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TOPOLOGICAL OBSTRUCTIONS TO THE EXISTENCE OF

COMPACT SHRINKING RICCI SOLITONS IN DIMENSION

FOUR

CAMERON MACMAHON

Abstract. This undergraduate thesis is focused on introducing the reader to
concepts related to the search for topological obstructions to the existence of

compact gradient shrinking Ricci soliton metrics in dimension four. It contains
a discussion of the relevant background material for this subject. Furthermore,
it introduces the problem of extending the Hitchin-Thorpe inequality to gra-
dient shrinking Ricci soliton metrics and explores the limitations of current
results in that direction. At last, the topic of compact Kähler gradient shrink-
ing Ricci solitons is introduced and the classification of these spaces is outlined
in literature-study fashion.
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1. Introduction

The purpose of this thesis is to introduce the reader to the current body of
knowledge surrounding the search for topological obstructions to the existence of
Gradient Shrinking Ricci Soliton metrics on compact four-manifolds, perhaps with
some additional structure included (e.g. Kähler). These are metrics g which satisfy

Rc+∇2f = ρg

For some function f ∈ C∞(M) and ρ > 0 where Rc is the Ricci tensor of g.
The serious study of compact Gradient Shrinking Ricci Soliton metrics goes back
at least as far as Hamilton’s initiation of a program which uses the Ricci flow to
study the geometry and topology of Riemannian Manifolds. The Ricci flow is the
following differential equation in the metric tensor which, very roughly speaking
evolves the geometry in the opposite direction of its curvature:

∂g(t)

∂t
= −2Rc

1
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Gradient shrinking Ricci solitons in general are important spaces because they
can arise from the Ricci flow as models of singularities whose evolution is given by
homothetic shrinking and evolution of the initial metric g0 along integral curves of
the gradient of f :

g(t) = (T − t)φ∗
−t(g0)

An understanding of the singularities in the Ricci flow - and thus gradient shrink-
ing Ricci solitons - is incredibly important because it leads to the technique of Ricci
flow with surgery, permitting one to continue the flow after it has reached a singular
configuration. Indeed, it was an understanding of gradient shrinking Ricci solitons
in dimension three that enabled the proof of Thurston’s geometrization conjecture
of which the Poincare conjecture is a special case. In particular, much is known
about compact gradient shrinking Ricci solitons in low dimensions other than 4. In
the case n = 2, Hamilton has demonstrated that any such metric (in the compact
case) must be isometric to a quotient of S2 [9]. Similarly, in the case n = 3 Perel-
man [16] and Ivey [11] have demonstrated that compact gradient shrinking Ricci
solitons are finite quotients of S3. Therefore, in low dimensions the n = 4 case
represents the only severe gap in our knowledge.

One interesting way one can rule out the existence of compact gradient shrinking
Ricci soliton metrics is to study necessary conditions on the topology which arise
from the existence of such metrics. Since the non-satisfaction of such a necessary
condition would preclude the existence of such a metric, these conditions are known
as obstructions.

In what follows, two avenues will be taken to explore what restrictions exist
within the topology of compact gradient shrinking Ricci solitons in dimension four.
In section 2, compact gradient Ricci solitons are introduced in context, and we
prove that consideration of the so-called expanding and steady cases amounts to an
understanding of the topology of Einstein manifolds. In section 3, background for
those parts of differential geometry and topology that are particular to four dimen-
sions is provided and the local-to-global theorems which will furnish topological
obstructions are introduced. In section 4 we investigate progress towards a par-
ticular topological obstruction to compact gradient shrinking Ricci soliton metrics
which is natural to consider given the fact that compact gradient shinking Ricci
solitons may be considered generalizations of compact positive Einstein manifolds.
In particular, it is known that compact positive Einstein manifolds in dimension
four must satisfy the Hitchin-Thorpe inequality relating their Euler number χ and
their signature τ [6]:

2χ± 3|τ | ≥ 0

This is an obstruction to the existence of compact positive Einstein metrics be-
cause a compact four-manifold whose topology does not admit this relationship
cannot have such a metric. Section 4 covers current progress in this direction, in-
cluding proofs of two sufficient conditions that, if satisfied, guarantee that a given
compact gradient shrinking Ricci soliton satisfies the Hitchin-Thorpe inequality.
Section 4 also contains a discussion of the applicability of these sufficient condi-
tions, and contains arguments using conformal geometry that restrict the class of
manifolds which obey the sufficient conditions proved. Section 4 concludes with
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a brief meta-mathematical discussion about the status of the satisfaction of the
Hitchin-Thorpe inequality for general compact gradient shrinking Ricci solitons.

