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ABSTRACT

In this study, finite element formulation and solution procedures for buckling
and post-buckling analysis of regular and cracked structures under various loading
conditions were studied. The study consists of two main parts. The first part focuses
on the finite element formulation for buckling (eigen) analysis of regular and cracked
structures and some eigen-analysis applications of cracked structures. The second part
covers post-buckling analysis procedures with some applications. Buckling and post-
buckling analysis of cracked structures requires special elements and additional
procedures to trace fracture information during pre-and post-buckling stages. The
“enriched crack tip element” is one of the special element types used to adopt the
crack tip stress singularity into the finite element method. By using this type of
element, post-buckling fracture information at crack tips or crack fronts in 3-
dimensional structures can be properly traced with a high degree of precision

In the first part of this study, basics of continuum mechanics, strain and stress
definitions, and equilibrium equations are derived. Formulation of the finite element
equations based on continuum mechanics was obtained. The subspace iteration
method, as an eigen-solution technique, with effective sparse matrix storage format,
was implemented into the FRAC3D finite element analysis software. Thin plates with
cracks or cutouts under tensile loads exhibit local buckling. Although, this problem
has been known for decades, it presents very difficult mathematical challenges even in

cases with geometric simplicity. For example applications, buckling analysis of
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cracked thin plates with inclined and straight central cracks under tensile loads were
analyzed. Parametric studies were carried out to examine the effects of geometric and
material properties on the critical buckling loads.

In the second part of this study, post-buckling analysis procedures are
discussed and a perturbation method is applied to obtain postbuckling solutions for
cracked structures. It was observed that post-buckling fracture behavior is
fundamentally different than linear fracture analysis, in which buckling and large
deformations are not considered. It can be concluded that fracture analysis of
structures with cracks that exhibit localized buckling under tensile, thermal or other
loading conditions, should be analyzed correctly by using coupled fracture/buckling

and post-buckling analysis.
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CHAPTER ONE: INTRODUCTION

1.1 Background

There are various forms of local or global structural failure modes which can
occur either sequentially or at the same time. Combined fracture and buckling
behavior is more common in layered structures such as, composites, electronic
packages, or any other structures manufactured with layering techniques. However,
simple structures such as thin isotropic plates, shells, and membranes with cracks can
also buckle locally under different loading conditions even under tensile loading.
Layered structures consist of highly dissimilar materials with large differences in
material properties, thermal coefficients, and geometry. Initial delaminations caused
by manufacturing defects or excessive loading during service life are potential areas
for further local failure under different loading conditions. For examples, blisters can
form in electronic packages due to initial debonds between the layers under thermal
and moisture induced loads. Local buckling of cracked areas show bifurcation type
buckling and cause sudden change in deformation, stress redistribution and
consequently change fracture parameters significantly. Postbuckling behavior can
occur in layered structures during manufacturing and service life. This damage can
result in global or local failures depending upon the size and form of the damage.
Thus, it is highly desirable to develop predictive methodologies that can be used to

estimate the life of the structure based on some pre-existing damages, e.g. cracks,

3
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delamination etc. “Fail-safe” design methodologies based on fracture mechanics

information can be used in conjunction with non-destructive inspection techniques.

1.2 Fracture and buckling

Simultaneous occurrences of fracture and buckling is more likely in thin
structures with cracks or in layered structures that contain delaminations, subjected to
compressive stress distribution around the crack. The compressive stress around the
crack can be local even though the global load may be tensile loading. The simplest
example of this is a thin plate with a central crack, subjected to tension at the plate’s
outer edges. In this case, the second principal stress distribution (parallel to the crack)
around the surface of crack is compressive and can cause local buckling Other
common examples of local buckling are observed in layered structures with pre-
existing delaminations, such as composites, coatings, microelectronic packages, etc.
[1,2].

Existence of multi-layered configurations with interfaces represents potential
sites for damage initiation and growth of interfacial cracks. Local buckling can
develop in the neighbourhood of these interfacial cracks due to compressive stresses
caused by various loading and boundary conditions. Material imperfections in
composite materials are almost inevitable during manufacturing due to improper
bonding of the materials. Improper bonding during manufacturing processes and

excessive loads, e.g. impact, thermo-mechanical loads, and fatigue can result in
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significant reduction in load-bearing capabilities. Delamination, once initiated, can
grow under fatigue loading and the local stress near the delamination may be
redistributed such that another delamination may appear in another location. Debonds
may continue to grow and accumulate until a structural failure occurs, such as
buckling or fiber failure. Although delamination may not cause total collapse of the
load-bearing capacity of the component, it may significantly reduce the stiffness of the
structure and may be a precursor to the global collapse. Therefore, knowledge of a
composite's resistance to interlaminar fracture is useful, not only for product
development and material screening, but as a generic measurement of the interlaminar
fracture toughness of the composite for establishing design allowables for damage
tolerance analyses of composite structures.

From a structural mechanics perspective, electronic packages are composite
structures consisting of dissimilar materials. In electronic packages, different layered
materials, with different elastic and thermal properties are fabricated into a single
package for different functional and electronic purposes. Stresses are largely due to
differences in thermal properties of the layers, material imperfections, manufacturing
defects, and cyclic thermal loading. Blisters in electronic packages are a buckled form
of delamination, usually caused by thermal and moisture induced stresses. Therefore,
it is highly desirable to develop predictive methods to estimate the life of the packages
having these kinds of imperfections.

Design methodologies based on statistical methods require information about
operation loading limits, material imperfections, such as preexisting flaws and

geometric variations of the structure. Development of predictive methodologies for
5
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estimating life of a structure based on a fracture mechanics methodology is highly
desirable and requires computational tools suitable for this approach. The finite
element method is widely used and seems to be the most appropriate numeric tool for
buckling and postbuckling analyses, especially if the structure contains cracks.
However, current commercially available finite element packages have limited
capabilities for the analysis of cracked structures, especially if postbuckling is
involved. In this study, the FRAC3D finite element package [3, 4] was modified to

examine buckling and postbuckling analysis of coupled fracture/buckling problems.

1.3 Examples of combined fracture and buckling

There are numerous examples of buckling problems combined with fracture
behavior. Some commonly encountered problems are examined in this section. First,
initiation of this type of failure mechanisms requires the existence of cracks, which
may exist because of manufacturing defects, or excessive loading, such as impact. The
second phase of the failure is associated with buckling and postbuckling behavior.
After accumulation of compressive loads around the cracks, buckling can occur,
resulting in redistribution of stresses. Postbuckling always exhibits nonlinear behavior,
which requires special solution methods, because of the resulting large displacements

that can occur after buckling.
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1.3.1 Plate with elliptical hole and crack

Surprisingly, certain structures with cracks or cutouts that are subjected to
global tensile loads, can exhibit local buckling. This is due to local compressive stress
distributions around these free surfaces. Fig. 1-1 shows two buckling modes of a
cracked plate, subjected to axial tensile load with a/b = 0.5 (a@ = half crack length, b =
plate width) aspect ratio. The buckling in this example is local and may or may not
cause global failure, depending on the material properties, the magnitude of the
loading and whether crack propagation occurs. If the load exceeds a critical buckling
load, the first mode of local buckling may suddenly develop around the opening of the
crack. The first mode shape is similar to a pop-up. Postbuckling behavior is very
different than the deformation in the pre-buckled state and causes out of plane
deformation, a stress redistribution, and changes in the fracture parameters. Linear
elastic analysis is limited to predicting behavior in the pre-buckled state and cannot be
used to predict postbuckling behavior. A 3-D nonlinear analysis is essential for the
solution of these types of coupled buckling/fracture problems. The sudden out of plane

displacement, is a characteristic of this type of problems.
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Fig. 1-1 First two buckling modes of a cracked plate with a/b = 0.5 aspect ratio

In planar structures subjected to tensile or compressive loads, e.g. plates, shells
and films, compressive stresses develops around the cracks or cutouts. When the loads
reach a critical level, sudden out of plane displacements occurs. If the loading
continues to increase after the first buckling level is reached, the resulting deformation
moves into the postbuckled state, with higher buckling modes contributing to the
deformed shape, i.e. the subsequent total displacements. However, the most dominant
mode shape is usually the first buckling mode shape.

Fig. 1-2 and Fig. 1-3 show normalized first principal stress ( S; = o7/ oy ) and
second principal stress ( S; = o7 / op ) contours, for a plate subjected to uniaxial
uniform stresses applied to the ends. The X and Y axes are normalized axes with
respect to half crack length, i.e., X = x/a, and ¥ = y / a. Thus, the normalized crack
length is two. Note that the first principal stresses values are positive except near the
crack free surface where the stress is zero, i.e., there is no internal crack surface

pressure. However, the second principal stress (S;) is compressive parallel to the
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crack surface and reaches a maximum asymptotic value S» = -1, (o, = —0g,), parallel

to the crack surface. This stress distribution is the main driving force for local

buckling when the global stress o, reaches a critical value, which is called critical

buckling stress.
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Fig. 1-2 Normalized first principal stress S, = o, / &, distribution around a crack
before local buckling. Thick contour lines show 1.0.
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Fig. 1-3 Normalized second principal stress S, = o, / o, distribution around a crack
before local buckling. Thick contours show 0.0 contour levels

Plates with circular or elliptical holes show similar compressive stress
distributions, but spread on a smaller region of the cutout surface. The comparison of
compressive stress distributions for a cracked plate in Fig. 1-3 and a plate with an
elliptical hole in Fig. 1-4, shows that the cracked plate is more likely to buckle when
subjected to the same level of applied external tensile load. It can be concluded that
the critical buckling load for the cracked plate is smaller than it is for a plate with an

equivalent elliptical cutout having major axis equal to the crack length.

10
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Fig. 1-4 Normalized second principal stress S, = o, / o, contours for an elliptical hole
(b/a=0.5), dark thick contour lines show 0.0 contour level.

1.3.2 Delamination buckling in composite materials

Analysis of certain types of delaminated structures can be simplified by
reducing the problem to a 2-D analysis [1, 2]. If the delamination is sufficiently long
and loading is constant along the dimension in the depth direction a plane strain
analysis is possible. Alternatively, an axisymmetric delamination can be reduced to 2-
D if the geometry, elastic properties, loads, and boundary conditions are all
axisymmetric, nothing varies in the angular direction and material points have

displacements components only in radial and axial directions. These simplifications

11
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are limited in scope and can be applied only in certain idealized cases. Three
dimensional modeling often requires more realistic analyses. For example, initial
axisymmetric buckling may quickly become generalized 3-D non-symmetric due to
secondary circumferential buckling. Calculation of the fracture parameters for these
kinds of problems is essential for accurate life estimate of structural parts with a
postulated flaw.

Delamination of layered structures, e.g. composite materials, is another
example of coupled buckling and fracture. A delaminated zone in a laminate panel can
be caused by manufacturing defects, production errors, impact damage or the presence
of cut outs or splices. The delamination acts as an initial imperfection. When the
cracked panel is loaded with a compressive force or thermal loading, the debonded
region may buckle. In thermal loading, because of the different coefficient of thermal
expansions (CTE) of the layers, the layers may expand by different amounts, and
cause tensile or compressive stresses depending on the detailed nature of the thermal
loading, i.e. heating or cooling. Fig. 1-5 shows a buckled cross-section of a
delaminated composite material subjected to compressive loading at the left and right
ends. Delamination reduces the compressive strength and the local buckling load of
the composite structure. It can also lead to global failure at a lower load than the
undamaged composite structure. To estimate the overall performance of a composite,
it may be necessary to identify the influence of the buckling and delamination failure.
It is obvious that knowing the fracture properties related to the delamination process
can help to estimate stability of the delamination (crack) growth. Overall, the problem

includes fracture mechanics, 3-D stability analysis and material properties.
12
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Fig. 1-5 Buckled cross-section of a delaminated composite material subjected to
compressive loading at the ends. [5]

Fig. 1-6 A circular delamination of a composite material under compressive end loads

13
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Fig. 1-6 schematically depicts a typical circular delamination in a laminated
composite material related to what is observed in Fig. 1.5. This type of delamination is

caused by an initial manufacturing defect.
1.3.3 Blister formation in electronic packages

Buckling/fracture behavior is often observed on the microscopic scale. This
example of buckling and fracture occurrence is often classified as blisters. For
example, in electronic packaging, thin epoxy coatings are applied to IC packages to
protect the package against moisture and corrosion. The coatings are very thin, e.g. 5

microns or less in thickness. If the coating fails, corrosion may occur in the electronic

structure of the package and may cause a functional failure of the device.

Fig. 1-7 Blister formations in an electronic package [6, 7]

14
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Fig. 1-8 show images of thin film blister formations [6, 7]. These images are
those of test chips which had been used at Lehigh University for statistical analysis of
the electrical degradation when the device was subjected to various environmental
conditions. The thickness of the thin films covering the chip is 3 to 5 microns. The
metallization lines restrict blister growth, but if the blister overcomes this restriction
and if the blister is larger in diameter than the distance between the metal lines, water
can be trapped between the lines and an electrical short circuit will occur. The Fig. 1.8

shows different blisters that have formed close to, or on top of, electronic circuitery.

Fig. 1-8 A blister formation forcing the metallization layers [6, 7]

There are always small defects during the manufacturing process of IC
packages. When an epoxy film coating is deposited onto a substrate surface, defects on
the substrate surface may prevent the film from bonding properly. For an electronic
package that is regularly exposed to severe environmental conditions, e.g., moisture

and temperature cycles, these extreme conditions cause the coating to be subjected to

15
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relatively high stresses. Since the coefficient of thermal expansion (CTE) of the
coating and substrate are different, temperature change causes different volumetric
expansion in the coating and substrate. The film has a much higher CTE than the
substrate and when heated, the substrate restricts the film from fully expanding,
causing compressive stresses in the film and tension in the substrate. Similarly,
cooling will cause the reverse effects in the substrate and film. Moisture diffusion in
and out of the film has a very similar effect to thermal loading. The coefficient of
hygroscopic expansion (CHE) for the film is higher than that of substrate. When
moisture diffuses into the package the film will try to expand more than the substrate.
This will introduce compressive stresses in the film and tensile stresses in substrate.
The resulting thermal or moisture induced stresses can result in delaminations in
weakly bonded regions where substrate defects exist. Besides the thermal and
hygroscopic stresses in the coating, moisture can diffuse into the voids which may
exist between the film and substrate applying pressure loading to the film. This
internal pressure loading may also contribute to the formation of initial delaminations
between the film and the substrate.

In spin cast coatings, the coatings are usually in a state of residual tension after
cooling to room temperature, because the coating is applied at high temperatures and
the cooling film tries to contract more than the substrate. Heating the package and
diffusion of moisture into the package, will cause the film to try to expand, with the
substrate restricting this expansion. This causes the residual tension in the film to

change to compressive stresses.

