ay.,. <6Y+)’ (4.21)
w9 5 (om*

T ay++ay+(ay+ ’ (4.22)
omt _ 9 (om*

att "oyt (ay+)’ (4.23)
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2% om* _
0Y+ + e = 0. (4.24)
Equations (4.11) and (4.12) may now be written in a constant property form

according to

a fy,

L3y * sin(2n7z+), (4.25)

Bt = §
Dt = —2n io: n f, cos(2nmz+) . (4.26)
n'=1

Finally, the boundary conditions are

01, +
=% =0 at YT -0, (4.27)
df f
ayiawl, 6Y1 +0,n>1, a YV s (4.28)

At this point, the density has been formally removed from the unsteady
wall-layer equations using the Howarth-Dorodnitsyn transformation, the Chapman
density viscosity law, and the perfect gas law relation. In addition, it has been
assumed that characteristic spanwise spacing At s large as Re -+ oco. The range of
validity of this last assumption is not known and can only be verified through
future experimental work. However, with increasing Mach number, it is known

that the wall layer thickens and occupies a much larger portion of the whole
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boundary layer than in low-speed flows. Thus it is entirely possible that the

present analysis may eventually become invalid in the hypersonic regime.

It is evident that the solution of equations (4.22)-(4.24) develops
independently from that of equation (4.21); in fact these equations describe the

evolution of the scaled streamwise vorticity ¢ : defined by

~ + \ +
¢ =g;1,)+ - gg+ ' (4.29)

The motions represented by the streamwise vorticity transport equation produce

and w2, However, there will be no

contributions to the turbulence intensities v'2
neat contribution to an average value of either w or v from the time-dependent
motions represented by equations (4.25) and (4.26). This is because after each wall-
layer breakdown and subsequent sweep, the low-speed streaks appear at different
spanwise locations; over a large number of cycles the spanwise distribution of the
streaks must be random. Walker and Abbott (1977) have discussed typical values
of 5+ and ®* across the span from z+ =0 to At. At least for incompressible
flow, the present theoretical picture is consistent with the known mean results that
w=0 and v is small and O(Re~ h 1t may be verified upon substitution of
equations (4.25) and (4.26) into equation (4.21) that % ¥ may be written according

to

3t =t Y, t)+ S AaY Y, tt) cos(2nmz+). (4.30)
n=<l
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A variation in z+ has not been written explicitly in this equation, since the
dependence on =+ is at most parametric (entering from the outer conditions for
%t as ¥t o o). The procedure of Walker and Scharnhorst (1977) and Walker et
al. (1989) may now be followed to obtain the representative solutions and a
subsequent expression for the time-mean streamwise velocity distribution U/ *. For
completeness the final form of the time-mean inner region velocity profile

approximation U ¥ will be given in Appendix A.

4.4 Wall Layer for the Thermal Boundary Layer

In this section an expression for the wall-layer total enthalpy profile will be
developed through consideration of the leading order form of the time-dependent
energy equation in the wall layer for large Reynolds number. The total enthalpy

equation for a three-dimensional flow is

H. o " N ap
Paa—ft{ +pu %I:+pv %H+pw6H.— (vy-1)M2,; Bf
o( # oH £ _OHY, oy r OH
+53:-(P7'Re 6z) -'(PrRe ay) 2\PrRe W)“"(I’ , (4.31)

where the dissipation function is
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The function ® contains a long list of terms involving the derivatives of velocity
components whose terms are associated with the viscous dissipation of kinetic
energy into thermal internal energy. It might be anticipated that with increasing
mainstream Mach number, the influence of viscous dissipation will become

significant at some stage.

Unfortunately, measurements of the fluctuating total enthalpy are very
scarce; however, it is expected that the turbulent fluctuations in temperature or
total enthalpy should have scales comparable to those associated with velocity
fluctuations. It is known from experiment that the time-mean and instantaneous
velocities have the same order of magnitude, and therefore it is not unreasonable to
assume the scale of H to be the same of the mean total enthalpy. Consequently,

the following scale total enthalpy function for the wall layer is defined
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H_-H
+ _
6+t — - w (4.33)
where the scale for total enthalpy is
Ty (4.34)

970 = Pylro ’

When the surface heat transfer rate is moderate or large, it was shown in §3.6 that
gro 15 O(uro). The wall temperature Hy, is permitted to vary in the z-direction
but dH,/dz is taken to be small so that streamwise variation of H,, is always slow
in = according to the inner-layer asymptotic analysis described in §3.4. Since the
scales of velocity components are all u,,, it is easily verified that & will only enter
the leading-order form equation (4.32) for total enthalpy when
(v - l)Mgefu,.o = O(1). This estimate is consistent with current physical views of
the structure of the supersonic turbulent boundary layer and in the present wall
layer analysis the influence of dissipation will be neglected. Upon substitution of
equations (4.1) through (4.5) and (4.33) into the unsteady energy equation (4.31), it
may be verified that total-enthalpy equation reduces to

o8 P8t a8 et o8 _
P ot Nt Oyt T T 8zt T

9 ( Pk @y, 12 Pt 98 ) (4.35)
Oy *\Pry, p,  Oy+ /\+2az+ Pry p, 02+’ :

to leading order in the limit of large Reynolds number. Note that equation (4.35)

and the r-momentum equation (4.6) are the same in mathematical form for Pr = 1.
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For most practical situations Pr is O(1), and it is convenient to introduce new
scalings to eliminate the Prandtl number from leading order terms in the final

equations. This procedure results in

~ + ~ +
o8 _ 9 (08
att oy ;i\ ay;) ' (4.36)
where
yt p
Yy J‘Pﬁj (p—o) dy*+ . (4.37)
[+]

The form of equation (4.36) is now identical to the streamwise velocity equation
(4.16) to the leading order and the analysis leading to the final profile result for 8 *
is exactly the same as the velocity problem. For completeness the final form of the

time-mean inner region profiles Ut and % are given in Appendix A.

The development of the thermal inner-layer model for the case when these is
significant heat transfer at the surface is now complete. However as indicated in
equation (4.36), the terms associated with viscous dissipation do not appear in the
leading-order equation and it is of interest to ascertain when such terms will
become important. To this stage it has been implicitly assumed that the total-
enthalpy scaling for the wall layer ¢, , defined in equation (4.34) is O(u;,), and
because of this the viscous dissipation terms in equation (4.31) were neglected.
There appear to be at least two situations where the viscous dissipation, ®, will be
import. The first occurs for a nearly adiabatic surface and the second is in the

hypersonic regime. If the leading order terms in the dissipation term are retained in
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equation (4.31), it follows that

~ + ~ + ~ 2 ~ +2
90 __ 9 (00 \,p 0| 8 (u*t +w
ot* ~ayg ay(;*)+ Ry 675( 2 )} (4.38)
where
2
Dyo=(Pr-1)(y-1)M?%,; g2 (4.39)

If g0 is O(urp) and M, ¢ is O(1), then D7, < 1. Here situations where Dy, is O(1)

are considered; such cases occur when total-enthalpy scale
gro=O((Pr-1)(y-1)MZ; u2,) . (4.40)

This can happen either when ¢,, is O(u?.o) and M,f is O(1) corresponding to a
nearly adiabatic supersonic flow case, or when (y-1)M 36 fUro is O(1) corresponding
to hypersonic flows. Note that the instantaneous kinetic energy k ~ (% * 24w +2)/2
appears in the leading order energy equation (4.38), and the normal ¥ -velocity

related component is not present since it is O(1/A + )-

It follows from equations (4.33) and (4.40) that for a nearly adiabatic wall the

unsteady total enthalpy in the wall layer may be expanded according to
H=Hy+a(l-Pr)Heuz 89 + - . (4.41)

Note that aH,. is related to the reference Mach number through equation (3.8).

When this limiting form is introduced into the instantaneous emnergy equation, it
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yields a relation similar to equation (4.38),

~ + ~ +
9y 9 (004 o] 0 fatiimt?
ott "WaY;)J’aY;LaY;\ 2 ) ' (4.42)

Unfortunately this equation is very different to analyze and the extension of the
wall-layer analysis of Walker et al (1989) to consider representative time-dependent
motions in the wall layer is not easily extended. The difficulty is associated with
the quadratic terms in velocity on the right side of equation (4.42); during a typical
quiescent state these velocities are representable as Fourier series and thus they
give rise to a very complicated forcing function in equation (4.42). For this reason a
time dependent analysis of equation (4.42) was not attempted. Fortunately the
deviation of the total enthalpy from H, is not large (cf. equation (4.41)) for an
insulated wall and an expression for the time-average of 8 ;% is not needed to give

an adequate representation of H in a composite profile for the entire boundary

layer.

4.5 Summary

In this chapter a theory has been presented in which representative motions
have been considered during a typical assumed quiescent period in the compressible
turbulent wall layer. A time average of these motions has produced expressions for
the mean streamwise velocity ut and the total enthalpy 8% in the wall layer.

These wall layer profiles constitute the turbulence model for the wall layer and no
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further modeling, say of the Reynolds stress, is required. The quality of the models

will ultimately be tested through direct comparison with experimental data.

Having successfully described the wall-layer distributions, it might be
thought that a similar line of reasoning could be pursued to develop a profile in the
outer region. However, the outer layer problem is much more complicated since
the outer region receives vorticity in sharp short bursts from the near wall. Thus
the bursting problem cannot be avoided as it was for the wall layer analysis.
Unfortunately, the mathematical problems associated with the strong unsteady
viscous-inviscid interaction that occurs during the burst are formidable, and there
is little hope for a resolution to this problem in the foreseeable future.
Consequently, it is necessary at present to use some sort of conventional model for

the outer region flow, and this is considered in Chapter 5.

129



5. TURBULENT BOUNDARY LAYERS WITH HEAT TRANSFER

5.1 Introduction

The asymptotic analysis given in §3 has identified the leading-order
equations in the inner and outer region of the compressible turbulent boundary
layer without recourse to a specific turbulence closure model. Actual solutions of
these equations cannot be produced until the turbulence terms are modeled. In §4
an unsteady wall-layer model has been developed for the wall layer, and this yields
mean profiles for the wall-layer velocity and total enthalpy that are based on the
observed coherent behavior of the flow in the near-wall region. The question of a
model for the outer layer is more complex however. Recent studies (e.g., Smith et
al., 1991) suggest that the outer layer dynamics are dominated by the complicated
motion of hairpin vortices that provoke intermittent eruptions of the wall layer
thereby giving rise to the production of new turbulence. Although many of the
mechanisms of vortex interactions in the outer layer are understood, there are still
formidable difficulties in formulating a model for the time-mean flow in the outer
layer based on these dynamics. At present there are two possible alternatives for
dealing with the outer layer, namely: (1) use an empirically-motivated outer region
profile approximations, or (2) introduce some type of turbulence closure model for
the Reynolds stress and turbulent heat flux terms and then seek solutions of the

outer-layer equations for velocity and total enthalpy.

The first approach is often used in momentum integral prediction methods,

and the most popular velocity profile approximation for the outer layer is “law of
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the wake” described by Coles (1956) for incompressible turbulent boundary layers.
Coles (1956) assumed that the velocity profile could be expressed as a combination

of the logarithmic “law of the wall” and a wake component according to

I
%=71510g(’”jfn)+0i+—»(cﬂ w(%)- (5.1)

Here W(n/6) is the wake function and II(s) is the so-called wake-strength
parameter. The wake function W is essentially an empirical correlation based upon
velocity data taken in wide variety of conditions with and without pressure
gradients. The wake function W is often assumed to be effectively universal, and
when different data sets were reduced to this form, they appeared to exhibit a
common behavior. Hinze (1959) has suggested that the wake function could be

adequately described by
W(n) =1 +sin [121 (2n — 1)] . (5.2)

The so-called “wake-strength” parameter II is selected to reflect a dependence on
the pressure gradient and, to a lesser extent, Reynolds number (White, 1992). A
detailed description of the “law of the wake” can be found in Coles and Hirst (1969)

where the results of data fitting carried out for the 1968 Stanford Conference is

given.

The question now arises as to how a formula based on low speed data can be

extended to supersonic boundary layers if at all. As previously discussed, data for
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the velocity profile in compressible boundary layers, especially in the hypersonic
range, are sparse and sometimes of uncertain reliability near the surface. However,
there have been various attempts to extrapolate the incompressible “law of the
wake” to the compressible regime. Both Stalmach (1958) and Maise and McDonald
(1968) utilized the van Driest effective-velocity transformation to try to express the
compressible profile in an equivalent incompressible form and then use modeling
concepts based on the “Law of the Wake”. The approach enjoyed some success,
although it lacks a sound theoretical basis and moreover seems to perform poorly in
flows with significant heat transfer. Consequently, this approach will not be

considered further here.

In connection with the second approach, it should be noted that there are an
enormous number of turbulence models for the Reynolds stress currently in use for
incompressible flows. For simplicity, the discussion here will relate primarily to
algebraic turbulence models which are the simplest possible class of models.
Examples of algebraic models that are in common use include the Cebeci-Smith
(1974) model and the Baldwin-Lomax (1978) model. The essence of this type of
model is a simple ramp function for eddy viscosity which behaves linearly in
distance from the wall near the surface and then abruptly changes to a uniform
value further from the surface that depends on the local flow conditions. In
conventional boundary-layer prediction methods, the eddy viscosity model is
typically modified to a mixing length formulation in the wall-layer region; the
mixing length is linear in distance from the wall in the overlap zone, but is reduced
toward the wall through multiplication by a van Driest damping factor (Cebeci and

Smith, 1974).
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It should be noted that because of the rapid variation of the damping factor,
relatively large numbers of mesh points are required in the wall layer to ensure
reasonable accuracy in any computational algorithm which seeks to compute the
velocity profile all the way to the wall. In the embedded-function method
developed by Walker, Werle and Ece (1987) and Weigand and Walker (1978), the
mean velocity and temperature profiles are represented by smooth analytical
functions throughout the wall layer. In an attached two-dimensional turbulent
flow, the wall layer exhibits an essentially universal and self-similar behavior, and
thus expending a major portion of the computational resources on a known wall-
layer solution seems wasteful. In the embedded-function algorithm, the analytical
wall-layer functionals are smoothly matched to an outer-region numerical solution
of the turbulent boundary-layer equations. Therefore only simple outer region
closure models are needed and the analytical functionals provide the turbulent
model for the wall layer; thus, inner models involving the van Driest damping
factor are no longer necessary. The embedded-function approach has been

effectively applied to the calculation of low-speed compressible flows (Walker et al.,

1989).

The work described in this chapter represents a first step toward extending
the embedded-function methodology to the computation of high-speed compressible
turbulent flows. It has been previously argued that both regions of a compressible
turbulent boundary layer can potentially be treated using a compressibility
transformation and that certain features of constant property turbulent flow may
then carry over. The major premise of this chapter is that the profiles for velocity

and total enthalpy conform to the law of the wall in which both exhibit a
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logarithmic dependence, but in terms of a density weighted variable Y instead of
the physical distance y. In this chapter turbulence models will be constructed in
order to ensure that this behavior is realized in a self-consistent manner. One
constraint in deriving these models is that they must reduce to conventional
incompressible models in the limit M ref = 0- The quality of the theory thus
constructed will ultimately be decided on the basis of direct comparisons of the

results with experimental data.

It is worthwhile to note that the embedded-function approach of interest
here can only be sensibly applied to an attached turbulent flow. As a turbulent
flow separates, it is well known that the logarithmic behavior in the velocity profile
disappears. Although there is some evidence that there may be a logarithmic
portion of the profile in the back-flow region beyond the separation point, it is
evidently a far different functional form than in the upstream boundary layer.
This is simply an indication that the physics in the back-flow zone are different
from the well-documented behavior of the attached wall layer upstream of
separation. At the same time, it is also important to appreciate that in most
practical flow problems, the turbulent boundary layer layer is attached over a large

portion of the total surface.

5.2 Turbulence Closure Models

As discussed in §2.2, the Reynolds shear stress o and turbulent heat flux ¢

in a boundary layer may be represented by gradient diffusion models of the form

134



_ =5 . Ou
o= puv_pean, (5.3)

.
¢ = —pv'H’:peH%Ir—f—, (5.4)

where € and ey are the eddy viscosity and eddy conductivity, respectively. The
Cebeci-Smith (1974) and Baldwin-Lomax (1978) models are representative of a
number of eddy viscosity models currently in common use and will therefore be
described here. Both models behave linearly in distance from the wall near the

surface having the form
€ = Kurn NNy, (5.5)

for incompressible flow; here n,, represents a patch point where the formula

switches to a simple expression (which is constant for fixed s) such as

e=KU.6 n>nm, (5.6)
for the Cebeci-Smith (1974) model and

¢ = Cp KnmazF maz , (5.7)
for the Baldwin-Lomax (1978) model. In these formulae, « is the von Karman

constant, K is a constant normally having a value K =0.0168, and § is the

displacement thickness defined by
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§ = J:o(l-——u—)dn. (5.8)

For the Baldwin-Lomax (1978) model, npqz is the physical location in the
boundary layer where the function F=n |Ou/On| achieves a maximum, and F 0z
is the corresponding value of F; in addition, C p is a constant which was originally
adjusted by Baldwin and Lomax (1978) so that the model produced essentially
similar results to the Cebeci-Smith (1974) model in constant-pressure boundary
layers; usually a value of Cp=1.65 is employed. In this study, an exact value of
C, has been determined in Appendix B through a similarity analysis of
incompressible two-dimensional flows. In particular, It is shown that the Baldwin-
Lomax (1978) model with Cp=1.7332 produces identical results to the Cebeci-
Smith (1974) model in the limit of M, s -0 for two-dimensional constant pressure

boundary layers.