Section 5 gives an overview of the interplay between Kähler structure and gra-
dient shrinking Ricci soltion structure on compact four-manifolds, and reads like
a literature review. In particular, an obstruction akin to the Hitchin-Thorpe in-
equality is proved immediately. Section 5 then continues to outline a classification
of all compact Kähler gradient shrinking Ricci solitons. A brief remark on exten-
sion of results to the symplectic case is then made. To that end, I would like to
acknowledge my advisor, professor Huai-Dong Cao for introducing me to this area
of research, for providing helpful answers to a multitude of questions, for directing
my attention to the classification in section 5, and for taking me under his wing
and developing me as an undergraduate mathematician. Similarly, I would like to
thank professors Andrew Harder and Donald Davis, without whose tutelage and
engaging problem sets I would not have been able to complete this thesis. I would
also like to thank professor Claude LeBrun for a very helpful conversation, as well
as for the useful background information on four-manifolds present in his articles.
Lastly, I would like to thank professor Jenna Lay for being a constant source of
advice, encouragement, and support throughout my undergraduate career.

2. A Primer on Gradient Shrinking Ricci Solitons

Let (Mn, g) be a compact Riemannian manifold. Such a manifold is called a
compact gradient Ricci soliton - or simply a gradient Ricci soliton as we work in
the compact case from now on - if the following holds for some f ∈ C∞(M) and
some ρ ∈ R:

Rc+∇2f = ρg

where Rc is the Ricci tensor of g. Note immediately that this equation is diffeo-
morphism invariant, scale invariant, and invariant under translation of the potential
function. Similarly, note that when f ≡ C for some constant C (or just when the
Hessian of f vanishes), then the metric g is an Einstein metric. An Einstein metric
is a Riemannian metric g satisfying the following for some constant ρ ∈ R:

Rc = ρg

Thus, gradient Ricci soliton metrics may be considered generalizations of Ein-
stein metrics. Below, we demonstrate that the only nontrivial instances of this
generalization occur when ρ > 0. Naturally, gradient Ricci solitons may be split
into three types: steady solitons with ρ = 0, expanding solitons with ρ < 0, and
shrinking solitons with ρ > 0. Our claim above now amounts to the statement that
the only gradient Shrinking Ricci soliton metrics which are not Einstein metrics are
of the shrinking type.

Theorem 2.1. (Hamilton, Ivey; see Cao-Zhu [1]) On a compact n-manifold M, a
steady or expanding gradient Ricci soliton is necessarily an Einstein metric.

Proof. Take the trace of the soliton equation, yielding R+∆f = nρ. Furthermore,
working in normal coordinates, let us take a covariant derivative of the soliton
equation and subtract two copies of what remains, yielding

∇i∇j∇kf −∇j∇i∇kf = ∇jRik −∇iRjk.



4 CAMERON MACMAHON

We may recall also the Ricci identities for commuting covariant derivatives, yield-
ing

∇i∇j∇kf −∇j∇i∇kf = Rijkl∇lf.

Combining, one has

∇iRjk −∇jRik +Rijkl∇lf = 0.

Next, trace on j and k and recall the second contracted Bianchi identity ∇iRik =
1

2
∇kR to obtain

1

2
∇iR−Rij∇jf = 0.

We now consider the following quantity: |∇f |2+R. Taking a covariant derivative
and applying the above equation we obtain (call this equation (∗)):

∇i(|∇f |2 +R) = 2∇jf(∇i∇jf +Rij).

We now proceed by cases. In the steady case, ∇i∇jf +Rij = 0, and thus by (∗)
above

|∇f |2 +R = C

for some constant C ∈ R. Recalling the fact that R+∆f = 0 in the steady case
we obtain

∆f − |∇f |2 = −C.

We now prove that C ≡ 0 using the fact that M is compact (we may use Green’s
identities):

0 =

∫

M

∆e−fdVg =

∫

M

(∆f − |∇f |2)e−fdVg =

∫

M

−Ce−fdVg.

and thus C ≡ 0. We now have that (∆f − |∇f |2) = 0 and thus - by applying
Greens’ identities again - we obtain

0 =

∫

M

∆fdVg =

∫

M

|∇f |2dVg

and therefore f is a constant as |∇f |2 is everywhere vanishing. Hence, g is an
Einstein metric.

We now apply the maximum principle to tackle the expanding case. Combining
(∗) with the expanding soliton equation we get:

∇i(|∇f |2 +R) = 2∇jf(ρgij) = 2ρ∇if

for some ρ < 0. Subtracting the right from the left and using linearity of ∇, one
can conclude for expanding solitons that

∇i(|∇f |2 +R− 2ρf) = 0

for some ρ < 0. Using the fact that R +∆f = nρ, the potential function must
satisfy

∆f − |∇f |2 + 2ρf = C
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for some ρ ≤ 0 and C ∈ R. Given our freedom to add constants to the potential
function and retain the Soliton structure, we may normalize:

∆f − |∇f |2 + 2ρf = 0

We now apply the maximum principle. When f attains a maximum, ∆f ≤ 0
and ∇f ≡ 0, thus we have

ρfmax ≥ 0

and so f must attain a maximum at a nonpositive value as ρ < 0. Furthermore,
when f attains a minimum, ∆f ≥ 0 and ∇f ≡ 0, thus we have

ρfmin ≤ 0

and so fmin must be nonnegative since ρ < 0. Thus fmax = fmin ≡ 0. And
therefore f ≡ 0 and thus g is Einstein since the Hessian term in the Soliton equation
vanishes. This concludes the proof.