16
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If the compressive stresses in the delaminated part of the film become large
enough, the film covering the delaminated region will buckle away from the substrate.
An example of this type of blister formation is shown Fig. 1-7. When the film buckles
and a blister is formed, the local stress distribution changes considerably. The buckled
state is more prone to additional delamination (crack) growth than it would have been
in the unbuckled state. This can be attributed to the out of plane displacement of the
film caused by the buckling.

Blister formation is an example of combined fracture and buckling
mechanisms. In the design and life prediction of electronic packages with thin film
coatings, the fracture behavior of blisters is of considerable importance. The first step
in analysis of blisters is to calculate the critical load level and buckling mode [6, 8].
Subsequent postbuckling analysis enables one to trace the driving force for secondary

fracture behavior.

1.4 Previous work

A large amount of research has been performed to understand the initial
buckling behavior of cracked structures. However, postbuckling analysis of cracked
structures has received considerably less attention. This can be attributed to the
numerical and modeling difficulties associated with this highly nonlinear problem.
Analysis of buckling behavior for certain types of cracked structures subjected to

compression can be quite complex because of possibility of contact of the crack faces.
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This type of crack surface contact problem adds on additional nonlinear behavior that
often needs to be considered. Thin cracked structures can undergo localized buckling,
without any contact under global tension loads. Early studies on local buckling of
plates with a central crack subjected to axial loads go back to the 1960°s [9-13].
Studies on this subject focused on thin isotropic plates with an opening or crack. These
studies can be mainly classified as analytical, experimental and numerical works.

Beyond a handful of approximate analytical solutions, exact eigen-analysis of
structures with cracks or cutouts does not appear to be tractable for even the simplest
examples. Cherepanov [9] assumed membrane behavior for the buckled zone and
plane stress behavior for the unbuckled zone, in a thin plate with a hole subjected
tensile loads. In [9], Cherepanov presented a closed form solution for the displacement
contour line of the buckled region. Most research on this subject has focused on
developing numerical or experimental methods to identify the critical parameters
affecting buckling behavior of thin plates with cracks and openings.

The majority of the experimental work on the buckling of thin plates with
cracks, is related to determination of the critical buckling load and corresponding
mode shapes under uniaxial [12-15] and biaxial [16] loads. Some approximate
formulas were proposed to predict the buckling loads for uniaxial [12] and biaxial [16]
loading cases. The effect of parameters, such as plate size and crack aspect ratio, has
been investigated for a limited number of the specimens [13]. Petyt [11] investigated
static and vibration characteristics of cracked plates subjected uniaxial loads and
proposed approximate formulas to find the critical buckling loads. He also considered

the nonlinear postbuckling behavior of cracked plates. There are numerous

18

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



experimental studies related to buckling and fracture for different types of engineering
structures. Blister formation and phone cord type buckling in electronic packages,
composite materials with delaminations are common examples of buckling/fracture
coupling in different engineering branches[17]. Phone cord buckling is a particularly
interesting type blister which forms a periodic buckling pattern [18]

Delamination and buckling analysis of composites is a wide area of
investigation in which investigators have mainly focused on planar and axisymmetric
analysis [1, 2]. There is a tremendous amount work related to delamination and
buckling of composite materials, which makes a complete review of this particular
problem beyond the scope of this study. However, it should be noted that the
numerical and modeling tools available for three dimensional analysis of

buckling/fracture are currently very limited.
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CHAPTER TWO: STRESS DISTRIBUTION AROUND

HOLES AND CRACKS IN PLATES

2.1 Introduction

Buckling is an important structural failure mode and is associated with a
sudden energy release that occurs when the loading reaches a critical value. This
critical loading is usually called the critical buckling load and may cause total collapse
of the structure without any prior warning. Alternatively, local buckling may or may
not cause global failure, depending upon the location, loading conditions, and material
properties of the structure. Local buckling is usually due to local compressive stress
concentrations. Examples include, a bent pipe under internal pressure and plates with
holes.

In this chapter, the stress distribution that results in local buckling of a cracked
thin plate will be analyzed. It is well known that, thin cracked plates subjected to
tensile forces, have compressive stress concentrations in the neighborhood of the
crack. For sufficiently thin plates, remote tensile loads can cause local buckling to
develop around the crack [11-13, 16]. In local buckling analysis of thin cracked
structures, three-dimensional analysis is desirable because of the true three
dimensional nature of the problem, since out of plane displacement occurs during and
after buckling. In the following sections, various buckling problems for plates will be

analyzed and the compressive stress regions will be examined.
20
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2.2 Circular Hole in a thin plate subjected to uniaxial tension

Consider a sufficiently large plate, with a small circular hole with a radius a,
subjected to uniaxial tensile loading (Fig. 2-1). The solution for the infinite plate with
a circular hole can be adopted for the solution of a finite width plate, since the stress
distribution becomes almost constant after approximately a distance of 5a from the
hole [19]. The solution for a plate with biaxial loading can also be calculated using
superposition of the elastic solution. In that case, it is only necessary to substitute the

angle (7/2+86) for 8 and superpose the stress values from the original uniaxial solution

given in terms of 6.

R — > 0y
Gy
PR -
X
] b

Fig. 2-1 Plate with circular hole and subjected to uniaxial stress
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The internal radial and circumferential stresses are given as [19].

ﬂ=}.K1-L2j+[l—iz+—3;)cos(29)J
o, 2 R R R 2.1)
o —1—[(1 + -1—2) —(1 + %—) cos(26’)]
o, 2|U R R 2.2)
rR=L , I<SR<w
a (2.3)

where, R is the normalized radius. The normalized shear stress is

e =—1(1+£Z——%Jsin(29)

o, 2 24
The principal stresses can be calculated by using the following equations
% T % —-1——2—cos(20) 2.5)
o R’ '
o, +0, 1 2 3
. =——+|1—-—+— |cos(20 2.6
O_O R2 ( R2 R4 ) ( ) ( )
First, the normalized maximum shear stress in polar coordinates can be found from
T 1 [(o,-0,Y
ré,max = ___\/( r 9) + 0',29
o, o, 2 2.7)
The first and second normalized principal stresses are calculated as
2
& — ___1_ O, + 0y + (O’W T 0y j + 0'39 (28)
o, O, 2 2

The terms in eq. (2.8) are somewhat cumbersome. However, the first principal stress

ratio (o,/0,) is a maximum at (R =1,6 = 7/2) which is given by o, =30, The
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first principal stress minimum occurs at (R =10= 0) and has a magnitude of zero.

Fig. 2-2 shows the first principal stress contours around the hole.

The second principal stress value, is minimum and compressive at
(R =1,0= 0) and is given by o2 mi»=-0p. It is interesting that the first and second
principal stresses are minimum at the same location(R =1, = 0). Fig. 2-3 shows the
normalized second principal (02 / 0'0) stress contours around the circular hole. Since

there are some compressive stress regions around the hole, it can be expected that

local buckling can occur around the hole for sufficiently thin plates.

y=2
a

Fig. 2-2 Normalized the first principal stress S, = o, / o, contours around the circular

hole
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a) Front view b) Right side view

Fig. 2-4 The normalized second principal stress distributions around the circular hole
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(a)

{b)

Fig. 2-5 Distribution of hoop stress component o, (a) around the circumference of the

circular hole in a large body, and (b) radial distribution along the ligament
where 8 = /2

2.3 Thin plate with an inclined elliptical hole and subjected to biaxial

loading

A model more representative of crack like defects in a plate is a plate with an
inclined elliptical hole. Fig. 2-6 shows a homogeneous, isotropic infinite plate
subjected to biaxial loading ¢ along y’ and ko in the x’ direction. This plate has a

stress-free elliptical hole and its major axis makes an angle 3 with respect to the y’
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axis. Taking the limit of some of the geometric variables, permits this model to
approximate either a circular hole or a crack. For example, a circular hole can be
modeled by taking the semimajor and semiminor axes equal to each other. When the
length of the minor axis is approximately zero, a crack can be modeled. In between
these two limiting cases, any elliptical hole can be modeled.

As seen in the Fig. 2-7, a and b are lengths of the semi-major and semi-minor
axes respectively for the ellipse. ¢ is half of the distance between the foci and the

relation between these variables is given by

c=vNa' -b 2.9)

Note, that for an circle ¢ = 0 and for a sharp crack ¢ = a.

\J

y ”  Y constant 77
< constant§ L ~
Y s
s
ko < < | C// N /// %' > ko
-
- e T e

Fig. 2-6 Geometry of a plate with an inclined elliptical hole subjected to biaxial

loading
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Fig. 2-7 Geometry of elliptical hole

2.3.1 Elliptical coordinates and stresses

Elliptical coordinates are convenient for the solution of this problem. Fig. 2-8,
shows the elliptical coordinates, with the coordinate transformation between the

elliptical and cartesian coordinates, given by following equations

x = ccosh(&)cos(n7)

y =CSinh(§)Sin(n) (210)
where, ¢>0, £ > 0, and 0 < n <360. The elliptical hole is defined by & =& and the
semi-major and semi-minor axes are a =ccosh(&,), b=csinh(&;) respectively.

The ellipse equation in terms of the coordinate £ becomes
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1 1
¢? cosh? (&) T s (2) 1, @.11)

The summation and difference of the normalized stresses o, /o, and o, /o, in terms

of elliptical coordinates are given by [20]

i :;a,, = B+ A(4sinh(2¢£) - Csin(27))

(2.12)

'—'é;.“““‘\w @ e
%‘:‘i\‘\\ -
. ™~ N ’/
N
L/ / >,,>
\k \1 constant 77
Fig. 2-8 Elliptical coordinates for the analysis of a plate with an inclined elliptical hole

O'g—

Tn - —it[cosh(Z(f -& ))—1](3005(277)+C5in(2’7))+

o

A(cosh(2£,) - cos(27))[ B+ A(sinh (2¢) - Csin(277)) | (2.13)

The normalized shear stress is
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2_;&7_= ~[C + ABsinh(27) ]sinh (2(£-£,)) +

ACsinh(2£)[ cosh(2(£ - &)) 1]+

A% (cosh (2£) - cosh(2¢, )) (Asin(27) + C'sinh (2£)) 2.14)
where, k is the coefficient for the stress component in the transverse direction and A is

1
l -_—
cosh (2¢) - cos(277) (2.15)

The constants 4, B, and C in equations (2.12), (2.13) and (2.14) are terms which

contain the effects of ellipse eccentricity and the inclination angle S

A=m-ne* cos(2p) (2.16)
B =ne** cos(2p) 2.17)
C = ne*® sin(Z,B) (2.18)

where, m = 1 + k, n=1—k When&, ~0, the ellipse approximates a crack. In the

stress calculations for subsequent plots, cracks are approximated by taking a very

small semi-minor axis length (5 =10™) and unit length for the semi-major axis (a = /).

In this case, the initial elliptic coordinate &, becomes &, =arccosh(a/c)~2.1x107°.

Based on the relations given above, the first principal stress values are calculated from

2
O.zo-é+ar7+ O: — 0y + 72
‘ 2 2 7
(2.19)

The second principal stress is
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(2.20)

and the maximum shear stress is

2
O, — 0O
z-max = [—_é—é——”-J +T$§'I
2.21)

The stress in the out of plane (z-direction), for the plane strain case, is

o =V(O'5+O'”) (2.22)

z

2.3.2 Stress distribution around straight and inclined cracks

Fig. 2-9 shows normalized first principal stress S, = o, / o, contours around the

crack surface. The normalized stresses are defined as the ratio of the stress to the
applied stress. The dark thick contour represents a 1.0 normalized stress contour. This
contour divides the stress distribution into two main regions. Inside this contour, the
stress contour levels are less than 1.0, and outside the region, they are greater than 1.0.

The stress asymptotically approaches zero along the crack’s free surfaces.
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Fig. 2-9 The normalized first principal stress S, = o, / o, contours

The second principal normalized stress.S, = &, / ,contours are shown in Fig.

2-10. The stresses around the crack’s free surface are compressive and rapidly
decrease from -1.0 to 0.0 along the Y-axis. When the stress contour levels are divided
into compressive and tension zones, a more distinct and qualitative stress distribution
can be seen (Fig. 2-11). Gilabert, et.al [14] named this compressive area the “Maltese
Cross”. This pattern is also common for inclined cracks and holes, but the inclination
rotates the cross feature. The regions with blue and red colors in Fig. 2-11 depict the

compressive and tension stress zones respectively. The second principal contour level
of 0.0 intersects Y-axis at ¥ = y/a = F0.81. Although, the compressive zone is

continuous, except across the crack’s free surface, the tension zone is divided into four
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distinct regions and these regions are symmetric with respect to the X- and Y-axes.
Since the crack surface is stress-free, it is evident that the second principal stress
parallel to the crack free surface is compressive and perpendicular to the applied stress
direction. The thick contour lines represent 0.0 contours of the second principal stress
in Fig. 2-10. For completeness, Fig. 2-12 also shows the normalized maximum shear

stress (S3 = g /0p ) contours

283

1.89

0943

Y 5960-008
-0.943

-1.89

-2.83

-3.00 -2.00 -1.00 0.000 1.00 200 3.00
X

Fig. 2-10 The normalized second principal stress S, = o, / o, contours around the

crack
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Fig. 2-11 Distinctive stress regions for the second principal stresses. The blue area is
compressive and the red area is in tension

T
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Fig. 2-12 The normalized maximum shear stress (7,,,, /0, ) contours
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In the case of an inclined crack, the stress distribution is similar to the
previously described behavior, but is inclined with respect to the boundary and
somewhat distorted. Anti-symmetry for the inclined crack principal stress contours
intensifies more on one half of the crack free surface and less on the other half surface
with increasing inclination angle. Because of anti-symmetry in the compressive
second principal stress distributions, with respect to the axis along the crack, it can be
shown that the inclined crack can also buckle in an anti-symmetric manner. It is also
interesting that the crack’s free surface around the crack tips shows almost zero second

principal stress on one surface and -1.0 on the opposite surface.

4.91 r . : : —— . : {
498 399 .299 .1.99 -0997 -00Di0S96 199 299 398 4.98

Fig. 2-13 The normalized first principal stress S, = o, / o, contours for an inclined
crack ( p= 70°)
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Fig. 2-14 The normalized second principal stress S, = &, / o, contours for an inclined
crack ( pB= 70")

2.3.3 Stress distributions around straight and inclined elliptical holes

Elliptic holes show essentially the same behavior as the cracks in terms of the
principal stresses, except that there is no crack tip stress singularity at the end of
ellipse. Fig. 2-15 and Fig. 2-16 show the first and second normalized principal stress
contours for a horizontally aligned central elliptical hole. Similarly, Fig. 2-17 and Fig.
2-18 show the stress contours for an inclined elliptical hole. The dark thick contour
lines represents the value of 1.0 and 0.0 for the first and second normalized principal

stress contours in Fig. 2-15 respectively. As the eccentricity of the elliptical

hole, e = 41 —(b/ a)2 , increases, the compressive stress distribution spreads over the

entire free surface oriented roughly perpendicular to the applied load. Inclination of
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the ellipse results in the same behavior as discussed in the previous subsection for a

crack.

