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Figure 3.40 Membership functions, contour graph, input-output surface and side-view
graph for Trial 3-26
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3.6.3 Input Variables with Three Membership Functions

Inputs 4 & B: Low / Medium / High

Output C: Very Poor / Poor/ Fair / Good / Very Good

Rule 1: If 4 is Low and B is Low, then C is Very Poor
Rule 2: If 4 is Low and B is Medium, then C is Poor
Rule 3: If 4 is Medium and B is Low, then C is Poor
Rule 4: If 4 is Low and B is High, then C is Fair

Rule 5: If 4 is High and B is Low, then C is Fair

Rule 6: If 4 is Medium and B is Medium, then C is Fair
Rule 7: If 4 is Medium and B is High, then C is Good
Rule 8: If 4 is High and B is Medium, then C is Good

Rule 9: If 4 is High and B is High, then C is Very Good
As Figure 3.41 shows, 9 action spots are required for 9 If-Then rules. The coordinates of
action spots in input space are (0, 0), (5, 0), (10, 0), (0, 5), (5, 5), (10, 5), (0, 10), (5, 10)

and (10, 10).

Trial 3-27: Inputs A&B: 3 triangle MFs (2 half MFs + 1 full MF, 100% OR)

Output C: 5 rectangular MFs (0% OR)
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Figure 3.42 Membership functions, contour graph, input-output surface and side-view
graph for Trial 3-27
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When one more fuzzy set ‘Medium’ is added into input variables 4 and B of Trial 3-24, a
similar input-output surface with improved controllability is developed in Trial 3-27. The
rise of quantity of input and output variables creates extra degree of freedom to finely adjust
input-output surface, meanwhile it consumes more time to integrate output MFs, and

damages the smoothness of input-output surface to a certain extent.

Trial 3-28: Inputs A&B: 3 triangle MFs (2 half MFs + 1 full MF, 100% OR)

Output C: 5 rectangular MFs (0% OR)

In Trial 3-28, the original model of Trial 3-25 is upgraded by introducing an extra fuzzy set
‘Medium’ for both inputs A and B as well. Based on rules mentioned above, action spots
(0, 10), (5, 5) and (10, 0) represent a common output MF ‘Fair’. It is clear to observe that
by matching MF ‘Fair’ with smallest area, the density of contour lines around three action
spots is evidently higher than that in other regions. However the distributions of contour
lines between action spots (0, 10), (5, 5) and (5, 5), (10, 0) are directly interfered by
surrounding action spots (0, 5), (5, 10) and (5, 0), (10, 5) respectively. As a result, although
the smoothness of input-output surface is slightly meliorated, there still exists noticeable

€ITOr.

129



Membership function plots it gl 181
Law Medium High
1
- Y
1 2 4 5 i 10
input variable "A"
Membership function plots == 181
VeryPoor Poor Fair GoodVeryGood
1
T N
1 2 4 5 B 10
output variable "C"

Figure 3.43 Membership functions, contour graph, input-output surface and side-view
graph for Trial 3-28
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Trial 3-29: Inputs A&B: 3 triangle MFs (2 half MFs +1 full MF, 100% OR)

Output C: 5 rectangular MFs (0% OR)

In Trial 3-29, a similar logarithmic-shape surface from Trial 3-26 is repeated from a new
model with three MFs for each input variable. It is imaginable that the new system with a
larger number of MFs comes with improved flexibility for adjustment, and the loss of

smoothness is negligible.
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3.6.4 Input Variables with Four Membership Functions

Because in previous Trial 3-25 or 3-28, the input-output relation performs a rough
sigmoidal surface which can lead significant difference between inferring result from fuzzy
model and our expectation based on ideal sigmoidal surface, an improved model with four
MFs for each input variable is tested in this section. Totally 16 If-Then rules are required,
and 7 rectangular MFs are considered for output variable. For easy naming these 7 MFs,

the default name ‘mf+number’ from MATLAB Fuzzy Logic Toolbox is remained.