□

In this paper, we are concerned with investigating topological obstructions to the
existence of compact gradient Ricci solitons in dimension four (the dimension we will
work in from here on out). There already exist obstructions such as the Hitchin-
Thorpe inequality (to be discussed in a later section) which provide information
about the non-existence of Einstein metrics on compact four-manifolds. Thus, given
the above result, it is natural to ask whether or not these obstructions extend to give
information about the non-existence of compact gradient shrinking Ricci solitons.
One might naively assume that all compact gradient Shrinking Ricci solitons are
Einstein as well, but this is in fact false. Koiso and Cao [2] and Wang and Zhu
[22] have constructed complete gradient shrinking Ricci solitons on CP

2#− (CP2)
and CP

2# − 2(CP2) which are not Einstein, demonstrating that we cannot carry
the above argument any further. These solitons in fact turn out to be Kähler, and
we demonstrate below in section 5 that these are in fact the only compact simply
connected smooth four-manifolds admitting non-Einstein Kähler gradient shrinking
Ricci solitons.

Before moving further, however, we note two results crucial to our current un-
derstanding of compact gradient Shrinking Ricci solitons:

Theorem 2.2. (Chen [5]) On a compact gradient shrinking Ricci soliton, the scalar
curvature R > 0.

Note that this implies that compact gradient shrinking Ricci solitons have posi-
tive Yamabe invariant. The following result was first proved in the compact gradient
case by Lott [15], and was actually proven in the general case of complete gradient
shrinking Ricci solitons by Wylie [24]:

Theorem 2.3. (Lott [15]) Compact gradient shrinking Ricci solitons have finite
π1.

Note in particular that the first betti number b1 of such a manifold must vanish.
This is our first example of a topological obstruction to the existence of such a
geometric structure. We now proceed to review the next ingredient in our study:
topological invariants coming from aspects of differential topology peculiar to four
dimensions.
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3. Oriented Homotopy Invariants on Smooth Four-Manifolds

This section closely follows LeBrun [13], and is included as a convenience to the
reader. Be aware that any differences in notation or errors in this section - which
I have done my best to avoid - are mine, and do not result from my drawing on
this source for background knowledge. Differential geometry in four dimensions is
different. This is because the real six-dimensional bundle Λ2(M4) of two forms on
a four-dimensional smooth manifold decomposes into two real three-dimensional
bundles:

Λ2(M4) = Λ+ ⊕ Λ−

The most concrete way to think of this decomposition involves the hodge star
operator ∗. In dimension four, this operator satisfies ∗2 = 1. Thus as a map
∗ : Λ2(M4) → Λ2(M4) decomposes Λ2(M4) into ±1-eigenspaces of dimension
three (Λ+ and Λ− respectfully).

Definition 3.1. Sections of Λ+ will be called self-dual 2-forms and sections of Λ−

will be called anti-self-dual 2-forms.

Now, let M4 be a compact oriented 4-manifold. Recall that one has a cup
product in integral cohomology:

∪ : H2(M4;Z)×H2(M4;Z) → H4(M4;Z) ∼= Z

where the last isomorphism arises from Poincare duality and the fact that M4

is a compact, connected 4-manifold. Mod torsion, this bilinear pairing may be
expressed as a b2 by b2 matrix τ of determinant ±1 with integer entries called
the intersection form of M4. The name intersection form was coined with an eye
towards the following concrete interpretation:

Theorem 3.2. Let (M4, g) be a smooth, compact, connected, oriented Riemannian
4-manifold. Let α, β ∈ H2(M4;Z) and let a, b be smoothly embedded oriented 2-
manifolds representing the Poincare duals of α, β. Assume without loss of generality
that a and b intersect transversally at finitely many points. Now, a and b have
orientations, and the direct sum of their tangent spaces at an intersection point is
the tangent space of M4. For each intersection point, associate either a +1 or a
−1 depending on if the orientation on TpM

4 inherited from the embedded surfaces
by direct sum agrees or disagrees with the given orientation on M4 and sum these
values. The sum will be τ(α, β).

We may express these ideas in the language of forms if we’re willing to move to
R-coefficients. The ability to work with forms is well worth the coefficient change.
Recall that the Hodge theorem states that each de-Rham cohomology class [ω] ∈
H2(M4;R) admits a harmonic representative, that is, a two-form φ representing
the given cohomology class such that dφ = d ∗ φ = 0. Recall also that, in the
de-Rham cohomology, the cup product with R coefficients is simply the wedge
product and the poincare-duality isomorphism is given by integrating top-forms
over the manifold. Thus, we may consider the intersection pairing on harmonic
2-forms α, β:

τ(α, β) =

∫

M

α ∧ β
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Furthermore, ∗ descends to a map between harmonic two forms, since

H2(M2;R) ∼= H2(M4;R) = {φ ∈ Λ2(M4) : dφ = 0, d ∗ φ = 0},

and ∗ respects the set-membership condition above since ∗2 = 1. Thus as above
we have a decomposition H ∼= H+ ⊕ H− into self-dual and anti-self-dual har-
monic 2-forms. Note that the harmonic condition may be relaxed to dφ = 0 in
either summand because elements of each summand are eigenforms of ∗. Further
note that ∗ is a conformal invariant in the middle dimension so the decomposi-
tion remains unchanged given a conformal scaling of the metric. τ becomes pos-
itive definite when restricted to H+ and negative-definite when restricted to H−,
thus we may pick L2-orthonormal bases for both subspaces so τ is expressed by
diag(+1, ...,+1,−1, ...,−1) with b+ ones and b− minus ones. b± are oriented homo-
topy invariants of M4. The signature of M4 is b+−b− and, by abuse of notation, is
also denoted τ . Like the Euler characteristic, this is an oriented homotopy invariant
of M4.