7]
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Fig. 2-15 The normalized first principal stress S, = o, / 5, contours for an elliptical
hole(a/b =2)
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Fig. 2-17 The normalized first principal stress S, = o, / o, contours for an inclined
elliptical hole(a/b =2, 8 =70)
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Fig. 2-18 The normalized second principal stress S, = o, / o, contours for an inclined
elliptical hole(a/b =2, 8 = 70)

2.4 A semi-closed form solution to predict the critical local buckling

loads for plates with central cracks

As seen in the figures (Fig. 2-10, Fig. 2-14) that depict the second normalized
principal stress distributions, the largest compressive stress zone is parallel to the
crack’s free surface. The stress contours around the crack surfaces change rapidly in
the perpendicular direction. This narrow area with high compressive stresses can be
considered as a column strip with uniformly distributed axial compressive loads.
Assume that a strip parallel to the crack surface is isolated as a column (Fig. 2.19) and

the second principal stress distribution on the crack surface, which is negative of the
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applied tensile stress, is applied as a uniformly distributed load. Then, we can derive

an approximate critical buckling stress value using Euler column theory.

Fig. 2-19 Column idealization in the neighbourhood of crack’s free surface

q =to, E,

v
%
%X] < 1o<% | | ¢
- - c,a

ot

l=c2a

Fig. 2-20 A fixed-fixed column model with a uniformly distributed axial load
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The critical distributed load for a column with a uniformly distributed axial

load is given as [21]

n*El

lg =K
Ter & (2.23)

where K is a coefficient which depends on the boundary conditions and the length of
the zone subjected to the distributed axial force. The length of the zone carrying the
distributed axial load can be taken as the full length of the crack as a first
approximation. To assign an effective column length and column width, experimental
constants ¢; and ¢, have to be assigned respectively. Then, the approximate critical

buckling stress level can be calculated as follows.

3

I=cl£, l=c,2a
12 (2.24)
where, [ is the effective moment of inertia, and / is the effective length
2 3
fc,2a = KczaﬂTg—t——z—
¢, 48a (2.25)
¢ (tY
o, = O.ZKJ;E(—J
6 a (2.26)

As shown in Fig. 2-19, the length of the idealized column can be taken to lie 0.5-0.8 of
the crack length. Similarly, the effective width of the column can be taken as a
percentage of the half crack length, e.g. 0.15-0.3a. Using these approximations, the

approximate equation for the critical condition can be reduced to

o, =ck (LJZ
a (2.27)
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where ¢ is constant that can be determined from experimental observations and/or
numerical calculations. It is important to note that because, the idealized column
boundary conditions are neither fixed nor pinned, there must be some bending and
axial stiffness which should be incorporated into the boundary conditions. Dixon and
Strannigan [12] proposed similar approximations to calculate the critical buckling
stress.

Dyshel [22] suggested an alternative approximate formula to predict the local
buckling load for thin plates. He assumed a semi-infinite plane bounded on one side
by the crack’s free surface and derived buckling equations using the collocation

method. Dyshel’s approximate formula is given by

o, :E_é.(_vlz_(_t_)z
6(1~—v ) a (2.28)

where Ax is the smallest eigenvalue obtained using the collocation method, v is
Poisson’s ratio, ¢ is thickness, and a is half crack length. Because of the semi-infinite
plate assumption, he concluded that A+(v) is only dependent on Poisson’s ratio, and

not the geometry of the plate. The term K is the flexure coefficient and is given by

__A)
l(_-6(l~»9) e

Finally, Dyshel simplified Equation (2.28) for v = 0.3, yielding

2
4
o, =112E| — 30
or (EJ (30)
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For all the crack cases, straight or inclined, there are compressive stress

regions where the stresses asymptotically attain a maximum at the free surface of the

crack and its magnitude is -oy.
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CHAPTER THREE: NONLINEAR LARGE

DEFORMATION OF STRUCTURES

3.1 Introduction

Structural instability is an inherently geometric nonlinear problem, due to
sudden or rapid change in the structural deformation state. Buckling equations of
systems can be derived from classical equilibrium equations obtained from an
infinitesimal element and the boundary conditions. Large complex systems require
more advanced numerical techniques, such as finite element, boundary element, finite
difference methods. For sufficiently stiff structures where the deformation is small
until buckling occurs, the eigen-value problem needed to predict the critical load can
be reduced to linear form. This assumption is generally reasonable and a common
assumption for most post-buckling analyses of structures which exhibit bifurcation
type buckling. In bifurcation type buckling, the postbuckling can follow more than one
alternative path. For classical bifurcation type of buckling, the buckling is very
sudden and it is necessary to predict the critical buckling load in order to predict the
post-buckling path correctly. Postbuckling behavior is inherently nonlinear because of
the large displacements that occur in the structure. The large deformations that occur
after initial buckling, in addition, may or may not cause material nonlinearity,
depending on the material properties. Thus, an accurate buckling and postbuckling

analysis requires a geometrically nonlinear formulation. In the following sections,
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deformation, stress definitions and equilibrium equations for geometrically nonlinear
structures will be derived. The derived formulations were implemented into the finite
element code (FRAC3D) which will be examined in more detail in the next chapter.

Since the fracture mechanics model assumes asymptotic elastic linear behavior
for the crack problems, a special formulation for the analysis of geometrically
nonlinear structures with cracks must be considered. The FRAC3D finite element code
uses special transition elements to ensure compatibility between the linear elastic
enriched crack tip elements and the regular geometrically nonlinear element (see
Appendix A). The transition is accomplished by suitably modifying the element
interpolation function. A more detailed explanation and formulation of the enriched
and transition elements can be found in the references [3], [8].

For statically determinate beams, columns, or plates, the geometric stiffness
can be easily calculated. However, for complicated structures, the geometric stiffness
is unknown prior to the analysis. So, evaluation of the stress distribution in the
structure is the first step for a linearized buckling analysis of a particular structure. In
postbuckling analysis the calculation requires pre- and post-buckling phases. There are
computational difficulties associated with the transition from the pre-buckled state to
the beginning of post-buckled state. To overcome the transition from buckling
initiation to the post-buckled state, the buckling mode shapes can be used for
numerical perturbation (imperfection) of the system. However, the post-buckling
behavior of the imperfect systems deviates slightly from the true path that a perfect
system normally would follow. This deviation is highly sensitive to the magnitude of

the perturbation and it may be required to perform analyses with perturbations of
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different magnitudes to determine sensitivity of the structure to the initial perturbation.
Thus, linear buckling analysis not only enables one to predict the initial shape of the
buckled configuration, but also can be used to perturbate the structure to overcome
computational difficulties related to progressing into the postbuckling analysis of the

structure.

3.2 Pertinent aspects of nonlinear continuum mechanics

There are two approaches in continuum mechanics to describe motion of the
continuum system [23, 24]. Namely, the Lagrangian and Eulerian description. In the
Lagrangian description, the coordinates of moving points are defined by a system of
coordinates that do not vary with time, in other words, deformed (spatial) coordinates
are defined in terms of undeformed (material) coordinates, which are fixed. When the
Eulerian description is used, the coordinates of the undeformed coordinates are given
in terms of the deformed coordinates. The Eulerian description is commonly used in
fluid mechanics. However, in solid mechanics, the Lagrangian description is more
commonly used, because of the convenience inherent in tracking the displacement of
individual particles. In this numerical treatment, the Lagrangian description will be

used.
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3.2.1 Lagrangian description of deformation

Consider a continuum at time ¢ = £y in the undeformed state (Fig. 3-1). When a
point in the continuum is displaced to a new point at time ¢ = ¢, the position vector a
point in the deformed (spatial) configuration is given in terms of undeformed

(material) coordinates as x = X +u, where

q
XZA -
Q
P u+
r-Hdr ;
R+dR/ /R dr
[Z]
R
E} r
L S
1 X,
X,
Fig. 3-1 Deformation geometry in a continuum
x1(X1’X2aX3) “1(X1’X2’X3) X,
x=|%(X,X,.X;)|, u=|u,(X.X,.X,)], X=X,
x (X, X,,X5) u, (X, X,,X,) X, G.1)

Note that the vectors are shown with underlined boldface letters and matrices are

shown with boldface letters only. The differential deformed vector is given as
46

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



ax =

dX =FdX

[ Ke)
P ||><

(3.2)
where, F is the deformation gradient, which is the Jacobian matrix of the deformed

coordinates.

0X, dX, 0X,
_ox _ 0(x.x,x) | ox, Oxy  ax
oX 0(X,.X,.X,) |ax, ax, ox,

ox, Ox, Ox,
The displacement gradient is given as
T
oX, 0X, 0X,

ou  O(u,uy,u) | Bu, ou, ou,

ToX a(X,. X, X,) |ox, ax, ox,

oX, oX, oX, (3.4)
The deformation gradient and displacement gradient can be related as

F=2X (8, %) 1piq) (3.5)
oX (oX oX

where, I is a 3 by 3 unit matrix. For the treatment of the Total Lagrangian description
it may be convenient to arrange the displacement gradients as a 9-component vector in

finite element calculations, i.e.,

. [6141 ou, oOu, Ou, Ou, Ou, Ou, Ou 6u3}

Tlax, ax, eXx, ax, oX, oX, oXx, oX, oX, (3.6)
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3.2.2 Finite strain measures

There are mainly four strain measures that are commonly used in
computational codes. These are the engineering strain, logarithmic strain, Green-
Lagrange strain, and Eulerian (Almansi) strain measures. For the Lagrangian
description, the Green-Lagrange strain measure will be used throughout the following
sections. Engineering and Green-Lagrangian strain measures (in one dimensional

form) are defined respectively by

ds ~dS
Ep =
das (3.7
)
o ds c;’S
2dS (3.9

where, ds and dS are the final and initial lengths of the line element under
consideration respectively. A simple Taylor series analysis shows that for the case
where ds ~ dS, the Green-Lagrange strain converges to the small strain definition as
stated by equation (3.7). This approximation also enables us to use conventional
engineering stress-strain constitutive relationships in a nonlinear analysis with small
strains but large rotations. The Green-Lagrange strain measure characterizes the

deformation in the neighborhood of a point and is given in general form as

ds* —dS® _ dx"dx —dX'dX
2dS* 2dX" dX (3.9)
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Its 3-D form in Cartesian coordinates, can be expressed in the term of the difference

between the squares of deformed and undeformed differential line elements.
dx' dx — dX'dX = 2dX"EdX (3.10)

Or, it can be expressed in terms of the deformation or displacement gradients [25]

Ell E12 E13 1 1 1
E=|E, E, E, =5[FTF—1]=5[D+DT]+ED"D
Ey, E, Ejy (3.11)

The Green-Lagrange strain tensor is symmetric so it can be written in vector form as

[25]
- . ou, ’ ou, ’ ou, ’
ou, + +
8_X1 I 0X, 0X, oX, |
o ) Ou, ou, 2 . ou, 2 . ou, 27
E, oX, 0X, 0X, 0X,
£y Ou, i 2 2 27
E = L, ___l 26X3 +l 2;(3 + 86;3 + 2;3
T Ee| 2| 0w 0w | 2 [\ 2 3/
E,, ox, oX, Ou, Ou, N Ou, Ou, N Ou, Ou,
| By | %+% 0X, 0X, 00X, 0X, 0X, 0X,
oX, oX, Ou, Ou, N Ou, Ou, . ou, Ou,
_%+% 0X, 0X, 00X, oX, 0X, 0X,
| 0X,  OX | Ou, Ou, N Ou, Ou, N Ou, Ou,
| 0X, 8X, oX, oX; &X, oX, | (3.12)

The strains E, ,E,,, and E,, are referred to as the extensional components of the

strains and E,,, E,,, and E,, are the nonlinear shear strain components.
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3.2.3 Area and volume change

Relations between infinitesimal undeformed area and corresponding deformed

area are given as,
—_— _l 7‘
dA =[F|" F'da (3.13)
Inverse of (3.13) gives the deformed area in terms of reference coordinates as
_w|w-T
da =[F|F"dA (3.14)
The relation between undeformed and deformed volumes are given as
-1
dv =k dv (3.15)
Similarly, the inverse relation gives the deformed infinitesimal volume as
dv = [F|aV (3.16)

If an incompressible material is assumed, then, the volume of the undeformed and

deformed infinitesimal volume can be derived from the conservation of mass principle

as
podV = pav (3.17)
P i
p dv (3.18)
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3.3 Stress definitions and their relationship with each other

In this section, several definitions of stresses such as the Cauchy, first Piola-
Kirchhoff (FPK), and second Piola-Kirchhoff (SPK) will be described in the Cartesian
coordinate frame and their relations with each other will be listed in a tabular form.
These stresses are important in the subsequent development of large-displacement and

large-deformation formulations.
3.3.1 Cauchy stress tensor

Cauchy stress tensor (or the Eulerian stress tensor) o is defined as the stress

acting on the cubic element of the deformed body and is expressed as the limit of a

force on the infinitesimal area,

da=0 g = (3.19)
The force components is given as

dP] = dao'ijn,. (320)
Physically, eq. (3.19) implies the usual definition of force per unit deformed area. The
force components can be written in matrix format as

dp, Ou Oy O3 || 1y
dp, |=da|o, 0y Oy ||n

dar, O3 Oyp Oy |l h (3.21)

51

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



daty ny (3.22)

Fig. 3-2 Area representations in material and spatial coordinates

dP =¢'da (3.23)
where o ; are components of a symmetric Cauchy stress tensor (o = 07; ) and »; are

unit vector components in j direction on the cube. Note that the Cauchy stress tensor

is symmetric since equilibrium is maintained in the deformed configuration.

dP =oda =|F|eF " dA (3.24)
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3.3.2 First Piola-Kirchhoff stress tensor

The First Piola-Kirchhoff (FPK) tensor is also called the Lagrangian stress

tensor 7}, and is defined as the force acting on the deformed configuration per unit area

of the undeformed body
333% =T'N (3.25)
df, =T,d4, (3.26)
dd; = dAN, (3.27)

where, dA is the area on the undeformed (reference) body, N, is the normal unit vector
component in the j direction, and dP; is the force acting on the area in the deformed
body. The force vector, in matrix form, is,

dP =T'dA (3.28)
The FPK stress tensor is non-symmetric and is sometimes called a pseudo stress since
it is defined with respect to the force per unit area of the undeformed (reference) body

[24]. The relationship between the Cauchy and FPK stresses can be obtained by

equilibrium conditions and is,

dP =o' da=dP =T"dA =|F|6'F ' dA (3.29)
T= IFIF_IG (330)
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3.3.3 Second Piola-Kirchhoff stress tensor

The Second Piola-Kirchhoff (SPK) stress tensor components Sj are also defined
on the deformed surface of a parallelepiped and measured per unit undeformed area
[24]. The direction j of S; acting on the surface element d4; is identical to the base

vector m; in the deformed state.