Input 4 & B: Low / Medium / High / Very High

Output C: mfl / mf2 / mf3 / mf4 / mf5 / mf6 / mf7

Rule 1: If 4 is Low and B is Low, then C is mfl

Rule 2: If 4 is Low and B is Medium, then C is mf2
Rule 3: If 4 is Medium and B is Low, then C is mf2
Rule 4: If 4 i1s Low and B 1s High, then C is mf3

Rule 5: If 4 1s High and B is Low, then C is mf3

Rule 6: If 4 is Medium and B is Medium, then C is mf3
Rule 7: If 4 1s Low and B is Very High, then C is mf4
Rule 8: If 4 is Very High and B is Low, then C is mf4
Rule 9: If 4 1s Medium and B is High, then C is mf4
Rule 10: If 4 is High and B is Medium, then C is mf4

Rule 11: If 4 is Medium and B is Very High, then C is mf5
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Rule 12: If 4 is Very High and B is Medium, then C is mf5
Rule 13: If 4 is High and B is High, then C is mf5

Rule 14: If 4 is High and B is Very High, then C is mf6
Rule 15: If 4 is Very High and B is High, then C is mf6

Rule 16: If 4 is Very High and B is Very High, then C is mf7

16 If-Then rules define 16 action spots in all. The coordinates of action spots in input space
are (0, 0), (3.3, 0), (6.7, 0), (10, 0), (0, 3.3), (3.3, 3.3), (6.7, 3.3), (10, 3.3), (0, 6.7), (3.3,

6.7), (6.7, 6.7), (10, 6.7), (0, 10), (3.3, 10), (6.7, 10) and (10, 10).

Trial 3-30: Inputs A&B: 4 triangle MFs (2 half MFs + 2 full MFs, 100% OR)

Output C: 7 rectangular MFs (0% OR)

In Trial 3-30, four action spots, (0, 10), (3.3, 6.7), (6.7, 3.3) and (10, 0), are located on the
diagonal from (0, 10) to (10, 0). Output MF ‘mf4’ with smallest area is expressed by all of
these four action spots, thus the highest density of contour lines repetitively appears four
times along the diagonal from (0, 10) to (10, 0). Although surrounding action spots tend to
distract the density concentration on these four action spots, this tendency does not distort
the smoothness of input-output surface significantly, because a larger quantity of input MFs
ensures finer subdividing input space and reduces interaction between adjacent action
spots. The diagonal side view showed above displays a satisfactory input-output relation

with smooth sigmoidal surface.
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graph for Trial 3-30
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3.7 Summary

Chapter 3 duplicates the experimental trials on TISO fuzzy inference models and proves
the consistency of MF influences on both SISO and TISO systems. Thirty trials are
performed and four features are concluded. From Trial 3-1 to 3-5, the effect of overlap ratio
between adjacent MFs is retested on TISO models. Same as the conclusion from SISO
systems, it is necessary to have input MFs to be completely and symmetrically overlapped
by neighboring MFs, and distribute output MFs over the whole range of output space
without overlap, in order to produce input-output relation with desirable continuity and
monotonicity. From Trial 3-6 to 3-17, a total twelve possible combinations with 3 patterns
of MFs for inputs 4 & B and 4 types of MFs for output C are chosen to learn the potential
effect from the shape of MF on TISO models. When SISO and TISO systems are defined
by exactly the same MFs, the input-output relations between each input variable and output
variable from TISO model perform similar curve as SISO model does, and an integrated
input-output relation presented by input-output surface from TISO model accords with that
from SISO model as well. Thus similarly, the TISO inference model with triangle MFs for
input and rectangular MFs for output produces input-output relation with optimal linearity
and smoothness. Then Trial 3-18 to Trial 3-22 are introduced to discuss the different system
performance caused by different quantities of MF. Same as the situation in SISO systems,
the input-output surface becomes to repeat a certain curved surface periodically along with
the increase of MF quantity for input variable. Also, the linearity of input-output surface is
improved when the bouncing range of curved surface is diminished. Finally from Trial 3-

23 to 3-30, based upon the optimal linear TISO inference system, the rectangular output

137



MFs are adjusted to constitute non-linear system performance. Similar with SISO inference
systems, a TISO inference system with more MFs for each variable is more realizable to
finely modulate input-output surface, but by doing that the smoothness cannot be assured

because of manually adjusting more MFs.
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4. Weight of Input Variables and A Method of Introducing

Weight

In last chapter, all of the TISO fuzzy inference models are configured based upon a default
assumption --- Input variables 4 and B have equal weight. However practically, it is more
common to set up fuzzy inference system with several input variables for industrial
purposes, and each of the input variables plays different weight toward a same output
variable. This chapter is going to suggest a method of introducing weight into input
variables, and maintain acceptable linear performance for input-output relation. This
method will be tested through a Two Inputs Single Output fuzzy inference model and a

Three Inputs Single Output fuzzy inference system.

