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ABSTRACT

A three-dimensional Eulerian/Eulerian multi-phase computational algorithm has been
developed and applied to predict various two-phase flow problems. These include both laminar
and turbulent flows. The benefit of this approach as contrasted with the Eulerian/Lagrangian
approach is that high void fraction flows can be computed economically. Two and three-
dimensional single and two-phase problems have been extensively computed and include
favorable comparisons with existing experimentally derived data whose analytical predictions
have not been previously reported in the literature. The two-phase flow computations were
validated by measurements in a two-phase test loop in the laboratory. The predicted results for 5
mm bubbles in a 25.4 mm square cross section duct (dp,/Dy = 0.20) were compared to
measurements and flow visualizations made in the test loop which comprises a vertical section
followed by a 90° bend followed by a horizontal section. Void fractions were predicted to peak
along the end walls at levels reported in the literature for bubbly up-flow. As the flow moves
through the bend the bubbles quickly concentrate towards the inner wall. Finally the bubbles
move towards the outside or top wall as the flow enters the horizontal section. The present
numerical algorithm also correctly computes the expected trends of very small bubble diameter.
When bubbles of 1 mm diameter (dy,,/Dy = 0.04) were simulated they were not predicted to
segregate along the inner bend or at the top of the horizontal duct but rather follow the flow
much better. The code is robust and predicted local void fraction of close to zero in some places
and close to unity in others.

This dissertation discusses some of the turbulence models employed here: an assumption

that the turbulent viscosity of the dispersed phase equals that of the continuous phase; a two-
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phase modified k -£ model used for both phases and another model with a variable turbulent
Prandtl number (i.e., ratio of the turbulent viscosity of the distributed phase to that of the

continuous phase) based on Tchen’s theory (1947) of a particle in a turbulent stream.
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1. INTRODUCTION

Flows that involve one or more media that include more than one thermodynamic phase are
called two-phase flows. Two-phase flows occur in numerous industrial settings, including:
turbomachinery, nuclear reactors, refinery and pipeline equipment. Sometimes the flows are
anticipated to be two-phase and at other times local superheating of the fluid causes vapor
formation and thus an unexpected two-phase flow is generated. The formation of vapor negatively
affects the critical heat flux in nuclear reactors. There has been extensive investigation into the
heat transfer aspect of nuclear reactor loss-of-coolant accidents, LOCA, [J.C. Chen, (1982)]. The
vapor generation rate models for post critical heat flux developed there could be included in the
present framework to refine the LOCA simulations. The presence of vapor or a gas degrades the
performance of pump components, including impeller cavitation damage, bearing and seal cavity
overheating caused by a decrease in the heat transfer rate, etc.

Two phase flows are normally classified into the following flow regimes: bubbly, slug,
annular and mist flows. These four classes can be further subdivided. Of these four regimes,
bubbly flow occurs with the lowest gas/liquid volume ratio. Such flow regimes, and flow maps,
are discussed further in a later section under Literature Review.

Two-phase flows that occur in the presence of strong pressure gradients, such as those
induced by strong curvature as found in pipe elbows, labyrinth seal passages or pump impellers or
body forces such as gravity, tend to segregate and become non-homogeneous. The majority of the
existing two-phase flow experimental data is for homogeneous flows and thus is of little help in
understanding these more complex flows. Numerical models which utilize an Eulerian description

of the continuous phase and a Lagrangian “tracking” model of the dispersed phase are inefficient
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when the flow field has regions where the local volume fraction of the dispersed phase is high.
The present work utilizes a two-fluid model (i.e., an Eulerian/Eulerian description) in which a
complete set of continuity and momentum equations are solved for each phase. Interaction terms
that are present in these equations couple the exchange of mass and momentum between the
phases. An algorithm to compute volume fractions has been developed based on the work of
Carver (1982 & 1984) and has been shown to be stable even as the volume fraction approaches
the limits of zero or unity. The two-fluid model applied herein requires the solution of as many as
six coupled partial differential equations for each phase. The present three-dimensional algorithm
has been used successfully with very low void fractions and up to an inlet void fraction of 0.3. The
upper void fraction limit is set to 0.3 because this is an accepted limit on void fraction above which
the flow regime transitions to slug or churn flow [Mishima and Ishii, (1984)]. At very high void
fractions the bubbles may begin to coalesce into slugs and might require modification of
constitutive equations to model this flow regime.

Previous two-fluid algorithms reported in the literature have used either algebraic
turbulence models or employed higher level turbulence models only for the continuous phase.
Often the dispersed phase turbulent eddy viscosity was assumed equal to some constant times the
continuous phase diffusivity (i.e., a particle Prandtl number). Another approach for computing the
turbulent eddy viscosity of the distributed phase, as used by Mostafa, et. al. (1987), is to relate it
to the continuous phase turbulent viscosity by means of an algebraic equation based on the work of
Tchen (1947) and Peskin (1959) for a particle in a turbulent flow field. Turbulent flows have been
computed utilizing both a constant particle Prandtl number and also by applying a two-phase

modified two-equation k-e model to the distributed phase as well as the continuous phase.
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The intent of this dissertation is to develop and validate a three-dimensional numerical
algorithm capable of predicting complex two-phase flows. This development methodology
started by considering various laminar and turbulent two and three-dimensional single phase flow
problems and validating the governing equations and associated numerical procedures with single
phase data available in the literature. Some of the single phase computations are compared to
empirically derived data in the literature which has not previously been computed. This is
especially true of the laminar and turbulent curved duct pressure loss data correlated for the
square and rectangular cross sectional ducts.

The qualitative and quantitative predictions of the present numerical algorithm for two-
phase flow in a square cross section composite duct consisting of an inlet vertical section
followed by a 90° bend and exhausting through a straight horizontal section were compared to
data taken in the laboratory. The comparison between predictions and data will be discussed in a
later section (see Results). There are three related geometries that consist of
straight/curved/straight sections in series. These are: 1) the first straight section horizontal and
the last straight section vertical down flow; 2) the first straight section vertical down flow and the
last straight section horizontal; 3) the first straight section horizontal and the last straight section
vertical up flow. While in single phase flow there would be no difference among these
configurations, such is not the case for two-phase flow: all of these additional three geometries
will result in different bubble trajectories. For instance, when the first straight section is
horizontal (rather than vertical ) the bubbles will be segregated by gravity before reaching the 90°
bend rather than symmetrically distributed. All four of the geometries are unique in two-phase
flow. While obtaining experimental data would mean constructing four different test loops these

geometries can be immediately predicted numerically with the present algorithm. However,

5
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because the test loop was of one fixed geometry these additional geometries have not been
computed in the present work. It will be interesting to compute the additional geometries as
additional experimental data becomes available to support the predictions.

Just as the associated straight/curved/straight duct geometries can be rather
straightforwardly computed so too can cross sections other than square. Single-phase rectangular
cross section curved ducts were computed since single-phase loss data was available for these
ducts. The agreement between the present numerical predictions and the empirical data for single
phase losses in a curved duct of rectangular cross section was very good. Once experimental data
for two-phase flows in rectangular cross section ducts is available the associated numerical
predictions can be verified.

The above two examples indicate that an accurate and robust two-fluid algorithm is a
powerful tool and offers the promise of minimizing experimental investigations to establish loss

correlations for different geometries.
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2. LITERATURE REVIEW

Literature pertaining to the various single and two-phase phenomena studied in this work
are presented here. This includes laminar and turbulent single and two-phase flows in a driven

cavity, in straight and curved ducts of non-circular cross section.

2.1 Single Phase

2.1.1 Introduction

The development of the two fluid model consisted of building upwards from a
foundation built from numerous single phase computations of increasing complexity. This early
development phase started with single phase laminar straight duct flow and then progressed to
single phase turbulent straight duct flow. Next the single phase laminar curved duct flow
capability was added. This required the derivation of the momentum equations in toroidal
equations, followed by the correct discretization and coding and program development. Laminar
flow, curved duct validation cases based on data and computations in the literature were run. The
next stage of the development cycle required the derivation of the turbulent transport equations
for single phase in toroidal coordinates. The details are given in Appendices VI and VII. These
two equations were appropriately discretized and coded. Turbulent flow curved, duct validation
cases were run.

Most of the single phase calculations performed were compared to computations existing
in the literature. However, some of the computations performed were compared to experimental

data in the literature; and to the author’s knowledge, have not been previously computed
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numerically. An example is the computation of the loss coefficient for turbulent flow in curved

ducts with rectangular cross section.

2.1.2. Laminar Flows

Two-Dimensional Driven Cavity

The problem of the driven cavity was considered by Burggraf (1966) who was interested
in this problem as a model for the study of the steady recirculating eddy that exists downstream of
a bluff body at moderate Reynolds numbers. The steady state version of the problem consists of
a cavity filled with fluid that is set in motion by the moving top wall. Batchelor (1956) has
presented a theory for steady flows with finite viscosity. In two-dimensional closed flows the
vorticity is uniform in a region where viscous forces are small. As the Reynolds number becomes
larger the region of the fluid in which viscous forces are not negligible becomes smaller and
smaller. The application of Batchelor’s theory to the driven cavity problem might seem
promising, especially if the rigid boundaries are viewed as singular surfaces away from which
Batchelor’s uniform vorticity solution should hold. However, this approach would by assumption
neglect the singular surface that occurs off the solid boundaries that divides the flow into the
region of the primary cell and a secondary eddy that occurs in the corner. Burggraf solved the
Navier-Stokes equations in a square cavity by using the streamfunction-vorticity formulation of

the governing equations and a relaxation numerical finite difference method. His results showed
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that secondary vortices of opposite vorticity could be generated in the bottom corners of the
cavity. The center of the primary vortex is located on the line of symmetry for infinitely smail
Reynolds numbers and moves lateraily in the direction of movement of the top wall for Reynolds
numbers up to 100. Above this limit, the vortex center begins to move slightly back towards the
line of symmetry and also begins to move closer to the bottom wall as the secondary vortex gains
in strength. The single phase version of the driven cavity problem was used as a test case of the

two-dimensional limit of the present three-dimensional algorithm.
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Three-Dimensional

Straight Duct

The study of steady internal flows in ducts is best divided into developing flows and fully
developed flows. Flows which enter a duct with uniform axial velocity immediately experience a
retarding force on the perimeter due to fluid shearing at the walls. The three dimensional
boundary layer region begins to thicken on the walls as the fluid progresses down the duct.
Beyond this viscous stress dominated region lies a potential core at the duct’s center; however,
the extent of this core diminishes with distance along the duct as the boundary layer grows. The
velocity profile, pressure gradient and wall shear stress continue to change until the viscosity
dominated wall regions merge. The distance required from the inlet to achieve the hydrodynamic
condition where all of the flow variables are independent of distance in the longitudinal direction
is called the hydrodynamic entry length. From this point on the flow is fully developed and a
simplified two dimensional analysis of the flow is possible since all terms with gradients in the
longitudinal direction can be neglected in the governing equations. The lateral velocities are
equal to zero. The local friction coefficient, f, , is now independent of distance in the longitudinal
direction. The Fanning friction factor based on local shear is an important characteristic of a flow

in a duct.

f = —— [2.1.2-1]

The Darcy friction factor based on pressure drop used in hydraulics is four times larger.

10
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At the duct’s inlet the local friction factor is large; it decreases asymptotically to the fully
developed value of 14.227/Re for a square cross section duct (the classic value for a circular cross
section duct is 16/Re). The local friction factor for fully developed flow in a rectangular cross
section duct is greater than that in a square duct—with the limiting value for an infinite aspect
ratio duct being 24.0/Re [Shah, (1978)]. The exact hydrodynamic development length varies
with the duct’s cross section [Sparrow, et. al., (1967) and McComas, (1967)]. The hydraulic
entry length is approximately  0.075*D*Re when based on the local friction factor [(Kays,
(1966)]. A friction factor can also be defined based on the wall shear stress integrated from inlet
to the local longitudinal distance. This definition, which contains the history of the local shear
stress, results in a friction factor which is higher than f, . A third friction factor can be defined
based on the pressure drop from the inlet to the local position. This results in the largest friction
factor. This is because there is an additional pressure drop beyond that associated with the shear
stress. This additional drop in the developing region is a result of the increase in momentum flux
associated with the velocity profile change from uniform inlet velocity to a fully-developed
profile with a peak centerline velocity. For fully developed flow the change in pressure is

linearly proportional to axial:

PO-H2) _ ~z/Dy [2.1.2-2]
lpﬁ,‘z Re
2

where the left hand side represents the nondimensional pressure drop over the distance z and C is
the constant of proportionality, Dy is the hydraulic diameter of the section and Re is the Reynolds

number based on Dy.

11
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In the early entrance region, the pressure gradient is very large and decreases with length
until it is constant at the end of the developing region. The high initial gradient is due to the large
wall shear stresses and the rapid change in fluid momentum. In the developing region Sparrow

et. al. (1967) show that the pressure drop is given by:

p(?)-p(Z) - b | K(2) [2.1.2-3]
LN 2! e
5P

where K(z) is an incremental pressure drop attributable to the momentum change. It vanishes

asymptotically as the fully developed condition is reached.

Curved Duct

Laminar flow in curved ducts is characterized by the Dean number for curvature effects
and Reynolds number for inertial and viscous effects. Along with Reynolds number Dean number
is a correlating parameter in asymptotic expansion of the momentum equations for curved pipes

of small curvature (i.e., R/D >>1), see Dean (1928). Dean number, Kp, is defined as:

Re

K,=

Data pertaining to pipe flow (i.e., internal flow within a circular cross

S| i

section) usually uses a Dean number based on pipe radius, a, in place of the hydraulic diameter,
Dy. This Dean number will be indicated by K,. Note: K, = 0.707 Kp). However, data for duct

flow (i.e., internal flow within a square cross section) does not always reference a Dean number

12
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based on R/D y; (sometimes R/[0.5 D y] is used (e.g., Humphrey, et.al. 1977). In all these
cases the Reynolds number is always based on Dy .

The Dean number is based on Dean’s 1928 work, in which he solved the flow in curved
pipes with mild curvature. The equations were solved using an asymptotic expansion in terms of
a/R. Thus, Dean number can be rigorously shown to be a controlling parameter only for laminar
duct flow with a/R<<I. In fact, White (1929) found that friction factor for turbulent flow in a
curved duct was not correlated solely by the Dean number. For laminar flows, the friction factor

in a curved section of pipe relative to that in a straight pipe is (Berger and Talbot, 1983) :

f =00969/K, +0556 [2.1.2-4]

The flow in curved ducts results in secondary flow patterns on lateral planes that
centrifuge the fluid toward the outer radius at locations midway between the top and bottom
walls. The static pressure is higher at the outer bend to balance the centrifugal force. Low
momentum fluid in the boundary layers along the top and bottom walls is forced from the high
pressure outer radii toward the low pressure region of the inner radius. This forms two pair of
counter-rotating vortices. As the Dean number is increased, an additional pair of counter rotating
vortices appear near the midline symmetry plane and close to the outer radius. Cheng et. al.
(1976) solved the governing equations for fully developed flow in a curved duct by using a
streamfunction-vorticity formulation for the lateral velocity components along with the axial
momentum equation. Results are given for fully developed flow in rectangular cross section
ducts of aspect ratios of 0.5, 1.0, 2.0 and 5.0. These results show that the critical Dean number is

202, above which the additional pair of vortices are predicted to occur. The maximum

13

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



longitudinal velocity is predicted to occur approximately three-quarter of the way towards the
outer bend below the critical Dean number and somewhat closer to the center of the duct above
the critical Dean number. The centerline velocity decreases with increasing Dean numbers: it is
about 1.9 at a Dean number of 55 and approximately 1.4S for Dean numbers between 202 and
500.

Humphrey et. al. (1977) solved the curved duct problem with fully developed flow
entering the curved section by including a long upstream tangent section. A 90° bend with R/D =
2.3 was analyzed at a Dean number of 368. Data is presented for the longitudinal velocity at
various stations throughout the test section. Results there indicate that the location of maximum
velocity occurs near the outer wall, approximately 85 percent away from the inner wall. Lateral
velocities as high as 65 percent of the longitudinal velocity were computed. Small regions of
separation were observed in the outer corners of the duct between 0° and 25° and in the upstream
section. Because of this separation a fully elliptic numerical procedure had to be used for the
numerical predictions.

Ghia et. al. (1976) present an analysis of developing laminar flow in curved ducts of
rectangular cross section. A critical Dean number of 143 is predicted in this work. This is lower
than the Cheng (1976) limit of 202. Ghia’s paper indicted that Cheng’s search was too coarse
and missed the actual Dean number at which the extra pair of vortices first occurs. The angular
distance required to achieve fully developed flow is less at the higher Dean number: 103° at a

Dean number of 55 but only 60° at a Dean number of 210. However, the longitudinal distance, as

measured by Rd® is larger at the higher Dean number. The location of the maximum velocity

and its level agree well with Cheng’s work. The axial pressure drop from inlet to a downstream

14
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station is given in a format similar to that for straight duct developing flow. The trends are very
similar to what occur in straight duct flow--an initial developing region where the pressure
gradient is high followed by a region for which the pressure gradient is constant--i.e., the fully
developed region. The developing region has about the same pressure gradient for all Dean
numbers. The pressure gradient in the developed section is proportional to Dean number. For
very low Dean numbers the pressure gradient begins to approach the value for the straight duct.
The friction factor for a curved duct at a Dean number of 55 is approximately 1.25 times that of
the straight duct; and this ratio increases to 2.0 at a Dean number of 300. Numerical studies of
laminar flow in a curved square duct with a mean radius of curvature four times the hydraulic
diameter have been reported by Cheng et. al., (1987). A short straight section straight section
(0.01 hydraulic diameters for the high Dean number case of 267 and 0.025 for a Dean number of
107) preceded the 90° and 180° bends. Slight separation is predicted to occur at 18° near the
outer bend corners.

The works pertaining to laminar curved duct flow discussed above have distinctly
different inlet boundary conditions: two fully developed, one developing and one somewhere in
between. The inlet velocity profile is very important in determining the flow pattern in the curved
section. A profile that is relatively uniform on entering the curved section will have only weak
secondary flows since the secondary vorticity is proportional to deflection times the gradient of
the lateral velocity normal to the duct side wall, see Squire and Winter (1951). The weaker

secondary flows may be insufficient to avoid flow separation.

1S
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2.1.3 Turbulent Flows

Flows with duct Reynolds numbers beyond 2000 display instabilities and the well
defined streamlines associated with laminar flow begin to become unstable and the flow develops
fluctuations superimposed on the mean flow. For larger Reynolds numbers, the flow eventually
transitions to turbulent flow. Turbulent flows are much more difficult to predict since the local
velocity varies not only spatially but also temporally. Turbulent flows have been successfully
modeled since the 1930’s by thinking of the flow as consisting of a mean time averaged
component together with turbulent fluctuations about that mean. The Navier-Stokes equations
are re-written with all velocity and pressures consisting of a mean and time-varying component.
The equations are time averaged and the resulting set is called the Reynolds Averaged Navier-
Stokes equations. These equations include terms representing turbulent fluctuations of the
various local velocities that can be thought of as additional stresses and are called the Reynolds
stresses. They can be combined with the laminar molecular shear stresses to form a set of
effective turbulent stress. Constitutive equations for these stresses need to be formed so as to
close the equation set. The ‘science’ of forming these constitutive equations is called“turbulence
modeling”.

The prescription of the Reynolds stresses requires the description of a velocity and length
scale (related to the size of the turbulent eddies). This can be done algebraically by using
distance from the wall, etc. This formulation is the simplest and can be effective for simple
boundary layer like flows. This approach is called a “zero order” equation. Partial differential
equations can be written for the transport of one or more turbulent quantities. If only a single

PDE is written which may be supplemented by algebraic equations, this would be called a one-
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equation set. If two PDE’s are used in the turbulence model, then the model is called a two-
equation system.

The most often used two-equation set determines the eddy viscosity from the local values
of the turbulence kinetic energy (k) and its dissipation rate (¢). These quantities are obtained by
simultaneously solving two transport differential equations for k ande. A gradient type model is

used to relate the turbulent fluxes to the mean flow field with the use of an isotropic eddy

viscosity:
] ' 2
puu; = -pnS; + 58,]. p k [2.1.3-1]
1{ay aU; k?
where: §; = -i-(axj + 6x: J and p, = pC, = [2.1.3-2]

This model is a first order closure model. In complex flows where significant rate-of-strain
components might be present due to streamline curvature or rotation or separation, etc. the above
equations can be modified in an attempt to incorporate such effects. Since these modifications are
done on an ad-hoc basis they often work only for a specific class of problems. A more
sophisticated approach is to model each of the individual Reynolds stresses by solving a transport
equation for each of them. This approach is called second-moment closure. The most accurate
modeling uses a PDE to describe each of the six Reynolds stresses. This results in the addition
of six more PDE. This is computationally taxing and introduces several additional unknowns to
the equation set. An intermediate approach is to use algebraic equations for the transport of the

Reynolds stresses. This is called an Algebraic Reynolds Stress Model (i.e., ARSM).
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The prediction of turbulence driven secondary flows under fully developed condition in
ducts requires a non-isotropic eddy viscosity formulation. The ARSM calculations used in this
work [similar to that of Neti and Eichhorn (1978)] showed the expected corner vortices while an
isotropic k-e model calculation would not. Launder and Ying (1973) note that these secondary
motions are due to gradients of the Reynolds stresses acting in the cross sectional plane of the
duct. However, these stresses arise as a consequence of mean rates of strain in planes orthogonal
to it. This fact is the reason that the scalar turbulent viscosity is insufficient for predicting these
secondary velocities. A scalar turbulent viscosity implies that the principal axes of stress and
strain are aligned and thus would not be suitable for such duct flows.

Launder and Ying formulate the Reynolds stresses in the lateral plane (i.e., x-y plane) as:

22 = cHm 5o [2.3.1-3]
€ ox oy
- k| —oW —ow
= C= L uw— 23.1-4
uv S[Vwax uway:l [ ]

Naot et. al. (1974) propose a turbulence model which solves a transport equation for each

of the six Reynolds stresses. To minimize the computational effort they prescribe the length
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scale through an algebraic formulation in place of a transport equation for the dissipation of

turbulence.

Most of the computations reported in the present work used a two-equation isotropic k-€
formulation. Curvature correction models were used to supplement the standard k-g equation set

for some of the curved duct calculations.
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Three-Dimensional Turbulent Flows

Straight Ducts

As the flow approaches fully developed conditions, for laminar flow in ducts, lateral
velocities vanish--they exist only for developing laminar duct flow. Lateral velocities are
required for uniform axial velocity distributions to be changed to the parabolic distribution of
fully developed laminar flow. Fluid moves from the perimeter of the duct to the center during
the transition in the developing region. Once the laminar flow is fully developed there will be
no lateral velocities. Nikuradse (1926) found that in contradistinction to the laminar flows,
secondary flows do exist for fully developed turbulent flows in ducts of non-circular cross
section.  (Fully developed turbulent flow in circular cross section pipes do not have such
secondary flows.) There are two counter rotating vortices in each corner. These serve to add
momentum to the corner region (at the line of symmetry). The flow returns to the center near the
wall midway between corners. Thus there is a momentum excess in the corners and momentum
deficit along the wall midway between corners. Thus the flow streamlines do not simply move
downstream in this flow but rather form helical patterns. The variation in turbulent axial velocity
across the lateral plane of square and rectangular cross sections was measured by Leutheusser
(1963). He also measured shear stress distributions along the wall and determined that a
maximum in the shear stress existed approximately 40 percent between the corner and the
midpoint of a duct wall. Brundrett and Baines (1963) measured the turbulence generated

secondary flows using a constant current hot-wire anemometer and also predicted their
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occurrence using a vorticity formulation. They showed that secondary flows are accompanied by
a longitudinal component of vorticity. Vorticity production involves second derivatives of the
Reynolds stresses and thus these secondary flows cannot exist in laminar flow.

Launder and Ying (1972) added further clarification to the nature of these secondary
flows by showing that the secondary velocities are fairly independent of Reynolds number if
normalized by the friction velocity. The variation in peak axial velocity with longitudinal
distance was measured by Ahmed and Brundrett (1971) and Melling (1975). A peak in the axial
velocity was observed at approximately 27.5 hydraulic diameters from the duct inlet. This peak
velocity when normalized by the duct average velocity was measured to be 1.275 by Melling and

1.295 by Ahmed and Brundrett.

Curved Ducts
The transition to turbulent flow from laminar flow in a straight pipe or duct occurs when
the Reynolds number (based on pipe hydraulic diameter) exceeds the critical Reynolds,

approximately 2,300. The critical Reynolds number is higher than 2,300 for flows in curved

ducts.

Ito (1959) proposed a correlation for critical Reynolds number for ducts of dimensionless

radius of curvature, R/a , between 15 and 860:

0.32
Recriticas = 2x10° (M)

23.1-5
R [ ]

This is based on a curve fit data for mildly curved ducts and is good to within about 15 percent

for R/(Dy/2) larger than 15.
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Citing Taylor’s (1929) test with a curved pipe of radius ratio a/R=1/31.9 Berger and
Talbot (1983) propose a criterion based on Dean number: Kgjjcas = 1.6 x 10°
where K = 2a/R)(W, mm‘a/v)z . Since K, = (ZK)”2 the proposed critical Dean number, Kycriticary »
is 1780. The assumption is implicitly made that the Dean number is the correlating parameter
whereas Ito (1959) found that the critical Dean number increased with increasing critical

Reynolds number. Berger and Talbot’s proposed criterion would indicate that the critical

,R
Reynolds number is: Re cryicat =1780,/— . This does not approach the straight pipe value as R/a
a

gets large, whereas, Equation [2.3.1-5] does.

Numerical predictions of single phase turbulent flow in curved pipes and ducts are
reported by Patankar, Pratap and Spalding (1974); Pratap and Spalding (1975); Pratap (1976) and
Humphrey (1977). Patankar, Pratap and Spalding (1974) computed turbulent flow in curved
circular pipes of mild curvature (R/a ranging from 16.4 to 40) and high Reynolds number (68,000
to 236,000) using a fully parabolic scheme. Half-symmetry was utilized to minimize the
computational effort. A standard two-equation turbulence model was used with the equations
cast in a (r,0,9) coordinate system. Computed longitudinal velocity profiles showed qualitative
agreement with available data, while the computed local friction factors were underpredicted.
Pratap and Spalding (1975) used a partially parabolic scheme to predict the turbulent single
phase flow in a rectangular curved duct (R/Dy = 5.17) with an aspect ratio of 0.25 (the duct
dimension in the radial direction is four times that normal to it). Again, symmetry was utilized to
minimize the computational effort. The computed results are carried out so as to best simulate
the laboratory test configuration. Unfortunately, because of screens in the test loop and a very

short straight inlet section, the inlet velocity profiles used were specific to their test loop. The
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inlet velocity profiles showed two peaks; one at approximately 20 percent and the other at
approximately 80 percent from the inner wall.

Almost all of the analytical or experimental data reported in the literature is for one of
two inlet boundary conditions: uniform inlet velocity or fully developed profile. The discharge
condition of the air flow experimental rig is also of concern: the end of the 90° duct discharges
immediately to the ambient. This constant exit static pressure condition is at odds with the radial
pressure gradient that the curved duct imposes on the flow. Thus flow readjustments prior to the
end of the bend are noticeable. Results of computations of turbulent flows in curved ducts done
as part of this work are presented in the Results section.

Humphrey (1977) developed a fuily elliptic procedure and used it to predict laminar and
turbulent flows in a square duct of high curvature (i.e., R/Dy = 2.3). The laminar flow cases
show separation and recirculating flows at approximately 6°-12°on the outer wall. To avoid
separation, the centrifugal force would have to be balanced by a pressure gradient with a higher
pressure at the outer wall. If the flow has a near uniform inlet static pressure then the flow along
the outer wall will experience an adverse pressure gradient in the initial part of the bend as the
pressure on the outer bend increases towards the elevated level. This is possibly the explanation
for the separation. If the secondary flows are strong enough, the low momentum fluid from the
outer wall may be moved towards the inner wall and separation at the outer wall could be
avoided. However, there is a possibility that the flow could separate on the inner wall near the
exit of the bend. This is also caused by the lateral pressure gradient: the initial portion of the
bend along the inner wall experiences an acceleration as the near uniform inlet pressure
approaches a lower pressure level on the inner wall mid-way through the bend. This lower

pressure level midway through the bend must eventually return to a near uniform pressure at the
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exit and so an adverse pressure gradient could develop on the inner wall between approximately
60° and 90°.

Humphrey, Whitelaw and Yee (1981) presented extensive measurements for both laminar
and turbulent flow in a square cross section curved duct with radius ratio (R/Dy, of 2.3. A 45
diameter inlet section was used to assure a fully developed profile into the curved duct. Unlike
the laminar case, no separation for the turbulent flow was seen. The peak longitudinal velocities
occur near the centerline of the duct from inlet up to 71° ; close to the duct exit this peak moves to
approximately three-quarters of the way towards the outer wall. Up to around 45° , the
longitudinal velocities near the inner wall are larger than those adjacent to the outer wall; this
trend is reversed past 71°. In addition, the longitudinal diffusion is less than 2 percent of the
longitudinal convection for the present geometry. Thus it would appear that a fully elliptic
procedure is not warranted for this turbulent curved duct of radius ratio R/Dy = 2.3. The lateral
velocities are as large as 28 percent of the through flow in the duct’s center and directed away
from the center of curvature, and as large as 15 percent along the walls directed towards the
center of curvature. Measurements indicate that the destabilizing curvature of the concave walls
result in increased levels of turbulent kinetic energy and Reynolds shear stresses at the outer wall.

Taylor, Whitelaw and Yianneskis presented measurements in a duct similar to the one
used by Humphrey, et. al. (1981), (R/Dy = 2.3) and also in a duct with milder curvature (R/D;=
7) but with no long inlet section so that the flow developed as it proceeded through the bend.
The peak longitudinal velocities are displaced towards the inner radius from inlet to about 60°;
from here to the exit the peak velocities move somewhat beyond the duct’s centerline towards the

outer wall. The inlet boundary layers in this curved duct are thinner than with the duct with the
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long inlet section ahead and give rise to smaller secondary flow velocities. After 60°, the results
for both ducts are similar (i.e., regardless of their inlet condition).

The work cited above considered radius ratios of 2.3 and 7. Curved ducts with a radius
of curvature larger than 2.3 will quickly approach the qualitative features of the curved duct of
radius ratio 7 since the strength of the lateral pressure gradient varies inversely with the square of
the normalized radius of curvature, and the strength of the secondary velocities vary inversely
with the square root of the normalized radius of curvature.

Experimental laser doppler data for developing turbulent flow in a curved duct of square
cross section with normalized curvature of 1.5 has been given by Liu and Liou (1984). The
turbulence intensity was found to be very large in the region of the extra pair of vortices found for
high Dean numbers. The longitudinal velocities are higher near the inner wall for angles less than
approximately 70° but after this a serious velocity defect in the longitudinal velocity is seen near

the inner wall.

Curvatyre Correction Models for Single Phase Flow

Experiments with curved diffusers indicate pronounced effects of curvature on turbulence
quantities, Parsons and Hill (1973). The flow on the convex wall is stabilized, while the flow on
the concave side is destabilized, has enhanced turbulence kinetic energy production and an
increased turbulence length scale. In fact any flow in which the streamlines are curved will
experience such effects, even if the curvature is local. Local curvature effects of turbulence were

reported for a backward facing step by Cheng and Farokhi (1992). Since the standard k-¢
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turbulence model, which has been widely employed in turbulent flow, has had limited success in
predicting complex shear flows which are subjected to curvature or rotation, it may be preferable
to employ a transport equation for each of the Reynolds stresses so as to rigorously account for
the extra rate of strain induced by curvature. However, this greatly increases computational
effort. As a compromise, a number of approaches have been tried which seek an algebraic
modification to the standard k-e turbulence model. Cheng et. al. describe an algebraic

formulation for the eddy viscosity that is a function of the flux Richardson number:

. 2U/R
Rz—( n)aU 7 [2.3.1-6]
l+—=|—+—
R/ on R

where:  n is the coordinate normal to the wall;
U is the local tangential velocity;
R is the local radius of curvature

Their modification is based on Rodi’s (1976) algebraic Reynolds stress model for the

Reynolds stresses:
k* 24 Pr( Ri? +4Ri +1
=p——|1-Ri-p —| ——————— 2.3.1-7
M 983[ ¢8( T [ ]
I—CZ .
where: ¢ = —————=—  where: Pr and ¢ are the production and
Pr
£

dissipation rate of turbulent kinetic energy, respectively.
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oU . .. .
Note that on the concave outer wall, 6_ is less than zero so that Ri is negative, while on
n

the convex wall aa—U- is greater than zero and the Richardson number is positive. Thus the eddy
n

viscosity is diminished for convex curvature and stability is enhanced.