-1
-0 A 3.31)

The base vector m can be written as

;
m=F1 (3.32)
where, m is a vector in the deformed state and L is unit base vector in the undeformed

state. The force vector in terms of SPK stress and dA is given as
dP =FS'dA (3.33)
The relationship between the Cauchy and (SPK) stresses can be obtained by equating

the force vectors as
s T I'gp-1

The relationship between the Cauchy and SPK stresses are

o =[F|" FSF’ (3.35)
S =|F|F'eF " (3.36)
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The relationship between and FPK and SPK stresses can be obtained using the

previous equations

dP =T"dA =FS"dA (3.37)
T =SF’ (3.38)
S=TF" (3.39)

The Table 3-1 shows the relations between the stress definitions as explained

previously.

Table 3-1 The relationships between stress definitions

Stress Cauchy F-P-K S-PK
Cauchy | o F[' FT | B[] FSF’
F-P-K IF|F e T SF’
S-P-K [F|F'oF " TF S

3.4 Virtual work equation

Consider a deformed unit area, da =1 and surface traction vector T. Virtual

work done on the body using the Eulerian description is

oW, = [Touda+ [ pfoudy (3.40)

where, a and v are deformed area and volume respectively. The relationship between
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tractions on the surface and the stress components can be expressed using the

following relation

O3 O3 O3y | M (3.41)
In tensor notation
L=o,m, (3.42)

W, = Laﬁnjﬁu,da+ J'vpﬁauidv (3.43)

where 0; is the Cauchy stress tensor, »; is the components of the direction normal of
the area vector, p is the mass density in the deformed state, f; is the body force
component . Using the divergence theorem for the virtual work equation, the

following equation is obtained.

oo ., odu, odu, oo
W _ = || —L6u +o0.—L+ pfdu. = |l o, ~+ Z+pof |Su ldv
ext ‘I|: ax‘ i Ji ax' p f; 1:|dv ‘:“{ g axj ( axj p f;j 1:|d

0491 j

Note that the expression in the parentheses is static equilibrium equation, i.e.,

o
=+pf|=0
o, (3.45)

Thus, the virtual work equation reduces to

W, =IafgiéﬁldV¥=IOﬁ[&%AwX%]dV (3.46)
14

ext 1
bt 6x_ ;

where Jg; and €2, are virtual strain and virtual rotation respectively.
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(3.47)
Ou, Ou,
QU —-—l' ui,j —U;; =l{5—1{'—_i:|
2 2| 0x; Ox (3.48)
o (%j =0, + X2,
&, (3.49)
Since 0,42, =0, then

W, = [o,0¢,dV = [o,06,dV (3.50)

14 14

The equation (3.50) is virtual work equation in the Eulerian variables. The
virtual work equation is valid for any given time t. During the course of loading and

deformation, the equilibrium equation at the time (¢ + dt ) is

_ t+dt t+df _ pt+dt _ t+dt t+dt t+dt pi+dt 1+dt
W, = o " se,dv™* = R* = [T"*"Su,da"™" + [p"* £+ Su,dv
v a

a (3.51)
The configuration at (+ + dr ) is not known, but, we know that the equilibrium
condition must be satisfied in the deformed state. There are two approaches to solve
this equation, these are so called total and updated Lagrangian formulations. In the
total Lagrangian formulation, all stresses and deformations refer to the reference
configuration at time ¢ = 0. However, in the updated Lagrangian formulation, all
stresses and deformations refer to the current configuration at time . In the current
formulation, the total Lagrangian formulation will be used.

The virtual work equation using variables in the reference (material)

coordinate system is can be obtained by rewriting equation(3.40)

57

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



ow,, = I]:Suida+ I pFou.dv
area volume (352)

and using the following relations for the displacement vector, traction forces vector,

and deformed area, to define the equilibrium equations in material coordinates.

u =x,-X,
Su, = 8%, (3.53)
T.da =0 ,n,da=T,N,dA (3.54)

We assume that body force component does not change during loading.
L=k (3.55)
Using the volume relation before and after deformation, i.e.,
pdv = p,dV (3.56)
and rewriting the virtual work equation in terms of material coordinates we obtain,

W, = |T,N,oxd4 +JpoF5x dv
y (3.57)

Where T, is Lagrangian (First P-K) stress tensor, and using divergence theorem

o(ox,
oW, = j {Tﬁ ( ) L Sx, ]dV + j poESx,dV
yo oX, 6 J (3.58)
( %, )
oW, = [|T, +| poF o - |&% |V
4 J (3.59)
Note that second term in the last equation is static equilibrium and vanishes, i.c.,
Fy+ 22

Pollo ¥ 72— =

ox, (3.60)
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The virtual work equation then becomes

SW,, = ITiiMdV= [1.6 25y
o 8Xj po an

Using the relation between the FPK and SPK stresses,

ox,
r o5, 2
! 70X,

and substitution into the virtual work equation yields,

j 6(5" 000%) 4y j ( leV JS’kaX' 5[;’; ]dV

Expanding the following relation

1 ox, Ox, 1 Ox, | Ox, ox, ox, ox. | Ox,
__5 [t N 5 i i + i 5 i — 5 i Ittt A
2 |ox, 90X, 2 oX, joX, o0X, | 0X, oX, )oX,

(3.64)

and substitution into the virtual work equation gives
0 1 ox, @
SW, = jS,k & 5| 2| gy - js,k(s YN Ny
oX, GX 2 8X 6X
Using the Green-Lagrange strain tensor definition
. Ox,
E =L & 2 5
To2lex,o0x, 7
and taking the variation of it gives
SE, =68 1ox ox _s Ox, | Ox,
7200, ox, X, )X,

The final form of the virtual work equation in index notation becomes
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(3.62)

(3.63)

(3.65)

(3.66)

(3.67)



20X, 0X,

jsjka(l Ox 0% ]dV [S,6E,av = js,kande

Alternatively, in tensor form [25], eqn.(3.68) is

js SEQV = js SEAV

“ %

Note that sign

of SPK stress and the corresponding variation of Green-Lagrangian strain.

S:GE=S'SE=0E'S=[S,, S, Sy S, Sy S;]

In summary, the virtual work equation can be expressed in the following forms:

ja Se,dv = j (a" jdV js SE,dvV
l
jc Sedv = js SEAV
Icf&:dv~ js SEdV

w., Ié‘s odv = fé'ETSdV

where S is SPK stress vector and E is the Lagrangian strain vector
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(3.68)

(3.69)

represents the contraction operation, i.e., the sum of multiplication

(3.70)

(3.71)

(3.72)

(3.73)

(3.74)



CHAPTER FOUR: FINITE ELEMENT FORMULATION

OF NONLINEAR PROBLEMS

4.1 Introduction

In the previous chapter, strain and stress definitions in a geometrically
nonlinear continuum were reviewed and the equilibrium equation based on the
principle of the virtual work was derived. In this chapter, we will apply the continuum
mechanics developed in Chapter 3 to the development of finite element formulations
for three dimensional continua. The total Lagrangian method will be used in the
formulation. This formulation is appropriate for large rotations and small strains but
may also be applied to large elastic strains, such as occur in rubber, if an appropriate
hyperelastic material model is used [25]. The method can also be used for elastic-
plastic problems with small strains but large rotations. The Green strains and second

Piola-Kirchhoff stresses will be used in the method.

In large deformations, the strain-displacement relations are nonlinear and
consequently the analysis requires nonlinear solution methods. A Newton-Raphson
method for the solution of the nonlinear finite element equations was used for the

incremental solution of the nonlinear system of equations.
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4.2 Green strains and geometric nonlinearity

In isoparametric elements, the coordinate and displacement fields are defined

with the same shape functions and can be defined in matrix form as

Xl
X=1X,=NX,
X, 4.1)
ul
E: u2 =Ngn
s (4.2)
where N is 3x3#7 matrix containing shape functions and is
N 0 0 N, 0O O N, 0 O
N={0 ~N O 0 N, O 0 N, O
0 0 N O 0 N 0 0 N,|.,, (4.3)

and n is the number of nodes in the element. X and u are the coordinate and
displacement vectors respectively. X, is the vector of nodal undeformed (material)
coordinates and u, is nodal displacements vector.
;
X, ={X1 X, X, X, X, Xo .o X, X, X3n} (4.4)
,
u, ={U1 v, U, U, Us Ug .. .. . U,, U,, U3n} 4.5)
Green-Lagrange strains can be divided into linear and nonlinear parts, i.e.,
E=E +E, (4.6)

which can be represented in vector form as
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=L

{aul Ou, Ou, Ou, Ou, Ou, Ouy Ou Ou, }T

+ + +—=
oX, aX, ox, oX, X, oX, aX, oX, X, @7)

(ow Y (ou Y (0w Y]
2llax, ) Tlex, ) Tlax,

1|( Ou, Ou, ou,
2|\ oX, 0X, 0X,

l(%i_ Ou, 2+ Ou, i
EN], ——_J 2 6X1 5X2 0X;

Ou, Ou, Ou, Ou, Ou, Ou
)] 1 + 2 2 + 3 3
0X, 06X, 0X,0X, O0OX, oX,
Ou, Ou, N Ou, Ou, N Ou, Ou,
0X, 0X, 0X, 0X, 00X, 0X,
Ou, 0Ou N Ou, 0Ou, N Ou; Ou,
0X, 0X, 0X, 0X, OX, 0X, (4.8)

We can write the strains in an alternative form

E=E, +E, = [H +1A(9)}9
2 (4.9)

where H is a matrix containing ones,

o O O O O =
SO O - O O O
—_ o o O O O
(=2 e e = = R e
O O O O = O
S = O O O O
- o O O O O
o - O O O O
S O O = O O

L Jdexo (4.10)
and the vector O contains derivatives of the displacement vector components related to

the nodal displacements by
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where

and

The matrix A(Q) is a nonlinear function of displacements and given by
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8=Gu,
.
0 Ou, Ou,  Ou, Ou, Ou, Ou, Ou, Ou, Ou,
- |oX, 8X, oX, oX, oX, o0X, oX, o0X, O0X,
N, 0 o, 0 o, 0 0
oX, 0X, 0X,
ON, 0 0 ON, 0 ON, 0
0X, oX, 0X,
LAl 0 oN, 0 0 on, 0
oX, oX, 0X,
0 N, 0 0 o, 0 0 N, 0
X, oX, o0X,
0 ON, 0 0 ON, 0 0 ON, 0
o0X, oX, 0X,
0 ON, 0 0 ON, 0 ON, 0
0X, oX, 0X,
0 0 N 0 0 oN, 0 0 on,
oX, 0X, 0X,
0 0 al 0 0 oN, 0 0 N,
0X, 0X, 0X,
0 0 N, 0 0 on, 0 0 oN,
oX, 0X, 0X,

(4.11)

(4.12)

doxian (4, 13)



— n
L Y e B T L S
X, X, X,
0 Ou, 0 0 ou, 0 0 ou, 0
0X, oX, oxX,
0 0 % 0 0 s)“(} 0 0 2)‘?
A (Q) — 3 3 3
O Ow o O Ow o dn o On o
0X, 0X, oX, 0X, 0X, O0X,
0 ou, Ou, 0 Ou, Ou, 0 Ou, Ou,
oX, 00X, 0X, 0X, oX, 0X,
ou, 0 Ou  Ou, 0 Ou, Ou, 0 Ouy.
| 0X, oX, 00X, 0X, 0X, X, |oxo (4.14)
Green-Lagrange strain in terms of H and A becomes
2 2 (4.15)

The linear and nonlinear parts can be defined in terms of the linear and nonlinear B

matrices as

E, =HGu, =B, u, (4.16)

1 1
E, = EA(Q)G.‘!n = EBNL u,

(4.17)
B, =A(0)G (4.18)

1

E=E, +E, = |:BL +—-BNL:|E;1
2 (4.19)
The variation of the Green-Lagrange strains is given as
SE =B,0u+ é‘(lA(Q)Q] =B,6u+A(0)GSu=B,5u+B, du

2 (4.20)
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Substituting the variational form of the Green-Lagrange strains into the virtual work

equations (3.74) gives

oW, = [SE"SdV
Vv

4.21)

oW, =ou’ [[B, +B,, ]SV
4 (4.22)

where, S is the second Piola-Kirchhoff (SPK) stress vector
S.={SnaS229S33aS123523’S13}1 (4.23)

The constitutive relationship between the SPK stress and Green-Lagrange strain can

be expressed as
S=CE (4.24)

where, C is the elasticity matrix for isotropic material given by

(1-v) v v 0 0 0
v o (1-v) v 0
1% 1% (l—v) 0 0

E
Ce— 2 | 0 0 0 —(1-2v) 0 0
(1+v)(1-2v) 2

0 0 0 0 —;-(1—21/) 0
0 0 0 0 0 —(1-2v)

i 2 1(4.25)

After the elimination of Su’ from the virtual work equation, the final form of the

virtual work equation in matrix from is reduced to an equilibrium equation,

[B'Sav +£=0
y (4.26)

66

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



The integral term in (4.26) represents the internal force vector and the second term
represents the external force vector. The internal force vector depends on the
deformation, which is unknown. If the external force vector also depends on the
deformation then, the equilibrium equation includes additional nonlinear terms. For
example, an external follower force depends on the deformation. The Newton-
Raphson method is widely used for the solution of nonlinear finite element equations.

In the following subsection, this method will be examined.