4.1 Method Overview

Firstly, all input variables are equally defined with same number of triangle MFs. The
corresponding fuzzy sets of each input variable are assigned different scores for
representing linguistic levels. These scores start with 1. For instance, if an input variable is
defined with three fuzzy sets, ‘Low’, ‘Medium’ and ‘High’, then the matching scores for
these fuzzy sets are ‘1°, 2’ and ‘3’ respectively. Every input variable is assigned a weight

number, and the sum of all weight numbers from input variables is equal to 1.

Next, the score for antecedent-part of If-Then rule is added up by every product of fuzzy

set score and corresponding input variable weight. If weight ‘0.8* and ‘0.2’ are assigned to
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inputs A and B respectively, then score for antecedent “If 4 is Low and B is Medium” is
calculated by 1*0.8 + 2*0.2 = 1.2. The score range of antecedent-part is determined by the
maximum score of a single fuzzy set. If each input variable comes with three fuzzy sets,
‘Low’, ‘Medium’ and ‘High’, then ‘3’ will be maximum score with set ‘High’, and the

score for antecedent-part will be constrained in interval [1, 3].

After working out the scores for all possibilities of antecedent, it is necessary to sort these
antecedents from lowest score to highest score. In order to distribute values of output
variable in a wide range, as the previous trials whose output spans roughly from 1 to 9, the
interval of antecedent-score will be proportionally extended to [1, 9]. Finally, every
different antecedent-score corresponds to a rectangular output MF. The antecedent-score
after being extended represents the mid-point of support of rectangular MF, and the length
of support for every rectangular output MF is set equal to 1. When excessive MFs are
designed for a single output variable and integration of adjacent MFs is expected, those
neighboring antecedents with small difference-value among their scores are appropriate to
match with a common MF. The mean value of the neighboring antecedent-scores locates
the mid-point of support of the common MF, and the length of support for this common

MF remains 1.

In following sections of this chapter, this method of introducing weight to input variables

is verified through TISO and MISO fuzzy inference models.
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4.2 Weight of Input Variables in TISO Fuzzy Inference System

In this section, a fuzzy inference model with two input variables, 4 and B, and one output
variable, C, is constructed for testing the method of introducing weight into input variables.
Each input variable is defined by three fuzzy sets, ‘Low’, ‘Medium’ and ‘High’,
corresponding to three full-overlapped triangle MFs. 9 If-Then rules are expected, and the
setting of output rectangular MFs is presented in the following Antecedent Table. The

weights for inputs A and B are 0.3 and 0.7 respectively.

In the following Antecedent Table, 9 rectangular MFs are used to define output variable C.
All output MFs are constructed with equal length of support, and the matched extended
antecedent-score locates the mid-point of support of output MF. The contour graph shows
a collection of approximately parallel contour lines with similar distance between adjacent
lines. The side-view graph produces an input-output surface with distinct linear
performance. Although this surface is not desirably even and smooth, the variance which
is relative to ideal flat is acceptable for fuzzy inference system with linear input-output
relation. Most important of all, the input-output surface on the lower-left corner of above
figure explicitly displays the different weights of input variables. The rate of change of
output variable C with respect to input variable B is roughly 2.2 times as fast as the change
rate of output C with respect to input A. Since the weights for inputs A and B are 0.3 and
0.7, it is reasonable for input B to play dominant role when influencing the increase of
output value. Because 0.7 is 2.3 times as big as 0.3, it is achievable for this method to

accurately express weight of input variable in TISO fuzzy inference system.
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Rule | Input A | Fuzzyset | Input B | Fuzzy Set | Antec. | Extended | Output

Num. | W=0.3 Score W=0.7 Score Score Score MF
1 | Low 1 Low 1 1 1| MF1
2 | Medium 2 Low 1 1.3 22| MF2
3 | High 3 Low 1 1.6 34| MF3
4 | Low 1 Medium 2 1.7 3.8 | MF4
5 | Medium 2 Medium 2 2 5| MF5
6 | High 3 Medium 2 2.3 6.2 | MF6
7 | Low 1 High 3 2.4 6.6 | MF7
8 | Medium 2 High 3 2.7 7.8 | MF8
9 | High 3 High 3 3 9| MF9

Table 4.1 Antecedent Table for TISO fuzzy inference test model
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graph for TISO fuzzy inference test model
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4.3 Weight of Input Variables in MISO Fuzzy Inference System

In order to further testify the availability of the method mentioned above, a Three-Inputs
Single-Output fuzzy inference model is set up in this section to test its performance in
MISO fuzzy inference environment. Similarly, input variables, 4, B and C, are defined by
three fuzzy sets, ‘Low’, ‘Medium’ and ‘High’, corresponding to three full-overlapped
triangle MFs, and totally 27 If-Then rules are expected. The weights for inputs 4, B and C
are 0.2, 0.3 and 0.5 respectively. The neighboring antecedents with small difference among
antecedent-scores will be matched with a common output MF, for cutting down the quantity

of MF for output variable D.