Parsons (1973) suggests modifying the mixing length based on Richardson number:

l—l- =1-K*Ri ; where K is on the order of 4. [2.3.1-8]

Narasimhan et. al. (1991) suggest modification of the turbulence constant C, based on
local curvature. Employing such an empirical model for wake flow behind an airfoil in a curved
duct showed improvement on the inner wall but resulted in poorer agreement with data on the

outer wall.

Pourahmade and Humphrey (1983) modified the standard two-equation turbulence model
by making the constant C, a function of streamline curvature similar to Narasimhan (1991).

Bergstrom et. al. (1993) modified the dissipation rate equation based on curvature so that
the resulting turbulence length scale became dependent on the local curvature. This allowed them
to compute the enhancement of the turbulent shear stress at the concave surface and the
corresponding reduction at the convex surface.

Some of these modifications to the standard k-¢ turbulence model were tried in the
present work in computing the curved duct studied by Humphrey. The results were mixed as will

be seen in the Results section.
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2.2 Two-Phase

2.2.1 Introduction

Bubbly flow is one of four flow regimes which can occur in two-phase flows. These flow
regimes include bubbly, slug, annular and mist flow; even these four classes can be further
subdivided. The flow regimes above are listed in order of increasing gas/liquid volume. Bubbly
flow consists of discrete bubbles dispersed in a continuous flow of liquid. Slug flow is marked by
the presence of cylindrical bubbles and liquid slugs passing alternately through a given station.
The annular flow regime consists of the liquid phase flowing along the channel wall in the form
of an annulus and the gas phase confined to the core. Mist flow is characterized by discrete liquid
droplets dispersed in a continuous gas phase. Some authors make finer flow regime divisions:
dispersed annular, churned slug, etc. which are combinations of the basic flow regimes defined
above. Note that bubbly flow and mist flow are topologically similar-- a dispersed phase inside
of a continuous phase. Slug flow and annular flow are also topologically similar: the phases
segregated longitudinally in slug flow and segregated transversely in annular flow. Various
authors over the last twenty-five years have proposed flow maps which are intended to determine
the flow regime based on overall flow conditions. Oshinowo and Charles (1974) proposed a map
which used the square root of the delivered gas to liquid volume ratio as the ordinate of the graph
and the Froude number modified by liquid properties as the abscissa. Weisman (1981) gave a
flow map derived from nuclear reactor loss-of-coolant tests. His map is based on superficial
liquid and gas velocities. Mishima and Ishii (1984) also give a regime flow map based on the
superficial velocities, (see Figure 2.2.1-1). Bubbly flow is seen to occur for the lowest range of

superficial gas velocity. Hsu (1976) presents a regime map with the ordinate given by the ratio of
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the gas to the total volumetric flow rate and the abscissa by the Froude number. This map is
shown in Figure 2.2.1-2.

Modern approaches for the modeling of two-phase bubbly flow can be divided into two
broad classes: 1) Locally Homogeneous Flow Analysis and 2) Separated Flow Analysis.
Separated Flow Analysis can be further divided into Mixture (or Drift Flux) models;
Eulerian/Lagrangian models and Eulerian/Eulerian (i.e., Two-Fluid) models. Direct Numerical
Simulation (DNS) solves the three-dimensional, time dependent Navier Stokes equations with
sufficient spatial and temporal resolution so as to resolve all scales of the turbulent motion. Direct
numerical simulation of two-phase flows at realistic Reynolds numbers may become a reality
sometime in the future. DNS has been used recently by Rouson and Eaton (1994) to predict
particle laden flows in two-dimensional channels at a Reynolds number of 1552. Lagrangian
tracking was used for the particles.

Locally homogeneous analysis is applicable when the interphasial momentum transfer is
much greater than momentum transfer between each fluid and its environment. In this case, the
two phases will have the same velocity. The fluid can be treated as a homogeneous single-phase
fluid of variable density. While this formulation applies strictly only to dispersed bubbles
approaching zero diameter, useful practical solutions have been computed using this model ,e.g.
two-phase pump inducer calculations by Cooper (1967).

Separated flow analyses allow for a finite interphase transport rate and thereby allowing
the two phases to have differing velocities. The difference in phase velocities is called slip. The
simplest form of this analysis is the Drift-Flux model. Governing equations are written for
conservation of mixture mass and momentum and incorporate unequal phase velocities by
defining expressions for the slip.
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The Eulerian/Lagrangian separated flow model solves a complete set of conservation
equations for the continuous phase and numerically integrates a differential equation(s)
representing the equation of motion for a particle. The Eulerian/Lagrangian algorithms can be
further subdivided into deterministic and stochastic models. The deterministic model accounts
for interactions between the bubbles and the mean properties of the continuous phase and has
been used by Mohamed (1988) to successfully compute axisymmetric pipe flows. The stochastic
approach models the instantaneous interaction of the continuous and the distributed phases by
sampling a probability density function based on the liquid’s turbulence intensity. This approach
has been successfully applied to model axisymmetric flows by Neti et. al. (1990).
Eulerian/Lagrangian methods are generally a good choice for flows with low volume fractions or
a dispersed phase which includes a wide size range. Eulerian/Lagrangian descriptions often need
several iterations between the main flow and the particle displacement equation based on the
main flow since the interaction is developed explicitly. When the void fraction (i.e., the volume
fraction of the distributed phase) is high it is more efficient to employ a Two-Fluid Model which
develops the distributed phase’s velocity implicitly.

The Two-Fluid model often allows for the most accurate description of the physics of the
problem. Each phase is considered separately via two sets of conservation equations. These
equations contain terms which model the interaction between the two phases, i.e., the interphase
momentum transfer terms. The two fluids are viewed as co-existing in the flow domain, each
occupying its fraction of the flow volume. This approach is thus also called the Interpenetrating
Continua method. Details of the microscopic interactions at bubble interfaces are considered
collectively in a macroscopic sense. The dynamics and trajectories of bubbles of varying

diameters can be simulated by adding another “phase” for another bubble class/size resulting in a
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Multi-Fluid model. However, the overall flow parameters, such as pressure loss, for a distributed
phase with various diameters can be modeled using the present computational algorithm with a
single phase of bubble size given by the Sauter mean radius, Ry, where:

Rgsm = 3*(Volume of the bubbles)/Surface Area of the bubbles.

The present work simulates a two-phase bubbly flow using a Two-Fluid Model. Terms
are added to the momentum equations to account for the interphase momentum exchange. The
present computer algorithm is capable of handling two-phase two-component problems (i.e.,
with no mass exchange between the phases). This is appropriate for water and air (or other
noncondensable gas) or water/oil flows considered in this work. Water and steam flows would
require additional terms in the continuity and energy equations.

The various levels of simulation sophistication result in increased understanding of the
details of the flow at the expense of computational effort. If the slip velocity between phases is
not too large then a simpler model, such as the homogeneous, may result in acceptable overall
performance predictions. However, if the details of the flow are required, such as the local
number of bubbles per second in different parts of a complex geometry then the two-fluid
approach will be required. An example would be flow in a nuclear reactor core where the local
heat rate is important and where because of the flow passage geometry the dispersed phase may
segregate. If an acceptable model exists to describe the local slip velocity then a simpler model,
such as the drift-flux model, may suffice. However, such data probably does not exist for
geometries that have not been previously investigated.

Previous two-fluid algorithms in the literature have used either algebraic turbulence
models or employed higher level turbulence models only for the continuous phase. The dispersed

phase turbulent eddy viscosity in these works has often been assumed equal to some constant
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times the continuous phase diffusivity (i.e., a particle Prandtl number). Another approach for
computing the turbulent eddy viscosity of the distributed phase is to relate it to the continuous
phase turbulent viscosity by means of an algebraic equation. The theory of a particle dispersed in
a turbulent flow field based on the work of Tchen (1947) and Peskin (1959) provides such an
algebraic equation. This modeling approach has been by Mostafa, et. al. (1987). In this work
turbulent flows have been computed utilizing both a constant particle Prandtl number as well as
by applying a two-phase modified two-equation k-& model to the distributed phase as well as the
continuous phase.

Some two-fluid algorithms in the literature have reported convergence problems when the
density ratio of the two-phases exceeded approximately ten. Problems were reported for Shah’s
algorithm (1978); the IPSA code (Spalding 1980) and the KFIX code of Rivard and
Torrey(1978). This topic will be discussed further in the Numerical Solution Algorithm chapter
later in this work. The algorithm presented here is robust and can handle water/air flows with a
density ratio of 1000:1. However, in the developmental stage the present author found it very
useful to compute water/oil flows (density ratio 1.13:1), especially for developing the algorithms
for void fraction computation and the lateral forces in a vertical duct of long length (i.e., Z/Dy
=45).

Carver and Salcudean (1986) and. Carver (1988) developed a two-fluid model for bubbly
flow in circular cross section elbows and return bends. This computational algorithm was used
to predict the flow in two circular cross section pipe bends that had been tested by Gardner and
Neller (1970). Their computations began at the inlet to the bend even though the test
configuration of Gardner and Neller was proceeded by a long vertical straight section. Carver

and Salcudean used a sinusoidal distribution of void fraction as an inlet boundary condition. This
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is physically unrealistic. Their model of the interfacial momentum transfer forces included only
the drag force and not the lateral lift force. Thus it is not expected that they would have been able
to properly predict the void fraction peaking at the end of the vertical straight duct.

A numerical two-fluid scheme for one dimensional flow with heat transfer was presented
by Dykhuizen et. al. (1984). A momentum equation was solved for the mixture and for the
lighter phase. An upwind differencing scheme is used, which is expected to be accurate only for
convection dominated flows. Their numerical procedure requires that the equations be cast in a
form such that the resulting matrices representing the equations are lower triangular. [t is not
clear that this can be done for the general three-dimensional problem.

A two-fluid code has been developed by the United Kingdom Atomic Energy Authority’s
Harwell Laboratory, and has been reported by Lo (1989 and 1990). Spalding’s numerical
procedure (1980) was used for computing the void fraction. Numerical predictions for various
two-dimensional problems were presented, including a free surface problem.

A two-dimensional two-fluid code for the prediction of oxygen droplet dispersion in a
hydrogen gas flow was presented by Simonin et. al. (1991). Turbulent predictions of the
dispersed phase were made by using Tchen’s theory of dispersion of particles in a turbulent
stream.

Dilute (i.e., less than 10 percent void fraction) bubbly two-phase axisymmetric jets in
vertical up-flow were predicted and measured by Sun and Faeth (1986). Laser Doppler
Anemometry was used to measure bubble velocities and flash photography was used to measure
bubble size and distribution. Predictions were made assuming | mm diameter utilizing a locally
homogeneous flow analysis; using a deterministic separated flow Eulerian/Lagrangian scheme as

well as a stochastic separated flow Eulerian/Lagrangian code. The motion of the bubbles was
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predicted using a Lagrangian approach based on the Basset-Boussinesq-Oseen equation. This
includes the influence of gravity, virtual mass, drag and the Basset history forces. Both of the
separated flow models employed similar schemes for determining the bubble motion. In the
deterministic model, the bubbles interact with the mean liquid properties while in the stochastic
model the bubbles interact with the instantaneous liquid properties via a random walk method. A
statistically significant number of bubbles are tracked (typically a few thousand). The bubbles
are assumed to interact with eddies whose properties are found by making a random selection
from the velocity probability density function of the continuous phase. Theses Gaussian
probability density function are assumed to have a standard deviation of (2k/3)*°. A primary
goal of their work was to quantify the importance of the virtual mass and Basset force for bubbly
flow. (These forces can be seen to be negligible for particle laden flows.) It is expected that
these forces could be more important in bubbly flows than in particle laden gas flows. Their
work indicated that the inclusion of the Basset force only marginally improved the accuracy of
their predictions while significantly increasing the computational effort resulting in the
conclusion that the calculation of the Basset force was not warranted.

A two-fluid model that combined the solution of an additional equation for the fluctuating
kinetic energy equation of the particles in a particle laden gas/solid flow with the momentum
equation of both phases is reported by Gidaspow et. al. (1991). The pressure term in the
momentum equations of the particulate phase is considered to consist of the static normal stress
and the dynamic stress, called solids pressure, which arises due to the collision of particles. A
kinetic theory is used to model the solids phase pressure. A similar approach could be used to

extend the method used in this work to compute particle laden flows. Experimental data for
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fluidized beds including velocity profiles have been measured by Randelman, Benkrid and

Caram. Numerical simulations of these beds is a future possibility.
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2.2.2 Flow Geometries

Eree Shear Flow Problems

A theoretical and experimental investigation into particle laden turbulent jets is report by
Shuen (1984). Three different analyses were used: 1) a locally homogeneous flow model (slip
between phases is neglected); 2) a deterministic Lagrangian/Eulerian approach; 3) a stochastic
Lagrangian/Eulerian calculation. All three models used a k- turbulence model. The third
approach yielded the most accurate predictions.

Particle laden axisymmetric turbulent jets have been computed using a two-fluid model
by Elghobashi (1984). A two-equation turbulence model for incompressible dilute two-phase
flows is presented which requires new numerical constants evaluated on the basis of two-phase
jet spreading data. The turbulent eddy viscosity of the liquid droplets is evaluated by introducing
a droplet Prandtl number. The universality of their proposed turbulence model is yet to be proven.

Lagrangian/Eulerian calculations of two-phase bubbly jet flows are reported by Sun
(1985) and Sun and Faeth (1986). Measurements were made in a water tank in which a bubble
ejector at the bottom was used to create an upwardly flowing jet. Two variants of
Lagrangian/Eulerian calculations were made: a deterministic and a stochastic calculation that
were described earlier. The stochastic approach yielded more accurate predictions and is
recommended by the authors of this work.

A very similar paper to the one above was written two years later in which particle-laden

turbulent water jets in still water were measured and computed by the same deterministic and
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stochastic Eulerian/Lagrangian approach. The major difference found was that the present flows
possessed higher relative turbulence intensities. This resulted in increased particle drag relative
to calculations based on a standard drag law.

Mostafa and Mongia (1987) compared two-fluid (Eulerian/Eulerian) predictions to those
from an Eulerian/Lagrangian stochastic formulation for turbulent evaporating dilute sprays. They
concluded that the Eulerian/Eulerian model yielded results closer to the available data and that it
was more efficient (in terms of run times). The authors do point out that there are certainly cases
when the opposite might be true--such as flows in which rebounds from the walls are important.)
The turbulent eddy viscosity of the dispersed phase used in the two-fluid model was calculated
based on a local droplet Prandtl number defined as the ratio of the droplet eddy viscosity to the
continuous phase turbulent eddy viscosity.

From the above discussion, it is apparent that none of the models reviewed above
accounted for lateral lift forces. It is possible that this effect is not important since the lateral

gradients of velocity are smaller than those in internal duct flow problems.

Straight Ducts

Mohammed (1988) used a deterministic Lagrangian/Eulerian calculation and Neti and
Mohammed (1991) used a stochastic Lagrangian/Eulerian calculation to compute low void
fraction bubbly upflow in a circular cross section pipe. The mixing length was adjusted for two
phase-flows by utilizing a two-phase flow multiplier dependent on local quality. The
deterministic separated flow model was found to underestimate the region containing bubbles;

while the stochastic separated flow model was deemed superior.
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A two-fluid model was applied to vertical up-flow in a circular cross section pipe with
low Reynolds number by Antal et. al. (1991). Because of the low Reynolds number assumption
the turbulent Reynolds stresses were not included and hence no turbulence modeling is necessary.
A Galerkin finite element method was used to solve the equation set. The lateral lift force
formulation of Drew and Lahey (1987) was used. The paper presents some comparisons with
data, although the authors note that data is limited for low Reynolds numbers. The near wall
peaking of the void fraction which was evident in the data was properly predicted.

Turbulent two-phase bubbly water and air flows in a pipe of circular cross section were
experimentally investigated for both vertical up and down flows [Wang et. al. (1987)].
Measurements were made with a three wire hot-film anemometer. A peak in the void fraction
close to the walls was measured for up flow. For the vertical down flows, the bubbles were found
to move toward the center of the pipe causing void coring. It was found that at moderate and high
Reynolds (23,000 to 44,000) numbers the turbulence increased monotonically with void fraction.
However, at the highest Reynolds numbers it was found that the turbulence levels reached an
asymptotic limit with increasing void fraction and at extremely high Reynolds number the
turbulence actually decreased with increasing void fraction. A possibie explanation is that while
the turbulence generation increases with void fraction the increase in dissipation may eventually
offset the generation.

The radial distribution of turbulent kinetic energy production, dissipation and diffusion
for bubbly up-flow in a vertical circular cross section pipe was studied by Kataoka and Serizawa
(1993). Turbulence generation and dissipation is shown to be largest at the pipe center. The

Reynolds number was 30,000. The diffusion contribution was fairly constant across the section.
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Bubbly up flow with a sudden expansion was analyzed with a two-fluid model in a
circular cross section pipe. For such flows the presence of the interfacial drag force in the
momentum equations introduces source terms into the transport equations for both the turbulent
kinetic energy and for dissipation of turbulent kinetic energy. These source terms were first
identified by Gosman et. al. (1992).

A two-fluid Eulerian/Eulerian model for particle laden flows is applied to the flows inside
a fluidized bed combustor by Gidaspow, et. al. (1991). The combustor and an electrostatic
separator were modeled as two-dimensional flow problems. The solids phase pressure was
calculated by using a kinetic theory model. Solids volume fractions as high as 0.4 existed at the
bottom of the combustor bed. The solids circulation was predicted as well as the hold-up in the
combustor.

Turbulence modeling for particle laden jet flows was studied via a two-fluid model by
Elghobashi et. al. (1984). The turbulent eddy viscosity of the distributed phase was calculated
based on a local turbulent Prandtl number (i.e., the ratio of turbulent eddy viscosity of the
dispersed phase to that of the continuous phase). This in turn is based on the theory of an isolated

particle in a turbulent fluid as given by Tchen (1947) and later refined by Peskin and Soo (1967).

Curved Ducts

Two-dimensional planar two-phase curved channel computations were made by Carver
(1982 and 1984). He extended his work for axisymmetric circular cross section pipe flows (1986
and 1987). In the latter work an inlet void fraction profile at the start of the duct was assumed.
Unfortunately, the distribution chosen is not a realistic distribution for vertical up flow a

sinusoidal curve with its peak value located at the duct’s center was used. Carver was able to
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successfully compute both velocity and void fraction profiles for the flow in bends for water/air
flows.

Carver’s (1984) work reviewed the various approaches for constructing a void fraction
algorithm. Two equations of mass conservation are available, one from each phase. One of those
equations could be used to develop the pressure correction equation, while the other used for
constructing the void fraction algorithm. This approach, however, is not successful when the two
phases have widely disparate densities since the effect of the heavier phase overwhelms the
lighter phase. In the Spalding IPSA method (1980) volume fractions for each phase are computed
separately from their mass conservation equation; and then the imbalance in volume fraction (the
difference by which they do not sum to unity) is used to derive a pressure correction. Carver
argues that this procedure suffers from convergence problems when the density ratio is large as
the heavier phase dominates. Carver recommends first normalizing each mass conservation
equation by its own reference density and then summing the two equations to form an equation
that will be used to determine the pressure correction. The two normalized mass conservation
equations are then subtracted to develop the equation for determining the void fraction. This
basic approach with some modification is used in the present work.

Carver used a standard single phase k-€ turbulence model for the continuous phase and
assumed a turbulent Prandtl number of unity to determine the turbulent eddy viscosity of the
distributed phase. However, Carver’s turbulence model neglected the effect of the presence of
the bubbles on the continuous phase’s turbulence. A description of the present approach to this

problem is given in Section 4, Mathematical Models.
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2.2.3 Fluid Turbulence Modification Induced by Bubbles

The interaction of the dispersed phase (bubbles/particles) with the continuum phase fluid
tends to modify the fluid turbulence. Qualitative changes in turbulence due to the presence of
particles have been reported by Tsuji (1991) for reacting flows. It is reasonably apparent that the
presence of bubbles or particles in a flow should induce additional turbulence. Consider the
changes induced in the present curved duct test rig when bubbles are injected into what is
originally a single phase flow. There are strong lateral and longitudinal pressure gradients in the
flow. These pressure gradients will generate different fluid and bubble accelerations due to the
mass differences between the two phases. This relative acceleration between the two phases can
be expected to cause additional velocity fluctuations.

It is still unclear how relevant data based on heavier particle laden flows is to bubbly
(lighter) flows. It is reasonably apparent that relatively light bubbles moving in the fluid
turbulence could enhance turbulence and the presence of heavy particles in a particle laden flow
may also be expected to dampen turbulent fluctuations. A primary concern of present research,
is to determine conditions under which turbulence is enhanced and under what conditions it may
be suppressed. Gore and Crowe (1989) performed experiments of particle laden flows as well as
bubbly flows. They found the correlating parameter to be the ratio of the particle or bubble
diameter, dy,, to the turbulent length scale, I.. The turbulent length scale is based on the most
energetic eddy. The ratio of dy/le = 0.1 appears to be the determining factor as to whether
turbulence is increased or decreased.

A rather different view of the controlling phenomenon was advanced by Hetsroni (1989)

who explains the enhanced turbulence by the vortex shedding of the particle or bubble and hence
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focuses on a relative velocity. He proposes that the presence of the distributed phase with a low
bubble Reynolds number tends to suppress the fluid turbulence while flows with high bubble
Reynolds number tend to increase the turbulence.

A modified turbulence model based on the standard k- model is presented by Besnard et.
al. (1991). This model accounts for the fluctuating energy induced by the particles or bubbles.
This energy is either fed into turbulence or dissipated directly as heat.

The effect of the dispersed phase on mean quantities of velocity and void fraction led to
theories in which the von Karman constant is modified by the presence of the bubbles. Hino
(1963) and Neti and Mohammed (1990) report theories in which the von Karman constant is
modified to account for the local presence of the distributed phase.

Boundary layer studies have shown that wall turbulence is not only random but consists
of organized motions. The burst phenomenon has been studied: ejection of low-momentum fluid
from the wall region to the main stream followed by an in-rush of high momentum fluid into the
wall region [Walker et. al., (1989)]. The burst process seems to be a major contributor to the
Reynolds stresses and may play an important role in two-phase flows to the degree that the
dispersed phase is affected by the turbulent eddies.

In the present work a two-phase turbulence model is used that appears naturally from the
derivation of the transport equations. These equations are derived from the momentum equations,
which for two-phase flows include a momentum interchange force. When the transport equations
are derived (see Appendices VI and VII) additional terms result which are included as source
terms for both the k and € equations (these are denoted as Sy and S, respectively). The present

turbulence model as derived in this work is consistent with that given by Wang, et. al. (1994).
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This is unlikely to be the last word on two-phase turbulence transport modeling, but a plausible

model that will be improved upon with further experimental and numerical studies.
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3. EXPERIMENTS

Pressure drop measurements in an air/water bubbly flow have been made as part of this
work. The measurements were made in a Plexiglas test section which permitted viewing and
photographing the bubble trajectories throughout the test section. This chapter describes details

pertaining to the experimental set-up, measurement details and results.

3.1 Description of Setup

A single and two-phase closed loop flow test rig has been built and instrumented to
obtain flow data that can be used to validate the numerical predictions. The present loop is a
modification of the loop built by Neti et. al. [1983]. The test section was made of transparent
Plexiglas. The duct cross section was square with a 25 mm side. A 48 hydraulic diameters long
inlet vertical section of duct precedes a 90° elbow. This curved duct section has a mean radius-
to-hydraulic diameter ratio of 5.5. The curved duct is followed by a horizontal square section
which is 15 hydraulic diameters long. Air bubbles could be injected at the bottom of the vertical
inlet section. The air injection hardware consisted of a2 compressor and regulator to supply air to
a manifold arrangement of small tubes which run across the duct cross section. These tubes have
been drilled with 0.5 mm diameter holes which admit air bubbles to the duct. The air injection
rate is measured by a gas rotameter which is located between the compressor and the manifold.
A schematic of the test section plus the other components of the test loop are shown in Figure
3.1-1. The test section and the bubble manifold described above and piping to permit the water

flow to be diverted to a weigh tank for flow instrumentation calibration has been added during
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this work. A 10 gpm centrifugal pump (STA-Rite 1/3 hp , 115 volt) was used to circulate the
water. It was driven by an electric induction motor: Model S48H2ECI11.

Water flow was measured with a rotameter located between the pump discharge and the
inlet to the test section. Air flow was measured by an air rotameter that was located between the
air compressor regulator and the bubble injector. Both the air and water rotameters consist of a
scribed vertical cylinder through which the fluid passes. A float rests inside of the cylinder at its
base when there is no flow. As flow is increased the float rises up the tube. At equilibrium the
downward force exerted on the float by its mass is balanced by the float’s buoyancy and the drag
force of the fluid which is flowing vertically upwards. The flow loop could be run at duct
Reynolds numbers as high as approximately 30,000. A resistive heater allowed the water

temperature to be increased to achieve higher Reynolds numbers.
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3.2 Instrumentation

The test section was instrumented with sixteen pressure taps, (see Figure 3.2-1). Pressure
taps were located 5 hydraulic diameters upstream of the elbow. The 90° curved duct had eight
pressure taps: at the inlet, at 30°, at 60° and at the exit of ninety degree bend. Taps were located
on the inside and outside of the duct at each of these stations. Six taps were located in the
horizontal duct downstream of the curved duct. Taps were located on all four faces of the duct at
a downstream location of five hydraulic diameters. Pressure transducer tubing is attached to the
pressure tap in the duct’s side wall by the permanent addition of a nipple which blocks the view
of the bubble patterns as they transit the test section. So, taps were not generally located on the
forward face of the duct so as to maximize the optical access.

Bubble trajectories were recorded on a NTSC compatible video camera. Camera output
could be monitored real-time and amplified and directed to a commercial frame grabber board.
Data Translation’s DTS5-LC board is used with an IBM compatible personal computer. The
board provided image acquisition, image display of the acquired signal and image storage. A
high speed memory buffer stored the array of pixel values corresponding to a frame in real-time.
The board and attendant software for displaying and saving an image is intended for scientific
imaging and includes a phase locked loop at the input end to synchronize the board to the video
camera; does not compress/decompress data which can lead to a loss of accuracy and utilizes 8-
bit grayscale. The board acquires images in real time, i.e., was able to acquire the 512 pixels per
line and 480 lines per frame in 1/30th of a second with an A/D converter with a throughput of 10
MHz. The captured images could be save in TIFF format. Image processing software can be

used to improve contrast and brightness and to detect images. The commercially available
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imaging utility “Halo Desktop Imager” from Media Cybernetics was used for this purpose.
These images were used to determine the void fraction distribution at different locations in the
test loop for comparison with the numerical predictions.

The pressures were recorded with a Validyne diaphragm type differential pressure
transducer. The transducer range is 0 to 50 mm H,O with a 0.02 mm resolution. The output of
the transducer is a DC voltage which could be read on a multimeter as well as being input to the
IBM compatible PC data acquisition analog to digital board. The differential pressure transducer
has two ports which supply a test pressures to each side of the active diaphragm. All of the
pressure measurements were referenced to tap #7 which is at the inlet to the 90° curved duct
(Figure 3.2-1) by leaving the pressure tubing connected between this tap and one of the
transducer’s ports. The other transducer tap was sequentially connected to each of the pressure

taps and the pressure at that tap read and recorded to the A to D board.
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3.3 Experimental Procedure

3.3.1 Calibration of the Rotameters

The rotameters were calibrated by correlating the float position with a volume flow rate
which is measured by a precise secondary means. The water rotameter calibration was performed
by running the loop at a flow rate and using a fast acting valve thrown to divert the flow to a
weigh tank. The time to collect a given mass was recorded. Typically 100 lbm of water was
collected, that would take on the order of several minutes. This calibration was done with water
temperatures at 70° F and 100° F. The volumetric flow rate was thus correlated with a rotameter
height reading. Figure 3.3.1-1 is the calibration curve of Reynolds number (based on the 25 mm
hydraulic diameter duct) versus rotameter reading as a function of temperature.

A calibration curve for air flow rate with rotameter reading was established by using an
Orsat apparatus (volumetric air displacement). This calibration curve is given in Figure 3.3.1-2.

The output of the Validyne pressure transducer and display unit was a D.C. voltage
linearly proportional to pressure. The transducer calibration was verified by applying pressure to
both the transducer and an inclined manometer via tubing with a tee. The pressure transducer

reading is:

mm H,0 = 0.5(Voltage Reading) [3.3.1-1]
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Pressures were read and automatically logged into a PC by using the data acquisition
software. Each pressure was read as 100 voltage values taken at 0.1 second intervals, and were
then averaged. The pressure data was then transferred to a spread sheet program, along with
other parameters and reduced the data. Samples of spread sheet data are shown in Figure 3.3.1-3

and 3.3.1-4.
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Figure 3.3.1-4 Spread Sheet for Data Reduction, continued




3.4 Data and Results

Single and two-phase pressure loss data for the bend was measured using the
methodology suggested by Ito (1960) and Blevins (1984). The pressure drop was measured
between stations located in the vertical straight inlet duct before the bend and in the horizontal
straight duct after the bend. The velocity profile at the bend’s exit is distorted. It recovers to a
uniform velocity profile at some distance downstream and there could be significant pressure
changes associated with this. Pressure loss for fully developed straight duct flow in a length equal
to the combined length of the inlet and exit straight sections was subtracted from the overall
measured loss. In this way the total loss associated with the bend is measured, including the
mixing loss which occurs downstream of the bend.

Single phase loss data taken in the present test loop is compared to the empirical
correlation given by Blevins on Figure 3.4-1. Agreement is good at the higher Reynolds numbers
(24,500). The present measurements of loss coefficient are twelve percent higher than the
Blevins correlation at lower Reynolds numbers (15,400).

Water/air two-phase pressure loss data for the curved duct measured in the present test
loop is compared with the Chisholm empirical correlation (1980) for the curved duct geometry
(i.e., R/D =5.5) in Figure 3.4-2. The agreement is very good. The two-phase multiplier for the
present data is a few percent higher than Chisholm’s empirical correlation.

Two-phase pressure loss data for the flow in the horizontal straight section is shown in
Figure 3.4-3. This figure compares the present data to the Lockhart-Martinelli correlation
[Wallis (1969)]. Presently measured two-phase loss multiplier is approximately 25 percent

greater than that given by the Lockhart-Martinelli correlation.
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Two-phase pressure loss data for the flow in the vertical straight section is shown in
Figure 3.4-4. The figure shows a comparison of the present data to that of Lockhart-Martinelli
correlation [Wallis(1969)]. The presently measured two-phase loss multiplier is approximately
35 percent greater than that given by the Lockhart-Martinelli correlation.