4.3 Newton-Raphson method for solution of nonlinear equations in

finite flement method

The governing equilibrium equation representing the internal and external

forces equilibrium is given by

¥(u,)= [[B] +B}, |SdV +£=0
Z (4.27)

where, ‘_I’_(g,,) represents the sum of internal and external generalized forces. The

matrices By and Byy represent linear and nonlinear parts of the strain coefficient
matrices respectively. It is clear that equation (4.27) must be solved iteratively. If the

Newton Newton-Raphson method is adopted, we have to find the relationship between

d¥(u,) and du,. Thus, taking appropriate variations of the equation (4.27) with

respect to du, we obtain
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d¥(u,)= [dB}, SV + [B'dSdV =K du,
v v (4.28)

If only geometric nonlinearity is considered and material nonlinearity is omitted, then

the second integral term in equation (4.28) becomes

[B7dsdy = [B'CBar =K, +K,,
14 14

(4.29)
Note, that in the equation(4.29), the differential of the S matrix can be written as
dS = CdE = CBda (4.30)
The linear stiffness matrix K, and the large displacement matrix K, are given as
K, = [B]CBdV
v (4.31)
K,, = [B/CB,dV + [B],CB, dV + [B,CB,dV
v v v (4.32)
The differential of the nonlinear matrix B,, can be written as
j dB., SdV = j G dA” Sav
v v (4.34)
The matrix multiplication dA’ S is given by
S 0 0
dA"S=[0 S 0|do
0 0§ (4.35)

where the S matrix is the 3x3 second Piola-Kirchhoff stress matrix
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S]l SI2 S13
S=|S8, Sp Sy
Sz S Sy (4.36)
Simplifying eqn. (4.35),
S 0 0 S 0 0
dA’S=[0 S 0(d6=|0 S 0|Gdu,
0 0 S 0 0 S (4.37)

Finally, after making all the necessary substitutions, we obtain

S 0 0
[aB}, Sav = [G'dA"sav = [0 s 0|Gar=K,du, (4.38)
Vv 14 vV 0 0 S
The geometric stiffness matrix K is given by
S 0 0
K, = jGT 0 S 0|GdV (4.39)
10 0 S

The final form of the Newton-Raphson method becomes
di = (KL + KNL + Ku)dgn = KTd“n (4 40)
where K, is the total tangential stiffness matrix andd'¥ represents the unbalanced

force vector. In one step loading, after the solution of equation (4.40), the iteratively

obtained matrixdu, is added to the displacement vector and the residual force d'¥

vector is calculated. This iterative process continues until the residual force vector

becomes sufficiently small or vanishes. To summarize:

1. A first approximation u, , is obtained from linear elastic solution.
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2. The residual ¥ force vector is found using equation (4.27) with the calculated

B and S matrices which are functions ofu, .

3. The tangential stiffness matrix Ky is assembled.
4. The new correction du, is computed using
K.du, =d¥ (4.41)
5. The norm of the residual vector ¥ is computed
6. The process steps, 2, 3, 4, and 5 are repeated until ¥ is sufficiently small.

The tangential stiffness matrix Kr can be updated at every iteration or it can be
taken constant throughout the iteration. The latter case is known as the modified
Newton-Raphson method and is computationally less expensive and even more stable
for some kinds of nonlinear problems. But the convergence is sometimes slower for
the modified Newton-Raphson method.

A one-step solution for a nonlinear problem is usually not appropriate and may
give inaccurate result. It is better to proceed by incrementing the load and obtaining
the corresponding incremental displacement. This process is also computationally
cheaper because the effects of nonlinearity at each step are reduced. However, it is
important to check the total equilibrium error at every increment by using equation
(4.27). In the incremental method, the load is incremented and corresponding

incremental displacement is found by iteration. This can be summarized using index

notation as

u, =u,, +Au; (4.42)
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where, i and j are increment numbers of the loading and iteration number respectively.

Incremental-iterative displacement Au’; is obtained using the following equation

K ) = () = K, Ky () )+ (w41 (4.43)

where, K' | is the tangential stiffness matrix of the structure evaluated at the

beginning of the ith iteration. The updated displacements g_'/. obtained from Eq. (4.42)

are used to evaluate the current stresses.

4.4 Benchmark examples for nonlinear large deformation analysis

The governing equations for the nonlinear finite element formulation described in
the previous sections were implemented into the FRAC3D [3] finite element code. In
an effort to check the implementation, some benchmark examples were run. One
example, which shows geometric nonlinearity and has a closed form solution, is the
well known “elastica” problem. This problem is a good example with small strains and
large rotations, and is suitable for the finite element formulations developed in the
previous sections. The closed form solution of the “clastica” can be found in the
literature [26, 27]. For the benchmark test, a cantilever beam subjected to a vertical
load at the free end was considered (Fig. 4-1). The length of the beam is 10 units and

the cross-section is one-unit square.
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Fig. 4-1 The elastica problem considered in the benchmark test

Fig. 4-2 shows the theoretical and FRAC3D tip displacement results in the vertical
and horizontal directions. The Newton-Raphson method was used and the global
tangent stiffness matrix was updated on every increment. As can be seen in the plot,
the FRAC3D results match quite well with the analytical predictions [26-28]. At the
initial phase of the incremental loading, there is less than one-percent difference in the
horizontal and vertical displacements as compared to analytical results. However, at
later increments, the differences in the analytical and the FRAC3D results are slightly
less than 3-4 percent. This difference can be attributed to the inextensible beam and
plane-stress assumption in the analytical solution. Fig. 4-3 and Fig. 4-4 show the front
and perspective views of the undeformed and the final deformed shape from the
FRAC3D computation. Overall, the benchmark comparisons are in very good

agreement.
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Fig. 4-3 Front view from FRAC3D results. Undeformed and final deformed

configurations
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x = FRAC3D

Fig. 4-4 The FRAC3D results. Undeformed, and final deformed configurations

74

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER FIVE: FINITE ELEMENT BUCKLING

ANALYSIS

5.1 Introduction

In the previous chapter, the finite element formulation for the geometrically
nonlinear behavior was presented. Strain and stress definitions in a geometrically
nonlinear continuum were reviewed and the equilibrium equation, based on the
principle of the virtual work, was derived in a manner suitable for the finite element
implementation. In this section the finite element formulation for initial buckling

(eigen) analysis of three dimensional structures will be examined in detail.

5.2 Preliminaries

Buckling is a well known failure mode related to the loss of the stability from
an equilibrium configuration. However, the occurrences of local buckling may not
cause global failure. The external loads that may result in local buckling can be
compressive, tensile, thermal, etc. There are various classical forms of buckling that
are classified according to the postbuckling behavior. These include bifurcation, snap-
through, and snap-back buckling modes. In bifurcation buckling, there are two (or

more) equilibrium solutions, thus the actual solution path depends on small
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perturbations in geometry or loading. A classical example of bifurcation buckling is
column buckling, e.g. a column can buckle in two possible directions in a plane. In
snap-through or snap-back buckling, there is a sudden displacement or force change.
Because of the problems of interest in this study, bifurcation buckling will be
examined in detail.

Bifurcation buckling occurs when a structure itself converts membrane strain
energy into bending strain energy, without a corresponding change in the externally
applied load. Once the geometry starts to deform, it can no longer withstand even a
small fraction of the initially applied force. In slender structures, such as columns, thin
plates, and shells, the membrane stiffness is usually much greater than the bending
stiffness, and a large amount of membrane energy can be stored for correspondingly
small deformations. When buckling occurs, comparatively large deformations result
from the release of the stored membrane strain energy.

The effect of membrane stresses on the lateral deflection are accounted for by

the geometric matrix K, which contributes to the tangential stiffness matrix Kr in the

finite element method. The geometric stiffness matrix K, is a function of the structure
geometry, displacement field, and the state of the membrane stress. This matrix is also
called the “initial stress stiffness matrix”. In a finite element formulation, the global
geometric stiffness K matrix is assembled in the same way that the conventional
global stiffness matrix, K;, is assembled. Initiation of bifurcation buckling can be
reduced to the solution of an eigenvalue problem. The solution has the same form as in
vibration problems, but with the mass matrix M replaced by the geometric stiffness

matrix K, in a buckling analysis.
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5.3 Linearized buckling analysis

The buckling problem can be formulated either directly using energy principles
or using the incremental nonlinear formulation of the internal and external finite
element force balance formulation as explained in the previous chapter. In this section
the force balance method will be used.

In the incremental nonlinear analysis of structures, the incremental force

deformation relation is given by
(K, +Ky +K,)du, =K,du, (5.1)

where K7 is the nonlinear tangential stiffness matrix which consist of three stiffness
matrices
K; =K, +Ky +K, 5.1

These three matrices are the linear stiffness K;, nonlinear stiffness, Ky;, and the
geometric stiffness, K, matrices respectively. The nonlinear stiffness and geometric
stiffness matrices are nonlinear functions of the displacements. The incremental
solution requires successive iterations to converge to the correct displacements. If the
structure is sufficiently stiff, it will only exhibit small geometry changes before
buckling. In this situation, the nonlinear stiffness matrix can be omitted and geometric
stiffness matrix becomes a linear function of the displacements. Based on these

assumptions, Equation (5.1) can be linearized as

(KL +Ko)dgn =0 (5.2)
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where K is the geometric stiffness matrix consisting of the previous step’s stress
values which are linear function of displacements. Linearized buckling analysis
searches the stress level at which the instability occurs without any significant load
increment. If we quantify that level using a coefficient A, then the governing equation

becomes
(KL + ch)En =0 (53)

This is the eigen-analysis problem to be solved. The A’s are the eigenvalues or simply
the coefficient of the external loads which cause buckling. The eigen-vectors u, are

the deflected shapes of the structure at the critical magnitude of the load when
buckling occurs. The computational procedure can be summarized as follows. First, a
linear elastic solution for full loading is obtained and the stress values at the nodes are

obtained. Next, the geometric stiffness matrix K, is formed. Then, equation (5.3) is

solved for the eigenvalues A and eigenvector u,,.

There are various methods to solve the eigenvalue problem given by equation
(5.3). Because of the large number of equations in the formulation of eigen-problem in
finite element analysis, it is required that an efficient matrix storage format be utilized.
Storage of global stiffness matrices in a finite element analysis requires large memory
allocations during full global matrix assembly. Global stiffness matrices are generally
very sparse matrices, typically 80-90% sparse. Because of the sparseness of the
matrices, they must be stored efficiently using special sparse matrix storage
techniques. There are various sparse matrix storage formats and schemes. The

FRAC3D program currently uses the Yale sparse matrix format [29] to store the global
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stiffness matrix. Efficient and economical solution methods for large scale eigen-
problems are important topic in finite element research. In this study, the subspace
iteration method [30] was used to find critical buckling load and eigen-modes. This
method is especially suitable for the problems requiring a few smallest eigenvalues
and corresponding eigenmodes [30].

For buckling analysis, the FRAC3D three-dimensional finite element code was
modified to compute eigenvalues and eigenvectors. The code was originally developed
to handle linear and nonlinear three-dimensional fracture analyses. For fracture
analysis, the program uses special enriched crack tip elements to embed the “correct”
crack tip stress singularity into the formulation. In addition, the program contains
transition elements to force compatibility between the enriched elements and regular
elements around the crack tip (see, Appendix A). The detailed formulation can be
found in the [4]. The code was extended to handle eigen-analysis for buckling
problems using the subspace iteration method. The subspace iteration method is a
more generalized form of the inverse iteration method, in which a single eigen-pair is
calculated. Optionally, a Sturm sequence check can be applied to check the sequence

order of the eigenvalues [30].

5.4 Subspace iteration method

Subspace iteration is one of the most widely used methods in finite element

eigen-analysis for computing the eigenvalues associated with sparse matrices. The
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subspace iteration method was developed and named by K. J Bathe [30] and mainly
includes three steps. The main concept in the subspace iteration method is to find the
lowest p eigenvalues and corresponding eigenvectors which satisfy the following

equation.

KL(D=KG(I)A (54)

A is a diagonal matrix containing p eigenvalues on the diagonals and @ is a matrix
containing p eigenvectors in column format. The eigenvectors are normalized with
respect to geometric stiffness matrix K, which satisfies the orthanormality condition,
ie.

(I)TKG(I’= I (55)

The matrix I is a unit matrix of order p and ® stores only p eigenvectors. The method
starts by establishing ¢ iteration vectors which are greater than the number of
eigenvectors (eigenmodes) p, to be calculated, g>p.

e Simultaneous inverse iterations are performed on the g vectors and the Ritz
method is used to obtain the eigenvalues and eigenmodes until convergence
for the eigenvalues occurs

e A Sturm sequence check is performed to make sure that the required
eigenvalues and eigenvectors calculated are in ascending order.

The name for the method is attributed to using g-dimensional subspace. The
method should not be regarded as a simultaneous iteration with q individual iteration

vectors. Instead the solution space is assumed to span on g-dimensional space. The
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Sturm sequence check and establishing the g iteration vectors are very important parts

of the method.

5.5 Numerical benchmark tests

In order to test the accuracy of the eigen-solver implemented into the FRAC3D
finite element program, some benchmark problems were tested and the results are

compared with 2-D analytical results.

5.5.1 Benchmark Test-1: fixed-fixed Column heated with uniform temperature

The first benchmark problem is a heated beam with both the end surfaces are
restrained in all directions. The results were compared with known theoretical results,
showing good agreement.

For a column with one end free and the other end restrained in x-direction, the
elastic thermal strain at the free end is given as

g =a(AT) (5.6)
where « is the coefficient of thermal expansion and AT is the change in temperature.

When the free end is restrained in the both x- and y-axis, then the thermally induced

force in the beam becomes

P=Ecd=Ea(AT)A4 (5.7)
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If we substitute this force into the Euler buckling formula for a fixed-fixed column, the

n™ mode buckling force is

2
P = (3@) EI = Ea(AT)A
L (5.8)
where [ is the moment of inertia, L is length, and E is Young’s modulus of the column.
From equation (5.8), the temperature causing buckling can be obtained as
2
AT = (Znﬂ') I
L Ao (5.9)
For the benchmark example, a beam with a square section of 1x1 cm and 10 cm length
was considered. Young’s modulus and Poisson’s ratio are 70 GPa and 0.3

respectively.

Table 5-1 shows both the theoretical and numerical (FRAC3D) results.

Table 5-1 Theoretical and numerical buckling temperatures for the fixed-fixed column

First Second Third
Theory 3290 4935 8225
FRAC3D 2866 5172 8660

The differences between the theoretical and FRAC3D results can be attributed to the
three-dimensional modeling, Poison’s ratio effect and likely numerical errors.

However, the buckling modes closely match the 2-D analytical results. Thus, we can
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conclude that the numerical critical stress values match quite reasonably for this

benchmark example.

1st Mode 2nd Mode

Fig. 5-1 The first 4 buckling modes for fixed-fixed column under uniform thermal

heating
1 T T
;”K{ " ‘.\"'\
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Fig. 5-2 The theoretical mode shapes for buckling of fixed-fixed column
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5.5.2 Benchmark Test-2: Buckling of Fixed-Free column under compressive load

A second 3-D benchmark test is the buckling analysis of a fixed-free column
under compression. The first critical buckling load is almost the same as the
theoretical 2-D result, but the second and third buckling loads exhibit some differences
which are most likely attributed to 3-D effects and the inextensible assumption in the

2-D analysis.