In fact, χ and τ (b+ and b−) completely characterize the oriented homeotype of
a compact, simply-connected 4-manifold:

Theorem 3.3. (Freedman [8]) Two smooth simply-connected, oriented, compact
4-manifolds are orientedly homeomorphic if and only if they have the same χ and
τ (e.g. they have the same b+ and b−), and both are spin or both are non-spin.

An oriented smooth Riemannian 4-manifold is called spin if the principle SO(4)
frame bundle of M4 admits a lifting to a principle Spin(4) (the Lie-group double-
cover of SO(4)) bundle such that modding out by the covering map fiber-wise yields
the frame bundle once again. This could be written as a commutative diagram if one
wishes. Such a lifting is called a spin structure. The only topological obstruction
to a spin structure is the second Stiefel-Whitney class of the tangent bundle w2 ∈
H2(M4;Z2). It is a basic exercise in obstruction theory to show that M4 admits a
spin structure if and only if w2 vanishes.

These numbers (τ , χ, b+, b−,...) will play a crucial role in providing obstructions
to the existence of gradient shrinking Soliton metrics. These are global topological
invariants of M4, despite the fact that the data provided by the soliton equation
is local. Luckily, there are results which relate these global quantities to integrals
over M4 of local quantities. We briefly describe the structure responsible for these
integral formulas.

On a given oriented compact (M4, g), one has the curvature operator R : Λ2 →
Λ2. With respect to the decomposition into self-dual/anti-self-dual 2-forms, R
admits the following decomposition:

R =

(

W+ + R
12

R̊c

R̊c W− + R
12

)

where R is the scalar curvature, R̊c is the traceless Ricci tensor, and W± are
the restrictions of the Weyl tensor’s action W : Λ2 → Λ2 to Λ± respectively. In
coordinates, the actions are given by:

W±(φ) = W±

abcdφcd

Rφ = Rφcd

R̊c(φ) = R̊cacφ
c
b − R̊cbcφ

c
a
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restricted appropriately to the relevant subspaces suggested by the block de-
composition of the matrix representing R. Clever use of this decomposition yields
the 4-dimensional Chern-Gauss-Bonnet formula and the Hirzebruch signature for-
mula, which give integrals relating local quantities to global topological invariants
as desired (R̊c is the traceless Ricci tensor of g) [6]:

χ(M4) =
1

8π2

∫

M

|W+|2 + |W−|2 +
R2

24
−

|R̊c|2

2
dVg

τ(M4) =
1

12π2

∫

M

|W+|2 − |W−|2dVg

Of great interest in the present work is the following:

2χ± 3|τ | =
1

4π2

∫

M

2|W±|2 +
R2

24
−

|R̊c|2

2
dVg

Our next section is devoted to applying this particular integral to provide topo-
logical obstructions to the existence of compact gradient soliton metrics.

4. The Hitchin-Thorpe Inequality

Let M4 be a compact oriented four-manifold. The subject of this section is
the Hithcin-Thorpe inequality, which is an inequality involving oriented homotopy
invariants onM4, namely 2χ±3|τ | ≥ 0. Our first order of business is to demonstrate
that this inequality provides an obstruction to the existence of an Einstein metric
on M4.

Theorem 4.1. Let (M4, g) be a compact oriented four-dimensional Einstein man-
ifold. Then M4 satisfies the Hitchin-Thorpe inequality.

Proof. Given that (M4, g) is an Einstein manifold, by definition there exists ρ ∈ R

such that

Rcg = ρg

We demonstrate that the traceless Ricci tensor of g vanishes. Recall that the

traceless Ricci tensor
◦

Rc = Rc − R
4
g, and the trace of the soliton equation yields

R = 4ρ. Thus, we have

◦

Rc = ρg −
4ρ

4
g = ρ(g − g) = 0.

Now, using the local-to-global integral above:

2χ± 3|τ | =
1

4π2

∫

M

2|W±|2 +
R2

24
−

|R̊c|2

2
dVg =

1

4π2

∫

M

2|W±|2 +
R2

24
dVg ≥ 0

and thus the Hitchin-Thorpe inequality holds on (M4, g).
□

Thus, the Hitchin-Thorpe inequality provides a topological obstruction to the
existence of Einstein metrics on M4. In particular, the Hitchin-Thorpe inequality
yields a topological obstruction to the existence of steady and expanding Ricci
solitons onM4. Given that one would like a topological obstruction to the existence
of soliton structures in general, Cao [3] proposed the following:
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Question 4.1. Must the Hitchin-Thorpe inequality also hold for compact gradient
shrinking Ricci solitons (M4, g)?