The difference between the present straight duct loss measurements, whether in the
horizontal or the vertical section, and the empirically derived correlation in the literature can be
attributed to the lack of sufficiently long straight sections in the present test loop to make this
measurement accurately. The present test loop was not designed for the purpose of making these
straight duct measurements. The measurement section for the straight section is only five
hydraulic diameters long. This measurement section for the horizontal duct starts just five
hydraulic diameters after the bend exit. The flow is probably not fully recovered at this point so
the horizontal duct loss may include some of the loss attributable to the bend. The test section for
determining the vertical straight loss ends immediately at the start of the 90° bend. It is possible
that some elliptic effects of the bend cause an acceleration of the flow at the bend inlet that is then

recorded as excess total pressure loss over the straight measuring section.
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3.5 Experimental Uncertainty

Measurements of the pressure drop and the continuous phase average velocity are used to

compute the loss coefficients reported in the previous section:

K =1— [3.5-1]
—oV?
2F’

Logarithmic differentiation of the equation for the loss coefficient indicates that the

experimental uncertainty in the loss coefficient is:

= — 22— [3.5-2]

AK AP AV
K P

The liquid velocity is determined from the calibrated rotameter. Its uncertainty is 3
percent. The pressure drop is read from the calibrated pressure transducer whose uncertainty is 4

percent. Thus the overall uncertainty in the loss coefficient is:
AK
K

= 004 + 2(003) = 010 or +10%  [3.5-3]

This analysis represents the random error. The loss coefficients determined in this work

for the curved duct agree with the data in the literature to within this random error uncertainty.
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As explained in the previous section, the loss coefficient determined for the vertical
section is based on the pressure drop across a straight section immediately before the curved duct.
Any elliptic effect from the bend that induces an acceleration at this plane will be interpreted as
part of the straight section’s pressure drop, potentially resulting in too large of a loss coefficient.
Similarly, the loss for the horizontal section is determined by the pressure change in a section
which is just five hydraulic diameters long and starts just five hydraulic diameters downstream of
the bend. Thus some of the flow distortion induced by the bend may be interpreted as increased
loss in the horizontal section. Therefore the measurements in the straight ducts include not only
the random error analyzed above as approximately 10 percent, but also a bias error. This bias
error is in the direction of increased loss coefficient for both the vertical straight duct and the
horizontal straight duct. As noted above also, the intent of the present experimental study was to

investigate the curved bend and not necessarily the straight duct.
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4. MATHEMATICAL MODELS

4.1 Introduction

The analysis of two-phase bubbly flows presented herein is based on a “Two-Fluid”
model (also called a Eulerian/Eulerian model). Each phase is considered to be a continuous
medium which interpenetrates the other; thus the name “interpenetrating continuum” is also used
for this basic modeling approach. It is assumed that both phases occupy each point in the mixture
simultaneously. Conservation equations are written for each phase in an Eulerian frame. The
dependent variables that arise from the solution of this equation set represent a time average at a
given physical location in the computational domain. An observer viewing the two-phase test
loop would see, for instance, many bubbles tracking on the inside radius of the curved duct and
fewer on the outside of the bend. At any instance in a given location there is either an air bubble
or water present. If however , an average is taken over a “long” period (t>>L/W), an average
void fraction at each location can be found and its value would lie in the range <0.0,1.0>. This is
the interpretation of the void fraction computed by the two-fluid model. Thus the details of the
instantaneous flow conditions have been lost to the averaging process and the interaction of the
continuous phase and the distributed phase are modeled “collectively”.

Water/air or water/oil problems are considered in the present work. The two-fluid model
can be employed when the distributed phase is composed of bubbles of only one size. Then the
numerical computations accurately model not only the overall flow parameters (such as pressure
loss) but also the details of the trajectories. However, the overall flow parameters, such as

pressure loss, for a distributed phase with various diameters can be modeled using the present
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two-fluid model for a two-phase flow with a distribution of bubble sizes represented by their
Sauter mean radius, Rgy;, where:

Rsm = 3*(Volume of the bubbles)/Surface Area of the bubbles.
[f the detailed trajectories are required of a dispersed phase which is composed of bubbles of two
different diameters then it would be necessary to include another “fluid” in the computations.
Additional bubble diameters could be included in the computations by adding other*“fluids” for
each new diameter introduced. In such a case the approach would be considered a “multi-fluid”

model.

4.2 Dimensional Analysis for Two-Phase Flow

There are twelve independent variables for two-phase flow in a straight-curved duct.
These are:
az’Pansz’Wz:gaﬁ’dbao',Dmanz
where: «; is the void fraction
p is the density
v is the kinematic viscosity
W is the mean axial velocity
with subscripts 1 and 2 representing the two phases
For the flow phenomenon in question, there are three fundamental quantities: force,
length and time. Buckingham-Pi theorem specifies nine (12-3 = 9) independent dimensionless
parameters for the problem. Figure 4.2-1 lists the nine dimensionless parameters. These include

four familiar groups: two Reynolds numbers (one for each phase), Froude number and Weber
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number. Several other combinations of dimensionless groups can be formed to total nine.
Described below is one such possible set.

The fifth dimensionless group is the ratio of body forces to drag. This parameter defines
how important the shear forces are in the development of the flow. The body force would tend to
move the dispersed phase in its preferred direction. Were it not for the drag exerted by the
continuous phase on the dispersed phase, all of the dispersed phase would move rapidly in the
direction of the body force. The body forces include gravity, centrifugal forces and the lateral lift
force. In vertical up flow (along +Z direction) the dominant force in the lateral direction (i.e., X
direction in the lateral plane) is the lateral lift force which tends to increase the void fraction
along the duct’s side walls. This can be seen from this dimensionless group where there is no
gravitational effect since the sine of zero degrees is zero and there is no centrifugal effect since
the radius of curvature is infinite. In the curved portion of the duct, gravity and the centrifugal
terms compete: at small angles in the curved duct, the centrifugal term dominates; however, near
the end of the duct (close to 90°) gravity dominates. In between, midway through the curved
portion the two forces are comparable in magnitude. The lateral lift force is a second order effect
in the bend since centrifugal force is proportinal to W,> while the lateral lift force is proportional
to W (W-W5).

The sixth dimensionless group is formed by the ratio of inertial forces to drag force. This
defines how well the dispersed phase can follow the continuous phase. When this parameter is
large the dispersed phase will not follow the continuum flow well. By considering this group it is
seen that this can occur if the bubble is large or very light compared to the continuous phase; if

the drag is very low or if the relative velocity is low.
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The seventh group is the ratio of bubble diameter to the hydraulic diameter of the duct.
This parameter is seen to be important when attempting to use subscale model for the testing of
two-phase flow problems to determine the full scale fluid mechanics of a complex geometry, such
as subscale model testing of flows in nuclear reactor cores or large pumping systems.

The eighth group is the ratio of densities of the two phases. This is an important
parameter as many numerical experimenters can testify when attempting to model water/air flow
where the density is nearly a thousand to one.

The ninth group is the ratio of centripetal force to viscous force.

68

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



12 Independent variables: QL2, p |, p25 Wi, Ws, g, R, dy,6,Dpy,v 1,V2

=> 9 Dimensionless Parameters
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- WDy
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a1 W +a, W3
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oy W a3
(Pl-Pz){gsine —[_“Tzl] W =y) % }
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7-Geometric Parameter: D
H
8-Density Ratio: %T'
(al w 1“2"’2) Dy
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Figure 4.2-1 Dimensional Analysis for Straight and/or Curved Duct
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4.3 Governing Equations

4.3.1 Introduction

The two-fluid equations are derived by Eulerian time (or statistical) averaging of the
Navier-Stokes equations with the interaction between phases incorporated into an interfacial
momentum force. This averaging technique results in a “filtered” set of equations which do not
contain the details of the interfacial interactions [Drew (1983)]. While these details are essentially
unwanted, the averaging process does result in a loss of information which is then supplemented
by constitutive equations, employed to model the interfacial momentum forces. These
constitutive equations are one of the areas of investigation that merits additional work. The
constitutive equations which are used in the present work are applicable to bubbly flows; void
fractions limited to approximately 0.3 to 0.5. At higher void fractions bubbles coalesce to forms
slugs and at even higher void fractions can stratify completely and/or form annular flow. The
present code has been demonstrated to be robust and stable even as local void fractions approach
unity (but with bubbly flow constitutive equations). However, additions to the constitutive

equations are needed to treat such regions rigorously.

4.3.2 Interfacial Momentum Transfer

The interfacial force used in this work comprises the drag force and the lateral lift force.
Additional forces which under certain circumstances might also be considered are the virtual
mass and the Basset forces. The virtual mass and Basset forces are transient forces which would

be included as the present algorithm is extended to compute unsteady flow processes. The virtual
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mass force is the force required to accelerate the apparent mass of the continuous phase when the
relative velocity between the phases change. The Basset force arises from the acceleration

induced changes of the viscous drag and the unsteady boundary-layer development.

4.3.2.1 Drag Force

The drag force is modeled by a constitutive relation based on the steady-state drag of an
isolated spherical particle. The model used was that utilized in the Los Alamos code TRAC

(1978):

Cp=240 for Re, <0.1 [43.2.1-1]
Cp=24/Re, for 0.I<Rep<2 [43.2.1-2]
Cp=9.35/Re," % for Rey> 2 [4.3.2.1-3]
Cp=0.1 for Re;> 300,000 [4.3.2.1-4]
PV et Dbt

where Rey, is the bubble Reynolds number =
Hy

For very low Reynolds numbers the drag is given by the Stokes formulation (i.e., 24/Re;)
which is analytically derived by neglecting inertial terms. This is only good for symmetric flow
around a sphere, generally Re, <2.0. At moderate Reynolds numbers, inertial forces cause an
asymmetric flow and the boundary layer separates and a stationary ring vortex forms behind the
sphere. As the Reynolds number increases the ring vortex oscillates until it detaches and forms a
wake downstream of the sphere for a Reynolds number of 500. The drag coefficient can be

0.68

approximated in these last two regimes as 9.35/Re This correlation fairly fits the drag

coefficient that decreases smoothly to about 0.4 at a Reynolds number of about 300,000. This is
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called the critical Reynolds number. At this point the boundary layer becomes turbulent and the
point of separation is delayed from about 82° to 120°. The drag coefficient is reduced to 0.1. The
drag coefficient then slowly increases with increasing Reynolds numbers. Although the bubble
Reynolds number varies locally in the duct problem, typical levels of Reynolds number are 100-
300.

Other factors which affect the drag coefficient are non-sphericity of bubbles, surface
roughness (which could be important for particle laden flows) and relative turbulence intensity.
A distributed phase which is not spherical will have an increased drag coefficient. Some
correlations based on a sphericity factor were given in Jayanti and Hewitt (1991). Increased
surface roughness can lower the critical Reynolds number and hence cause a lowering of the drag
coefficient. A similar effect of lowering the critical Reynolds number can occur as the

turbulence intensity levels increase.

4.3.2.2 Lateral Lift Force

Lateral or transverse lift forces are generated on the distributed spherical phase due to
particle rotation or because the distributed phase moves through a velocity gradient or shear flow.

In the case of particle rotation, velocity is added to the side of the sphere where the
velocity is in the same direction of rotation and thus effectively increasing the velocity on this
side while retarding it on the other side. Due to the associated static pressure change, the particle
tends to move towards the direction of higher relative velocity. This is often called the Magnus
effect. Drew and Lahey (1987) and Antal, Lahey and Flaherty (1991) compute a lateral lift force

on particles by postulating that the particles rotate with an angular velocity equal to one-half of
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the local velocity gradient. However, experimental verification of bubble rotation rates has not
been published so that the physical underpinning of this theory has not been established.
Saffman (1965 and 1968) computed the lift force for a sphere moving through a simple

shear flow:

812 p¥_ R

= 5 where: Kk = VWa  [4322-1]
v

Flateral =

This result is valid only for very small Reynolds numbers and low shear rates. Mei and
Klausner (1994) extended Saffman’s work for finite Reynolds number and finite shear rates.
Their lift force reduces to Saffman’s as the Reynolds number approaches zero but has a lower
value elsewhere.

Zun (1980) studied the forces that a bubble in vertical flow experiences. These include:
the Magnus effect; the influence of the liquid velocity gradient; the static pressure change over
the cross section due to turbulence; and the Magnus force due to circulation of liquid around the
bubble together with the Bernoulli force due to stronger back flow on the wall side of the bubble.
He concluded that the effect of the liquid velocity gradient is the largest influence on bubble
migration.

The shear lift force on solid particles with both phases going downwards in a pipe with a
sudden expansion was studied by Founti et. al. (1994). They conclude that the dominant lateral
force is that to due to the transverse lift force due to shear gradient as formulated by Saffman.
Their analysis shows that the Magnus effect is of second order compared to the Saffman effect.
For the vertical down flow, the solid particle velocity is greater than the corresponding velocity of
the fluid. The transverse shear lift act to disperse the solid particles towards the pipe walls.

The theory of Saffman with Mei and Klausner’s correction was used in this work.
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4.3.3 Fluid Turbulence Modification Induced by the Bubbles

The transport equations for k and € are given below in section 4.3.4 Equation
Development. These equations include additional source terms Sy in the turbulent kinetic energy
equation and S; in the dissipation equation. These additional terms arise in the development of
the two-phase turbulent transport equations from the momentum equations. The presence of the
interfacial momentum exchange force term in the momentum equation results in these terms
appearing in the turbulence model.

Sy =2*CNST2 (C-1) k and [4.3.3-1]

S, =2*CNST2 (C-1) ¢ [4.3.3-2]

where: C, is the ratio of dispersed phase to continuous phase turbulent
velocity fluctuation. It is set equal to 1.5 in this work based on Wang (1994).
These source terms result in an increase in turbulent kinetic energy by approximately 10
percent for two-phase (inlet void fraction of 0.07) computations compared to the same with

everything else the same but with these terms turned off.

The mixing length relation, 1 = xy, is modified to account for the presence of the
distributed phase. A two-phase flow multiplier is used to account for this.

The present computation uses modified von Karman’s constant, given below:

= @i,k [4.3.3-3]
where: @, = l:l -X, d”—""(gz— - 1):'
Dy \p,
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and x, is the quality or mass fraction of the dispersed phase

The concept of Neti and Mohammed (1990) has been modified to include the ratio of
bubble diameter to duct hydraulic diameter. This modification is suggested by the bubble rise
velocity correlations presented by Govier and Aziz (1972). Bubble rise velocities in an infinite
medium can be calculated by equating the drag of a spherical particle to its buoyancy. Govier and
Aziz (1972) present an empirical correlation for bubble rise velocities in ducts in which the ratio
of dy,p/Dy is a parameter. This concept was adapted to the present algorithm for the two-phase
correction to the von Karman constant. This modification to the Neti and Mohammed (1990)
approach seems to be necessary in the present computations for two reasons. The void fractions
studied currently (as high as 0.3) are much higher than previous bubbly two-phase flow

computations. Additionally, the ratio of bubble diameter to duct hydraulic diameter is also much

larger.

4.3.4 Equation Development of the Governing Equations

The two-phase turbulent flow calculations reported in Section 6, Computational Results,
required the solution of ten partial differential equations at each node. This includes three
momentum equations for each of the two phases, a pressure correction equation, a void fraction
equation, transport equations for the continuous phase’s turbulent kinetic energy and turbulence
kinetic energy dissipation rate. Some calculations were performed with a separate k-¢ model for

the distributed phase and for these calculations twelve partial differential equations were solved.
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The sections below give a brief overview of the governing equations. More details are given in

the Appendices:
Appendix I ® Momentum Equation
Appendix II X Momentum Equation
Appendix III Y Momentum Equation
Appendix IV Pressure Correction Equation
Appendix V Void Fraction Equation
Appendix VI Transport Equation of Turbulent Kinetic Energy
Appendix VII Transport Equation for the Dissipation

4.3.4.1-the Momentum Equations

Ve(@plU,U,) = -a,Vp+Vea,r+a,p,g+Fo = 0 [4.34.11]

where: k=1 is the continuous phase and k=2 is the distributed phase
j=I1 through 3 denotes the three coordinate directions
i= 1 for U Momentum Equation; 2 for V Momentum Equation and

3 for W Momentum Equation

These equations represent the Reynolds time averaged equations. Inertial forces must

balance the sum of the pressure forces, shear forces, body forces and the interfacial momentum
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exchange force. In the present work the interfacial momentum exchange force, Fp , includes
drag forces and the lateral lift force. Unsteady calculations would incorporate the virtual mass
force and the Basset force also into this term. These terms are discussed in Section 4.3.2,

Interfacial Momentum Transfer.

4.3.4.2 Continuity Equations

There are two continuity equations for the two-phase flow problem. These equations
must be used to determine the local pressure and the volume fraction of the two phases. Because
the volume fractions must sum to unity there are two unknowns: the pressure and the void
fraction (i.e., the volume fraction of the dispersed phase). In the interest of accuracy it is
preferable to solve for the smaller volume fraction. It would be possible to use one of the
species’ mass conservation equations to determine the pressure and the other for the void fraction.
However, as the two fluids are at the same pressure at any given location it would be physically
unrealistic to derive the pressure solely by considering one of the phases. Since the continuity
equations are linear the two equations can be combined. The two equations are summed to derive
the pressure correction equation. The two equations are subtracted to form the void fraction
equation. However, if this approach is taken it is clear that when the densities of the two phases
are disparate the heavier phase will dominate the equation. This can result in poor conservation
of the lighter phase (Carver, 1986). To help with this each of the continuity equations are divided

by its reference density before they are combined.
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4.3.4.2.1-Pressure Correction Equation

Ve(apl,), . Ve(apl,),
P, P2,

0 [4.3.4.2.1-1]

The above equation is used to derive an equation in p’, which is the pressure correction.
This is done by relating the velocity component corrections to the pressure correction. Further

details are given in Section 5.4.2.2 Details of the Pressure Correction Algorithm.

4.3.4.2.2-Void Fraction Equation

. v |
Ve@pU), _  Velrl) _ [4.3.4.22-1]
P ]", p2,,,

The above equation is used to derive an equation in a; , the void fraction. The present
experience indicates that this is the critical step in the creation of a stable and robust two-fluid
algorithm. The void fraction algorithm is discussed in detail inSection 5.4.2.1 Details of the

Present Void Fraction Algorithm.

4.3.4.3 Turbulence Transport Equations for the Continuous Phase

The governing equation for the transport of turbulent kinetic energy k is:

pU,eVk = Ve([,VK)+G-pe + S, [4.3.43-1]
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The convection of turbulent kinetic energy is balanced by diffusion, production and
dissipation and bubble induced turbulent kinetic energy. The derivation of these equations
follows the general suggestions found in Launder and Spalding (1972). Details pertaining to the

development of these equations are given in Appendices VI and VII.

The governing equation for the dissipation of turbulent kinetic energy € is:

C,pe? s

43.4.3-2
P : ( ]

pU,eVe = Ve([,Ve)+ C: G-

where: C; and C, are empirical constants
G is the production of turbulent kinetic energy
€ is the turbulent kinetic energy dissipation rate
k is the turbulent kinetic energy
Sy and S; are the source terms due to the presence of the distributed phase

'k and I'; are the diffusion coefficients for k and €, respectively

Convection is balanced by diffusion, production and dissipation and a bubble induced

contribution.
The bubble induced production and dissipation of turbulent kinetic energy is discussed in

Section 4.33, Fluid Turbulence Modification Induced by Bubbles.

4.4 Turbulence Modeling for the Dispersed Phase

It is expected that for bubbly flows the turbulence in the dispersed phase will be much

less important in determining the overall flow field compared to the turbulence in the continuous
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phase [Besnard et. al., (1991)]. Then it might be sufficient to model the dispersed phase turbulent
eddy viscosity by treating the bubbles as particles suspended in a turbulent stream. The theory of
Tchen (1947) and Peskin (1959) as modified by Soo (1967) gives a ratio of particle turbulent
viscosity to the continuous phase turbulent viscosity (“particle turbulent Prandtl number”) by
computing the statistics of an individual particle interacting with the turbulent eddies of the
continuous phase. The particle turbulent Prandtl number depends on the ratio of particle impulse
response time to the time a fluid particle remains in a velocity correlated region; this ratio is
called the impulse response parameter and is denoted by K. It is similar to the momentum
exchange coefficient. Figure 4.4-1 is a reprint from Soo (1967) which shows the relationship
between particle turbulent Prandtl number and the impulse response parameter. The ratio of the
Lagrangian microscale of turbulence to the Eulerian scale (i.e.,A/Ag) is important in determining

this relationship. For a spherical particle or bubble:

‘\/7? ppanicle dparlicle
K = <5 Repm -~ y [4.4-1]
confinuous

When the “particle” is an air bubble in a liquid the density ratio is approximately 1/1000,
and K is small. Thus the particle eddy diffusivity is seen to approach unity. Most of the
calculations in this dissertation were carried out by setting the bubble turbulent Prandtl number
equal to unity.

Computations were also done with two two-equation turbulence models (i.e., a four
equation model). These calculations when performed for the bubbly two-phase water/air flow did
not differ recognizably from the simpler model with turbulent Prandtl number equal to unity.

This is reasonable based on the discussion above for very light particles. The four equation
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model was also used for the water/oil driven cavity problem. In this case the density ratio is not as
high as 1000:1 but close to 1.13:1. It might then be expected that the simple assumption of unity
turbulent Prandtl number would perhaps not be completely adequate. Indeed the results were
sometimes better for the water/oil flow when using the more elaborate turbulence model (see
Section 6.2.1, 2D Driven Cavity). There is little reported in the literature concerning the use of a
separate k-g turbulence model for the distributed phase. Kashiwa and Gore report on a four
equation turbulence model which is similar to that used here except that the contribution from the
source terms Sy and S, are partitioned between the two-phases based on a partitioning function ay,
which expresses the fraction of energy due to the result of interpenetrating motion going into
phase k. This parameter is determined based on classical dynamics. When two masses undergo
an elastic collision, a portion of the kinetic energy is converted into disordered kinetic energy. If

the masses of the two colliding bodies are m, and m, then:
a, =—2 [4.4-2]

m, +m,

By analogy with the inelastic collision problem the partitioning function for a two-phase

water/air flow is given as:

a - Pair [4.4-3]

wateriair T 3
k water +
p water k p air

air
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There is an intermediate approach between assuming a bubble turbulent Prandtl number
equal to unity and solving an additional two-equation turbulence model. The theory of Tchen
(1974) and Peskin (1959) [which is the basis of Figure 4.4-1] can be incorporated into the model,
so that a local bubble turbulent Prandtl number is implicitly calculated. This approach appears to
be promising especially for flows where the bubble or particle density approaches (or exceeds)
that of the continuous phase. This approach has been used by Mostafa and Mongia (1987) for

turbulent bubbly jet flows.
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4.5 Classification of Flow Problem Solution

Differential equations modeling flow and heat transfer and the associated numerical
solution techniques can be classified as parabolic, elliptic and hyperbolic. An important
additional class is the partially parabolic technique which lies somewhere between parabolic and
elliptic. Equations describing subsonic flows are actually elliptic in nature, with pressure
disturbances being transmitted in all directions. Supersonic flows or unsteady subsonic flows are
governed by hyperbolic equations in which information is transferred in preferred directions
called characteristics. Problems which in rigorous terms must be conceded to be elliptic can often
be approximated by a parabolic (or marching) solution. The most well known parabolic approach
is a boundary layer calculation, which can use the velocity distribution in the longitudinal
direction along a body to march downstream from lateral plane to the next plane. This procedure
is numerically efficient as data needs to be stored only at the current lateral plane. In the
parabolic procedure, information is transmitted downstream by convection alone, with diffusion
and pressure transmission taken to be of second order.

The conditions for curved duct flow which require a fully elliptic procedure were
discussed in Section 2, Literature Review. It was seen there that curved duct flow with a mean
radius to hydraulic diameter of 2.3 or less would require a fully elliptic solver for laminar flows.
Restrictions pertaining to turbulent duct flow would not be as stringent: an elliptic solver would
not be required until the duct mean radius reached approximately 1.5 or smaller.

A partially parabolic approach was proposed by Pratap and Spalding (1976) so as to relax
some of the constraints of the parabolic procedure while still maintaining an efficient

computational algorithm. Their partially parabolic procedure requires that the flow be free of
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separation and recirculation zones, so that convection operates only in the downstream direction;
that the Reynolds number be high enough so that diffusion in the longitudinal direction may be
neglected; and that pressure is the dominant transmitter of downstream influences.

The present procedure is a hybridization of the parabolic and partially parabolic
procedures. The present algorithm was written to be partially parabolic. The pressure at each
node is stored three-dimensionally. Some test cases were run to show that downstream influences
were felt upstream (a simulated screen in the duct was run, and the presence of the screen was
seen in the solution at stations upstream of the screen). The complete partially parabolic
procedure is accomplished by allowing multiple sweeps through the computational domain.
Multiple sweeps through the domain for the two-phase flow is computationally very expensive.
The multiple sweeps allow the pressure downstream to influence the upstream planes. However,
for the presently used duct radius ratio of 5.5 the complete partially-parabolic procedure is not
required. It will be seen in Section 6.,Computational Results, that reasonable agreement with the
Humphrey data for a curved duct with a radius ratio of 2.3 was achieved with the present
numerical procedure. However, it is recognized that at radius ratios smaller than 5.5 the complete
partially parabolic procedure might yield improved predictions, just as the completely elliptic
procedure will be required at radius ratios of approximately 1.5 or lower.

The present computational procedure is not a complete partially parabolic procedure
since only one pass is done through the computational domain. It differs from a fully parabolic
technique in the way that the pressure gradient term in the longitudinal momentum equation is
handled. In the fully parabolic approach two separate pressure fields are used: one for the lateral
plane and another for the longitudinal direction. The longitudinal momentum equation in the

fully parabolic procedure assumes the same value of pressure at all nodes on a given lateral
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5,
plane for the pressure gradient term, _522’ which is calculated from conservation of global mass

across a lateral plane. The present procedure uses the same pressure field for all three momentum
equations, and thus calculates a pressure gradient that varies from node to node. Because of this
varying pressure gradient in the lateral plane for the longitudinal momentum equation the

resulting longitudinal velocities will be different from that obtained in a fully parabolic procedure.

0
Thus there will be a gradient of the term a—p in the radial direction inside the curved duct. This
z

gradient would not exist in the fully parabolic procedure of Patankar and Spalding (1972). This
present procedure is expected to better resolve the radial variation of flow variables, such as the

void fraction (see Section 6. Computational Results) which varies strongly in the radial direction.
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5. NUMERICAL SOLUTION ALGORITHM

5.1 Introduction

The partial differential equations which must be solved to predict single and two-phase
flow in the straight/curved/straight duct have been presented in an earlier section (4.3Governing
Equations). Closed form solutions for such equations are not feasible and it is necessary to resort
to numerical techniques to obtain a solution. The partial differential equations must be
“discretized”, i.e., written in an algebraic form and then the set of linearized equations at discrete
points over the computational space. The following sections explain the details of the finite
difference grid (i.e., the discrete points at which parametric variables are computed); the
discretizing of the partial differential equations and the solution technique of the resulting system

of linear algebraic equations.

5.2 The Finite Difference Grid

The system of equations will be solved on a curvilinear, orthogonal grid. This means that
the coordinate system may have one or more axes that are curved in space and that at any node in
the grid the three coordinate axes [i.e., (x,y,z) for the straight duct or (x,y,$) for the curved duct]
are orthogonal. Figure 5.2-1 shows the axis system both in the straight and in the curved sections
of the duct. The cross section is pictured as a general rectangular section. While the
experimental work was done in a loop constructed with a square cross section, computational

runs were made for rectangular cross sections of various aspect ratios.
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The primitive variables pressure (p), turbulent kinetic energy (k), dissipation rate (g),and
void fraction () are resolved on primary nodes, i.e., the intersection point of the three axes. The
three velocity components are determined at secondary nodes which are at locations shifted mid-
way between primary nodes in the x direction for the u velocity component; shifted in the y
direction for the v component and shifted in the z direction for the w component. Such a mesh is
called a “staggered grid” [Patankar, (1980)]. The staggered grid is shown for the u and v velocity
components on two-dimensional slices through the three-dimensional space in Figure 5.2-2. The
locations of the u and v velocity grids are more evident here. Figure 5.2-3 shows the location of
the w component along a longitudinal slice through the computational domain. W velocity
component is defined halfway between primary nodes in the z direction. The control volume
projection onto this two-dimensional plane is also shown in this figure. This figure also
illustrates the fact that while the u and v velocities are shifted in the x and y directions
respectively, that they are not shifted in the z direction (consider the location of the v component
in Figure 5.2-3). The control volume for the u velocity component is shown on a lateral plane in
Figure 5.2-4. By using the staggered grid the pressure gradient in the x direction for the u
velocity component will be located exactly at the two ends of the control volume (i.e., nodes P
and W). This figure also illustrates the subscript nomenclature for the v velocity components
used in the equation development carried out in the appendices. Generally, the compass
directions N, S, E and W are used to describe the location of a component or node. The control
volume for the v velocity component is shown in Figure 5.2-5. Again, the pressures required in
the Y momentum equation will be those at the end of the faces of the control volume (i.e., nodes
P and S). The subscript notation for the u component velocities is shown on this figure. The

three-dimensional control volumes for u, v, w and the variables p, k, €, and a are shown in
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Figures 5.2-6 through 5.2-9. Although these are somewhat more complex than the two-
dimensional projections of Figures 5.2-2 through 5.2-5 it is these three-dimensional volumes that
are used when discretizing the governing equations. As noted above, all three velocity
components show that they are shifted a half node space in their respective direction (i.e., x
direction for the u component, y direction for the v component and z direction for the w
component). Figure 5.2-9 shows that the variables pressure, turbulent kinetic energy, dissipation
of turbulent kinetic energy and void fraction are defined at the primary nodes. Any other
transported properties, such as temperature, would also be defined at these primary nodes.
The benefits of using a staggered grid are:
I- The procedure enhances stability of the algorithm. The staggered grid is one of the
most common approaches (although not the only one) to solving a problem that arises in
the solution of the incompressible Navier Stokes equations. In such a set of equations
pressure does not appear explicitly in either the momentum equations or the continuity
equation. Pressure occurs only as a gradient term, (i.e., dP/dx). This does not occur for
compressibie flow, since the continuity equation contains the unknown density, to which
pressure is directly related (e.g., pressure is directly proportional to density if the perfect
gas law is being used). In calculating the velocities, the pressure to either side of a node
will be used if the velocity components are solved for at a primary node. As illustrated by
Patankar (1980), with a one-dimensional explanation, a pressure field computed at
adjacent nodes in the x direction of: 500 100 500 100 500 100 500
would be acceptable (although obviously quite physically unreasonable) since at any
node the gradient dP/dx would be computed as zero. This is called the “checkerboard”

problem from the two-dimensional equivalent of the example cited above.
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2- the calculation of the continuity equation is made easier since the fluxes required at the
faces of the volume are explicitly defined (with the shifted u, v, etc.).

3- the calculation of any of the transported quantities (such as turbulent kinetic energy or
dissipation of TKE or void fraction) is simplified since the required fluxes are readily

available.

4- the calculation of the velocity components themselves is simplified since the pressures

needed at the faces of the control volumes are explicitly given.

While the staggered grid does offer the benefits listed immediately above, the specification of

boundary conditions becomes more complex.
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5.3 Discretizing the Governing Partial Differential Equations

The governing differential equations have a recurring structure that allows them to be
cast into a generic form that equates the convective fluxes to the diffusive fluxes plus any source

terms:

o(pu) 3(pve) wh) _ a(W %) a(r‘" %) a(“b ?Q)

+ + — 4 Sq,
ox oy oz ox oy oz o
- 7 , N - — ource
Convective Diffusive
Flux ngﬁu
[5.3-1]

where ¢ is a general transport variable; u, v and w are the components of velocity along
the x,y,z directions and I, is the diffusion coefficient.
The above equation is multiplied by the appropriate cell volume, Ax Ay Az , and

integrated. Gauss’s divergence theorem can be used to relate volume integrals to fluxes:

[[[dvFav = ([[FedS [5.3-2]

The source term, S , is linearized as a constant component, Sy , and a linearly varying
component, Syp .