Table 5-2 Theoretical and numerical buckling loads for the fixed-free column

First Second Third
Euler Theory | 9.8696 88.8264 246.7401
FRAC3D 9.8667 83.3085 207.3315
1st Mode 2nd Mode

Fig. §-3 First four buckling modes shapes of a fixed-free column
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Fig. 5-4 The theoretical mode shapes for buckling of fixed-free column
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CHAPTER SIX: LOCAL BUCKLING OF THIN PLATES

SUBJECTED TO TENSILE LOADS

6.1 Introduction

Thin plates with cracks or cutouts, subjected to global tensile loads, can
exhibit local buckling due to local compressive stresses around the crack or cutout.
The level of axial load causing the buckling is called the critical local buckling load.
The stress distribution for an infinite plate with a central crack was examined in the
Chapter 2. In linear elastic fracture mechanics, it is well known that the second
principal stress distribution parallel to the crack surface is compressive in nature. This
stress reaches a local maximum on the crack surface and is equal to the negative of the
global applied axial stress. Thus, the crack surface region is where the localized
buckling would occur. Since the crack surface is relatively unconstrained, qualitatively

a wavy out-of-plane buckling behavior can occur.

6.2 Plate model for the buckling analysis

Consider a thin plate with uniform loading in the axial direction with traction
free boundary conditions on the edges y= 0, y= L, 0<x<L, (Fig. 6-1). The plate
support (side-A) is constrained from displacing in all directions (x-y-z). The loading
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end (side-B) is unspecified in y and z directions and is free in the loading direction, i.e.
uy, = 0, w, =0, oy = o, for x = L. The uniform stress o, is in the x-direction. The aspect
ratio a/b is defined as the ratio of half crack length to half plate width. This is the same
plate model described in reference [31] and will be used for the comparison with the
finite element results. The plate length and width are L =800 mm, and 26 = 400 mm
respectively. The elastic modulus and Poisson’s ratio are 70 MPa and 0.3 respectively.
A fine mesh was used around the crack tips to obtain smooth mode shapes especially
in this region. The total number of elements used in the model, depending upon the
crack inclination angle and the aspect ratio, were approximately 600-800 elements.
The element types were a mix of 32 and 26 noded three dimensional solid elements
[3]. In previous studies [11, 31-33], generally plate elements were used to analyze this
problem. The higher order 3-D solid element used in this study is computationally
more expensive, but represents the true 3-D behavior around the crack. Fig. 6-2 shows
a typical meshing for the buckling analysis. The all elements are 3-D solid elements

and thickness, ¢, of the elements is 1 mm
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Fig. 6-2 Typical mesh for the full 3-D finite element model
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6.3 The critical buckling loads

The critical buckling stresses versus the aspect ratio (a/b) are shown in the Fig.
6-3 for the model depicted in Fig. 6.1. The critical buckling stress is approximately
proportional to inverse square of the crack aspect ratio (a/b). The results from the
modified version of FRAC3D were also compared with those obtained by Riks et al.
[31] with close agreement. The very minor differences can be attributed to the
modeling, meshing, and numerical solution methods (plate element versus solid 3-D
element). The aspect ratio actually represents the generalized length of a column. The
inverse relation between the buckling load and aspect ratio is a common characteristic
of buckling problems for simple structures such as, columns, plates, etc.

In Chapter-two, an empirical relationship between the critical buckling load
and the ratio of the plate thickness to half crack-length was derived using Euler
column theory (Eq.(2.27)). The numerical results obtained using FRAC3D can be used
to obtain the unknown coefficient in Eq.(2.27), by using the method of least squares,

resulting in the following approximation

2
o = 1.38E(L)
a

6.1)
As it can be seen in the Fig. 6-4, this approximation gives very good results for small
cracks, but there is a slight overestimation for large aspect ratios. In past research
efforts, approximations for the c coefficient in Eq.(2.27), based on numerical and

experimental tests, are published in the range of 1.01 and 2.6 [12, 13, 22].
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Fig. 6-3 The critical buckling stress versus crack aspect ratios
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Fig. 6-4 Comparison of the various analytical results with approximations
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The second and higher buckling modes show a behavior similar to the first
mode (Fig. 6-5). There is almost constant proportionality between the first and higher
buckling loads for the same aspect ratio. To check the proportionality, the second and
higher buckling loads were normalized with the corresponding first buckling loads
Fig. 6-6. The factors of proportionality for small crack aspect ratios is 1.5, 2.0, 2.5
and so on, i.e., the second, third, and fourth buckling loads are 1.5, 2.0, and 2.5 times
the corresponding first buckling load respectively. This proportionality may also be
used to modify the approximate formula given in eq. (2.27), since the imaginary

column assumption is still very approximate.
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Fig. 6-5 The first four critical buckling stress values for different crack aspect ratios
under tensile load (r = 1 mm)

91

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



35 T T A o T T T T

1 st :
&+ 2nd |
3 o - 3rd 'X/’}}( n
SeX-c4th Yoo
v - ! : : !
25 - T T
- ‘ : 5 2 e
w : : s & :
N s
L2 I PR
15 A |
1
01 02 03 04 05 06 07 08
alb

Fig. 6-6 The normalized critical buckling stresses for different crack aspect ratios
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6.3.1 Effects of thickness and inclination angle on the critical buckling loads

As can be seen in figures Fig. 2-14-Fig. 2-18, the compressive stress
distribution around the cracks can change significantly depending upon the inclination
angle. When the angle of crack inclination, #, decreases the compressive stress
distribution area becomes smaller. This explains why the buckling loads increase as
the inclination angle decreases. This is observed in the numerical results (Fig. 6-7).
These observations imply that the effective length of the compressed area parallel to

the crack surface becomes shorter as the inclination decreases. In the Euler column
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theory, the critical load is inversely proportional to the square of the effective column
length. Thus, the 2-D stress distributions around the crack are informative about the
buckling trend of thin plates with inclined cracks. To the author’s knowledge, there is
only one other study that examines the inclination angle effects on the buckling loads
[32]. Barut et al. [32] mentioned the effects of the inclination angle for a composite
cracked structure. But there is still a need for the further investigation of the
inclination angle/buckling load relation.

Fig. 6-8 shows the relationship between inclination angles and normalized
buckling loads for a crack aspect ratio 0.5 and thickness 1 mm. Decreasing the
inclination angle causes an oscillatory behavior in the second and higher normalized

buckling loads.

cr

Angle (Degree)

Fig. 6-7 Critical buckling stress for different inclination angles (a/b = 0.5, ¢t = 1 mm)
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Fig. 6-8 Normalized critical stresses at different angles (t =1 mm)

The plate thickness is another factor affecting the buckling load level. The buckling

load is again approximately proportional to the square of the plate thickness. This

proportionality can be seen in Fig. 6-9 and checked with the previously defined

approximate buckling eq.(6.1). The approximate buckling load given by eq. (6.1)

overestimates the critical buckling load.
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Fig. 6-9 The effect of plate thickness on the buckling load for the crack aspect ratio of

(@h)=0.5

To examine the effect of plate size on the critical buckling load, and especially

plate width, three different plate models were considered. All plate models have the

same length of L= 800 mm and the same aspect ratio of a/6=0.5. But, the widths of the

plates are 400, 800, and 1600 mm as shown on the Fig. 6-10. The effect of crack

length on the critical stress (o), for the same crack aspect ratio (a/b = 0.5), is shown

in Table 6-1. It is obvious that the plate width affects the critical buckling load. Thus,

the assumptions made for the empirical buckling formula are quite reasonable and

sufficient for most investigations.
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Fig. 6-10 Three different finite element models with the same length (L=800), the
same crack aspect ratio (@/b = 0.5), and the same thickness ( = 1.0 mm)
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Table 6-1 The effect of plate width on the buckling load for crack aspect ratio

a/b=0.5, t = ] mm, and L = 800 mm.

Ocr
a FRAC3D Eq. (6.1) Dyshel, Ref. [15]
100
(Model-1) 8.2 9.66 8.26
200
(Model-2) 2.67 2.41 2.06
400
(Model-3) 0.86 0.60 0.52
6.4 The buckling modes

Although, the geometric properties, such as the crack aspect ratio, the width-
length ratio, thickness, and Poisson’s ratio can be any value, the pattern of the
buckling modes is remarkably similar as long as the crack aspect ratio and length of
the plate are sufficiently large so that the stress distribution outside the crack area is
almost constant. From this observation, it can be concluded that the most significant
geometric parameters controlling the buckling loads, are the crack length and the plate
thickness, as long as the plate is sufficiently wide and long.

The Fig. 6-11 shows the first six buckling modes of a cracked plate subjected
to axial tensile load with a/b =0.5 and thickness of 1 mm. These are from 3-D
calculations using FRAC3D finite element program. The odd modes are symmetric
and even modes are anti-symmetric with respect to either the x or y axis. The first

mode shows a “pop-up” behavior in the same out-of-plane direction. The “pop-up”
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can affect in-plane axial stresses in the plate. This means that, mode-II cracking is
influenced by this buckling behavior.

Buckling modes of thin plates with inclined cracks are quite similar to those of
thin plates with straight central cracks (Fig. 6-12). The boundary conditions are
exactly the same as those for the plate with a central straight crack described
previously. For the even modes, the crack surfaces are misaligned as a result of
buckling, because of the inclination. This misalignment increases as the inclination

angle increases.
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5th Mode 6th Mode

Fig. 6-11 The first 6 buckling modes for a centrally cracked thin plate (a/b=0.5, L

=800 mm, 25 =400 mm, £ = 1 mm)
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Fig. 6-12 The first three buckling modes of a cracked plate with £ = 70 inclination

angle (a/b = 0.5, L = 800 mm, 26 = 400 mm, # = 1 mm)

As described previously, the boundary conditions along the non-free edges are
not symmetric with respect to plate center. If the crack center is not sufficiently far
away from boundaries, the boundary conditions affect the buckling mode shape (Fig.
6-13 and Fig. 6-14). This can be attributed to non-symmetric boundary conditions.
Because, in the finite element model (Fig. 6-1), one end of the model (end-A) is kept
all-fixed for displacements and the other end (end-B) is free of displacements in

loading direction. The plate shown in these figures has a length-width ratio of L/2b =
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0.5. The fixed end constrains the displacements at the crack free surface because of its

close distance.

” Mode-1 (I/2b = 0.5)

1.60

Fig. 6-13 The first buckling mode for the 1/2b=0.5 and a/b=0.5 (L = 800 mm, /=1 mm)
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Mode-2 (I/2b = 0.5)

Fig. 6-14 The 2nd buckling mode for the L/2b=0.5 and a/b=0.5 (L = 800 mm, =1

mm)

To a lesser extent, the same behavior is observed in a square plate (Fig. 6-15,
Fig. 6-16). Since, the ratio of the half crack length to the half length of the plate
reflects the closeness of the crack to the fixed boundaries, the plate named Model-3
(see-Fig. 6-10) is the model in which mode shape is most heavily affected by the non-

symmetric boundary conditions.
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Mode-1 (I/2b=1)

Fig. 6-15 The first buckling mode for the L./2b=1 and a/b=0.5 (L=800 mm, = 1 mm)

. Mode-2 (I/2b=1)

Fig. 6-16 The second buckling mode for the L/2b=1 and a/b=0.5 (L=800 mm, ¢ =1

mm)
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6.5 Summary

In this chapter, the main parameters affecting critical buckling loads and mode

shapes were investigated. They can be summarized as follows:

L

II.

IL.

IV.

VL

VIL

The most important geometric parameters controlling the critical
buckling load level are the normalized thickness and the crack length of
the plates.

The critical buckling load is almost directly proportional to the square of
the (#/2a) ratio.

The effect of the plate length on the buckling load almost disappears
provided that the length of the plate is larger than the plate width
(rectangular plate with L/26>1.0)

The second most important parameter is the crack inclination angle,
which is defined as the angle between the crack and loading direction.

As the inclination angle decreases, the critical buckling load increases.
The normalized second and higher buckling loads are very close to 1.5,
2.0, 2.5... times the first buckling load for the corresponding plate.

The pattern of the buckling mode for different crack aspect ratios (a/b)

are similar to each other for rectangular plates with /26>1.0.
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CHAPTER SEVEN: POSTBUCKLING ANALYSIS OF

CRACKED THIN PLATES UNDER TENSILE LOADS

7.1 Introduction

The local buckling of cracked thin plates may not cause global failure as soon
as the buckling occurs. However, after initial buckling, stress redistribution and large
deformations are the main source of possible crack propagation. Plastic deformations
may result in ductile materials leading to plastic collapse mechanisms. Only thin plates
under tension containinig central crack are only considered in this part of the study.
Analytical and numerical solutions are useful for examining fracture behavior under
various loading conditions. Together with experimental fracture information, design of
structures with possible coupled buckling/fracture behavior can be based on a fracture
mechanics methodology.

The simplest of cracked structures, which show local buckling, are thin plates
with central cracks subjected to tensile loads. Composite materials with delaminations
and electronic packages with blister formations are also common examples of
buckling-fracture interaction.

There are various studies on the local buckling of cracked plates under tensile
loads [9-16, 22, 31-38]. These studies have focused on the numerical and
experimental determination of the critical buckling loads and modes shapes of cracked

plates under tensional forces. Few studies have examined the postbuckling behavior of
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the cracked thin plates [11, 31, 32]. This can be attributed to numerical difficulties in
the analysis of postbuckling behavior for thin cracked plates caused by bifurcation
type buckling and simultaneous modeling of fracture behavior. Computational
modeling of fracture using finite element programs requires specialized numerical
techniques. Petyt [11] analyzed vibration and postbuckling characteristics of plates
under tension using purely regular finite elements and didn’t directly consider fracture.
He used a refined mesh to get a smooth stress distribution around the crack tips. To the
author’s best knowledge, Riks et al. [31] and Barut et al [32] are the only authors who
have specifically traced fracture information in both the pre- and post-buckling state
for cracked plates. They used a finite difference technique to compute energy release

rate in thin plates, which is defined as

dil _H(a+Aa)—H(a)

G=-2"x»
tda tAa (7.1)

where IT is the total potential energy of the structure. In terms of finite element

formulation this is given by.