It is evident from equations (5.5) through (5.7) that this type of model is a
simple ramp function, with the junction point being n,, determined by the location
where equation (5.5) intersects either equation (5.6) or (5.7). In addition, a so-
called “intermittency” factor is often introduced as an option, in order to reduce
the eddy viscosity to zero far from the wall. At the outer edge of the boundary
layer, the turbulence is observed to become intermittent for a fraction v of any
total observation. An intermittency factor distribution was obtained by Klebanoff

(1954) and can be fitted approximately by the expression

5 :% {1 —erf [5(n/6 - 0.78)| } . (3.9)
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Through multiplication of either equation (5.6) or (5.7) by %, a model is obtained in
which the eddy viscosity € is reduced to zero at the boundary-layer edge. In this
study the intermittancy factor will not be used, since it was found to have cnly a
minor effect on computed profiles in the outer part of the boundary; thus 4 may be
regarded as an embellishment to the central model, which only serves to complicate
the analysis and is not central to the main issues to be decided. Eddy-conductivity
models are typically used for the turbulence terms in the energy equation, but
these are often formulated as being proportional to the eddy viscosity by
introducing a factor of proportionality (usually taken to be constant) and which is
referred to as the turbulent Prandtl number. It is important to appreciate that
such models were primarily developed and fine tuned for low-speed flows and,
consequently, the arbitrary extension of this type of model to the prediction of
high-speed compressible flows is questionable. At the same time, it is well known
in high speed compressible flows that the Reynolds stress in the outer region does
have a similar shape to that observed in incompressible flows, reaching a
maximum, T, near the surface, and asymptoting to zero at the outer edge of the
boundary layer. Thus it is likely that a reasonable corresponding simple eddy-
viscosity formulation is possible for compressible flows. An attractive feature of
algebraic models is their relative simplicity, and it is therefore of interest to
develop such an approach which adequately accounts for the effects of

compressibility.

The leading order expansions for both turbulent stress o and heat flux ¢ in
the outer layer have been formally established in §3 and given in equations (3.111),

which are repeated here for convenience,
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O'(S,Y) =P0U%ozl(5,ﬂ)+ IR ¢(51 Y) =qw‘1’1(3,77)+ . (3111)

Both functions must exhibit the asymptotic behavior of ¥;{ ~1 and ®; ~1 as n 0,
where the scaled outer variable 7 is defined as =Y /A, and A, denoted a
thickness characteristic of the outer layer. Consider first the eddy viscosity
function. In terms of the Howarth-Dorodnitsyn variable Y defined in equation (3.4)

and the scaled outer variable n

du _ _pe

o2
7 =P C0Y T p A,

(5.10)

QJ'QD
I

In the outer layer, u is expressed in the form of a defect law as given in equations
(3.110), and as indicated in equations (3.114), the defect function is logarithmic for

small n. It follows that

2 2
p €Uuro _ P €Urg
c o Doy~ pRY asn—-0. (5.11)

However, it follows from equations (3.111) and (3.115) that 0~poug—o as 7-0.
Comparing this with equation (5.11), it follows that the eddy viscosity function

must have the following asymptotic form

p2 p2
€~ p—‘2’ urokY = p—g UroAoKT , as n-0. (5.12)
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The linear form in Y shown in equation (5.12) is a necessary feature of all proper
outer-region models in order to produce the logarithmic behavior in the mean
profile. The important aspect of equation (5.12) is the functional dependence on the
density. As My.r -0 it is easily seen that the eddy-viscosity formula takes the

incompressible form, € ~ ku,n.

For large distances from the wall, the linear dependence in € on Y must be
modified so that the turbulent shear stress o will be reduced to zero at the outer
edge of the boundary layer; in addition, the model should reduce to either equation
(5.6) or (5.7) for low Mach numbers for large Y. Unfortunately, there is a wide
variety of functional forms that would fulfill both of these requirements. A
question arises first as to what characteristic boundary-layer thickness should be
used in the compressible formulation. At first glance, it might seem reasonable to
replace the displacement thickness §° with its corresponding compressible two-

dimensional definition &7, given by

8= j:o(1 —p';’['}e )dn . (5.13)

However, 6. is not generally satisfactory for scaling turbulent profiles because it
contains the influence of both the velocity distribution and density variations; 6, is
really characteristic of pu, the mass flow rate distribution, while 6" is related
essentially to the velocity distribution in the boundary layer. It may be noted that

compressible velocity profiles in the outer layer often have similar shapes over a
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wide range of surface heat transfer conditions. Since the ratio of the inner-layer to
outer-layer thickness approaches to zero as Re - oo (see §3), 6" is uniquely defined
once the outer velocity distribution u/U, is known and here §" will be taken to be

the characteristic length scale for the outer layer.

An additional consideration relative to model selection was that the adopted
form should represent the situation well over a range of Mach numbers without
introducing additional empiricism. Here the modification of the Cebeci-Smith-type
model will be described first. In view of the compressible nature of the turbulent
field, it seems reasonable to carry the variation in demnsity indicated by equation

(5.12) across the outer layer and to define the outer portion of the model by

€= poge KU, for g> N - (5.14)
p

Here 7,, is the value of 7 where equations (5.12) and (5.14) intersect. The form of
equation (5.14) was adopted partially for convenience; the factor of density p"2,
mandated by the matching to the wall layer, is carried through the outer layer in
order that patch point 7, between the two pieces of the ramp function is a

function of streamwise distance alone and does not depend upon p(s,7). The

equivalent form for the Baldwin-Lomax model can be readily shown to be

PoPe

P2

K Cp nmaz f‘maz: ’ as n2mn,. (5.15)

A number of formulations were tested in this study by producing profiles which

could be compared directly with experimental data. The combination of parameters
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po,oe/p2 appearing in equations (5.14) and (5.15) has been found to produce the best

results. A compact representation of these eddy viscosity functions will be given in
§5.3.
Following similar arguments to those used for the eddy-viscosity function, it

is easily shown using equations (3.111), (3.114) and (5.4) that the compressible

eddy-conductivity function € must have the following form for small 7:

P2 P2
‘H""%UTO 'ng=-%uro FAVR KN » as n-0. (5.16)
P P

For large values of 7, the linear dependence on 7 must be modified and a simple
far-field eddy-conductivity formula for low-speed flow has been given by Weigand

(1978) and Walker et al. (1986) according to
eg =KpUeb™, (5.17)

and extensive comparisons with temperature profile data in constant pressure low-
speed boundary layers have shown that K, =0.0245. Again, a generalization to
high-speed compressible flow is sought which conforms to the equation (5.16) and
reduces to equation (5.17) in the outer part of the boundary layer for low Mach
numbers. The eddy-conductivity formula adopted is consistent with the form of

equation (5.14) and is

eﬂz%eK,,Uea‘, as n>¥, (5.18)
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where %, is the value of 7, where equations (5.16) and (5.18) intersect. It is
worthwhile to note that x4 has been found (Weigand, 1978) to depend on the local
flow variables such as the surface heat transfer rate and pressure gradient; a means

for evaluating x, will subsequently be discussed

At this point compressible formulae for both eddy viscosity and eddy
conductivity have been proposed. The asymptotic results suggest a deficiency in
the conventional form of outer-region algebraic models now in common use, and a
modification to account for density variations has been suggested. The turbulence
models used in the present study for the outer region are modifications of Cebeci-
Smith (1974) and Baldwin-Lomax (1978) models and have been selected here as the
simplest possible outer algebraic models in order to demonstrate the concepts
involved. In order to test the results of the asymptotic theory, as well as the new
turbulence models, a limiting case will be considered in the next subsection
corresponding to self-similar profiles that evolve in a constant pressure flow with
heat transfer; in this situation the governing equations in the outer region of the
boundary layer reduce to ordinary differential equations and exact analytical

solutions for the profiles can be found.

5.3 SeH-Similar Profiles in the Quter Layer

The governing equation for the velocity and total-enthalpy profiles in the
outer region and their associated boundary conditions were developed in §3 and are

given in equations (3.112) - (3.114) in the form of defect velocity U, = 0F;/0n and
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defect total enthalpy ©;; the outer region equations are rewritten here according to

*F, LU OF  (DorUey 6F1
3337) Us 9y AgrU. Ton2

_1 dM. (4, o _20F1) 1 9 5.19
~ M, Os ( 175 an pu,AoUZf’n ’ &1
and

99, q;e (AorUe) 80 1 9¢ (5.20)

9s T4, 1T AorU, 7 dn —POQ.AoUeHe-a_n,

where the primes denote differentiation with respect to streamwise distance s. The

boundary conditions associated with these equations are

6F1(s 7]) 1

on 0] logn + Cyp for -0, (5.21)
©,(s,m) ~ 0( y logn + By for n-0, (5.22)

and
-aainl,@l—.o, as 71— 0o . (5.23)

The turbulence quantities ¢ and ¢ are defined in terms of eddy viscosity and
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conductivity functions according to

2
_ e Ou_p? ulUe O°F
a_pe%_p;e X, onZ (5.24)

2
dH _p?_  q.H.O°F,
¢=p€H —a—n—z-p—o'EH Aoe—a;’T . (525)

The first eddy viscosity function used here is a modification of the Cebeci-Smith

(1974) model and has the simple ramp formula

K, N> Ny >
€= nge Uebem),  €(sm) ={ (5.26)
KN/My s NS0y,
where
_ PeUea' _K —
n(s) = pBgurg’ MmTR T K =0.0168, (5.27)

while the eddy conductivity is defined by

Ki, n>7%,,,
pope 6*/\ A m

€y = p Uebe gm), €g(s,n)= . (5.28)
KoM/ s N<T

where 7, is defined in equation (5.27) and

Tm=rln,  Ky=00245. (5.29)
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For the modification of Baldwin-Lomax (1978) model, U.6* is replaced by

~

Cp¥mazF maz in the first of equations (5.26) and (5.28) while U.6* is replaced by

~

YmazF maz in the definition of 7, in equation (5.27). The explicit representation of

eddy viscosity is

K’ 77<7]m7

P,P ~
€= ;26 prmaszaz,e\ m é\(SJI) ={ (5.30)
KN/ 1< Ny
with
F C,K

PoDotro

The Baldwin-Lomax (1978) model was originally introduced because of the
difficulty of defining U, and é* unambiguously in certain types of flows, especially
internal flows. In the model y,,,, denotes the physical location where the function
F = y|Ou|dy| achieves a maximum, normally at a location in the outer region.
Note here that y denotes actual physical distance from the surface and, in general,

Ymaz must be found iteratively. The determination of the constant C,, is discussed

in Appendix B.

Here it is required that the governing equations must reduce to the
corresponding incompressible form as M,.;+0. For constant-property flows,
Clauser (1954) has examined a large number of outer region velocity profiles and
demonstrated empirically that the outer velocity profile can exhibit self-similar
behavior when scaled using the single length scale A, =U.6 /u,, provided the

parameter ﬂ:(é‘/rw)(dpe/ds) is constant. The thickness A, was introduced to
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avoid the problems that are invariably encountered when dealing with the ill-
defined boundary-layer thickness §; note however that for each set of equilibrium
profiles, A, is generally proportional to é. Clauser (1954) found that velocity
profiles with constant f could be collapsed to a single curve and concluded that a
turbulent flow is equilibrium (or is self-similar) when and only when 3 is constant
in the incompressible boundary layer. Mellor and Gibson (1966) and Fendell (1972)
later described theoretical arguments that support Clauser’s (1954) empirical
results, and there is a general acceptance that self-similar velocity profiles can
occur in incompressible turbulent boundary layers. Later Weigand (1978)
demonstrated that self-similar temperature distributions can occur in low-speed

compressible turbulent boundary layers.

Consider now the momentum equation (5.19) and specifically the order of
magnitude of the ratio uj/u,. Matching of the inner and the outer layer velocity
expansions has resulted in the match condition (3.116), which is rewritten here in

terms of u, according to

2

p
’alj = n(ls) log (”w;w Reu.AoUe)+ C;-C,. (5.32)

Differentiation of equation (5.32) with respect to s leads to

! [ ) ’ 14
Etzn’_“-{ég Ue l‘§+2§—z—/’j—z-§—z+n'(ci-co)+n(cg_c;,)}. (5.33)

It is now assumed that '/« is negligibly small, and terms such as Al are at most
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O(A,) in the braces in equation (5.33); it is widely assumed in any event that « is
a universal constant and streamwise variations in a turbulent boundary layer are

expected to be slow in s. Consequently, it follows that

u, = O(u?) , (5.34)

and the term containing u}/u, may be neglected in equation (5.19). A similar
argument may be applied to the matching condition (3.117) for the energy

equation, which using equations (3.104) may be written

(1-1y) 1 P2
—{tw) _ o .
7 =) log (ﬂw/’w Reu,AU,)+B; - Bo , (5.35)

where I,,= H,,/JH,. Comparison of equations (5.32) and (5.35) establishes that
g+« = O(u,) for k3= 0(x). From either the result or by differentiation of equation

(5.35), it follows that
qe = 0(u?), (5.36)

and thus the term g¢,/q, is negligible to leading order in the energy equation (5.20).

Therefore, to leading order equations (5.19) and (5.20) become

2 2 2
o | A0%F, 8 F, H.\ g OF, 0°F
an {f—anz }*a“)"——anz +bis) {(1-72) #0125 = et 637
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00, 00 00
%{éyw}ms) SE=cls) 5L, (5-38)

dM A
a(s) = WI— , b( ) = C(S) d € s C(S) = u’roo%§ . (5-39)

On the basis the these equations a set of self-similar outer-layer velocity and total-
enthalpy profiles will now be developed. These results will subsequently be
combined with inner wall-layer profiles to form composite profiles across the entire
boundary layer. A large portion of measured profile data in supersonic and
hypersonic boundary layers has been taken in constant pressure conditions, and
therefore this situation will be addressed here first; the problem of flows with

pressure gradient will be considered subsequently.

Self-similar solutions of equations (5.37) and (5.38), for which F'; = F{(n) and
©; =04(n) and M, is constant (b =0), are now sought. For self-similar profiles to
exist, the coefficients in the governing equations must be constant values; it follows
from equations (5.22) and (5.24) that 7, and € and € g must be functions of 5 alone,
which requires that 7; be independent of s; a second requirement is that a(s) is
constant. The first requirement may be satisfied by selecting the outer scale A,

according to

Ay =Pled . (5.40)

o= pouTO !
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consequently, the two conditions are
771 =1 ’ a(s)=a, (541)

where a is constant. Under these circumstances, equations (5.37) and (5.38) reduce

to

2 2
doO doO

where € and le\H are given by equations (5.26) and (5.28) but with n =1 The

solution of equation (5.42) which satisfies conditions (5.21) and (5.23) is given by

— o - 2
_\.2172—21 e Ka/262 g {‘If%(_ 77} N>, ,
ar, ={ (5.44)

U
~RE1GD+Co—H v, ~1og(§)] 1<,

where C, is the outer region log-law constant (cf. equation (5.21)) which is given by

C,= -,13 {70 —log (§)+ E; (1—12{-)} - \J_% e—aK/2/c2 erfc {@% } . (5.45)

149



In the above equations erfc and E; denote the complementary error function and
exponential integral, respectively and v =0.577215... is Euler’s constant. The
solution for the total enthalpy function ©, is also given by equation (5.44) but with
K and « replaced by Kj and &, respectively; in addition B,, the outer region log-
law constant for total enthalpy (cf. equation (5.22)), replaces C,. The constant B,
is also given by equation (5.45) but with K=K, and « =«, The exact solutions
(5.44) and (5.45) provide a convenient representation of the defect profiles for the
simple eddy-viscosity and eddy-conductivity functions. Note that more complicated
models such as the Johnson-King (1985) model or other effects such as
intermittency are included in the basic turbulence model, it is necessary to obtain
solutions of the similarity equations numerically. This is easily accomplished using
the two-tier scheme described in Yuhas and Walker (1982). In this approach, for
example, numerical solution of equation (5.42) is obtained using finite difference
methods in an outer tier defined by 5 <7 <oo, where 5 is given in equation
(5.27) with 7y =1; this solution satisfies dFj/dn—+0 as 7+ co. In the inner tier for
7 <n,,, power series solutions are constructed for small 7 containing the logarithmic
behavior in equation (5.17). The set of solutions are jointed at n=7, so as to

ensure that the defect functions and their derivatives are continuous there.

It should be noted that the solution described above depends on the, as yet,
undetermined constant a. Integrating equation (5.42) across the boundary layer and
making use of the boundary conditions (5.21) and (5.23), as well as the fact that

F4(0) =0, it is easily shown that

a=-1/F |, (5.46)
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where Fj., is the limiting value of F() as n=+oco. For incompressible flow
(M. -0), it is readily demonstrated that F;,, = —1 (see Fendell, 1972); however,
for compressible flow F,, may be significantly different from one. In fact in
compressible flows, the solutions of equations (5.42) and (5.43) are closely coupled
through the parameter a; for incompressible flows a=1 and the momentum
equation can be solved independently. To an extent the value of a indicates the
degree of coupling between the momentum and thermal equations as the Mach
number increases. This will be demonstrated subsequently once the procedure to

determine the appropriate value of a is described.