Then the discretized form of the transport equations can be written:
Fexd’e"F;q’w‘*'Frm’n —Fsy‘bs +F5¢p-Fuz¢u = D:@)e "d)p)‘D;‘;@’p "’¢w) +

DY(bn =0, ) DY@ p— 05 )+ Sp.uAxtyAz+Sy pb ,AxAYAz
(5.3-3]
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where:

The D’s represent diffusion coefficients and the F’s are convective fluxes.

FF = (ayaz)(pu), [5.3-4]
FJ = (AyAz)(pu)w [5.3-5]
F? = (AxAz)pv), [5.3-6]
FY = (AxAz)pv), [5.3-7]
F? = (pw )u AxAy [5.3-8]
Fj =(pw)prAy [5.3-9]
AyAz
D =T (-——-) 5.3-10
e =le{ = [ ]
D;=rw(AyAz) [5.3-11]
Ax
DY = r,,(AxAz) [5.3-12]
Ay
DY =rs(‘:‘mzj [5.3-13]
Ay

The unknowns: ¢ .,9,.9,,$,,¢ , and ¢, are values between primary nodes. For example, ¢,

is the value of ¢ evaluated at “e” which is midway between primary nodes E and P. Values at
“e” need to be determined from the values at the primary nodes. If the problem were purely
diffusive, then the values at “E” and “P” would be averaged to determine the value at “e” (central

differencing). If the transport were purely convective and the local flow direction was out of the
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west, then the value at “P” would be used (up-wind differencing). Typically neither of these two

extreme cases exists but rather some combination of the two.

5.3.1 Hybrid Scheme

The convection and diffusion terms are treated by a scheme developed by Spalding
(1980) called the hybrid scheme or high-lateral-flux modification. The strength of convection

PUAX | the limit, when

relative to diffusion is measured by the local Peclet number: Pg =

the Peclet number is zero the problem is purely diffusion driven. When the Peclet number is high
the flow is convection dominated. An exact solution for one-dimensional flow indicates that the
proper value to use for ¢, is an exponential function of the Peclet number. Since computing
exponentials is compute expensive, an approximate scheme called the Hybrid scheme is used in
the present algorithm. Let the exact solution be plotted for a node at“E” in the form of ag/Dg

versus Peclet number. The exponential curve can be approximated by three straight lines:

for Pg<-2 ag/Dg = -Pg [5.3.1-1]

for 2<Pe<2 agD; = 1-Pg2 [5.3.1-2]

for Pp>2 ag/Dg = 0 [5.3.1-3]
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5.3.2 The Final Discretized Form

An equation can now be written for the node (i,j), here denoted as P:

Apdbp = Apdp+Apdw + Ay +Asbs +B [532-1]
where: Ap = Ag + Ay + Ay + As — Sy pAxAy

and B = Syu
An equation of this form is written at every node on the lateral plane. Thus there is a
system of equations of size (IMAX-2) X (JMAX-2) which are implicitly coupled since each node

requires the value of ¢ at its neighbors.

5.4 Solution of the Set of Algebraic Equations

5.4.1 Single Phase

The general approach to solving the equations that govern many fluid mechanics and heat
transfer problems has been reviewed above. Things are actually a bit more complex than given in
equation [5.3.2-1]. The coefficients Ap, Ay, As, Ag and Ay are not constants but rather
functions of the unknowns u, v and w. This makes the equations non-linear and thus an iterative
solution will be required. The coefficient terms Ap, Ay, Ag, Ag and Ay when written for one
momentum equation contain not only velocities for that component but also for the other two
components. That means that the equations are coupled so an outer iteration is to feed in
information from the better estimates of the other variables. Another problem is that while the

three momentum equations can be easily seen to fit the form of the standard equation [5.3.2-1] the
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continuity equation does not explicitly contain the primitive variable pressure. It is not obvious

how the pressure will be determined.

5.4.1.1 Solution Method: ‘SIMPLE’

A method for the solution of the type of equation set that needs to be solved presently
was given by Patankar and Spalding (1972). The method is called ‘SIMPLE’, which is an
acronym for Semi-Implicit Method for Pressure-Linked Equations. Let us write the momentum
equation for the u component velocity at the location between primary nodes“E” and “P”. This
will be the velocity u, See Figure 5.2-4. This equation has the form:

Aue = Zagpuny + b Hpy-pe)Ay Az [5.4.1.1-1]
where the subscript “nb” refers to the neighboring nodes

A guess is now made for the pressure field. This will allow the solution of the three
momentum equations for the velocity components. However, when these velocities are
substituted into the continuity equation, there will be a mass imbalance unless the pressure field
has been guessed correctly. Those velocity components determined by the guesses pressure field
will be denoted as: u*, v* and w*. The guessed pressure field is denoted by p*.

The thrust of the SIMPLE algorithm is to determine a pressure correction field p’, which
will correct the original guess, p*, back to the correct level of pressure, p. Any pressure
correction will also result in a correction to the velocity components. Thus the final sought after
primitive variables (u, v, w and p) can be related to the original values (the“starred” variables) by
the correction terms (u’, v, w’ and p’):

p=p*+p’ [5.4.1.1-2]
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u=u*+u’ (5.4.1.1-3]
v=vH+y’ [5.4.1.1-4]
w=w*+w’ [5.4.1.1-5]
Equation [5.4.1.1-1] is written in terms of the final solution variables: u, v, w and p. A
companion equation can be written which denotes the status of the equation before a fully
converged solution has been obtained:
Acu*c = Zagu*y, + b +H(p*p-p*)Ay Az [5.4.1.1-6]
The difference of equations [5.4.1.1-1] and [5.4.1.1-6] is:
A’ = Zagsll'ny H(p'pp’)Ay Az [5.4.1.1-7]
In the SIMPLE algorithm the terms A ,u’,,, are neglected. This is done to simplify the
resultant pressure correction equation and to put in a format similar to the momentum equations.
This does not impose any major penalties since the solution will be iterated until the continuity
equation is satisfied. The question then is how this assumption would affect the convergence
rate. It will be seen below (in the discussion on SIMPLEC) that a severe computational
inefficiency results because of this assumption. The words semi-implicit in the acronym SIMPLE
are there to acknowledge the omission of these terms.
With the deletion of the a,;, terms, equation [5.4.1.1-7] can be written as:
A =(p’p-p’)AYy Az or [5.4.1.1-8]
wWe=d. (p’pp’e) [5.4.1.1-9]
where d. = Ay AZ/A,
Equation [5.4.1.1-9] is a velocity correction formula which was derived from the
momentum equations. The corrected velocity has the form:
ue =u¥, +de (p'p-p’e)
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At this point a method of obtaining the pressure corrections has not been given yet. If all
the velocity components are written in the form of equation [5.4.1.1-9] and substituted into the
continuity equation, an equation in terms of the pressure corrections (p’) only will result. (Note:

equation [5.4.1.1-6] will be employed to eliminate the “starred” terms.):

App'p = AEP'E+AWP'W+Anp'N+ASP’S+AUP'U+ADP'D+SW [5.4.1.1 -10]

Here SMP is a mass source, or a mass imbalance, which the pressure correction must

annihilate.

5.4.1.2 Solution Method: ‘SIMPLEC’

An improvement to the basic SIMPLE algorithm was offered by Van Doormaal and
Raithby in 1984 called SIMPLEC, with the added “C” denoting Consistent. The major feature of
this method is to remove the approximation introduced by neglecting the termsZa,,u,,. This is
done by subtracting the term Za,pu’. from both sides of equation [5.4.1.1-1]. This results in the
following equation:

(Ap- Zagpu’e = Zagp (Wop - ')+ b H(pp-pe)Ay Az [5.4.1.2-1]

Now the term Zay, (u'pp - u’e) which is smaller in magnitude than Zag,u,,’ is neglected.
This is the “consistent” approximation that yields a better estimate for u.’.

This is a fairly simple change and is quite easy to implement in terms of coding. The value of d,
is redefined as:
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d.= Ay AZA, SIMPLE (5.4.1.2-2]

d. = Ay AZ/ (A¢- Zayp) SIMPLEC [5.4.1.2-3]

Adoption of the SIMPLEC algorithm over the SIMPLE algorithm resulted in a decrease

in run times by a factor of 6 and is used in the present work.

5.4.2 Two-Phase Flow Algorithm

The major difference between the single and two-phase calculations is that the local void
fraction must be computed for two-phase flow. The construction of a numerically stable and
robust algorithm for the void fraction was one of the more difficult challenges of this work. The
difficulties in constructing such an algorithm along with the resulting numerical stability
problems of a deficient algorithm are probably the cause of various problems reported in other
two-phase computations. As noted in section 2.2 of the two-phase Literature Review above,

some algorithms would only converge for density ratios between the phases close to unity.

5.4.2.1 Details of the Present Void Fraction Algorithm

The formulation of the void fraction algorithm is carried out in some detail in the
appendix. The present algorithm is able to compute water/air flows where the density ratio is
nearly 1000:1. The algorithm is also stable even when the flow becomes locally stratified and
local void fractions approach zero or unity. This section covers several approaches successfully
used in the present algorithm which have not been reported elsewhere in the literature and

reviews the techniques first introduced by others and how they are presently implemented.
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To derive the equation for the void fraction (as shown in Appendix V), the continuity
equations for the two phases are subtracted from one another. The volume fraction of the
continuous phase, denoted as phase 1, is eliminated by the relation:

o = l-a [5.4.2.1-1]
This straightforward approach was not stable. It violated the criterion that [Patankar (1980) ]:
Ap=Z Ay [5.4.2.1-2]

The general form of the equation being solved for the local void fraction, a, is:

a,4,=a 4, +a, 4 +a 4 +o .4, +a .4, +S, [5.4.2.1-3]

The coefficient of A, originally did not meet the criterion above. It was necessary to subtract
from the terms of A, the sum of the two continuity equations with each normalized by its
reference density in a somewhat modified form. The continuity equation itself contains the local
void fraction. So introducing it directly would bring the void fraction at N, S, E, W, U and D into
the coefficient for the void fraction at P. This would not readily permit the solution of the
equation set at each node. A simplifying assumption was made that (for this term only) the local
void fraction at the neighbors of P are all equal to the value at P. This is similar in logic to the
approximations made in the SIMPLE and SIMPLEC algorithm. With this addition, the criterion
for the coefficient of A, described above is met.

Another difficulty that led to unrealistically high or low void fractions in some regions
which were not physically realistic was caused by the fact that local mass conservation, i.e., the
mass conservation around a single control volume, was only accurate to within some required
tolerance. Since the void fraction algorithm was dependent on the local mass imbalance to yield

a required change in the local void fraction, sometimes unrealistic changes to the local void
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fraction were being made. This was especially serious in regions where there was little flow.
Even small mass residuals resulted in very large void fraction changes. (This is one of the
reasons why the two-dimensional driven cavity problem was a good test case for evaluating such
phenomenon. In that problem, the flows entering and leaving cells at the core of the vortex were
very small.) The solution to this was to add an effective mass residual term to Sp (which is the
portion resulting from the linearization of the source term). The mass flow entering and leaving
each node for both phases was added to Sp. This stabilized the procedure since now mass
residuals were not large enough to destabilize the void fraction calculations.

Because the void fraction equation is developed solely from the continuity equations it
had no diffusion terms. Thus the concept of hybrid discretization based on the local Peclet
number was not used. Upwind differencing was used. The direction of the flux at each face of
the control volume was checked for both phases. If the flow was found to be entering the control
volume then the flux would be based on the appropriate neighboring void fraction. If the flow
were leaving the control volume then the flux would be based on the void fraction at the center of
the cell (i.e., node P).

The void fraction is physically limited to the range 0<a, <l. The void fraction is
implicitly kept inside this range by adopting two suggestions from Carver (1982).

The void fraction level is kept above zero by a technique based on the source
linearization used in SIMPLE and SIMPLEC. The components of the source term in the void
fraction are each checked for sign. If they are detected to be negative then that portion of the
source term Sy is artificially brought into Sp by dividing it by the old value of the void fraction.
That is, if a component of Sy, say Sy; is found to be less than zero, then Ap is adjusted as follows:

Sus/ 0gi4 is subtracted from Ap and Sy; is excluded from Sy;.
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The void fraction level is kept below unity by locally under-relaxing each node by an
amount dependent on the local level of the void fraction. Thus if a node has a void fraction too
close to unity, a strong measure of underrelaxation is employed and little more is added to it in
the next iteration. The method employed if the local void fraction exceeded 0.95. It was then
underrelaxed by the amount: the larger of 1-a, or 1x107'°. This was implemented by a change
to the source terms and to Ap.

The above discussion describes in general terms what elements went into the present void

fraction algorithm. The equation development and discretization are given in Appendix V.

5.4.2.2 Details of the Partially Parabolic Pressure Correction Algorithm

The present computational algorithm used a partially parabolic formulation to determine
the pressure on a lateral plane. This approach is different from that used in the parabolic
procedure where separate pressure fields are employed for the lateral and longitudinal momentum
equations. (See Section 4.4 Classification of Flow Problem Solution for further discussion .) In

the present approach, the longitudinal momentum equation incorporates the use of a pressure

0
gradient, _é_P_ , which will vary across the duct cross section. In the fully parabolic approach this
z

term is constant (based on conservation of mass across a lateral plane) on the lateral plane.

The velocity corrections are related to the pressure corrections as (see details in Appendix

IV):
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ro (aP+aW) ' '
u —————z——Du{DPP—pWP} [54.2.2~1]

, ap,+a
Uy = -(——12—5)1),, {:-rs} [5422~2]
ap+a ,
v’NP = —L—’;Z——W)-Dv %7 Nl’ ""p'PP } [5.4.2.2 - 3]
, op+ag) \
v = _S_fzz__s_ D,{ps s, } [5422 - 4]
W, = _QL%MDWP;, [5.4.2.2-6]

Note that in the last two equations, (i.e., the pressure correction-velocity correction

correlations for W), that p'D = p;, = 0. Also, even though Wy is not calculated along

with Up, Vp and Wp it is affected by a change in the pressure at P. The equation for the pressure

correction p’ at the node P can be derived with the above substitutions into the combined

continuity equations.
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5.4.3 The Tridiagonal Matrix Algorithm

As mentioned earlier, the solution technique is to solve the momentum equations in
succession; that is while the u momentum equation is being solved the latest available velocity
components for v and w are used. This means that after the set of momentum equations have
been solved that the loop must be repeated to upgrade the other velocity components. This
section considers the numerical procedure used to solve one such momentum equation.

If the equation set can be cast so that the A matrix in the matrix equation: Ax = B has
elements only on the diagonal or at elements one off of the diagonal (all other elements are zero)
a very efficient solver can be used. This is the Tridiagonal Matrix Algorithm. This scheme is
very efficient since after reordering a back substitution suffices to determine the unknowns. For
multi-dimensional problems a line-by-line TDMA is used in an iterative fashion [Pratap and
Spalding (1975)].

The original equation set is not tridiagonal. But a strategy that can be used to solve two
successive tridiagonal systems iteratively in place of solving the full general equation. The first
step would be to solve for nodes along a line of constant I, starting with [=2. The old value of the
unknown variable is used if a value is needed from a node other than [=2. This means that we
start by calculating a temporary value ¢I at each node along the line [=2:

d);la = And)r[x + As¢.sl' + (Aed) e.,old + Aw¢ w,old + S¢ ) [5.4.3-1]
held Constant

The above equation can be solved for all the values along [=2 using the tridiagonal matrix
algorithm (i.e., TDMA). This process is next repeated for I=3, and so on through [=IMAX-1.

Thus the domain has been swept by solving along vertical lines.
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Now the process is repeated but along horizontal lines. First a solution will be obtained
for nodes along J=2. Following the philosophy of the first step, an old value will be used for any
node not along the line J=2. Thus the equation set to be solved is:

0=+ 4,01+ (A,,q; P HADL+S, ) [5.4.3-2]
held Constant

This equation can be solved by TDMA also. Then horizontal sweeps are made for J=3 and on
until JSIMAX-1 has been solved.

The entire two step process is now repeated. Usually the above process is looped through
four times to improve the accuracy of the solution.

Much of the computational effort is spent with the equation solver which solves the set of
linear equations. The TDMA is used to solve all equations: momentum, pressure correction and
void fraction. Effort has been made to cast all equations, including the void fraction equation,

into a form that could be solved by TDMA.

5.5 Determination of Mesh Spacing to Obtain Grid Independent
Solutions

Any numerical procedure which obtains the solution to an engineering or science
problem by modeling a continuous phenomenon by means of a finite number of points in the
domain needs to be repeated for various mesh densities to establish the coarsest grid that can be
employed and still get accurate solutions. It is desirable to use the fewest number of nodes

necessary so as to minimize run times. Grid independence can depend on the particular problem
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and flow regime being modeled. Thus a laminar and turbulent flow in the same flow domain may
require different mesh densities to obtain grid independent solutions.

Results for the single phase driven cavity problem were somewhat closer to Burggraf’s
solution with a 32x32 mesh instead of a 20x20 mesh. The 42x42 mesh showed no further
improvement. For the three dimensional problems, the explicit step size in the flow (marching)
direction was established by the stability criterion. Grid sensitivity studies for the two-phase
water/air straight/curved/straight duct were performed for meshes of size: 16x16; 20x20; 24x24;
28x28 and 32x32 in the lateral plane. These meshes all had uniform grid spacing in both the x
and the y directions. There was about a four fold increase in compute time between the coarsest
and finest meshes. Figures 5.5-1 through 5.5-10 show typical results of the grid sensitivity study
for two-phase flow predictions in a curved duct. A plot of the distributed phase velocity vectors is
followed by a contour plot of the distributed phase’s volume fraction at 45° in the bend. These
two plots are repeated for the five grid sizes, starting with the coarsest and proceeding to the
finest. Even the coarsest mesh, the 16x16, is able to capture the primary details of the flow.
Various other quantitative measurements were also examined to decide what mesh resolution
required. Overall pressure drop through the bend, local friction factor at various locations in the
bend and other parameters were considered. These parameters all led to a similar conclusion. A
typical study is shown in Figure 5.5-11. Here the pressure gradient across the bend at 45° is
plotted for the various mesh sizes studied. A constant level is being approached for mesh
densities of 20x20 to 24x24, but then the normalized gradient begins to decrease for finer meshes.
The drop in the pressure gradients is due to the fact that the first node off the wall for the finest
meshes has a y* value which is too low and violates the assumptions used for the log-law wall

functions and the transport equations for k and €. Thus the first node must be located such that the
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application of the transport equations for the turbulent quantities is valid--thus it is necessary to
locate all of the grid nodes in the fully-turbulent region. The value of v* for the continuous phase
is plotted for the different mesh densities in Figure 5.5-12. The wall value of y" is less than 50
for the 28x28 and the 32x32 meshes.

The above studies indicated that a mesh density in the range of 20x20 to 24x24 should
be used. The 20x20 mesh was used for the two-phase runs since it appeared to represent the best
trade-off between accuracy and maintaining the local value of y* above 50 throughout all of the

duct for various flow conditions.
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5.6 Program Logic

The general program flow chart is shown in Figure 5.6-1.
The main routine is DUCTMN.
The u, v and w momentum equations are solved in CALCU, CALCV and
CALCW subroutines respectively.
The void fraction subroutine is CALCALPH.
The pressure correction subroutine is CALCP.
A global average pressure is calculated in CALCPGLB.
Other subroutines including those used for initialization, input, output, turbulent property

calculations and graphical output are also required.
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5.7 Run Times

Run times for the turbulent two-phase water and air problem in a configuration with
straight (i.e., 45 hydraulic diameters) /curved (90° bend) /straight (22.5 hydraulic diameters) duct
with the two-phase modified isotropic k-¢ turbulence model for a 20x20 mesh size were

approximately:

1 hour and 45 minutes on a Silicon Graphic Inc. Indigo® workstation (equipped
with the MIPS R8000 processor);
12 hours on an IBM compatible 486/66 PC. (with a minimum of 16 Mbyte

RAM).
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6. COMPUTATIONAL RESULTS

6.1 Single Phase

6.1.1. Laminar

Two-Dimensional Driven Cavity (Single Phase)

Analysis of steady flow in a two-dimensional driven cavity is one of the classic problems
of fluid mechanics. It could be used as a benchmark for a new numerical algorithms. It is also of
interest since its basic fluid mechanics can be instructive in the study of recirculating flows since
it can serve as a model for the viscous structure of a separated flow eddy. Burggraf (1966) used
the streamfunction-vorticity formulation of the governing equations to solve the driven cavity
problem. Steady-state two-phase solutions of the flow field inside a cavity with stationary side
and bottom walls with the top wall moving at a constant velocity U,,, were calculated for
laminar and turbulent flow conditions. The laminar solutions were verified by comparison to
previous solutions, namely Burggraf (1966). The laminar single phase flow pattern in the cavity,
shown in Figure 6.1.1-1, shows a primary vortex with its center approximately midway between
the vertical side-walls and approximately 40 percent of the cavity’s length down from the
moving wall. The location of the vortex center is strongly dependent on the strength of the
computed secondary vortices which appear in the bottom corners. A magnified view of the vortex
in the bottom right corner is shown in Figure 6.1.1-2. The uniform vorticity theory of Batchelor
(1956) fails to predict such secondary vortices. Figure 6.1.1-3 compares normalized local

velocities in the x direction (with the top wall of the cavity moving in the positive x direction)
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along the vertical centerline. The local velocity is zero at the bottom stationary wall and equal to
the prescribed top wall velocity at the moving wall. The comparison is very favorable when it is
recognized that the slightest shift in the location of the center of the vortex changes the u

distribution drastically.

Three-Dimensional Flows

Straight Duct

Computed results for developing laminar flow in a square duct are presented in this
section. The inlet longitudinal velocity profile is assumed to be uniform. The centerline
longitudinal velocity in the square duct is shown in Figure 6.1.1-4 at increasing axial distances
from the inlet. The axial distances, Az, are normalized as Az/(DyRe). The profile is rather flat at
small distances from the inlet and eventually grows into a parabolic profile with a peak value of
2.075. This peak value agrees well with the theoretical value of 2.096. These profiles change
very little at normalized distances of 0.06, 0.09 and 0.1. The calculated hydraulic entry length of
0.075 is in agreement with Kays’ (1966) value of 0.075. For the fully developed flow the only
non-zero velocity component is the longitudinal velocity, with zero lateral velocities u and v. For
the fully developed conditions the computed lateral velocities are approximately 1x10® of the

throughflow velocity.
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The longitudinal velocities are non-zero during the developmental stage while the
velocity profile changes from the inlet uniform profile to the parabolic profile. Fluid is
transported from the edges towards the center as the boundary layers develop so as to establish
the profile with the peak velocity at the duct center. Figure 6.1.1-5 shows the lateral velocities at
a normalized axial distance of 0.0128. The value of u at node (5,4) and v at the node (4,5) on a
20x20 mesh are plotted in Figure 6.1.1-6 from the inlet to a normalized distance of 0.105. These
velocities show a maximum at a distance of 0.004 which then drops to zero as the flow becomes
fully developed. [Due to symmetry, u(5,4) should equal v(4,5).]

The local friction factor times Reynolds number is plotted in Figure 6.1.1-7 as a function
of normalized duct axial length. The computed value of (f*Re) for fully developed condition is
14.25 which is in exact agreement with the theoretical value (Kays, 1966). Initially the friction
factor reaches a level of 75 as the velocity profile starts to develop. This trend is in agreement

with experimental data.

Curved Duct
Computations were performed for developing laminar flow in a curved duct of square
cross section at the same conditions as those used by Ghia and Sokhey (1977). Two problems

have been studied, which are referred to as Ghia I and Ghia II:

R/Dy Re Dean Number, Kp
Ghia I 14 206 55
Ghia II 100 2100 210
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The Ghia II problem has a Dean number above the critical Dean number (which is
approximately 143), while the Dean number for the Ghia I problem is below the critical value.
Experimentally, above the critical Dean number such flows have been shown to have an extra
pair of counter-rotating vortices.

The longitudinal velocity profile develops from the uniform inlet flow to a fuily
developed profile by about 103°. The symmetric inlet velocity profile develops into a profile with
a peak velocity biased towards the outer radius at approximately 0.8 of the duct width away from
the inner radius. The present predictions for the Ghia I problem are compared with the Ghia
(1976) solution in Figure 6.1.1-8. A nondimensionalized peak velocity of 1.94 is predicted by
Ghia and 1.88 in the present work. The agreement is generally good for both the peak value and
the radial location of the peak. Secondary flows in lateral planes at 31° and 175° are shown in
Figures 6.1.1-9 and 6.1.1-10. Peak secondary flow velocities are approximately 0.2 times the
average through-flow velocity at 31° and 0.175 at 175°. Only a single pair of counter-rotating
vortices are predicted at all locations in the curved duct, in agreement with experimental data
[Dean (1928), Humphrey (1981), Akiyama(1988), Cheng (1992)].

The flow patterns, centerline longitudinal velocity distribution as well as the secondary
flows, are much more complex and interesting above the critical Dean number. The centerline
longitudinal velocity distributions for the Ghia II problem are similar to those for subcritical flows
for angular locations up to about 30° the peak axial flow velocity occurs at approximately 80
percent of the distance from the outer wall (see Figure 6.1.1-11) and has peak values
approaching 1.65. At larger angles the imbalance between the centrifugal force and the pressure
gradient at the outer wall causes the generation of a second pair of counter-rotating vortices. At

this point (approximately 60°) in the duct, the centerline longitudinal velocity distribution changes
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drastically. The peak velocity begins to shift back towards the center of the duct. The present
computed results agree very well with those predicted by Ghia et. al. (1976); the fully developed
longitudinal velocity distributions are compared with Ghia’s in Figure 6.1.1-12. Both Ghia’s
work and the present work show a peak velocity of 1.4 occurring very close to the duct center.
For the fully developed flow secondary flows on a lateral plane at 72° is shown in Figure 6.1.1-13
and compared with the secondary flow streamfunction as computed by Cheng, et. al. (1976). The
prediction of the extra pair of counter-rotating vortices agrees well with experimental data [Dean
(1928), Humphrey (1981), Akiyama (1988), Cheng (1992)] and the Cheng (1976) computational

results.

Qverall Losses for Curved Ducts

The pressure drop in the duct becomes constant after an initial normalized development
length of about 0.01 (much shorter than the 0.075 value for a straight duct due to the strong radial
pressure gradient) There in the initial developmental length, the pressure changes are much more
rapid in the curved duct. The pressure change along the duct is shown in Figure 6.1.1-14. The
present prediction for the high Dean number agrees well with Ghia albeit with a somewhat higher
gradient.

A comparison between computed friction factor for curved ducts normalized by the
friction factor for a straight duct is shown along with experimental data in Figure 6.1.1-15.
Results shown for friction factor for fully developed flow cover a wide range of Dean number.

As might be expected, friction factor is seen to increase with increasing Dean number and the
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present numerical predictions agree extremely well with the empirical data of Ito (1960 and

1970).

Results of present laminar flow computations for two-dimensional and three-dimensional
geometries have been presented. Velocity distributions in a driven cavity and developing flows
in straight and curved ducts have been presented. Laminar flow predictions presented agree quite

favorably with results presented in the literature.
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Figure 6.1.1-5 Lateral Velocities--Developing Laminar Flow

in a Straight Duct with Laminar Flow at Z/D*Re=0.0128
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6.1.2 Single Phase Turbulent Flow Predictions

This section presents the results for the turbulent flows in various geometries. As will be
seen, isotropic as well as nonisotropic turbulent viscosity models have been used for some of the

developing flows.

Elows in Straight Ducts

For flows in straight ducts turbulent centerline longitudinal velocity distributions are
much flatter than their laminar flow counterparts. These distributions as calculated by the present
procedure are given in Figure 6.1.2-1. The peak normalized velocity occurs in the duct’s center
at 25 hydraulic diameters downstream from the inlet where a uniform velocity distribution was
assumed. The velocity distributions at 50 and 62.5 hydraulic diameter are essentially the same as
at 25, indicating that fully developed flow is reached at this distance from the inlet. The velocity
peak calculated with the present procedure is about 1.32. The experimentally measured peak
value is 1.295 according to Ahmed and Brundrett (1971) and 1.275 according to Melling’s
measurements (1975).

The variation of the peak value of the longitudinal velocity with distance from the inlet
is shown in Figure 6.1.2-2. The peak value is predicted to occur at 25 hydraulic diameters from
the inlet by the present computations. The final asymptotic value is reached after about 40
hydraulic diameters and is approximately 1.23. The experimental data of Melling showed that the
peak velocity occurred at approximately 30 hydraulic diameters from the inlet. Computations of
Emery that used an elaborate length scale model showed a peak value very close to that

calculated herein (i.e., 1.32) but at approximately 37.5 hydraulic diameters from the inlet.
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While the secondary flow velocities approach zero for fully developed laminar flow, the
existence of nonzero secondary flows in fully developed turbulent flows have been known for
over 75 years. In such turbulent flows the secondary flows tended to transport flow towards the
corners. As a result of this transport, the contours of axial velocity tend to bulge out toward the
corners. The secondary flows into the corner are called secondary flows of the second type. The
driving mechanism for these flows are the gradients in the normal Reynolds stresses. A standard
k- turbulence model with its isotropic turbulent viscosity would be incapable of resolving these
motions. A anisotropic Algebraic Reynolds Stress Model [Neti and Eichorn(1979)] was used to
compute the turbulent straight duct. The predicted secondary flow vectors at 37.5 hydraulic
diameters are shown in Figure 6.1.2-3. Four pairs of counter-rotating vortices are predicted to
occur, one pair near each corner. The maximum secondary flow velocity is approximately 3
percent of the through-flow. The predicted axial velocity contours, (Figure 6.1.2-4), show bulges
into the corners and have been confirmed by experiments [Melling (1975)].

Because of these secondary flows the wall shear stress is not uniform across the duct side
but has been found to have two maximums which are located between the corner and the mid-
point of a side wall. The present numerical prediction of wall shear stress distribution is
compared with data from Leutheusser (1963) in Figure 6.1.2-5. The qualitative trend described
above is predicted well. The predicted maximum wall shear stress is predicted to be 1.08 of the

average shear stress, which agrees well with the experimentally measured value of 1.075.
. . pk -
Contours of normalized turbulent kinetic energy (=—) are shown in Figure 6.1.2-6. The
Tw

predicted contours are very similar to those measured by Brundrett and Baines (1964), with the

highest level close to the wall and the lowest levels near the duct’s center. The currently
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predicted highest level is approximately 3.4 compared to the experimental data of 4.5; the lower

levels are predicted to be 1.65 compared to those in experiments of 2.5.

Turbylent Flows in Curved Duct

The present ‘DUCT’ computer code was validated for single phase turbulent flow in
curved ducts also. Various geometries were computed for which experimental data existed in the
open literature. Humphrey (1977, 1981) presented results, both experimental and computational,
for fully developed flow in a curved duct of square cross section with mean radius of 2.3 Dy at
a Reynolds number of 40,000. A straight inlet section of 45 hydraulic diameters ahead of the
curved duct was used to insure that the inlet flow was fully developed. Humphrey (1977) used
the same configuration for laminar flow conditions and found flow separation along the outer
wall at planes up to 12° . This region of separation was not evident in the centerline longitudinal
velocity distributions but at the two locations 6 percent off of the endwalls. This implies that a
bend R/Dy of 2.3 is too small to avoid separation when the flow is laminar. Due to the
anticipated separation this laminar flow case could not be computed with the present partially
parabolic procedure. However, for turbulent flow in a similarly curved duct, Humphrey’s data
does not show any such separation and reverse flow. Thus turbulent flow in the tight duct was
used for validating the present computational algorithm.