This question remains unresolved in general, but there is partial progress in this
direction in the form of the sufficient conditions which we shall prove (or state)
below.

Remark 4.2. In all that follows - given scale invariance of the soliton equation -
we normalize ρ = 1

2
.

Theorem 4.3. (Klatt [12]) Let (M4, g) be a compact spin gradient shrinking Ricci
soliton. Then M4 satisfies the Hitchin-Thorpe inequality.

Given that the topology of compact spin four-manifolds is well understood, this
result is not hard to prove.

Proof. Let (M4, g) be a compact spin gradient shrinking Ricci soliton. In particu-
lar, Licherowicz [14] has demonstrated that metrics with R > 0 cannot exist when

M4 is spin and the signature τ = −8Â ̸= 0 where Â is the Hirzebruch Â-genus.
Given theorem 2.2, since M4 is spin it follows immediately that τ = 0. Using
Poincare duality, the expression of the Euler characteristic in terms of betti num-
bers, and the fact that b1 = b3 ≡ 0 for gradient shrinking Ricci solitons by theorem
2.3 one finds that χ = 2 + b2 ≥ 0. Thus the Hitchin-Thorpe inequality is satisfied
trivially. □

Another sufficient condition is the following, first noted by Cao.

Theorem 4.4. Let (M4, g) be a compact gradient shrinking Ricci soliton. Then
the Hitchin-Thorpe inequality holds given the following sufficient condition:

∫

M4

R2dVg ≤ 6V ol(M4, g)

In order to prove this theorem, we begin with a lemma.

Lemma 4.5. For a compact Gradient Shrinking Ricci Soliton (M4, g, f), the fol-
lowing holds:

∫

M

1

2
R2 − |Rc|2 dVg = V ol(M, g)

Proof. Consider the integral

I =

∫

M

⟨
1

2
g −Rc,Rc⟩ dVg.

On one hand, direct evaluation yields the following:

∫

M

⟨
1

2
g −Rc,Rc⟩ dVg =

∫

M

1

2
R− |Rc|2 dVg = V ol(M, g)−

∫

M

|Rc|2 dVg

On the other hand, using the soliton equation we may substitute:

∫

M

⟨
1

2
g −Rc,Rc⟩ dVg =

∫

M

⟨∇2f,Rc⟩ dVg

And using the divergence theorem, we evaluate
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I = −

∫

M

⟨∇f, div(Rc)⟩ dVg.

We may substitute further using the second contracted Bianchi identity:

I = −
1

2

∫

M

⟨∇f,∇R⟩dVg

Applying the divergence theorem again:

I =
1

2

∫

M

R∆fdVg =
1

2

∫

M

R(2−R)dVg =

∫

M

RdVg −
1

2

∫

M

R2dVg

Therefore, equating the two integrals:

I = 2V ol(M, g)−
1

2

∫

M

R2dVg = V ol(M, g)−

∫

M

|Rc|2dVg

and hence

∫

M

1

2
R2 − |Rc|2 dVg = V ol(M, g)

□

We now proceed to prove the theorem.

Proof. Suppose that the following holds on (M, g, f):

∫

M

R2dVg ≤ 6V ol(M, g).

Note that, upon substituting the traceless Ricci tensor with the ordinary one in
the local-to-global theorem above one obtains:

2χ(M)± 3τ(M) =
1

8π2

∫

M

4|W±|2 − |Rc|2 +
1

3
R2dVg

In particular,

∫

M

1

3
R2dVg−|Rc|2dVg =

∫

M

1

2
R2dVg−|Rc|2−

1

6
R2dVg = V ol(M, g)−

1

6

∫

M

R2dVg

Thus, by assumption:

2χ(M)− 3τ(M) =
1

8π2
(

∫

M

4|W−|2dVg + V ol(M, g)−
1

6

∫

M

R2dVg) ≥ 0

and

2χ(M) + 3τ(M) =
1

8π2
(

∫

M

4|W+|2dVg + V ol(M, g)−
1

6

∫

M

R2dVg) ≥ 0

Therefore the Hitchin-Thorpe inequality is satisfied.
□

In addition to these, Tadano [17] has given sufficient conditions in the form
of diameter bounds involving the oscillation of the scalar curvature, and Cheng,
Ribeiro Jr., and Zhou [6] have furnished the following result:
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Theorem 4.6. If the potential function f of a compact Gradient Shrinking Ricci
Soliton (M4, g, f) satisfies fmax − fmin ≤ log(5), then M4 satisfies the Hitchin-
Thorpe inequality.