1 T T T T
[M=={o edV — |u fdV - ju TdS—- ) u, P,
2!’ ) VI" J Z (7.2)

G is defined as the difference between the elastic strain energy and the potential
energy of the external loads per unit volume. In the finite difference approximation for
the energy release rate, two steps are required to calculate the total potential energy of
the structure; (1) Initial calculation with a crack length of 2a, and (2) a subsequent
calculation with a crack length given by 2( a + Aa). The crack differential Aa and the

fracture path have to be chosen properly to obtain a good approximation for G. This
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method is known as the “total potential differential by node release”. This approach
can be computationally expensive in post-buckling analysis of cracked structures.
Another commonly used method is numerical computation of the J-integral. In the
absence of geometric and material nonlinearities, the potential energy release rate
becomes equivalent to the strain energy release rate or path-independent J-integral.
However, the definition of the J-integral is violated if the path begins and ends at
different planes due to out-of-plane deformations [32]. Thus, for buckling of cracked
structures this method may not be the most suitable. The details of the numerical J-
Integral method for fracture calculations can be found in the literature [31, 39]. Barut
et al. [32] examined the local buckling of thin composite plates with inclined crack
and subjected to tension load. They used the “total potential differential by node
release” approach in their postbuckling analysis of composite plates with inclined
cracks.

The FRAC3D finite element program has enriched and transition elements to
model fracture problems more conveniently than the currently available commercial
finite element programs. The FRAC3D program directly computes the stress intensity
factors K; Kp, and Kjjr[3]. The enriched element method does not need special post-
processing procedure to calculate the energy release rate, since the stress intensity
factors, K; K, and Ky are calculated directly and the strain energy release rate is

obtained from,
G ==L, G,=—L 3)

where
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E for generalized plane stress problems

E= —(—I—E——z—j for generalized plane strain problems )
—~V
2
Gy = 'I&'IL ()
2u

E are p are Young’s and shear modulus respectively. v is Poisson’s ratio. Total
energy release rate is summation of the energy release rate of the each mode, which is

G=G+G,+Gy (6)

7.2 Postbuckling analysis procedure

The majority of the previous investigators of postbuckling/fracture
phenomenon were occupied with the question of how to model and determine the
critical state of the thin cracked plate. The plates considered by these investigators
used plate elements and the governing equations were derived using Von Karman’s
plate theory for buckling of plates [33, 34, 36]. To the author’s best knowledge, there
are no published results that utilize fully three-dimensional solid elements to model
the cracked plate. Although, using plate elements can be adequate for modeling thin
plate buckling behavior, it is obvious that the solids elements should be better for
computing mixed mode fracture behavior under these complex conditions. In the
FRAC3D finite element program, 3-dimensional solid elements, e.g., 32-node
hexahedrons and 26-node pentahedrons elements were used to generate results. These

elements have cubic shape functions which generally do not require a highly refined
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mesh to accurately model severe stress gradients. Of course, cubic elements require a
extensive higher order integrations than low order elements, i.e., quadratic and linear
elements, but the advantage of using these elements outweighs the disadvantage of
additional cpu time required.

The buckling and postbuckling behavior of perfect and imperfect structures,
with bifurcation type characteristics, is shown in the Fig. 7-1. Real structures behave
as imperfect structures. Mechanical and geometrical imperfections always exist in the
real structures. The magnitude and nature of the imperfection controls the deviation
from the idealized “perfect” behavior, i.e., the more perfect the system, the less

deviation from the theoretical ideal behavior.

P, load

< §,, perfect system

P critical N

cr?

buckling load S,, imperfect system

e e R . ,”,,,,,,,,,,7>
u, displacement

Fig. 7-1 Typical idealized perfect and imperfect system postbuckling behavior

109

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



The numerical postbuckling analysis for perfect systems that exhibits
bifurcation type buckling, requires more computational effort than needed for
imperfect systems. The most important part of the postbuckling calculation for the
perfect system, is the transition from the pre-buckled state to the postbuckled state. If
it is assumed that the structure is sufficiently stiff before buckling, linear analysis is
sufficient up to critical buckling load. The transition to the posbuckled state requires
special handling for the next load and/or displacement increment. For the transition to
the post-buckled the critical buckling loads and mode shapes must be used to make the
first “guess” at the postbuckling displacements. Thus, the eigen-analysis described
earlier is the first step for accurate postbuckling analysis. Riks et al. [31] used path
following method for this transition. In the path following method, displacements and
loads are incremented with iterations in such a way that both load increments and
displacements are subject to some constraints. In the postbuckling analysis of the thin
plates with cracks, the linear load increment can be applied after the transition to the
post-buckled state, since the behavior is stable bifurcation type (Fig. 7-2). The details

of this procedure can be found in the reference [31].
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P, Load
A

Stable bifurcation,
(perfect system)

P S Stable bifurcation,
b (imperfect system)

.

P

cr Unstable bifurcation,
(perfect system)
A7
Unstable bifurcation,
(imperfect system)

>
w, displacement
Fig. 7-2 Stable and unstable bifurcation buckling behavior for perfect and imperfect

systems

Numerical postbuckling analysis for an imperfect system in certain cases may
not require a special transition procedure from the pre-buckled to the post-buckled
state since imperfect systems does not show the sharp bifurcation type load-
displacement relationship seen in the idealized buckling of “perfect” structures (Fig.
7-1 and Fig. 7-2). Instead, for an imperfect structure, the transition is smooth.
However, the exact location of the buckling level can not be precisely computed.
However, the questions, how a perfect system can be converted to an imperfect system
and how the degree of imperfection can be adjusted, have to be answered. One

commonly used approach involves seeding the initial geometry with imperfections,

111

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



often in the shape of one or more the buckling modes. By introducing small
imperfections, the bifurcation buckling problem is modified into a snap-through
problem. For example, the coordinates of the perfect system are slightly changed by
adding a percentage (0.1 -10 %) of the normalized first buckled mode shape.
Percentage of the higher mode shapes can also be added to the coordinates. However,
if the structure is thin the coefficient for the buckling mode to seed the initial geometry
can be taken as some percentage of the thickness, e.g., 5-50% of the thickness.
Selection of a proper coefficient to multiply the mode shape(s) may require a number
of trial runs to determine sensitivity of the structure to the perturbation coefficients for
the assumed mode shapes. If the perturbation of the structure is small, then the
structure may be too “stiff”” and numerical instabilities may occur during the numerical
solution. On the other hand, if the perturbation is too large, then the deviation from
idealized behavior becomes large and may not give a good approximation to the true
behavior.

The purpose of the numerical displacement perturbation is to make the system
slightly imperfect, so that the analysis smoothly follows the deformation path. It
should be noted that alternative surface shapes, such as double sinusoidal or co
sinusoidal surface shapes, have also been used successfully for imparting a suitable
imperfection [32]. Barut et al. [32] used a double cosinusoidal wave with an
amplitude of 0.1% of the plate thickness to create the necessary perturbation for
imperfect composite plates with inclined cracks. It is believed that, the buckling
modes computed from the initial configuration eigen-analysis are more suitable,

because this initial “guess” should be closer to the actual postbuckled shape. Thus,
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linear eigen-analysis not only is used to calculate the buckling loads and mode shapes,
but is also helpful to assign the starting shape for the imperfect system.

The procedure to obtain the imperfect system coordinates using the buckling
mode shapes can be summarized as follows [40, 41]. Consider a “perfect” system with
initial coordinate vector X, and the buckling modes ¢, obtained from the initial

configuration. Then, the imperfect system can be expressed as

X =X+AX (7.7)

with

.
AX=) u, =qu +ou, tau +a.t+cu,
i=1 (7.8)

where, AX is the imperfection vector, ¢;’s are constants, u; is the ith mode shape from
the buckling analysis of the perfect system, and 7 is the number of the mode shapes to
be considered for the first guess of the buckled shape. Based on the structures, loading
conditions, and structural sensitivity, appropriate constant coefficients ¢; can be
identified by doing some trial analyses using different number of mode shapes and
different coefficients, ¢;’s. For example, for a thin cylindrical shell, taking ¢ as 10
percent of the thickness has been shown to give a reasonable approximation, if only
the first mode is considered [40, 41]. The mode shapes w;, from buckling analysis are
normalized so that the largest component of the mode shapes has magnitude of 1.0. A
couple of modes shapes (1-3) can be good enough for imperfect system. However, a
sensitivity analysis, for the number of modes and the corresponding coefficients, c;, to

be considered for the imperfect system, may be required. In some cases, one mode is
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sufficient, such as in the case of a thin walled cylindrical shell. But, in some cases,
such as structures with very close eigen-values (critical buckling loads), it may be

required to include more mode shapes in the perturbation.

7.3 Benchmark example

The perturbation procedure for imperfection discussed in the previous section
was applied to the fixed-free column problem with a rectangular cross-section (see
Fig. 7-3). The analytical solution for the postbuckling behavior of a fixed-free column
is readily available [26]. For the numerical simulation, the initial (linear) buckling
analysis was carried out to obtain the critical loads and corresponding mode shapes.
Then, the imperfect column configuration is obtained by a perturbation of original
coordinates using a scaling factor ¢ of five percent of the normalized first buckling
mode shape. The first buckling mode of the fixed-free column subjected to
concentrated axial load at the free end is half sine wave. The Fig. 7-5shows horizontal
and vertical tip deflections of a fixed-free imperfect column subjected an axial force.
A couple of trial perturbation and postbuckling simulations were conducted to
determine how the magnitude of the perturbation affected numerical results. It was
observed that reducing the perturbation magnitude to very small values, i.e., ¢ = 0.01,
may result in an overly stiff structure and cause numerical instabilities close to the
theoretical buckling load. Increasing the perturbation causes a large deviation from the

theoretical result. Thus, an optimal perturbation using this approach may require a
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couple of runs to obtain the “optimal” result. The fixed-free column (Fig. 7-4) has the
dimensions of b =2 ft, A =1 ft, and L = 10 ft. Only 20-Node quadratic tetrahedron
elements were used throughout the meshing. The column is fixed in all directions in
one end and free in all directions in the other end. The maximum loading is more than
four times of the first critical buckling loading (Fig. 7-5), but the loading was shown in
the figure is up to level of 3 times of the critical load. As it can be seen in the Fig. 7-5,
there is excellent agreement between the theoretical and numerical results. The initial

and final form of the column is shown in Fig. 7-6

|

- Je——— "

]

U
Imperfect | |} Perfect
column 1] column

Fig. 7-3 The fixed-free column
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Fig. 7-4 Mesh and geometry of the fixed-free column
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Fig. 7-5 The benchmark test for postbuckling displacements of a fixed-free column tip
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2.37

Fig. 7-6 Postbuckling behavior of the fixed-free column, the initial and final deformed

shapes

7.4 Coupled Postbuckling/fracture behavior

Consider a thin plate with a central straight crack and subjected to uniform
axial distributed loads in a direction perpendicular to the crack (Fig. 7-7). The length,
width, and thickness of the plate are 2/, 2b, and ¢ respectively. For isotropic linear
elastic thin plates, the stress distributions were examined in the previous chapters and
the main parameters affecting the buckling loads and modes were investigated. It was
also observed that the plate geometry and relative closeness of the crack to the

boundaries may affect the symmetry of the buckling modes. Based on the observations
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and conclusions from the previous sections, a plate model which can represents more
general coupled buckling/fracture behaviour is desirable. Under the previous results, a
plate with a width-length aspect ratio (2b/l) of 0.5 was chosen for postbuckling
analysis. However, with this model, the effects of boundary conditions on the stress
distribution around the cracks is relatively small. In this section, the results from a
finite element postbuckling analysis for a plate with length of L = 800 mm and width
of 2b = 400 mm was chosen as a more interesting model. The crack length is 2a =200
mm and the plate thickness is ¢+ =/ mm for the plate model. The boundary conditions
are the same as those used in section-six. All displacement boundary conditions at
support-A are fixed (see Fig. 7-7), u = 0, v= 0, and w = 0. Support-B displacements in
y and z directions are fixed, i.e., v = 0, and w = 0, but in x-direction, displacements is
free for loading purposes. The plate is loaded at support-B in x-direction with a
uniformly distributed force P. The edges along x-directions are free in all directions

and no any load is applied.
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Fig. 7-7 The geometry of centrally cracked plate

The first step in postbuckling analysis of a thin plate is to perform an
eigenvalue analysis to determine the initial buckling load and mode shape. Then, the
mode shape is used to perturb the plate for the postbuckling analysis purpose. In the
analysis presented here, original (perfect) plate model coordinates were perturbed by
five percent of the normalized buckling mode to make imperfect system.

The relative crack center displacement, in axial direction is shown in the Fig.
7-8. The load step is normalized with respect to the critical buckling load to identify
the postbuckling behavior clearly. Bilinear load-displacement behavior occurs during
the loading. The relative displacements of the crack centers increase linearly until the
initial buckling occurs. It can be seen in the Fig. 7-8, that local buckling causes the
relative crack center displacements to increase more rapidly than in the pre-buckled
state. This demonstrates that linear elastic fracture analysis may not correctly predict

fracture behaviour for structures that exhibits coupled buckling/fracture.
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The crack center out-of-plane displacements (in the z-direction) is shown in the
Fig. 7-9. The smooth transition from pre-buckling to postbuckling can be attributed to
the imperfect system. For a perfect system, this behavior would exhibit classical
bifurcation buckling. The effect of large deformation after the initiation of buckling

can be seen in the Fig. 7-9.
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Fig. 7-8 Crack opening displacement in x-direction
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Fig. 7-9 Displacements of crack centers in z-direction

Fig. 7-10 shows the crack center displacements in x-direction during the
loading. Note that the crack center labelled 1 is on the side of the all-fixed boundary
(Fig. 7-7) and the second crack center is on the side of the crack located close to the
loading boundary. The crack center displacements in the x-direction increase linearly
with different linear proportionalities until the buckling occurs. Then, the first crack
center almost remains constant, but the second crack center increases linearly at
different rate than in the pre-buckled state. This behaviour can be attributed to the non-
symmetric boundary conditions. It can be concluded that the crack center

displacements are quite sensitive to boundary conditions.
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Fig. 7-10 Displacements of crack centers in x-direction

The history of the mode-I stress intensity factor (SIF) K; for the right-hand side

crack tip is shown in the Fig. 7-11. The crack tip has four nodes through the

thickness of the plate (32-Node or 26-Node cubic elements) when there is only one
layer of elements throughout the thickness of the plate. Node 4 is located on the
surface that “pops-out” when buckling occurs. The mode-I SIF history of each of
crack tip node through the thickness is slightly different than each other especially
after buckling. The most significant change in the fracture behavior during the
postbuckling analysis is a change in the slope of the mode-I SIF with respect to the
applied load just after the buckling. The red straight line in the Fig. 7-11 shows the

linear mode-I SIF history which can be obtained from the following equation [42].
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K, =ora /sec(%j{l—o.ozs(%j +0.06(%j } (7.9)

Note that the loading is normalized with respect to the first critical buckling
load P, which was obtained from the buckling analysis previously. The most
significant change in the K; among the crack tip nodes occurs at node-4 because of its
location on the outer edge in the buckling direction. It should be noted that for a fixed
load, K; is greater in the post-buckled configuration, than would be predicted from a

classical linear elastic fracture mechanics analysis
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Fig. 7-11 Load versus the stress intensity factor, K, , during the postbuckling
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The mode-I strain energy release rate, G, , history is shown in the Fig. 7-12. G,

can be given in terms of

G, ==L (7.10)

The red solid curve in the Fig. 7-12 shows the G, history during the loading. It is

obvious that the strain energy release rate history during postbuckling analysis is quite
different than that obtained from linear analysis. This again shows the importance of
accurate fracture modeling in post-buckled state, since the linear analysis

underestimates the strain energy release rate for a given load.