For each value of the solution of equation (5.42) gives profile for dF /0,

which also satisfies the integral form (5.46) which may be rewritten according to

o

Using the defect velocity formula (3.111) and equation (5.40), it is easily shown

(5.47)

=

from the definition of §” in equation (5.8) that

- | —=— =-1. 5.48
'[o D (dn n ( )

Therefore the constant a must be determined iteratively so that the integral
condition (5.48) is satisfied. It should be noted that the integral (5.48) is taken
across the outer layer, since contributions to §* due to the wall layer are negligible

to leading order in the limit Re - co. Because the pressure is invariant across the
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boundary layer at any streamwise location, it follows from the ideal gas law and

equation (3.10) that

Pe_1 _J}1. . 0=Da2l |H ap2
—,)Q—Té—{l +—-—2—Me} {}I—e—iF s (549)
where «a is defined by equation (3.9). It is evident from equation (5.49) that the

solution of the momentum and energy equations is coupled through the

parameter a.

5.4 The Reference Condition

The wall-layer profiles and the outer-region solutions described in §5.3 can
now be combined to form profiles that are valid for the entire boundary layer once
the reference density p, is specified. It was argued in §3 that neither the wall value
p,, nor the value at the edge of the boundary layer p,. is likely to be a suitable
choice for p,. Rather a suitable choice would appear to require a value which is
representative of both layers. Here two possibilities will be considered to define p,
and the corresponding reference temperature T',; this choice then formally defines
the velocity scale Ur . Recall that the major changes in density occur across the
wall layer and, consequently, a choice based on either an average demsity (or
temperature) or a mean density would seem logical. It has been suggested that a
wall-layer characteristic density might be a suitable selection of p, for the

completion of asymptotic analysis of a turbulent boundary layer.

Consider first a definition of T, based on an average wall-layer temperature
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defined by

vyt
-1 ! +
To=i IO Tdy*t, (5.50)

where Y/t is regarded as a universal value of Y " which is characteristic of the

extent of the wall layer in equation (5.49) that

-1 -1
T0=Tw-Te{72 3u2A,+-(1+72 M?) q,,Bf‘}, (5.51)

where the constants A" and B;* are given by

+_ 1 vt + v+ 2 + +_ 1 Nty + + =

Aff ==+ W Yy "rdy”, B =—+ AN DY ) G (5.52)
1 (4} Yl o

and the mean values of the wall-layer profile for (U * )2 and 6% in the wall layer.

Since Ut and % are known analytical functions of Y1, A,+ and B1+ can be

readily evaluated and the results depend only parametrically on the log-law

constants k, C'; and k4, B; .

Although Y " is assumed to be representative of the normal extent, it is not
possible to define the quantity uniquely since there is not a distinct boundary
between the inner and outer layer, but rather an overlap zone where the solutions
merge smoothly together. To determine specific universal value for Yl+, a
comparison with experiment is indicated. For experimental flow and heat transfer
conditions, a set of wall-layer velocity and total-enthalpy profiles can be calculated

for a specified Y;', and a mean density p , can be evaluated using equation (5.51).
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In principle, the resulting profiles could then be compared with measured data to
decide on which value of Yt produces optimal results. Unfortunately, data in the
wall layer is sparse and often of uncertain reliability. and an alternative method to

obtain the best value of YI+ was carried out as follows.

Another basis for comparison with experiment is the quoted values of wall
shear stress. Although it is difficult to measure skin friction directly, there has
been much effort to improve reliability of these measurements using floating
element balances (FEB), and currently there is data over a wide range of Mach
number and surface heat transfer rates. This data is perhaps least reliable in the
hypersonic regime and when large temperature differences exist across the
boundary layer. Nevertheless skin friction data in the supersonic regime and with
moderate heat transfer rates are generally considered reasonably credible and
certainly more reliable than estimates based on an extrapolated slope of the
velocity profile at the wall. Here a sufficient amount of skin friction data obtained
in recent times using the direct FEB method was collected in the range of
0<M.<11 and 0.22< T /T, <1 to carry out a reasonably extensive comparison;
here T, is the recovery temperature defined in equation (2.43). For each given flow
and heat transfer condition (taken from each experiment), a set of self-similar
composite velocity and total-enthalpy profiles were calculated using the procedure
to be described in §5.5. For each value of Yt used in defining T, in equations
(5.51) and (5.52), different skin-friction coefficient c s will be obtained. The object
here is to compare results for a large number of values of calculated c f with the
corresponding data, c £ data’ and through this process determine a “best* fixed

value of Y;t. The principal difficulty with the fitting process is that there are
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relatively large discrepancies between experiments, especially at hypersonic speeds
or when the wall is strongly cooled. There are still many questions associated with
the accuracy of the FEB measurement in high speed flows with heat transfer and,
until a more reliable data base is established, it makes no sense to perform a highly
refined optimization process. For this reason, the final value of Y;* was obtained

through trial and error and selected on a visual basis.

The results of this process are shown in Figures (5.1), (5.2) and (5.3) for
Yl+ =40, 60 and 70 respectively. The points denote the skin friction coefficient c f
obtained in the calculation procedure to be described in §5.5; this value constitutes
a prediction for ¢y, and a point will be on the straight line when c f agrees exactly
with its corresponding data c £, data: The circles on these graphs represent cases
where the wall is nearly adiabatic while the squares are for flows having significant
heat transfer towards the wall (the strongly cooled wall). The data is presented in
terms of the quantity (y-1)M gc £ consideration of several related quantities, this
group of physical variables was found to be very convenient to represent the
influence of Reynolds number, Mach number, and surface heat transfer. Suppose,
for example, that the Mach number is held constant and the Reynolds number is
increased; this will result in a decrease in Cy However, an increase in Mach
number will also result in a decrease in ¢ f At the same time, cooling of the wall
tends to result in an increase in ¢ Iz Consequently, if ¢ f alone were used in Figures
5.1 to 5.3, most of the high speed data would appear shifted to the left while most
of the cold wall data would appear far to the right of the graph. In a plot of
(y-1)M2c £ the portion of the graph to the left represents high Reynolds number,

low Mach number, and nearly adiabatic flows; on the other hand, the portion to
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Figure 5.1. Comparison of theoretical skin friction with data, using the reference
condition in equation (5.51) based on Y, = 40; the data is from Fernholz

and Finley (1977, 1981) and tabulated results are given in Table 5.1.
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Case No. M, T,/T, s (data) Cr (theory)

x103 x 103
53010401 2.540 ~1 2.420 2.312
53010601 2.578 ~1 1.660 1.578
53011302 4.544 ~1 1.260 1.196
58020103 1.739 ~1 1.900 1.940
58020207 2.739 ~1 1.515 1.481
58020304 3.667 ~ 1 1.306 1.280
58020306 3.681 ~1 1.220 1.189
65060101 2.445 0.9721 1.030 0.9774
67020701 6.430 0.9282 1.256 1.102
67020801 6.340 0.8607 0.9920 0.9041
73020402 0.793 ~1 1.650 1.706
73020914 2.208 ~1 1.290 1.242
74020303 2.500 1.0019 1.560 1.493
74021001 3.483 1.0098 1.470 1.453
74021204 3.496 1.0023 1.170 1.097
74021801 4.517 1.0242 1.080 1.024
74021805 4.493 0.9829 0.880 0.8345
77030101 5.994 0.8983 0.8017 0.7557
73050304(H) 9.830 ~1 0.3040 0.2836
73050504 (H) 10.31 ~1 0.2400 0.1998
78040104(H) 11.04 1.0418 0.2826 0.2410
78040105(H) 11.23 1.0298 0.2578 0.2010
78040106(H) 11.40 1.0658 0.2311 0.1907
78040107(H) 11.51 1.0570 0.2148 0.1637

Table 5.1a. Parameters associated with near-adiabatic wall experiments;
Cs (theory) is calculated for Y1+ = 40 in equation (5.51) and
(H) denotes that the gas is helium.
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Case No. M, T,/ T, cs (data) cs (theory)

x 103 x 103
65060103 4.915 0.7105 1.330 1.286
65060104 4.895 0.5951 1.410 1.383
65060105 4.961 0.5228 1.480 1.505
67020104 6.490 0.5253 1.336 1.344
72021203 4.857 0.2279 1.110 1.253
72021401 4.792 0.2107 1.720 1.794
72021501 4.929 0.2242 1.300 1.326
72040101 6.210 0.3330 1.560 1.572
72040201 6.390 0.3136 1.220 1.242
72040301 6.420 0.4377 1.230 1.176
72040401 6.420 0.4194 1.250 1.261
72040501 6.500 0.5082 1.060 1.006
72040601 6.500 0.5014 1.000 0.9409
72050102 7.200 0.4984 0.850 0.7881
72050103 7.200 0.4764 0.800 0.7991
N103838 8.013 0.2970 0.980 1.185
78040204(H) 11.17 0.4455 0.304 0.3201
78040205(H) 11.00 0.4319 0.288 0.3046
78040206(H) 11.47 0.4364 0.248 0.2855
78040207(H) 11.42 0.3808 0.250 0.2804

Table 5.1b. Parameters associated with cooled-wall experiments;
cs (theory) is calculated for Y1+ =40 in equation (5.51)
and (H) denotes that the gas is helium.
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Figure 5.2. Comparison of theoretical skin friction with data using the reference
condition in equation (5.51) based on Y; = 60; the data is from Fernholz
and Finley (1977, 1981) and tabulated results are given in Table 5.2.
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Case No. M, T,/T, g (data) ¢ I (theory)

x 103 x 103
53010401 2.540 ~1 2.420 2.400
53010601 2.578 ~1 1.660 1.627
53011302 4.544 ~1 1.260 1.278
58020103 1.739 ~1 1.900 1.975
58020207 2.739 ~1 1.515 1.531
58020304 3.667 ~1 1.306 1.344
58020306 3.681 ~1 1.220 1.246
65060101 2.445 0.9721 1.030 1.038
67020701 6.430 0.9282 1.256 1.216
67020801 6.340 0.8607 0.9920 0.9658
73020402 0.793 ~1 1.650 1.713
73020914 2.208 ~ 1 1.290 1.267
74020303 2.500 1.0019 1.560 1.537
74021001 3.483 1.0098 1.470 1.527
74021204 3.496 1.0023 1.170 1.143
74021801 4.517 1.0242 1.080 1.091
74021805 4.493 0.9829 0.880 0.8755
77030101 5.994 0.8983 0.8017 0.7997
73050304(H) 9.830 ~ 1 0.3040 0.3220
73050504(H) 10.31 ~ 1 0.2400 0.2212
78040104(H) 11.04 1.0418 0.2826 0.2789
78040105(H) 11.23 1.0298 0.2578 0.2279
78040106(H) 11.40 1.0658 0.2311 0.2173
78040107(H) 11.51 1.0570 0.2148 0.1838

Table 5.2a. Parameters associated with near-adiabatic wall experiments;
Cr (theory) is calculated for Y ;¥ =60 in equation (5.51) and
(H) denotes that the gas is helium. The Y+ =60 is believed

to be the optimum choice.
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Case No. M, Tu/Tr s (data) Cs (theory)

x 103 x103
65060103 4.915 0.7105 1.330 1.319
65060104 4.895 0.5951 1.410 1.405
65060105 4.961 0.5228 1.480 1.510
67020104 6.490 0.5253 1.336 1.388
72021203 4.857 0.2279 1.110 1.173
72021401 4.792 0.2107 1.720 1.663
72021501 4.929 0.2242 1.300 1.239
72040101 6.210 0.3330 1.560 1.536
72040201 6.390 0.3136 1.220 1.200
72040301 6.420 0.4377 1.230 1.176
72040401 6.420 0.4194 1.250 1.258
72040501 6.500 0.5082 1.060 1.019
72040601 6.500 0.5014 1.000 0.949
72050102 7.200 0.4984 0.850 0.797
72050103 7.200 0.4764 0.800 0.804
N103838 8.013 0.2970 0.980 1.164
78040204(H) 11.17 0.4455 0.304 0.333
78040205(H) 11.00 0.4319 0.288 0.312
78040206(H) 11.47 0.4364 0.248 0.293
78040207(H) 11.42 0.3808 0.250 0.282

Table 5.2b. Parameters associated with cooled-wall experiments;
s (theory) is calculated for Y1+ =60 in equation (5.51)
and (H) denotes that the gas is helium. The value of
Y,+ = 60 is believed to be the optimum choice.

161



0.0360

0.0240

0-1 )Mg' Cs

I LB !

0.0000 0.0120 0.0240 0.0360
2
-1)Mg Cs data

Figure 5.3. Comparison of theoretical skin friction with data using the reference
condition in equation (5.51) based on Y, = 70; the data is from Fernholz
and Finley (1977, 1981) and tabulated results are given in Table 5.3.
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Case No. M, T,/T- cs (data) cr (theory)

x 103 x 103
53010401 2.540 ~1 2.420 2.513
53010601 2.578 ~1 1.660 1.677
53011302 4.544 ~1 1.260 1.378
58020103 1.739 ~ 1 1.900 2.007
58020207 2.739 ~ 1 1.515 1.581
58020304 3.667 ~1 1.306 1.416
58020306 3.681 ~ 1 1.220 1.307
65060101 2.445 0.9721 1.030 1.115
67020701 6.430 0.9282 1.256 1.383
67020801 6.340 0.8607 0.9920 1.081
73020402 0.793 ~1 1.650 1.717
73020914 2.208 ~1 1.290 1.286
74020303 2.500 1.0019 1.560 1.577
74021001 3.483 1.0098 1.470 1.611
74021204 3.496 1.0023 1.170 1.188
74021801 4.517 1.0242 1.080 1.162
74021805 4.493 0.9829 0.880 0.9202
77030101 5.994 0.8983 0.8017 0.8709
73050304(H) 9.830 ~1 0.3040 0.3664
73050504(H) 10.31 ~ 1 0.2400 0.2461
78040104(H) 11.04 1.0418 0.2826 0.3184
78040105(H) 11.23 1.0298 0.2578 0.2573
78040106(H) 11.40 1.0658 0.2311 0.2445
78040107(H) 11.51 1.0570 0.2148 0.2046

Table 5.3a. Parameters associated with near-adiabatic wall experiments;
¢s (theory) is calculated for Y1+ = 70 in equation (5.51) and
(H) denotes that the gas is helium.
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Case No. M, Tw/T, s (data) ¢y (theory)

x 103 x10°
65060103 4.915 0.7105 1.330 1.432
65060104 4.895 0.5951 1.410 1.531
65060105 4.961 0.5228 1.480 1.651
67020104 6.490 0.5253 1.336 1.601
72021203 4.857 0.2279 1.110 1.223
72021401 4.792 0.2107 1.720 1.799
72021501 4.929 0.2242 1.300 1.302
72040101 6.210 0.3330 1.560 1.775
72040201 6.390 0.3136 1.220 1.350
72040301 6.420 0.4377 1.230 1.327
72040401 6.420 0.4194 1.250 1.431
72040501 6.500 0.5082 1.060 1.136
72040601 6.500 0.5014 1.000 1.049
72050102 7.200 0.4984 0.850 0.883
72050103 7.200 0.4764 0.800 0.8915
N103838 8.013 0.2970 0.980 1.393
78040204 (H) 11.17 0.4455 0.304 0.3937
78040205(H) 11.00 0.4319 0.288 0.3644
78040206(H) 11.47 0.4364 0.248 0.3437
78040207(H) 11.42 0.3808 0.250 0.3284

Table 5.3b. Parameters associated with cooled-wall experiments;
cs (theory) is calculated for Y1+ =70 in equation (5.51)
and (H) denotes that the gas is helium.
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the right tends to represent high Mach number flows (and relatively lower
Reynolds numbers) and/or strongly cooled walls. The factor (y-1)M? is
introduced here because it appears naturally in compressible flow formulae (cf.
equations (2.43) and (5.49) for example) and using the factor (y-1) facilitates

comparisons for different gases.

It may be noted that the direct measurement of skin friction by the direct
FEB method becomes increasingly more difficult in flows with high Mach number
and/or strongly cooled walls; this is believed to be partially responsible for the
increased scatter on each of Figures 5.1 to 5.3 for large values of (v~ l)Mgcf. It
does appear that the calculated values of (y-1)M gc f tend to be underpredicted in
the hypersonic flows with adiabatic walls. However, in this Mach number
(M, =10), the data are only for helium and are too scattered to make definite
conclusions. At present there does not seem to be data taken in air flow at such
high Mach numbers that could be used to confirm the trend shown in Figures 5.1
to 5.3. Data with strong heat transfer exhibit even more scatter, and there is a
clear indication in Figures 5.1 to 5.3 that there is a tendency for the c 5 values in
the cold wall, hypersonic regime to be overpredicted for each of the Y values
used in obtaining Figures 5.1 to 5.3. In Tables 5.1 to 5.3, the test cases used in this
comparison are listed along with the numerical values used in preparing the figures.
In Tables 5.1(a) through 5.3(a), the cases for an almost adiabatic wall are listed,
while situations with strongly cooled walls are given in Tables 5.1(b) through
5.3(b). The majority of the data was taken from the compilation due to Fernholz
and Finley (1977), and their identification scheme for each profile is used in Tables

5.1 through 5.3. The calculated values of the skin friction coefficient are given in
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these tables and may be compared directly with the quoted experimental values.
Apart from some uncertainty in the hypersonic range, the calculated c § are very
close to the experimental values for the value ¥ ;¥ =60, and this is believed to be
fairly representative of an average across the wall layer. It is evident from
comparing the graphs in Figures 5.1 through 5.3 that the value Y;* =60 gives the
best representation of the data. For the cases where the wall is almost adiabatic,
the discrepancies between calculated and measured skin-friction values are less than
4%. For hypersonic flows in helium, the ¢y tend to be somewhat scattered;
however, the mean average of the differences between c f,data and the predicted
value is less than 6%. For the flows with heat transfer (in Table 5.2(b)), the
calculated skin friction agrees with the data to within 5% of a Mach number of 7
and temperature ratio T,,/T, of approximately 0.2; these results are also shown in
Figure 5.2. It is worthwhile at this stage to reinforce the idea of using a realistic
reference condition (for both parts of the boundary layer) by considering the case
Yt =0; this corresponds to taking the reference condition at the wall. It is evident
from comparing Figure 5.2 with 5.4 that the representation of the data is much
worse, and this confirms previous arguments that indicate wall values are not
suitable as a reference condition for both portions of the boundary layer. It is
evident that T,=T,, is not acceptable even in supersonic range. It is also
interesting to note for a strongly cooled wall, T';, (evaluated at Y% =60) can be

substantially larger than either T, or T, as may be evident from (3.4).