The present computational predictions capture the trends of the longitudinal turbulent
centerline velocity development measured by Humphrey. These are distinctly different from those
seen in the laminar flow case. In the turbulent flow case, the maximum velocity position is close
to the mean radius until about 60° where it begins to move toward the outer wall; whereas for

laminar flow in a curved duct the maximum velocity location moved rapidly toward the outer
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wall and remained there. The predicted longitudinal centerline velocity distributions at various
locations throughout the duct are shown in Figure 6.1.2-7 for a uniform inlet velocity distribution
(see profile close to the inlet). This develops into the fully developed condition at about 45
hydraulic diameters downstream of the inlet. This longitudinal velocity profile has a peak at the
center of the duct and the peak slowly moves toward the outer wall further along in the 90°
curved section. Figure 6.1.2-7 shows the centerline axial velocity distribution across the x
direction, i.e., from inner to outer radius. This distribution is nearly maintained for all y values.
This three-dimensional nature of the flow allows mass to be conserved even though the centerline
distributions shown in Figure 6.1.2-7 might seem to indicate that the curved duct has more mass
at the end of the straight duct than at the inlet. The present predictions are compared with
Humphrey’s experimental data as well as Humphrey’s computational predictions (1981) at the
45° plane in the curved duct (Figure 6.1.2-8). The present prediction also captures the measured
slight shift in location of the maximum towards the outer walls better, but both predictions yield
peak velocities smaller than seen in the experiment. A comparison of the longitudinal velocity
predictions of the present work and Humphrey’s at the exit (90°) of the curved duct is shown in
Figure 6.1.2-9. The presently predicted values are somewhat lower and shifted more towards the
outer radius than Humphrey’s prediction.

The predicted secondary flow patterns are shown in Figure 6.1.2-10. The cross plane
flow consists of a single pair of counter rotating vortices with maximum secondary velocities of
approximately 30 percent of the through flow velocity. This velocity level is higher than that for
the laminar duct flow case. The contours of the u component of velocity (i.e., the component in

the x or radial direction) at the exit of the duct are shown in Figure 6.1.2-11 from the present
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predictions as well as that of Humphrey. Both predictions show maximum velocities of about 30
percent of the longitudinal velocity in the negative x direction, i.e., towards the inner radius.

The predictions of the turbulent curved duct flow compared reasonably well with
Humphrey’s data in most areas but still showed indications that improvements in modeling were
needed to match the existing data. The present calculations (and Humphrey’s) were carried out
with a standard k-¢ turbulence model. In complex flows where significant anisotropic rate-of-
strain components might be present (due to streamline curvature or rotation or separation, etc.)
the present turbulence model with its assumption of isotropic turbulent eddy viscosity may not be
able to capture the flow details accurately. Various algebraic curvature correction models were
tried. In general these models resulted in some areas of improvement while degrading the results
elsewhere. The most promising was the theory of Leschziner and Rodi (1981), which modifies
the eddy viscosity to include local curvature effects based on the a Richardson number. This
modified turbulence model was applied to the Humphrey problem. The computed centerline
velocity distributions are shown in Figure 6.1.2-12. These can be compared with those given in
Figure 6.1.2-7 which used the standard k-¢ turbulence model. The peak velocities are somewhat
higher here in the areas where the isotropic model underpredicted the level compared to
experimental data. The velocity gradient near the outer wall is steeper. The velocity distributions
at 45° (Figure 6.1.2-8) shows that the peak velocity is now 1.15 instead 1.13 but is still less than
the experimental level of 1.30.

The results of using an algebraic modification to the standard k-gturbulence model are
not very encouraging and suggest that a higher level of sophistication is required. This
conclusion based on several trials of various algebraic curvature correction methods in the present

algorithm is consistent with the general observations expressed by Tamamidis and Assanis
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(1993). Pourahmadi and Humphrey (1983) extended the Algebraic Reynolds Stress model
(ARSM) to include curvature effects. This seemed to improve the predictive capabilities of their
code. However, based on the present work and their work done with ARSM for modeling
strongly curved ducts, it appears the full Reynolds Stress transport equations will be necessary for
the proper prediction of these flows. For more gently curved ducts (the duct configuration used
in this work has a mean radius of 5.5) it is expected that the standard k-e model will yield resuits
which are more reasonable.

Pratap (1976) has presented experimental turbulent curved duct data for a rectangular
cross section curved duct of aspect ratio 0.25 (the height is 0.25 time the base, where the base
dimension is the difference between the outer and inner radii). The present program was run to
simulate the geometry tested by Pratap. Unfortunately the duct had a very short straight inlet
section (2.5 hydraulic diameters) so that the inlet boundary condition to the curved section is not
fully developed and not easily specified. Additionally, due to inlet screens, the inlet velocity
profile had a low velocity region near the center which tended to persist throughout the curved
section. To predict the flow in that configuration, the measured inlet velocity profile was used as
the initial velocity profile in the computations. Most of the reported measurements were made
close to the end-walls (approximately 13 percent from the walls) rather than the centerline, due
perhaps to the large size of their test duct which made cantilevering a probe into the duct difficult.
A comparison of the present computations and Pratap’s measurements are shown in Figure 6.1.2-
13, for the flow at 56 degrees. Despite all the shortcomings mentioned above the comparison is

generally good.
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OQverall Losses for Turbulent Flow in Curved Ducts

Predictions of the local flow features of turbulent flows in straight andcurved ducts have
been given in the previous sections. These include secondary flow patterns, longitudinal velocity
profiles and distribution of shear stress. These calculations helped in the development of the
computational algorithm and served to validate the results. The designer is often not so
concerned about local features as much as how these features affect overall parameters such as
the pressure loss between different stations. The present section discusses the computed overall
pressure losses for turbulent flow in curved ducts and compares these results to data available in
the literature.

There appears to be a large variability in the experimentally measured values for pressure
loss in pipe bends due mainly to the methods used for the measurements. An experimental
method used by Ito (1960) and also reported by Blevins (1984) in which long tangents or straight
sections are used both upstream and downstream of the bend seems to be the best way of
measuring the overall head losses. Such a geometry was numerically simulated to compute the
numerical pressure loss data. This procedure insured geometric consistency between the
experimental data used and the numerical computations. The approach used here is physically
more realistic since it accounts for all the losses including the recovery phase of the bend. The
proposed method for finding the loss due to a pipe bend uses the pressure difference between two
stations--one inside the long straight section preceding the bend which is far enough from the
inlet so that the flow is fully developed and the other at the exit of the long straight section
following the bend. This pressure loss is then reduced by the fully developed loss for a straight

duct of length equal to the sum of the inlet and exit sections. Thus the method yields the total loss
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due to the bend alone. Measuring pressure loss just across the bend itself underestimates the
losses since it does not account for the mixing (recovery) loss associated with the distorted profile
at the exit of the bend.

The overall loss coefficient for a square cross section curved duct (90° bend) was
predicted for single phase flow at a Reynolds number of 40,000 and compared to test data from
Blevins (1984). The results are shown in Figure 6.1.2-14. Also shown on the figure is the mean
value of the loss coefficient for single phase flow measured in a square cross section 90° bend as
part of this work but a lower Reynolds number. The data from the present experiments are at a
Reynolds number of 24,140. The measured loss coefficient has been adjusted for Reynolds
number (proportional to Re?). The resultant loss coefficient falls very close to the experimental
data quoted in Blevins. The loss coefficient is plotted as a function of bend radius ratio (i.e.,
mean radius normalized by the hydraulic diameter of the duct). The loss increases with radius
ratio in the range of 2 to 7. The present numerical scheme appears to somewhat underestimate
the loss for R/Dy =2.3 and overestimated the loss for R/Dy; above 3.5. The overall agreement
over such a wide range of radius ratios is encouraging when we recognize the spread in the data
presented in the literature and the wide parametric range of the physics of the flow considered
here. At the lowest radius ratio numerically computed (i.e., 2.3) the losses are dominated by
diffusion losses and the problem requires an elliptic algorithm with an anisotropic turbulence
model, while at the largest ratio computed (i.e., 7) the losses are dominated by wall skin friction.

The present computational algorithm was used to analyze the overall loss in 90° curved
ducts with rectangular cross sections. These computations were compared to loss data as
reported by Idelchik (1976). Both the analytical predictions and the data show that the pressure

loss for rectangular cross section ducts of aspect ratio greater than unity (i.e., height is greater
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than the dimension in the radial direction) is less than that for a square cross section duct.
Similarly, the loss for rectangular cross section duct of aspect ratio less than unity is larger than
that in a square duct. The existence of counter-rotating vortices in curved ducts means that the
flow is subjected to large shear when the aspect ratio is less than unity. Thus it is not surprising
that the pressure losses are greater for these low aspect ratio cross sections. Figure 6.1.2-15
shows the pressure loss comparison between data and the present prediction method. The test
data indicates that the minimum loss occurs for an aspect ratio of 1.85. The ‘DUCT’ code
predicts this minimum at an aspect ratio of 2.0. The last two figures indicate that the overall
pressure loss for a curved duct of square or rectangular cross section can be predicted very well

with the present algorithm.
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4 Contour Plot of Axial Velocity Vectors for Fully Developed

Turbulent Flow in a Straight Duct with Square Cross-Section

Figure 6.1.2
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6.2 Two-Phase

6.2.1 Two Phase Flow in a Driven Cavity

The driven cavity problem for laminar and turbulent flow conditions for a two-phase
medium was investigated next. This problem, as discussed in Section 5, “NUMERICAL
SOLUTION ALGORITHM” , is an excellent means of verifying the robustness of the void
fraction algorithm. This problem is also of practical interest for simulating two-phase flows in
machinery components operating both under micro-gravity (associated with low-earth orbit) as
well as normal earth gravity. Rectangular cavities of various aspect ratios considered and the
methods used here are suitable for predicting two-phase flow in labyrinth seals. Figure 6.2.1-1
shows a schematic of a labyrinth seal and LDA measurements made in it by Morrison (1963).
The resemblance to the driven cavity problem is clear. The presence of vapor negatively affects
the critical heat flux in nuclear reactors and the gas degrades the performance of pump
components, resulting in impeller cavitation damage, bearing and seal cavity overheating due to a
decrease in the heat transfer.

The vast majority of the existing two-phase flow experimental data has been obtained at
earth gravity conditions. Two-phase flow patterns are strongly influenced by the gravity body
force. Performing the experiments at micro-gravity on earth requires flying the experiment in a
parabolic flight profile or using a drop facility. These tests are limited to seconds in duration and
are very expensive. In general it is not easy to perform such low gravity experiments in an earth

bound laboratory. Thus the benefit of accurately modeling these flows computationally is clear.
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The two-phase medium considered is a mixture of water and oil with water being the
continuum (primary) phase and the oil being the secondary phase occupying the smaller volume.
The initial condition for the problem is a uniform distribution of the two fluids at rest in the cavity
with a prescribed volume fraction of the second phase (oil). A steady state solution for the flow
field is computed by successive better approximations (iterations) of the flow field. For the case
considered here, the lighter fluid (oil) rises and the terminal rise velocity can be estimated. For
the water and oil emulsion, density ratio (p,; / p e =) being almost unity, the quasi-steady
process of momentum adjustment that includes the effects of U, the interfacial forces between
the two phases and the oil rise phenomenon is considered. For larger bubbles (oil drops) with
larger density ratios at higher values of acceleration the eventual stratification of the lighter fluid
may be inevitable due to gravity. The solutions presented here are those prior to that, during the
quasi-steady readjustment process when the changes are slow or negligible. For turbulent flows,
the isotropic viscosity for the continuum phase is calculated using the k-e model modified to
accommodate the effects of the second phase. Turbulence of the second phase is calculated with
one of the two methods discussed earlier. The results are presented with linear dimensions
normalized with the cavity hydraulic diameter and the velocities normalized by the top wall
velocity. The boundary condition on the top wall is set to the prescribed U, with no slip and
the other three wall velocity boundary conditions are set to zero also due to no slip. The problem
is isothermal in nature since viscous dissipation is small at these low velocities and viscosities
considered. The independent variables considered are Reynolds number based on the wall
velocity, cavity hydraulic diameter and the continuum fluid viscosity which determines the nature

of the flow (laminar or turbulent), the void fraction (volume fraction of second phase - oil), oil
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drop (bubble) diameter, acceleration due to gravity and the aspect ratio of the cavity. Results are
presented for two values of Reynolds number: 400 and 40,000, corresponding to laminar and
turbulent flow regimes. Average (initial) void fraction of the second phase used is in the range of
5 percent to 30 percent. Qil drop (assumed spherical) diameters considered are 2, 5, and 10 mm
which correspond to non-dimensional values based on the cavity hydraulic diameter of .08, .2
and .39. The density ratio of the two phase (water/oil) is 997/884. Two values of acceleration due
to gravity used are those corresponding to that on earth (9.8 m/sec’) and that at low earth orbit
(space shuttle, .2 m/sec?). Effect of the aspect ratios .5, 1 and 2 are also presented. The dependent
variables are the four components of velocities, pressure, local void fraction distributions, slip
ratio distributions and turbulence properties.

The phase velocity distributions for laminar flow (Re = 400) in a square cavity with an
average oil volume fraction of 30 percent in the form of droplets (bubbles) are shown in Figures
6.2.1-2 to -6. The first two of these figures represent water (continuum phase) velocity
distributions at two different gravity levels, and the second two figures present the same for the
oil. The water velocity distributions look very similar to patterns seen in single phase solutions
for this problem. At earth gravity, the buoyancy effects and the rise velocity are higher for the
lighter phase (oil). The effect of this rise velocity on the water velocity distribution is seen in the
left third of the cavity. The vertical velocities (up) are more uniformly distributed with a larger
inactive cell in the middle for the low gravity case. At earth gravity, the oil rise velocity is of the
same order of magnitude as the wall velocity, whereas at low gravity values, with lower rise
velocity, the oil is influenced more by top plate velocity. The effect of the water momentum is
clear at the bottom of the cavity (Figure 6.2.1-5). The strong water velocity (= U,,) toward the

left is seen to move the oil to the left also. The void fraction (oil volume fraction) distributions
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corresponding to the above velocity distributions are given in Figures 6.2.1-6 and -7. At earth
gravity, there is substantially more oil at the top (Figure 6.2.1-6), than at lower gravity. The
larger void fractions are close to about 95 percent. The ability to compute such high void
fractions is testament to the robustness of the algorithm used here. The accumulation of oil to the
right-hand corner is more obvious at lower gravity as the plate is influencing the oil movement
just as much as the buoyancy effects.

Effect of bubble (oil droplet) size is illustrated in Figures 6.2.1-8 to -11. Oil velocity
distributions at nondimensional bubble sizes of 0.08 (2 mm) and 0.4 (10 mm) are presented here.
The larger bubble occupies a substantial fraction of the cavity width. At a void fraction of 0.3 in
a 25 mm cube, 5 mm and 2 mm diameter bubbles would have populations of the order of 75 and
1170 respectively, but there would be only nine 10 mm bubbles. Velocity distributions of the
lighter continuum phase (oil) as presented here with only nine bubbles may cause one to question
whether the continuum assumption is still valid. Yet it is gratifying to note that the effect of the
presence of bubbles distributed throughout the computational domain (at all computational nodes)
with a 30 percent void fraction initially in each computational cell does give physically
meaningful results; e.g., the vertical velocities are seen to be noticeably larger for the larger

bubble size all else being the same (Figures 6.2.1-8 and -9).

2 2
Slip ratio for this 2D problem is given as : Jtu, - Uz) + 6’1 - Vz) ! Uwan

Slip ratios shown in Figures 6.2.1-10 and -11 are larger in the right-hand part of the cavity where
the liquid is forced downward due to the top wall motion and the oil droplets resist this due to
buoyancy. Slip values are somewhat larger for the larger bubble case and the maximums

approach the wall velocity. The larger values of slip at the bottom of the cavity are a
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consequence of the definition above where buoyancy driven oil velocity is larger for the large
bubbles in the region where the water has a low vertical component of velocity.

Phase velocity distribution at a low (5 percent) void fraction are shown in Figures 6.2.1-
9 and 6.2.1-10 with Dyyyei/Dyyy = 0.2 (S mm bubble) at low gravity. Water velocities are not unlike
those at higher gravity and higher void fractions (Figure 6.1.1-1) but are affected less so by the
smaller amount of buoyancy forces. Oil velocity distribution looks more like those for the smaller
bubbles (2 mm, Figure 6.2.1-8) and indicates the importance of bubble size on the phenomena.

Results of computation of turbulent two-phase flow (Re=40,000) in the driven cavity are
presented in Figures 6.2.1-14 to -19. As k-e model of turbulence that includes turbulence
contribution due to the second phase is used for both phases. The momentum imparted by the top
wall is substantially larger here than in the laminar case and U,y is larger than the oil rise
velocity even at earth gravity. Thus the velocity distribution for both phases display nearly
symmetrical cellular motion even at the higher earth gravity. Thus it is clear that the gross flow
patterns in such cavities are governed by the ratio of wall and rise (U1/Viise) velocities. Unlike
some of the laminar cases described earlier, here the oil is transported well throughout the cell
and has horizontal velocities comparable to the wall velocity at the top as well as the bottom of
the cell.

The oil accumulates here also in the right-hand top corner as shown in the void fraction contours
in Figures 6.2.1-18 and -19, but the quantities are much smaller as the oil is“churned” better and
is more uniformly distributed throughout the cavity. The largest values of void fraction,
approximately 0.70 are well below those in the earlier cases (* 0.95). The effect of gravity and
buoyancy forces appears to be weak here as evidenced by the void fractions that are practically
the same at both gravity values.
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Results for laminar flow in the cavity at different aspect ratios is brought out in Figures
6.2.1-20 through -24. Similar computations for turbulent flows in rectangular cavities have also
been computed. Results at low buoyancy forces are shown to bring out the effects of the moving
wall better and thus are presented here. Not surprisingly, the taller cavity is left with a larger area
of low velocities at the bottom. The water velocity distribution has slightly larger downward
velocities near the right wall with the largest values comparable to U,,;. As seen in the earlier
distributions for a square cavity, the central core for the water flow has very little motion. Void
fraction distribution for the oil in the wide and tall cavities are given in Figures 6.2.1-22 and -23.
Again, accumulation of the oil in the right top corner is evident. The accumulation of the lighter
phase in the top half of the cavity, even for these low buoyancy forces, is noticeable for the taller
cavity.

Vertical velocity variation across the cavity at the mid plane is shown for two void
fractions in Figure 6.2.1-24. The velocities are larger for the higher void fraction (both positive
and negative) as would be expected. The distribution is somewhat flatter for lower void
fractions. Volume fraction of oil along the cavity diagonal is shown in Figure 6.2.1-25 for two
different oil droplet (bubble) diameters. Smaller diameter droplets are likely to stay mixed with
water (emulsify) better and thus result in a more uniform distribution of void fraction. Except for
the right-hand corner where the oil tends to accumulate, the void fraction of oil is fairly constant
along the cavity diagonal for the smaller diameter oil droplets. The larger diameter oil droplets
do not stay at the bottom as well, as is also evident from this graph.

Results of two phase computations for a water-oil mixture have been presented above.

The computational scheme appears to capture most of the expected features for phase velocity,
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and void fraction distributions. Additional details pertaining to the two-phase driven cavity

problem are given by Graf and Neti (1996).

180

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



FLOW

— —
— -
e e e
TN =TT =
—_— 7 oo
AN,
/‘\\
s I
’ -
¢ 2N
¢ o
A
2'1
N~z
AT 4
I3=2
NN — s .

> s Sy S T, Ty, S S
o

!
I
/
)

—
{
/

aane SNERY

AR ITINNYY

\\\\Q.L,‘l’,

‘M’,’

/77
1t/
th

Figure 6.2.1-1 Labyrinth Seal Geometry & Measured Flow
( illustrating its closeness to the driven cavity problem)

181

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission




4
P
S ]
51
> i
=
— T~ . - T
R SN
////'M ™M
////ﬂ--—-- S N N I'Q
N o

Figure 6.2.1-2 Water/Qil Laminar Flow;Water Vectors at earth gravity;

]
f / VAV v e e e e e - ~N \I:
, rr .. t s e e e = m = . \ L
f f / Lo R ' . , - - ~ * ' f-
; Fr.. S NN N N s s [ L-- o
f , I 7 e NN N~ == = -, i o
f Py oL NN N S S s e i
P .
1§ t N \ \ \ N ~ ~ . ' ! 1 [J
t t Vs o o L s ‘ I . . ¢ Yy I (B
t | S NP - v ¢ P P e s s ™ |-D_
YA | o.
‘ N ”~ o~ e~ T o - e - - - ’ V4 { 'T
\ T e e e e e 4 e e o - - - L4 I 7
N et e e e e e e e e e e e . .
DS E S DN SR T S R RAS SN T S L L- S
Q 10 S 10 Q"
18¢

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

400;D,/D,=0.197;Void Fraction=0.30

Re=




lw 5
- 1~ &
- (=)}
S J <]
= | §
=) 7 £
N ©
© e
P e P P e P s s el s =B > == = . - - 2
;/"ﬂ’—‘»—h—)—)—-’—-’—b—-—.—»\\~ §
1 / S e ——r—a—a—a~ N 4 §
r , / / //—4—0—.“\‘\.\\\\\ - g
r ! 7 7 » - - - - lq >
) f S SNSNNNN)\ T o g
\ t | A S S N N N Ny \ “ E
! ! r . . . R 7 &
) | ’ AT S N N N Y l u E
I T T S | | E
t ot l 7 3
1 L A 2 S 2 S S S | | 1 [ o -
‘ t 1 v . - - - ’ , 7 7 t ! ‘ l 1 o %
1 t v Q
1 M S A T A Y S B 1 . ©
‘ \ ~ - - - - - P P4 4 4 / / I l L= ;
P @
N -~ - - - - - - 4 e P4 rd / I ‘ b - -
‘ N N e e lQ C\i
-~ - e o - rd Pd 7/ / l am o ‘o'

\ 1
A R T i i Y Y Y | { 7 9
\ R 3
S e e e e e - o e rd I'd 4 4 ,9
o [T

Ve o o o o e o = — = e - - - .

IR TS DS wiif il Rl St St W S NS

-~

S 10 o 0 Q"

183

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

400;D,/D, =0.197;Void Fraction=0.30

Re=



1.5

1.0

P
/
Jf
\
\
\\\ﬁ}
0.5

Figure 6.2.1-4 Water/Oil Laminar Flow;Oil Vectors at earth gravity;

0.0
Re=400;D,/D, =0.197;Void Fraction=0.30

///’l""l\ll\l‘b\‘\l.‘l“\lt\\ 7 -

//o/flt.lbl.tl\\.\t\i\-t.\t.\b\lt\ln\\ -~ %

» / N N ettt o " '
” /l/fl‘l"l..‘\l““l\ tttt - e o -]
/4/4, ttttttttttttt 7

ahadathuarion Rl sl uill b el Sl T e Mird i il B

o @0 o 0 o™
- o o o APy

184

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1.5

Reproduced with permission of the copyright owner.

= - £
o - @
e
BT =
> ] &
o E
' ’ . 4 4 rd L4 - w
- o
t} ' A 2
| ' ' v - - 8
) . 4 s 7 S S 7 - >
4‘ r ‘ 1 1 Y . - - ’ 7 S 7 S / 7 , = 8
\ t t vy v - . . P "q .;-
)\ \ L S N v 7 T Y ' E
[,
A 1 | S N v v sy i 8
A ‘ L U S R G G G G4 ’.‘ £
I\ ‘ | S S N AR A A A (o»] g
i ‘ \ \ \ -~ - LA A T A P / l_‘ O g
A ‘ AU A /7 7 ‘] %
{ | S U O - e e v v sy oy =
1 \ VN N ke e e e e e 7 ‘ l:',
! 7 /7 N -
1 t VN e e e e e lam 'Q N
- v - L L 4 (o] ©
T | T U - e e e e e e e o, s N ' 9
T L S S - o e e 7 _a’
t \ \ -~ - - - - - - - - - - - - - 7 L
e TR T N N W R T AT TR T S 1 {1 L oy o.
P
S 0 o 0 X
185

Further reproduction prohibited without permission.

400;D,/D,=0.197;Void Fraction=0.30

Re=



0E"0=uonoely pIoA:261°0="a/ atoov=ey
‘Annesb ypes Je sINoju0D UoYRORL IO!MOl Jeulwe] 10/1e1eM 9-|'2'9 einbiy

i o't G0 00 Go- ol-
T T ﬂ[— ! 1 I T T | L — T T I T — L) T T | — 1 LI ) o- Fl
w/’.\/-
Ni\/\/L
" Neo
0oL'o }
€610 ¢ ]
9820 € 1a
6L£0 ¥ | 0’0
o S .
¥96'0 9 N
L5890 L 1 ..
0S.0 8 /| S0
7 =2\ /- -

186

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



0€"0=uonoei4 pioA'L61°0="0/"q'00¥=2Y

‘AiAeiB010iW Je SINOJUOD) UKL JIDMO)S Jeulwe] IO/181eM Z-1°2'9 emnb)y

Gl ot G0 00 G0 0L-
vy — ) ¥ 1 11 ] — ¥ 1 1] L] — ) L LR — T | T o- —-I
—. -
\ NS
W’, - m.OI
0SL0 ) .
020 2 > ]
920 € 1 A
L2€E0 ¢ 1L 00
6€0 S J
9Eb'0 9 1
e6v'0 L 1.
0SS0 8 190
HdIV [9nen / -
- 0t

187

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



‘AneiBolojw Je se|qqnq Isejjewws ay} O SI0199A |IQMO| Jeulwe {IO/181eM 8129 einbi4

0€°0=uonoeld pIoA'6.L0'0="a/°a'00p=0Y

ot S0 00 S'0-

0't-

] L] \ ] 1 1 \J 1 ] 1 1 1 1 1 1 ) I ] 1 L)

| Ty rreoorrrrrrroonT

-
. [N NN N N N N .- - - - - -

N \ \ / NN NS e s . - - - .J
. \ YN N NN S S s - s s ~ ~ =
€ SN N N N N NS NS s s s s s s e —
—— ;: . N .~ ~ ~ ~ ~ ~ -~ - - ~ ~ ~ ~ ~ . -7
> ~ ~ ~ ~ ~ ~ ~ -~ d -~ ~ ~ ~ ~ . -
-

- -~ ~ -~ ~ ~ - - - -~ - ~ ~ ~ A Y N .
.

- - - ~ ~ ~ ~ ~ - - ~ ~ ~ ~ N \ *
—

. . . ~ ~ -~ - ~ ~ ~ ~ A AN \ .
-

4 . .~ - N N ~ N N Y \ [y
~

. 0 . [ 1) [} ] .
-
0 . - - . - - - - . . . . ’ [ ] o
. ~ - - - e e - e e - - - - . ’ -~
U
. N e e e e e = G G G B e S S ~l
-

AN e e — e e — e B G B e, S . '
-4

- —— g — e e §— '

0't-

G0-

00

G0

ot

188

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1w £

po— . >

- 8

1 o

= S

g“’T 1 8

. E

> -

= [+

[2}

@ 8

| e e e e . - - 2

- =

! L ¢ e e P P e - - - .g

f 1t - . . - - e v 7 T T - g

t 1 A\ N ~ - - - - e s s g’

(Te} -

‘ \ AN \ ~ - - - . e e ey — . (0]

Vv e =
NN N e e e e h

1R R G k<)

A N N T e .—.—.—.oo—-f// 7/ g.

\\ I N —.—f.‘o—o—// l.‘ g

\\ N N e e e e - e e e e / I- o >

\ /o H

T VN N e e - - e e e e e e / ¢ 9

(T

\\ ~ - - - - e e e e e e e / 7 -

R g

\ -~ -~ -— - -— —- e = e e e - / ¢ - __C_

1 Y N a -1 O. =

S e e e e e e e e e e * b—

t FENE I

VN N m m e m e e e e e e e - 7 . E

1\ ~ -~ - - - - - - - - e e e - ’ . .g(a

‘l’l—J.J 1 : L- L. L.I.I.I.J -1 1 ]: Ll'l oo q’

h 2t -

Q 10 o 0 Q" o

- o o Q ~ ©

] 1 [0

—

=}

2

.

189

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

400;D,/D,=0.39;Void Fraction=0.30

Re=



Gt

0€°0=uonoeld PIoA6L0'0="0/'a'00v=0Y
‘Auneibosolw Je sejqqng ISs|fews ay) Jo SINoJUo) oney dijS Mol feuiueT jO/18¥eM 01-1°2'9 enbid

o't S0

00

S0 0't-

1 1] J 1

gr'o
G20
8€°0
0s0
€90
S0 9

difiS {oAeq

n <N~

b 1 — 1

F:

J—‘ 1 1 | I

LLLLL

1

O'L-

G0-

190

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



0£"0=uonoe1d plIoAse 0="a/'q:00v=oH
‘AyneiBosoiw Je sejqqng }sebie) ey} Jo sInojuo) oley diiSiMol Jeuiwe I0/101eM | L-1°2'9 ainbi4

Gl 0l G0 00 §0- 0't-

LS _ L L) A\ \] 1 LI dJ ] ] —1— LI ] 1 — 1 | ' 1 O.FI

N -4
]
L 7 G0
d ]
L10 :
" W m/ l )
8y'0 -
£9'0 -
620 /¢ F/l. c0
AEL 7 N\ &ﬁ

N T O N -~

¥6°0 9
dins (ere

N T 0N—

o1

191

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



G0"0=uonoel4 PIoA'261'0="a/*q'00b=94
:uoloei pIOA (eniuf IsamoT.AiaeIBoIoIW Je S10J09 J8JR AN MOl JeulweT IO/401BM 21-1°2'0 ainblg

St o't G0 00 G'0- 0'l-
1 ¥ — L J T 1] ] T ¥ .— —‘ -l -l! ) Io— ll— lc— .l- l— .- —. -. -. i K 1 . o- -l
S S e p—— .~~~ )
R S A A ”
PR A A S S - S N N N NN s g
-— A A A N R SANANYy s A650
emn A A A N N VL
' s “ \ 'y ., A L U W W S S ) -
' * w ‘ | S A ' S S TR ) ]
' “ | . R T T T O .
T S
T ~ | I S R R
: “ bov o o]
f q q | T Y B Y B U T SR S
! R R A N s K1
| L TN LGN AR R R B T T T
P e P S T TR
% AN e R I S T S
;’TII.AIA.'AIAII‘A\A\&\;\.\ P ~1
0}

192

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



G0'g=uonoeid plopz6L0="a/'a‘oov=ey
‘uotioesy PIOA feinu) 1ISemo-ANARIBOIOI B SI0I0B A HOMO)S Jeuiwe] jo/ereM £1-1'2'9 ainbi4
Gl ol G0 00 G0 0oL

LI 1 — ) LIS ¥ . 1 1 .1 ._ — 1 _lf_w. llﬂlﬂJ L] 1 ~‘. L L o- —-I

-
L A A N T U S T T e . T B +
-
21 v N N N N NN N NS S S N sy .
s
L S T S S e N S S T T Y S SR
-— -4 ¢'0-
A TR T R Y T T W T R R B o
e
——;= ...-...._......~..L
-

L

-1 00

\\\\‘\\\\\\\\\\\-

J

l\\\“‘\\\\\\\\\\.l

Il“'\“.\l\\l\\.\\‘\\-J

i .

G e e e e e e e e e - SO
-

- - -—— — >— — P - P - - - - - - - -
N -—
-~ - e e e A e e e = o 4 e e

~ N G — A — G— g e e

- el et et e e .