Given the present menagerie of sufficient conditions such as the ones stated
above, one may inquire into the scope of these results. How many compact gradient
shrinking Ricci solitons do these results apply to? The range of applicability of
theorem 4.3 is already known well, since we recall that a smooth oriented four-
manifold M4 is spin if and only if its second Stiefel-Whitney class vanishes. We
begin to catch a glimpse of the efficacy of theorems 4.4 and 4.6 using results from
conformal geometry. We will see that these theorems in fact describe essentially
the same restricted class of compact gradient shrinking Ricci solitons. Recall the
Chern-Gauss-Bonnet formula for a Riemannian four-manifold (expressed in terms
of the ordinary Ricci tensor using the definition of the traceless Ricci tensor):

8π2χ(M4) =

∫

M4

|W |2dVg +

∫

M4

1

6
(R2 − 3|Rc|2)dVg

The second integral is a conformal invariant in dimension four due to the con-
formal invariance of the first integral and the obvious conformal invariance of the
left hand side. Following Chang [4], we denote the integrand

σ2(Ag) ≡
1

6
(R2 − 3|Rc|2)

as it can be realized as the second symmetric polynomial acting on the eigenvalues
of the Schouten tensor. Thus, the Chern-Gauss-Bonnet formula reads:

8π2χ(M) =

∫

M

|W |2dVg +

∫

M4

σ2dVg

Denote the Yamabe invariant of a conformal class of metrics [g] by Y(M, [g]).
We now define the following class of metrics with a view towards finding restrictions
on metrics which satisfy the hypotheses of theorems 4.4 and 4.6.

Definition 4.7. Define the class A = {g : Y(M, [g]) > 0,
∫

M
σ2(Ag)dVg > 0}

The following analysis of metrics obeying the sufficient conditions in theorems
4.4 or 4.6 is split into two cases, the first case being that the case of strict inequality
in both theorems and the second being the rigid case of equality in both theorems.
We begin with the strict case.

Proposition 4.8. A normalized gradient shrinking Ricci soliton (M, g, f) satisfies

∫

M

R2dVg < 6V ol(M, g).

if and only if g ∈ A.

Proof. Note first that by theorem 2.2, all shrinking gradient Ricci solitons have
positive scalar curvature, and thus Y(M, [g]) > 0. Now compute:

∫

M

σ2(Ag)dVg > 0 ⇐⇒

∫

M

1

6
(R2− 3|Rc|2)dVg > 0 ⇐⇒

∫

M

1

3
R2−|Rc|2dVg > 0
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And thus by lemma 4.5

⇐⇒ V ol(M, g)−

∫

M

1

6
R2dVg > 0 ⇐⇒

∫

M

R2dVg < 6V ol(M, g).

This completes the proof.
□

Thus, metrics satisfying the condition of theorem 4.4 strictly are in A, and vice
versa. As for theorem 4.6, Cheng, Ribeiro Jr., and Zhou [6] use the following lemma
to derive the result of theorem 4.6.

Lemma 4.9. Let (M4, g, f) be a four-dimensional compact gradient shrinking Ricci
soliton with ρ normalized to 1

2
. Then the following holds:

8π2χ(M4) ≥

∫

M4

|W |2dVg +
1

24
V ol(M4, g)(5− efmax−fmin)

There is equality if and only if (M4, g) is Einstein.

Using this lemma, we may find that metrics satisfying the hypotheses of theorem
4.6 strictly also lie in A.

Theorem 4.10. Metrics satisfying the hypotheses of theorem 4.6 strictly, i,e.
fmax − fmin < log(5), are in A.

Proof. Recalling the Chern-Gauss-Bonnet formula from above as well as lemma
4.11, we have that

∫

M4

|W |2dVg+

∫

M4

σ2dVg = 8π2χ(M) ≥

∫

M4

|W |2dVg+
1

24
V ol(M4, g)(5−efmax−fmin)

and therefore:

∫

M4

σ2dVg ≥
1

24
V ol(M4, g)(5− efmax−fmin) > 0

by assumption. By theorem 2.2, Y(M, [g]) > 0, and thus g ∈ A by definition.
□

The following corollary results

Corollary 4.11. All metrics satisfying the hypotheses of theorem 4.4 strictly or
theorem 4.6 strictly are in A.

In fact, we can say more, since strict satisfaction of the hypothesis in theorem
4.4 coincides precisely with being in A.

Theorem 4.12. Let (M4, g, f) be a compact gradient shrinking Ricci soliton sat-
isfying fmax − fmin < log(5), then

∫

M4

R2dVg < 6V ol(M4, g)

Proof. By theorem 4.10, g ∈ A, and thus by proposition 4.8 g satisfies the stated
condition.

□
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Thus, the strict satisfaction of the conditions in theorem 4.6 entails the strict
satisfaction of the condition in theorem 4.4, and thus the assumption of theorem
4.4 is weaker than that of theorem 4.6 in the strict case.

How restrictive is the condition that g ∈ A? Among other properties of metrics
in A, such as our ability to prescribe σ2 as any positive smooth function within a
conformal class, we have the following result [4]

Theorem 4.13. Metrics in A have positive Ricci curvature.

Thus we have the following theorem restricting the geometry of metrics satisfying
these two sufficient conditions:

Theorem 4.14. Metrics satisfying the hypotheses of theorem 4.4 strictly or theorem
4.6 strictly have positive Ricci curvature.