The results given in Figure 5.2 are based on defining the reference condition
at an average temperature across the sublayer defined by equation (5.49). The

evaluation of this value of T, requires an integration of the wall-layer profiles
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Figure 5.4. Comparison of theoretical skin friction with data using the value at the

wall as the reference condition; the data is from Fernholz and Finley
(1977, 1981) and tabulated results are given in Tbale 5.4.
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Case No. M, Tw/Ty Cs (data) Cr (theory)

x 103 x 10
53010401 2.540 ~1 2.420 2.114
53010601 2.578 =~ 1 1.660 1.475
53011302 4.544 =1 1.260 1.046
58020103 1.739 ~1 1.900 1.866
58020207 2.739 ~1 1.515 1.380
58020304 3.667 ~1 1.306 1.155
58020306 3.681 ~1 1.220 1.078
65060101 2.445 0.9721 1.030 0.8656
67020701 6.430 0.9282 1.256 0.9459
67020801 6.340 0.8607 0.9920 0.7980
73020402 0.793 ~1 1.650 1.694
73020914 2.208 ~1 1.290 1.194
74020303 2.500 1.0019 1.560 1.404
74021001 3.483 1.0098 1.470 1.305
74021204 3.496 1.0023 1.170 1.009
74021801 4.517 1.0242 1.080 0.9020
74021805 4.493 0.9829 0.880 0.7577
77030101 5.994 0.8983 0.8017 0.6753
73050304(H) 9.830 ~1 0.3040 0.2391
73050504(H) 10.31 ~ 1 0.2400 0.1691
78040104(H) 11.04 1.0418 0.2826 0.2035
78040105(H) 11.23 1.0298 0.2578 0.1684
78040106(H) 11.40 1.0658 0.2311 0.1588
78040107(H) 11.51 1.0570 0.2148 0.1368

Table 5.4a. Parameters associated with near-adiabatic wall experiments;
cs (theory) is calculated using the value at the wall as the

reference condition. (H) denotes that the gas is helium.
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Case No. M, Tw/T, s (data) Cs (theory)
x103 x 103
65060103 4.915 0.7105 1.330 1.265
65060104 4.895 0.5951 1.410 1.405
65060105 4.961 0.5228 1.480 1.602
67020104 6.490 0.5253 1.336 1.345
72021203 4.857 0.2279 1.110 2.019
72021401 4.792 0.2107 1.720 2.987
72021501 4.929 0.2242 1.300 2.150
72040101 6.210 0.3330 1.560 1.915
72040201 6.390 0.3136 1.220 1.599
72040301 6.420 0.4377 1.230 1.296
72040401 6.420 0.4194 1.250 1.403
72040501 6.500 0.5082 1.060 1.055
72040601 6.500 0.5014 1.000 0.9996
72050102 7.200 0.4984 0.850 0.8353
72050103 7.200 0.4764 0.800 0.8620
N103838 8.013 0.2970 0.980 1.468
78040204(H) 11.17 0.4455 0.304 0.3238
78040205(H) 11.00 0.4319 0.288 0.3241
78040206(H) 11.47 0.4364 0.248 0.3018
78040207(H) 11.42 0.3808 0.250 0.3159

Table 5.4b. Parameters associated with cooled-wall experiments;

c f(theory) is calculated using the value at the wall as

the reference condition. (H) denotes that the gas is

helium.
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across the wall layer, and while this can be carried out once and for all for the
velocity profile, the total enthalpy profile can vary from case to case depending on
the value of x; and the surface heat transfer. For YI+ =60 a value of A;* =142.84
is obtained while Bt varied between 9.554 and 9.565; in principle an average value
of Bjf =9.56 could be used in applying this theory. Here following Burggraf
(1962), an alternative and perhaps more convenient way of defining the reference
condition is considered. Burggraf (1962) selected the reference condition at
Y * =11 and here various choices were considered. The value which seemed to
produce the best overall correspondence with the experimental data was for
Y 5 =23. The comparisons using this simple criterion are shown in Figure 5.5 and
Tables 5.5. It is evident that the data comparisons are in reasonable agreement
with those shown in Figure 5.2. Consequently this simple definition of a reference
temperature, ie. T,=T, (Y)) where Y =23 is also a viable model; this
definition of the reference temperature may be thought of as mean temperature for

the compressible wall layer.

It is generally accepted that the wall layer ends somewhere in the range
y* ~40 in an incompressible turbulent boundary layer, and beyond that range the
wall layer blends into the outer layer. It has been shown that similar wall-layer
functions are valid in compressible flow but in terms of ¥ *; thus the wall layer
should end in the similar range, but in terms of Y *. The present results appear to
confirm the wall-layer mean temperature concept, and it may be concluded that in
nearly adiabatic flows with Mach numbers up to 10, or in strongly cooled wall cases
with T,,/T, > 0.2 and M, < 7, the suggested compressible wall layer model produces

good results. Beyond these ranges it is not clear yet whether the discrepancies
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Figure 5.5. Comparison of theoretical skin friction with data, using the reference
condition evaluated at Y = 23; the data is from Fernholz and Finley
(1977, 1981) and tabulated results are given in Table 5.5.
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Case No. M, T,/T, cs (data) Cr (theory)

x 103 x10°
53010401 2.540 ~1 2.420 2.394
53010601 2.578 ~1 1.660 1.618
53011302 4.544 ~1 1.260 1.274
58020103 1.739 ~1 1.900 1.970
58020207 2.739 ~ 1 1.515 1.521
58020304 3.667 ~1 1.306 1.346
58020306 3.681 ~1 1.220 1.238
65060101 2.445 0.9721 1.030 1.038
67020701 6.430 0.9282 1.256 1.234
67020801 6.340 0.8607 0.9920 0.983
73020402 0.793 ~1 1.650 1.710
73020914 2.208 ~ 1 1.290 1.259
74020303 2.500 1.0019 1.560 1.527
74021001 3.483 1.0098 1.470 1.519
74021204 3.496 1.0023 1.170 1.134
74021801 4.517 1.0242 1.080 1.090
74021805 4.493 0.9829 0.880 0.870
77030101 5.994 0.8983 0.8017 0.805
73050304(H) 9.830 ~1 0.3040 0.3232
73050504(H) 10.31 ~ 1 0.2400 0.2208
78040104 (H) 11.04 1.0418 0.2826 0.2791
78040105(H) 11.23 1.0298 0.2578 0.2276
78040106(H) 11.40 1.0658 0.2311 0.2161
78040107(H) 11.51 1.0570 0.2148 0.1824

Table 5.5a. Parameters associated with near-adiabatic wall experiments;
cs (theory) for the reference temperature taken at Y+ = 23;
(H) denotes that the flow is helium.
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Case No. M, Tw/Ty s (data) cr (theory)

x10? x 10°
65060103 4.915 0.7105 1.330 1.249
65060104 4.895 0.5951 1.410 1.447
65060105 4.961 0.5228 1.480 1.569
67020104 6.490 0.5253 1.336 1.463
72021203 4.857 0.2279 1.110 1.245
72021401 4.792 0.2107 1.720 1.803
72021501 4.929 0.2242 1.300 1.321
72040101 6.210 0.3330 1.560 1.615
72040201 6.390 0.3136 1.220 1.251
72040301 6.420 0.4377 1.230 1.244
72040401 6.420 0.4194 1.250 1.307
72040501 6.500 0.5082 1.060 1.064
72040601 6.500 0.5014 1.000 0.9882
72050102 7.200 0.4984 0.850 0.8299
72050103 7.200 0.4764 0.800 0.8398
N103838 8.013 0.2970 0.980 1.283
78040204 (H) 11.17 0.4455 0.304 0.3544
78040205(H) 11.00 0.4319 0.288 0.3324
78040206(H) 11.47 0.4364 0.248 0.2927
78040207(H) 11.42 0.3808 0.250 0.2906

Table 5.5b. Parameters associated with cooled-wall experiments;
s (theory) for the reference temperature taken at
Y* =23. (H) denotes that the flow is helium.
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between the calculations and data are due to a failure of the theory or error in

measurements.

5.5 Comparison with Mean Profile Measurements

In this subsection the method of constructing composite profiles for total
enthalpy and velocity will be described. Assume that at a given streamwise
location along the surface, following dimensional data are known: (a) the
mainstream velocity Ue, temperature Te and density p?, (b) the wall temperature
T, and (c) the kinetic displacement thickness 6", which is related to the
dimensionless thickness 6 by & =L;.ef6*. In general the incompressible
displacement thickness may be evaluated from measurements of u/U, across the
boundary layer through numerical integration and consequently only involves one
source of experimental error; therefore §°° should be considered to be one of the
most reliable quantities quoted in experimental studies. The compressible
displacement thickness and the momentum thickness, for example, implicitly
contain experimental errors associated with mean temperature measurements and

therefore may be considered to be somewhat less reliable.

Note that the formal definition of kinetic displacement thickness for an
axisymmetric boundary layer is slightly different to that for a two-dimensional
flow. In general, the kinetic displacement thickness is related to the difference in
volumetric flux between that for the actual viscous profile and that which would
occur if the flow were inviscid (i.e., u=U,). This difference is evaluated by
integrating (U, —u) across the boundary layer, and é* is defined by imaging an

equivalent inviscid flow in which the solid surface is displaced upward a distance to
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make up for the “lost” volumetric flux associated with viscous effects. This

thought process leads to the equation
oo
U A* = j (U, —u)dA (5.53)
(]
where A* is the displaced area between n =0 and n = §* given by
A* = n{(r+6%)% - r?} = x(2r8* + §*2) (5.54)

for an axisymmetric flow, where r is the dimensionless radius of revolution for an

axisymmetric body. It follows that
dA = 7r{(r+n+dn)2—(r+n)2}z7r{2(r+n)dn} ) (5.55)

and substitution of equations {5.54) and (5.55) into (5.53) yields

= Jj (Ue-u)(+-’,%) dn . (5.56)

For an axisymmetric body shaped like a needle, 6* may be comparable to r.
However, in many situations §* <« r, and to leading order equation (5.56) reduces to

the two dimensional definition of 6*, viz.

§* = I:o( _U%) dn (5.57)

However, since equation (5.56) has been used throughout the data compilation of
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Fernholz and Finley (1977) for all axisymmetric flows, it will also be used in this
study.

There are three gases commonly used in the compressible experiments (see
Fernholz and Finley, 1977); these are air, nitrogen and helium and all are normally
treated as perfect gas having constant specific heats. The gas properties assumed

in the present calculations are listed in Table 5.6.

Gas air nitrogen helium

Gas constant 287.14 296.50 2078.74
R (m?/s2K)

Ratio of specific heats o 1.40 1.40 1.667

Table 5.6. Gas properties used in the calculations.

The transport properties are using formulae given by Keyes (1952) for diatomic

gases and Neubert (1974) for helium. For the diatomic gases, the absolute viscosity

is given by Keyes (1952).

-6
p=—10""2 {Ta 7T (Ns/m?2) (5.58)
14+a,T-110 *2

where the constants and the associated range of validity are given in Table 5.7.
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Gas ao a; aq range of validity

air 1.488 122.1 5 79K < T < 1845°K
nitrogen 1.418 116.4 5 81'K <« T < 1695°K

Table 5.7. Constants used in equation (5.58) for viscosity.

For helium, Neubert (1974) gives the formula

_ 50.2370-647 -T
F T -03) T3 € (6127317

~199.1754T! 4+179.1353T — 59.05466), (10~ 3Ns/m?2), (5.59)

with the range of validity being 0.4 K < T <400 K.

A Reynolds number based on the kinetic displacement thickness may be

defined by
Ren=% _ Re &ﬁ;— : (5.60)
w

and the velocity matching condition (5.32), with the definition of the outer scale

given in equation (5.40) becomes
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=1 108{2!365*}*“0?00' (5.61)

Equation (5.61), combined with the definition of the reference temperature T,
(5.50), provides a relation to evaluate the skin friction coefficient c f» which is given

in terms of u, by
cf=2——u* . (5.62)

The matching condition (5.35) for the total enthalpy profile and the definition of

the outer scale in equation (5.40) yields

d :L_IU’) = El@ log{z%Reé.\lﬁ}+ B;-B, . (5.63)

At this stage, equation (5.63) contains two urknowns «, and ¢,. It has been
found (Weigand, 1978) that the value of the slope of the temperature profile in the
overlap zone (which is related to x,) appears to vary with local flow and heat
transfer conditions. In a conventional approach (see, for example, Cebeci and
Smith, 1974), some type of turbulent Prandtl formulation is used to define a
turbulent heat flux model for the outer region which thereby implicitly defines a
constant value for ky. Here it is demonstrated that this approach may not yield a
self-consistent formulation. In the limit of large Reynolds number, the logarithmic

terms on the right side of equations (5.61) and (5.63) dominate, and it follows that

as Re-oo. (5.64)
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Consequently k4 exhibits a strong dependence on local conditions and in particular
on the local surface heat transfer. In this thesis the value of «, is therefore taken
to be defined by the asymptotic result in equation (5.64); this effectively fixes the
most significant aspect associated with the turbulence model for the total enthalpy
equation, namely the slope of the profile in the overlap zone. The thermal match
condition (5.63) serves to determine the heat transfer parameter g, for given values
of Prandtl number, wall temperature and u,; the characteristics of the outer-layer
and inner-layer profiles enter through the log-law parameters B, and B;
respectively. In practice, ky may be calculated from equation (5.64) in a general
iterative process for a given estimate of ¢, and u,, and then ¢, may be updated
using the full thermal match condition (5.63); both quantities may then be refined

through an obvious iteration (Weigand, 1978).

For high-speed compressible flow, it is possible to calculate a Stanton

number defined by

— q’w
St = U Ty (5.65)

Combining equation (5.65) with the definitions of u, and ¢, defined in equations

(3.104) gives

7
St=—Htuw__gu,, 5.66
w1 -Tg) T (5.66)

and using equation (5.64) gives
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St
g ~ Ho 5. (5.67)

Il’wu*

However, it should be noted that a significant disadvantage of using the Stanton
number in the analysis of high speed compressible flow is that for a heated wall St
will become very large when H,, is close to H, as is evident from equation (5.65).
This is not a significant issue in low speed flows since the case H, = H, implies
that the static temperature is effectively constant and there is no heat transfer. An
alternative heat transfer parameter Q, was suggested by Fernholz and Finley

(1977) which avoids the difficulty; this parameter is defined by

e dw _ HFu
%u —PerHe — B Tothe (5.68)

which is clearly bounded in all relevant situations.

Now consider the iterative procedure that was used to calculate the
similarity constant a in equations (5.42) and (5.43), as well as self-similar velocity
and total-enthalpy profiles at a given station along the wall. Using equations
(3.110) for the defect velocity and definition of the outer variable, the definition of

kinematic displacement thickness (5.56) becomes

ooP dF *
[’ —pﬁ(d—nl)(1+%)dn=-l—5?, (5.69)

for an axisymmetric flow and
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J:%(%l)dn:—l, (5.70)
for a two-dimensional flow (cf. equation (5.57)). In equation (5.69) r =r";/L;.e fis
the dimensionless radius of revolution for an axisymmetric body. The constant a
must be determined so that either of equations (5.69) or (5.70) is satisfied. The
following iterative procedure was used to find a. Starting from an initial guess for
a, solutions for F'i(n) and ©¢(n), as well as C, and B,, are evaluated from equations
(5.44) and (5.45). The profile ©(n) is based on some initial estimate of k5. With
the wall layer constants B; and C; computed from the formulae given in Appendix
C, kg is then re-evaluated using equation (5.64). Since B, and B; are implicit
functions of x4, an inner iteration is carried out to determine a converged value of
kg- An estimate of ¢_ is then evaluated from equation (5.63) with u, being obtained
from the match condition (5.61). At this stage in the iteration composite, profiles
for velocity and total enthalpy across the entire boundary layer are evaluated as

follows. The inner variable Y * is related to 7 by

Y= Reé. n, (5.71)

and with the calculated value of u,, a composite profile for the velocity across the

boundary layer is defined by

dF
Feom=1+ u,{ dln(n)+U+(Y+)—F]§<log Y++C,-)}. (5.72)

A composite profile for total enthalpy may be constructed according to
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Teom=1+ q. {el(n) WA GS —%(log (Y *\Pr )+ B,-)} . (5.73)

The integral in either of equations (5.69) or (5.70) was then evaluated numerically
using either a trapezoidal or Simpsons rule; typically 150 to 300 mesh points across
the entire boundary layer were found to yield good accuracy. The mesh chosen was
tightly compacted near the surface. For a given value of a, either of equations
(5.69) or (5.70) will not be satisfied in general, and the value of a is then refined
using an iteration based on the secant method. This iterative procedure was
continued until either of equations (5.69) or (5.70) is satisfied to within a given
tolerance; for the present comparisons, the iterations were continued wuntil
successive values for a agreed to five significant figures. The final composite
profiles in equations (5.72) and (5.73) were then used to make direct comparisons

with experimental data.