Figure 4.2, 4.3 and 4.4 display input-output relations between each two of input variables
and output variable D when the rest input variable is set equal to 5. Nineteen rectangular
MFs are introduced for output variable, because antecedents with same score are assigned
to identical MF. Clearly, the graphs of input-output surfaces exactly describe the relations
between each of the input variables based on respective weight. Even though the contour
lines showed on contour graphs are not perfect linear and parallel, the side-view graphs

still reveal approximately flat surfaces without significant deviation.

In conclusion, the method of introducing weight into input variables suggested in this

chapter performs good availability for MISO fuzzy inference system, and the linear system

performance is satisfactorily remained.
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Rule | InputA | F.set | InputB | F.set | InputC | F.set | Antec. | Extended | Output
Num. | W=0.2 | Score | W=0.3 | Score | W=0.5 | Score | Score | Score MF
1 Low 1 Low 1 Low 1 1 1 MF1
2 Medium 2 Low 1 Low 1 1.2 1.8 MF2
3 Low 1 Medium 2 Low 1 1.3 2.2 MF3
4 High 3 Low 1 Low 1 1.4 26| MF4
5 Medium 2 Medium 2 Low 1 1.5 3 MF5
6 Low 1 |Low 1 Medium 2 15 3| MF5
7 Low 1 High 3 Low 1 1.6 3.4 MF6
8 Medium 2 Low 1 Medium 2 1.7 3.8 MF7
9 High 3 Medium 2 Low 1 1.7 3.8 MF7
10 Medium 2 High 3 Low 1 1.8 4.2 MF8
11 | Low 1 Medium 2 Medium 2 1.8 4.2 MF8
12 High 3 Low 1 Medium 2 1.9 4.6 MF9
13 | High 3 | High 3 | Low 1 2 5| MF10
14 | Medium 2 Medium 2 Medium 2 2 5| MF10
15 | Low 1 Low 1 High 3 2 5| MF10
16 | Low 1 High 3 Medium 2 2.1 54| MF11
17 High 3 Medium 2 Medium 2 2.2 5.8 | MF12
18 | Medium 2 Low 1 High 3 2.2 5.8 | MF12
19 | Medium 2 High 3 Medium 2 2.3 6.2 | MF13
20 | Low 1 Medium 2 High 3 2.3 6.2 | MF13
21 | High 3 | Low 1 | High 3 2.4 6.6 | MF14
22 | High 3 | High 3 | Medium | 2 2.5 7| MF15
23 | Medium 2 Medium | 2 High 3 2.5 7| MF15
24 | Low 1 | High 3 | High 3 2.6 74| MF16
25 High 3 Medium 2 High 3 2.7 7.8 | MF17
26 | Medium | 2 | High 3 | High 3 2.8 8.2 | MF18
27 | High 3 | High 3 | High 3 3 9| MF19

Table 4.2 Antecedent Table for MISO fuzzy inference test model
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5. Case Study: Decision-making Problem of Designing Timing

System for Automotive Engine

In this chapter, the conclusions obtained from previous chapters are integrated and used for
a case study, which is aimed at constructing Multi Inputs Single Output fuzzy inference
systems with linear input-output relation for solving a decision-making problem related to

timing system design for small passenger car engine.

5.1 Case Study Overview

5.1.1 Background and Problem Statement

Timing system is an extreme significant part in internal combustion engine. It synchronizes
the rotation of crankshaft and the camshafts in order to ensure the engine's valves open and
close at the proper times during each cylinder's intake and exhaust strokes. Generally, three
methods are utilized in modern automobile engines for this transmission: Timing Belt,
Timing Chain and Timing Gear. Each of these transmission mechanisms comes with
respective advantages and disadvantages, and the preferences of automobile manufacturers

are always keeping changing as time goes on.

Technically, either belt, chain or gear can well meet the basic mechanical requirements for
timing system on small passenger vehicles, then other determinant is necessary for
dominating priority. Actually, when considering which timing mechanism should be

adopted for a newly designed engine, developing engineers must take several factors into
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