Proof. Use theorem 4.13 and corollary 4.11.
□

Given that Cao [2] has constructed a countable class of gradient shrinking Ricci
solitons with Ricci curvature not positive everywhere on twisted projective line
bundles over CP

1, the strict sufficient conditions of theorems 4.4 and 4.6 already
”miss” many examples of compact gradient shrinking Ricci solitons and are thus
proved not to be universally applicable.

The discussion above only applies to the case of strict inequality in both sufficient
conditions. We now proceed to examine to what metrics the rigid case of equality
applies in either theorem. We first examine the rigid case of theorem 4.4.

Theorem 4.15. A compact gradient shrinking Ricci soliton (M4, g, f) satisfies

∫

M4

R2dVg = 6V ol(M4, g)

if and only if

∫

M4

σ2dVg = 0

Proof. This proof is essentially the proof of proposition 4.8 in the case that the strict
inequality is changed to an equality. As such, it is left to the reader to verify. □

The rigid case of theorem 4.6 may be obtained from lemma 4.9.

Theorem 4.16. A compact gradient shrinking Ricci soliton (M4, g, f) satisfying
fmax − fmin = log(5) must satisfy

∫

M4

σ2dVg ≥ 0

Proof. By lemma 4.9 one has the following:

∫

M4

|W |2dVg+

∫

M4

σ2dVg = 8π2χ(M) ≥

∫

M4

|W |2dVg+
1

24
V ol(M4, g)(5−efmax−fmin)

And, using the assumed condition one has:

∫

M4

|W |2dVg +

∫

M4

σ2dVg = 8π2χ(M) ≥

∫

M4

|W |2dVg
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Subtracting concludes the proof:

∫

M4

σ2dVg ≥ 0

□

Thus, in the case of equality for both theorems, the sufficient condition of the-
orem 4.6 appears to be more widely applicable than the sufficient condition of
theorem 4.4, as it may include metrics in A. However we may see in fact that
theorem 4.6 actually entails theorem 4.4, demonstrating that the assumption of
theorem 4.6 is a stronger assumption than that of theorem 4.4.

Theorem 4.17. A compact gradient shrinking Ricci soliton (M4, g, f) satisfying
fmax − fmin ≤ log(5) must satisfy

∫

M4

R2dVg ≤ 6V ol(M4, g).

Proof. If (M4, g, f) satisfies fmax−fmin < log(5), then g ∈ A and thus by theorem
4.12 satisfies

∫

M4

R2dVg < 6V ol(M4, g).

If (M4, g, f) satisfies fmax − fmin = log(5), then by theorem 4.16 g ∈ A again
or

∫

M4

σ2dVg = 0

in which case

∫

M4

R2dVg = 6V ol(M4, g)

by theorem 4.15. □

Thus the hypothesis of theorem 4.4 is a necessary condition for metrics satisfying
the hypothesis of theorem 4.6. As far as the efficacy of theorem 4.4 goes, it applies
only to metrics in A - in particular metrics of positive Ricci curvature - or to metrics
for which the integral conformal invariant is precisely 0, which is equivalent to the
case of equality in theorem 4.4. Both of these conditions appear quite restrictive.

To that end, a brief meta-mathematical detour is in order. It is easy to show
using the local-to-global expression of section 3 and lemma 4.5 that the follow-
ing inequality is equivalent to the Hitchin-Thorpe inequality on compact gradient
shrinking Ricci solitons:

∫

M4

24|W±|2 −R2 + 6dVg ≥ 0.

From this vantage, it seems that control of |W±|2 in terms of R2 is necessary to
understand the behaviour of the Hitchin-Thorpe inequality on gradient shrinking
Ricci solitons. Current work on this question - as in the case of the sufficient
conditions above - treats the |W±|2 term as one that can be thrown away. Perhaps
an understanding of this term is crucial to understanding the general situation.
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5. Topological Obstructions to the Existence of Compact Kähler

Gradient Shrinking Ricci Solitons

The question of finding topological obstructions to the existence of gradient
shrinking Ricci solitons is difficult in general. In this section we now proceed to
investigate the question of topological obstructions to the existence of compact
Kähler gradient shrinking Ricci solitons and find that this additional structure
allows for a very nice description of these spaces. This section takes the form of an
outline of the subject and may be used as a literature guide. Let X2 be a compact
complex surface with the natural orientation.

Definition 5.1. A four-dimensional compact Kähler gradient shrinking Ricci soliton
is the compact complex manifold X2 together with a compatible Kahler metric gij̄
satisfying

Rij̄ +∇i∇̄jf = ρgij̄

for some f ∈ C∞(M) and ρ > 0.

We begin our investigation of these spaces by noting, in light of the last section,
that we have the following:

Theorem 5.2. A compact Kähler gradient shrinking Ricci soliton (X2, g, f) must
satisfy the strict inequality 2χ+ 3τ > 0.

Proof. By the work of Derdzinski [7], 24|W+|2 = R2 on Kähler X2. Thus, the local
to global theorem of section 3 and lemma 4.5 demonstrate the theorem trivially. □

As far as the last section is concerned, this is a powerful result. However, the
Kähler condition guarantees more topological information than this obstructions
does. In fact, it yields a complete classification of compact Kähler gradient shrink-
ing Ricci solitons!