In the following comparisons with measured profile data, both the modified
Cebeci-Smith turbulence model (equation (5.26)) and the modified Baldwin--
Lomax model (equation (5.3)) will be used. Between these two models the are
some slight differences between the calculated values of skin friction and surface
heat transfer, but the profiles obtained are virtually indistinguishable; thus only the
results for the modified Cebeci-Smith model will be shown. The reference
temperature T, was evaluated in three ways using the average value defined by
equation (5.51) with Y} =60, a mean wall layer temperature evaluated at
Y * =23 and the wall temperature. As previously discussed, the first two options
produce values of skin friction which are very close to the measured experimental

values, while there is much more scatter with the third choice; again there is little
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to choose between the plotted profiles. Results will be quoted here for the first two

choices of the reference temperature T, for the modified Cebeci-Smith model.

The corresponding fluid properties such as p, and g are assumed to be the
functions of temperature alone and are evaluated at T,. Direct comparisons were
carried out with a representative selection of experimental data, and the theoretical
profiles compare directly with the data listed in Table 5.8. The fifteen cases listed
in Table 5.8 were taken from the data compilations of Fernholz and Finley
(AGARD-223, 1977 and AGARD-263, 1981); here the same identification scheme is
used. The first four digits identify a particular set of experiments while the last
four designate a specific profile within that set. Generally, profiles nearest the end
of the test section were selected for the present purposes, since such profiles were
expected to be closest to equilibrium conditions. In all experiments in Table 5.8,
the velocity distribution was measured across the boundary layer, but tabulated
temperature data were generally inferred from Crocco-Walz relationship. In Table
5.8 T, is the recovery temperature and T,/T, ~1 denotes wall which is nearly
adiabatic. The theory in this chapter does not account for the influence of viscous
dissipation; therefore for an adiabatic wall, ¢, =0 and H = H to leading order
across the entire boundary layer. However, H,, will usually be measured as smaller
than H, in most adiabatic-wall experiments, and generally the difference (H. - H,)
increases with increasing Mach number. In order to consider such cases here, the
value of the wall temperature quoted in the experimental data was used; this
results in a calculated profile for total enthalpy having very small value of g,. The
case with Ty /T, <1 represents a cooled wall, while T,,/T, >1 corresponds to a

heated wall.
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Direct comparisons for the cases listed in Table 5.8 are illustrated in Figures
5.6 through 5.10. The comparisons with data for velocity are shown in Figures 5.6a
through 5.10a, where it may be noted that the agreemen! is quite reasonable.
Figure 5.6 considers the cases used in the illustrative Figure 3.1, in which the Mach
number varies from subsonic through hypersonic range.  Velocity profile
comparisons are shown in Figure 5.6a with static temperature comparisons in
Figure 5.6b. It is evident that the logarithmic region narrows with increasing Mach
number with the velocity asymptoting to the mainstream value at much slower
rate. The present self-similar profiles closely represent this behavior and, in
addition, represents the data very well. In Figure 5.7, a set of supersonic flows over
a nearly adiabatic surface are considered; Figures 5.8 and 5.9 illustrate situations
with heat transfer at the surface where the wall is cooled. Figure 5.10 shows a set
of hypersonic flows in helium; the highest Mach number, M, =10, occurs in flow
No. 73050504. Since the ratio of specific heats in helium v = 1.667 (as compared to
1.4 for air), compressibility effects in helium flow are more significant than that in
air. There is evidently some scatter in the data near the wall in profiles 71030406
and 73050504, but otherwise the self-similar solutions agree with the data

reasonably well.

It is worthwhile to note that closer correspondence with the data for a given
profile can be achieved by adjusting the parameters in the turbulence models in
equations (5.26) and (5.28), such as K and K. However, the objective here is to
demonstrate that there is a degree of universality over a range of Mach numbers
using the present models, and so no attempt to “fit” the data was made; the

profiles were produced solely from the known physical quantities at each data
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station, as well as 6*", and clearly do represent the data reasonably well. At the
same time, since true self-similarity will rarely be achieved in an experiment, a
very close correspondence between the data and the theoretical profiles should not
be expected. The calculated values of the skin friction parameter u, are given in
Table 5.8 along with the heat transfer parameter ¢, which, as anticipated, is very
small and at least an order of magnitude smaller than u, for the nearly adiabatic
cases; for flows with significant heat transfer, ¢, and u, are of comparable
magnitude. The values given in Table 5.8 are for the modified Cebeci-Smith model
using a reference temperature based on an average temperature across the wall; the
corresponding results using a mean reference temperature (at Y * = 23) for the wall
layer and also an outer region modified Baldwin-Lomax model are given in Tables
5.9 and 5.10 respectively. Note that the computed values are all very close, and

the profiles cannot be distinguished graphically for all three models.

The data listed in Table 5.11 is of special interest because total temperature
was measured directly for all these data. Again calculations were carried out for
the modified Cebeci-Smith model for both an average and mean wall-layer
reference temperature and a modified Baldwin-Lomax model; calculation results are
given in Tables 5.11 through 5.13 where it may be noted that all predicted values
are very similar. The first set of profiles presented in Figure 5.11 is taken from the
recent experiments of Carvin (1988), where the velocity profile was measured by
laser-Doppler-velocimetry. The experiments were at relatively low Mach number
(M. ~ 2.2) with supersonic flow over an adiabatic or a heated surface. Therefore
this data affords an opportunity to examine the self-similar solutions in the

temperature range of Ty /Ty >1. The first two digits used in the identification
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number of these profiles denote the value of the temperature ratio T.,/T; for
example, 10 indicates that T',/Tr = 1.0. The last two digits denote the distance (in
cm) from the leading edge of the test section, and in this experiment 48 denotes the
end of the test section. It should be noted that the trends in the data are
unrealistic near the wall, and this problem appears to be persistent throughout
Carvin’s (1988) measurements. Otherwise, the agreement between theory and the
data is quite reasonable. The total temperature was also measured directly in this
experiment, and the present results shown in Figure 5.11 support the modeling of
the total enthalpy equation developed here. The data shown in Figure 5.11 was
taken using a hot wire in supersonic boundary-layer flows. Unfortunately, the
velocity data does not appear to be of comparable quality to that taken with
conventional techniques; this is particularly true as Mach number increases. In
addition, the near-wall data were not taken in these experiments (Kistler, 1958). It
is believed that calibration of a hot wire anemometer for the measurement in a flow
with a large temperature gradient flow is extremely difficult. Despite these
potential problems, the agreement of the present theory with experimental results

for velocity and static temperature is still quite reasonable.

In Figures 5.13, profiles for axisymmetric flows with strong heat transfer and
at high Mach number are shown; this environment is the practical situation for re-
entry vehicles and missiles.  The theoretical profiles again represent the
experimental results well and within the uncertainty in the data. In Figures 5.14,
three profiles are shown in which the test section was a nozzle wall and in these
situations the flow is recovering from substantial upstream disturbances. In the

flow from which profile 72021203 was taken, there was substantial heat transfer
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(cooling) in the nozzle throat; consequently, there are downstream history effects
due to both heat transfer and the pressure gradient in the nozzle. In the flow from
which profile 72020205 was taken, the heat transfer history effect is not present
since the nozzle region was not cooled. For the flow with profile 73010501, there is
both upstream heat transfer and pressure gradient effects because the nozzle throat
was heated and contained a predominately reflected-wave expansion. It is clear
that none of the flows presented in Figures 5.14 are close to being self-similar;
however, it can be seen that representation of the velocity profiles and
temperatures is reasonable and is especially good in the wall layer conforming
closely to the wall function solutions. In §3 it was shown that in the inner region:
(1) the convection terms are negligible with respect to the viscous and turbulence
terms and, hence, the flow only depends on local conditions, and (2) the pressure
gradient term is negligible. These results are supported by Figure 5.14. It may be
noted that the inner-region flow and temperature distribution recovers quickly from

disturbances and depends mainly on local flow conditions.

Finally, it may be noted that calculations were also carried out using the
wall temperature as the reference condition. This produces profiles which agree
with the data in a manner which is visually indistinguishable from those presented
here (see He, Kazakia, and Walker); as an example some results are shown in
Figures 5.15 which may be compared with Figure 5.6. The influence of the
reference temperature T, is reflected implicitly in the calculation of the constant a
and appears to have less influence on the outer region profiles than the skin friction
coefficient. The over-riding consideration in using the reference temperature is that

the prediction of skin friction is significantly improved relative to direct
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experimental measurements obtained with a floating element balance.

5.6 Discussion of Self-Similarity

In any experiment, a turbulent boundary layer can at best be only “locally
self-similar”; this means that the main feature of a turbulent boundary layer at any
point can be mainly described (but not completely) in terms of mean flow
boundary conditions at that point. The reason is that self-similar solutions can
only be achieved at most in practice as “terminating solutions” of more general
flows, in which the pressure gradient is constant and has acted over a substantial
streamwise distance. In the comparisons carried out with experimental data,
profiles were selected close to the end of the test section where the flow was
believed to have recovered from conditions upstream. The comparisons with data
seemn to support the idea that these constant pressure flows are relatively close to
being self-similar. Here the question of the range of validity of the constant
pressure solutions, as well as the possibility of self-similar solutions in flows with

pressure gradients, will be considered.

The leading order outer-region boundary layer equations were given in

equations (5.37) and (5.38), and in order for self-similarity

9%F,
0s0n

d0
=o(l), and 73—‘:0(1), (5.74)

while the derivatives of all the coefficients in equations (5.39) with respect to s
must be o(l) in some limit, say s+ oc0. In addition with the choice (5.40) of the

outer scale, the integral condition (5.48) must be satisfied. Because the pressure is
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constant across the boundary layer, the variation in density across the boundary

layer is given by equation (5.49) and substitution into equation (5.48) leads to

Fro=1+(1+15 lMg)u, [(1 - zw)%‘i”:oeldn

2 [T(OF12, _(1=1\as2.2 [<(OF 13
_(—-y—l)Meu,_Jo(—a;,—) dn—(pz—)Meu*Io(—a—TT) d7] 5 (575)
where F'|, is the limiting value of F'; as 7 -+ oo. For self-similarity 6; = 8,(n) and
OF/0n = F{(n); assuming such behavior and a constant Mach number M, and

then differentiating equation (5.75) with respect to s leads to

_ agiw = (1 +7—51M§) uf.:[(l - Iw)f,?“:o@dn

e

dn . 5.76
) dn (5.76)

*_OF
- (- M, | AT = (- DMZu.d |
o
Here u) denotes the differentiation with respect to s and, as shown in equation
(5.34), 1y = O(u2). It is obvious that for 8F,/0s to be small (which is equivalent

to 82F 1/080n = o(1)), the condition that must be satisfied is
(y-1)MZu2 =0(1). (5.77)

Equation (5.77) therefore defines the condition for the existence of “local similarity”
in constant pressure boundary layers. It combines the influences of Reynolds
number, Mach number and fluid properties; when M.<1, F;, ~1 from equation

(5.71) and the condition (5.73) will be satisfied anyway. Actually since the
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momentum and energy equations are not closely coupled, incompressible flow
model may be used at this time. The next situation is M.>1 and
(7 - 1)M2u, = 0(1), which is the area of interest of this study. Finally as M- o
and ('y—l)Mgu%:O(l) the similarity solutions developed in this section are not
valid anymore. It is worthwhile to note that according to equation (3.6.9),
u, = 0(1/logRe,), therefore for each fixed M. equation (5.73) will be eventually
satisfied as Re — 0o, however, as Mach number increases the similar profiles can

only be reached at a far more downstream location.

When the boundary-layer flow is experiencing a longitudinal pressure
gradient, mainstream Mach number M, becomes a function of s; however, when
M, <1, 0F;,/0s=0(l) in some limit s—+oo with or without pressure gradient and
therefore Clauser’s “equilibrium” concept is valid; Clauser (1954) argued that a
turbulent boundary-layer flow is self-similar when the “equilibrium constant” g is
constant in incompressible turbulent boundary layers, here the constant A is

defined as
B=(8mu) (dpsds)  Mo<1. | .78)

Now consider the situation of (y-1)M gu, = O(1) where the variation of pressure
may have significant influence on the defect velocity 0F;/0n. For convenience
consider only the second term on the right hand of equation (5.75) to demonstrate

the concept involved here; differentiating with respect to s yields the expression
i 2, [T(OF12, | _ o (Miy[FOF \2
84 - vntto [ G = ot (A 8o
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“Ony

dn. 5.75
Ry n (5.79)

+(r-1)M, |
for a profile with Fy=F (). It can evident that a further condition for self-
similarity in a flow with pressure gradient is that M¢/M, < 1 in which case the
coefficient b in equation (5.37) is small and the governing equation again reduces to
equation (5.42). If a strong longitudinal pressure gradient occurs it is not known
whether self-similar profile exist. However it does appear that self-similar may not
occur and this is supported by experimental observations; by closely examining the
data profiles presented in Figure (3.1) and Figure (5.6) it can be seen that
appreciable Mach number changes lead to significant changes in the inner layer
characteristics. With increasing M. inner layer grows as a fraction of boundary-
layer thickness and the variation of velocity in the outer region becomes slower

with the logarithmic region becoming less distinct.
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Case NO. Me Tw/Tr Reé* u, q:

730204027 0.793 ~ 1 139480 0.0308 0.0005
58020207 2.739 ~ 1 12255 0.0422 0.0031
74021801" 4.517 1.0242 6945.5 0.0507 0.0037
73021203 2.799 ~ 1 66393 0.0355 0.0028
53010401 2.540 ~1 2635.5 0.0508 0.0035
53011302 4.544 ~1 4240.5 0.0546 0.0054
65060101 4.886 0.9755 6699.7 0.0515 0.0068
65060105 4.801 0.5228 4987.8 0.0461 0.0287
72090402" 7.780 0.7998 5686.5 0.0564 0.0188
79030103"(N) 8.788 0.3375 7518.1 0.0461 0.0382
72040201 6.390 0.3136 7667.2 0.0407 0.0348
72040601 6.500 0.5014 8435.7 0.0458 0.0297
71030207(H) 6.686 0.9811 33813 0.0721 0.0101
71030406(H) 6.686 0.9817 6580.2 0.0617 0.0086
73050504(H) 10.31 ~1 17177 0.0600 0.0072

Table 5.8 Computed dimensionless friction velocity and heat flux values for
Yl+ =60 in equation (5.51); (H) denotes that the gas is helium
and (N) denotes nitrogen. An asterisk signifies that direct

measurements of total temperature.
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Case NO. Me T'u]/Tr Re * u* q*

73020402" 0.793 ~ 1 139480 0.0308 0.0005
58020207 2.739 ~1 12255 0.0422 0.0031
74021801" 4.517 1.0242 6945.5 0.0508 0.0037
73021203 2.799 ~1 66393 0.0355 0.0029
53010401 2.540 ~1 2635.5 0.0508 0.0035
53011302 4.544 ~ 1 4240.5 0.0546 0.0054
65060101 4.886 0.9755 6699.7 0.0515 0.0068
65060105 4.801 0.5228 4987.8 0.0463 0.0288
72090402" 7.780 0.7998 5686.5 0.0578 0.0211
79030103™(N) 8.788 0.3375 7518.1 0.0464 0.0384
72040201 6.390 0.3136 7667.2 0.0410 0.0349
72040601 6.500 0.5014 8435.7 0.0460 0.0299
71030207(H) 6.686 0.9811 33813 0.0714 0.0100
71030406(H) 6.686 0.9817 6580.2 0.0617 0.0086
73050504(H) 10.31 ~ 1 17177 0.0600 0.0072

Table 5.9 Computed dimensionless friction velocity and heat flux for the
reference temperature taken at Y t - 23; (H) denotes that the
gas is helium and (N) nitrogen. An asterisk denotes that direct

measurements of total temperature were made.
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Case NO. Me T’w/TT Reé* u, 9.