193

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



0E"0=UOROB14 PIOA‘Z61°0="0/"Q:000'0v=0H'sesEYd Y10q 10} 8-

‘Auneib yues Je s10108 J01BMIMO|H JUBiNQUN (10/181BM ¥ L-1'2'9 ainbiy

St 0t

Hem n

T et e il e il s el el P el —fl ——p ——E =y,

S0 00 G0
LSS DU VUL DR JUNC U QL A AL PO A ERLEURL L
f S e e e e - - N
s A . ~ ~ Ny
~ f | B B N Y
* | I TR oy
n | I T L N T |
by oy
“ | TN vy
b Co
P Coe e
! o e ey
| T s e ey
v L
by o e e
bty e e e
L
a \ -~ - - - - - - Pl . v - . ¢ '

!
!
t
!
!
t
t
t
1
1
1
1
t

O

- 0'L-
N

-

-L
G0
a

.4

'

nu 00
N

14

—l

- 50
—J
1oy

194

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



0€"0=uondeld pioA‘L64'0="0/"q'000'0p=0y:seseyd Y1oq 10j 8-y
“AAeiBOIOIW Je S10)08/\ JOJBMIMO)] JUBINGIN] IO/I01M Gi-1'2'9 81nbiy

) ot S0 00 S0 0t-

L ) S R A ey o e s g s e v s v L0
\ / A e e e e P e e > > e — A .l
~ w \ ! ’ ’ - - . - - -~ -~ ~ ~ . \ —u
~ ~ q ! ’ ’ . . . . . . . . . \ 1 1
< O A R, A s0-
wemn (Pt v
~ by o0 T
~ ! | I TN ey T
~ by v e e e ey ” ”L
% * a 1 . . . . . . N . ' ' N o-o
ﬁ t v .
% - t t . . . ’ 0 ' ' “ “ “J
~ — oy e e o 0 a0 190
ﬂ , | I N T
Y N - . - . . . . . ’ ' ] ' n
ﬂ . \ -~ - - - - - - - - - - - ’ ~_ ”;
Iy e e e e e e e e e e T

0l

195

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



0E"0=uohoel] PIOA‘L61"0="0/'Q!000'0v=0U'seseyd Yioq 10} 0-3
-Auneib yuee 1e 10199 I0:MOI- WeINGuN | 0/101eM 91~ |'Z'9 @nbiy

0’1 S0 00 S0- oL-

v v v ¥ i O-—.I
S A UL L L S B UL LN

DI | W W W WS Y T N T T T O T S SR
< N S N S N N R N e B 0
__G; : 4 . . [y \ \ Y \ \ ' ) ] ] ! ] ’ ' ]

+ . 4]

400

2 S R R S T T m.o

[} ) Y - -

id (4 4 ’ 14 , ’ [ [ ] . . . =
] \ ~ L - - - - ' v v . - . . ]
\ N ot e e e e > e e~ e e en e - - - .l.
T et t—— - — — — — — — — o ~l

196

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



0€"0=uoyorl pIoA'L61°0="a/°a'000'0t=eH seseyd yioq 10§ 0-y
‘AyneiGoIo 1B S10J08\ J1OMOL JUBINGUN ) JIO/SIM ZL-1°2'9 aInbly

o't G0 00 S0 0t-

| B S T 1
- A L ML LI R L. L. .r. o—.

~ - = —

N ™ ™M N NN T e YN N N N N N Yy

g
’
e
L4

A
T G N N R R U Vv
\

LU R R N

-
-
-

) ] ] [} '

——ﬂ; : * * . . Y Y ) Y ] ] []

00

Y A LY .~ - .

.
’ ¢ ’ , , ' ’ + * L L4 — m o

. AY \ - - -

L A A e .

VN N v L b e e e b e e e e . .L
VN s e e e e e e e e e e e e e .,

4

- s s W A M A G s s s A e o s amm N

ot

197.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



0€"0=uonoel4 PIoA261°0="0/'a'000'0v=eY ‘seseyd yioq Joj a-¥
‘Alnelb yuea e sIN0juo) UoRIRI JI0MO} JuBINGIN} HO/I8¥eM 81-1°2'0 ainbi4

Sl

0l S0 00

S'0- 0t

600
81’0
92’0
GE'0
vv'o
€50
190
0.0

HdV 1eAe

N O WO <TTOAN ™

8

] LI | 1 1— _J}-I—}_

N~e—

0
&,

W

] ] 1 ] q 1 LI T o-—-l

100

0l

198

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



0€°0=uonoeid PIoA:Z61'0="0/"q!000'0t=0Y ‘seseyd yioq 1o} 8-}
‘Aunei160101W Je SINOJU0Y) UoHORI JIOMO)S JUBINGUIN] I0/491BM 61-1°2'9 8mnbiy

Gl ot G0 00 G0 ot-
1 L —‘ 1 \-\J‘ 1] 1 ) —Nv- 1] — 1] ¥ L] 1] — 1] J -/l o- Pl
-
7\ ] m.OI
600 I m//m "
gLo 2 1
920 € ]
. 00
Ge0 ¥ v ]
Yo S .
€S0 9 -
190 ¢ 1.
oro 8 \ 150
HdTY (ere . N\ -
y—/ \\ \ ] o't

199

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1.0

O D el e ol et il D S N e ——p — —y - -

/[ 7/ - A o e e et e e s e . e~y \

~ ! 7 / \\\cl\ll.l»l..’.l/// —4

~ﬁ\\\\\\\‘-‘l///—l

0.5

-~\\\\\\|lll//#._l
_-ss\~\\-uu:cfw_

Y

_-\\~\‘\--:.——h_

_--~‘\.....____

_..~......._~h_n
..........._hh_n

__.....,..._-h_|

)
0.0
0.5;Water Vectors at microgravity;

U Wall

0.3

1

— — —_— —— —— e —— —— — ——  ——
—
—
—
-~
~
~
~
Al
Al
)

]

)

'

4
A

|

[

|

200

-0.5
Figure 6.2.1-20 Aspect Ratio

-1.0

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

400; D,/D,=0.197; Initial Void Fraction

Laminar Flow; Re:



‘uoissiwiad noyyum pauqiyosd uononpoidas Jayung Jaumo ybuAdoo ay} Jo uoissiwiad yum paonpolday
102

v, lﬂ—-—-——————.—..‘y/

\\\\u.,....._\\\l

EERETRE
LY I I I
SEEEEENE
SERRIEE
ETNNITE
AEEREIERE
1 RN B B I B B
R NN

Vya o,

v
\

| S L LS

\
Y Vv,
'

Tih v,

\b)
L

SRR BRI

R S A Y I B
SR A Y B B A
Rt (A B B B
o ol ywal
......... A N —
... et
R
_1 rl”l’l”l"l' .1“1.;.lv L 1 i q IJ;I 1 L l { [l

Figure 6.2.1-21 Aspect Ratio = 2.0; Water Vectors at microgravity;
Laminar Flow; Re=400;D,/D,=0.197;Initial Void Fraction = 0.3



600
vL'o
61’0
y2'o
0g'0
Se'0
ov'o
S0

HdV eAe]

N O W & MO N ™

8

£°0 = uooes PloA ey ‘£61°0="0/°0 ‘00p=oY ‘MO)4 Jeunuen
‘AynesBosojws Je sINojuoD UORORI4 PO ‘G O=0NeY Joadsy 2gg-1'g"9 embi4

G0 00 S°0- o't-

n\x\l\\w - ——

W

\
S

00

202

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



‘uolssiwiad Inoypm payuqiyosd uononpoidal Jeyung “JouMO WBuAdoo sy} jo uoissiwiad yum psonpoidey
£0¢

3 Level ALPH
i 4 | 8 085
7 074
O f 6 064
5 053
2 N 2{ 4 042
3 0.31
2 021
- 1 010
1}
i
o[ A
,\\—1/\
_1 Il I [ 1 l ' { I} { 1 { [ § [y L { [ Y [ l [ {1 1 [§ l
0 1 3 4
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Laminar Flow; Re=400;D,/D,=0.197;Initial Void Fraction = 0.3
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6.2.2 Turbulent Two-Phase in a Straight Duct

Vertical upwards two-phase flows in circular cross section pipes have been studied
analytically and experimentally by Neti and Colella (1983), Wang et. al. (1987) and Neti and
Mohammed (1990). Such detailed quantitative measurements are not available for vertical up
two-phase flows in square cross section ducts. The present numerical algorithm described earlier
has been used to predict vertical upflows in square cross sections.

For the square duct two-phase flow predictions, for a given void fraction, the bubble
distribution and the static pressure is assumed to be uniform at the inlet to the vertical section.
The void fraction distribution at the end of the vertical duct, i.e., at a distance of 45 hydraulic
diameters downstream (fully developed) shows a central core which has a void fraction
distribution less than the average inlet value and a region of high void fraction near the walls.
This peaking near the wall is the result of the bubble’s tendency to be driven towards the walls
which is a consequence of both the lateral lift force on the bubble due to the gradient of the axial
velocity and the lower static pressure that exists along the duct’s perimeter. The static pressure
distribution at a distance of 45 hydraulic diameters downstream from the inlet shows a central

core of higher static pressure surrounded by a region of low pressure (Figure 6.2.2-1). The

~-P
pressure parameter plotted is __Io_@z__ .
P avg

2
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The predicted water velocity profile for turbulent two-phase flow is shown on Figure
6.2.2-2 and is somewhat flatter than that predicted for single phase flow at the same vertical
location (see Figure 6.1.2-7). The presence of the bubbles in the two-phase up flow distribute
momentum across the section. Measurements in circular cross section pipes [Neti and Colella
(1983), and Wang et. al. (1987) ] show that the continuous phase velocity profile is flattened with
the largest difference occurring near the wall. Close to the wall, the concentration of the lighter
phase which due to gravity is moving faster than the water tends to increase the velocity of the
water. This is often called the “chimney effect”. The longitudinal velocities for the distributed
phase (Figure 6.2.2-2) are higher than those of the continuous phase due to buoyancy effects and
the near 1000:1 density ratio between water and air.

Along with the void redistribution the flow exhibits momentum adjustments that include
lateral flows, boundary layer growth and axial velocity changes. The predicted void fraction
contours for an average inlet void fraction of 0.07 and for 5 mm bubbles are shown in Figure
6.2.2-3 for the fully developed flow condition. There is a central core of void fraction about 0.06.
The void fraction increases rapidly close to the wall and is higher in a rather small wall layer.
Figure 6.2.2-4 is a line-plot of void fraction predicted across the centerline, along with the inlet
average void fraction shown for reference. Figure 6.2.2-5 [Neti et. al., (1996)] presents the void
fraction data measured by Wang et. al. in a circular pipe for vertical up flow. The same trend is
seen there, a flat void fraction over much of the flow area with significant peaks near the walls.
There is not similar experimental data in the literature for a square duct. The only non-circular
pipe data available is from a high aspect ratio rectangular cross section [Moujaes and Dougall
(1987)]. These measurements were made to simulate flow in a nuclear core vertical rod bundle.

The cross section was 76.7 mm long and 12.7 mm wide. Average bubble size was
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nearly S mm. Void fraction distributions presented along the long side which is made up of
averages taken in the short side direction show a void peak near the wall also.

Void fraction distributions with an inlet value of 0.3 show a similar central region of
void fraction less than the inlet region with a peaking of the void fraction close to the wall.

Figure 6.2.2-6 shows that a central region of 0.25 void fraction with wall peak values as high as

0.6.
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Figure 6.2.2-2 Two-Phase Water/Air Flow; Centerline Longitudinal Velocity Distributions;
at end of Vertical Duct (Z/D, = 45) Re=40000; d,, = 5 mm; D,, = 254 mm
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6.2.3 Two-Phase Flow in Straight-Curved-Straight Duct with Large Bubbles

(Simulating the Present Two-Phase Flow Measurements)

The present work uses a long square cross section duct ahead of the bend. The inlet void
profile at the inlet to the bend is computed and is found to have the trend seen by many
experimentalists, a void fraction distribution with peak values near the walls, as discussed in the
previous section. Therefore, the present results for flow in bends with square cross section have
physically realistic inlet void profiles, which rapidly change as the flow progresses through the
90° bend and then into a horizontal section. This computational approach is preferable to starting
at the duct’s inlet with an assumed void fraction profile as was done by Carver (1984 and 1986)
for his calculation of two-phase flow in a circular cross section curved pipe. His assumption of a
sinusoidal void distribution is not correct for vertical up flow for which numerous
experimentalists have found a peak in the void distribution near the walls. The bubbly flows
described in this section are computed at bubble diameters of 5 mm, which simulates the bubble
diameter used in the test loop.

Measurements were made in a test loop that consisted of a vertical square duct with an
up flow section followed by the 90° bend and then a horizontal straight duct. Computational
predictions of flow were made for the same flow configuration so that the inlet and exit
conditions for the bend were included naturally and not arbitrarily assigned. The inlet velocity
and void fraction profiles at the start of the bend are those calculated implicitly in the forty five
diameter straight square duct described in the previous section.

A qualitative description of the bubble distribution throughout the test configuration was

recorded by a series of digital pictures taken to support the analytical work of this dissertation.
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This series of pictures (see section 3.4 Data and Results) showed that the bubbles, on entering the
curved section of the test loop, move quickly towards the inner bend and follow a path closer to
the inner radius throughout the bend. On leaving the bend, the bubbles end up at the bottom of
the horizontal straight section, but then quickly move towards the top of the horizontal section.
The air and water are fairly well stratified by the end (22 diameters) of the horizontal straight
section. This geometry was expected to be a chailenge to the present numerical algorithm, since
there was a drastic shift in void distribution with maxima near the inner radius of the curved duct
followed by high void fractions near the top (i.e., equivalent to the outer radius side) in the
horizontal duct. Velocity, pressure and void distributions for two-phase flow in the square cross
section curved duct are discussed below.

The present predictions for the continuous phase velocity vectors on a plane located at
45° in the curved section are shown in Figure 6.2.3-1. The inlet water/air flow conditions are
those at the end of the straight duct and an average void fraction of 0.07; bubble diameter of 5
mm (in the 25.4 mm square duct) and a Reynolds number of 40,000. The secondary flow
velocity vectors for the continuous phase show the familiar pair of counter rotating vortices which
was discussed in conjunction with both laminar and turbulent single phase flow in a curved duct.
However, for the two-phase flow case, the vectors flowing towards the outer radius are much
stronger than those returning towards the inner bend. This suggests that more flow is moving
towards the outer radius than is required to change the longitudinal velocity profile from a
symmetric one to one with a peak velocity at a radius biased towards the outer radius. The
continuous phase is moving preferentially to the outer radius due to the body forces. The
companion secondary flow velocity vector plot for the distributed phase, air, is shown in Figure

6.2.3-2. This indicates that the air is moving fairly strongly towards the inner radius. Peak
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lateral velocities are approximately 0.75 of the average throughflow velocity. The associated void
fraction (i.e., volume fraction of the distributed phase) contours are shown on Figure 6.2.3-3.
While the majority of the cross section has a void fraction approximately equal to the inlet void
fraction of 0.07, the void fraction at the outer radius is 0.05 and the void fraction along the inner
radius is as high as 0.15.

At approximately 75° and more (depending on the Reynolds number), the centrifugal
force which is driving the heavier water towards the outer radius is almost balanced by the
component of gravity which is acting downwards. The present prediction for the continuous
phase velocity vectors on a plane located at the end of the 90° curved section is shown on Figure
6.2.3-4. There is still a pair of counter rotating vortices visible but the vortices are very weak at
this position in the duct. The peak lateral velocity is approximately 10 percent of the average
through flow velocity. The distributed phase’s lateral velocities are still moving towards the
inner radius (see Figure 6.2.3-5) but the velocities are generally smaller than those at 45°. The
associated void fraction contours at the end of the curved duct are shown in Figure 6.2.3-6. The
void fraction along the outer radius (at the top of the duct) is 0.03. There is a large area for which
the void fraction is between 0.03 and 0.067. The cross sectional area closest to the inner radius
shows high void fractions, with a peak value of 0.25. This clearly demonstrates the dominance of
the centrifugal force over gravity at these flow conditions.

The static pressure in the duct at the bend’s inlet has a central core of high pressure, with
low pressure along the periphery (Figure 6.2.2-1). Inside the bend the centrifugal force is
balanced by a radial pressure gradient in which the highest pressure is along the outer radius. The
pressure, referenced to the average pressure at the bend inlet and normalized by the dynamic
head:
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develops from a fairly mild pressure gradient in the duct at 30° (Figure 6.2.3-7) to a moderate
radial pressure gradient at 60° (Figure 6.2.3-8) to a strong radial pressure gradient at the bend’s
exit (90°) (Figure 6.2.3-9). The pressure increases with increasing radial distance for lateral
planes between approximately 45° and 90°. The lateral plane pressure distribution at 30°(Figure
6.2.3-7) has a maximum pressure at the outer radius and minimum pressure close to the inner
radius. However, the inner radius shows a slightly higher than minimum pressure. The rapid
movement of the distributed phase towards the inner radius weakens the continuous phase’s
secondary flow and thus the radial pressure gradient is somewhat weakened.

Thus the present computational approach correctly predicts the redistribution of bubbles
towards the inner radius as well as the pressure changes associated with turbulent flow in a bend
as the flow proceeds through the curved duct.

Upon leaving the curved duct, the flow enters a horizontal straight section. The predicted
water velocity vector contours in the horizontal straight duct at a distance of 22.5 hydraulic
diameter downstream of the exit of the bend (see Figure 6.2.3-10) show that the heavier
continuous phase is now moving in the opposite direction to the bottom of the duct. The water is
moving from the top towards the bottom with maximum velocities approaching 13 percent of the
average longitudinal velocity. By contrast, the lighter distributed phase is now moving towards
the top (which for the curved duct would be the outer radius). The maximum lateral velocity for

this upward movement is approximately 33 percent of the longitudinal velocity in Figure
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6.2.3-11. The associated void fractions are shown in Figure 6.2.3-12. A maximum void fraction
close to 0.25 occurs near the top; a minimum void fraction of 0.05 occurs along the bottom. Thus
the void fraction distributions are totally reversed from what they were in the curved section with
the peak void fraction values now occurring at largest x values (corresponding to the top) whereas
inside the bend the minimum void fraction levels occurred at the largest x values (i.e., the outer
radius). Further down the horizontal section, the water/air flow becomes more stratified, see
Figure 6.2.3-13. Peak void fraction values occurring at the top are now 0.6 while the bottom of
the section has a very low void fraction level of 0.02.

The two-phase centerline longitudinal velocities at end of the straight duct presented in a
previous section (see Figure 6.2.2-2) showed that a somewhat flattened turbulent profile is
established for both phases at the end of the long inlet vertical section. The centerline
longitudinal velocity distribution for water in two-phase flow at 45° in the bend is similarly
flattened (see Figure 6.2.3-14) compared to the single phase distribution. The maximum of the
longitudinal velocity in the curved portion of the duct moves towards the outer radius. The
longitudinal velocities at the end of the 90° curved duct show a slight peaking near the outer
radius (see Figure 6.2.3-15); otherwise the velocity is almost uniform. At this location the
gravitational force is acting against the centrifugal force and the flow patterns are in transition
between those for curved duct flow and those for flow in a horizontal duct. The peak longitudinal
velocity inside the horizontal duct is located close to the bottom wall, and is dictated by the
heavier continuous phase.

While the above centerline longitudinal velocity distributions are indicative of the cross
sectional trends, they are still two-dimensional slices of what is actually a three-dimensional

distribution. Mass is conserved both locally (at each node) and globally (across any given cross
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section). Comparisons of the centerline velocity distributions at the end of the long vertical inlet
section and the flow at 45° in the bend may appear to violate continuity. However, the three-
dimensional profiles (see Figures 6.2.3-16 for the straight duct profile and 6.2.3-17 for the curved
duct profile) show that the peak in the axial velocity for the straight duct is very local and falls off
in all directions. However, the peak for the bend only falls off in the radial direction and is nearly
constant across the duct in the direction (y) normal to the radius. The continuous phase’s
longitudinal velocity distribution in the y direction at a constant x distance (midway between the
inner and outer radii) shows a parabolic distribution at the end of the vertical straight duct and a
rather constant distribution at 45° (Figure 6.2.3-18). The longitudinal velocity distribution in the
y direction at 90° is also relatively constant (Figure 6.2.3-19). The velocity distribution in the y
direction in the horizontal duct, at 22.5 hydraulic diameters downstream of the bend exit, begins
to take on a parabolic distribution (Figure 6.2.3-19) similar to that in the inlet vertical straight
section.

Numerical simulations were also made for very high (0.3) inlet void fractions. Void
fraction distributions for the most interesting cross planes are presented in Figure 6.2.3-20 and
6.2.3-21. The void fraction distribution at the end of the vertical straight duct was shown in
Figure 6.2.2-5. Peak values of 0.6 were predicted at the periphery. Figure 6.2.3-20 shows the
void fraction contours at the end of the bend (90°) which indicate a high concentration of the
distributed phase at the inner radius. Peak values of 0.7 are predicted at the inner wall. The void
fraction in the horizontal duct at 22.5 hydraulic diameters from the bend show, in Figure
6.2.3-21, an accumulation of the gas phase at the top of the duct and at both sides of the duct.
Here the flow is very stratified: a void fraction of 0.7 is predicted at the top while the void

fraction at the bottom is predicted to be 0.1. The present algorithm has thus been demonstrated to
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be robust and stable even as the void fraction reaches very high local levels. It is expected that
the predictions for flows which are highly stratified will be improved by modifying the

constitutive relations that are presently based on bubbly flow.
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Figure 6.2.3-10 Two-Phase Water/Air Flow; Water Velocity Vectors in Horizontal Duct;
Z/D,=22.5; Re=40,000; d, , = 5 mm; D, = 25.4 mm

- 1
N
.
"
.
"
—
"
s




ww $'Ge =" ‘ww ¢ =" ‘000'0r=0H '5'22="a/Z

{ JonQ [RIUOZUOH Ul SI0J0A AIO0JOA NYMO| IY/IB)eM 9SeYd-OM]) L 1-E'2'0 b4

SIXV X
00

]
—— e
-— -
-
" - ey, s G e B e — — = S S S N S ~L
EE o-m - Q:Qa - e S S G e A e S e e e S S T S N ' |
. — - - e e e A e e e e e e S N N % -IJ
L0"0 = UIPIOA

- - -— — e e e = e = e Sy S, S S A [
=

- - -— > e >— - — e B G s e e, e, S by +

- = e = = = A= G @ @Gmm Gem S e T S s

- e = e e o= — e — e = *— e G - e o=

- e e= = e = — = e = e— = G G— @ @ e

L O W U U SR

0'L-

G'0-

oo B>

G0

ot

232

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



‘uoissiwiad noyum payuqiyosd uononpoidal Joyund “Isumo WbuAdoo au) o uoissiuad yum paonpoidey

€€

1.0
 / \_/4/ \
) ™ Level ALPH
A A 0.300
! _ 9 0269
05 \ 8 0.238
A \ 7 0207
s 6 0.176
(/)] - 5  0.144
.5 i ; 4 0113
0.0 |- 3 0.082
: Bye] 2 0.051
>. ) 1 0.020
-05 |
3 Voidin =
- Dbub =
_1 '0 L | | 1 1 4 [ ( I 1 | U N L i I |
-1.0 -0.5 0.0 05 1.0 15

X Axis
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Figure 6.2.3-13 Two-Phase Water/Air Flow; Void Fraction Contours in Horizontal Straight Duct;
Z/D,=45 ; Re=40,000; d, , = 5 mm; D,,=25.4 mm
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Figure 6.2.3-17 Water Normalized Longitudinal Velocity;
at 45° in the Curved Duct; Two-Phase Water/Air Flow
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Figure 6.2.3-21 Two-Phase Water/Air Flow; Void Fraction Contours in Horizontal Duct (Z/D,=22.5);

High Inlet Void Fraction (=0.3); Re=40,000; d,.=5mm; D,=25.4 mm



6.2.4 Two-Phase Flow in a Straight/Curved/Straight Duct with Small Bubbles

The results presented thus far for the simulation of the two-phase flow in
straight/curved/straight duct setup have been with relatively large 5 mm bubbles (the side of the
square cross section duct is 25.4 mm.). Results are presented here for | mm bubbles, much
smaller than those used in the test loop. The purpose of these studies is to see if the present two-
phase flow models (i.e., the constitutive equations used for the interfacial momentum exchange
force and the void fraction algorithm) can accurately predict the expected flow patterns. These
bubbles can almost be thought of as flow tracers since they are expected to follow the continuous
phase much more faithfully than the large 5 mm bubbles did.

The void fraction distributions (for the | mm bubbles) throughout the duct are shown in
Figures 6.2.4-1 through 6.2.4-3. The first figure shows the void fraction distribution at the end of
the vertical straight section. The distribution is essentially a uniform 0.07 across the duct. The
peaking at the walls does not occur for these very small bubbles. Due to larger surface area for
the interphasial interactions, the drag forces overwhelm the other forces such as the Saffman
force.

Figure 6.2.4-2 shows that the void distribution at 45° in the bend is essentially uniform
and equal to the inlet average of 0.07. This indicates that the bubbles are following the
continuous phase (in stark contrast to the situation seen in the previous section for the large (5
mm) diameter bubbles where at a similar location there was a strong gradient in void fraction
across the duct in the radial (x) direction.

The void distribution at the end of the 90° bend and in the horizontal section also show a

nearly uniform distribution of bubbles at a value close to the inlet void fraction(Figure 6.2.4-3).
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Again, the stratification which was clearly visible for the large diameter bubbles does not occur.
The small bubbles follow the continuous phase flow and do not seem to be controlled by body
forces such as gravity and centrifugal forces.

The present numerical procedure predicts all the qualitative features of void fraction
distributions seen in the test loop for the 3 to 5 mm bubble diameter used there (i.e., large
bubbles). The small (1 mm) diameter bubbles are predicted to follow the continuous phase

faithfully without being affected by body forces.
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Figure 6.2.4-2 Two-Phase Water/Air Flow; Void Fraction Contours 45° in Curved Duct;
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6.2.5 Calculation of Bubbles Flow Rates Based on Void Fraction Distributions in the
Lateral Plane

The volumetric flow rate of the distributed phase through a flow area Ax Ay centered at

3

nd,
(ij) is: Waj 05 Ax Ay ; and the volume of one bubble is Tb ; if Ax and Ay are chosen

equal to the diameter of a bubble, d, , then:

Number of bubbles per second passing

WHa
through a square with sides equal to d, = —‘212- [6.2.5-1]
ndp

The void fraction data presented above actually represents the passage of a discrete
number of bubbles per second at any point in the flow field. The bubble rate is an important
parameter in determining the enhancement of heat transfer from a surface. An extension of this
work, as recommended in a later section, would compute two-phase heat transfer rates from first
principles by the addition of the energy equation. However, an immediate approximation to the
two-phase heat transfer rate is possible by applying empirical enhancement correlations with the
presently computed bubble rates.

Contour plots of bubbles flowing per second at various stations throughout the straight
and curved duct are given in Figures 6.2.5-1 through 6.2.5-4. These contours are proportional to
the product of the void fraction and the bubble longitudinal velocity. They are thus somewhat

similar to the void fraction contours. However, some of the trends seen in void fraction are
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diminished or flattened especially where high void fractions occur in areas that have low velocity.
This is the case for the contours at the end of the long straight vertical duct. For fully developed
flow in a straight duct peak void fractions occur on the perimeter, but so do the lowest
longitudinal velocities. Thus the contours of bubbles per second do not show a significant
peaking at the perimeter (see Figure 6.2.5-1) and bubbles passing the plane per second lie in the
range of 25 to 30.

The contours at 45° (Figure 6.2.5-2) show a peak in bubble count at the inner diameter,
similar to the void fraction contours. The bubble rate is predicted to be 30 along the outer wall
and as high as 50 along the inner wall. The bubble rate predicted at the end of the 90° bend is
similar to that occurring half way through the bend (Figure 6.2.5-3). Bubbles per second range
from 30 on the outer bend to 55 on the inner bend.

Flow through the horizontal duct at 22.5 hydraulic downstream of the bend results in
highly stratified water/air flow. The bottom eighty percent of the cross sectional area has a
bubble rate of 30 per second (Figure 6.2.5-4). The rate increases dramatically from there to the
top wall, where a peak rate of 200 bubbles/second is predicted.

This section has presented contour plots showing the bubble rate, expressed as bubbles
per second, at various lateral planes throughout the straight/curved/straight duct geometry. These
contour plots, while being similar to the void fraction contour plots, describe the movement of the
distributed phase as the main flow traverses the entire test rig in a more straight-forward and
physical manner than the concept of the void fraction is able to do. However, the bubble rate
does tend to flatten gradients that exist in the void fraction whenever a high void fraction location

coincides with low axial velocities.
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Figure 6.2.5-3 Two-Phase Water/Air Flow; Bubbles/Sec at 90° in Curved Duct;
Re=40,000; d,,, =5 mm; D, =25.4 mm



-uoissiwiad noyum payqiyosd uononpoidal Joyung JaUMO 1yBLAdoo sy} jo uoissiuuad yum paonpoiday

£62

1.0

0.5 |- T

Level BUBSEC

Il 5  200.00
- ) 4 157.50
.2 i ? - 3 115.00
é . o 2 72.50
00T Ml 1 3000
> -
05 |- i
- ! 4} Voidin = 0.03875
- I Dbub = 5.0 mm
_1 -0 I 3 i ] 1 ‘4 ) | B ¥ L I 1 I } ‘ ) I 1 lﬁ I B | | I 1 ) Il I
-1.0 -0.5 0.5 1.0 15

0.0
X Axis

Figure 6.2.5-4 Two-Phase Water/Air Flow; Bubbles/Sec in the Horizontal Duct(2/D,=45);

Re=40,000; d,,, = 5 mm; D,, = 25.4 mm



6.2.6 Overall Two-Phase Loss Predictions

Overall pressure losses have been computed for the bend and for the horizontal and the
vertical ducts. This section compares the computational predictions to data found in the
literature. Two-phase pressure losses were also measured in the test loop. These measurements
were discussed in section 3.4 Experimental Data and Results, and are included here also.

The overall two-phase loss multiplier is plotted in Figures 6.2.6-1 through 6.2.6-3 as a

function of the Martinelli Flow Parameter as presented in Chisholm and Laird (1958):

(" o

Gg

where G represents the mass flow rates, p are the densities and u are the dynamic
viscosities for the gas and liquid phases. The higher the amount of the distributed phase (i.e., air)
the lower the value of X will be.

The two-phase loss multiplier is the ratio of the two-phase pressure drop to the
pressure drop that would occur if the flow were liquid only. Two-phase loss consists of
contributions from frictional loss, acceleration effects and gravitational influence. The change in
hydrostatic head for the vertical straight duct and the curved bend results in a change in pressure.
However, this pressure change is typically not counted as part of the pressure loss; that is the
reason why the Lockhart-Martenelli two-phase loss multiplier is the same for a horizontal or
vertical pipe. The Chisholm and Laird (1980) data used to validate the present algorithm’s
prediction is based on a bend which was tested in a horizontal plane so as to remove the

gravitational effect. The loss multiplier for the straight pipe is presented in the format suggested
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by Chisholm and Laird (1958) in which the ordinate is given as the two-phase multiplier minus
unity. Hsu (1976) present the same Lockhart-Martinelli data with the square root of the two-
phase loss multiplier as the abscissa. The two data presentations yield the same value for the
two-phase loss multiplier.

The present predicted two-phase loss multiplier is compared with the loss multiplier as
measured by Chisholm (1980) for a 90° bend in a circular pipe. Chisholm’s data is for R/D =
infinite (i.e., straight pipe), 5.02, and 2.36. Using this data an experimental curve fit covering the
above non-dimensional pipe radii has been determined. The present R/D ratio of the test loop,
(5.5), is within the range covered by data. The curved duct data is presented by Chisholm and
others as the square root of the two-phase loss multiplier versus the flow Martinelli parameter.
The comparison of the ‘DUCT’ computational predictions to those measured by Chisholm shows
good agreement. The computed results are for 5 mm bubbles. The empirical loss correlation
depends only on the amount of gas present (i.e., the void fraction) and does not differentiate
between bubble diameters. The computed loss is 10% higher for | mm bubbles than 5 mm
bubbles. The existing experimental data base is insufficient to presently determine whether the
two-phase loss multiplier has a weak dependency on bubble size. The relatively small change
(when compared to typical two-phase flow measurement scatter) will make resolving this
question by additional experiments difficult. The present numerical computation somewhat
underestimates the increase in the pressure losses for two-phase flow.