Theorem 5.3. The only compact Kähler gradient shrinking Ricci solitons are the
Kahler-Einstein metrics above and the following two non-Einstein cases: the Koiso-
Cao soliton on CP

2#− CP
2, or the Wang-Zhu soliton on CP

2#− 2CP2

We begin outlining the proof of this result with a lemma regarding the so-called
first Chern class of X2. The first Chern class of X2 is the first Chern class of
the anti-canonical line bundle K−1. The first Chern class of a line bundle L is
a cohomology class c1(L) ∈ H2(X2;R) which can be associated to L in multiple
ways - in particular via Chern-Weil theory, a classifying space construction, or Čech
cohomology [23]. K−1 is defined using the fact that isomorphism classes of complex
line bundles over a complex manifold form a group - called the Picard group of X2

- under the tensor product. K−1 is simply the inverse of the canonical line bundle
of top forms K ≡ Ω2

X in this group. In the Kähler setting, a concrete geometric
way to view c1(X

2) is as the cohomology class of the Ricci form, and indeed this is
the interpretation we will use.

Lemma 5.4. A compact Kähler gradient shrinking Ricci soliton must have positive
first Chern class, meaning that it may be represented by a Kähler form.

Proof. Given that the first Chern class of a Kähler manifold is the cohomology class
of the Ricci form, we may use the soliton equation to yield the following:
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[Rc] = [ρω − ∂∂̄f ] = ρ[ω]

Since c1(X
2) = [Rc] may be represented by a Kähler class, it is positive by

definition.
□

This lemma tells us that compact Kähler gradient shrinking Ricci solitons are in
fact examples of familiar spaces. We recall some basic facts from algebraic geometry
regarding del-Pezzo surfaces.

Definition 5.5. A compact complex surface X2 is a del-Pezzo surface if its anti-
canonical bundle K−1 is ample.

Intuitively speaking, a line bundle L is ample if one can take powers of it to
obtain a line bundle L′ such that X2 embeds in some projective space such that
the restriction of the tautological bundle on that projective space to the image of
X2 is L′. For our purposes, it suffices to consider the Kodaira Embedding Theorem
[10]:

Theorem 5.6. Let X2 be a compact Kähler manifold. A line bundle L on X2 is
positive if and only if L is ample. In this case, X2 is projective.

We may now recognize compact Kähler gradient shrinking Ricci solitons X2

as del-Pezzo surfaces, since the first Chern class of the anti-canonical bundle is
positive, and thus the anti-canonical bundle is ample. Recognizing compact Kähler
gradient shrinking Ricci solitons as del-Pezzo surfaces is extremely powerful, as it
is a classical result of algebraic geometry that these are classified:

Theorem 5.7. The only del-Pezzo surfaces are CP
2# − kCP2 for 0 ≤ k ≤ 8 and

S2 × S2.

For the sake of continuing the classification, we now note what is known in the
Einstein case. As in section 2, compact Kähler gradient shrinking Ricci solitons
are generalizations of the sister notion of positive Kähler Einstein manifolds, who
satisfy

Rij̄ = ρgij̄

for some ρ > 0. These manifolds have been completely classified by Tian [19]

Theorem 5.8. A compact complex surface (X2, J) admits a compatible Kähler-
Einstein metric with R > 0 if and only if its anti-canonical line bundle K−1 is
ample and its Lie algebra of holomorphic vector fields is reductive.

This result restricts the spaces which admit such metrics to the following: CP2,
S2 × S2, CP2#− k(CP2), 3 ≤ k ≤ 8.

A uniqueness result due to Tian [20] [21] now comes in handy:

Theorem 5.9. There exists at most one Kähler-Ricci soliton on any compact
Kähler manifold with positive first Chern class modulo holomorphic automorphisms.

Therefore, the Kähler-Einstein metrics above are all unique. Furthermore, the
Koiso-Cao soliton on CP

2#−CP
2, and the Wang-Zhu soliton on CP

2#−2CP2 exist
and by theorem 5.11 are unique as well. Thus, up to holomorphic automorphisms,
the only compact Kähler Ricci solitons in dimension four are the Einstein manifolds
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classified by Tian, the Koiso-Cao soliton on CP
2#−CP

2, and the Wang-Zhu soliton
on CP

2# − 2CP2 as claimed, and one has complete knowledge of the topology of
compact Kähler gradient shrinking Ricci solitons.

One might ask if these results could be extended to include more general struc-
tures, e.g. Symplectic. While a complete classification is beyond the scope of this
work, an obstruction in this more general case follows from the powerful work of
Taubes [18] which utilizes Seiberg-Witten theory.

Theorem 5.10. A symplectic four-manifold with b+ > 1 admits no metrics of
positive scalar curvature.

Thus given theorem 2.2 we have the immediate corollary:

Corollary 5.11. A compact symplectic gradient shrinking Ricci soliton M4 must
have b+ ≤ 1.

This is an example of a step towards finding topological obstructions to the
existence of compact gradient shrinking Ricci solitons in more general settings where
additional structures exist.
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