73020402" 0.793 ~1 139480 0.0309 0.0005
58020207 2.739 ~1 12255 0.0425 0.0032
740218017 4.517 1.0242 6945.5 0.0509 0.0037
73021203 2.799 ~ 1 66393 0.0357 0.0029
53010401 2.540 =~ 1 2635.5 0.0509 0.0036
53011302 4.544 ~ 1 4240.5 0.0549 0.0055
65060101 4.886 0.9755 6699.7 0.0517 0.0069
65060105 4.801 0.5228 4987.8 0.0467 0.0289
72090402" 7.780 0.7998 5686.5 0.0565 0.0188
79030103"(N) 8.788 0.3375 7518.1 0.0463 0.0383
72040201 6.390 0.3136 7667.2 0.0412 0.0351
72040601 6.500 0.5014 8435.7 0.0462 0.0299
71030207(H) 6.686 0.9811 33813 0.0721 0.0101
71030406(H) 6.686 0.9817 6580.2 0.0617 0.0086
73050504(H) 10.31 ~1 17177 0.0600 0.0072

Table 5.10 Computed dimensionless friction velocity and heat flux values using
Baldwin-Lomax model and Y1+ = 60 in equation (5.51). (H) denotes
that the gas is helium and (N) nitrogen. Asterisk denotes that

direct measurements of total temperature were made.
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Case No. M, Tw/Ty Re . u, q.

£-1048 2.160 1.012 6450.5 0.0439 0.0021
£-1548 2.170 1.475 5139.6 0.0492 -0.0233
£-2048 2.140 1.961 4831.9 0.0526 -0.0539
58030101 1.720 1.006 31521 0.0362 0.0014
58030201 3.560 1.031 29121 0.0403 0.0022
58030301 4.670 1.045 13621 0.0465 0.0035
67010105 5.970 0.4888 14120 0.0414 0.0274
67010204 6.040 0.4257 12083 0.0409 0.0300
72050103 7.200 0.4764 10433 0.0451 0.0305
72020205 4.823 0.9277 20730 0.0435 0.0079
72021203 4.857 0.2279 56517 0.0275 0.0260
73010501 4.742 1.0212 12352 0.0473 0.0037

Table 5.11. Computed dimensionless friction velocity and heat flux values for
Y1+ =60 in equation (5.51). Direct measurements of total

temperature were made.
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Case No. M. Ty/T, Reé- U, q.

£-1048 2.160 1.012 6450.5 0.0439 0.0021
£-1548 2.170 1.475 5139.6 0.0491 -0.0233
£-2048 2.140 1.961 4831.9 0.0525 -0.0583
58030101 1.720 1.006 31521 0.0362 0.0014
58030201 3.560 1.031 29121 0.0403 0.0022
58030301 4.670 1.045 13621 0.0465 0.0035
67010105 5.970 0.4888 14120 0.0417 0.0276
67010204 6.040 0.4257 12083 0.0413 0.0301
72050103 7.200 0.4764 10433 0.0433 0.0307
72020205 4.823 0.9277 20730 0.0435 0.0079
72021203 4.857 0.2279 56517 0.0277 0.0261
73010501 4.742 1.0212 12352 0.0473 0.0037

Table 5.12. Computed dimensionless friction velocity and heat flux values for
the reference temperature taken at ¥ ¥ = 23. Direct measurements

of total temperature were made.
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Case No. Me Tw/Tr Reéx- u, q.

£-1048 2.160 1.012 6450.5 0.0441 0.0021
£-1548 2.170 1.475 5139.6 0.0492 -0.0233
£-2048 2.140 1.961 4831.9 0.0526 -0.0539
58030101 1.720 1.006 31521 0.0363 0.0014
58030201 3.560 1.031 29121 0.0406 0.0022
58030301 4.670 1.045 13621 0.0467 0.0035
67010105 5.970 0.4888 14120 0.0418 0.0276
67010204 6.040 0.4257 12083 0.0414 0.0302
72050103 7.200 0.4764 10433 0.0453 0.0306
72020205 4.823 0.9277 20730 0.0438 0.0080
72021203 4.857 0.2279 56517 0.0281 0.0265
73010501 4.742 1.0212 12352 0.0475 0.0037

Table 5.13. Computed dimensionless friction velocity and heat flux values using
Baldwin-Lomax model and Y1+ =60 in equation (5.51). Direct

measurements of total temperature were made.

197



5.7 Summary

In this section, a theory and turbulence models have been developed which
give good comparison between self-similar profiles for velocity and static
temperature and experimental profile data over a wide range of Mach numbers and
surface heat transfer rates. Extensions of simple algebraic turbulence models to
high speed compressible flow have been suggested and both have been found to give
similar results; the results presented in all figures were obtained using the extended
Cebeci-Smith type model but are indistinguishable from plots obtained using the
extended Baldwin-Lomax model. The good comparisons with experimental data
tend to validate the simple asymptotic structure proposed in this study in which
both the velocity and total enthalpy confirm to a simple logarithmic behavior in
the overlap zone but in terms of the Howarth-Dorodnitsyn variable. The limiting
condition for the self-similarity has been demonstrated to be (y—1)M2u2 = o(1), as
stated in equation (5.77). The variation of the self-similar profiles with Mach
number can be seen in Figures (5.16) and (5.17) for a fixed value of Reé* = 10,000;
the trends shown in these figures are similar for other values of Re 5 The velocity
profiles shown in Figure (5.16) illustrate the tendency for relative growth of the
wall layer with the increasing Mach number, and the velocity achieves a higher
percentage of the mainstream speed. As shown in Figure 5.17, the variation of
static temperature in the near-wall region is more severe with increasing Mach
number for an adiabatic wall. In Figure 5.18, the influence of wall cooling on the
temperature profile is shown for a fixed mainstream Mach number. It may be
observed that there is a significant variation of the temperature (and density) inside

the wall layer for all different temperature ratios. At a certain stage in the limit
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M, - 0o, the thickening wall layer will lead to breakdown of the present analysis.

It is of interest to compare the present theoretical results for the
temperature distribution with that predicted by the Crocco-Walz relation given in
equation (2.50). A comparison of the two profiles for two different Mach numbers
and over a range of surface heat transfer conditions is shown in Figures 5.19a and
5.19b; it may be seen that the agreement is very close for nearly adiabatic walls (as

expected), but becomes progressively less so for strong surface heat transfer rates.

In the preceding comparisons, the velocity and static temperature profiles
have been compared with experimental data over a wide range of experimental
conditions, and the agreement with data is seen to be quite reasonable. Similarly
good agreement is obtained for the total enthalpy profile in flows with heat
transfer. However for an adiabatic wall, the variation in total enthalpy is not
substantial across the boundary layer, and the present theory appears to miss a
phenomenon which is in most measurements of total temperature. This is depicted
for the data sets shown in Figure 5.20 where the total enthalpy overshoots or
exceeds the mainstream value in the outer portion of the boundary layer.
Although the deviations from H, are relatively small, they are observed
consistently, and as shown in Figure 5.20, the present theoretical profiles for total
enthalpy are incapable of capturing this effect. Thus the adiabatic wall case must

be re-examined and this is the focus of next chapter.
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Figure 5.6a. Comparison of two-dimensional velocity data with the theoretical profile.

Data from Fernholz and Finley, 1977 (5802-Stalmach; 7302-Winter and
Gaude; 7402-Mabey et. al.; 7103-Fischer and Maddalon). Note the
shifted origins.
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Figure 5.6b. Comparison of two-dimensional temperature data with the theoretical

profile. Data from Fernholz and Finley, 1977 (5802-Stalmach; 7302-
Winter and Gaude; 7402-Mabey et. al.; 7103-Fischer and Maddalon).
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Figure 5.7a. Comparison of two-dimensional velocity data with the theoretical profile.
Data from Fernholz and Finley, 1977 (5301-Coles; 7302-Winter and
Gaude). Note the shifted origins.

202



53010401

53011302

| LI} llll" L} L L lllll[ L} L L) IllTll L L L lrllll L l_llllll
10° 10' 10° . 10° 10
Y

Figure 5.7b. Comparison of two-dimensional temperature data with the theoretical
profile. Data from Fernholz and Finley, 1977(5301-Coles; 7302-Winter
and Gaudel).
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Figure 5.8a. Comparison of two-dimensional velocity data with the theoretical profile.
Data from Fernholz and Finley, 1977 (6506- Young; 7209-Stone and
Gary). Note the shifted origins.
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Figure 5.8b. Comparison of two-dimensional temperature data with the theoretical
profile. Data from Fernholz and Finley, 1977 (6506-Young; 7209-Stone

and Gary).
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Figure 5.9a. Comparison of two-dimensional velocity data with the theoretical profile.
Data from Fernholz and Finley, 1977 and 1981 (7204-Keener and
Hopkins; 7903-Barlett et al.). Note the shifted origins.

206



72040201

79030103
72040601
o 4
| L LBLILALL) ] | LS llllll[ ¥ L} ljllll[ ] L} llll‘ll] | l1lllll|
10° 10’ 10° 10° 10

Y+

Figure 5.9b. Comparison of two-dimensional temperature data with the theoretical
profile. Data from Fernholz and Finley, 1977 and 1981 (7204-Keener
and Hopkins; 7903-Barlett et al.).
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Figure 5.10a. Comparison of two-dimensional hypersonic velocity data with the
theoretical profile. Data from Fernholz and Finley, 1977(7103-Fidcher
and Maddalon; 7305-Watson et al.). Note the shifted origins.

208



73050504

71030406

71030207

frlIﬂll’[ T ¥ rl1lll| Tjjﬂnll ) |} l"ll(llr | I | l1llll]
10° 10' 10° . 10° 10’
Y

Figure 5.10b. Comparison of two-dimensional hypersonic temperature data with the
theoretical profile. Data from Fernholz and Finley, 1977 (7103-Fidcher
and Maddalon; 7305-Watson et al.).
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Figure 5.11a. Comparison of two-dimensional velocity data with the theoretical
profile. Data from Carvin, 1988. Note the shifted origins.
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Figure 5.11b. Compariscen of two-dimensional temperature data with the theoretical
profile. Data from Carvin, 1988.
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Figure 5.12a. Comparison of two-dimensional velocity data with the theoretical
profile. Data from Fernholz and Finley, 1977 (5803-Kistler). Note
the shifted origins.
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Figure 5.12b. Comparison of two-dimensional temperature data with the theoretical
profile. Data from Fernholz and Finley, 1977 (5803-Kistler).
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Figure 5.13a. Comparison of axi-symmetric velocity data with the theoretical profile.
Data from Fernholz and Finley, 1977 (6701-Samuels et al.; 7205-
Horstman and Owen). Note the shifted origins.
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Figure 5.13b. Comparison of axi-symmetric temperature data with the theoretical
profile. Data from Fernholz and Finley, 1977 (6701-Samuels et al.;
7205-Horstman and Owen).
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Figure 5.14a. Comparison of two-dimensional velocity data with the theoretical
profile. Data from Fernholz and Finley, 1977 (7202-Voisinet and
Lee: 7301-Gates). Flows are recovering from an upstream distur-
bance. Note the shifted origins.
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Figure 5.14b. Comparison of two-dimensional temperature data with the theoretical
profile. Data from Fernholz and Finley, 1977 (7202-Voisinet and Lee;
7301-Gates). Flows are recovering from an upstream disturbance.
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Figure 5.15a. Comparison of two-dimensional velocity data with the theoretical profile
using the wall temperature as a reference condition. See Figure 5.6a for
data identifications. Note the shifted origins.
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Figure 5.15b. Comparison of two-dimensional temperature data with the theoretical
profile using the wall temperature as a reference condition. See
Figure 5.6b for data identifications.
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Figure 5.19a. Comparison of Crocco-Walz relationship (— ——-) with the theoretical
profile ( ). Adiabatic flows with Reg+ = 10,000. Note the
staggered origins.
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Figure 5.19b. Comparison of Crocco-Walz relationship (— — =) with the theoretical
profile ( ). Me=5.0, Reg« = 10,000. Note the staggered origins.
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Figure 5.20. Comparison of total enthalpy data with the theoretical profile.
Data from Fernholz and Finley, 1977 (5803-Kistler; 7301-Gates)
and Carvin, 1988 (f-1048).
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6. THE ADIABATIC WALL

6.1 Introduction

In this section, the effect of viscous dissipation on a high speed flow over an
adiabatic surface will be addressed. Note that the total enthalpy equation contains
a term associated with mean viscous dissipation which vanishes for a gas with
Prandtl number unity; for convenience this term will be referred to throughout the
study as being the “influence” or “effect” of viscous dissipation in the total
enthalpy equation. It has been shown in §3 and §4 that in the limit of large
Reynolds numbers and for mainstreamn Mach numbers O(1), the effects of mean
viscous dissipation do not explicitly enter the leading-order equations if there is at
least moderate heat transfer at the wall; this is consistent with the common view of
the structure of the supersonic turbulent boundary layer. In general the dissipation
term is believed to have only a limited effect on the mean temperature profile.
Density and temperature changes reflect the combined effects of compressibility,
viscous dissipation and/or heat transfer at the wall; the dissipation “effect” appears
to be of little importance if only an expression for the mean temperature
distribution is needed. This can be clearly seen by examining the data comparisons
given in §5. However, the theory described in §5 cannot describe the total
temperature overshoot near the boundary layer edge that is observed consistently
in data; in this phenomenon, the total enthalpy increases monotonically from the
near wall region and actually exceeds the mainstream value before decreasing
toward the boundary-layer edge; this overshoot always occurs near the mainstream
in the outer part of the boundary layer. The reason for the overshoot is not clear,

but with increasing mainstream Mach number, viscous dissipation may become a
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progressively important influence in the solution of the energy equation. In §4 it
was shown that viscous dissipation first gives rise to a term in the expansion for
total enthalpy in the wall layer as the quantity D, becomes O(1) magnitude; this
term eventually dominates in the wall-layer equation when heat transfer rate

q,,~* 0. Only the limiting case of an insulated wall is considered in this section.

The leading order asymptotic analysis presented in §3 is valid when the
effect of dissipation is negligible. When dissipation becomes significant, the
asymptotic structure is expected to be modified. However, it is easily inferred that
the expansions for the leading order momentum equation remains the same since
the influence of dissipation only affects the velocity profile implicitly through
density and temperature changes. The structure associated with the total-enthalpy
equation evidently needs reconsideration. In order to concentrate solely on the
influence of mean viscous dissipation for Prandtl numbers which are not equal to
one, the case of supersonic flow with an adiabatic wall is considered exclusively

here for large Reynolds numbers and mainstreamn Mach number O(1).

6.2 Asymptotic Structure

The basic equations governing the boundary layer flow were given in §3 and

the energy equation is written again here, viz.

8H 1 Oq (6.1)

where the total flux is defined as
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g=¢+ 1P 1 _OH (Y=Dp2 0 [(1__L)MLi(u2)]. (6.2)

p, PrRe gy T3 “refpy Pr/ P, Re 9Y

In this section the main interest is in the influence of viscous dissipation on the
structure of the total enthalpy profilee The term associated with viscous
dissipation is represented in the energy equation. (6.1) by the second term on the
right side of equation (6.2) for the flux ¢; this term is proportional to u(du/dn). To
assess the behavior of this quantity, it is useful to examine a typical plot. First
recall that in §5 a procedure was described for obtaining self-similar velocity
profiles within a high-speed compressible boundary layer. A typical result for
Ut =u/ur, is shown in Figure (4.1) for an adiabatic flow at M, =2.3 (Carvin,
1988); it is evident that a close representation of measured velocity profile data has
been obtained. On this same plot, Ut (@U * /0Y ) is also shown; this quantity
exhibits an absolute maximum deep within the wall layer (at Y ~8) and
decreases rapidly toward zero near the outer edge of the wall layer. It is evident
that the mean viscous dissipation is the largest in the wall layer and the influence
of this quantity is expected to become progressively more important as M,

increases. Thus the wall layer is the starting point for the present analysis.

Now consider the energy equation (6.1) and introduce the inner normal
variable Yt and velocity scaling. Again it follows that the convective terms are

negligible to leading order and the energy equation reduces to

=0. (6.3)

This result also applies to flows with heat transfer but now ¢, = 0, since the wall is
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Figure 6.1. Typical velocity and mean dissipation distribution in a supersonic
boundary layer; data is from Carvin, 1988, for adiabatic wall and
with Me= 2.3.
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insulated and the integrated form of equation (6.3) is

pp \ 1 OH
¢+ Poliro (uwpw) Prjy *

1-Pr) 2
+ﬂOU§o(—P,.L (Y- 1)MZs ﬂ—ﬂt) g (%)=0. (6.4)

Examination of equation (6.4) suggests that the wall-layer expansions should

proceed as follows:

3 H —1 +
¢=ap,,um—U—§( L) ¥ Dy - - (6.5)
2
H:T,+a(1—Pr)He(9Uf—:) O (Y )+, (6.6)

where T'r denotes a recovery temperature (or adiabatic wall temperature) defined

as

T, =Te{1 +r (7;1) M%} . 6.7)

The form of the expansion (6.6) was also suggested by the unsteady wall-layer

analysis for the limit ¢, -0 (see §4.4). Substitution of equations (6.5) and (6.7) into

equation (6.4) leads to

065 +
aY2+ N U+31U/+ ’ (6.8)

¢q +
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where the Chapman-Rubesin density-viscosity law has been used in obtaining
equation (6.8). The right side of equation (6.8) should be regarded as a known

function with asymptotic properties described in §3, which are

+

gg+=1, Ut=0, at Y*=0, (6.9)
and

U+~%logY++Ci, as Y s o0, (6.10)

In addition, at the wall

+ 08y

by = b5 _6Y+=0 at Yt =0. (6.11)

Note that both ¢, and 02+ are unknown, apart from conditions (6.11) and the fact
that they satisfy equation (6.8). There is essentially no measured data for either
the turbulence term or the total temperature near an adiabatic wall that can give
guidance as to the general behavior of these functions in a supersonic boundary
layer. Furthermore, since the gauge functions associated with these terms in
equations (6.5) and (6.6) are relatively small, it is expected that experimental
information concerning these quantities will not be forthcoming in the near future.
In spite of these deficiencies, it is still possible to make progress in the
determination of the asymptotic structure of the boundary layer. Integrating

equation (6.8) from 0 to Y ¥ results in
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Y+

¢y dY * . (6.12)
0

o =3 WY - |

The function @, is associated with the turbulence and is unknown; however, it is

assumed here that, at most,

y* + P +.2 +
J by dY* ~2(log Y Y2 +Blog ¥ F 4o -+, (6.13)
0
as Y7 <00, where ®,, ®,, - - - are constants to be determined. Condition (6.13)

implies that

as Yt 500, (6.14)
Since it is anticipated that each term in equation (6.8) will approach zero as
Y * = 00, equation (6.14) is equivalent to assuming that ¢2 does not decay slower
than the right side of equation (6.8) as Y * = oo. It follows from equation (6.12) that

0y ~l(nl_<1>2)(1og Y+)2+(%-¢1)1og yt..., (6.15)

as Y T oo.