The computed loss in the horizontal section downstream of the bend is compared to data
using the Lockhart-Martinelli correlation (Wallis, 1969). The correlation does not distinguish
between vertical and horizontal flows. Figure 6.2.6-2 shows that the present numerical

computation again underpredicts the two-phase loss increment; however, the trend and level is in
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reasonable agreement with the data. The horizontal flow may have too much stratification which
might explain some of the discrepancy.

The computed loss in the vertical section upstream of the bend is compared to data again
using the Lockhart-Martinelli correlation. The empirical fit of the data is the same as for the
horizontal flow case (Figure 6.2.6-3). The present numerical prediction shows slightly less of a
loss multiplier for this vertical flow than computed for the horizontal flow. Again the computed
results underestimate the increase in loss due to the second phase.

The present numerical predictions consistently underestimate the two-phase loss
multiplier compared to data in the literature. This is probably an indication that the log-law wall
function which describes the turbulent boundary layer profile is not appropriate for two-phase
flows. The modification to this profile through the two-phase flow multiplier may require further
investigation to improve the predictive capability of the present procedure. None the less it is
gratifying to note that the two-phase pressure losses computed are reasonably close to empirical
data. This is significant since the predictions presented here came from first principles but with
empirical data for the modeling of the interfacial forces; otherwise the interpenetrating continuum
and the associated momentum exchange models seem adequate to determine the pressure losses

described here.
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Figwre 6.26—1 Two-Phase Loss Multiplier for 90° Curved Duct Fiow

R/Dh=5.5; Square Cross-—Section Duct
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7. SUMMARY OF RESULTS

The experimental data obtained in the course of this work is given inSection 3.4 Data
and Results. Single phase and two-phase losses were measured for straight up-flow; straight
horizontal flow and for flow in a curved duct with a square cross section.

Computational results for various single phase and two-phase geometries was presented
in the previous section on Computational Results. Details of the flow, such as velocity profiles
and wall shear stresses and secondary flow patterns are compared to data and other investigators’
numerical results where applicable. An overview of the two-phase flow measurements and
computations can be obtained by comparing the digital photographs recorded in the test flow loop
with the predictions from the present two-fluid model.

The bubble distribution at the inlet of the curved duct are shown in Figure 7-1. The
bubbles are fairly uniformly dispersed across the section. Figure 7-2 shows the bubbly flow in
the curved portion of the duct. The bubbles can be seen to migrate towards the inner radius,
although there are still some bubbles along the outer radius of the bend. Figure 7-3 shows a zoom
photograph at the 45° location in the bend. Again, the bubble concentration is highest near the
inner bend, but some bubbles can still be found along the outer wall. The flow conditions at the
exit of the curved section are pictured in Figure 7-4. The bubbles start to move from the inner
wall towards the top of the horizontal section.

Numerical predictions of the two-phase flow can be summarized with a series of three-
dimensional iso-contour plots. A predicted iso-surface of low void fraction in the duct is shown
in Figure 7-5. The predicted low void fraction areas correspond to the outer region of the bend,

much as the digital photograph of Figure 7-2. The high void fraction area is predicted to lie along
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the inner bend, see Figure 7-3. This iso-surface agrees with the digital photograph of Figure 7-2
which shows a high concentration of bubbles along the inner radius. The numerical prediction of
high void region in the straight horizontal section downstream of the bend is shown in Figure 7-7.
This prediction shows that the high void fraction area has shifted to the top of the duct, much as
the digital photograph of Figure 7-4. Computational results for the fully developed flow in the
vertical section, immediately before the bend, shows a central core of void fraction less than the
average void fraction (see Figure 7-8). The peaking of the void fraction along the periphery of
the cross section is predicted by the present algorithm (see Figure 7-9), where a surface of void
fraction higher than the average value is shown to surround the central low void-fraction core.
This series of photographs and three-dimensional contour predictions summarizes the
basic features of the two-phase flow as well as the predictive capabilities of the computational
algorithm developed here. Overall pressure loss parameters have been measured, computed and
compared. In general the agreement for both single-phase and two-phase flow is good. This is
extremely gratifying particularly for two-phase flows since the predictions were made from first

principles.
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Figure 7-1 Digital Photograph of Bubble Distribution at the Inlet of the Curved Duct
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Figure 7-2 Digital Photograph of Bubble Distribution Inside the Curved Duct
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Figure 7-3 Digital Photograph (Zoomed) of Bubble Distribution Inside the Curved Duct at 45°
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Figure 7-4 Digital Photograph of Bubble Distribution at the Exit of the Curved Duct
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8. CONCLUSIONS

A two-fluid model has been successfully developed that captures the essential features of
vertical up-flow, flow in curved ducts and flow in horizontal straight ducts for both single and
two-phase flows.

The algorithm has been verified by comparison with pressure drop data taken in a test loop
built in the laboratory

The computed results have been verified by comparison with both qualitative flow features
and quantitative loss data reported in the literature.

Bubble peaking at the walls of a vertical section has been properly predicted in the present
work. The lateral lift force has been modeled with use of modified Saffman theory.

The interphase drag correlation used has successfully predicted the difference in the
distributed void fraction patterns with bubble diameter. Small bubbles are predicted to follow
the flow unlike the larger bubbles that tend to segregate.

The void fraction algorithm is a critical component in the assembly of a robust and stable
two-fluid model that can successfully compute phases with widely disparate densities. The
presently used void fraction algorithm and lessons learned during its development are
reviewed in detail in this dissertation.

Turbulence transport equations have been developed for two-phase flows. The isotropic k
and € equations contain additional source terms due to the interpenatration and interaction of

the phases.
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e Bubbly water/air flows can be predicted using a simple turbulence model for the dispersed
phase. The use of a second two-equation turbulence model for the dispersed phase does not

seem warranted.

e Two phase flows in which the density of the distributed phase is comparable to that of the
continuous phase seem to be improved with the addition of the second two-equation
turbulence model for the distributed phase.

e Computations of the two-phase driven cavity problem at various gravities indicate that the
critical flow pattern differences in labyrinth seals and other turbomachinery components due

to microgravity compared to earth gravity at which they were developed can be studied with

the present procedure.
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9. RECOMMENDATIONS

e Further development of the constitutive models used presently in this two-fluid model
numerical algorithm awaits detailed velocity measurements. The collection of such data in
the present test loop should be given a high priority.

e The present algorithm is an acceptable vehicle for testing competing two-phase flow
turbulence models, since reliable, detailed parametric distributions can be computed.

o The present methodology should be extended to compute heat transfer properties, first for
single phase and then for two-phase flows.

e Single component, two-phase flows could be computed in the present algorithm by the
addition of the proper source terms in the continuity and momentum equations. Additionally,
the energy equation would need to be solved. (The energy equation would have a form very
similar to the transport equations for turbulent kinetic energy and the dissipation rate of
turbulent kinetic energy.) This would be of great interest in studying water/steam flows
where the liquid phase may be evaporated as elevated temperature or low pressure regions are
encountered by the continuous phase.

e Particle laden flows could be studied by the addition of a pseudo-kinetic energy equation for
predicting the solids’ pressure. The prediction of particle trajectories for such flows is of
great interest for the proper design of commercial hot gas expanders and many other

applications that are susceptible to erosion.
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Nomenclature

k turbulent kinetic energy = 1/2 Wviw?)

X coordinate direction in the lateral plane that is also in the radial
direction for the curved duct problem

y coordinate direction in the lateral plane

z coordinate direction in the longitudinal direction (becomes ® in

the curved duct portion of the duct)

u velocity component in the x direction

v velocity component in the y direction

w velocity component in the z or ® direction

Greek letters

a volume fraction of phase 2 the distributed phase

£ dissipation of turbulence

n dynamic viscosity (i.e., a property of the fluid alone)

My turbulent eddy diffusivity

T shear stress

Subscript

ij index for velocity component

k index for phase; =1 is continuous phase; =2 is distributed phase
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Nomenclature, continued

Superscripts

denotes time varying component
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Appendix I: ® Momentum Equation

Toroidal Coordinates (Incompressible & p =const.)  CONSERV. FORM:

(awu ovw ow 2puw)
p + + +6, —
ox dy R'00 R

(uaw+vaw+_lv_aw+8 uw)__ap
P“& "y TR oe R%

azw+§la_w_+ﬂ+izy_ +8 2i-l
Mo "R o row| "H°Fa ®

Viw

~

@ Momentum Equation - First Consider Terms that are straight duct-like only

X, + Xy X +Xi; |

foraCV: R, . =-E +R. = +R.
or local inner 2 i 2 i
Xp +X — X; +X,, —
Ricatonter = Pz E+R; = > L+R;
R, =x, +R, =x; +R;
and
dz=R A0
let
RO = Rloa:l oter Ri = Rloeal inner Rp = Eloal
dz, = R,A0 dz, =R,A0 dz, =R,A0
Then
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+ +
{ (W_z_w_) iz, ~ o, (1_2_‘1_) dydz,_}

Wp +W w, +wg
R e e[

+ {pw,,u Wp, = PWp Wp }dxdy= ~(pp — pg)dxdy

(we, =wy,) ¥y %) (Wa, ~W5)  (Wp, —wy)
+udydz, A:f A; BT A by oy ey vy
p HOX, pt AXy Y, +4Yp Y5 + AV,
2 2 2 2
Divide by dz,:

W, {(% R L dz—)dy*f(% pvy, ~ 1PN, )ds
P P

dxdy pdy pudy pdx pdx

PR, +;(Ax,,+Ax5)+;(Ax,,w,,)g@ym,,)*;(AysAy,,)}
pdy

{( PE,)dy iz, -(Ax +Ax£)}

""ww,{ Pup,.)dy (AxpiyAx )}
P 3 ;4
pdx

M {( 7PV ) —(AJ’N+AJ’P)}

pdx dxdy dxdy
+Ws, {(% pvs, ) m} (Pp - pP)Zp_ +PpWp Wy Z.
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From Mass Conservation

Mass Resid. = [clzdz0 ~CWdz, + CNdz, - CSdz, +CD-CV + ahp( Ue, ; U, ) dx;ydz]
P
So Mass Resid./dzp = CES2 ~ CW 4 4+ CN~ CS +5,, L(CE+CW)-X.
dz, P R;
Define
~a dz
CE=CE
dz,
o dz.
eWw=cwi
dz,
and

SMP = CE-CW+CN-CS+5, .

In7

(CE+ CW)%X—-

P

& Momentum Equation. - Curved Duct Terms

(ug, +up) w, ) Wp, Wy Wy, Wy,
8 jop —E——=—L(dxdyR,d0) = | —E—2— dyRpd®
: 2 R, R, 2 2

(“5, +up  Ug +up')
2

2 2 -w
+8, uj — dxdyR 5 Po |R dOdxdz
uHl & R0 dypd9+mu[Ri]pde
or
W, ~W,,
'zl'P'lnp(uE, +up )dxdydd wp =8 InH[Az—]dyaB

+8, 7?: [(uE, +tUp, —Ug, —Up )dde’]‘ O 'I:l—’,wr, = Wp,dxdyd®

Divide by dz, =R ,d0
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dx W » tw“‘r
%8 ,np(u,:.’ +uP,)'_Rin—wP, =8h}1[——5~—2———:|%

+3,,

Z dz [(uE,+u,,’ ug ~ug )dxdy]—S,,, dxdyw,,’

Note: CE = GEdy and GE=pug
CW=GWdy and GW =pu,

or
dxd® dz dxd® dz, we, ~wy 1dy
S. 1 _.2.4..1 ) LW | X
in wl’y[z puE,.a.‘y dz,, dzo 2pu dz dz] [np'[ 2 Rp
+9, B (uE ‘U, —Ug —~Up )dxdy] o, dxdyw,.
n dezp 4 P g v RZ 4
or
5, CE dvd® Cdede W, =51 W, =Wy, | dy
2 &, 2 d | 2 R,

p p
+5|n M—; (llE’ tUp ~Ug —Up )dxdy]—S,,, 'R—:-dXdyWPP

These terms go into Sy; and Sp.

® Momentum Equation - Toroidal Coordinates (Incompressible & pu = const.)
CONSERV. FORM

(6 wu ovw Ow 2puw)
P + + +8,
ox dy R"00 R

p(uaw+v6w+ wow 5 uw) op

+0, —|[=-—"—+
& & R & "R Ro$

?2_W+5__@+52 O’w | o |5 0u _w
Mo "R o Ro%| "HRa ®

Viw

Note: curvedduct n=1 8, =1
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straightduct n=0 §, =0 (Reduces to straight duct result)
Note: R=R, =R, +x,

So add the following terms:

O
R

28.,,p b, 1) u;’ (dedyRdB) =

Wy +We  Wp +Wy
In 2 K -

2 2 )ddee

(ugr +up, U, +u,,y)
2

v w28 2 2
ln“’R RdB

dxdyRd®

5, p[— ‘;‘;' ]dxddeG

Additional Terms for Curved ® Momentum Equation

5 Ye, ~ Wy,
u (s, + 4y, )dedydBw, =8l —25—F|dyd

+8m% ("E,. +up, ~Ug, —u,,'_)dxay]_si‘_m%‘fx_{y_

Additiopal Terms:

(CE +CW)dxdf = A A,
290

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



e

We,| 81 {P(us, +uy, )dedyd® + = dsdydd | =

[ )

+8,n%[(u5’ +Up —Up —Up )dxdy]

ou ov ow u
For Mass Conserv. | %+ &+ 15 %|aayrdo =0
Fass Lonsery (ax % R0 "'R) Y

0= Py, ~ 4y )AYRA® + p(V,,, — Vv, )AXRAD + p(W,,, — W,, )dxdy +8 ,,p %dxddee

( dx )
s(CE+CW) x
’ U +u v
Rd6 CE—CW+CN—CS+CD—CU+8,np( s "P) d";y -0
k )
The coefficient of w, becomes (on subtracting Contu;;:;y Eqn ):

[;(CE -CW+CN -CS)+ CU+5,,,{(CE +CW)%—+§2-dxdy}

—(CE—CW+CN—CS+8ln %(CE+CW)2R§)+DN+DS+DE+DW]

or
[;(—CE+CW-CN +CS)+5,, %(CE+CW)%+CV+6,,, E“z-dxdy+DN+DS+DE+DW]

Then the coefficient of w;, becomes
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w,,F[(DN-;cM+(DS+;CS) +(DE- +CE) +(DW + ,CW) + SMP+ CU +7:£2—dxdy}

Define §B(1,J) = -SMP - E“;dxdy; CU=AU
Then coeffficient of w,_ is: wp, [AN +As+ A + Ay ~ SP+ AU

o Use Hybrid Discretization, i.e. Ag = AMAX(ABS(% CE);D,) - %CE, on
(AE and D )and (Aw +Dy,) for coefficient w, .

e For coefficient of w, use Hybrid on original (Ag and D) and (A,, and D).

but let coefficientof  w, —A +0 ; ‘2’
and let coefficient of Wy, = Ay -8 ’;‘3’

o LetS(LJ)=9, —E—[(ugp +Up —ug —up Jdxdy
(was zero for straight duct)

e Redefine SP to SP = -SMP - —Rﬁz—dxdy.

® Momentum Equation - Toroidal Coordinates: (14 and Laminar)
for n=1 curved duct

au, ou, U ou, UU,
p| U, +U, LS
ox oy R o R

ap at 6ty¢+a‘t“ +arx¢+
R6¢ ax gy |Rd] R

Consider the Viscous Tenas:
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or

o|ou, Y, U, &U, 13U, 8°U, azU
x| Rox R: Rogex RZ a9 | ° ay2 * Rowdy

Note: E“% (Continuity Eqn.) is:

or

aZU azU aZU aU
M Roeax * Rody R26¢ "Roae |

So combining with Continuity Equation gives for Viscous terms:

U, , 10U, 2%, 3%, U, U, 1aU,
’“kax2 o o wa |

v’u¢

PN P 199, 2U+26U ViU, + —-%--i-zaU‘
Heaw| ME e 'R e VO R

Thus the Momentum Equation becomes:
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U U, U,8U, UU,
plU H+U, L+ b 0| % +uVU, + 2‘2"*-%
ox % R 3 R R6$ R R

Z Momentum Equation in Cartesian Coordinates (Incompr. and p = const.)

a(pwu) | (pvw) . 3(pw’) =_§1_7+uﬁ‘i o'w (A)

o 3 oz o Pa Pt

Discretize (A) using: central differences for all terms but convective term in z direction
(use upwind).

(wp, +wg ) (wp +w, )
puE’ ~ P Erl puPr_P’—.’_. dyRPde
2 2 Wdz

(wp, +wy ) (wp, +ws)
+{pv~r__f.,_£_[v____pvpr._?_2—s ﬁRPde
dz

2

+
+ {pw”; wl’,. - pwﬂ. M}dxdy =

dxdz| (Wg, = Wp,) _ (wp, —wy,)
"'(PD"'pl’)dxd’y'l'l'1 dy (Ax,,+Ax£) (Ax,,+AxW)

2 2
w, — W Wp, — W
+pdidz | et __Fe e
a (Bye +A7,)  (Bys + Ay,)
2 2
and divide by dz
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dix / dz
WP"(%puE’ ~%pu,,r)dydz+(_;.pvlv’ '%Pvrp)dxdz'*'(PWn.) d203’+ l(’:jCZdiAx )
7 P E

o Mdzdyldz | pdxdz | pdydz
7(ax, +Ax, ) (Ayy+8yp - (4ys +Ay,)
2 2

pdydz
w ! pu dydz_'-.__._.___...._____}
” {( i EP) 7(Ax, +Ax;)

1 dz
- Wy, {(+7 PUp, )ajzdz + ;._(%—A—x.;—)-}

Define:
GN =pv,, GU = pw, CN = GNdx CU= GUgi;:—y-
GS =pv,, CS = GPdx
GE =pug, CE = GEdy
GW =pu,, CW =GWdy
DN =- pdx DE = _I___H_d_Y____

T(Ayp +AyN) i(AxP +AXE)
DS = HdX DW = b4

7 (8ys +Ayp) 5 (AXp +Axy)
Hence (AA) becomes:

295

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Wy, §CE~yCW + LCN—1CS+1CU + DN+ DS+ DE+ DW }=

We, {- yCE+ DE}+w, §CW+DW }+w, §,CN+ DN}

+ws, {.CS+ DS} (P(L,J), -(P(I,J),,)%;Q-f- Clo,,

From Mass Conservation:

Mass Residual = dz(CE ~CW +CN -~ CS + CD - CU)

Define SMP =-Misd§§fi= (CE-CW +CN —CS)

Rewrrite the coefficient of w, as:

{-—%(CE-CW+CN-CS)+CU—§CE—CW+CN—CS)+DN+DS+DE+DW}

= 0 by Continuity
which can be rewritten as:

{4(CE+4{CW~1CN +4CS)+CU+DN +DS+DE+DW

Now add SMP to Ap {thus adding w,_ (i, )SMF} and add SMPU p, tO SU (on RHS of
the equation.) Thus the coefficient of w,, becomes

(DN - ;CN)+(DS +;CS) +(DE- ;CE)~ (DW+;CW)+SMP + CU
T =X, =A, =k, =X,

Substitute the above in fora, (i.e., the coefficient of w;, ) to get:

and define: SP(I,J) =-SMP
AU=CU
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wp {Ay+ dg+ Ag + Ay + AU ~-SP(L,))}=
wEPA,g + w,,,’A,,, +wy Ay + ws’As
-(P(1,J) D—P(I,J),,)%zdl + AUw, +SMPw,
® Momentum Equation

® Momentum Equation (Single Phase)

ot ot 2
w Ow y_w_)=_ P T, 245, L +pgd
R0 ox oy R

Rewrite momentum equation in conserv. form by adding (pw x Continuity Equation) to
the original momentum equation, i.e.

ou ov uw
pW—+ pW-— + pw-

W 5 0" <0
ax P TP Rag PR

d(pwu) , 3(pvw) 3(pw’) 5, 2puw _

o 2
=y =4+ pgh
o &y = R R R o

lnR

O +8
oy
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\ fix I X M Equati

X Momentum Equation in Toroidal Coordinates (Single Phase)

L L
E T

ou Ou w du wz) op 2
—_— _+.____._.8 —_— | == 4uVu-
p(u v RM In R uviu—p

Consider first the X Momentum Equation in Cartesian Coordinates:
(refer to Figure 5.2-6 Control Volume for U velocity:
R, is the radius to node P; Ry, is the radius to node W)

opu” _ pw) , Apuw) _ _3p

— = + viscous term
x | ay oz ox S

Apu’) Hpuv) dpuw) dp  [d'u du .
o), How), 2ov) ax+p{axz+ayz} EqulX-1]

Discretize Eqn[X-1] :
(pug, +pup ) (ug, +up,) R. - (pu,, +pup ) (u,, +up)
2 2 F 2 2

Rw}tﬁdy

+ (PVy, +PVaw,) (up, +uy,) _ (pvp, +pVy, ) (up, +u,) (R,, + R"’)dedx
2 2 2 2 2

(pwp, +pw,,) (pwp, +pw,, )
{”'2 S My P

(Pp'Pw)AY{—IS%—R—P-)dO+d9dy(R‘"+RP){ (ug —up)p  p(u, —u,) }

2(Axp +Axg)  5(Bx, +Ax,)

+dxdo

(R, +Rp) | Hluy, —up,)  p(up —u,)
2 |3y +Ayy)  ;(Ay, +4y,)

Define:
GN=pv N, = pv(l,J+1) CN = 0.5(GN+GNW)dx
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GS=pv, =pv(l,J)

CS =0.5(GS+GSW)dx

GNW =pvy, =pv(I-1,J+1) CE =0.5(GE+GP)dy

GE=pu;, =pu(l+1,J)

GW =pu, =pu(l-1,J)

GP= pup = pu(l,J)

GSW =pv, =pv(I-1J)

pdx
DN =
%(AYP-'-AYN)
pdx
DS = ———m
%(AYP+AYS)

Thus the coefficient of u,_ is:

CW = 0.5(GP+GW)dy

GU

CU

CD

GD

DE =

=((pw(I-1,0)+pw(L,)))

dxdy

=05 GU ——

dz

dxdy

=0.5 GD ——
dz

= (pw( ~1,1) + pW(L 1)) poun

___ hdy
(A%, +Ax;)

DW udy

" 1% +aX,)

{;_(CE—CW+CN—CS)+CU+DN+DS+DE+DW

Rewrite as:

{%(CE—CW+CN—CS)—(CE-CW+CN-CS+CD—CU)+CU+(DN+DS+DE+DW)}

or

{%(—CE+CW—CN+CS)+CU+(DN+DS+DE+DW)}

since from Mass Conserv: (CE-CW+CN-CS+CD-CU)=0

Mass Residual =dz(CE - CW + CN - CS + CD - CU)
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DeﬁneSMP=M?%RiS-=CE-CW+CN-CS

Add SMP to the coefficient of Ap {i.e., LHS of Eqn.} and SMP U ;pgcam to RNS of the
equation. Hence coefficient of up, becomes:

g(—CE+CW—-CN+CS)+SW+CU+(DN+DS+DE+DW)

or

up {DN = }CN)+(DS +;CS)+(DE ~ ; CE) +(DW + ;CW) + CU ~ SMP
or

up {Ay +Ag +AL +Ay + AU +SMP

where: SP =-SMP; Ay =DN - %CN; Ag=DS + %CS; etc.
Further, define

4 4
Ay =Ee g, =T e,
4 AP,. (4 AP,

and

Ap = AN + As + AE +Aw + AU - SP(I,J)
Then the X Momentum Equation becomes:

— ' ’ [ ’
Up, = Ag, Ug, + Ay Uy, + AL Uy, +Ag U,

up A SMP*y
+—"'-—-”—+7;d-}—'-{P(I—1,J)—P(1,J)}+A_”v_
P

4p ’

3

SU(1,J)
Equation Formulation (How to handle the viscous terms)

For incompressible flow, u equation is

_____:__gpi__*.atxx_'_at’w_i_atxz
ox o dy oz
A)
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so that (A) gives: (forp =const.)

62u+ a2u+ 62v+ 62w+ d*u
o Moy Moxay Vaxer Moz

=2p,

_ 62u+p62u+ 62u+ 62v+ 82w+ 0%u
b P My e e Mo

_p&u Fu,  dul i(?l_i_iv__ @)
Mo "oy "o [T alax oy 2z

“ J

=0 by continuity

Hence for Cartesian coordinates and no body forces, RHS of momentum equation
becomes

op o’'u d*u d%u
=-otWsTt Tt A
ox ox* oy° oz

Partially Parabolic:
Neglect diffusion in z direction
compared to the convective flow

Note: no
22
oy
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Viscous Terms in Momentum Equation for 2¢ Flow (In Cartesian Coordinates)
V-at

Consider X Momentum Equation

- d(az,,) N Aat,,) . Hat,,)
ERER:

g

(A)

at

where

xx

w3

ow du

so that (A) gives: (for u = constant)

du
=2—
T 18

=2ua zu+paazu+ua o'y -i-uoziﬂuxa2
ox? dy? Ox0y ox0z oz? A)
pg O udn  vow  Owdn o duda @
axax ayay axay 8xaz 6282

= Terms (B)
Note: Continuity Equation is

opan)  Apav)  Apaw) _

ox oy oz
Write (A,) as:
_ azu 62u &u . a_a_ @+_6_v_+6_w_
MR Ty T | M x| Ty &
+ Terms (B)
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o’u d*u % 9 | 6(au)  dav) 8(dw)
=pua + + +p— = inuity
1l [ B + + 0 by Continuity

+ Terms (B)

Hence, can write (4,) as:

o’u d*u % du do d’a v éa o
SO sttt WU - ———uV

oxt  dy* oz’ ox ox ox ox By dx8y
o G

ox oz X6z

Note that:

. Kl [a(au) Qo) | a(aw)]
x| ox oy oz

can be expanded to:

which is:
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0| oo oa oo |0u ov ow
H—jU—+V—+W— |+ O —| — + — + —
0x| ox oy 0z ox|ox oy oz

Presently in X Mom. Eqn.

ai[@+ﬂ+_a_w_]=ui[a(au)+6(av)+a(aw)]
. ox| ox oy oz

Since (A) can be written as

d*u d*u d*u
= pa o + 5 + -

_ OLFa’u+au+azu y u0a  Oude | ouda
p' -axz ayz azz p'axax !“l’ayay P’azaz

[ 9 oo, 0,00, 8 b
‘ —H-ua(g)+va(5)+wa(‘a7)]

/
——
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0%u 8*u 8
axZ +ay2 + 622

(A) = ua[ ]+ nVu-Vo —u - V(a—“-)
ax J

-

=~

Note: V’ﬁ-Va—ﬁ-V%; From Continuity —a-(a%lil:O

_)uég_aéu_
ox ox
duda _ u_a_(_aﬁ)+vi(?g)
o ok x oy ox
u da , du
LN 2 ooy, 0 2a
- a;aax uax(ax)+vax(ay)
a,,d.a7 issmall =¢ A [2(‘_’”‘_) +g-(av)]
e x| &x oy
‘ = 0 by Continuity
Hencégez

=g, -g, =0
X Momentum Equation in Toroidal Coordinates (Single Phase)

ow
R*0

ou du wodu wz) op u
—t Ve n§, — | ==X 4 uViu~py—-=-2
p(”ax & R "R TR R

. du v ow u?
: u{Continui tion}=0=u—+u—+u——-+94, — =0
Note: u{Continuity Equation} uax uay uR6¢ " R

Hence:

p(au2+auw duw w? uz)

+u Oyp —+90,, —
ox oy Rod R R
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2 2
ﬂl(a l2‘1"1"6111 au a y 28[n —az_w—-sln _uz-)
ax Rox ' oy’ R "R
Note: R =R, +FetRv)

So add to the terms of Cartesian development the following terms:

PSP AP S N - B S A
lnp R la R l’lRax p'RZa¢ l'lI{Z

or

up, +ug, up +u
wo +w. )2 Up +u 2 - 2
-0 In E'(—PL—L) P & o ='E8 In
R 2 R

2u8,, (Wp, +W,  Wp +wwa
R 2 2 o,
R R

Then the additional terms for X Momentum Equation are:

u,, [5 pR +5, l:]dxddee

[ I"“:Id‘dy w,.[ k| d"ddeB'*'alnP‘

Wp +W, zdx RO
2RAx | R 2 b

_sln":l-
R

dxdyRao

Wp W, +Wp +W,
RAB

-

From Mass Conservation: u, (Continuity Equation):

up, {RdB(CE —CW+CN~CS+CD~CU +8,, ”1’;’ dxdyJ}=
Divide both the additional terms of the Momentum Equation and Continuity Equation by

Rd6:
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Subtract Continuity Equation from Coefficient of u, | to get

u‘,,{g(-CE+CW-CN+cs)+SMP+CU+(DN+DS+DE+DW)+8M —REz—dxdy}

Note: AE; AW; etc., defined as for straight duct

=ug, [as before +3,, ;;_iy_] +u,,. [as before -6, 2—‘:{!]

R RAG

3

2
Wp +W, Wp +W, ~Wp —W,
+& n R(._P"_._l.) dxdy -9 n E’_[ Pp P Py (s J

v

Source terms for S,

X Momentum Equation - Toroidal Coordinates: Viscous Terms (Single Phase)
for n =1 curved duct

Consider RHS of Momentum Equation

ot,, +atxy +{&r“}+ Tex — Too

N Y +
2 ox oy | |Ro R e

v

can neglect
with partially
parabolic

The viscous terms give

) ( aU,) a (aU, aUy) 9 (a U.) 1 8%U,
—|2n +pH— +— |+ U ——|+—
Ox Ox

or
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R t T a2
ox oy Oxdy OxRAO R° dd R ox

[2d1Ux &'v, U, U, 18U, 2u0U,

Note: % (Continuity Equation) is:

a[au, au, au, U,
— + + +==
ox| x 8y R R

=0

+ + + —_
&x® oxdy Ropx R O R ox  R?

[azU, azuy+aZU, A _I_QU_:-Ux}_o

Hence the viscous terms become:

zaU, LU
o%U, +62U, +_l_62U, | “Rap R
x: @y R 09’ R

so that the X Momentum Equation is:

~ U U2
o, We oy 0. UsoU, UL
o % R % R

2 aU¢ x
2 —+ e
__»  [ou, 9%, 13U, au,)_ Hroo "M R
ox axz ayz R2 a¢2 Rox R
|.1VTUx < - 2
{
& then neglect with
Part. Parabolic
308
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or

/4 2 Lx al ¢
=——+uVv Ux — =2 ——
' PR R
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! Jix L Y M Equati

Y Momentum Equation in Toroidal Coordinates

0. 0 U U, p Oty B, o Ty

o T TR % . & oy WR

Y Momentum Equation (Terms that are Straight duct-like only)

xi +Xi

Xp +X - —_
Riciine = ——2+R, = L+ R,
local inner 2 i 2 i
Xp +X — X. +X; —_
R . =P E +R. =28 i+l +R.
local inner 2 i 2 i
Let RO = Rloml outer Ri = Rloml inmer Rp = Eloﬂl
dz, =R,A0 dz, =R.A8 dz, =R,A0
Then:
(Pus,, + Pussu)(vp, +vE’)dydzodx-(puP” + Pus,,)(vr, +vW’)dydzidx
2 2Ax, 2 2Ax,

+

V, +pV V +vVv V, + +Vv
P p,, % Nu Py . Np)- (P Py zpvsu)(vl’rz s’)}dxdzp

{ pwPU + pr" vPo ;‘VP') -(pwl’" ‘;pWs”J(VP,, ;‘“’;J}&@: —(PP - f;-)dxdz

(VE, - Vp,) _ (Vp,, - VW,) (VN, VP,) (Vp,, Vs,,)
*“[ TExwbey) | Lrrin,) ]"y et [ Ko on) 1o, wys)]d‘

Divide by dzp = (Will cancel everywhere but for 1st {}).
310
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and

SMP = CE-CW+CN-CS+5,, 2(CE+CW)——

P

Y Momentum Equation (Extra Curvature Terms /dzp)

5, (M},P dxdyR ,d0 +(M)vp dxdyR,d0 | =
4R, » 4R, ’

(VP, +Vg, Y, +v,,,’J

2 2
5 R ,d9dx.
P' in dex Pde @
or
CEdx( dz, (de) lCde(dz)(de) n dy
o, > =3 -
'[2 R, (dz) 0% TR, (a2 )\de 70 (e, = v, R,
Note: CE dz, =CE
R,d6
or

~ dxdo N dxdé s M dy
5, [ CE— z 1EW . ] Ve, _a,nE(vE, ey

These terms go into Sy and Sp.