) - — ; ey
"~ Linear ———
. Node-1 ) _

3 Node2 —x— b
| Node-3 / et
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o

Fig. 7-12 Load versus the energy release rate, G, , during postbuckling
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When the buckling causes out-of-plane displacements in thin cracked plates,

the crack tip becomes inclined in the y-z plane and introduces additional internal axial
and shear stress components. As a consequence, mode-II and Mode-III (K, and K ;)
stress intensity factors enter into the solution. K, and K, are calculated directly in
FRA3D. Fig. 7-13 shows the ratio of numerical and theoretical stress intensity
factors K, . This figure again clearly shows that linear elastic solution underestimates

K; in post-buckled state. The Fig. 7-14 and Fig. 7-17 show the K, and K, history

during the postbuckling analysis. It is known that the analytical K, and K, values

are zero for the perfect plates with straight cracks and under uniaxial loading. The

additional in-and out-of the plate-plane stresses around the crack tip can be calculated

using the K, and K, [42].

The stress intensity factors K, and K, are small compared to K, , for example,
the maximum value of the K, /K, and K, / K, ratios are 0.02 and -0.01 respectively
around the buckling load level (P/Pcr =1.0)(Fig. 7-15, Fig. 7-18). Thus, it appears
as though the most important impact buckling has on fracture in this case, is the effect
on K; and not on the introduction of small contributions from K, and K, . The energy

release rates for the mode-II and mode-III are shown on the figures Fig. 7-16 and Fig.

7-19. They can be calculated from the relation

KZ
G =—, i=1,1,and Il (7.11)

7 4
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Fig. 7-14 Load versus the stress intensity factor, K, , during the postbuckling
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Fig. 7-16 Load versus the energy release rate, G, , during the postbuckling
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Fig. 7-19 Load versus the energy release rate, G, , during the postbuckling

7.5 Summary

A method of perturbing the structure based on the eigen analysis to handle
postbuckling analysis was developed. The imperfect system approach overcomes
certain computational difficulties in postbuckling analysis, i.e., the transition from the
pre-buckled state to the post-buckled state. Based on the postbuckling analysis
procedure defined in this section, a thin plate with a straight central crack was
examined to trace fracture information during the loading history. Because of the

three-dimensional character of the fracture problem, K, K, and K, are computed.
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Some new facts were revealed regarding the physics of the problem. These results
from these calculations can be summarized as follows;
I. The coupling of buckling and fracture increases the magnitude of the
stress intensity factors.
II. Planar analysis of fracture may not be suitable for thin plates that buckle.
III. Pre-buckling and postbuckling states exhibits different fracture behavior

IV. The mode-I stress intensity factor K, shows bilinear behavior. The slope
of the load- K, relation changes after initial buckling.

V. The most significant changes occurs in the mode-I fracture parameters,
ie., K, and G,

VI. During postbuckling, the mode-II and IIl fracture parameters are
relatively insignificant as compared to those of the mode-I stress

intensity factor.
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CHAPTER EIGHT: CONCLUSION AND FUTURE WORK

8.1 Conclusion

The coupled buckling/fracture problem occurs in a variety of forms and in
different types of structures. Analytical solutions for most coupled buckling/fracture
problems appear to be intractable. The finite element method is a convenient
numerical tool to analyze these nonlinear problems. The FRAC3D finite element
program was modified to solve this class of problems. The enriched crack tip element
which was previously implemented into the code, correctly embeds crack tip stress
singularity into the problem. Eigen-solver and geometrically nonlinear analysis
capability were implemented into FRAC3D program, which can now correctly be used
to analyze buckling/fracture problems.

Coupled fracture/buckling problems requires both eigen- and postbuckling
analysis, because of the bifurcation type of behavior. The eigen-analysis enables us to
find the critical load which causes buckling and the buckling mode shapes. The
FRAC3D finite element program was extended with an eigen-solver to handle general
buckling problems. The implemented eigen-solver uses the subspace iteration method.
This method is one of the most efficient and widely accepted methods for the solution
of large eigen systems. The method calculates given » number of eigen-values (in

ascending order) and the corresponding eigen-modes (the buckling mode shapes).
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Postbuckling behavior is an inherently a nonlinear problem. Because of the
finite change in geometry in the neighborhood of the buckled region, large
displacements and rotations can develop. New stress and strain definitions are required
for the geometrically nonlinear finite element problem. The FRAC3D finite element
program was modified to solve these geometrically nonlinear problems using a “total
Lagrangian formulation”.

Finite element analysis of stability problems requires special nonlinear solution
methods, e.g. path following methods, to overcome the difficulties associated with
bifurcation in the solution path. In bifurcation type instability problems, the tangent
stiffness of the system vanishes at the critical load, i.e. the determinant of the system’s
tangent-stiffness matrix becomes zero. If geometrical imperfections are present, the
perturbed deflection will smoothly commence at the beginning of loading. The
problem then becomes a load-deflection problem rather than a bifurcation problem.
The imperfect structure approach is one of a number of alternative methods to handle
bifurcation type buckling problems. In this study, the imperfect structure was
generated using a perturbation on the perfect structure geometry based on percentage
of the normalized buckling mode(s).

The finite element codes, eigen-solver and geometrically nonlinear analysis
formulation, were tested with a number of benchmark problems. The benchmark
results were in good agreement with the analytical results. Some small differences in
the benchmark calculations can be attributed to the solution methods, e.g., round-off

errors, and difference between 3-D and 2-D assumptions.

132

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



The local buckling of a cracked plate subjected to tensile loads was analyzed
using the modified FRAC3D program. The stress distributions around the crack and
cutouts before buckling was examined using exact analytical formulations. Based on
the investigation of the compressive stress distributions, an empirical closed form
solution was proposed to predict buckling loads. The pattern of the compressive stress
distribution, which causes local buckling, around the crack or cutouts was analyzed.
The effect that geometric parameters, such as the crack length, plate thickness, and
crack inclination angle, have on the buckling loads was examined in detail. It was
found that the buckling load is directly proportional to (t/2a)2, square of plate
thickness-half of the crack length ratio. If the plate is long enough so that the boundary
conditions do not effect stress distribution around the crack, then the plate size does
not seem to strongly affect the buckling stress. Crack inclination angle is another
important factor affecting the buckling load. As the inclination angle decreases, the
critical buckling load increases. A limited investigation on the effect of inclination
angle was carried out.

The postbuckling analysis of a coupled fracture/buckling problems shows that
linear fracture analysis underestimates the fracture parameters such as, stress intensity
factors, energy release rate etc. for a given load level. Postbuckling analysis of a plate
with a crack aspect ratio of 0.5 subjected to an axial load was presented. It was
observed the postbuckling introduces mixed mode (mode-II and III) fracture after the
critical buckling load level. But, the mixed mode fracture contribution caused by out-

of-plane buckling is insignificant compared to the mode-I contribution.
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8.2 Future Work

The numerical examples given in this study consisted of a few types of special
three dimensional buckling/fracture problems e.g., thin plates with cracks. However,
more complex structures that exhibit coupled buckling/fracture behavior can be
analyzed using the code that was developed during this study. Examples of complex
three dimensional coupled buckling/fracture problems would include non-
axisymmetric blister formations in thin film (electronic packaging), non-symmetric
delaminations in composites, etc.

Future extensions of this work would include 3-D buckling/fracture calculations
for the structures that may exhibit a strong variation of mixed-mode stress intensity
factors along the crack front. In addition, contact conditions can be incorporated into
the buckling/fracture model so that crack surface contact is permitted.

In the chapter 2, a semi-closed formula was developed to predict the critical
local buckling loads for the cracked plates with straight central cracks. However, a
more general form of the formula, including the angle of inclination and plate size, can

also be derived. But, this requires more computational runs to verify the formula.
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APPENDIX A: ENRICHED CRACK TIP ELEMENTS

A.1 INTRODUCTION

Efficient computation of 3-D stress intensity factors can be performed using
special crack tip elements. There are various numerical techniques to handle the crack
tip singularity in two and three dimensional fracture analysis. These methods are
mainly, boundary element method, alternating methods, virtual crack extension, line-
spring method and suitably modified finite methods. The details of these numerical
methods can be found in literature [[32, 39, 42, 43]]. Among the modified finite
element methods, the enriched crack tip element method is very effective for direct
calculation of stress intensity factors [3, 4].

A description of the enriched element used in the FRAC3D finite element code
is described in ref [3]. This method is a 3-D extension of concepts introduced in [43].
It is basically the embedding of the closed form asymptotic crack tip displacement
field into the regular isoparametric element with the stress intensity factors as
additional unknowns. Inter-element displacement compatibility between regular and
enriched element surfaces is satisfied by the use of “transition” elements. Transition
elements are modified enriched elements in which a smoothing function is introduced
so that asymptotic crack tip displacement field smoothly vanishes at the regular
element surface. The geometry and crack front coordinate system of the enriched

element needed to define the asymptotic displacement field are shown in the Fig. 0-1,
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elements including transition and regular elements surrounding enriched element are
shown on the Fig. 0-2.
Y

Zow XU

Fig. 0-1 Enriched element model

Fig. 0-2 Enriched, transition and regular elements around the crack tip
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The displacement field in x, y and z directions for an enriched element can be written

respectively as

) K, (T)F(&m,p)+
“(fﬂ]ap) = ZNI (57’77p)ui + ZO (5’77710) K[I (F)Gl (4:7777p)+
) Ky (F)Hl (fa’?ap) (12)

v

) K, (n)F,(&m.0)+
v(¢&,m,p0) = ZN (&m, )V, + Z, (&1, 0) Ky (1) Gy (E,m,0) +
~ Ky (n)H, ($m,p) (13)

) K, (T)E (&, p0)+
w(&,m,p) = ZN,- (&m.0)w, + Zy(E,m,p)4 K, (T)G, (£,1, ) +
i K, (F)H3 (5,77’,0) (14)

where, the first terms are identical to the interpolation expressions used for regular
isoparametric element displacement fields. The second term includes the analytic
expressions for asymptotic displacement fields near the crack tip. N, (5,77, p) ’s are the
conventional element shape functions expressed in terms of local coordinates, where

U, V;> AW, are the nodal displacements in the x, y, and z directions respectively.

The total number of nodes is n. K, (T'), K,,(T'), and K, ('), are the mode I, II and

II1 stress intensity factors, which are function of the local coordinate —1 <I"<1 along

the crack front defined by the interpolation functions N, (I'), i.e.,

K, (F) = iNj (F)Kfj
= , (15)

K,(T)=>.N,(T)K;,
Jj=1
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Ky (F) = iNj (F)Ki,u
Jj=1 , a7

In (4)-(6) m is the number of crack front nodes in the enriched element. The unknown

nodal stress intensity factors at the crack front nodes are K, (I'), K, ('), and K, (I'), .

For example, a 32-node enriched cubic element has 4 crack front nodes and the mode I

crack front stress intensity factor distribution can be expressed as

K, (r) =K, (77) = —%(1—9772)(1——77)]{11 +%(1—772)(1—377)K12 N

3(1_772)(“377)1(,3 —%(1—9772)(1“7)1(; :

16 (18)

where, the functions as coefficients of the nodal intensity factors corresponds to the
shape functions. These shape functions are also used to interpolate the crack front

nodal coordinates, i.e.,

) =30 05 yO)=5N, O AD)=5N, (0)z )

Depending upon which edge of the enriched element touches the crack front, the local
crack front can be expressed in terms of local coordinate line, i.e., I' can be either,

I'=¢&, n, or p The asymptotic displacements in the enriched element are given by the

following equations

F(&mp)= £ (Emp) -3 N, (D),
= , (20)

G, (&m.p)= 2, (Emp)- XN, (T)g,

2y
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H,(£m.0)=h (£m.0) = 2N, (D),
- , 22)

where, f,g, and h; (i=1,2,3) are the well known asymptotic displacement functions

which are the functions necessary to compute the stress intensity factors

K,(T), K,(T), and K, (T"), . Nodal constants, f;,g;, and 4; are the asymptotic crack

tip displacements calculated at the jth nodes. The asymptotic displacement field can be
for any kind of crack interface, ie. it can be isotropic, orthotropic, etc. The
displacements, including contributions from the mode-I mode-II and mode-III in in the

local coordinate system can be written as

u' ﬂ 1] gl 1 O KI
vie=1 ' g 0 KK,

For an isotropic fracture analysis, the asymptotic crack tip displacements are given by

£ - L 'r—COS(-e—jl:K—l+ZSin2 (gj

2G\N 2« 2 2 4 (24)
g - L ———Sin(g) K +1+2cos? (g)

2G\N 27 2 L 2 4 (25)
A =L ——r-—sin(g) K+1—20082(g)
8 L —r—cos(g)[/c—l—%inz (gﬂ
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(28)

where, G=E/2(1+) is the shear modulus, g is Poisson’s ratio, and x=3-4u. All of
these equations are in the local coordinate system. Transformation of the asymptotic

displacements from the local coordinate system to a global system can be done with

¥

U] |cos(x'x) cos(x',y) cos(x’z)|(u'] [a, a, a,]||u
Vie=|cos(y,x) cos(y.y) cos(y.z)|iv'r=|ay ay a1V’
W] |cos(z\x) cos(z',y) cos(z'z)||w'] |ay a, ay||W @9
where, cos(a,b) represents the angle between a in the local coordinates and b at the

global coordinates. Note that the displacements obtained from the equation (29) are

asymptotic displacements in the global coordinates.

U afi'vayfs' a,g'vtang,' ash'|| K,
Vi=layfi*tayf,' a,8'%a,g,' axh'|1K,
W) lagfi'tanfy' ayg'tang,' agh'||Ky (30)

U a ap, a || fi" &' 0K
YV =lay ap az||f;' &' 03K,

w ay ay ay || 0 0 A'jIKy, ’ (31)
Ul [h & WK
V=t & h|\K,
w L& h] Ky _ (32)

Using the transformation in Eq. (32), the terms in Eq’s (24) (25) (26),(27), and (28)

are transformed asymptotic displacement fields and f; at each node are calculated.
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