Now consider the outer layer where the velocity in the form of a defect law

(cf. equation 3.110) is rewritten here according to

f=truigle o (6.16)
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The outer total-enthalpy expansion is also expected to be in defect form according

to

I=%:1+u,l"292+--- , (6.17)

where I'y is a gauge function to be determined. In the outer layer the deviations of
the total enthalpy from its mainstream value are expected to be small and the form

of equation (6.17) is assumed here subject to confirmation.

Substituting equation (6.17) into the energy equation gives,

30y _(AorUe) 9O, _ 1 9 (6.18)
0s  (BorUe) " 0n ~ puAoUeHel's On’ '

to leading order, where the prime denotes differentiation with respect to s and A,
is the outer length scale of the boundary layer and as discussed in §3 is O(u,). The

boundary conditions associated with this equation are taken to have the form
(")2~Ela-logn+Bo as 7n-0, (6.19)
and
©y-+0 as n-o00. (6.20)
Here the quantity x4, is the analogous quantity to the von Karman constant but

both kg and B, are unknown at this stage. The asymptotic form (6.19) should be

regarded as an assumption at this point, which is subject to confirmation and
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which is motivated by the fact that a similar behavior is known to occur for H in
flows with heat transfer at the wall; in addition, the logarithmic behavior is also

suggested by the form of the inner expansion in equation (6.15).

Matching the wall-layer and outer-layer velocity profiles has been carried
out in §3. Note that a relationship between inner variable Y ¥ and outer variable 7

is obtained through the matching (see equation 3.116) according
log Yt = #=+logn+r(Co-C)). (6.21)

Here to obtain a match of the total enthalpy expansions, relation (6.21) is

substituted into the asymptotic form (6.15) and this yields

2
92+ ~2—1];2(1 —IC2(P2)+UL“l {(1 2 (1)2) [10g77+'€(co—ci)]+ci—’cq’l}+ o (622)

to leading order. Using equations (6.6), (6.17) and (6.19), it may be confirmed that

in order for the leading terms to match in the total enthalpy profile,

1=1Ir+% (1-Pr) (1 - x28,) , (6.23)
where I, = H,/H,=T,/H, is the ratio of total enthalpy at the wall to that in the
mainstream for an adiabatic wall and « is given by equation (3.9). Similarly

matching of the logarithmic terms in (6.17) and (6.22) yields an expression for the

gauge function I'y according to
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1

2_Q - Pr)(-r2®) . (6.24)

Ra
Using equation (6.22), it follows that
=21-
=21_1,. (6.25)

The quantity kq is related to the slope of the total enthalpy profile in the overlap
zone and is expected to be O(1); on the other hand, I, is a function of M. It is
convenient to select the gauge function I'y in equation (6.17) from equation (6.25)

according to

Ty=2(1-1,). (6.26)
It follows that

Kqg=kK , (6.27)

and thus kg is equivalent to the von Karman constant. It is noted that the
quantity ®9, appearing in equation (6.22) and originally introduced in equation
(6.13) in association with the assumed asymptotic behavior of the turbulence term,
may be subsequently expressed in terms of the recovery factor; this will be

considered in the next section.

Lastly it may be shown that an expression for the constant ®; (c.f. equation

(6.13)) may be obtained through matching of the terms O(u,); it can be shown that
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&)=k Ci+i (1-&%Dy) (Co-C;-B,), (6.28)

which in general defines ®; as a function of s (streamwise distance along the
surface). Note that for universal values of x, C; and ®9, #; = ;(s) since C, and
B, are functions of s, in general, whose values depend on the specific outer-region

turbulence model adopted in the momentum and energy equations, respectively.

At this point the outer-region total-enthalpy expansion may summarized as

follows: the outer defect law takes the form

I:—II{ie:1+u_[2(1—-I,-)]62+--- , (6.29)
with the limiting behavior of ©, according to

(")2~—,1§logn +B, as n-0, 6,0 as n-oo0. (6.30)
Equation (6.29) implicitly contains a dependence on Mach number in I,; as M, -0,
I, approaches unity, and in this limit the total enthalpy is constant across the

boundary layer. The hypersonic limit M, - oo will be considered subsequently,

where it will be shown that I, approaches a finite limit.

6.3 The Recovery Factor

It is known from the derivation of Crocco integral that if the molecular
Prandt! number is unity and the turbulent transport terms pu'v’ is exactly equal to

pv'H', then the total enthalpy H must be constant across the boundary layer in an
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adiabatic flow. However, the turbulence terms in the mainstream and energy
equations are never identically equal, and in such cases and whenever Prandtl
number is not unity, the total enthalpy is not constant. For most gases Pr <1 and
energy migrates from near the wall to regions near the edge of the boundary layer.
In general it is observed that the wall temperature for adiabatic surfaces is greater
than the mainstream static temperature but less than the mainstream total

enthalpy. This experimental fact is characterized by the so-called recovery factor r

defined by

= Tr—Tg , (6.31)
(y-1)Mg/2

which in general lies between 0 and 1. From equation (6.31) it is easily shown that

Lh=Hr_1_21_p), (6.32)

He 2

where «a is defined by equation (3.9). It is worthwhile to note that since 0 < o < 2

for 0 < M, < oo, I =1 when M, =0, and in the hypersonic limit M, —» o0, I - T.

Comparing equations (6.22) and (6.32), it follows that the recovery factor r is

given in terms of the constant ®, introduced in equation (6.13) by
r = Pr+ (1 - Pr)x®®, . (6.33)

The recovery factor that is usually quoted for turbulent flow (see Cebeci and

Smith, 1974) is r = prl/ 3; this value 1s a correlation of empirical data. It may be
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noted that the functional dependence on Pr exhibited in equation (6.33) is different
from the conventional relation; unfortunately, available experimental data for T, is
for gases having Prandtl numbers in the range 0.71 to 0.72, and this range is not
sufficiently broad to discern a possible dependence on Pr in the data. If the
conventional expression is equated to equation (6.33) for Pr =0.71, a universal

value of

®, = 3.736 (6.34)

1s implied. In Figure (6.2), values of the recovery factor r computed from the
compilation of data for adiabatic walls (Fernholz and Finley, 1977) and the recent
experiments of Carvin (1988) are shown. For each point, r was calculated from the
definition in equation (6.31) using the quoted experimental values of T, T, and
M,.. For the majority of the data Pr =0.71 and the solid line denotes the standard
value of the recovery factor of (0.71)}/ 3 for which ®, =3.736. A regression analysis
was carried out for the points shown on Figure (6.2) and yielded the broken straight
line having almost zero slope; this also tends to support the hypothesis of a
constant value of ®9 given by equation (6.34), at least for an almost constant Pr.
There is considerable scatter in the “data” shown on Figure (6.2) but to an extent
this is to be expected because of the nature of the evaluation of r. Suppose for the
sake of argument that T = (0.71)1/ 3 is the true value of r and that errors of AT, and
AT, are present in the experimental data for T, and T, respectively. Then it is

easily shown from equation (6.31) that

Ty (ATy ATy 2
l'_r+’71—(Tr - Te)(fy_l)Mg+ . (6'35)
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Figure 6.2. Experimental and theoretical values for recovery factorr: O evaluated
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As an example, suppose that errors of 1% are present in the temperature data, then

maximum and minimum values of r are given by

=fi(—i19)4ﬁ-—2%. (6.36)
v - e €

These curves are shown in Figure (6.2) and are seen to bound most of the “data”.
For low values of M., there is considerable scatter in the data; in most of these
experiments, there is uncertainty in the temperature data as well as whether or not
the wall was truly adiabatic. Consequently, although ®; could, in principal, be
correlated as a function of M., neither the accuracy of presently available data or

the trends in the data itself justifies such a correlation.

6.4 Turbulence Flux Modeling

In order to develop total-enthalpy profile for the outer region, it is now
necessary to introduce specific turbulence models for ¢ in the outer layer. In §5.2 it
was argued that the Reynolds shear stress and flux can be modeled by Boussinesq’s
gradient-diffusion models having the form

G:pfg—z, ¢=peH%I-, (6.37)

where € and € are eddy viscosity and eddy conductivity, respectively. Here in this

section, however, a rather unconventional model for turbulent flux term is proposed

according to
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9H_ 2PHL(1-1) oy

¢ = peg on P Ug on’ (6.38)

where ¢, denotes eddy-conductivity coefficient in an adiabatic flow. The form of
equation (6.38) merits some discussion. Consider the energy equation (6.18) and
using equations (6.19),it follows that for a self-similar flow (©9 = Oq(7))

aq _pou*HeFZ (A U )l
oY €

o ~ PRIp as 1n-0. (6.39)

But for an adiabatic wall, ¢,, =0 and since ¢ is constant across the wall layer, it

follows from equation (6.35) and (6.39) that

- 2POU*H6(A0U6), (1 _ IT) n L. as n — 0' (6.40)

kU,

Since I, <1 and (A,U,) >0, it follows that ¢ is negative for small 7 at the inner
edge of the wall layer. Consequently, it is clear that if an attempt is made to
model the turbulent heat flux in the outer layer, where from equation (6.2) g ~ ¢ to
leading order, with an eddy conductivity formula such as the second of equations
(6.37), then ey would have to be negative for small 7 and also quadratic in 7.
Formulae of this nature were not considered to be physically appealing, and
although several were tiied, it was not possible to find one which gave a
satisfactory representation for H. For this reason the alternative given in equation
(6.39) was considered. In fact there are two processes associated with dissipation of
energy in the turbulent boundary layer, and these are associated with viscous
dissipation and the production of turbulent kinetic energy, and in the outer layer it

is the latter which dominates. Thus there is reason to believe that Reynolds stress
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related work should be involved in the turbulence modeling as indicated in
equation (6.37). Here ¢ is written in terms of an eddy conductivity plus an
additional term representing turbulent dissipation, the form of which is suggested
to some extent by equation (6.2). Here P is a constant whose value will be
subsequently be defined. The form of the coefficient of the second term in equation
(6.37) has been selected so that ¢ + 0 as n - 0, as subsequently shown. It may be
noted that the second term in equation (6.37) vanishes as M, - 0 and I, -+ 1. It is
possible to model ¢ in other ways, but the relation (6.37) has proven to be effective
in representing measured total temperature profiles for supersonic boundary layer

layers with an adiabatic wall.

Consider first the formulation of eddy conductivity for small . In terms of

Howarth-Dorodnitsyn variable Y and then the scaled outer variable

2 2 -

¢=—Lr ea GF - 2 :
P80 % O p,A U? I

In the outer layer, « and H are both in the form of defect law and, according to
equations (6.16) and (6.29), the defect functions are logarithmic for small n; also
note from equation (5.111) that Reynolds stress o ~ pou?.o for small n. It follows

that to leading order

2
- P fauroz(H - Hr) _ ZPHe(]. - Ir) 2
¢ p,D0Uekn U, Potito , as 7 —0. (6.40)

But from equations (6.5) and (6.14) it can be seen that the turbulence term ¢ —0 as

Yt w00. It then follows that to provide a smooth transition between the inner
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and outer layer, the eddy conductivity function must have the following form for

small 7

2
€q ~—Z% Urolo(Pr)n, as n—0. (6.41)

For large values of 7, the form of eddy conductivity is taken to be same as €y, the

eddy conductivity function used in §5, according to

ea=2ele KyU6" . (6.42)

p
It is worthwhile to note that in expression (5.14) for €y, the constant Kj = 0.0245.
This value of K was originally obtained from an extensive set of comparisons and
synthesis of experimental data for static temperature in subsonic turbulent
boundary layers (Weigand, 1978); it was utilized in the eddy-conductivity model for

heat transfer problem in §5 and provided good agreement with supersonic data.

In the present case, the wall is adiabatic and some modification of the eddy-
conductivity near the inner edge of the outer layer is necessary. However, the data
base for supersonic boundary layers with adiabatic walls is not large, and in any
case data near the wall is relatively scarce. Thus it is not possible to develop a
model based purely on empiricism, and in order to make progress, it is necessary to
postulate a functional form and investigate its performance. A convenient choice is

to take

€a(n) =P €(n) , (6.43)
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where €(n) is the eddy-viscosity function given by equation (5.26) and the constant

P is now selected according to
P =K;/K =1.4583 . (6.44)

This choice is so that the eddy conductivity model has an outer form identical to
the previous model for heat transfer, equation (5.27), in the outer portion of the
boundary layer. Another motivation for selecting this model is that it proves
possible to obtain exact analytical solutions for @9 in the case of self-similar profiles

which are described in the next section.

6.5 Self-Similar Profiles

In this subsection, a self-similar total-enthalpy profile is developed for
adiabatic flows. This solution will subsequently used in the direct comparison with
experimental data to validate the turbulence model adopted, as well as the general
approach. Most of the measured total enthalpy data for adiabatic walls in
supersonic boundary layer layers has been taken under constant pressure
conditions, and here a solution of outer-region total enthalpy equation constant M,
is sought. The governing momentum equation for a constant Mach number is the

same as that in §5.3, which is rewritten here, together with the energy equation

(6.18)

nO%F 8°F, O*F
ai { B }+a(8)n 2 L=c(s )336,; (6.45)
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where the coefficients in these equations are given by equations (5.xx), (6.37), and
(6.43), and the eddy-viscosity function for the modified Cebeci-Smith model is

rewritten from §5 with

K, N>y,
A _ { (6.47)
KN/ N< 0y
where
Ub™
@=L g =Ky K=00168. (6.48)

P Aotirg

Here 7, denotes the patch point between the two portions of the ramp function,

The boundary conditions associated with these equations are

a£1~%logn+00 as 70, Oy~%logn+B, as -0 (6.49)
and

OF,

B 0,40, asp-oo. (6.50)

For the self-similar solutions, a convenient choice for the outer length scale is the

same as discussed in §5 and

peUe6'

o= pouTO ’

A (6.51)
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where §~ is the dimensionless “kinetic” displacement thickness defined by equation
(5.8). This choice leads to a particularly simple formulation since € is then a

function of n alone. Equations (6.45) and (6.46) reduce to

d*F d’F
d [oadOs dOy g f Ad?F,
Eﬁ{Pf dn}+arid7] _d_ﬂ 6—(71-7-2— y (6.53)

respectively for the defect profile functions F'; and ©5. Here a is the similarity
constant and a method for determining a has previously been described in §5.5.
Note that the difference between equations (6.53) and (5.43) is the non-zero right
side in equation (6.53) which may be interpreted as the leading order contribution

arising from turbulent dissipation. Integration of equation (6.53) across the

boundary layer results in
| e dn=0, (6.54)
o

from which it follows that ©®9 must change sign in the outer region. The physical
meaning of this result is evident. Since the flow is adiabatic, the total thermal
energy in the boundary layer must remain constant. Thus, if one region of the flow

has H < H,, some other region must have H > H, and an overshoot must occur in

total enthalpy.

The exact solution of equation (6.52) was given in §5.5. An exact solution of
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the energy equation (6.53) may also be obtained. In the outer tier,

_ 1 T -aK/2;c2P a
92 = F-TNRK {‘P e erfe (\J2%p 7)

_P e‘Ka/2K2erfC (\J% n)} y N>,

and in the inner tier

0 = - =pipy {P Ei(5)-EA(2P)]

+Bo—%~{70—log &)+pig logP} y ML,

The outer-log-law constant for total enthalpy is given by

Bo= {108 (8) s 1 85)- 21 3

1 7T -aK /2rc2P aK
+log P} + P-T\7aK {\]? e erch 5.2p
2 ——
- Pe"a‘K/ 2K erfc\—%,—gl% .

(6.55)

(6.56)

(6.57)

In the above equations erfc and E, denote the complementary error function and

exponential integral, respectively and v, = 0.577215... is Euler’s constant. The exact

solutions (6.55) and (6.56) provide a convenient representation of the defect profiles

for the simple eddy-conductivity function in equation (6.43).

Together with the

leading order defect-velocity profile (5.44), a complete set of outer-region solutions
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has therefore been obtained. For the wall layer, an expansion for total enthalpy
was given in equation (6.6), but the function 92+is unknown at this time except for
conditions (6.11) and (6.15). A representative solution of 02+ could be obtained in
principle through unsteady wall-layer analysis as described in §4; however, the wall
layer problem for 5 is significantly more difficult, and to leading order 64 is not
needed. It may be noted from equation (6.6) that the second terms associated with

85 is small for Y+ = O(1).