Y Momentum Equation (Toroidal;1¢)

ou ou, U ou, o, Ot
U, Sy, S22 B, Ty T g Iy
= 'y R W & & "R
oU, 8Uy U ou, 8 U,U,

Note: U, {Continuity Equation}=0 = U + —_—
e y{ ty qu 1 } ax y ay anad) In R
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Hence the Y Momentum Eqn. can be written as:

ou,U, au; aU,U, UU, g oty oy, Ty

+ + + =- b —=+—=+3, —+
ox ay R"ad) In R ay Ox ay in R pgy
or
(U, U Ul U, U U,Uu otu, o:U, §,0%WU
(xy)+ Y+ ¢y+l” yx:-a—pi-p L y o In y+ng
ox oy R"3¢ R dy dx? dy? Rox :
and

R=R,; +(5P—;—R\!-) .

So new additional terms are:

(v,,’ +vg, Y, +VW’J
vp (U +up +ug +ug YAVol. 2 T2
5 pp\Ug, tUp, Tl +ig, - Vol.
lnp 4R 6ln RAx A Vol
or
U, +u, +u, +u V, —V
81,PVs, (tg, +tp, + U, + ) {dxdyRd0 } = (6 ,np)(’f'—”')(dxdyzede).
4R 2RAx
Note:
puSEU =GSE
pug, =GSW
pup, =GW
puE" =GE
and

CE = 0.5(GE + GSE)dy
CW = 0.5(GW + GSW)8y.

Thus the additional terms can be written

05CEdx 8,,05CWdx a
Ve, [8 g +— R ] = Vg, l:a 1M 'éa%] ~Vw, [6 1o —Z_yR-:I

From Mass Conservation:
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—+—+—4+8,—|=U

v(auavaw u)
r\éx & RO "R

or
+ +up, +ug )dx
0=v, {CE-—CW+ CN-CS+CD-CU +8, p Lo T8 4';"" 4s,) dy}RdB
dx dx
0=v, RB{CE-CW +CN—- CS+5,,,05CEI+8,,,05CW7Q- .
. . Cont. Eqn.
Then the coefficient of v, becomes (after subtracting “RiB ):

{[g(-CE +CW ~CN +CS)-38,, oscE%-al,, OSCW%]-f- DE + DW + DN + DS}
or

vy, {AE+ AW + AN+ AS + AU + SMP
where

AE = (—%GE+DE)

and CE = CE{I +8,, %}
AW =(CW+DW)

and év‘v:cw{l—am %}.

Use AE and AW with DE & DW for hybrid discretization.

II.
Let coefficient of v be: Ag + 51;;1:}’
v, ber A, -M
) 2R

Y Momentum Equation -Toroidal Coordinates: Viscous Terms

ot ot Fog o
34:y+ @W+{Ra:}+%; they can be written:
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aZU aZU +252Uy+(15Ux+laUJ (aZU aqu EonlV.1
Maay "o 2o "Ry Rax,) H\ Ragay "Reae? ) | BN

2 8’U 62U
oY, 5 aU" =0. Eqn[Y-2]
axay oy R5¢dy Roy

Note: % (Continuity Eqn.) is:

subtracting Eqn [Y-2] from Eqn [Y-1] yields:

aZU LU, 2U, 14y,
x| oy R2a¢ TR

Thus the Y Momentum Equation becomes:

U U, U, U, 3 8*u, @, a’U 16U
p(Ux 2 ! ) 4 { +pg,

A YL Ay oy

Y Momentum Equation: In Cartesian Coordinates

Apwv)  Apv*) dpvw) __op g O, Oty
% oy oz oy x oy | o

—| —|+p—+2u—+p—|— —_—
P\ TFad Ty M a\sy) T
0 du ovow
[ St +=
dy (Ox Oy oz
-
= 0 if incompressible 314
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Hence RHS becomes

Divide Momentum Equation by dz to get:
( PUg, + puSEuj(vP, + VE,J _ ( pup, +pus, J( Ve, TV, ) 8yox
2 2Ax, 2 2Ax,

+ + +
. (pv,,u va,J(v,,’ vN’)_ (pv,,”-i—pvs”)(v,,’ Vs,.) 5
2 2 2 2
(pw,, +pws,,)(v,, +v,.) (pw,, + pwW )(v,.,+v,,)
+ v (4 o | _ v v U e |8y
2 2 2 2

Ve, ~Ve) (Vo —Vy,)
=—(P. - P )ox+ “[ %(SEx +ox ) - 7(8x +x ) :|5y

Wy, —=vp) (vp ~vs)
[ P/ _ / e |8,
*”[g(ay,éy,‘) Gy, +y) |

Hence:

+pu + +
v, {( PUg, : p szzu) Sy ( PUp, : Pug, ) S+ ( PVp, ; PV, ) Sx

—( pvl’u + vaL~J8x+(pwl’u + pruJ8x8y+ I’lsy
4 2 oz %(8x+8x5)

+—L 4 +—F & +—H ox
7@x+8x,)  7@vs+8yy)  1Cs +8y5)

}= —(Pp — F)dx
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v, {_( puy, : pUg, )Sy + T (5: f};xs)}
v, {( pup, : Pus, )5y + % (S:f};xw )}
. {_( PVe, ; PVy, )5x 1 (5yt,l?6yu )}

PWp, +P“’s,, Sxdy

oz

{(

DN = —Pd¥

___ hdx
-zl'(AYp + Ays)
GN=pv,
GS =pvs,

GP =pv

GE =pug,

GSE = pugg,

GW =pu,

GSW = pug,

';'(AYP +A4yy)

}

D}_:;:l_”EiY_
7 (A%, +Axg)

DW=I—£dy—-
7 (A%, +Axy )

CN = 0.5(GN + GP)5x
CS = 0.5(GS + GP)ox
CE = 0.5(GE + GSE)sy
CW = 0.5GW + GSW)dy
cu=6ud

oz

PWs, +pWs,
2

GD =

oxdy

CD=GD——=
oz
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_ PWp, +pWgy

GU
2

Then the Y Momentum Equation becomes:

Ve, §CE+DE-1CW+DW +1CN+DN - 1CS+DS-CU}=
= (P ~ P, )fx+vg, £ CE+DE vy, fCW+DW}
+Vy, £1ON+DN bv, §CS+DS Hv, CU

If we subtract (CE - CW +CN - CS + CD - CU) =0 {by Continuity Equation} from the
coefficient of v, we get:

Vp, §¥CE+ DE+{CW + DW ~ ,CN+ DN+ 1CS+ DS+CU }=

~(P, = BYox+v;, {-1CE+ DE }+v,, §CW +DW}
+vy, £3CN+ DN} vy, §CS+ DS H v, CU

Define:
AE =~ CE + DE

AW = ZCW + DW
AN =-1CN + DN
AS =3CS + DS
AU =CU

Then the Momentum Equation becomes:

Ve, {AE+ AW+ AN+ AS+ AU} =~(P, - Ps)0x+ Vg Ap +Vy Ay
+Vy, Ay +V5 Ag +vp CU

Add vp SMP to the LHS
and vy SMP to the RHS

vy, {4E+ AW + AN+ AS+ AU + SMP} = ~(P, = P)8x + vy Ap +Vy, Ay
+Vy Ay + Vs Ag+v, CU+SMPv,,

Define 317
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Ap=AE+ AW+ AN+ AS + AU + SMP

and
Ap=—; Ay =—; Ag=és—; A’N=A—".
A, A,

v, CU
Vp, =v£’A;:.+vWPA,;,+vNPA;,+vs’A§ + P’;{ +Sjﬂjv,.v —(P,,-PS)i—x
P P P

318
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! fix [V: P Correction Equati

DERIVATION: Use Momentum Eqns. plus Continuity Eqns. for the Two Phases:

.. d(au) d(av) d(aw) ou
Note: u {Contin Eqn.} = + + +8, —=
ote: u { uity Eqn.} uax uay uRae R
Hence:
2 2 2
6(p;;u ) + a(p;;uv) + a(;(;:w) -8 ,,,pa—zi-—+8 l,,pg%- = —%+Viscous Terms

, =_(aP+aW)D {p;’ _p,,y’} D = dy

0. +0 O0p+a,
= A =(M)A +(____".)A'

o +a Ay +O
+( > ")As+( - P)Aw

, (op+a,) . :
uE’ =_-P—2LDu {pEp —pPp}

o,+Q . .
va,. =—(.P—2——’!—2'Dv {pr—pPp} Whel'e Dv =_V

v, ==22225p fo, - i}

dx dy
dzAY

wp, =+, Dypp where D, =

(ap,+ay)
wp, == 2D g

and p =p* +p’

Substitute u = u* +u’, etc., for the velocity into Continuity Equation. Also divide
by Py:
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N 2
0="Cn_p —C,D,("Efp")(af‘““") -C,D,(p'”i"")(“”*“”)z
P 2p, 2 ! 2p, 2 I

—CD (Pw"‘Pp) (au‘*‘ap)z_c D (Ps*Pp) (as"”ap)z
P\, )\ T2 TSP )T

6,,0,p 50 (@ p +aW)Ck@dZi_aipp C.D
= —— L2l
4R,p, Pi

+

_(ar‘*'au)z(‘)r"'i)u)c D _ 8P pD, (ap+a5)dx'dydz
2 2%, )" 2R.p, 2 ’

(PE + Pr)(as +ap)2 + 5,,D,p,0 ,(a,+a)dzdxdy
2p, 2 4R,p,

—micD (pwpp‘(awa,.)z_6.,.Dup,a,,(a,,+aw)dzidxdy
2, 4R;P,

3\ 2 2

, +p, |y +o , Pe+pplfag+a
_ CDv(pN__ P ( N r) _ CD,( s P)( s P)
””{’ %%, N 2 [P, 2

Add the same equation for the distributed phase (i.e., “2”) to this equation to get the full
equation for p’ and divide by dz;:

0= _’f’n * +_'-th * - [_.&_{Du(pE ‘*_‘pp)(as +a9)2
Pidz,  Pdzp dz, 2p, 2 1

+D“(Pe ‘_*‘_Pp) (ae '*'ap)z +D“(Pw ipp)(aw '*'ap)z
2p, 2 2 2p, 2

2 i
Pw*’PP)(aw‘*'ap)z}
% N 2
C ’ 2
g Y Dv(p" ipp) (Q-N"'ap) +Dv(pthP](aN+aP)
dz, 2p, 2 , 2p, 2

320
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+D (Ps"‘Pp) (as+a9)2+D (Ps‘*‘Pp) (as ‘*'ap)z
2p, J, 2 o\ 26, /, 2 3
c 2
-=2{p (%’-) al +D, (&Jaz +D (""*p")(“"*“")
dzp{ v P/, e P,/ '\ 2p, 2 .
+Dw(prtpll)(al’+au)2
2p, 2 2

N 8, D ppap (o +ay ) dx dy dz; . 8,,D,pp,ap (ap +ay),dx dy dz;
4R, p,dz, 4R,p,dz,

_8 wD.Pp (@ p +a ) dxdydz, _6 wD,pp (@, +atp),dx dydz,
4R,;p\dz, 4R Pz,

2 2
-pt %{DH(PE;—‘PPJ(“E*'QP) +D“(Psipp) (as'*'ap)
P P 2 | 2p, /, 2 2

+5 wDaP 5% py (0 p +0 ), dx dy dz, +8 PG p (O p +0 g ) dx dy dz,
4R, pdz, 4R Pz,

2
Cx (Pw'*'Pp) (aw'*‘ap) (Pw"’Pp)(aw*’aP)z
-pw| ——1D, — +D, —
W[dzP{ 2p, J, 2 , 2p, 2 2

_SlnDupP,aPl(aP +ay) dx dy dz, _alnDuPP,aP, (ap +ay),dxdy dzi:I
4R, p,dz, 4R,p,dz,

2
1 C + oy +a + oy + 0,
_pNI- y Dv(pN _Pp) ( N P) +Dv(pN_pP) ( N p)
dz, 2p, J, 2 : 2p, /, 2 2
2

-Ps Cy Dv(pstpl’) (C‘-S"'af’) +Dv(pstpp)(as+a9)2}
dz, 2p, J, 2 | 2p, 2 2
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Note: This equation is of the form:

[ ’hpl m;l [ 1 ’ 14
Appp = —%Ta?z-- Bz +Agpi + Ay py + Ay py + Aspg
L. S

Sy

This PRESSURE CORRECTION EQUATION can be solved for p’ ’s and used to
correct pressure and velocities.

Note:
m *
2= D faput) iz, - @put)ads; + dxf(apv*lous — @V
P P
+dx dy W. -0 W. + 6ln(ll’(u.ﬁp + u.Pp )de dy
iz, PPpWp, vPuWe, 2R,
¢, = AyAz
¢, = AxAz
¢, = AxAy
D,= j—{,’ Note: A! from Subroutine CALCU
P
D, = A’f A from Subroutine CALCV
P
D, = XAy A} from Subroutine CALCW
AVAz
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\ Jix V: Void Fraction Equati

Continuity equation for two-phase flow:

HproLil) + o(Proiv) | O(Piotiw)

PrOiu

R =

where: k=1 is the continuous phase
2 is the distributed phase

Discretize to get:

2 (o) (2 e (252 - (2422 (252 )y (2522) |
af (252) (252)v,, - (252) (252 )v,, |+

= [(PPO‘PWP) - (p,;p,,) (a.,;a,,) va]

("ep *'”Pp)

+0 1,,ppap——2R;—dxdy =0

Subtract the equation for Phase 1 from the equation for Phase 2 and normalize by each
phases's reference density:

dy (pe+p,,) (ae-{-a,,) u (dz,,+dzp) (pwp,,\ (awmp) u ( dz,+dz,,)

dz| \ 25, /,\ 2/, 2 2, 4\ 2/, P 2
PrtPp a,.+ap) N (psmp) (aswp)

dx[( 25, )2( 2 ), T35, S\ "2 ),V T

dxdy (PP ) (Pu"‘Pp) (a"‘*’ap)
dz[ 5, %PWe), "\, J\TZ ), WPa
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(52 ) o5 -(52) () o (42
x| \25, /) \"2 ) Men\T3 %, /N 2 /) ¥\
o) (5 (52 (59

dx[( %, /), \"2 J VT \ 3, ) 7T ) Ve [T
o), (52,5

i) Substitute o, =1-a,

. —"Modified” Continuity Eqn Phasel = —"Modified” Continuity Eqn Phasel
1

"Modified" means that just for this step inside the multiplier of o, (which is Ap) it
is assumed that o,,=0,~a,=0,,=a, for a given node

iif) on completion of the above and rearranging, the result is:

Define:

dy( dzotdzp Pel+Pp1 \ Uepl Pe2+Pp2 | Yep2
A e = —— — + o~
dz\ 2 I\ 2p, 2 2p, 2
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A ~+Q(dz.+dzp) (pwl+ppl) Uppl + (sz+sz) Uppa
LA 2 ) 2p, 2 25, 2
- pnl""ppl) Vnpl (an'*'ppZ) v”pZ
An= dx{( % /2 T\, /72
— psl‘*‘Ppl) Vppl (P:Z‘*‘PpZ) Vsp2
As= +dx{( 2p, 2 2p, 2
A = +dxdy (Ppl""pul) Wpul + (szﬂ)uz) Yo,
“= T, 2%, / 2 2%, / 2

Ap=Ac+Aw+An+A45+ A4,

Then the governing equation for the void fraction is:

Op,Ap = 0leyde +0eyAe + 0y Ae +0leyde + Qe Ade +Sa,

where :

Sou = 2| (%522 ep (25522) - (322w, (25%2)

@2 T dgp| \ 2p7 J r 2 2p7 J “Pr 2
pn"’Pp) B (P:+Pp)

+dxl:( 2p7 lv"Pl 2p7 IVPPI

dx dy (ppt) (Puﬂ’p)
+ de [ ﬁ lepl e 2-ﬁ IWpul +
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’
]
Pp, \Yep) t¥pp; )

8]'1 ﬁl ZRp dx@
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\ Jix VI: Turbulent Kinetic E i1 Toroidal Coordi

Begin by Summing: «'[U Mom]+v'[V Mom]+ u'[W Mom]

o(u' +1) o' +u)  u'(w+w)’

u'(u' +ﬁ)aﬂéxi@- + u'(v'+V) + u'(w'+w)

Ro¢ R

= - 1‘_ a(p +p) +u'-&V2(u'+ii)- E u(u:'u)
P P R

©

_ OV +V) AV +Y) , ., (W+W) (V' +Y)

+ V'(V'+V) 5 2 %

-— l,._a_(_p,-*-—ﬁ) +v'.E.V2(v'+V) .
p oy p

o(w' +w)

o(w' +w) + w'(w' +w) o(w'+w)

R 9

w'(u' +%) + w'(V' +V)

+ w'u +u0)(w' +w) -

2 AE4P) |y B g2 i)

Ro$

wl
p

LB w2 a(u2+u) _ (W -;w)
P R*0¢ R

1;

Note: (u'+uXw’+w) = uw+u'w+uw' +uw

! 1 I2 ! [
w uw uw
and — (W' +u)(w' +w) = + + +
R @ +mw'+#w) R R R R

g
=
b

Collect Terms:

u'ﬁ-@z +u'22u——+u'17-all+u'za—ul+
ox ox Ox Ox

(2N
pe
~I

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



,_617 ! G a
uv — + uv +UV— 4+ Uv +
oy %
,— O ey ,— ou' ,., ou u'w'? u'w 2u'w'w
Uw — + u'w + uw— + u'w -~ - -
Ro$ Ra$ Ro} Ro$ R R R
I-‘av ,,aV ] ! ,,aV'
vUu —+vVvVu —+vVu— +Vu — +
Ox Ox ox
l-av llav ,—av, ,zaV'
VV— + V" — +VV— +vV +
% oy Ay dy
'—'av ' 75 o' 30! '
VW — + VW — + VW — + VW ——
RO R R3$ %%
"'aW IIaW I—aw' [ '
wi — + wu' — + Wi — + wu +
Ox ox Ox
l—aw Ilaw 7 ' ,,aW'
WV — + WV — + WV — + WV —
oy oy %
s OW 2 OW — oW ;2 OW' w'u' wu'w w'a w'uw
Www— + W' — +WW— +Ww + + + + =
0z 0z 0z R R R R
_ W 3p+p) v 3prp) W Aptp)
P Ox p Oy p RO
o% ot 9%, o*w  wétw |, 8w Lo wo
Vi — + U — + U — t U —— + 5 tW S U — +
ox 224 dy dy R%d% R%*3¢ Rox  Rox
u12 ulu , awl , a‘—v-
—— = =5 ~ W —— -2 ——
R R R°6$ R
, 0% 9w atv ., dtV , 9’V , v . &
ViVl — + V — +tV — + vV =tV S5tV S5tV
Ox ox dy oy R*39 R3¢ R*3%
,av V’aV'}
+v — +
Rox Rox

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



v{w, o*w  , o*w' o*w | 8w 3w wdw  wow w’6w’}

6x2+ P +w’ay2 + w > +w'R26¢2+R26¢2+R6x+Rax

Now Time Average:
Tw - Iau' 2 ' T - 4,0 ' Pyt !
U — + W —+ U " —+uv — +Vu' — + u'v +
ox ox
— ai‘- _u’au' L ’ ulwlz _ulwl
u'w w + u'w—— — - 2w — +
Rod Rod RO} R R
TTaV Iav' 1,0 ' —1—2- = o ' l2av,
Vu' — +uav— + VvVu +V:— +7VvV + V' — +
& ox oy
_I_-I- W '—'v,av' 4 ' !
VW —— + W + VW —
R3¢ R Ro$
=—ow _ . ow , W = i ror W
U — + AW—+ wu'— + w'v + VW — + WV —
ox ox
— oW _ oW Sow  win' _wuw  _w?
—_— tWW——+ W + + + u =
RO Rod RO R R R
W vy wop
pox pd p oz
,0% ot , ' 0%V L0 9tV
+Vvyu 2 + ayZ + RZaq)Z axl + ayl + v R26¢2
+w,azw' 02w . , 3%w'
ax2 ayZ R26¢2

3.9
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wow uw: o _uow Vvow wow
+ - - -2+ -0+ ——
Rax R R Ro& R &

Define k£ = _;-(u’z.*.vlz +W'2)

Hence the 9 double underlined terms represent 7 o —3’5
x

or the Advection of TKE

B L.

wW—
Ox oy RO$

Now, noting that the continuity equation is:

Ou 0Ov

S AA P L AL A
ox dy RO$ R

and gathering the inviscid triple correlations:

)2 ou' ’au: . ou' u,w,z ov' 2aV'
U'—+ u'vi— + u'w - + vVu'— + v —
Ox R3¢ R ox oy
b, OV ,., ow' ,., oW’ ,2 oW w'tu'
+ VW — + W' — + WV — + w +
Rod Ox dy R R

Add to these above terms the following terms {which=0}

12 aur avr . -a_w—r- ul)
EC

vii [6u’ ov' ow o
bt —F —
= "% iR
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w:Z ou’' av: ow' ur)
+ — | — —_t — 4 —
2 (& &  R% R
0 ¢,v_ 0 ¢, 0 ¢, o .,
Note: 'éx-'- {ljk} = é;{u k}+5y—{v k}+a w'k
D s S R . )
I I J17]
Consider the first term I:
o Ju? v w? 200 w? ow |, v v*iouw
— fu +—t =t — UV ———
ox 2 2 2 &x 2 ox ox 2 oOx
, ,aw: wrZaur
+U'W —f——
2 ox

and the single underlined terms make up -gy— {v'k} [i.e. II] ;the same format is followed

0
for }a_(b.{w k}

Therefore the inviscid triple correlations can be written as

-a—xq:{u{k} + %@'2 +v'? +w'2) = -(_%—{u{k}w%

and
2 g2 feeok) o fu okl o fu ok
6x,- 6xck6x ayckay Rad) O'kRad)
and ..lfili = _..p't ..a_lf.
R Rckax

by the same argument i.e., assume diffusive action of turbulence to be similar to
molecular diffusion; the rate of transport of turb. energy is proportional to the spatial
gradient of k: w}k =p,Vk.
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Bring these inviscid triple correlation tensors to RHS and combine with the pressure
gradient terms to get

-—-éx-—-[u; (k + —%—) This is the convective diffusion of TKE.
i

Also take to RHS the terms:

= N =W  —==0W 7 OW
+VW— +WU'— + WV — + wi—
Ro Ox oy Ro$

— Ou;
which on the RHS can be written as 1 —3

Therefore, remaining on LHS are:

_ ulwl —wlul - ’
~2W —— + W— + § —
R R R
or
_w —wu
U—— ~ W —
R R
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T
Rate of Strain Tensor
Tt —an’?
de, = B . X _ _puuy 2e, =22 . ¥
dy ox H, ox M,
T —au'?
2e”=—-av—+§£.. idet Sl 2e”,—2§-!= ey
R dy i, oy M,
T —ov'?
gy = Oy DLW _ P 2oy = A 20 1) L e
ox Rod R Ty Réy R K,
8u1 {'}ul 6u1
We need 9 terms: - — + - — + - =t
e nee erms pu U o, puuy pw puiu3 axs
-uu—a—u—2—+—uu-aﬁ2-+-—uu?—u3-+
leax1 Pzza,x2 stax3
—uu?ﬁ-+—uu%-+—uua—u§-+
P316xl p326x2 P336x3
duy ou Oy ou Oy ou
where — =S T i = = T = T
oxy ox &, d ox3 RO
oy (v oy o, W
ox & oxy; @y ox Ro$
ouy _Ow G _ow. Qw3 _ Ow
0x ox ' oxy &~ oxy RG$
Thus —p {u’; u'j}gx—z% becomes:
333
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dx \dy x ox Rop R/ Rop
(au ov) ov (av)’ (av aw)av
— + ==+ 2| +|— + —|— +
" wla o) T \mee T o) e

2(95)2+2(?X)2+2(—al)2+(@)2+§!2u-+-a—w— ou +( Ou )2— wou
Ox oy R0} oy Oxdy Ox Rop \ RO R*0$

_2(93)1”@)2 (_éw_) (é&,i&)z (@)sz(@)z
o) \oy Ro$ dy ox ox) Rox \dy
u)’ _dudv ov?
[5) Y e

_, (g’u:){ﬁ) +(§l:+év_)z+(@)2+(2w_)2_1@ (A]
ey 3y ox 3y ax) Rox
Plus the terms bring to RHS-(-G-‘K'"—'Q—“i'i = —(E( w'”')—i(— 2]]
R R ] R R

These 2 terms equal:
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wl|ow oJSu w u ow u
———t——— =42+ 2~
R{Bx Ro$ R} R{ R R}

and on neglecting o terms:
2 R3% :

wow w? u?
———t =t 22—
R & R2 RZ

Adding these terms to line [A] gives

2 2 2 2 2
Production of TKE =, | 2 (gu_) + (?—Y-) }»(-61 + ?—‘:) + (gw_) + (a_w_)
ox oy oy ox oy ox
wow w2 u®
~2——+—=+2— =G
R ax RZ RZ:I
Note: u,v,w are mainflow time averaged quantities.
[Note, error in Pratap/Spalding paper]
ow) owou (ou) . o
Addtl terms in G neglected by Pratap: 2( ] +— +( J -2w——
Roy) ox Rop \RoH R*0%

( )2 owov Oudw ovow . udw
+H —] +— + —+ — 44— =
Ro¢$ dy Rop Robpox Ropdy R

z(ﬂ)2+zzw_f_u_+(_gau_)z +(9_v_)2_2w ou_ oW, udw
ox Rod  \ R Ro$ R30 oy Rdb R 3
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u'dzu' _8_( '.fdi‘:) = (.a.u_)z+u'.‘2.z_'i
a? o\ dx ox ox?
2., ' N2
so that u'-a—u— = —a-(u' iu_) _(?E_)
o2 o\ ox ox

=\
Q
N
:N
i
/L\
=\
2
=

LR _a_(v,zv_')-(_@v_')z
ax? ox ox ox

2

0%V a(, ) (av')
Vi = —|Vi—]|~| —
»  l ) \o

9w a( ow") (aw')z
—_— —{We—] -] —
2 ox ) \ox

02w _ f_(w,zw_”_(ﬂ)z
> ) \oy
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ak — a 1 r2 2 ’ ’ ' Iav, Iaw'
Note ?a-x- = Ex—{-é-(u +V +w2)}=u P +Vv +w —a
ok = u’?—u-—'.{..v’gv_'.q.w’?y_'.
o oy o oy
_6_k_= _u,au'+v,av'+,aw'
Ro$ R6$ RO} R
2 (ak) ) (ak) 8 ( ak)
so that | =+ = | =
ox\ox/ oy\dy/ RGp\ RGP
i(u’?_u_,.).*._a_(v'ﬂ) +_a_(w’iail.) +
ox ox/) ox ox/ ox ox

6(,6u’) 6(,6v’) a(,aw')
—| U —|+=| V' —|+=—| W —| +
o\ o/ o\ &) H\ o

6(,6u’) a(,av'j 8(,8w’)
u + v + w
RO\ RAG) Rop\ RaG) ROG\ ROY

Thus the terms in on pg 4 and page 1-D can be written:

1ef _af)+9_( a_k)i( _aL)
paxueax ayl—leay Ro% l—lzRa¢

e: Dissipation
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’

Neglecting u'% that leaves the terms:

-ﬁ{(éu_i)ﬂzi(?u_')z{éz’_f
p [\ox R 57 Ro

2 2 2
(avn) (av:) (av:)
H—] +|—] +|—
ox oy Ro
22 (&)
H—] +|—]| +|— =-c
Ox oy R
dissipation of tke
if Ty sp.e+0_i’— , the Transport Eqn for k is
k
ok ok ok a( 6k) a[ ak) 1 ok
—4V—tW——|=—|[ —|+—| [, —| +[} ——+G -~
p(uax+vay+w1w¢) = o +ay Y +kR6x+ pe
where
2
o\ (ov auav2 8w2 aw’ wow w? u®
G =y, 2N —| +|— —t— — — 2—=—+—==+2
ox dy oy ox oy ox Rox R?2 ~R2
and

2 2 2 2 2 2 2
e=&{(zu_') +L+(2“_’) +[iu'_) {zv_') +(zv_') +(iV’_)
= 2
p ox R oy Rdd ox oy RO}

&35}
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Additional terms due to Interphase Momentum Exchange in the Momentum
Equations-i.e. Source of Turbulence Modification due to Dispersed
Phase

U [CNSTZ* u'+u — —uz)]+
v, [CNST2* i+ = v,V )]+

w,' [CNST2* (wl Wi — W, '—-M-Iz)

where:
3
4 a,p, Cp V. AxAy
CNST2 = where: Cp, is the drag
dbubl:le
coefficient which is a
function of duct Reynolds
number
Now time average:

CNST2* {u,'z —u'u,' ¢ + {v,'z —W} +
‘wlﬂ _wllwzv}

= CNST2*2k - CNST2* [u'u,’ + v,'v, + w,'wz']

terms [ terms I

According to Besnard et. al. (1991) the coupling between phases is usually small;
hence, terms II are neglected in comparison to terms I
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The Mean Momentum Equations (or Time Averaged Equations) can be written:

I) X direction
ug  uy a("’,"“l‘i) . du,
p(qux--;--;‘) =2+ WV~ = - - Mm
II) Y Direction
pue Vuy) = ‘g'f +uV2u,
IIT) ¢ Direction
a("‘“'l'i) up dug

xU¢ ll,,rll/ ‘)

u dp
p(z_uVu¢+ =+t ) =—mm thViuy - —5— -

RZ l“l‘RZad,

R 18, & &2
{Note: V2=5x-2'+za+5y—z+m}

Note: the Instantaneous Equations can be written:
I) X Direction

2
/ /
pl:goVu,+y oVu,+u .Vux—_i"’i— =

) / l. / E 4
g ) o) ot
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) Y Direction

p[y oVu,+u' eVu,+u e Vu{,] = _a(,»,/ 4 uV2u,+
b7, ll;vll;")
wViu, - —5

IIT)$ Direction

5 ";"[ X! '/ } 4
p[uOVu¢ +u' e Vuy+u oVu¢+""’+—E-°-+"IT"‘-——‘I:!"—}=—%’fl)-

a(y/,./,) y
2uﬁ souls. 72 “HE MR

+p.V2u¢+pV2u¢ -

From the Instantaneous Equations Subtract the Time Averaged Equations:

I) X Equation
/ 7 /
Uty r  2pou
IT) Y Equation

p[g’ oVu,+ue Vuj,] = -?;:;/- +uvau/

III) ¢ Equation
/ / /
p[z_t’ovm +z_uVu$+";"+u’;x:|= ¥ %+ 1Vuq +2u—a*;— 2

Differentiate the three equations above with respect x,{ ie., ax +2 &+ % }
where 1 =1,2,3

/

o
and multiply by p.ax—’; where m =1,2,3
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Add the three resulting equations.

After considerable algebraic manipulation it can be shown that the transport

equation for € in toroidal coordinates reduces to:

ar:Z) olreZ
p(ux§+uy%§-+u¢l—%) = (a:‘) + (aya’) +Fg-§a§;

+Ci5G - G,

k

where is G is the production of turbulent kinetic energy. Its form here is
consistent with that dervied in tht transport equation for turbulent kinetic energy.
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