6.6 Comparison with Total Temperature Data

The solution described in (6.55) and (6.56) depends on the similarity
constant a which must satisfy the condition (5.54). Assume that at a given
streamwise location along an adiabatic surface, the following data are known for a
specified gas: (a) the mainstream velocity Ue, temperature T and density Py, and
(b) the dimensional kinetic displacement thickness §°. The mainstream Mach

number may now be determined by the relation

Mmr=_Ue (6.58)

€
\NYRT: ’

and the wall temperature is then determined since Ty, = Ty, where

T;=T;(1+r751 ;2). (6.59)

The same iterative procedure as that in §5.5 may now be followed to determine a so

that equation (6.54) is satisfied. The final solutions are then used to make direct
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comparison with experimental profile data.

Comparisons for total enthalpy were carried out for several cases, and the
results of six typical comparisons are shown in Figures 6.3 and 6.4 for the cases
listed in Table 6.1. The majority of the data is taken from the compilation of data
by Fernholz and Finley (1977) and again the same identification scheme is used;
the exception is the recent data from Carvin (1988), {-1048. In many of the data
sets compiled in Fernholz and Finley, the total temperature was often estimated by
using some version of the Crocco integral from direct measurements of the velocity.
However, there are some data sets in which the total temperature was actually
measured, and only these were considered here. Unfortunately, this means that

there is a relatively small data base suitable for direct comparisons.

Case No. M, Tw/Tr  Reg u, q.
58030101 1.720 1.006 31521 0.0362 0.00
58030201 3.560 1.031 29121 0.0403 0.00
58030301 4.670 1.045 13621 0.0465 0.00
£1048 2.160 1.012 6450.5  0.0439 0.00
73021203 2.80 1.00 66393 0.0360 0.00
73010501 4.742 1.0212 12352 0.0473 0.00

Table 6.1. Parameters associated with experimental data for an adiabatic

wall and computed dimensionless friction velocity and heat flux.
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Figure 6.3. Comparison of total enthalpy data with the theoretical profile. Data
from Fernholz and Finley, 1977 (5803-Kistler)
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Figure 6.6. Comparison of velocity data with the theoretical profile. Data
from Fernholz and Finley, 1977 (7301-Gates; 7302-Winter and
Gaudel), and Carvin, 1988.
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Again, profile distributions in a given experiment were selected closest to the
end of the test section, since such profiles are expected to be closest to exhibiting
self-similar behavior. Unfortunately, it is not possible to assess how close each
situation is to equilibrium; in addition, it is also difficult to ascertain whether the
wall is truly adiabatic in some of the experiments. Nevertheless, the results of the
direct comparisons for total enthalpy are shown in Figures 6.3 and 6.4, the
corresponding velocity results are in Figure 6.5 and 6.6; each data set is identified
as listed in Table 6.1. It may be seen that the representation of the total enthalpy
profiles are quite good over the entire range of Mach numbers listed in Table 6.1.
The results for skin friction should be compared with those obtained using the
theory in §5 and listed in Tables 5.8 and 5.11; note that the predicted values for u,
are very close. In addition the velocity profiles obtained using the present adiabatic
wall theory are essentially identical to those shown in Figures 5.11 to 5.14. It is
may be noted that the deviations of H from the mainstream value of H. are not
large and some scatter is evident in the data. Nevertheless, the present profiles
correctly predict the shape of the distribution as well as the slope of the profile in
the overlap zone. Note that the total enthalpy distribution reaches a maximum
(above the mainstream value) within the boundary layer. For Pr <1, H, < H, and
©, must be negative near the wall. In view of equation (6.54), ©®y must be positive
further away from the surface and this behavior is reflected for all cases. Lastly, it
should be emphasized that the theoretical profiles shown in Figures 6.3 and 6.4 are
predicted results and that the comparisons have not been enhanced through
adjustment of any model parameters. It should be noted that the total enthalpy
overshoot from the value of H, is relative small, therefore its influence on velocity

profiles (Figures 5.5 and 5.6) is not noticeable comparing with the results obtained
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in §5.

6.7 Summary

In this section, an algebraic turbulence model has been developed to
represent the influence of viscous dissipation in supersonic turbulent boundary
layers. The theory developed here is valid in the parameter range
(y=1)M2%u2 < O(1) but (y-1)M2uZ =0(1) in the limit Res+oo. The calculated total
enthalpy profiles have been shown to agree well with measured experimental data.
The variation of the self-similar profiles with Mach number is shown in Figures 6.7
and 6.8 for a fixed value of Reg; the trends shown here are similar for other values
of Reg.. Note overshoot that occurs in the total enthalpy profiles in the outer
portion of the boundary layers; this overshoot appears to diminish at M, =8 but it
should be noted that this hypersonic case is probably outside the range of validity
of the present theory. It should be noted that the analysis described in this chapter
1s a limiting situation in supersonic boundary-layer flows, where the heat flux ¢,,-0.
Another limiting case of ¢, = O(u,) in which significant heat transfer occurs at the
surface was discussed in §5. It may be noted that the results for velocity and static
temperature obtained when the theory of chapter 5 is applied to nearly adiabatic
wall cases are essentially the same as those obtained in the present chapter. The
main difference is that the present theory is bale to capture the overshoot in total

enthalpy for adiabatic walls whereas the theory in chapter 5 cannot.

255



1.02

e . .

------------------------------------------- Me=10
l"‘
T e Me=2.0
"’
,
[4
S e
: e
,, "' -------------- Me=5-0
;
* e
N 4
i ¥
y
,
¥ ;
J e T
B I R TN
| e
84/ . -
e
[l s
i
) ’
1) ’
) ]
v !
J ’
r
a |! ¢
'+ e
oS '
[}
]
]
[ ]
]
1
1]
1 ]
[ ]
[}
[}
2 | ' r l |
0.00 0.40 0.80 -
yI/8

Figure 6.7. Variation of the total enthalpy profile with Me for Reg*=10,000.

256



0.00 0.40 0.80 1.20
y/é

Figure 6.8. Variation of the velocity profile with Me for Reg~=10,000.
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7. Summary and Conclusions

The objectives of this study as outlined in §1.5 have been successfully met .
The first objective was to determine the asymptotic time-mean structure of the
compressible turbulent boundary layers for large Reynolds number and Mach
number O(l). This was carried out in §3, with a detailed summary of the
theoretical results given in §3.7. In summary the high-speed compressible boundary
layer was to possess a self-consistent two layer structure. The important scaling
parameter in the velocity problem was found to be u,, = |{7,/p,, where p, denotes a
reference density characteristic of the wall layer as a whole; in terms of the
conventional friction velocity uro =p,/potr. For total enthalpy and important
scaling parameter was determined to be q,, = ¢,,/pou+, for flows with heat transfer;
here ¢,, denotes a dimensionless heat flux at the wall. The case of the adiabatic
wall was analyzed separately in chapter 6. The asymptotic analysis was carried out
without recourse to a specific closure model, with a minimum of appeal to
experiment. A major promise of this study is that the velocity and total enthalpy
profiles are logarithmic in the Howarth-Dorodnitsyn variable within the overlap
zone between the two regions of the boundary layer. Thus a new compressible law

of the wall has been developed and confirmed through direct comparisons with data
in §5.

In §4 a theory was presented for the mean flow in the wall layer which is
based on the coherent structure of the near-wall turbulent flow. Through

consideration of representative motions during a typical cycle in the wall layer,

expressions for the mean profiles were produced via a time averaging over a cycle
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and this process results analytic functions for velocity U * (Y 1), and total enthalpy

function 8" across the entire wall layer.

In §5 self-similar profiles, which are uniformly valid across the outer layer,
were developed by using simple eddy-viscosity and eddy-conductivity models for
closure in the outer layer. The asymptotic results revealed a deficiency in the
conventional form of outer-region algebraic models and a modification to account
for density variations was proposed. In order to test the results of the asymptotic
theory, as well as the new turbulence models, a limiting case was considered
corresponding to constant pressure flows with heat transfer; in this situation, the
governing equations in the outer region of the boundary layer reduce to ordinary
differential equations, for which exact analytical solutions are found. Definitions of
a reference density were proposed in §5 as either an average or a mean density for
the inner layer. Data comparisons were carried out using the self-similar solutions
to verify the selection of reference density p,; it was found that the p, evaluated as
a mean average between Y+ =0 and ¥ =60 or a men value evaluated at Y+ =23
provided uniformly good results over the following range of Mach numbers and
surface temperature: M. <7 and 0.3 < T,/T, <1 where Ty, and T, are the wall and
recovery temperatures respectively. Direct comparisons with data show that the
profiles give a good representation of measured mean velocity and temperature. It
is worthwhile to note that closer correspondence with the data for a given profile
can be achieved by adjusting the parameters in the turbulence models. However,
the objective was to demonstrate that there is a degree of university over a range of
Mach numbers using the present models, and so no attempt to “fit” the data was

made; the profiles were produced solely from the known physical quantities at each
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data station, and no adjustable parameters were used.

The limiting case of adiabatic flows in supersonic range with mainstream
Mach number O(l) was discussed in §6. An algebraic model was developed to
represent the influence of viscous dissipation in supersonic turbulent boundary
layers. The theory developed here is valid in the parameter range
(v = 1)MZu,,=O(l). The calculated profiles have been shown to agree well with

measured experimental data for velocity and total enthalpy.

The work described in this thesis represents a first step toward extending
the embedded-function methodology to the computation of turbulent supersonic
flows. In addition, a set of models for boundary layers in a high-speed compressible
flow has been developed. A further byproduct of the present study is a set of
composite velocity and total enthalpy profiles which gives a good representation
across the entire boundary layer. These profiles could be used to define an initial
distribution of the flow quantities to initiate a Navier-Stokes solution in a more
general flow environment, simply by estimating displacement thickness

distributions along all walls.

The high speed compressible boundary-layer models developed in this study
have been confirmed for zero pressure gradient flows. At present, it is not clear
whether a self-similar structure can exist for flows with significant pressure
gradients. The discussion of the conditions for self-similar in §5 concluded that the
present theory does not describe self-similarity for flows with significant pressure
gradient. However, a similarity profile may be possible with using alternate

scalings. For this reason that future research might consider this situation.

The models in §5 and §6 covered the limiting cases of flow with significant
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heat transfer and flow with an adiabatic wall respectively. Further study is needed
to bridge the gap between these limiting situations for cases where both heat
transfer transfer and the influence of viscous dissipation need to be considered
simultaneously. Lastly the present theory become invalid for very high Mach

numbers and it is of interest to develop the extension of the present theory to the

hypersonic case.
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Appendix A
The Unsteady Wall Layer Model

In this appendix, the analytical embedded functions for the wall-layer
profiles of mean velocity and total enthalpy are summarized (Walker et al., 1986,
1989). These mean profile functions are valid for the case of flow with heat transfer
and are obtained by computing a time-average of the instantaneous velocity and
total enthalpy over a typical interval between bursts in the wall layer. Both wall-

layer profile models are of the form

vt et :(1 +%){R(T§,t$) Q(?+)+Z(?+)}
B

to & 5
s {Rw, 3 Q)+ 2 } (A1)

¥
B

Here tJ is a parameter (to be determined) and Tg is the mean period between
bursts in the wall layer having a typical value of T 'é' =110.2 (Walker et al., 1989).

The functions in equation (A.1l) are given by:

R, t;):Ci—%(%‘l—log 2)+ilog(t+t§), (A.2)
2
Q) =(2?+1) erfy)+ Zye ¥, (A.3)
2
Zy) =4 {(21/2 +D E@) +y B@) - F Gy + D) erf(y) -3y eV } : (A4)
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For the velocity profile Ut C; is the inner region log-law constant, x is the von
Karman constant and <y, is Euler’s constant. For the total enthalpy profile 67,
replace k with x4 and C; with B; in equation (A.2). For the velocity profile vt,

the normal variables appearing in equation (A.l) are

~ + ~ +
pr-o Y Por=XY_ (A.5)

while for the total enthalpy profile 6t YT is replaced with Y9+ in equation (A.5)
where Y = NPr Y *. Finally, the function = is defined by

y z 13
=(y) = J e %’ I ef’ J e 2 dédzdz . (A.6)
o o o

A list of the properties of this function is given by Scharnhorst and Walker (1986)

and, in particular, it may be shown that

=(y) = X Jo_1 ... -
_(y)_4(log(y)+2 4y2+ }, as y-— oo . (A.7)

At the wall, the profile U and 6% satisfy

+
U+=0, aali’,_‘_:l, at Y+=0, (A.8)
+
0+=0, aa;; :m, at Y'Y =0. (A.9)
6

In addition, both profiles must satisfy the wall compatibility conditions which are

269



that second and third profile derivatives must vanish at ¥ ¥ = 0; for the velocity

profile U ¥, these conditions require that (Walker et al. 1989)
\TH +t& {R(T,},t(;*)—% }—\ﬁ? {R(o,to*)-%}=¥ T, (A.10)
\TE +td R(TH.t5)—\td ROt =0. (A.11)

For the total enthalpy profile, x4 replaces « in equations (A.10) and (A.11) and B;
replaces C; in equation (A.2); in addition, the right side of equation (A.10) is
multiplied by Pr.

For the velocity profile U * . it may be readily inferred that equation (A.l)
contains the following parameters: (a) the von Karman constant k, (b) the inner
“log-law” constant C;, (c) the burst period Tf;' and (d) t5. These parameters are
not independent since equations (A.10) and (A.11) provide two interconnecting
relations. For example, for the commonly used values of x =0.41 and C; = 5.0, the

solution of equations (A.10) and (A.11) gives
T# =110.2, 5 =0.00801 (A.12)

and this value of T 5 compares favorably with experimental measurements of the
period between bursts in the wall layer (Walker et al., 1989). Other values of «
and/or T§ may be used to produce other values of C;; in general Tj is large with
respect to t,;, and thus an expansion of equations (A.10) and (A.11) for small

& /Tg) yields
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C;=

% 7rT§ +%{1+%-—%10g (4Tj§ )}z + -, (A.13)

to leading order. This relation gives C; as an explicit function of x and T ; the
estimate of C; may be refined by iteratively solving equations (A.10) and (A.11) for
given values of £ and TE . For total enthalpy, a corresponding estimate of B; is
obtained by replacing « by k, and replacing T % by T} Prin the term on the right

side of equation (A.10).
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Appendix B
The Baldwin-Lomax Model

The turbulence closure model proposed by Baldwin and Lomax (1978), was
partially patterned after that of Cebeci and Smith (1974). It is a simple eddy
viscosity model which does not use the boundary-layer displacement thickness; this
is advantageous in some situations, such as internal flows or near a backward-facing
step, where it is difficult to identify a displacement thickness. In addition, the
model is defined in terms of the vorticity which is invariant under coordinate
transformations, and therefore, in principle, the model may be applied to three-
dimensional configurations. Due to these advantages and an ease of
implementation, the Baldwin-Lomax model has become a popular algebraic eddy
viscosity model in computational aerodynamics and, therefore, was used in the
present study. In this Appendix, a value for the model constant C, appearing in
equation (5.xx) is developed. Originally C, was determined through numerical
calculations to be approximately 1.6, in order that the Baldwin-Lomax model
produces similar results to the Cebeci-Smith model at low Mach numbers and in
incompressible flows. Here an exact value for Cp, will be obtained according to the

foregoing criterion.

According to §5, eddy viscosity € in both the modified Cebeci-Smith and

Baldwin-Lomax models may be written in the form

Ues™ €(n) (B.1)
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where

Ke, n>ny,
e={
/1, NSy,

and n,_ and 17, were given in equation (5.xx) by

7’1 _ peUeé* — Kc

- ?
Po Do Urg

The values of the parameter K, are given by

for the Cebeci-Smith model and

C gz F
K, = K [ Z2lmaz_ maz ’
‘ ( Ueb

(B.2)

(B.3)

(B.4)

(B.5)

for the Baldwin-Lomax model. In these formulae, K is a constant which normally

has the value K=0.0168. For the Baldwin-Lomax model, n,,,, is the physical

location where the function F= n|Ou/0n| achieves a maximum and ﬁmam is the

corresponding value of F; C p is a constant which is to be adjusted so that the

model produces the same results as the Cebeci-Smith model at low Mach numbers.

Note that as M. -0, equation (A.l) reduces to the incompressible form of either

the Cebeci-Smith (1974) or Baldwin-Lomax (1978) model.

The differential equation for the velocity defect function 9F;/97n in the
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limiting case of self-similar flow was given in equation (5.yy); in this equation the
parameter a is a constant such that a—1 as M,-0, and for self-similarity, the

ny=1 in equation (B.3). The solution for the defect function was given in

equations (5.xx) and (5.yy).

Using this solution, it is possible to determine the constant C, in the

Baldwin-Lomax model. In the limit of M, -0

(B.6)

Upon differentiating equation (5.xx) and noting that a=1 as M,-0, it is easily

shown that
C.n F
pNmazt maz
- =1, B.7
U.b (B.7)
or
Cp=exp {% (1+§—2)} (B.8)

Upon substituting « =0.41 and K =0.0168 into equation (B.8), C', can then be

determined to be

C,=1.7332 - - - (B.9)

Direct comparisons of the two profiles show that the Baldwin-Lomax model having
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the constant C', = 1.7332 produces essentially the same results as the Cebeci-Smith

model at low Mach numbers as well as in supersonic flows with M, being O(1).
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